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Faculté des Sciences & Techniques

Bui Trong Kien

FROM NONLINEAR AND VARIATIONAL ANALYSIS

TO OPTIMAL CONTROL PROBLEMS

HABILITATION DISSERTATION IN MATHEMATICS

Limoges - 2026



UNIVERSITÉ DE LIMOGES
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PREFACE

Nonlinear and variational analysis play crucial roles in many fields

of applied mathematics and computer science, such as optimization and

optimal control, differential equations, mechanics, and machine learning.

Their significance can be explained by the following aspects.

In the field of optimization and optimal control theory, nonlinear and

variational analysis provides mathematical foundations and tools for op-

timization problems such as the Ekeland variational principle, tangent

cones, normal cones and separation theorems. Based on these tools, we

can derive necessary optimality conditions for locally optimal solutions to

mathematical programming problems with constraints in Banach spaces.

We then solve the system of necessary optimality conditions of KKT-type

to find optimal solutions. This framework can be applied for optimal

control problems and problems in machine learning.

In the field of differential equations and dynamical systems, nonlinear

and variational analysis provides variational principles such as the Lax–

Milgram and variational inequalities to solve partial differential equa-

tions (PDEs) by finding weak solutions in appropriate function spaces

(e.g., Sobolev spaces). Many real-world phenomena are governed by

nonlinear differential equations, such as the models of fluid dynamics,

biological systems, and electrical circuits. The class of these problems

can be solved by using tools and techniques of nonlinear and variational

analysis such as the degree theory and fixed-point theorems. Moreover,

techniques of monotone operator theory and convex analysis help us to

find solutions of operator equations in Hilbert and Banach spaces. These

models can be applied for nonlinear partial differential equations.

In the field of machine learning and data science, techniques of non-

linear optimization and numerical methods, such as gradient method

and subgradient method, are fundamental for training of deep learning

models.

By the importance of nonlinear analysis and variational analysis, I

began studying nonlinear analysis in 1998 under the guidance of my su-

pervisor, Professor Nguyen Dong Yen at Hanoi Institute of Mathematics.

In this field, I mainly studied properties of duality mappings and uni-

formly convex Banach spaces, the continuity of metric projections, de-
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gree theory, the existence of solutions to variational inequalities, and the

Galerkin method for variational inequalities with monotone operators.

I started to study variational analysis in 2009. In this area I focused

on properties of subdifferential of non-convex functions, tangent cones,

second-order tangent sets, metric regularity, constraint qualification con-

ditions, first- and second-order optimality conditions for optimization

problems in Banach spaces. We cite here some important documents

which have close connections to our work: [11], [26], [28] and [166].

Nowadays, along with artificial intelligence (AI), automatic control

systems (ACS), typically robots, are playing an important role in the

Fourth Industrial Revolution. In such a control system, we often need

to optimize energy and time. This leads to optimal control problems.

To solve such problems, we have to derive optimality conditions and

numerical methods of finding approximate optimal solutions to optimal

control problems. Recently, these research directions for optimal control

problems have been studied by many mathematicians because they have

applications in industry, economics, aerospace science and robotics (see,

for instance, [157] and [186]).

Motivated by applications of optimal control in the modern tech-

nology, recently I have studied optimal control problems governed by

ordinary differential equations (ODEs) and partial differential equations

(PDEs). In this field, I mainly study the existence of optimal solu-

tions, first- and second-order optimality conditions for locally Pareto

solutions to multiobjective optimal control problem governed by ODEs,

first and second-order optimality conditions for optimal control prob-

lems governed by PDEs and numerical solutions for optimal solutions

to semilinear elliptic control problems. To deal with optimal control

problems, we often consider the problems under an angle and a view

of nonlinear and variational analysis. Namely, we can consider optimal

control problems as specific mathematical programming problems with

equality constraint and inclusion constraint in Banach spaces. By using

tools of nonlinear and variational analysis we derive optimality condi-

tions for locally optimal solutions to the problems in Banach spaces and

then apply the obtained results to optimal control problems.

This habilitation dissertation summarizes and presents some obtained

results of my work in areas of nonlinear analysis, variational analysis,

optimal control and their connections. It has four chapters and a list of

references.
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Chapter 1 presents results in nonlinear analysis which consists of du-

ality mappings, metric projections, degree theory, and variational in-

equalities. The content of this chapter is based on our published pa-

pers [120], [124], [125], [126], [127] and [134].

Chapter 2 provides results on the variational analysis which consists

of subdifferentials, tangent cones, second-order tangent sets, metric reg-

ularity, constraint qualification conditions and optimality conditions for

vector optimization problems in Banach spaces. The content of this

chapter is based on our published papers [2], [129] and [132].

Chapter 3 presents results for optimal control problems governed by

ordinary differential equations. The results consist of the existence of

solutions, second-order optimality conditions of KKT type for multiob-

jective optimal control problems with free right endpoints, and second-

order optimality conditions of KKT type for multiobjective optimal con-

trol problems with endpoint and mixed constraints. The content of this

chapter is based on our published papers [2] , [132] and [138].

Chapter 4 provides results for optimal control problems governed by

partial differential equations. The results consist of Pontryagin’s max-

imum principle for optimal control problems governed by 3D Navier-

Stokes equations, second-order optimality conditions and regularity of

Lagrange multipliers for semilinear parabolic optimal control problems,

numerical solutions for semilinear elliptic optimal control with nonlin-

ear and mixed constraints. The content of this chapter is based on our

published papers [130], [118] and [136].

In October 2024, I had a one-month research visit at the XLIM Insti-

tute, supported by the Federation de Recherche Margaux. During this

stay, I collaborated with Professor Samir Adly on a research project and

we had a joint manuscript which has been under review in a mathemat-

ical journal.

The research atmosphere at XLIM was highly stimulating, fostering

fruitful discussions and high-level collaborations in mathematical opti-

mization and variational analysis. Additionally, during my visit, I had

the opportunity to discuss with Professor Samir Adly the possibility of

defending my Habilitation à Diriger des Recherches (HDR) at the Uni-

versité de Limoges. The University of Limoges and other universities in

France have many excellent experts in the fields of variational analysis,

optimization and applied mathematics. This makes an ideal environment

6



for research and scientific cooperations in universities of France. Defend-

ing my HDR at the University of Limoges would not only strengthen my

collaboration with the French mathematical community but also pave

a way for future joint research initiatives between my home institution

and XLIM. As a result, the habilitation dissertation was started writing

in the Autumn 2024.

The author gratefully acknowledges many helpful suggestions of Pro-

fessor Samir Adly during the preparation of the dissertation.

The author appreciates the assistance and support of the Department

of Mathematics, University of Limoges.

The author would like to thank Professor Arnd Rösch for his help and

cooperation during the time the author does research from 2013 to 2026

at the Faculty of Mathematics, University of Duisburg-Essen under the

support of the Alexander von Humboldt Foundation.

The author gratefully acknowledges to the Alexander von Humboldt

Foundation for their financial support during the time the author does

research in Germany from 2013 to 2026.

The author would like to express his sincere gratitude to Professor

Nguyen Dong Yen and the Institute of Mathematics, Vietnam Academy

of Science and Technology for their encouragement and support which

facilitate the author defending his habilitation dissertation in mathemat-

ics at the University of Limoges, France.

B. T. Kien

January, 2026

Hanoi
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Chapter 1

RESULTS IN NONLINEAR ANALYSIS

In this chapter we shall present some results in nonlinear analysis. Its

content is based on our published papers [120]– [134].

1.1 Duality mappings and metric projections

1.1.1 Normalized duality mapping Jp

The concept of duality mapping was introduced by Beurling and Liv-

ingston [36, p. 407] in a geometric form. A slightly extended version

of the concept was proposed by Asplund [9] who showed how the du-

ality mappings can be characterized via the subdifferential of convex

functions. It is well known that the geometric properties of a Banach

space X correspond to the analytic properties of the duality mapping

J : X → 2X
∗
. For instance, X is strictly convex if and only if J is strictly

monotone; X∗ is uniformly convex if and only if J is single-valued and

uniformly continuous on any bounded subset of X.

The duality mapping has many other applications in the study of

metric projections and variational inequalities. For example, in some

recent papers (see, for instance, [73], [183], [184]), it has been used as

the main tool for studying the continuity of the metric projection.

Together with J , the normalized duality mapping Jp with 1 < p <

+∞, is also considered (see [184]). In several cases where we have to

work with problems in uniformly convex Banach spaces, like Lp(Ω) and

Wm
p (Ω), Jp is more suitable than J . This is because in the spaces we often

have to deal with functions which are expressed via certain exponents

of degree p. On the other hand, the metric projection in such spaces

can be defined via Jp, so analytical properties of Jp gives us a better

understanding of the behavior of the metric projection. Therefore, it is

of interest to study various analytical properties of Jp.

In this section, we will give the definition of the normalized duality

mapping Jp, derive a formula for computing the map and show how the

metric projection can be characterized via Jp. We also obtain the first
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characteristic property of uniformly convex Banach spaces by using Jp
which is an extended version of a theorem due to J. Prüß [188]. Based on

this characterization, we obtain a result of the continuity of the metric

projection onto a family of closed convex sets in a uniformly convex

Banach space. In particular, it is shown that Lemma 1.1 from [229] on

the continuity of the metric projection in Hilbert spaces can be extended

to the case of the function spaces Lp(Ω, µ), p > 1.

Let us assume that X is a normed space or a Banach space with the

dual X∗. Symbol BX stands for the closed unit ball in X. Let K be a

closed convex set in X and y ∈ X. We denote by PK(y) the projection

of y onto K, that is, PK(y) ∈ K and

∥y − PK(y)∥ = d(y,K) := inf
z∈K

∥y − z∥.

The set

NK(x) =

{
{x∗ ∈ X∗ : ⟨x∗, y − x⟩ ≤ 0, ∀y ∈ K}, if x ∈ K,

∅, if x /∈ K
(1.1.1)

is called the normal cone to K at x. For a convex function φ : X →
R ∪ {+∞}, the set

∂φ(x) := {x∗ ∈ X∗ : φ(z)− φ(x) ≥ ⟨x∗, z − x⟩, ∀z ∈ X}

is called the subdifferential of φ at x. For each p > 1, we set

φp(x) =
1

p
∥x∥p.

Definition 1.1.1. ( [184])The set-valued map Jp : X → 2X
∗
defined by

Jp(x) = ∂φp(x), ∀x ∈ X, is called the normalized duality mapping of

X. In the special case where p = 2, the map J2 is denoted by J .

Remark 1.1.2. For every x ∈ X we have Jp(x) ̸= ∅ because φp(x) is a

continuous convex function on X. In particular, the effective domain

Dom(Jp) := {x : Jp(x) ̸= ∅}

coincides with X (see [108]). Moreover, for every x ∈ X, Jp(x) is a

nonempty, convex, weakly* compact set.

For computing the set Jp(x) one can use the following fact.

Proposition 1.1.3. For each x ∈ X, it holds

Jp(x) = {x∗ ∈ X∗ : ⟨x∗, x⟩ = ∥x∥∥x∗∥, ∥x∗∥ = ∥x∥p−1}. (1.1.2)

9



Proof. For any x ∈ X we set

A(x) = {x∗ ∈ X∗ : ⟨x∗, x⟩ = ∥x∥∥x∗∥, ∥x∗∥ = ∥x∥p−1}. (1.1.3)

We have to show that Jp(x) = A(x). We first consider the case x = 0.

From the inequality p > 1 it follows that

Jp(0) = ∂φp(0) = {x∗ : ⟨x∗, y⟩ ≤ 1

p
∥y∥p, ∀y ∈ X} = {0}.

Besides, it is obvious that A(0) = {0}. Hence Jp(0) = A(0).

Next, we consider the case x ̸= 0. Taking any x∗ ∈ Jp(x), we have

1

p
∥y∥p − 1

p
∥x∥p ≥ ⟨x∗, y − x⟩ (1.1.4)

for all y ∈ X. Substituting y = λx, λ > 1, into (1.1.4), we get

1

p

λp − 1

λ− 1
∥x∥p ≥ ⟨x∗, x⟩.

Letting λ→ 1 and noting that lim
λ→1

λp−1
λ−1 = p, we obtain

∥x∥p ≥ ⟨x∗, x⟩. (1.1.5)

Similarly, substituting y = (1 − λ)x, λ > 0, into (1.1.4) and letting

λ→ 0, we get

∥x∥p ≤ ⟨x∗, x⟩. (1.1.6)

Combining (1.1.5) with (1.1.6) yields ∥x∥p = ⟨x∗, x⟩ and hence ∥x∗∥ ≥
∥x∥p−1. On the other hand, for any y satisfying ∥y∥ ≤ ∥x∥, by (1.1.4)

we have 0 ≥ ⟨x∗, y − x⟩. Therefore, ⟨x∗, x⟩ ≥ ⟨x∗, y⟩. Consequently,

∥x∥p ≥ ⟨x∗, y⟩. This implies

∥x∥p−1 ≥ ⟨x∗, y

∥x∥
⟩.

Hence, ∥x∥p−1 ≥ ⟨x∗, z⟩ for all z satisfying ∥z∥ ≤ 1. It follows that

∥x∥p−1 ≥ ∥x∗∥. From what has already been said, we deduce that

∥x∥p−1 = ∥x∗∥. We have thus proved that Jp(x) ⊂ A(x). To prove

the reverse inclusion, we fix any x∗ ∈ A(x). Consider the function

f(t) = − ln t, t > 0. Since f ′′(t) = 1
t2 > 0 for all t > 0, f(t) is a

convex function. Therefore, we have

− ln

(
1

p
∥y∥p + p− 1

p
∥x∥p

)
≤ −1

p
ln(∥y∥p)− p− 1

p
ln(∥x∥p).
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for all y ∈ X \ {0}. This implies

1

p
∥y∥p + p− 1

p
∥x∥p ≥ ∥y∥∥x∥p−1.

for all y ∈ X \ {0}. Hence
1

p
∥y∥p − 1

p
∥x∥p ≥ ∥y∥∥x∥p−1 − ∥x∥p

≥ ∥y∥∥x∗∥ − ⟨x∗, x⟩
≥ ⟨x∗, y − x⟩

for all y ∈ X. Thus, φp(y) − φp(x) ≥ ⟨x∗, y − x⟩ for all y ∈ X. This

shows that x∗ ∈ Jp(x). The inclusion A(x) ⊂ Jp(x) has been established,

and the proof is complete.

Remark 1.1.4. From (1.1.2), it follows that Jp(tx) = tp−1Jp(x) for every

p > 1, x ∈ X and t > 0. From (1.1.2), it also follows that Jp(x) =

∥x∥p−2J(x) for every p > 1 and x ∈ X.

The metric projection in Banach spaces can be characterized by using

the normalized duality mapping Jp.

Proposition 1.1.5. Suppose that X is a Banach space, K is a nonempty

closed convex set in X, and y ∈ X. Then x = PK(y) if and only if

0 ∈ Jp(x− y) +NK(x). (1.1.7)

Proof. It is clear that x = PK(y) if and only if x is a solution of the

problem {
f(z) := 1

p∥z − y∥p + iK(z) −→ inf

subject to z ∈ X,
, (1.1.8)

where iK(z) is the indicator function of K, i.e.,

iK(z) =

{
0, if z ∈ K,

+∞, if z /∈ K.

Since f(·) is a convex function, x is a solution of (1.1.8) if and only

if 0 ∈ ∂f(x). By the Moreau-Rockafellar theorem (see [108, p. 200,

Theorem 1]), the inclusion 0 ∈ ∂f(x) is equivalent to the following one:

0 ∈ Jp(x− y) +NK(x).

The proof is complete.
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Definition 1.1.6. ( [238, p. 256]) A Banach space X is called strictly

convex if for all x, y ∈ X, ∥x∥ = ∥y∥ = 1 and x ̸= y, and for all

λ ∈ (0, 1), it holds ∥λx + (1 − λ)y∥ < 1. A Banach space X is called

uniformly convex if for every ε, 0 < ε ≤ 2, there exists a δ > 0 for which

∥x∥ = 1, ∥y∥ = 1 and ∥x− y∥ ≥ ε imply
∥∥x+y

2

∥∥ ≤ 1− δ.

Lemma 1.1.7. ( [15, p. 42, Proposition 2.13]) A Banach space X is

strictly convex if and only if the following equivalent properties hold:

(a) If ∥x + y∥ = ∥x∥ + ∥y∥ and x ̸= 0, there exists t ≥ 0 such that

y = tx.

(b) If ∥x∥ = ∥y∥ = 1 and x ̸= y, then
∥∥x+y

2

∥∥ < 1.

Proposition 1.1.8. ( [109, p. 251, Theorem 8.1.18]) Let X be a Banach

space such that the dual space X∗ is strictly convex Banach space. Then,

for every p > 1, the mapping Jp is single-valued map.

Proof. Taking any x ∈ X and consider the set Jp(x). If x = 0 then

Jp(0) = {0}. Suppose that x ̸= 0 and x∗1, x
∗
2 ∈ Jp(x). Then ∥x∗1∥ =

∥x∗2∥ = ∥x∥p−1 and

2∥x∗1∥∥x∥ = 2∥x∥p = ⟨x∗1 + x∗2, x⟩
≤ ∥x∗1 + x∗2∥∥x∥.

Hence 2∥x∗1∥ ≤ ∥x∗1 + x∗2∥. From this, it follows that ∥x∗1∥ + ∥x∗2∥ ≤
∥x∗1 + x∗2∥. This implies that ∥x∗1∥ + ∥x∗2∥ = ∥x∗1 + x∗2∥. By the strict

convexity of X∗ and the first assertion of Lemma 1.1.7, we get x∗1 = x∗2,

as desired.

It turns out that the uniform convexity of X∗ can be characterized

via the uniform continuity of the map Jp(·).

Theorem 1.1.9. The dual space X∗ of a Banach space X is uniformly

convex if and only if Jp is a single-valued map which is uniformly con-

tinuous on each bounded subset of X.

To prove this result we shall need the following

Lemma 1.1.10. ( [69, p. 36, Theorem 1]) Let X be a Banach space.

Then X∗ is uniformly convex if and only if the norm of X is uniformly

Fréchet differentiable, i.e., the limit limλ→0
∥x+ λy∥ − ∥x∥

λ
exists uni-

formly for all x, y ∈ S(X), where S(X) = {x ∈ X : ∥x∥ = 1}.

12



Proof of Theorem 1.1.9 (This proof is based on some arguments

similar to those of the proof of Theorem 1 in [69, p. 36]).

Necessity. Assume that X∗ is uniformly convex. Then X∗ is strictly

convex. By Proposition 1.1.8, Jp is a single-valued map. It remains

to show that Jp is uniformly continuous on each bounded subset of X.

According to Remark 1.1.4, we have

Jp(x) = ∥x∥p−2J(x), for every x ∈ X.

By Proposition 32.22 of [238, p. 861], J is uniformly continuous on

bounded subsets of X. Hence, Jp is uniformly continuous on each

bounded subset that lies outside some neighborhood of x = 0. On

the other hand, ∥Jp(x)∥ = ∥x∥p−1, so Jp(0) = 0 and Jp is continuous

at x = 0. Combining these arguments we conclude that Jp is uniformly

continuous on each bounded subset of X.

Sufficiency. For any x, y ∈ S(X) and λ > 0, using Proposition ??, one

has

⟨Jp(x), y⟩
∥x∥p−1

=
⟨Jp(x), λy⟩
λ∥x∥p−1

=
⟨Jp(x), x⟩ − ∥x∥p + ⟨Jp(x), λy⟩

λ∥x∥p−1

=
⟨Jp(x), x+ λy⟩ − ∥x∥p

λ∥x∥p−1

≤ ∥x∥p−1∥x+ λy∥ − ∥x∥p

λ∥x∥p−1

=
∥x+ λy∥ − ∥x∥

λ

=
∥x+ λy∥p − ∥x∥∥x+ λy∥p−1

λ∥x+ λy∥p−1

≤ ⟨Jp(x+ λy), x+ λy⟩ − |⟨Jp(x+ λy), x⟩|
λ∥x+ λy∥p−1

=
λ⟨Jp(x+ λy), y⟩+ ⟨Jp(x+ λy), x⟩ − |⟨Jp(x+ λy), x⟩|

λ∥x+ λy∥p−1

≤ ⟨Jp(x+ λy), y⟩
∥x+ λy∥p−1

.

Hence, for all x, y ∈ S(X) and λ > 0, it holds

⟨Jp(x), y⟩
∥x∥p−1

≤ ∥x+ λy∥ − ∥x∥
λ

≤ ⟨Jp(x+ λy), y⟩
∥x+ λy∥p−1

.
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Using the uniform continuity of Jp on each bounded subset of X, from

the last property one can obtain that

lim
λ→0

∥x+ λy∥ − ∥x∥
λ

=
⟨Jp(x), y⟩
∥x∥p−1

.

According to Lemma 1.1.10, X∗ is uniformly convex. The proof is com-

plete. □

1.1.2 Characteristic properties of uniformly convex Banach

spaces

In this section, we establish a generalized version of Theorem 1 in

[188].

Definition 1.1.11. ( [14, p. 708]) A function ω : [0,+∞) → [0,+∞)

is said to be firm if ω(0) = 0 and ω(ρ) > 0 for all ρ > 0. If ω is

nondecreasing and firm, then it is called a gauge. The set of gauges

ω : [0,+∞) → [0,+∞) is denoted by G.

Theorem 1.1.12. (Theorem of Prüß, see [188, Theorem 1]) A Banach

space X is uniformly convex if and only if for every γ > 0, there exists

a function ωγ ∈ G such that

⟨x∗ − y∗, x− y⟩ ≥ ωγ(∥x− y∥)∥x− y∥ (1.1.9)

for all x, y ∈ B(0, γ), x∗ ∈ J(x), and y∗ ∈ J(y).

One may ask whether the conclusion of the above theorem is still true

if instead of J(·) one considers the normalized duality mapping Jp(·).
Our main result in this section can be formulated as follows.

Theorem 1.1.13. If a Banach space X is uniformly convex, then for

every p ≥ 2 and for every γ > 0, there exists a function ωp,γ ∈ G such

that

⟨x∗ − y∗, x− y⟩ ≥ ωp,γ(∥x− y∥)∥x− y∥ (1.1.10)

for all x, y ∈ B(0, γ), x∗ ∈ Jp(x), and y
∗ ∈ Jp(y). Conversely, if for a

fixed p ≥ 2 and for all γ > 0, there exists an ωp,γ ∈ G satisfying (1.1.10),

then X is a uniformly convex Banach space.

Remark 1.1.14. Theorem 1.1.12 follows from Theorem 1.1.13 if we

choose p = 2.
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To prove Theorem 1.1.13, we shall need the following lemmas.

Lemma 1.1.15. (Bishop-Phelps Theorem, [69, p. 3]) Let A be a closed

bounded convex set in a Banach space X. Then the collection of func-

tionals from X∗ that achieve their maximum on A is dense in X∗.

Lemma 1.1.16. (James Theorem, [69, p. 12]) A Banach space X is

reflexive if and only if for every f ∈ X∗, there exists x ∈ X such that

f(x) = ∥f∥.

Lemma 1.1.17. For all a ≥ 0, b ≥ 0, and p ≥ 2, one has

ap + bp − abp−1 − bap−1 ≥ |a− b|p. (1.1.11)

Proof. If a = 0 or b = 0, then (1.1.11) is trivial. We consider the case

a > 0 and b > 0. By symmetry, we assume that a > b. Dividing both

sides of (1.1.11) by ap, we obtain the equivalent inequality:

1 +

(
b

a

)p
−
(
b

a

)p−1

− b

a
≥
(
1− b

a

)p
. (1.1.12)

For x := b
a , x ∈ (0, 1), inequality (1.1.12) is equivalent to

1 + xp − xp−1 − x ≥ (1− x)p

⇔(1− x)(1− xp−1) ≥ (1− x)p

⇔1− xp−1 ≥ (1− x)p−1

⇔1 ≥ xp−1 + (1− x)p−1 (1.1.13)

Noting that 1 = (x+(1−x))p−1 and using the fact that (u+v)α ≥ uα+vα

for all u, v ≥ 0 and α ≥ 1 (see [99, p. 32]), we conclude that (1.1.13) is

true. The proof is complete.

Proof of Theorem 1.1.13.

N ecessity. Let X be a uniformly convex Banach space and let p ≥ 2.

For each γ > 0, we consider the function ωp,γ defined by

ωp,γ(0) = 0, ωp,γ(ρ) = ωp,γ(2γ)

for all ρ ≥ 2γ and

ωp,γ(ρ) = inf

{
⟨x∗ − y∗, x− y⟩

∥x− y∥
: x, y ∈ B(0, γ), ∥x− y∥ ≥ ρ,

x∗ ∈ Jp(x), y
∗ ∈ Jp(y)

}
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for all 0 < ρ ≤ 2γ. Since ωp,γ is nondecreasing, in order to prove that

ωp,γ(ρ) ∈ G, we have only to show that ωp,γ(ρ) > 0 for all ρ ∈ (0, 2γ).

Suppose on the contrary that ωp,γ(ρ) = 0 for some ρ ∈ (0, 2γ). Then

there exist sequences (xn), (yn) of vectors from B(0, γ), x∗n ∈ Jp(xn),

y∗n ∈ Jp(yn), such that ∥xn − yn∥ ≥ ρ and

⟨x∗n − y∗n, xn − yn⟩
∥xn − yn∥

→ 0.

This forces ⟨x∗n−y∗n, xn−yn⟩ → 0. On the other hand, from the inclusions

x∗n ∈ Jp(xn), y
∗
n ∈ Jp(yn) and Lemma 1.1.17, we have

⟨x∗n − y∗n, xn − yn⟩ = ∥xn∥p + ∥yn∥p − ⟨x∗n, yn⟩ − ⟨y∗n, xn⟩
≥ ∥xn∥p + ∥yn∥p − ∥x∗n∥∥yn∥ − ∥y∗n∥∥xn∥
= ∥xn∥p + ∥yn∥p − ∥xn∥p−1∥yn∥ − ∥yn∥p−1∥xn∥
≥ |∥xn∥ − ∥yn∥|p.

This implies |∥xn∥ − ∥yn∥| → 0. Since ∥xn∥ ≤ γ and ∥yn∥ ≤ γ, without

loss of generality we may assume that limn→∞ ∥xn∥ = limn→∞ ∥yn∥ = a

for some a ≥ 0. Since ∥xn∥ + ∥yn∥ ≥ ∥xn − yn∥ ≥ ρ for every n, the

case a = 0 cannot occur, so we have a > 0. Hence there is no loss of

generality in assuming that ∥xn∥ > 0, ∥yn∥ > 0 for all n. We have∥∥∥∥∥ xn
∥xn∥

− yn
∥yn∥

∥∥∥∥∥ =

∥∥∥∥∥ xn
∥xn∥

− yn
∥xn∥

+
yn

∥xn∥
− yn

∥yn∥

∥∥∥∥∥
≥

∥∥∥∥∥ xn
∥xn∥

− yn
∥xn∥

∥∥∥∥∥−
∥∥∥∥∥ yn
∥yn∥

− yn
∥xn∥

∥∥∥∥∥.
Therefore,∥∥∥∥∥ xn

∥xn∥
− yn

∥xn∥

∥∥∥∥∥+
∥∥∥∥∥ yn
∥yn∥

− yn
∥xn∥

∥∥∥∥∥ ≥

∥∥∥∥∥ xn
∥xn∥

− yn
∥xn∥

∥∥∥∥∥
⇒

∥∥∥∥∥ xn
∥xn∥

− yn
∥yn∥

∥∥∥∥∥+ ∥yn∥

∣∣∣∣∣ y1∥yn∥
− x1

∥xn∥

∣∣∣∣∣ ≥ 1

∥xn∥
∥xn − yn∥

⇒ lim inf
n→∞

(∥∥∥∥∥∥xn∥∥xn∥
− ∥yn∥

∥yn∥

∥∥∥∥∥+ ∥yn∥
∣∣∣∣ y1∥yn∥

− x1
∥xn∥

∣∣∣∣
)

≥ lim inf
n→∞

(
1

∥xn∥
∥xn − yn∥

)
⇒ lim inf

n→∞

∥∥∥∥∥ xn
∥xn∥

− yn
∥yn∥

∥∥∥∥∥ ≥ ρ

a
. (1.1.14)
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Choose ε1 ∈ (0, ρa) and put ε = ρ
a − ε1. By (1.1.14), there exists n0 such

that ∥∥∥∥∥ xn
∥xn∥

− yn
∥yn∥

∥∥∥∥∥ > ε

for all n ≥ n0. Since

∥xn + yn∥ = ∥xn∥

∥∥∥∥∥ xn
∥xn∥

+
yn

∥xn∥

∥∥∥∥∥
= ∥xn∥

∥∥∥∥∥ xn
∥xn∥

+
yn

∥xn∥
+

yn
∥yn∥

− yn
∥yn∥

∥∥∥∥∥
≤ ∥xn∥

∥∥∥∥∥ xn
∥xn∥

+
yn

∥yn∥

∥∥∥∥∥+ ∥xn∥

∥∥∥∥∥ yn
∥xn∥

− yn
∥yn∥

∥∥∥∥∥
= ∥xn∥

∥∥∥∥∥ xn
∥xn∥

+
yn
∥yn∥

∥∥∥∥∥+ ∥xn∥∥yn∥

∣∣∣∣∣ 1

∥xn∥
− 1

∥yn∥

∣∣∣∣∣,
by (1.1.14) and the uniform convexity of X, there exists δ = δ(ε) > 0

such that

lim sup
n→∞

∥xn + yn∥

≤ lim sup
n→∞

(
∥xn∥

∥∥∥∥∥ xn
∥xn∥

+
yn
∥yn∥

∥∥∥∥∥+ ∥xn∥∥yn∥
∣∣∣∣ 1

∥xn∥
− 1

∥yn∥

∣∣∣∣
)

≤ lim sup
n→∞

a

∥∥∥∥∥ xn
∥xn∥

+
yn
∥yn∥

∥∥∥∥∥
≤ 2a(1− δ). (1.1.15)

Since ∥xn∥p + ∥yn∥p − ⟨y∗n, xn⟩ − ⟨x∗n, yn⟩ = ⟨x∗n − y∗n, xn − yn⟩ → 0,

lim
n→∞

(⟨y∗n, xn⟩+ ⟨x∗n, yn⟩) = 2ap.
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Combining this with (1.1.15), we have

2ap = lim
n→∞

(⟨y∗n, xn⟩+ ⟨x∗n, yn⟩)

= lim sup
n→∞

(⟨y∗n, xn⟩+ ⟨x∗n, yn⟩+ ⟨x∗n, xn⟩ − ⟨x∗n, xn⟩)

= lim sup
n→∞

(⟨y∗n − x∗n, xn⟩+ ⟨x∗n, xn + yn⟩)

≤ lim sup
n→∞

(∥y∗n∥∥xn∥ − ∥xn∥p) + lim sup
n→∞

∥x∗n∥∥xn + yn∥

≤ lim sup
n→∞

(∥yn∥p−1∥xn∥ − ∥xn∥p) + lim sup
n→∞

∥xn∥p−1∥xn + yn∥

= lim sup
n→∞

∥xn∥p−1∥xn + yn∥

≤ ap−12a(1− δ) = 2ap(1− δ),

a contradiction.

Sufficiency. Using Proposition 1.1.3, we can show that Jp(X) :=
⋃
x∈X Jp(x)

is the collection of functionals from X∗ that achieve their maximum on

BX . By Lemma 1.1.15, Jp(X) = X∗, where Jp(X) denotes the closure

of Jp(X). We shall show that the range Jp(X) of Jp is closed. Let

(x∗n) ⊂ Jp(X) and x∗n → x∗. Then for each n there exists xn ∈ X such

that x∗n ∈ Jp(xn). Since (x∗n) is bounded, (xn) is bounded. Let γ > 0 be

such that ∥xn∥ ≤ γ for every n. By our hypothesis, there exists ωp,γ ∈ G

such that

ωp,γ(∥xn − xm∥)∥xn − xm∥ ≤ ⟨x∗n − x∗m, xn − xm⟩
≤ ∥x∗n − x∗m∥∥xn − xm∥

for all m,n. Taking account of this fact, we deduce from the convergence

of the sequence (x∗n) that (xn) is a Cauchy sequence. Therefore xn → x

for some x ∈ X. Since x∗n ∈ Jp(xn) it follows that x∗ ∈ Jp(x). Thus

Jp(X) = Jp(X) = X∗. Consequently, for every x∗ ∈ X∗ \ {0} there

exists x ∈ X \ {0} such that x∗ ∈ Jp(x). This implies that〈
x∗,

x

∥x∥

〉
=

∥x∥p

∥x∥
= ∥x∥p−1 = ∥x∗∥.

By Lemma 1.1.16 we conclude that X is reflexive. In this case we get

x∗ ∈ Jp(x) if and only if x ∈ J∗
q (x

∗), where q > 0 satisfies the relation
1
p+

1
q = 1 and J∗

q denotes the normalized mapping ofX∗. Hence J−1
p = J∗

q .

Fix any ϱ > 0. Fix any x∗, y∗ ∈ B
∗
(0, ϱ), x ∈ J∗

q (x
∗), y ∈ J∗

q (y
∗). Choose

γ so that γp−1 = ϱ. Then x∗ ∈ Jp(x), y
∗ ∈ Jp(y), and x, y ∈ B(0, γ). By
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(1.1.10),

ωp,γ(∥x− y∥) ≤ ∥x∗ − y∗∥.

This implies that the map J∗
q is single-valued and uniformly continu-

ous on each bounded subset of X∗. By Theorem 1.1.9, X = (X∗)∗ is

uniformly convex. The proof is complete. □

1.1.3 Continuity of the metric projection onto a family of

closed convex sets

From now on, (Λ, d) is a metric space and K : Λ → 2X is a set-valued

map with nonempty closed convex values. Let (λ̄, x̄) ∈ Λ×X be a point

satisfying x̄ ∈ K(λ̄). For each y ∈ X, the projection of y onto K(λ) is

denoted by PK(λ)(y).

Definition 1.1.18. A set-valued map K : Λ → 2X is said to be pseudo-

Lipschitz around (λ̄, x̄) if there exist a positive constant l and neighbor-

hoods U, V of x̄ and λ̄, respectively, such that

K(λ) ∩ U ⊂ K(λ′) + ld(λ, λ′)B(0, 1) (1.1.16)

for all λ, λ′ ∈ U .

Theorem 1.1.19. Let X be a uniformly convex Banach space, and p ≥
2. Let K : Λ → 2X be a set-valued map, which is pseudo-Lipschitz

around (λ̄, x̄). Then there exist positive constant l1, a neighborhood U1

of x̄, a neighborhood V1 of λ̄ and a function ωp,γ ∈ G such that

ωp,γ(∥PK(λ)(y)− PK(λ′)(y)∥)∥PK(λ)(y)− PK(λ′)(y)∥ ≤ l1d(λ, λ
′)

for all λ, λ′ ∈ V1 and y ∈ U1.

Proof. The proof runs similarly as the proof of Theorem 3.1 in [120],

where ωγ and J are replaced by ωp,γ and Jp, respectively. Instead of

using Theorem 1.1.12, which is due to J. Prüß, we use Theorem 1.1.13

proved in the preceding section.

From Theorem 1.1.13 it follows that the function ωp,γ can be computed

by the formula:

19



ωp,γ(t) =



0, for t = 0,

inf
{

⟨x∗1−x∗2,x1−x2⟩
∥x1−x2∥ : x1, x2 ∈ B(0, γ),

∥x1 − x2∥ ≥ t, x∗1 ∈ Jp(x1), x
∗
2 ∈ Jp(x2)

}
, for t ∈ (0, 2γ],

ωp,γ(2γ), for t > 2γ.

(1.1.17)

In many situations, in order to apply Theorem 1.1.19, it is enough to

have a lower estimate for the function ωp,γ. Such an estimate in the

case X = Lp(Ω, µ), 1 < p ≤ 2, has been obtained in [120]. Here and in

the sequel, X = Lp(Ω, µ) denotes the space of all measurable functions

x(·) defined on an open set Ω ⊂ Rn for which
∫
Ω |x(s)|

pdµ < ∞, where

µ stands for the Lebesgue measure in Rn. It is well known that for

every 1 < p < +∞, this space and its dual X∗ = Lq(Ω, µ), where

q = p
p−1 , are uniformly convex Banach spaces. We now want to use the

normalized duality mapping Jp to obtain an estimate for ωp,γ in the case

X = Lp(Ω, µ) with p ≥ 2.

Lemma 1.1.20. ( [187, Corollary 2.1]) Suppose that x, y ∈ Lp(Ω, µ)

and 1 < p < +∞. Then for every t ∈ (0, 1) one has

(a) ∥tx+ (1− t)y∥2 ≤ t∥x∥2 + (1− t)∥y∥2 − p−1
64 t(1− t)∥x− y∥2 for all

1 < p < 2.

(b) ∥tx+(1−t)y∥p ≤ t∥x∥p+(1−t)∥y∥p− 1
p2p (t(1−t)

p+tp(1−t))∥x−y∥p
for all p ≥ 2.

Theorem 1.1.21. Suppose that X = Lp(Ω, µ), 1 < p < +∞. Then the

following properties hold:

(a) If 1 < p ≤ 2, then

⟨Jp(x1)− Jp(x2), x1 − x2⟩ ≥
p− 1

64
∥x1 − x2∥2,

for all x1, x2 ∈ X. Besides, for each γ > 0, there is a function ω2,γ

such that

ω2,γ(t) ≥
p− 1

64
t, ∀t ∈ [0, 2γ].

(b) If p ≥ 2, then

⟨Jp(x1)− Jp(x2), x1 − x2⟩ ≥
1

p22p−1
∥x1 − x2∥p,
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for all x1, x2 ∈ X. Besides, for each γ > 0, there exists a function

ωp,γ such that

ωp,γ(t) ≥
1

p22p−1
tp−1, ∀t ∈ [0, 2γ].

Proof. The proof of (a) runs similarly to the proof of Proposition 4.1

in [120]. It remains to prove (b). Let φp(x) = 1
p∥x∥

p, p ≥ 2. Since

X = Lp(Ω, µ) and its dual X∗ = Lq(Ω, µ), where q =
p
p−1 , are uniformly

convex Banach spaces, by Theorem 1.1.9, we have ∂φp(x) = {Jp(x)}.
By Lemma 1.1.20 (b),

φp(y+t(x−y))−φp(y) ≤ t(φp(x)−φp(y))−
1

p22p
(t(1−t)p+tp(1−t))∥x−y∥p.

Hence,

1

t
(φp(y+t(x−y))−φp(y)) ≤ φp(x)−φp(y)−

1

p22p
((1−t)p+tp−1(1−t))∥x−y∥p.

Letting t→ 0, we obtain

φ′
p(y;x− y) ≤ φp(x)− φp(y)−

1

p22p
∥x− y∥p,

for all x, y ∈ X, where φ′
p(y;x− y) denotes the directional derivative of

φp at y in direction x− y. Since ⟨Jp(y), x− y⟩ = φ′
p(y;x− y), we have

⟨Jp(y), x− y⟩ ≤ φp(x)− φp(y)−
1

p22p
∥x− y∥p,

for all x, y ∈ X. Consequently, for all x1, x2 ∈ X we have

⟨Jp(x2), x1 − x2⟩ ≤ φp(x1)− φp(x2)−
1

p22p
∥x1 − x2∥p,

⟨Jp(x1), x2 − x1⟩ ≤ φp(x2)− φp(x1)−
1

p22p
∥x2 − x1∥p.

Combining these inequalities, we obtain

⟨Jp(x2)− Jp(x1), x2 − x1⟩ ≥
2

p22p
∥x1 − x2∥p.

For each γ > 0 and t ∈ (0, 2γ), using (1.1.17), we have

ωp,γ(t) =

inf

{
⟨x∗ − y∗, x− y⟩

∥x− y∥
: x, y ∈ B(0, γ), ∥x− y∥ ≥ t, x∗ ∈ Jp(x), y

∗ ∈ Jp(y)

}
≥ inf

{
2

p22p
∥x− y∥p−1 : x1, x2 ∈ B(0, γ), ∥x− y∥ ≥ t

}
≥ 2

p22p
tp−1.

The proof of property (b) is complete.
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The following theorem describes a Hölder continuity property of the

metric projection onto a family of closed convex sets in the space Lp(Ω, µ).

This result shows that Lemma 1.1 from [229], which was obtained for the

case of the metric projection onto closed convex sets in Hilbert spaces,

can be extended to the case of the function spaces Lp(Ω, µ), 1 < p <∞.

Theorem 1.1.22. Suppose that X = Lp(Ω, µ), 1 < p < ∞, and K :

Λ → 2X is a set-valued map, which is pseudo-Lipschitz around (λ̄, x̄).

Then the following assertions hold:

(a) If 1 < p ≤ 2 then there exist a positive constant l0, a neighborhood

U1 of x̄, and a neighborhood V1 of λ̄ such that

∥PK(λ)(y)− PK(λ′)(y)∥ ≤ l0d(λ, λ
′)

1
2

for all λ, λ′ ∈ V1 and y ∈ U1.

(b) If p ≥ 2 then there exist a positive constant l1, a neighborhood U ′
1

of x̄, and a neighborhood V ′
1 of λ̄ such that

∥PK(λ)(y)− PK(λ′)(y)∥ ≤ l1d(λ, λ
′)1/p

for all λ, λ′ ∈ V ′
1 and y ∈ U ′

1.

Proof. Assertion (a) is just the content of Proposition 4.2 in [120], so it

remains to prove (b). By Theorem 1.1.19 and Theorem 1.1.21, there exist

a constant l̄ > 0 and neighborhoods U ′
1 and V ′

1 of x̄ and λ̄, respectively,

such that
1

p22p−1
∥PK(λ)(y)− PK(λ

′)(y)∥p ≤ l̄d(λ, λ′)

for all λ, λ′ ∈ V ′
1 and y ∈ U ′

1. Hence,

∥PK(λ)(y)− PK(λ
′)(y)∥ ≤ (l̄p22p−1)1/pd(λ, λ′)1/p.

Setting l1 = (l̄p22p−1)1/p we obtain the desired conclusion.

1.2 Topological degree for monotone operators

1.2.1 Topological degree in finite dimensional spaces

Topological degree, also known as degree theory has developed as a

means to examine the solution existence and to estimate the number of

solutions to a nonlinear equation f(x) = y in a region.
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Suppose that X and Y are topological spaces. Let O be a class of

open subsets Ω in X. For each Ω in O, we denote by Ω̄ and ∂Ω the

closure and boundary of Ω, respectively. Let F be a family of maps

f : Ω̄ → Y over which the degree theory is to be defined. For each Ω in

O, we consider a family of homotopies {ft : 0 ≤ t ≤ 1} of maps in F ,

all having the common domain Ω̄. The collection of all such homotopies

for the various Ω in O will be denoted by H, which is called a class of

permissible homotopies for the degree theory.

Definition 1.2.1. By a degree theory over the class F , which is in-

variant with respect to the homotopies in H and which is normalized by

a given map f0 : X → Y , we mean: for each y0 in Y and for each

f : Ω̄ → Y in F , with y0 /∈ f(∂Ω), an integer d(f,Ω, y0) is defined and

satisfies the following three conditions:

(a) (Normalization) If d(f,Ω, y0) ̸= 0 then there exists x in Ω such that

f(x) = y0. For each Ω in O, we have f0|Ω ∈ F , and if y0 ∈ f0(Ω)

then d(f0,Ω, y0) = +1.

(b) (Additivity) If f ∈ F , f : Ω̄ → Y and that Ω1, Ω2 are a pair of

disjoint sets in O contained in Ω such that y0 /∈ f(Ω̄ \ (Ω1 ∪ Ω2))

then

d(f,Ω, y0) = d(f,Ω1, y0) + d(f,Ω2, y0).

(c) (Homotopy invariance) If {ft : 0 ≤ t ≤ 1} is a homotopy in H with

domain Ω̄ and if {yt : 0 ≤ t ≤ 1} is a continuous path in Y with

yt /∈ ft(∂Ω) for all t in [0, 1] then d(ft,Ω, yt) is independent of t.

The existence of a degree theory for a given class of mappings is

not a trivial assertion. In this subsection we will build a topological

degree for a class of continuous mappings in finite dimensional spaces.

It is a platform to define the Leray-Schauder degree theory for compact

operators in Banach spaces as well as the Browder degree theory for

maps of class (S)+ from a bounded open subset of a reflexive Banach

space into its dual.

Let us assume that Ω be an open bounded set in Rn, ϕ : Ω → Rn is a

mapping of class C1(Ω) and p ∈ Rn. Let

Jϕ(x) := detϕ′(x) and Zϕ = {x ∈ Ω : Jϕ(x) = 0}

be the critical set and ϕ(Zϕ) be the crease of ϕ.

Theorem 1.2.2. ( [151, Theorem 1.1.2]) Suppose ϕ ∈ C1(Ω) and p /∈
ϕ(Zϕ) ∪ ϕ(∂Ω). Then ϕ−1(p) is finite.
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Proof. Let S := ϕ−1(p). We assume that S ̸= ∅. Then S is a closed set.

We now claim that any point x ∈ S is an isolated point, that is, there is

a neighborhood Vx such that Vx ∩S = {x}. Indeed, if this were not true
then there exists x0 ∈ S and a sequence {xn} ⊂ S such that xn converges

to x0. Since ϕ(x0) = p and p /∈ ϕ(Zϕ) ∪ ϕ(∂Ω), det(ϕ′(x0)) ̸= 0. Hence

r := min
u∈Sn

|ϕ′(x0)u| > 0,

where Sn is the unit sphere in Rn. This implies that

|ϕ′(x0)u| ≥ r|u| ∀u ∈ Rn. (1.2.1)

On the other hand we have

0 = ϕ(xn)− ϕ(x0) = ϕ′(x0)(xn − x0) + 0(|xn − x0|).

It follows that

|ϕ′(x0)(xn − x0)| <
r

2
|xn − x0|

for sufficiently large n. But this contradicts (1.2.1). Our claim is justi-

fied.

Since S ⊂ Ω, it is a compact set. Since S = ∪x∈S(Vx∩S), we see that,
there exist x1, x2, .., xn such that S = ∪ni=1(Vxi∩S) = {x1, x2, .., xn}. The
theorem is proved.

Definition 1.2.3. Suppose that ϕ ∈ C1(Ω), p /∈ ϕ(∂Ω) ∪ ϕ(Zϕ). The

degree of ϕ at p relative to Ω is denoted by d(ϕ,Ω, p) and given by

d(ϕ,Ω, p) =
∑

x∈ϕ−1(p)

signJϕ(x),

where the sum equals to zero when ϕ−1(p) = ∅.

From the definition we see that if d(ϕ,Ω, p) = m ̸= 0, then the equa-

tion f(x) = p has at least |m| solutions in Ω. Moreover, d(ϕ,Ω, p) is

normalized by the identity map.

Proposition 1.2.4. Let I denote the identity mapping. If p ∈ Ω, then

d(I,Ω, p) = 1. If d /∈ Ω, then d(I,Ω, p) = 0.

Next, we define d(ϕ,Ω, p) for the case where p ∈ ϕ(Zϕ).

Definition 1.2.5. Suppose that ϕ ∈ C1(Ω), p /∈ ϕ(∂Ω) but p ∈ ϕ(Zϕ).

The degree d(ϕ,Ω, p) is given by d(ϕ,Ω, q), where q /∈ ϕ(Zϕ) and |q−p| <
dist(p, ϕ(∂Ω)).
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To justify this definition, we need to use Theorem 1.2.1 (Sard’s theo-

rem) and Theorem 1.3.2 in [151]).

Definition 1.2.6. A Ck homotopy between ϕ, ψ ∈ Ck(Ω) is a function

H : [0, 1]× Ω → Rn such that H(0, x) = ϕ(x), H(1, x) = ψ(x), H(t, ·) ∈
Ck(Ω) for all t ∈ [0, 1] and ∥H(s, ·)−H(t, ·)∥k → 0 as s→ t.

For an example H(t, x) = (1 − t)ϕ(x) + tψ(x) is a Ck homotopy

whenever ϕ, ψ ∈ Ck(Ω).

Theorem 1.2.7. ( [151, Theorem 1.3.5]) Let ϕ ∈ C1(Ω).

(i) d(ϕ,Ω, ·) is constant on connected component of Rn \ ϕ(∂Ω).
(ii) If p /∈ ϕ(∂Ω), then there exists ϵ > 0 such that d(ϕ,Ω, p) = d(ψ,Ω, p)

when ∥ψ − ϕ∥1 < ϵ.

(iii) Let H(x, t) be a C1 homotopy between ϕ and ψ. If p /∈ H(∂Ω, t) for

all t ∈ [0, 1], then d(ϕ,Ω, p) = d(ψ,Ω, p) .

We are now ready to define a topological degree for continuous map-

pings.

Definition 1.2.8. Suppose that ϕ ∈ C(Ω) and p /∈ ϕ(∂Ω). The degree

d(ϕ,Ω, p) is given by d(ψ,Ω, p), where ψ ∈ C1(Ω) such that ∥ψ − ϕ∥0 <
dist(p, ϕ(∂D)).

Justification. Let ϵ = dist(p, ϕ(∂Ω)). Then there exists a function ψ ∈
C1(Ω) such that |ψ − ϕ∥0 < ϵ. Hence for any x ∈ ∂Ω, we have

|p− ϕ(x)| ≤ |p− ψ(x)|+ |ψ(x)− ϕ(x)| < |p− ψ(x)|+ dist(p, ϕ(∂Ω)).

This implies that |p−ψ(x)| > 0 for all x ∈ ∂Ω. Hence p /∈ ψ(∂Ω) and so

d(ψ,Ω, p) is well defined. We now assume that ψ1, ψ2 are two mappings

of C1(Ω) such that |ψi − ϕ∥0 < ϵ for i = 1, 2. Consider C1 homotopy

ht(x) = tψ1(x) + (1− t)ψ2(x) x ∈ Ω, 0 ≤ t ≤ 1.

Then we get

|ht(x)− ϕ(x)| = |t(ψ1(x)− ϕ(x)) + (1− t)(ψ2(x)− ϕ(x))|
< tϵ+ (1− t)ϵ = ϵ.

Hence if x ∈ ∂Ω, then

|p− ht(x)| ≥ |p− ϕ(x)| − |ϕ(x)− ht(x)| > 0.
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Thus p /∈ ht(∂Ω) for all t ∈ [0, 1]. By (iii) of Theorem 1.2.7, we have

d(h0,Ω, p) = d(h1,Ω, p) ⇔ d(ψ1,Ω, p) = d(ψ2,Ω, p).

We conclude that d(ψ,Ω, p) is the same for all ψ ∈ C1(Ω) satisfying

∥ψ − ϕ∥0 < ϵ.

The following theorem gives fundamental properties of degree theory

in finite dimensional spaces. Its proof can be found in [151].

Theorem 1.2.9. Let ϕ ∈ C(Ω) and p ∈ Rn.

(a) (Normalization) If p ∈ Ω, then d(I,Ω, p) = 1.

(b) (Existence) If p /∈ ϕ(∂Ω) and d(ϕ,Ω, p) ̸= 0, then there exists x ∈ Ω

such that f(x) = p.

(c) (Additive) If ϕ /∈ ϕ(∂Ω) and Ω is a union of two disjoint open sets

Ω1,Ω2. Then

d(ϕ,Ω, p) = d(ϕ,Ω1, p) + d(ϕ,Ω2, p).

(d) (Homotopy invariance) If H(t, x) is a homotopy and p /∈ H(t, ∂Ω)

for all t ∈ [0, 1], then d(H(t, ·),Ω, p) is independent of t ∈ [0, 1]. In

particular, d(H(1, ·),Ω, p) = d(H(0, ·),Ω, p).
(e) (Excision) If D0 is a closed set of D and p /∈ ϕ(D0) then d(ϕ,D, p) =

d(ϕ,D\D0, p).

Here is an application of degree theory in fixed point theorems.

Theorem 1.2.10. ( [151, Theorem 4.4.2]) Let S be a bounded, closed,

nonempty convex subset of Rn with 0 ∈ intS and ϕ : S → S is continu-

ous. Then there exists x0 ∈ S such that ϕ(x0) = x0.

Proof. Let D = intS. Then D̄ = S and ∂D = ∂S. If there exists

x0 ∈ ∂D such that ϕ(x0) = x0, we obtain the conclusion. Therefore, we

may assume that x − ϕ(x) ̸= 0 for all x ∈ ∂D. Consider the homtopy

H(t, x) = x − tϕ(x) with t ∈ [0, 1]. For t = 1, we have H(1, x) =

x− ϕ(x) ̸= 0 for all x ∈ ∂D. For 0 ≤ t < 1, we have tϕ(x) ∈ intS = D.

It follows that 0 /∈ H(t, ∂D) for all t ∈ [0, 1]. Since degree is independent

of t for homotopy, we have

d(H(1, ·), D, 0) = d(H(0, ·), D, 0) = d(I,D, 0) = 1.

Hence there exists x0 ∈ D such that H(1, x0) = 0 or x0 − ϕ(x0) = 0.

In the above theorem we required that 0 ∈ intS. To omit this condi-

tion, we need the following lemma which is due to Dugundji.
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Lemma 1.2.11. ( [151, Theorem 4.4.5]) Suppose that S is closed subset

of a metric space X and Y is a normed linear space. Then every contin-

uous mapping f : S → Y has a continuous extension F : X → Y such

that F (X) ⊂ covf(S), where covf(S) denotes the covex hull of f(S).

Theorem 1.2.12. Let S be a bounded, closed, nonempty convex subset

of Rn and ϕ : S → S is continuous. Then ϕ has a fixed point.

Proof. Since S is bounded, it is contained in a closed ball B̄(0, r). Let

X = B̄(0, r) and IS : S → S be the identity mapping. By Lemma

1.2.11, there is a continuous mapping F : X → Rn such that F (X) =

F (B̄(0, r)) ⊂ covIS(S) = S and F |S = IS. Consider mapping ϕ̃ = ϕ ◦ F
which maps B̄ into B̄. By Theorem 1.2.10, there exists x0 ∈ B̄ such

that ϕ̃(x0) = x0. This means that ϕ(F (x0)) = x0. Since F (x0) ∈ S,

ϕ(F (x0)) ∈ S. Hence x0 ∈ S. Consequently, F (x0) = x0 and so ϕ̃(x0) =

ϕ(x0) = x0. The theorem is proved.

1.2.2 Browder degree for operators of class (S)+

Based on the fact that any compact operator in Banach spaces can

be approximated by mappings which have ranges in finite dimensional

spaces, in 1934 Leray-Schauder introduced a degree theory for compact

operators. For this we refer the readers to Chapter 4 in [151]. Since

then there have been various extensions and generalization in different

directions for degree theory (see, for instance [35], [50] , [53], [88] - [151]

and references given therein). One of the most important generalizations

is due to Browder [35], where a degree theory was introduced for maps

of class (S)+ from a bounded open subset of a reflexive Banach space

into its dual. In particular, Browder built the degree theory for more

general mappings of monotone type f+T , where f is of class (S)+ and T

is a maximal monotone operator. This generalization paved the way for

applications of the degree theory to a large number of nonlinear partial

differential equations (see, e.g., [35] [107]). For this important event, we

will outline below some results in [35] .

In this subsection we will define a degree theory for demicontinuous

operators of class (S)+. For this we assume that X is a reflexive Ba-

nach space. By the result which is due to Lindenstrauss, Asplund and

Trojanski, it is true that X can be renormed so that X and X∗ are

both locally uniformly convex (see [56, Theorem 2.11]). In this case the
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duality mapping J = J2 : X → X∗ defined by

⟨J(x), x⟩ = ∥x∥2 = ∥J(x)∥2

is of class (S)+, strictly monotone and a homeomorphism (see [35, Propo-

sition 8] and [238, Corollary 32.24]).

Definition 1.2.13. Let G be a subset of a Banach space X and f : G→
X∗ be a mapping. Then

(a) f is said to be of class (S)+ if for any sequence {xn} in G which

converges weakly to x (written xn ⇀ x briefly) and

lim sup
n→∞

⟨f(xn), xn − x⟩ ≤ 0

we have ∥xn − x∥ → 0.

(b) f is said to be demicontinuous if for any sequence {xn} in G which

converges to x we have f(xn) converges weakly to f(x).

(c) f is said to be pseudo-monotone, if for any sequence {xj} in G for

which xj ⇀ x for some x ∈ X and lim⟨f(xj), xj − x⟩ ≤ 0, then

⟨f(x), x− y⟩ ≤ lim⟨f(xj), xj − y⟩ ∀y ∈ G.

Let S be a family of finite-dimensional subspaces of X, which is or-

dered by inclusion. For each L ∈ S, let φL be the injection map of L

into X and φ∗
L : X∗ → L∗ which is defined by setting

⟨φ∗
Lx

∗, x⟩ = ⟨x∗, φLx⟩ = ⟨x∗, x⟩ ∀x ∈ L.

Let Ω be an open bounded set in X. Then there exists L0 ∈ S such that

ΩL := Ω ∩ L ̸= ∅ for L ⊇ L0. Define fL(x) = φ∗
L(f(x)). Then from the

proof of [35, Theorem 4] we have

Theorem 1.2.14. Suppose that f is demicontinuous on Ω and of class

(S)+.

(i) For each L ∈ S, fL is continuous on L.

(ii) There exists L0 ∈ S such that if y∗0 /∈ f(∂Ω), then φL(y
∗
0) /∈ fL(∂ΩL)

and d(fK ,ΩK , φ
∗
K(y

∗
0)) = d(fL,ΩL, φ

∗
L(y

∗
0)) for all K,L ⊇ L0.

Based on this theorem, Browder gave the following definition in 1983.

Definition 1.2.15. Let Ω be a open bounded set in X and f : Ω → X∗

be demicontinuous and of class (S)+, and y
∗
0 /∈ f(∂Ω). Then the degree

d(f,Ω, y∗0) := d
(
fL,ΩL, φ

∗
L(y

∗
0)
)
for L ∈ S sufficiently large.
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The following result on the existence and uniqueness of the degree

theory for mappings of class (S)+.

Theorem 1.2.16. ( [35, Theorem 4]) Let X be a reflexive Banach space,

O be a class of bounded open subsets Ω of X, F be a class of maps

f : Ω̄ → X∗ such that f is of class (S)+ and demicontinuous. Let H be

the class of affine homotopies in F and J be the duality mapping form X

to X∗ corresponding to an equivalent norm on X in which both X and

X∗ are locally uniformly convex. Then there exists exactly one degree

function d in the sense of Definition 1.2.1, which defines on F , to be

invariant under H and normalized by J .

1.2.3 Browder degree for mappings of monotone type

Let T : X → 2X
∗
be a multifunction. We wil call the sets GrT =

{(x, y) : y ∈ T (x)} and Dom(T ) = {x ∈ X : T (x) ̸= ∅}, the graph

and the effective domain of T , respectively. In the rest of the paper we

always assume that Dom(T ) is nonempty.

Recall that the multifunction T : X → 2X
∗
is said to be monotone if

for any (x1, y1), (x2, y2) in Gr(T ) one has ⟨y2− y1, x2−x1⟩ ≥ 0. T is said

to be maximal monotone if T is monotone and it follows from

⟨v − y, u− x⟩ ≥ 0, ∀(x, y) ∈ Gph(T ),

that (u, v) ∈ Gr(T ).

For each ϵ > 0, we consider the generalized Yosida transformation Tϵ
corresponding to T , considered in [30] and defined by the formula

Tϵ = (T−1 + ϵJ−1)−1.

The following result give some properties of Tϵ.

Proposition 1.2.17. Suppose that T : X → 2X
∗
is maximal monotone.

Then for each ϵ > 0, Tϵ is single-valued, monotone and demicontinuous.

Proof. Let x ∈ X and y∗1, y
∗
2 ∈ Tϵ(x). Then

x ∈ T−1(y∗i ) + ϵJ−1(y∗i )

or

y∗i ∈ T (x− ϵJ−1(y∗i )), i = 1, 2.

Since T is monotone, we have

⟨y∗1 − y∗2, ϵ(J
−1(y∗2)− J−1(y∗1))⟩ ≥ 0
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or equivaently,

⟨y∗1 − y∗2, J
−1(y∗1)− J−1(y∗2)⟩ ≤ 0.

By Proposition 32.22 in [238], J−1 : X∗ → X is a duality mapping of

X∗, which is strictly monotone. Hence we must have y∗1 = y∗2 and so Tϵ
is single-valued. The monotonicity of Tϵ follows from montonicity of T

and J−1.

Let xn → x0 and suppose that y∗n = Tϵ(xn) and y
∗
0 = Tϵ(x0). We want

to show that y∗n converges weakly to y∗0. By the same argument as the

above, we have

y∗n ∈ T (xn − ϵJ−1(y∗n)),

y∗0 ∈ T (x0 − ϵJ−1(y∗0)).

By the monotonicity of T , we have

⟨y∗n − y∗0, ϵ(J
−1(y∗n)− J−1(y∗0)) + x0 − xn⟩ ≤ 0.

Let us claim that {∥yn∥} is bounded. Otherwise, we may assume that

∥yn∥ → ∞ as n → ∞. Then ∥yn∥ ≥ ∥y∗0∥ for sufficiently large n. It

follows that

⟨y∗n − y∗0, ϵ(J
−1(y∗n)− J−1(y∗0))⟩ ≤ ⟨y∗n − y∗0, xn − x0⟩. (1.2.2)

Using properties of J−1 (see Proposition 32.22 and Corollary 32.24 in

[238]), we have

ϵ∥yn∥2 − ⟨y∗0, ϵ(J−1(y∗n)⟩ − ⟨y∗n, ϵJ−1(y∗0)⟩+ ϵ∥y0∥2

≤ (∥y∗n∥+ ∥y∗0∥)∥xn − x0∥

This implies that

ϵ∥yn∥2 − ϵ∥y∗0∥∥y∗n∥ − ϵ∥y∗n∥∥y∗0∥+ ϵ∥y0∥2 ≤ 2∥y∗n∥∥xn − x0∥

Dividing both sides by ∥yn∥, we get

ϵ∥yn∥ − 2ϵ∥y∗0∥+
ϵ∥y0∥2

∥yn∥
≤ 2∥xn − x0∥.

By letting n→ ∞, we obtain ∥xn−x0∥ → ∞ which is absurd. Therefore,

the claim is justified.

By the boundedness of {yn}, we have from (1.2.2)that

lim
n→∞

⟨y∗n − y∗0, J
−1(y∗n)− J−1(y∗0)⟩ ≤ lim

n→∞
⟨y∗0 − y∗n, xn − x0⟩ = 0.

By property of J−1 (see (b) of Proposition 32.22 in [238] ) we have

yn ⇀ y∗0. The proof of the proposition is complete.
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From Proposition 1.2.17, we see that if f : Ω → X∗ is demicontinuous

and of class (S)+, then f + Tϵ is also demicontinuous and of class (S)+.

Therefore, we can define d(f + Tϵ,Ω, y
∗
0). The following theorem is the

basis for building degree theory for mappings of type f + T .

Theorem 1.2.18 ( [35, Theorem 8] ). Assume Ω ∈ O and conditions:

(i) f : Ω̄ → X∗ is of class (S)+, demicontinuous and bounded.

(ii) T : X → 2X
∗
is maximal monotone.

(iii) y0 /∈ (f + T )(∂Ω).

Suppose further that

(iv) 0 ∈ T (0).

Then there exists ϵ̄ > 0 such that the following assertions are valid:

(a) y0 /∈ (f + T,ϵ)(∂Ω) for all ϵ in (0, ϵ̄];

(b) d(f + Tϵ,Ω, y0) = d(f + Tϵ′,Ω, y0) for all ϵ, ϵ′ in (0, ϵ̄].

Definition 1.2.19. Let Ω ∈ O, f : Ω̄ → X∗ be of class (S)+, demicon-

tinuous and bounded. Let T : X → 2X be a maximal monotone operator

and y0 be a point in X∗ such that y0 /∈ (f + T )(∂Ω). Suppose, in addi-

tion, 0 ∈ T (0). The degree function d(f + T,Ω, y0) is the common value

of d(f + Tϵ,Ω, y0) for ϵ sufficiently small.

Definition 1.2.20. Let Ω ∈ O and {ft, 0 ≤ t ≤ 1} be a family of maps

from Ω̄ into X∗. {ft} is said to be a homotopy of class (S)+ if for any

sequence {xn} in Ω̄ converging weakly to x and for any sequence {tn} in

[0, 1] converging to t for which

lim sup
n→∞

⟨ftn(xn), xn − x⟩ ≤ 0,

then xn → x and ftn(xn)⇀ ft(x).

Definition 1.2.21. Let {Tt, 0 ≤ t ≤ 1} be a family of maximal monotone

maps from X into 2X
∗
. Suppose, in addition, that 0 ∈ Tt(0) for all t in

[0, 1]. Then {Tt} is called a pseudo-monotone homotopy if it satisfies

the following mutually equivalent properties ( [35, Proposition 15]):

(a) Suppose that tn → t in [0, 1] and (xn, yn) ∈ Gph(Ttn) such that

xn ⇀ x in X, yn ⇀ y in X∗ and lim sup ⟨yn, xn⟩ ≤ ⟨y, x⟩. Then

(x, y) ∈ Gph(Tt) and lim ⟨yn, xn⟩ = ⟨y, x⟩.
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(b) The mapping φ of X∗ × [0, 1] into X defined by

φ(w, t) = (Tt + J)−1(w),

is continuous, with X and X∗ given the norm topologies.

(c) For each w in X∗, the mapping φw of [0, 1] into X defined by

φw(t) = (Tt + J)−1(w),

is continuous from [0, 1] into X in the norm topology.

(d) For any (x, y) in Gr(Tt) and a sequence tn → t in [0, 1], there exists

a sequence (xn, yn) in Gr(Ttn) such that xn → x and yn → y.

The following results establish the homotopy invariance of the degree

theory for maps of type f + T .

Theorem 1.2.22 ( [35, Theorem 9]). Assume Ω ∈ O and conditions:

(i) {ft, 0 ≤ t ≤ 1} is a homotopy of class (S)+ of maps of Ω̄ into a

bounded subset of X∗.

(ii) {Tt : 0 ≤ t ≤ 1} is a pseudo-monotone homotopy from X into 2X
∗
.

(iii) {yt : 0 ≤ t ≤ 1} is a continuous path in X∗ such that

yt /∈ (ft + Tt)(∂Ω) ∀t ∈ [0, 1].

Suppose, in addition,

(iv) 0 ∈ Tt(0) for all t in [0, 1].

Then there exists ϵ̄ > 0 such that the following assertions are valid:

(a) yt /∈ (ft + Tt,ϵ)(∂Ω) for all ϵ ∈ (0, ϵ̄] and t in [0, 1].

(b) d(ft + Tt,ϵ,Ω, yt) is independent of t and ϵ.

Theorem 1.2.23 ( [35, Theorem 12]). There exists exactly one degree

function in the sense of Definition 1.2.1 on the class F of maps f +

T , where f is of class (S)+, demicontinuous and bounded, and T is

maximal monotone satisfying 0 ∈ T (0), which is normalized by J and

invariant under class H of all affine homotopies of the form (1− t)(T +

f) + tg, where f, g are of class (S)+, demicontinuous and T is maximal

monotone.
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Theorems 1.2.18, 1.2.22, and 1.2.23 are nice results on the degree

theory for mappings of monotone type f + T . However, the class of

mappings of monotone type f + T given by Browder is rather narrow.

Namely, in the above theorems, the conditions

0 ∈ T (0) and 0 ∈ Tt(0).

were required. Browder used these conditions in an essential way to

prove his theorems. Meanwhile, several applications, where the graphs

of operators Tt are supposed not to contain (0, 0). It is noted that, if

we take any (x0, x
∗
0) in Gph(T ) and put T ′(x) = T (x + x0) − x∗0 and

f ′(x) = f(x+ x0) then T
′ is maximal monotone and satisfies 0 ∈ T ′(0).

It is plausible to define the degree

d(f + T,Ω, y0)

via d(f ′+T ′,Ω− x0, y0− x∗0). However, in this case, the degree depends

on (x0, x
∗
0) and we will encounter easily a trouble with the homotopy

invariance since it might happen that x∗0 /∈
⋂
t Tt(x0). The following is a

counter example.

Example 1.2.24. Let K be a nonempty closed convex set in X such

that 0 /∈ K and 2K ⊂ K. Assume that NK(x) is the normal cone to K

at x. Put Tt(x) = (1 − t)(−J(x) + NK(x)). Since 0 /∈ K, 0 /∈ Tt(0).

Indeed, we have
⋂
t Tt(x) = ∅ for all x in K. Hence {Tt, 0 ≤ t ≤ 1} is

not a pseudo-monotone homotopy in the sense of Definition 1.2.21, even

after translations.

In this section, we will extend results of Browder by enlarging the

class of pseudo-monotone homotopies {Tt} without the assumptions

0 ∈ T (0) and 0 ∈ Tt(0).

To do this, we will give a new scheme in proving our theorems. The

obtained results are enhanced versions of Theorems 1.2.18, 1.2.22, and

1.2.23 under relaxed conditions for a broader class of {Tt}. We think

this is significant, since our results can be applied to a degree theory of

variational inequalities in reflexive Banach spaces and solving nonlinear

PDEs, for some of which the original Browder’s degree theory does not

seem to be very handy.
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1.2.4 Extension of the Browder degree theory for monotone

mappings

Let us keep all the notations of the preceding subsection. The follow-

ing theorem extends Theorem 1.2.18.

Theorem 1.2.25. Suppose the following conditions:

(i) f : Ω̄ → X∗ is of class (S)+, demicontinuous and bounded;

(ii) T : X → 2X
∗
is maximal monotone;

(iii) y0 /∈ (f + T )(∂Ω).

Then there exists ϵ̄ > 0 such that the following assertions are valid:

(a) y0 /∈ (f + Tϵ)(∂Ω) for all ϵ in (0, ϵ̄];

(b) d(f + Tϵ,Ω, y0) = d(f + Tϵ′,Ω, y0) for all ϵ, ϵ′ in (0, ϵ̄].

Definition 1.2.26. Let Ω ∈ O and f : Ω̄ → X∗ be of class (S)+,

demicontinuous and bounded. Let T : X → 2X
∗
be a maximal monotone

operator and y0 be a point such that y0 /∈ (f+T )(∂Ω). The degree d1(f+

T,Ω, y0) is assigned to be the common value of d(f + Tϵ,Ω, y0) for ϵ

sufficiently small.

The next theorems will be proved for the class of maximal mono-

tone operators and pseudo-monotone homotopies which enlarges the

class given by Browder. For such classes, we introduce the following

definition.

Definition 1.2.27. Let {Tt, 0 ≤ t ≤ 1} be a family of maximal mono-

tone maps from X into 2X
∗
such that their effective domains are nonempty.

Then {Tt} is called a pseudo-monotone homotopy if for any (x, y) in

Gr(Tt) and a sequence tn → t in [0, 1], there exists a sequence (xn, yn) in

Gr(Ttn) such that xn → x and yn → y.

It is obvious that if {Tt, 0 ≤ t ≤ 1} is a pseudo-monotone homotopy in

the sense of Definition 1.2.21 then it is also a pseudo-monotone homotopy

in the sense of Definition 1.2.27. Example 1.2.24 indicates that there

exists a pseudo-monotone homotopy in the sense of Definition 1.2.27

but it is not a pseudo-monotone homotopy in the sense of Definition

1.2.21.

Based on the class of pseudo-monotone homotopies in the sense of

Definition 1.2.27 we obtain the following results extending Theorems

1.2.22 and 1.2.23.
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Theorem 1.2.28. Suppose conditions:

(i) {ft, 0 ≤ t ≤ 1} is a homotopy of class (S)+ of maps of Ω̄ into a

bounded subset of X∗;

(ii) {Tt : 0 ≤ t ≤ 1} is a pseudo-monotone homotopy from X into 2X
∗
;

(iii) {yt : 0 ≤ t ≤ 1} is a continuous path in X∗ such that yt /∈ (ft +

Tt)(∂Ω) for all t in [0, 1].

Then there exists ϵ̄ > 0 such that the following assertions are valid:

(a) yt /∈ (ft + Tt,ϵ)(∂Ω) for all ϵ in (0, ϵ̄] and t in [0, 1].

(b) d(ft + Tt,ϵ,Ω, yt) is independent of t and ϵ.

Theorem 1.2.29. Suppose that Ω ∈ O and f : Ω → X∗ is of class (S)+,

demicontinuous and bounded. Let T : X → 2X
∗
be a maximal monotone

operator and y0 be a point of X∗ such that y0 /∈ (f + T )(∂Ω). Then the

following assertions hold:

(a) (Existence) If d1(f+T,Ω, y0) ̸= 0 then there exists x in Ω such that

y0 ∈ f(x) + T (x).

(b) (Additivity) If Ω1, Ω2 are a pair disjoint subsets of O contained in

Ω such that y0 /∈ (f + T )(Ω̄ \ (Ω1 ∪ Ω2)) then

d1(f + T,Ω, y0) = d1(f + T,Ω1, y0) + d1(f + T,Ω2, y0).

(c) (Homotopy invariance) If {ft, 0 ≤ t ≤ 1} is a homotopy of class

(S)+ of maps of Ω̄ into a bounded set of X∗, {Tt, 0 ≤ t ≤ 1} is a

pseudo-monotone homotopy from X into 2X
∗
and {yt : 0 ≤ t ≤ 1}

is a continuous path in X∗ such that yt /∈ (ft + Tt)(∂Ω) for all t in

[0, 1], then d1(ft + Tt,Ω, yt) is independent of t.

Theorem 1.2.30. There exists exactly one degree function in the sense

of Definition 1.2.26 on the class F of maps f + T , where f is of class

(S)+, demicontinuous and bounded, and T is maximal monotone, which

is normalized by J and invariant under class H of all affine homotopies

of the form (1− t)(f + T ) + tg, where f and g are of class (S)+, demi-

continuous and bounded, T is maximal monotone.
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1.2.5 Proofs of extension results

We notice that Theorem 1.2.28 includes Theorem 1.2.25 as a special

case when ft = f, yt = y0 and Tt = T for all t in [0, 1]. Hence it suffices

to prove Theorem 1.2.28. We will complete the proof of Theorem 1.2.28

by proving some lemmas.

Lemma 1.2.31. Let f be of class (S)+ and demicontinuos. Assume

that g is demicontinuos and monotone. Then f + g is of class (S)+ and

demicontinuous.

Proof. It is easily seen that f + g is demicontinuous. Let {xn} be a

sequence such that xn ⇀ x0 and lim supn→∞⟨f(xn)+g(xn), xn−x0⟩ ≤ 0.

By the monotonicity of g we get

⟨f(xn) + g(xn), xn − x0⟩ ≥ ⟨f(xn), xn − x0⟩+ ⟨g(x0), xn − x0⟩.

This implies that lim supn→∞⟨f(xn), xn − x0⟩ ≤ 0. Since f belongs to

class (S)+, we have xn → x0. Hence f + g is of class (S)+.

Lemma 1.2.32. Suppose that f satisfies conditions in Theorem 1.2.28,

xn ∈ Ω such that xn ⇀ x0 and tn ∈ [0, 1]. Then lim infn→∞⟨ftn(xn), xn−
x0⟩ ≥ 0.

Proof. Suppose on the contrary that

α := lim inf
n→∞

⟨ftn(xn), xn − x0⟩ < 0. (1.2.3)

Since ⟨ftn(xn), xn − x0⟩ ≥ −∥f(xn)∥∥xn − x0∥, by the boundedness of

sequences {ftn(xn)} and {xn−x0}, we have α > −∞. It follows that there

exist subsequence {xnk} and {tnk} such that limk→∞⟨ftnk (xnk), xnk−x0⟩ =
α < 0. Hence there exists a number k0 > 0 such that ⟨ftnk (xnk), xnk −
x0⟩ < 0 for all k ≥ k0. This implies that lim supk→∞⟨ftnk (xnk), xnk−x0⟩ ≤
0. Since f is of class (S)+, we get xnk → x0. By using the inequality

⟨ftnk (xnk), xnk − x0⟩ ≥ −∥ftnk (xnk)∥∥xnk − x0∥

we obtain α = limk→∞⟨ftnk (xnk), xnk − x0⟩ ≥ 0. This contradicts (1).

The proof is complete.

Proof of Theorem 1.2.28

(a) Suppose that the assertion is false. Then we could find a sequence

ϵn → 0+, a sequence xn in ∂Ω and a sequence tn in [0, 1] such that

ytn = ftn(xn) + zn, (1.2.4)
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where zn = Ttn,ϵn(xn). Since {ftn(xn)} and {ytn} are bounded, the se-

quence {zn} is also bounded. Hence we can assume that xn ⇀ x0, tn → t

in [0, 1], zn ⇀ z0 and ytn → yt. Since

⟨zn, xn − x0⟩ = ⟨ytn − ftn(xn), xn − x0⟩,

we have

⟨zn, xn⟩ = ⟨zn, x0⟩+ ⟨ytn, xn − x0⟩ − ⟨ftn(xn), xn − x0⟩. (1.2.5)

This implies that

lim sup
n→∞

⟨zn, xn⟩

≤ lim sup
n→∞

⟨zn, x0⟩+ lim sup
n→∞

⟨ytn, xn − x0⟩ − lim inf
n→∞

⟨ftn(xn), xn − x0⟩.

(1.2.6)

By the Lemma 1.2.32, we have lim infn→∞⟨ftn(xn), xn − x0⟩ ≥ 0. Hence

it follows from (1.2.6) that

lim sup
n→∞

⟨zn, xn⟩ ≤ ⟨z0, x0⟩. (1.2.7)

Note that the equality zn = Ttn,ϵn(xn) means that zn ∈ Ttn(xn−ϵnJ−1(zn)).

We now take any (u, v) in Gr(Tt). By the definition of {Tt}, there exists
sequences un → u and vn → v such that (un, vn) ∈ Gr(Ttn). Using the

monotonicity of Ttn we get

⟨zn − vn, xn − ϵnJ
−1(zn)− un⟩ ≥ 0.

Hence

⟨zn, xn⟩ ≥ ⟨zn, un⟩+ ⟨vn, xn − un⟩+ ϵn∥zn∥2 − ϵn∥vn∥∥zn∥. (1.2.8)

From (1.2.7) and (1.2.8) we have

⟨z0, x0⟩ ≥ lim sup
n→∞

⟨zn, xn⟩ ≥ lim inf
n→∞

⟨zn, xn⟩

≥ lim inf
n→∞

⟨zn, un⟩ + lim inf
n→∞

⟨vn, xn − un⟩+ lim inf
n→∞

(ϵn∥zn∥2 − ϵn∥vn∥∥zn∥)

≥ ⟨z0, u⟩+ ⟨v, x0 − u⟩. (1.2.9)

This implies that ⟨z0 − v, x0 − u⟩ ≥ 0 for all (u, v) in Gr(Tt). By the

maximal monotonicity of Tt we obtain z0 ∈ Tt(x0). Substituting (u, v) =

(x0, z0) into (1.2.9) we get limn→∞⟨zn, xn⟩ = ⟨z0, x0⟩. Hence it follows

from (1.2.5) that limn→∞⟨ftn(xn), xn − x0⟩ = 0. Since {fs, 0 ≤ s ≤ 1} is
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homotopy of class (S)+ and ∂Ω is closed, xn → x0 ∈ ∂Ω and ftn(xn) ⇀

ft(x0). By letting n→ ∞, from (1.2.4) we obtain yt = ft(x0)+z0, where

z0 ∈ Tt(x0) and x0 ∈ ∂Ω. This means that yt ∈ (ft + Tt)(∂Ω) for some t

in [0, 1]. We obtain a contradiction.

(b) We first show that for each ϵ in (0, ϵ̄] and t in [0, 1], the degree

d1(ft + Tt,ϵ,Ω, yt) is well defined. Recall that

Tt,ϵ = (T−1
t + ϵJ−1)−1.

Since Tt is maximal monotone, T−1
t is also maximal monotone (see [238,

Proposition 32.5]). By [56, Proposition 5.5] (see also, [238, Corollary

32.24]), J−1 has the same properties of J . According to Proposition 3.10

in [5], (T−1
t + ϵJ−1)−1 is a single-valued and demicontinuous maximal

monotone operator. Hence, from Lemma 1.2.31, we obtain that ft+ Tt,ϵ
is of class (S)+ and demicontinuous. Consequently, the degree d(ft +

Tt,ϵ,Ω, yt) is well defined.

We now show that there exists ϵ̄ > 0 such that d(ft + Tt,ϵ,Ω, yt) is

independent of ϵ in (0, ϵ̄] and t in [0, 1]. Suppose on the contrary that

the assertion is false. Then there exist ϵn → 0+, ϵ′n → 0+ and tn in [0, 1]

such that

d(ftn + Ttn,ϵn,Ω, ytn) ̸= d(ftn + Ttn,ϵ′n,Ω, ytn). (1.2.10)

For each fixed n, we consider the homotopy Hn defined by

Hn(s, x) = sTtn,ϵn(x) + (1− s)Ttn,ϵ′n(x) + ftn(x). (1.2.11)

If ytn /∈ Hn(s, ∂Ω) for all s in [0, 1] then

d(Hn(1, .),Ω, ytn) = d(Hn(0, .),Ω, ytn).

Hence

d(ftn + Ttn,ϵn,Ω, ytn) = d(ftn + Ttn,ϵ′n,Ω, ytn),

which contradicts (1.2.10). Thus, there exists xn in ∂Ω and sn in [0, 1]

such that

ytn = snTtn,ϵn(xn) + (1− sn)Ttn,ϵ′n(xn) + ftn(xn). (1.2.12)

Put zn = snTtn,ϵn(xn) + (1 − sn)Ttn,ϵ′n(xn). Then {zn} is a bounded se-

quence because the sequences {ftn(xn)} and {ytn} are bounded. Without

loss of generality we can assume that tn → t, sn → s, xn ⇀ x0, zn ⇀ z0
and ytn → yt. Putting an = Ttn,ϵn(xn), bn = Ttn,ϵ′n(xn), we have

an ∈ Ttn(xn − ϵnJ
−1(an)), bn ∈ Ttn(xn − ϵ′nJ

−1(bn)). (1.2.13)
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As ytn = ftn(xn) + zn, we have

⟨zn, xn⟩ = ⟨zn, x0⟩+ ⟨ytn, xn − x0⟩ − ⟨ftn(xn), xn − x0⟩. (1.2.14)

By using the same argument as in the proof of part (a) we obtain

lim sup
n→∞

⟨zn, xn⟩ ≤ ⟨z0, x0⟩. (1.2.15)

We now consider the following cases:

Case 1. The sequence {snan} is bounded.

Since the sequence {snan} is bounded, {(1− sn)bn} is also bounded.

Taking any (u, v) in Gph(Tt), by the definition of the family {Ts, 0 ≤
s ≤ 1} we can find sequences un → u and vn → v such that (un, vn) ∈
Gph(Ttn). Using the monotonicity of Ttn we get

⟨an − vn, xn − ϵnJ
−1(an)− un⟩ ≥ 0.

Hence

⟨an, xn⟩ ≥ ⟨an, un⟩+ ⟨vn, xn − un⟩+ ϵn∥an∥2 − ϵn∥vn∥∥an∥. (1.2.16)

Similarly, we also have

⟨bn, xn⟩ ≥ ⟨bn, un⟩+ ⟨vn, xn − un⟩+ ϵ′n∥bn∥2 − ϵ′n∥vn∥∥bn∥. (1.2.17)

Multiplying (1.2.16) with sn, (1.2.17) with 1 − sn and summing up, we

get

⟨zn, xn⟩ ≥ ⟨zn, un⟩+ ⟨vn, xn − un⟩+ snϵn(∥an∥2 − ∥vn∥∥an∥)
+ (1− sn)ϵ

′
n(∥bn∥2 − ∥vn∥∥bn∥). (1.2.18)

It follows that

⟨zn, xn⟩ ≥ ⟨zn, un⟩+ ⟨vn, xn − un⟩ − ϵnsn∥vn∥∥an∥ − ϵ′n(1− sn)∥vn∥∥bn∥.
(1.2.19)

From (1.2.15) and (1.2.19) we have

⟨z0, x0⟩ ≥ lim sup
n→∞

⟨zn, xn⟩

≥ lim inf
n→∞

⟨zn, xn⟩

≥ lim inf
n→∞

⟨zn, un⟩ + lim inf
n→∞

⟨vn, xn − un⟩+

+ lim inf
n→∞

(−ϵnsn∥vn∥∥an∥ − (1− sn)ϵ
′
n∥vn∥∥bn∥) (1.2.20)

≥⟨z0, u⟩+ ⟨v, x0 − u⟩. (1.2.21)
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This implies that ⟨z0 − v, x0 − u⟩ ≥ 0 for all (u, v) in Gr(Tt). Hence

z0 ∈ Tt(x0) by the maximal monotonicity. Substituting (u, v) = (x0, z0)

into (1.2.21), we get limn→∞⟨zn, xn⟩ = ⟨z0, x0⟩. Hence it follows from

(1.2.14) that limn→∞⟨ftn(xn), xn − x0⟩ = 0. Since {fs, 0 ≤ s ≤ 1} is

homotopy of class (S)+, we get xn → x0 ∈ ∂Ω and ftn(xn) ⇀ ft(x).

Hence it yields yt = ft(x0) + z0. This means that yt ∈ (ft + Tt)(∂Ω) for

some t in [0, 1]. We obtain a contradiction.

Case 2. The sequence {snan} is unbounded.

Since {snan} is unbounded, {(1 − sn)bn} is also unbounded and we

have

lim
n→∞

sn∥an∥ = lim
n→∞

(1− sn)∥bn∥ = +∞.

The next lemma will finish the proof of the theorem.

Lemma 1.2.33.

lim
n→∞

ϵn∥an∥ = lim
n→∞

ϵ′n∥bn∥ = 0.

Proof. Fix (u0, v0) in Gr(Tt). Then there exist a sequence un → u0 and

a sequence vn → v0 such that vn ∈ Ttn(un). Using the monotonicity of

Ttn we get

⟨an − vn, xn − ϵnJ
−1(an)− un⟩ ≥ 0.

Hence

⟨an, xn − un⟩ ≥ ⟨vn, xn − un⟩+ ϵn∥an∥2 − ϵn∥vn∥∥an∥.

This implies that

∥an∥∥xn − un∥ ≥ ⟨vn, xn − un⟩+ ϵn∥an∥2 − ϵn∥vn∥∥an∥.

It is equivalent to

ϵn∥an∥2 − ∥an∥(∥xn − un∥+ ϵn∥vn∥) + ⟨vn, xn − un⟩ ≤ 0. (1.2.22)

Put

∆n = (ϵn∥vn∥+ ∥xn − un∥)2 − 4ϵn⟨vn, xn − un⟩.

We get

∆n ≥ (∥xn − un∥ − ϵn∥vn∥)2.

Hence it follows from (1.2.22) that

∥an∥ ≤ ϵn∥vn∥+ ∥xn − un∥+
√
∆n

2ϵn
.
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Consequently,

ϵn∥an∥ ≤ ϵn∥vn∥+ ∥xn − un∥+
√
∆n

2
. (1.2.23)

Similarly, we have

ϵ′n∥bn∥ ≤ ϵ′n∥vn∥+ ∥xn − un∥+
√
∆n

2
. (1.2.24)

Since xn ⇀ x0, un → u0, vn → v0, it follows from (1.2.23) and (1.2.24)

that the sequences {ϵn∥an∥} and {ϵ′n∥bn∥} are bounded. We now can

assume that

lim
n→∞

ϵn∥an∥ = α, lim
n→∞

ϵ′n∥bn∥ = β.

It remains to show that α = β = 0. Conversely, suppose that the

assertion is false. Then we must have either α > 0 or β > 0. Fixing

(u, v) in Gph(Tt), we can find out a sequence un → u and a sequence

vn → v such that vn ∈ Ttn(un). Using the monotonicity of Ttn and the

similar arguments, we obtain (1.2.18) again. From (1.2.15) and (1.2.18)

we get

⟨z0, x0⟩ ≥ lim sup
n→∞

⟨zn, xn⟩

≥ lim inf
n→∞

⟨zn, xn⟩

≥ lim inf
n→∞

⟨zn, un⟩ + lim inf
n→∞

⟨vn, xn − un⟩+

+ lim inf
n→∞

(−snϵn∥an∥∥vn∥ − (1− sn)ϵ
′
n∥bn∥∥vn∥)+

+ lim inf
n→∞

(ϵn∥an∥sn∥an∥+ ϵ′n∥bn∥(1− sn)∥bn∥). (1.2.25)

Note that

lim inf
n→∞

⟨zn, un⟩ = ⟨z0, u⟩,

lim inf
n→∞

⟨vn, xn − un⟩ = ⟨v, x0 − u⟩,

lim inf
n→∞

(−snϵn∥an∥∥vn∥ − (1− sn)ϵ
′
n∥bn∥∥vn∥) = −sα∥v∥ − (1− s)β∥v∥,

and

lim inf
n→∞

(ϵn∥an∥sn∥an∥+ ϵ′n∥bn∥(1− sn)∥bn∥) = +∞.

Hence from (1.2.25) we get ⟨z0, x0⟩ ≥ +∞ which is an absurd. The proof

of the lemma is complete.
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We now take any (u, v) in Gr(Tt). Let un → u, vn → v and vn ∈
Ttn(un). Using (1.2.25) again we get

⟨z0, x0⟩ ≥ lim sup
n→∞

⟨zn, xn⟩

≥ lim inf
n→∞

⟨zn, xn⟩

≥ lim inf
n→∞

⟨zn, un⟩ + lim inf
n→∞

⟨vn, xn − un⟩+

+ lim inf
n→∞

(−snϵn∥an∥∥vn∥ − (1− sn)ϵ
′
n∥bn∥∥vn∥)

≥ ⟨z0, x0⟩+ ⟨v, x0 − u⟩. (1.2.26)

This implies that ⟨z0 − v, x0 − u⟩ ≥ 0. Since (u, v) is arbitrary and Tt is

maximal monotone, we obtain z0 ∈ Tt(x0). Substituting (u, v) = (x0, z0)

into (1.2.26) we obtain again limn→∞⟨zn, xn⟩ = ⟨z0, x0⟩. In the same

manner of the proof at the end of Case 1 we show that yt ∈ (ft+Tt)(∂Ω)

for some t in [0, 1]. This contradicts our assumptions. The proof of the

theorem is now complete. □

Remark 1.2.34. In the proofs of Theorems 8 and 9 in [35], Browder

had used heavily the condition 0 ∈ T (0) and the condition 0 ∈ Tt(0)

for all t in [0, 1], to show that there exists a constant M > 0 such

that snϵn∥an∥2 ≤M and (1− sn)ϵ
′
n∥bn∥2 ≤M . Then he concluded that

snϵn∥an∥ → 0 and (1−sn)ϵ′n∥bn∥ → 0. However, this scheme will collapse

if those conditions are absent. In our proof above, we do not assume these

conditions and give instead a new scheme of reasoning which based on

an intrinsic characterization of maximal monotone mappings as well as

the structure of the generalized Yosida transformation Tϵ.

Proof of Theorem 1.2.29

(a) Choose a sequence {ϵn} such that ϵn → 0+. By the definition, there

exists n0 > 0 such that

d1(f + T,Ω, y0) = d(f + Tϵn,Ω, y0)

for all n ≥ n0. Since d(f + Tϵn,Ω, y0) ̸= 0, there exists an xn in Ω

such that f(xn) + Tϵn(xn) = y0. Since {f(xn)} is bounded, {Tϵn(xn)}
is also bounded. Putting zn = Tϵn(xn), we get zn ∈ T (xn − ϵnJ

−1(zn))

and f(xn) + zn = y0. Without loss of generality, we can assume that

xn ⇀ x0, zn ⇀ z0. By the same argument as in the proof of Theorem

1.2.28 we can show that

lim sup
n→∞

⟨zn, xn⟩ ≤ ⟨z0, x0⟩. (1.2.27)
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We now utilize a variant of the proof of Theorem 1.2.28. Taking any

(u, v) in Gr(T ) and using the monotonicity of T , we have

⟨zn − v, xn − ϵnJ
−1(zn)− u⟩ ≥ 0.

This implies that

⟨zn, xn⟩ ≥ ⟨zn, u⟩+ ⟨v, xn − u⟩+ ϵ∥zn∥2 − ϵn∥zn∥∥v∥.

By (1.2.27) we get

⟨z0, x0⟩ ≥ lim sup
n→∞

⟨zn, xn⟩

≥ lim inf
n→∞

⟨zn, xn⟩

≥ lim inf
n→∞

⟨zn, u⟩ + lim inf
n→∞

⟨v, xn − u⟩+ lim inf
n→∞

(−ϵn∥v∥∥zn∥)

≥⟨z0, u⟩+ ⟨v, x0 − u⟩. (1.2.28)

Consequently, ⟨z0−v, x0−u⟩ ≥ 0 for all (u, v) in Gr(T ). By the maximal

monotonicity of T , it yields z0 ∈ T (x0). Substituting (u, v) = (z0, x0)

into (1.2.28), we get limn→∞⟨zn, xn⟩ = ⟨z0, x0⟩. Since

⟨zn, xn⟩ = ⟨zn, x0⟩+ ⟨y0, xn − x0⟩ − ⟨f(xn), xn − x0⟩,

we get lim supn→∞⟨f(xn), xn − x0⟩ = 0. Hence xn → x0 because f

is of class (S)+. On the other hand f is demicontinuous, it follows

f(xn) ⇀ f(x0). Using the equality f(xn) + zn = y0 we obtain y0 =

f(x0) + z0, where z0 ∈ T (x0) for some x0 in Ω. Thus we have showed

that y0 ∈ f(x0) + T (x0) for some x0 in Ω.

(b) It easy to show that there exists ϵ̄ > 0 such that

y0 /∈ (f + T,ϵ)(Ω̄ \ (Ω1 ∪ Ω2))

for all ϵ in (0, ϵ̄]. By Theorem 1.2.16, we have

d(f + Tϵ,Ω, y0) = d(f + Tϵ,Ω1, y0) + d(f + Tϵ,Ω2, y0)

for all ϵ in (0, ϵ̄]. Hence

d1(f + T,Ω, y0) = d1(f + T,Ω1, y0) + d1(f + T,Ω2, y0).

(c) The assertion follows directly from Theorem 1.2.28. The proof of the

theorem is complete. □

Proof of Theorem 1.2.30
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Existence. Let d1 be the degree function in the Definition 1.2.26. Put

Tt := (1− t)T and ft := (1− t)f + tg. Then {Tt} is a pseudo-monotone

homotopy in the sense of Definition 1.2.27 and {ft} is a homotopy of class

(S)+ in the sense of Definition 1.2.20. By Theorem 1.2.29, d1 meets all

requirements of the theorem.

Uniqueness. Suppose that there exists two degree functions d1 and d2
satisfying the conclusion of our theorem. By Theorem 1.2.16 on the

uniqueness of the degree function for mappings of class (S)+, the re-

strictions of d1 and d2 on this class are equal. Let f be of class (S)+,

demicontinuous and bounded, T be maximal monotone and y0 be a point

of X∗ with y0 /∈ (f + T )(∂Ω). Assume that

d1(f + T,Ω, y0) ̸= d2(f + T,Ω, y0). (1.2.29)

By Theorem 1.2.25, there exists ϵ̄ > 0 such that

y0 /∈ (f + Tϵ)(∂Ω), ∀ϵ ∈ (0, ϵ̄].

Since f + Tϵ is of class (S)+ and demicontinuous, we have

d1(f + T,Ω, y0) = d1(f + Tϵ,Ω, y0) = d2(f + Tϵ,Ω, y0).

By this and (1.2.29), it yields

d2(f + T,Ω, y0) ̸= d2(f + Tϵ,Ω, y0). (1.2.30)

Consider the affine homotopy between (f +T ) and (f +Tϵ) for ϵ ∈ (0, ϵ̄].

In view of (1.2.30), we can find ϵn → 0+, un ∈ ∂Ω and tn ∈ [0, 1] such

that

y0 ∈ (1− tn)T (un) + tnTϵn(un) + f(un). (1.2.31)

Hence, there exists wn in Tϵn(un) such that

y0 = (1− tn)wn + tnTϵn(un) + f(un). (1.2.32)

Put zn = (1 − tn)wn + tnT,ϵn(un) and vn = T,ϵn(un). Then {zn} is a

bounded sequence because {f(un)} is a bounded sequence and

y0 = zn + f(un). (1.2.33)

Without loss of generality we can assume that un ⇀ u0, zn ⇀ z0 and

tn → t.
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In the sequel, we will use a variant of arguments used in the proof of

Theorem 1.2.28. In particular, we can show that

⟨z0, u0⟩ ≥ lim sup⟨zn, un⟩. (1.2.34)

Fixing any (x, y) in Grp(T ), we claim that

⟨z0, u0⟩ ≥ lim sup⟨zn, un⟩ ≥ lim inf⟨zn, un⟩
≥ ⟨y, u0 − x⟩+ ⟨z0, x⟩. (1.2.35)

Since vn = Tϵn(un), vn ∈ T (un − ϵnJ
−1(vn)). By the monotonicity of T ,

we get

⟨vn − y, un − ϵnJ
−1(vn)− x⟩ ≥ 0

and

⟨wn − y, un − x⟩ ≥ 0.

It follows that

⟨vn, un⟩ ≥ ⟨vn, x⟩+ ⟨y, un − x⟩+ ϵn∥vn∥2 − ϵn∥y∥∥vn∥ (1.2.36)

and

⟨wn, un⟩ ≥ ⟨wn, x⟩+ ⟨y, un − x⟩. (1.2.37)

Multiplying (1.2.35) with tn, (1.2.36) with (1− tn) and summing up, we

get

⟨zn, un⟩ ≥ ⟨zn, x⟩+ ⟨y, un − x⟩+ ϵntn∥vn∥2 − ϵntn∥y∥∥vn∥
≥ ⟨zn, x⟩+ ⟨y, un − x⟩ − ϵntn∥y∥∥vn∥. (1.2.38)

Case 1. The sequence {tnvn} is bounded.

From (1.2.34) and (1.2.38) we get

⟨z0, u0⟩ ≥ lim sup⟨zn, un⟩
≥ lim inf⟨zn, un⟩
≥ lim inf⟨zn, x⟩+ lim inf⟨y, un − x⟩+ lim inf(−ϵntn∥vn∥∥y∥)
≥ ⟨y, u0 − x⟩+ ⟨z0, x⟩.

This implies (1.2.35).

Case 2. The sequence {tnvn} is unbounded.

From (1.2.36) we have

∥vn∥∥un − x∥ ≥ ⟨y, un − x⟩+ ϵn∥vn∥2 − ϵn∥y∥∥vn∥.
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It is equivalent to

ϵn∥vn∥2 − ∥vn∥(∥un − x∥+ ϵn∥y∥) + ⟨y, un − x⟩ ≤ 0.

This implies that

ϵn∥vn∥ ≤ (∥un − x∥+ ϵn∥y∥) +
√
∆n

2
, (1.2.39)

where

∆n = (∥un − x∥+ ϵn∥y∥)2 − 4ϵ⟨y, un − x⟩
which satisfies the inequality

∆n ≥ (∥un − x∥ − ϵn∥y∥)2.

Since un ⇀ u0, (1.2.39) implies that the sequence {ϵn∥vn∥} is bounded.

We now can assume that lim ϵn∥vn∥ = α. If α > 0 then (1.2.38) implies

⟨z0, u0⟩ ≥ lim sup⟨zn, un⟩ ≥ lim inf⟨zn, un⟩
≥ lim inf⟨zn, x⟩+ lim inf⟨y, un − x⟩+ lim inf(−ϵntn∥vn∥∥y∥)
+ lim inf tn∥vn∥ϵn∥vn∥
≥ ⟨y, u0 − x⟩+ ⟨z0, x⟩ − tα∥y∥+∞,

which is impossible. Hence we must have α = 0. Using (1.2.38) again,

it yields

⟨z0, u0⟩ ≥ lim sup⟨zn, un⟩
≥ lim inf⟨zn, un⟩
≥ lim inf⟨zn, x⟩+ lim inf⟨y, un − x⟩+ lim inf(−ϵntn∥vn∥∥y∥)
≥ ⟨y, u0 − x⟩+ ⟨z0, x⟩ − t∥y∥α.

This implies (1.2.35). Thus we have proved that for any (x, y) in Gr(T ),

(1.2.35) holds. From (1.2.35) we get ⟨z0−y, u0−x⟩ ≥ 0. By the maximal

monotonicity of T we have z0 ∈ T (u0). Substituting (x, y) = (u0, z0) into

(1.2.35) we find that lim⟨zn, un⟩ = ⟨z0, u0⟩. Since

⟨zn, un⟩ = ⟨zn, u0⟩+ ⟨y0, un − u0⟩ − ⟨f(un), un − u0⟩,

we have lim⟨f(un), un − u0⟩ = 0. Since f is of class (S)+ and ∂Ω is

closed, un → u0 ∈ ∂Ω. On the other hand f is demicontinuous, we

have f(un)⇀ f(u0). From (1.2.33), it yields y0 = z0 + f(u0) for some z0
in T (u0). Hence y0 ∈ (f + T )(∂Ω), which contradicts our assumption.

Thus, we must have d1(f + T,Ω, y0) = d2(f + T,Ω, y0). The proof is

complete. □
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In summary, we have proved the existence and uniqueness of the

degree function in the sense of Definition 1.2.1 for mappings of type f+T .

Our results improve and extend those in [35] to a larger class of maximal

monotone mappings T and homotopy {Tt} without assuming the graph

of homotopy {Tt; 0 ≤ t ≤ 1} having a nonempty common intersection.

By putting T = NK , where NK is the normal cone of a closed convex set

K, which is a maximal monotone mapping, we will obtain a degree theory

for variational inequalities of type f+NK in reflexive Banach spaces with

monotone operators. There are many applications and examples of the

above results in this direction, and we refer the readers to [107].

1.3 Variational inequalities

1.3.1 Degree theory for generalized variational inequalities

In the last section, we built a degree theory for variational inequalities

of type f +NK in reflexive Banach spaces with monotone operators. It

is natural to ask whether we can build a degree theory for generalized

variational inequality (GVI, for short) of the form F +NK , where F is a

multifunction. In this section we will focus on building a degree theory

for GVI in finite-dimensional spaces.

In the two-volume book [80] dedicated entirely to finite-dimensional

variational inequalities (VIs, for brevity), Facchinei and Pang have used

the degree theory to obtain existence theorems for variational inequali-

ties (see [80, Proposition 2.2.3 and Theorem 2.3.4]). These results gave a

necessary and sufficient condition for a pseudomonotone VI on a general

closed convex set to have solution. Also, based on degree theory, Robin-

son [201] gave a nice result on the stability of solutions to variational

conditions; Gowda [94] proved inverse and implicit function theorems for

H-differentiable functions, thereby giving a unified treatment of such a

theorem for C1 functions and for locally Lipschitzian functions. In order

to obtain these results, the authors have used degree theory as a bridge

to joint nonlinear analysis and variational inequality theory under which

we can study problems via nonlinear equations.

Let K be a closed convex set in Rn and f : K → Rn be a continuous

mapping. The variational inequality defined by K and f denoted by

V I(f,K), is the problem of finding a vector x ∈ K such that

⟨f(x), y − x⟩ ≥ 0 ∀y ∈ K
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or equivalently

0 ∈ f(x) +NK(x), (1.3.1)

where NK(x) is the normal cone of K at x defined by formula (1.1.1).

We denote by PK(x) the metric projection of x onto K and put

Φ(x) = x− PK [x− f(x)]. (1.3.2)

Φ is called the natural map. It is clear that x is a solution of (1.3.1) if

and only if x is a solution of the equation Φ(x) = 0. Let Ω be an open

bounded set in Rn such that Ω ∩ K ̸= ∅. We wish to investigate the

number of the solution of (1.3.1) in Ω. Since (1.3.1) is equivalent to the

equation Φ(x) = 0, it suggests us to compute the degree d(Φ,Ω, 0). By

the means, [80] and [201] obtained interesting results on the existence

and stability of solutions to VIs.

It is natural to try to study generalized variational inequalities in this

direction. Namely, we consider the problem of finding x ∈ K such that

0 ∈ F (x) +NK(x), (1.3.3)

where F : K → 2R
n

is a multifunction. In this case, we will face some

difficulties for building a degree theory for GVIs. Namely, we can not

apply the degree theory to the natural map Φ directly because Φ(x) :=

x− PK [x− F (x)] may not have convex values and so that the degree of

Φ is not well defined. To deal with the problem, we will use approximate

selections fϵ of F and Φϵ of Φ to build a degree theory for GVI(F,K).

Note that there have been many papers on the degree theory for

multifunctions in the infinite dimensional setting so far (see [35], [50],

[53], [107] and [115]). We emphasize that the degree theory for GVIs here

is built via the natural map, which is different from the degree theory for

upper semicontinuous multifunctions with convex and compact values in

previous papers.

• Degree theory for GVIs

Throughout this section, K is a closed convex set in Rn, Ω is an

open bounded set in Rn such that Ω ∩ K ̸= ∅. Let F : K → 2R
n

be a multifunction which is upper semicontinuous with compact convex

values.

Recall that a map F : K → 2R
n

is upper semicontinuous (u.s.c.,

for brevity) if for all x ∈ K and for any open set W ⊂ Rn satisfying

F (x) ⊂ W there exists an open neighborhood U of x such that F (y) ⊂ W
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for all y ∈ U ∩ K. If F (x) ̸= ∅ for all x ∈ K and for any open set

W ⊂ Rn satisfying F (x)∩W ̸= ∅, there exists an open neighborhood U

of x such that F (y)∩W ̸= ∅ for all y ∈ U ∩K then F is said to be lower

semicontinuous (l.s.c., for brevity).

We have the following essential lemma.

Lemma 1.3.1. Suppose that F : K → 2R
n

is u.s.c. with closed convex

values. Then for any ϵ > 0 there exists a continuous map fϵ : Rn → Rn

such that for every x ∈ K it holds

fϵ(x) ∈ F ((x+ ϵB) ∩K) + ϵB, (1.3.4)

where B is the unit ball in Rn.

Proof. By our assumptions and the approximate selection theorem due

to A. Cellina (see [10]), for every ε > 0 there exists a continuous map

gϵ : K → Rn such that

gε(x) ∈ F (((x+ ϵB) ∩K) + ϵB ∀x ∈ K.

By Tietze-Urysohn’s theorem (see [78, Theorem 5.1 p. 149]), for each

ϵ > 0, there exists a continuous extension fϵ : Rn → Rn of gϵ. As fϵ and

gϵ agree on K, fϵ satisfies the conclusion of the theorem. The proof is

complete.

Given a set valued map F and a closed convex set K, for each ϵ > 0

we define a map Φϵ : R
n → Rn by the formula

Φϵ(x) = x− PK(x− fϵ(x)), (1.3.5)

where fϵ is an approximate continuous selection of F which satisfies

(1.3.4). By the continuity of the metric projection and Lemma 1.3.1, Φϵ

is continuous on Rn and hence on Ω̄.

Here are some properties of Φϵ.

Lemma 1.3.2. Suppose that F is u.s.c. with compact convex values and

0 /∈ (F +NK)(∂Ω). Then the following assertions hold:

(a) there exists ϵ1 > 0 such that 0 /∈ Φϵ(∂Ω) for all ϵ ∈ (0, ϵ1]

(b) there exists ϵ2 > 0 such that

d(Φϵ,Ω, 0) = d(Φϵ′,Ω, 0) for all ϵ, ϵ′ ∈ (0, ϵ2]. (1.3.6)

Proof. (a) Suppose the assertion is false. Then there exists a sequence

ϵk → 0+ and a sequence xk ∈ ∂Ω such that Φϵk(xk) = 0. This means

that

xk = PK(xk − fϵk(xk)). (1.3.7)
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By the compactness of ∂Ω we can assume that xk → x0 ∈ ∂Ω. Since

xk ∈ K ∩ ∂Ω, by Lemma 1.3.1, there exist yk ∈ K and zk ∈ F (xk) such

that

∥yk − xk∥ < ϵk; ∥zk − fϵk(xk)∥ < ϵk.

Hence yk → x0. As F (x0) is a compact set and F is upper semicontinuous

at x0, by taking a subsequence (if necessary) we can suppose furthermore

that zk → z0 ∈ F (x0). Hence fϵk(xk) → z0. Letting k → ∞, from (2.4)

we obtain x0 = PK(x0 − z0) with z0 ∈ F (x0). By the property of the

metric projection we have

0 ∈ z0 +NK(x0) ⊂ F (x0) +NK(x0)

which contradicts our assumptions. We obtain the proof part (a).

(b) On the contrary, suppose that there exist sequences 0 < ϵk < ϵ′k → 0

such that

d(Φϵk,Ω, 0) ̸= d(Φϵ′k
,Ω, 0). (1.3.8)

Put

H(t, x) = x− PK(x− tfϵk(x)− (1− t)fϵ′k(x)), (t, x) ∈ [0, 1]× Ω̄.

We have H(0, x) = Φϵ′k
(x) and H(1, x) = Φϵk(x). By the homotopy

property (see Theorem 1.2.9), if 0 /∈ H(t, ∂Ω) for all t ∈ [0, 1], then

d(H(0, .),Ω, 0) = d(H(1, .),Ω, 0).

But the later contradicts (1.3.8). Hence for each k, there exists tk ∈ [0, 1]

such that 0 ∈ H(tk, ∂Ω). This implies that, for each k there exists

xk ∈ ∂Ω such that

xk = PK(xk − tkfϵk(xk)− (1− tk)fϵ′k(xk)). (1.3.9)

Since xk ∈ K ∩ ∂Ω, by Lemma 1.3.1, there exist yk, y
′
k ∈ K; zk ∈ F (yk)

and z′k ∈ F (y′k) such that

∥yk − xk∥ < ϵ′k; ∥zk − fϵk(xk)∥ < ϵ′k;

and

∥y′k − xk∥ < ϵ′k; ∥z′k − fϵ′k(xk)∥ < ϵ′k.

By the compactness of [0, 1]×∂Ω we can assume that (tk, xk) → (t̄, x̄) ∈
[0, 1]×∂Ω. Hence yk → x̄ and y′k → x̄. Using the standard arguments as

the proof of (a) we get fϵk(xk) → z1 and fϵ′k(xk) → z2 for some z1, z2 ∈
F (x̄). By letting k → ∞, from (1.3.9) we get x̄ = PK(x̄− t̄z1−(1− t̄)z2).
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Put z̄ = t̄z1 + (1 − t̄)z2 then z̄ ∈ F (x̄) and x̄ = PK(x̄ − z̄). By the

property of the metric projection we have

0 ∈ z̄ +NK(x̄) ⊂ F (x̄) +NK(x̄).

Since x̄ ∈ ∂Ω, we get a contradiction. The proof of the lemma is now

complete.

From Lemma 1.3.2 it follows that there exists ϵ̄ > 0 such that 0 /∈
Φϵ(∂Ω) and d(Φϵ,Ω, 0) = d(Φϵ′,Ω, 0) for all ϵ, ϵ

′ ∈ (0, ϵ̄]. It is a basis for

the following definition.

Definition 1.3.3. Let F : K → 2R
n

be an u.s.c. multifunction with

compact convex values and 0 /∈ (F + NK)(∂Ω). The degree of general-

ized variational inequality defined by F and K respect to Ω at 0 is the

common value d(Φϵ,Ω, 0) for ϵ > 0 sufficiently small and denoted by

d(F +NK ,Ω, 0).

Example 1.3.4. Let

F (x) =


{1} if x > 0

[−1, 1] if x = 0

{−1} if x < 0,

K = [−1, 1] and Ω = (−1/2, 2). Then d(F +NK ,Ω, 0) = 1.

Indeed, for each ϵ > 0 we consider the following function

fϵ(x) =


1 if x ≥ ϵ

x/ϵ if x ∈ (−ϵ, ϵ)
−1 if x ≤ −ϵ.

If x ∈ K \ (−ϵ, ϵ) then (x, fϵ(x)) = (x, 1) ∈ Gr(F ) and so

dist((x, 1),Gr(F )) = 0.

If x ∈ K ∩ (−ϵ, ϵ) then (x, fϵ(x)) = (x, x/ϵ). Sine (0, x/ϵ) ∈ Gr(F ),

dist((x, x/ϵ),Gr(F )) ≤ dist((x, x/ϵ), (0, x/ϵ)) = |x| < ϵ.

Thus fϵ are approximate selections of F . We will compute Φϵ = x −
PK(x − fϵ(x)). Choose ϵ̄ = 1 and take any ϵ ∈ (0, ϵ̄]. We have the

following cases:

If x ∈ (−ϵ, ϵ) then |x− fϵ(x)| ≤ 1. So PK(x− fϵ(x)) = 0.
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If ϵ ≤ x ≤ 2 then PK(x− fϵ(x)) = 0.

If x > 2 then PK(x− fϵ(x)) = x− 2.

If −2 ≤ x ≤ −ϵ then PK(x− fϵ(x)) = 0.

If x < −2 then PK(x− fϵ(x)) = −x− 2.

From the above we obtain

PK(x− fϵ(x)) =


0 if x ∈ [−2, 2]

x− 2 if x > 2

−x− 2 if x < −2.

Hence

Φϵ(x) =


x if x ∈ [−2, 2]

2 if x > 2

2x+ 2 if x < −2.

Note that ∂Ω = {−1/2; 2}; F (−1/2) + NK(−1/2) = {1} and F (2) +

NK(2) = ∅. Hence 0 /∈ (F +NK)(∂Ω). We now compute d(Φϵ,Ω, 0). As

Φϵ is differentiable in Ω we get

d(Φϵ,Ω, 0) =
∑

x∈Φ−1
ϵ (0)

signΦ′
ϵ(x) = 1.

Since the later equality is true for all ϵ ∈ (0, ϵ̄], we obtain

d(F +NK ,Ω, 0) = 1.

We have the following theorem on existence.

Theorem 1.3.5. Suppose that 0 /∈ (F + NK)(∂Ω). Then the following

assertions hold:

(a) (Existence) if d(F +NK ,Ω, 0) ̸= 0 then there exists x ∈ Ω ∩K such

that

0 ∈ F (x) +NK(x).

(b) if f : Rn → Rn is a continuous map such that f(x) ∈ F (x) for all

x ∈ K then d(F+NK ,Ω, 0) = d(Φ,Ω, 0), where Φ(x) = x−PK(x−f(x)).

Proof. (a) By the definition, there exists ϵ̄ > 0 such that d(F+NK ,Ω, 0) =

d(Φϵ,Ω, 0) for all ϵ ∈ (0, ϵ̄]. Let {ϵk} be a sequence such that ϵk → 0+.

Then d(Φϵk,Ω, 0) ̸= 0 for k sufficiently large. By (b) in Theorem 1.2.9,

there exists xk ∈ Ω such that Φϵk(xk) = 0. This is equivalent to

xk = PK(xk − fϵk(xk)). (1.3.10)
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Since xk ∈ K ∩ Ω, by Lemma 1.3.1, there exists yk ∈ K and zk ∈ F (yk)

such that

∥yk − xk∥ < ϵk; ∥zk − fϵk(xk)∥ < ϵk.

By the compactness ofK∩Ω̄ we can assume that xk → x0 ∈ K∩Ω̄. Hence
yk → x0. By the standard arguments we get zk → z0 and fϵk(xk) → z0
for some z0 ∈ F (x0). Letting k → ∞, from (1.3.10) we obtain x0 =

PK(x0 − z0). The property of the metric projection yields

0 ∈ z0 +NK(x0) ⊂ F (x0) +NK(x0).

Since 0 /∈ (F +NK)(∂Ω) we have x0 ∈ K ∩ Ω.

(b) By putting fϵ = f for all ϵ > 0 we get the desired property. The

proof of the theorem is complete.

Example 1.3.6. Consider Example 1.3.4 we have d(F +NK ,Ω, 0) = 1.

By the above theorem, GV I(F,K) has a solution x ∈ Ω ∩ K. In this

case, x = 0 is a solution.

The following theorem contains most usual properties of degree the-

ory.

Theorem 1.3.7. Assume that 0 /∈ (F +NK)(∂Ω). The following asser-

tions hold:

(a) (Homotopy invariance) If F1, F2 : K → 2R
n

are u.s.c. multifunctions

with compact convex values and 0 /∈ (tF1 + (1− t)F2 +NK)(∂Ω) for all

t ∈ [0, 1] then

d(F1 +NK ,Ω, 0) = d(F2 +NK ,Ω, 0).

(b) (Additivity) If Ω1, Ω2 are disjoint open subsets of Ω such that

0 /∈ (F +NK)(Ω̄\(Ω1 ∪ Ω2)) then

d(F +NK ,Ω, 0) = d(F +NK ,Ω1, 0) + d(F +NK ,Ω2, 0).

(c) (Excision) If D ⊂ Ω is a closed set such that 0 /∈ (F +NK)(D) then

d(F +NK ,Ω, 0) = d(F +NK ,Ω\D, 0)

Proof. (a) Let fϵ, gϵ : R×Rn → Rn be approximate selections of F1 and

F2, respectively satisfying the conclusion of Lemma 1.3.1. Put

Φt
ϵ(x) = x− PK(x− tfϵ(x)− (1− t)gϵ(x)).
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We claim that there is ϵ̄ > 0 such that 0 /∈ Φt
ϵ(∂Ω) for all ϵ ∈ [0, ϵ̄]

and t ∈ [0, 1]. In fact, if the claim is false then there exist a sequence

tk ∈ [0, 1] and a sequence ϵk → 0+ such that 0 ∈ Φtk
ϵk
(∂Ω). Hence for

each k, there exists xk ∈ ∂Ω such that

xk = PK(xk − tkfϵk(xk)− (1− tk)gϵk(xk)).

By the compactness of [0, 1]×∂Ω we can assume that (tk, xk) → (t0, x0) ∈
[0, 1] × ∂Ω. By the standard arguments we can show that fϵk(xk) → z1
for some z1 ∈ F1(x0) and gϵk(xk) → z2 for some z2 ∈ F2(x0). Letting

k → ∞ from the above we obtain

x0 = PK(x0 − t0z1 − (1− t0)z2).

By the property of the metric projection we get

0 ∈ t0z1 + (1− t0)z2 +NK(x0) ⊂ t0F1(x0) + (1− t0)F2(x0) +NK(x0).

This contradicts the assumption and so our claim is proved. We now

can apply (d) of Theorem 1.2.9 for Φt
ϵ to get d(Φ0

ϵ ,Ω, 0) = d(Φ1
ϵ ,Ω, 0) for

all ϵ ∈ (0, ϵ̄]. Hence d(F1 +NK ,Ω, 0) = d(F2 +NK ,Ω, 0).

(b) We will show that there exists ϵ̄ > 0 such that 0 /∈ Φϵ(Ω̄\(Ω1∪Ω2)) for

all ϵ ∈ (0, ϵ̄]. Indeed, if the assertion is false then there exists a sequence

ϵk → 0+ and xk ∈ Ω̄\(Ω1 ∪Ω2) such that xk = PK(xk − fϵk(xk)). By the

compactness of Ω̄ we can assume that xk → x0 ∈ Ω̄. If x0 ∈ Ω1 ∪ Ω2

then xk ∈ Ω1 ∪Ω2 for k sufficiently large. This contradicts the fact that

xk ∈ Ω̄\(Ω1 ∪Ω2). Hence x0 ∈ Ω̄\(Ω1 ∪Ω2). By the standard arguments

we have fϵk(xk) → z0 for some z0 ∈ F (x0). Letting k → ∞ from the

above we obtain x0 = PK(x0−z0). This implies that 0 ∈ F (x0)+NK(x0)

for some x0 ∈ Ω̄\(Ω1 ∪ Ω2), which is a contradiction.

Thus we have 0 /∈ Φϵ(Ω̄\(Ω1∪Ω2)) for all ϵ ∈ (0, ϵ̄]. By (c) of Theorem

1.2.9, we get

d(Φϵ,Ω, 0) = d(Φϵ,Ω1, 0) + d(Φϵ,Ω2, 0).

It follows that

d(F +NK ,Ω, 0) = d(F +NK ,Ω1, 0) + d(F +NK ,Ω2, 0).

(c) By the standard arguments we show that 0 /∈ Φϵ(D) for all ϵ ∈ (0, ϵ̄].

Applying (e) of Theorem 1.2.9 for Φϵ we obtain the desired conclusion.

The proof of the theorem is complete.
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Definition 1.3.8. A vector x0 ∈ K is called an isolated solution of

GV I(F,K) if there exists a neighborhood V of x0 such that x0 is the

unique solution of GV I(F,K) in V̄ .

Theorem 1.3.9. Suppose that x0 is an isolated solution of GV I(F,K)

and U is the collection of all open bounded neighborhoods V of x0 such

that V̄ does not contain another solution of GV I(F,K). Then

d(F +NK , V1, 0) = d(F +NK , V2, 0)

for all V1, V2 ∈ U . The common value d(F + NK , V, 0) for V ∈ U is

called the index of F +NK and denoted by i(F +NK , x0, 0).

Proof. We will use some arguments as in [88] for the proof below .

Taking any V ∈ U we have 0 /∈ (F + NK)(∂V ). Therefore, d(F +

NK , V, 0) is well defined. We now assume that V1, V2 ∈ U . Put V =

V1 ∪ V2 ∈ U and D = V̄1 ∩ V c
2 , where V

c
2 = Rn\V2. We have that D is a

compact set in V̄ and 0 /∈ (F + NK)(D). By (c) in Theorem 1.3.7, we

get

d(F +NK), V, 0) = d(F +NK , V \D, 0) = d(F +NK , V2, 0).

Using a similar argument for D = V̄2 ∩ V c
1 we get

d(F +NK), V, 0) = d(F +NK , V \D, 0) = d(F +NK , V1, 0).

Thus d(F +NK , V1, 0) = d(F +NK , V2, 0).

• Applications

In this section, we shall employ the obtained results in Section 2 to

prove some facts on the existence and stability of solutions to GVIs.

The following theorem is an extension of [80, Pr. 2.2.3].

Theorem 1.3.10. Let K ⊂ Rn be a nonempty closed convex set and

F : K → 2R
n

be an u.s.c. multifunction with nonempty compact convex

values. Assume that there exist an open bounded set Ω and a vector

x̂ ∈ K ∩ Ω such that

inf
x∗∈F (x)

⟨x∗, x− x̂⟩ > 0 ∀x ∈ K ∩ ∂Ω. (1.3.11)

The GV I(F,K) has a solution in K ∩ Ω̄.
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Proof. If 0 ∈ (F + NK)(∂Ω), then GV I(F,K) is apparent to have a

solution. Otherwise the degree d(F + NK ,Ω, 0) is well defined. Hence

there exists ϵ1 > 0 such that 0 /∈ Φϵ(∂Ω) for all ϵ ∈ (0, ϵ1]. Recall that

Φϵ(x) = x−PK(x−fϵ(x)), where fϵ is approximate selection of F which

is continuous on Rn.

We claim that there exists ϵ2 > 0 such that for every ϵ ∈ (0, ϵ2] it

holds

⟨fϵ(x), x− x̂⟩ ≥ 0 ∀x ∈ K ∩ ∂Ω. (1.3.12)

Indeed, if the assertion is false then there exist sequences ϵk → 0+ and

xk ∈ K ∩ ∂Ω such that

⟨fϵk(xk), xk − x̂⟩ < 0 ∀k ∈ N. (1.3.13)

By Lemma 1.3.1, there exists (yk, zk) ∈ Gr(F ) such that ∥yk − xk∥ < εk
and ∥fϵk(xk)−zk∥ < εk. By the compactness of K ∩∂Ω we may suppose

that there exists x̄ ∈ K ∩ ∂Ω such that xk → x̄. Then yk → x̄. As

F (x̄) is a compact set and F is upper semicontinuous at x̄, by taking a

subsequence (if necessary) we can suppose furthermore that zk → z̄ ∈
F (x̄). Then fϵk(xk) → z̄. Letting k → ∞, from (1.3.13) we obtain

⟨z̄, x̄− x̂⟩ ≤ 0, hence

inf
x∗∈F (x̄)

⟨x∗, x̄− x̂⟩ ≤ 0.

This contradicts (1.3.11) and our claim is obtained.

Put ϵ̄ = min {ϵ1, ϵ2}. We now show that d(Φϵ,Ω, 0) = 1 for all ϵ ∈
(0, ϵ̄] and so d(F+NK ,Ω, 0) = 1. For this we build a homotopy as in [80].

Fix any ϵ ∈ (0, ϵ̄] and put

H(t, x) = x− PK(t(x− fϵ(x) + (1− t)x̂), (t, x) ∈ [0, 1]× Ω̄.

We haveH(0, x) = x−x̂ andH(1, x) = Φϵ(x). Note that d(H(0, .),Ω, 0) =

1. We now claim that 0 /∈ H(t, ∂Ω) for all t ∈ [0, 1]. In fact, it is ob-

vious that 0 /∈ H(0, ∂Ω) and 0 /∈ H(1, ∂Ω). Assume that there exist

t ∈ (0, 1) and x ∈ ∂Ω such that 0 = H(t, x). By the property of the

metric projection we have

⟨x− t(x− fϵ(x)− (1− t)x̂, y − x⟩ ≥ 0 ∀y ∈ K.

In particular, for y = x̂ we get

⟨tfϵ(x) + (1− t)(x− x̂), x̂− x⟩ ≥ 0.
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This implies

⟨fϵ(x), x̂− x⟩ ≥ 1− t

t
∥x− x̂∥2 > 0

where the last inequality holds because t ∈ (0, 1) and x ̸= x̂. But

then it follows that ⟨fϵ(x), x − x̂⟩ < 0 which contradicts (1.3.12). Thus

0 /∈ H(t, ∂Ω) for all t ∈ [0, 1]. By the homotopy invariance (see (d) in

Theorem 1.2.9) we obtain d(H(0, .),Ω, 0) = d(H(1, .),Ω, 0) = 1.

In summary, we have proved that d(Φϵ,Ω, 0) = 1 for all ϵ ∈ (0, ϵ̄]. By

the degree definition of GVIs we have d(F +NK ,Ω, 0) = 1. According to

Theorem 1.3.5, there exists x0 ∈ Ω ∩K such that 0 ∈ F (x0) +NK(x0).

The proof of the theorem is complete.

In the rest of this subsection we will present a result on the stability

of solutions to GVIs. Let us assume thatM and Λ are subsets of Rk and

Rm respectively; F :M ×Rn → 2R
n

and K : Λ → 2R
n

be multifunctions.

Consider the parametric generalized variational inequality

0 ∈ F (µ, x) +NK(λ)(x), (1.3.14)

where NK(λ)(x) is the value at x of the normal cone operator associated

with the set K(λ) and (µ, λ) ∈ M × Λ are parameters. We denote by

S(µ, λ) the solution set of the problem (1.3.14) corresponding to (µ, λ)

and suppose that x0 ∈ S(µ0, λ0) for a given (µ0, λ0) ∈M × Λ.

Our main concern is now to investigate the behaviour of S(µ, λ) when

(µ, λ) vary around (µ0, λ0). This problem was interesting to many au-

thors in the last two decades. For the relevant literature of the problem

we refer the reader to [121] - [149], [201]- [230] and several references

given therein.

The following result gives a sufficient condition for the lower semi-

continuity of the solution map of (1.3.14). It is an extension of results

in [121] and [201] for the case of GVIs.

Theorem 1.3.11. Assume that X0, Λ0 and M0 are neighborhoods of x0,

λ0 and µ0 respectively and the following conditions are satisfied:

(i) F (·, ·) is l.s.c. on M0 ×X0 with closed convex values and F (µ0, ·) is
u.s.c. with compact convex values;

(ii) K : Λ0 → 2R
n

has closed convex values and to be pseudo-Lipshitz

continuous around (λ0, x0), i.e., there exist neighborhoods V of λ0, W of

x0 and a constant k > 0 such that

K(λ) ∩W ⊂ K(λ′) + k∥λ− λ′∥B(0, 1) ∀λ, λ′ ∈ V ∩ Λ;
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(iii) x0 is an isolated solution and there exists σ̄ > 0 such that

i(σF (µ0, .) +NK(λ0)∩X0
, x0, 0) ̸= 0 ∀ σ ∈ (0, σ̄].

Then there exist a neighborhood M̃ of µ0, a neighborhood Λ̃ of λ0 and

an open bounded neighborhood X̃ of x0 such that the solution map Ŝ :

M̃× Λ̃ → 2X0 of (1.3.14) defined by Ŝ(µ, λ) = S(µ, λ)∩X̃ has nonempty

values and lower semicontinuous at (µ0, λ0).

Proof. By (i) and the continuous selection theorem due to Michael (see

[236, Theorem 9G, p. 466]), there exists a continuous mapping f :

M0 ×X0 → Rn such that f(µ, x) ∈ F (µ, x) for all (µ, x) ∈M0 ×X0. By

Tietze-Urysohn’s theorem (see [78, Theorem 5.1 p. 149]) we can assume

that f is continuous on Rk × Rn.

According to Lemma 1.1 in [229] and (ii), there exist a neighborhood

Λ′
0 ⊂ Λ0 ∩ V of λ0, a neighborhood X ′

0 ⊂ X0 ∩W of x0 and a constant

k0 > 0 such that

∥PK(λ)∩X0
(z)− PK(λ′)∩X0

(z)∥ ≤ k0∥λ− λ′∥1/2

for all λ, λ′ ∈ Λ′
0 and z ∈ X ′

0. Let us define a mapping π : Λ′
0×X ′

0 → X0

by setting

π(λ, z) = PK(λ)∩X0
(z).

Then for any z, z′ ∈ X ′
0 and λ, λ

′ ∈ Λ′
0 we have

∥π(λ, z)− π(λ′, z′)∥ = ∥PK(λ)∩X0
(z)− PK(λ′)∩X0

(z′)∥ ≤
≤ ∥PK(λ)∩X0

(z)− PK(λ)∩X0
(z′)∥+ ∥PK(λ)∩X0

(z′)− PK(λ′)∩X0
(z′)∥

≤ ∥z − z′∥+ k0∥λ− λ∥
1
2 .

Consequently, π : Λ′
0 ×X ′

0 → X0 is uniformly continuous on Λ′
0 ×X ′

0.

Choose σ0 ∈ (0, σ̄] such that x0−σ0f(µ0, x0) ∈ X ′
0. By the continuity

of f , there exist a neighborhoodX1 ⊂ X ′
0 of x0, a neighborhoodM

′
0 ⊂M0

of µ0 such that

x− σ0f(µ, x) ∈ X1 ∀ (x, µ) ∈ X1 ×M ′
0.

Consider the function

Φσ0(µ, λ, x) = x− PK(λ)∩X0
(x− σ0f(µ, x))

with (µ, λ, x) ∈ M ′
0 × Λ′

0 × X1. By the above, Φσ0 is continuous on

M ′
0 × Λ′

0 ×X1.
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From (iii) and Theorem 1.3.9, there exists an open bounded neigh-

borhood X2 ⊂ X1 of x0 such that x0 is the unique solution in X̄2 of the

inclusion

0 ∈ F (µ0, x) +NK(λ0)(x).

This means that x0 is the unique solution in X̄2 of the inclusion

0 ∈ σ0F (µ0, x) +NK(λ0)(x).

Since x0 belongs to the interior of X0, it is also the unique solution in

X̄2 of the inclusion

0 ∈ σ0F (µ0, x) +NK(λ0)∩X0
(x).

Moreover,

d(σ0F (µ0, .) +NK(λ0)∩X0
, X2, 0) = i(σ0F (µ0, .) +NK(λ0)∩X0

, x0, 0) ̸= 0.

As σ0f(µ0, x) ∈ σ0F (µ0, x) for all x ∈ K(λ0) ∩X0 and Theorem 2.1, we

get

d(Φσ0(µ0, λ0, .), X2, 0) = d(σ0F (µ0, .) +NK(λ0)∩X0
, X2, 0) ̸= 0. (1.3.15)

Note that every solution of equation Φσ0(µ, λ, x) = 0 are also solutions

of GV I(F (µ, .), K(λ) ∩ X0). Hence x0 is the unique solution of the

equation Φσ0(µ0, λ0, x) = 0 in X2. Put X̃ = X2. Taking any w ∈ ∂X̃,

we have Φσ0(µ0, λ0, w) ̸= 0. This implies that there exist a δw > 0

such that 0 /∈ B(Φσ0(µ0, λ0, w), δw) := Bw. By the continuity of Φσ0,

there exist a neighborhood Uw ⊂ M ′
0 of µ0, a neighborhood Λw ⊂ Λ′

0

of λ0 and a neighborhood Qw of w such that Φσ0(µ, λ, z) ∈ Bw for all

(µ, λ, z) ∈ Uw × Λw × Qw. Since ∂X̃ is a compact set, there are some

w1, w2, ..., wn such that ∂X̃ ⊂ ∪ni=1Qwi
. Put M̃ = ∩ni=1Uwi

, Λ̃ = ∩ni=1Λwi
.

We now use the similar arguments in the proof of Theorem 2.1 in

[121] (see also [201, Theorem 3.2]) to show that M̃, Λ̃ and X̃ satisfy the

conclusion of the theorem.

1.3.2 Existence of solutions to variational inequality with pseudo-

monotone operators in reflexive Banach spaces

Variational inequalities (VIs, for brevity) and generalized variational

inequalities (GVIs) have been recognized as suitable mathematical mod-

els for dealing with many problems arising in different fields, such as

optimization theory, partial differential equations, economic equilibrium,
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mechanics, etc. In the last five decades, since the initial existence results

for variational inequalities were established by Stampacchia in 1964 [213],

Lion and Stampacchia in 1965 [153] (see, also [89, 101] and [154], The-

orem 4.1), solution existence of VIs, GVIs, and other related problems

has become a basic research topic which continues to attract attention

of researchers in applied mathematics (see, for instance, [139]– [233] and

the references therein). Some difficult questions do exist in this field

(see, for example, [192] and [232]).

Let us assume that X is a topological vector space which is endowed

with weak topology and that X∗ is its dual. Suppose that K ⊂ X is a

nonempty closed convex set and Φ : K → 2X
∗
is a multifunction from K

to X∗ (which is equipped with the weak∗ topology).

The generalized variational inequality defined by K and Φ, denoted

by GVI(K,Φ), is the problem of finding a point x ∈ K such that

0 ∈ Φ(x) +NK(x),

or equivalently,

∃x∗ ∈ Φ(x), ⟨x∗, y − x⟩ ≥ 0, ∀y ∈ K, (1.3.16)

where NK(x) is the normal cone to K at x, which is given by (1.1.1).

Here, ⟨·, ·⟩ denotes the canonical pairing between X∗ and X. The set

of all x ∈ K that satisfy (1.3.16) is denoted by SOL(K,Φ). If Φ(x) =

{f(x)} for all x ∈ K, where f : K → X∗ is a single-valued map, then

the problem GVI(K,Φ) is called a variational inequality, and the abbre-

viation VI(K, f) is used instead of GVI(K,Φ).

Recall that Φ is a monotone operator if for any x, y ∈ K and x∗ ∈
Φ(x), y∗ ∈ Φ(y) one has ⟨x∗ − y∗, x − y⟩ ≥ 0. The first substantial re-

sults concerning monotone operators were obtained by Minty [165] and

Browder [33]. Then the properties of monotone operators were stud-

ied systematically by Browder in order to obtain existence theorems for

quasi-linear elliptic and parabolic partial differential equations. The ex-

istence theorems of Browder were generalized to more general classes of

quasi-linear elliptic differential equations by Hartman and Stampacchia

(see [101,139]).

In 1968, Brézis [29] introduced a vast class of operators of pseu-

domonotone type as follows. An operator Φ : K → 2X
∗
is called

pseudomonotone if, for any u ∈ K and every net {ui} with ui → u,

u∗i ∈ Φ(ui), and lim sup⟨u∗i , ui−u⟩ ≤ 0, then for each v ∈ K, there exists
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v∗ ∈ Φ(u) such that

⟨v∗, u− v⟩ ≤ lim inf⟨u∗i , ui − v⟩. (1.3.17)

The theory of pseudomonotone operators plays an important role in

the study of solvability of operator equations and quasi-linear elliptic

equations. This class has been studied systematically. We refer the

readers to [34] and Chap. 27 in [238] for more information and properties

of the class.

Beside the concept of pseudomonotone operators in the sense of Brézis,

another concept of pseudomonotone operators was proposed by Kara-

mardian in 1976 (see [114]). An operator Φ : K → 2X
∗
is said to be

pseudomonotone if, for any x, y ∈ K and x∗ ∈ Φ(x), y∗ ∈ Φ(y), the

following implication holds:

⟨y∗, x− y⟩ ≥ 0 =⇒ ⟨x∗, x− y⟩ ≥ 0. (1.3.18)

It is clear that monotonicity implies pseudomonotonicity in the sense of

Karamardian. The converse implication is not true in general (take, for

instance, K = R and f(x) = x2 + 1 for all x ∈ K).

The existence of solutions to variational inequalities with pseudomono-

tone operators in the sense of Karamardian has been investigated inten-

sively twenty years ago (see for instance [12,60,81,82,97,124,140,227,228]

and references therein). In particular, by the Minty lemma, the authors

in [228] and [124] gave some results on the existence of solutions to VIs

for pseudomonotone operators in the reflexive Banach spaces.

Our goal in this section is to give some new results on the existence

of solutions to VIs and GVIs with for pseudomonotone operators in the

sense of Brézis in reflexive Banach spaces. We derive a new scheme for

proofs which is based on the Galerkin method. Using this scheme, we

can establish some existence theorems for VIs and GVIs in topological

vector spaces and reflexive Banach spaces. The obtained results extend

preceding results in [29,34,139,238] and [212]. Besides, the results allow

us to retrieve existence results of VIs for the case of finite-dimensional

spaces as a special case.

• Existence of solution to VIs

Throughout this section, we denote by BK the set of operators T :

K → 2X
∗
which are pseudomonotone in the sense of Brézis, and by KK

the set of operators Φ : K → 2X
∗
which are pseudomonotone in the sense

of Karamardian.
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Recall that a single-valued operator A : K → X∗ belongs to the class

BK if, for any u ∈ K and every net ui → u such that lim sup⟨Aui, ui −
u⟩ ≤ 0 implies

⟨Au, u− w⟩ ≤ lim inf⟨Aui, ui − w⟩, for all w ∈ K.

A is said to be of class (S)+ if, for any net ui → u and lim sup⟨Aui, ui−
u⟩ ≤ 0 imply ui → u in the strong topology of X.

A is called continuous on finite-dimensional subspaces if, for any

finite-dimensional subspace L of X, the map A : X ∩L→ X∗ is contin-

uous. We say that A is demicontinuous if ui → u in the strong topology

implies Aui → Au. It is clear that, if A is demicontinuous, then it

is continuous on finite-dimensional subspaces of X. We say that A is

hemicontinuous if the real function

t 7→ ⟨A((1− t)u+ tv), w⟩

is continuous on [0, 1] for all u, v, w ∈ K. If the set A(K) is bounded,

then A is called bounded on K.

Let us give an example showing that there exists an operator A ∈
BK \ KK .

Example 1.3.12. Consider VI(K,A), where K ⊂ R2 is defined by

K = {(x, y) ∈ R2 : x+ y ≤ 1, x ≥ −1, y ≥ −1}

and A is defined by A(x, y) = (−x3, y2). Since A is continuous and X is

a finite-dimensional space, we have A ∈ BK (see [238, Proposition 27.6]).

Thus, VI(K,A) satisfies all the conditions of Theorem 1.2.18. However,

A /∈ KK . In fact, taking u = (1, 0) and v = (−1, 0), we have ⟨Av, u−v⟩ =
2 and ⟨Au, u−v⟩ = −2. Hence, A is not pseudomonotone in the sense

of Karamardian.

The class of pseudomonotone operators in the sense of Brézis is rather

large. For example, maximal monotone operators are of class BK (see

[192, Proposition 8]), monotone and hemicontinuous operators are of

class BK (see [238, Proposition 27.6]).

The following example shows that there exists a pseudomonotone op-

erator in the sense of Brézis but it is not monotone.

Example 1.3.13. Let G be a bounded open set in Rn with n = 1, 2, 3

and let X = W o,1
2 (G) be a closed subspace of the Sobolev space W 1

2 (G).
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Let An : X → X∗ be an operator defined by

⟨Anu, v⟩ = α

∫
G

n∑
i=1

(Diu)(sinu)v dx,

where α < 0 and Diu(x) :=
∂u
∂xi

(x). By Proposition 27.11 in [238], An is

pseudomonotone. However, An is not monotone in general. In fact, for

n = 1 and G = (0, 1), we have

⟨A1u, v⟩ = α

∫ 1

0
u̇ sinu v dx.

Take two functions u1(x) ≡ 0 and u2(x) = −x3 + x2. We see that

u1, u2 ∈ C∞(0, 1) and ui(0) = ui(1) = 0, i = 1, 2. Hence, u1, u2 ∈ X. We

now have

⟨A1u1 − A1u2, u1 − u2⟩ = ⟨A1u2, u2⟩

= α

∫ 1

0
(−3x2 + 2x)(−x3 + x2) sin(−x3 + x2) dx.

Since 0 ≤ −x3 + x2 ≤ 4
27 for all x ∈ (0, 1), we have sin(−x3 + x2) ≥ 0.

Also, (−3x2 + 2x)(−x3 + x2) ≥ 0 for all x ∈ (0, 1). Hence, we obtain∫ 1

0
(−3x2 + 2x)(−x3 + x2) sin(−x3 + x2) dx > 0.

Consequently, ⟨A1u1 − A1u2, u1 − u2⟩ < 0 and so A1 is not monotone.

Given a closed convex set K in X and an operator A : K → X∗, we

denote by L the set of all finite-dimensional subspaces L of X such that

L ∩ K ̸= ∅. Fixing any L ∈ L, we put KL = K ∩ L and define a map

AL : KL → L∗ by

⟨ALx, y⟩ = ⟨A(x), y⟩, ∀y ∈ L. (1.3.19)

Definition 1.3.14. The operator A is called compatible with finite di-

mensional subspaces of X if, for any L ∈ L, VI(KL, AL) has a solution.

Example 1.3.15. Suppose that K is a compact convex set in X and

A : K → X∗ is continuous on each finite-dimensional subspace of X.

Then A is compatible with finite-dimensional subspaces of X. Indeed,

fix a subspace L ∈ L and consider a mapping αL : X∗ → L∗ defined by

⟨αLx∗, y⟩ = ⟨x∗, y⟩, ∀y ∈ L. (1.3.20)
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We then have AL = αL ◦ A and so AL : KL → L∗ is continuous. Since

KL is a compact set, by the well-known result on the existence of solu-

tions to variational inequalities in finite-dimensional spaces, VI(KL, AL)

has a solution. Consequently, A is compatible with finite-dimensional

subspaces of X.

We begin with the first existence theorem for class BK .

Theorem 1.3.16. Suppose that X is a topological vector space, K is a

nonempty compact convex set in X, and A : K → X∗ is of the class BK
and compatible with finite-dimensional subspaces of X. Then, VI(K,A)

has a solution.

Proof. For each L ∈ L, we consider VI(KL, AL). By the assumptions,

there exists a vector xL ∈ KL such that

⟨AxL, y − xL⟩ ≥ 0, ∀y ∈ KL. (1.3.21)

For each Y ∈ L, we denote by SY the set of all x̂ ∈ K such that there

exists a subspace L ⊇ Y with the property that x̂ ∈ KL and

⟨Ax̂, y − x̂⟩ ≥ 0, ∀y ∈ KL.

From (1.3.21), we see that SY ̸= ∅ because xY ∈ SY . Moreover, the

family {SY }Y ∈L has a finite intersection property, where SY is the closure

of SY (in the weak topology ofX). Indeed, taking any L1, L2, . . . , Ln ∈ L
and putting M = span{L1, L2, . . . , Ln}, we have M ∈ L and

SM ⊆
n⋂
i=1

SLi
.

This implies that

∅ ≠ SM ⊆ SM ⊆
n⋂
i=1

SLi
⊆

n⋂
i=1

SLi
.

We now see that SY ⊂ K and K is a compact set. The finite intersection

property of {SY }Y ∈L implies ⋂
Y ∈L

SY ̸= ∅.

Thus, there is a point x0 ∈ K such that x0 ∈ SY for all Y ∈ L.
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Fix any y ∈ K and take Y ∈ L such that Y contains y and x0. Since

x0 ∈ SY , there exists a net xi ∈ SY such that xi → x0. By the definition

of SY , one has

⟨Axi, v − xi⟩ ≥ 0, ∀v ∈ KY .

Particularly,

⟨Axi, xi − x0⟩ ≤ 0 and ⟨Axi, xi − y⟩ ≤ 0.

Hence,

lim sup⟨Axi, xi − x0⟩ ≤ 0.

By the pseudomonotonicity of A, we obtain

⟨Ax0, x0 − y⟩ ≤ lim inf⟨Axi, xi − y⟩ ≤ 0.

Thus, we have shown that

⟨Ax0, y − x0⟩ ≥ 0, for all y ∈ K.

This means that x0 is a solution of VI(K,A). The proof is complete.

Corollary 1.3.17 (Cf. [29, Theorem 24]). Suppose that X is a topological

vector space, K is a nonempty compact convex set in X, and A : K → X∗

is of the class BK. Assume further that, for each y ∈ K, the mapping

x 7→ ⟨Ax, x − y⟩ is lower bounded on each compact subset of K. Then,

for each f ∈ X∗, there exists x0 ∈ K such that

⟨Ax0 − f, y − x0⟩ ≥ 0,

for all y ∈ K.

Proof. Define a mapping Af : K → X∗ by the formula Af(x) = Ax− f .

It is easy to show that Af is of class BK . By Lemma 27 in [29], Af

is compatible with finite-dimensional subspaces of X. The conclusion

follows from Theorem 1.3.16.

Corollary 1.3.18 (Cf. [29, Corollary 30]). Suppose that X is a reflexive

Banach space, K is a nonempty closed convex set in X with 0 ∈ K, and

A : K → X∗ is of the class BK. Assume further that, for each y ∈ K,

the mapping x 7→ ⟨Ax, x − y⟩ is lower bounded on each compact subset

of K and

lim
∥x∥→∞

⟨Ax, x⟩
∥x∥

= +∞. (1.3.22)

Then, for each f ∈ X∗, there exists x0 ∈ K such that

⟨Ax0 − f, y − x0⟩ ≥ 0, (1.3.23)

for all y ∈ K.
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Proof. Consider Af as in the proof of Corollary 1.3.17. We see that Af

is of class BK . Choose a number γ > ∥f∥ and put α = γ − ∥f∥. Then,

it follows from (1.3.22) that, for every x ∈ K with ∥x∥ ≥ γ, one has

⟨Ax− f, x⟩ ≥ α∥x∥ ≥ αγ.

Since 0 ∈ K, it follows that, if x0 satisfies (1.3.23), then ∥x0∥ < γ. Put

Kγ = K ∩ B̄(0, γ) and consider the problem GVI(Af , Kγ). According to

Theorem 2.1, there exists x0 ∈ Kγ such that

⟨Ax0 − f, x− x0⟩ ≥ 0, for all x ∈ Kγ. (1.3.24)

Fix any u ∈ K. Since ∥x0∥ < γ, we have x0 + λ(u− x0) ∈ Kγ for λ > 0

and sufficiently small. Hence, (1.3.24) implies

⟨Ax0 − f, λ(u− x0)⟩ ≥ 0.

Consequently,

⟨Ax0 − f, u− x0⟩ ≥ 0.

Since u is arbitrary in K, x0 satisfies (1.3.23).

Corollary 1.3.19 ( [139], Theorem 1.4, p. 84). Let K be a closed convex

and bounded set in a reflexive Banach space X and let A : K → X∗

be an operator which is monotone and continuous on finite-dimensional

subspaces of X. Then, the problem VI(K,A) has a solution.

Proof. Since A is continuous on finite-dimensional subspaces of X, A

is hemicontinuous. According to Proposition 27.6 (a) in [238], we have

A ∈ BK . The conclusion follows from Theorem 2.1.

Corollary 1.3.20 ( [97], Theorem 2.1). Suppose that K is a nonempty

weakly compact convex subset of the reflexive Banach space X and A :

K → X∗. Assume the following conditions:

(i) A is of class (S)+.

(ii) A is continuous on finite-dimensional subspaces.

(iii) If xn → x, then {Axn} has a weakly convergent subsequence with

limit Ax.

Then, VI(K,A) has a solution.
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Proof. It suffices to show that A is of class BK . In fact, assume that

un ⇀ u and

lim sup
n→∞

⟨Aun, un − u⟩ ≤ 0.

Fix any v ∈ K and put

α = lim inf
n→∞

⟨Aun, un − v⟩.

Then, there exists a subsequence {unk} such that

α = lim
k→∞

⟨Aunk, unk − v⟩.

By (i), we have unk → u as k → ∞. By (iii), we can assume that

Aunk ⇀ Au as k → ∞. Hence, we obtain

⟨Au, u− v⟩ = lim
k→∞

⟨Aunk, unk − v⟩ = α.

This implies that A is pseudomonotone.

Corollary 1.3.21 (Cf. [67], Theorem 5.1). Suppose that X is a reflexive

Banach space, K is a convex set in X and that A : K → X∗ is an

operator such that the following conditions hold:

(i) For each y ∈ K the function x 7→ ⟨Ax, y − x⟩ is upper semicontin-

uous.

(ii) There exist a nonempty compact set C ⊂ K and a compact convex

set D ⊂ K such that, for each x ∈ K \ C, there exists y ∈ D

satisfying ⟨Ax, y − x⟩ < 0.

Then, VI(K,A) has a solution.

Proof. By (i), for each y ∈ K, the function u 7→ ⟨Au, u − y⟩ is lower

semicontinuous. Hence, it is lower bounded on each compact subset of

K. We now show that A is pseudomonotone. Let xi → x in the weak

topology of X and lim sup⟨Axi, xi−x⟩ ≤ 0. Fixing any y ∈ K and using

the lower semicontinuity of the function u 7→ ⟨Au, u− y⟩, we obtain

⟨Ax, x− y⟩ ≤ lim inf⟨Axi, xi − y⟩.

Hence, A is of class BK . Thus, we showed that A satisfies the assump-

tions of Corollary 1.3.17. We choose r > 0 such that C and D are

contained in B(0, r), where B(0, r) stands for an open ball in X with
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center at 0 and radius r > 0. Consider VI(B̄(0, r), A). By Corollary

1.3.18, there exists x0 ∈ B̄(0, r) such that

⟨Ax0, y − x0⟩ ≥ 0, for all y ∈ B̄(0, r). (1.3.25)

By (ii), x0 ∈ C ⊂ B(0, r). Fixing any x ∈ K, we see that

xt := x0 + t(x− x0) ∈ B(0, r)

for t > 0 sufficiently small. Substituting xt into (1.3.25), we have

⟨Ax0, y−x0⟩ ≥ 0. As x ∈ K is arbitrary, x0 is a solution of V I(K,A).

• Existence of solution to GVIs

Let us recall that a multifunction F : X → 2Z from a topological

space X to a topological space Z is said to be upper semicontinuous

(u.s.c. for brevity) on X, if for any x0 ∈ X and open set V in Z such

that F (x0) ⊂ V , there exists a neighborhood U of x0 satisfying F (x) ⊂ V

for all x ∈ U .

As an auxiliary result, we will use the following well-known existence

theorem for GVIs in finite-dimensional spaces. For the convenience of

the reader, we provide another proof based on approximate selections

below.

Theorem 1.3.22. Suppose that K is a convex and compact set in Rn

and that F : K → 2R
n

is a multifunction which is u.s.c. and compact

convex valued. Then, problem GVI(K,F ) has a solution.

Proof. By our assumption and the approximate selection theorem due

to Cellina (see [10, Theorem 1, p. 84]), for each ϵ > 0 there exists a

continuous map fϵ : K → Rn such that, for all x ∈ K, one has

fϵ(x) ∈ F ((x+ ϵB) ∩K) + ϵB, (1.3.26)

where B is the unit ball of Rn.

We choose a sequence {ϵn} → 0+ such that {fϵn} satisfy (1.3.26). We

now consider VI(K, fϵn). By the well-known result on solution existence

of variational inequalities (see, for instance, [139, Theorem 3.1, p. 12]),

there exists xn ∈ K such that

⟨fϵn(xn), y − xn⟩ ≥ 0, ∀y ∈ K. (1.3.27)

From (1.3.26), there exist yn ∈ K with ∥yn∥ ≤ 1 and zn ∈ F (xn + ϵnyn)

such that ∥fϵn(xn)− zn∥ ≤ ϵn. Since K is a compact set, we can assume
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that xn → x0 ∈ K. Consequently, xn + ϵnyn → x0. Since F (C) is a

compact set whenever C is a compact set and F (xn+ϵnyn) ⊂ F (K+B̄Rn),

we can assume further that zn → z0 and so fϵn(xn) → z0. By the upper

semicontinuity of F , we have z0 ∈ F (x0). Fixing any y ∈ K and letting

n→ ∞, we obtain from (1.3.27) that

⟨z0, y − x0⟩ ≥ 0.

This implies that x0 is a solution of GVI(K,F ). The proof is complete.

In the sequel, we suppose that X is a topological vector space which is

endowed with the weak topology, X∗ is the dual of X, which is equipped

with the weak∗ topology. Let K be a nonempty convex set of X and

let T : K → 2X
∗
be a set-valued map. We say that T is upper semi-

continuous on finite-dimensional subspaces of X if, for every L ∈ L, the
map T : K ∩ L → 2X

∗
is u.s.c. For each L ∈ L, we define the mapping

TL : L ∩K → L∗ by the formula

TL(x) = {αLx∗ : x∗ ∈ T (x)}, (1.3.28)

where αL is defined by (1.3.20).

Definition 1.3.23. The mapping T : K → 2X
∗
is said to be compatible

with finite-dimensional subspaces of X if, for each L ∈ L, GVI(KL, TL)

has a solution.

Example 1.3.24. Let K be a compact convex set of X and let T : K →
2X

∗
be u.s.c. on finite-dimensional subspaces and compact convex valued.

Then, T is compatible with finite-dimensional subspaces of X. Indeed,

for each L ∈ L, TL : KL → L∗ is u.s.c. and compact convex valued. By

Theorem 1.3.22, GVI(KL, TL) has a solution.

We are now ready to state the existence theorem for GVIs.

Theorem 1.3.25. Suppose that K is a nonempty compact convex set in

the topological vector space X and T : K → 2X
∗
is a mapping of class

BK such that the following conditions hold:

(i) For each x ∈ K, T (x) is a compact convex set.

(ii) T is compatible with finite-dimensional subspaces of X.

Then, problem GVI(K,T ) has a solution.
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Proof. We shall use the scheme in the proof of Theorem 1.3.16.

For each L ∈ L, we consider problem GVI(KL, TL). By (ii), GVI(KL, TL)

has a solution, that is, there exists xL ∈ KL and z∗L ∈ TL(xL) such that

⟨z∗L, y − xL⟩ ≥ 0, ∀y ∈ KL.

Since z∗L = αLx
∗ for some x∗ ∈ T (xL), we get

⟨x∗, y − xL⟩ ≥ 0, ∀y ∈ KL.

Hence, we obtain

sup
x∗∈T (xL)

⟨x∗, y − xL⟩ ≥ 0, ∀y ∈ KL. (1.3.29)

For each Y ∈ L, we denote by SY the set of all x̂ ∈ K such that there

exists a subspace L ⊇ Y with the property that x̂ ∈ KL and

sup
x∗∈T (x̂)

⟨x∗, y − x̂⟩ ≥ 0, ∀y ∈ KL.

We claim that the family {SY } has the finite intersection property. In-

deed, for each Y ∈ F , by putting L = Y , we have from (1.3.29) that

xY ∈ SY . Hence, SY is nonempty. Take subspaces L1, L2, . . . , Ln ∈ L
and put M = span{L1, L2, . . . , Ln}. Then, we have M ∈ L and

SM ⊂
n⋂
i=1

SLi
.

This implies that

∅ ≠ SM ⊆ SM ⊆
¯n⋂

i=1

SLi
⊆

n⋂
i=1

SLi
.

The claim is proved.

Since SY ⊂ K and K is weakly compact, the finite intersection prop-

erty of {SY } implies ⋂
Y ∈F

SY ̸= ∅.

This means that there exists a point x0 ∈ K such that x0 ∈ SY for all

Y ∈ L. Fix any y ∈ K and choose Y ∈ L such that Y contains y and

x0. Since x0 ∈ SY , there exists a net xi ∈ SY such that xi → x0. By the

definition of SY , we have

sup
x∗∈T (xi)

⟨x∗, v − xi⟩ ≥ 0, ∀v ∈ KY .
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Hence,

inf
v∈KY

sup
x∗∈T (xi)

⟨x∗, v − xi⟩ ≥ 0.

By the Sion minimax theorem (see [212]), we obtain

sup
x∗∈T (xi)

inf
v∈KY

⟨x∗, v − xi⟩ = inf
v∈KY

sup
x∗∈T (xn)

⟨x∗, v − xi⟩ ≥ 0.

Since the extended real function x∗ 7→ infv∈KY
⟨x∗, v− xn⟩ is u.s.c., there

exists x∗i ∈ T (xi) such that

inf
v∈KY

⟨x∗i , v − xi⟩ ≥ 0.

Hence,

⟨x∗i , v − xn⟩ ≥ 0, ∀v ∈ KY .

In particular,

⟨x∗i , y − xi⟩ ≥ 0 and ⟨x∗i , x0 − x⟩ ≥ 0. (1.3.30)

From this, we get lim supn→∞⟨x∗i , xi−x0⟩ ≤ 0. By the pseudomonotonic-

ity of T and (1.3.30), there exists x∗ ∈ T (x0) such that

⟨x∗, x0 − y⟩ ≤ lim inf⟨x∗i , xi − y⟩ ≤ 0.

This implies that ⟨x∗, y − x0⟩ ≥ 0. Thus, we have shown that

inf
y∈K

sup
x∗∈T (x0)

⟨x∗, y − x0⟩ ≥ 0.

Using the Sion minimax theorem again, we can prove that there exists

x∗0 ∈ T (x0) such that

⟨x∗0, y − x0⟩ ≥ 0, ∀y ∈ K.

The proof is complete.

Let us present some corollaries of Theorem 1.3.22.

Corollary 1.3.26. Suppose that K is a nonempty compact convex set

in the topological vector space X and that T : K → 2X
∗
is a mapping of

the class BK such that the following conditions hold:

(i) For each x ∈ K, T (x) is a compact convex set.

(ii) T is u.s.c. on each finite-dimensional subspace of X.

Then, problem GVI(K,T ) has a solution.
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Corollary 1.3.27 ( [34, Theorem 15]). Let X be a reflexive Banach

space and let K be a nonempty closed convex set of X with 0 ∈ K. Let

T : K → 2X
∗
be an operator of class BK such that conditions (i) and (ii)

of Theorem (1.3.25) are fulfilled. Assume further that T is coercive on K,

i.e., that there exists a function c(r) from R+ into R with c(r) → +∞ as

r → ∞, such that, for each u ∈ K, w ∈ Tu, we have ⟨w, u⟩ ≥ c(∥u∥)∥u∥.
Then for each f0 ∈ X∗, there exists u0 ∈ K and w0 ∈ Tu0 such that

⟨w0 − f0, u− u0⟩ ≥ 0, for all u ∈ K. (1.3.31)

Proof. The proof proceeds analogously to the proof of Corollary 1.3.18.

Corollary 1.3.28 ( [97, Theorem 3.1]). Let K be a nonempty weakly

compact convex subset of a reflexive Banach space X and let T : K →
2X

∗
. Assume the following conditions:

(i) T (x) is nonempty, closed, and convex for each x ∈ K.

(ii) T is bounded and upper semicontinuous on finite-dimensional sub-

spaces.

(iii) If xn converges weakly to x, wn ∈ Txn, and lim sup⟨wn, xn−x⟩ ≤ 0,

then xn → x and {wn} has a subsequence converging weakly to some

w ∈ Tx.

Then, GVI(K,T ) has a solution.

Proof. It is sufficient to show that T is of class BK , i.e., if {(un, u∗n)} is a

sequence such that u∗n ∈ T (un), un ⇀ u and lim supn→∞⟨u∗n, un−u⟩ ≤ 0,

then for each v ∈ K, there exists v∗ ∈ T (u) satisfying

⟨v∗, u− v⟩ ≤ lim inf
n→∞

⟨u∗n, un − v⟩.

Suppose that T is not of class BK . Then there exists v ∈ K such that

inf
v∗∈T (u)

⟨v∗, u− v⟩ > lim inf
n→∞

⟨wn, un − v⟩.

By passing to a subsequence, we may assume that

inf
v∗∈T (u)

⟨v∗, u− v⟩ > lim
n→∞

⟨wn, un − v⟩.

By (iii), without loss of generality, we can assume that wn ⇀ w ∈ Tu

and un → u. Hence, we obtain

inf
v∗∈T (u)

⟨v∗, u− v⟩ > lim
n→∞

⟨wn, un − v⟩ = ⟨w, u− v⟩,

a contradiction.
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The following theorem gives sufficient conditions for solution existence

of GVIs to the case of unbounded sets.

Theorem 1.3.29. Suppose that X is a reflexive Banach space, let K be

a nonempty closed convex set of X and let T : K → 2X
∗
be an operator

of the class BK, which satisfies the following conditions:

(i) For each x ∈ K, T (x) is a closed convex and bounded set.

(ii) T is upper semicontinuous on finite-dimensional subspaces of X.

(iii) There exists an open ball Ω ⊂ Rn and a vector x̂ ∈ Ω∩K such that

inf
x∗∈T (x)

⟨x∗, x− x̂⟩ > 0, ∀x ∈ K ∩ ∂Ω,

.

Then problem GVI(K,T ) has a solution.

Proof. Let us denote by F the set of all finite-dimensional subspaces L

of X such that L contains x̂. Putting KL = K ∩ L, ΩL = Ω ∩ L, we see

that ∂ΩL = ∂Ω ∩ L, where ∂Ω is the boundary of Ω in X. It is clear

that, for each L ∈ F , the triplet (KL,ΩL, TL) satisfies all conditions of

Theorem 1.3.10. Hence, there exists xL ∈ K ∩ Ω ∩ L such that

sup
x∗∈T (xL)

⟨x∗, y − xL⟩ ≥ 0, ∀y ∈ KL. (1.3.32)

For each Y ∈ F , we denote by SY the set of all x̂ ∈ K ∩ Ω such that

there exists a subspace L ⊇ Y with the property that x̂ ∈ Ω ∩KL and

sup
x∗∈T (x̂)

⟨x∗, y − x̂⟩ ≥ 0, ∀y ∈ KL.

As Ω is a weakly compact set and SY ⊂ Ω, the finite intersection

property of {SY } implies ⋂
Y ∈F

SY ̸= ∅.

We now use similar arguments as in the proof of Theorem 1.3.25 to

obtain the desired conclusion.

1.3.3 Stability of solutions to parametric generalized varia-

tional inequalities in reflexive Banach spaces

In the preceding section, we used the degree theory in order to give

a result on the stability of solution to parametric variational inequality
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in Rn. In this section we continue to study the stability of solution to

generelized variational inequality in reflexive Banach spaces.

Let us assume that E is a reflexive Banach space with the dual E∗,

(M,d) and (Λ, d) are metric spaces. Let F : M × E → 2E
∗
be a set-

valued operator and K : Λ → 2E be a multifunction with closed convex

values. The parametric generalized variational inequality involving the

set K(λ) and the operator F (µ, ·) is the problem of finding x = x(µ, λ)

satisfying the generalized equation

0 ∈ F (µ, x) +NK(λ)(x) (1.3.33)

where (µ, λ ∈M×Λ are parameters and NK(λ)(x) is the value at x of the

normal cone operator associated with the set K(λ). We denote problem

(1.3.33) briefly by GV I(F (µ, ), K(λ)). When F (µ, x) = f(µ, x) where

f : M × E → E∗ is a single-valued operator then (1.3.33) is called a

parametric variational inequality and denoted by V I(f(µ, ·), K(λ)). We

will denote by S(µ, λ) the solution set of (1.3.33) corresponding to a

parameter pair (µ, λ). Thus S :M × Λ → 2E is a set-valued map which

is called the solution map of (1.3.33). In the sequel, we assume that

x0 ∈ S(µ0, λ0), that is

0 ∈ F (µ0, x0) +NK(λ0)(x0). (1.3.34)

Our main concern is to investigate the behavior of S(µ, λ) when (µ, λ)

varies around (µ0, λ0). This problem interested many authors in the

last two decades. For the results which have a close connection with

the present work, we refer the reader to [61]- [124], [146]- [149], [166]-

[202], [229]- [233] and the references given therein. It is known that if

F (µ, ) is single-valued and strongly monotone then the solution map S

is single-valued. In this case the solution map has many nice properties.

Using the metric projection method, Yen [229] showed that if F (µ, ·)
is strong monotone and K(·) has the Aubin property then the solution

map is Hölder continuous with respect to parameters. This result was

extended later by Domokos [73] to the case of reflexive Banach spaces.

Also, under the hypothesis that F (µ, ·) is strongly monotone and K is

a graph-convex polyhedral multifunction from Rm to Rm, Robinson and

Lu [200] showed that the solution map is Lipschitz continuous when

parameters vary. The situation will become complicated when the hy-

pothesis on the strong monotonicity is dropped. In this case the solution

map is not single-valued in general. When the set K(λ) is defined as per-

turbed system of finitely many nonlinear inequality or equations subject
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to additional fixed polyhedral constraints, F is a single valued and C1-

function, and the system of constraints obeys a certain property called

nondegeneracy, Robinson [197] showed that existence, local uniqueness,

and Lipschitz continuity, as well as B-differentiability of the solution, can

be predicted from a single affine variational inequality that is easily com-

putable in terms of the data of the original problem (see [197, Theorem

5.3]). In 2004, Robinson [201] has introduced a localized version of the

so-called normal maps which help him study the existence and continu-

ity of solutions of variational inequalities via existence and continuity of

solutions of operator equations. Robinson established homeomorphisms

between the solution set of variational inequalities and the solution set

of the normal map. Based on the result and degree-theoretic method,

Robinson has showed that if the solution of the unperturbed is an iso-

lated solution and the degree of the normal map at this point is different

from zero then the solution map is lower semicontinuous at the parameter

corresponding to the solution. Thus the degree-theoretic approach and

the metric projection method permit him to draw fairly strong conclu-

sion on the existence and continuity of solution of perturbed problems

when the original problem satisfy certain regularity requirements. By

introducing a localized version of generalized normal maps and using

the degree-theoretic method, Kien and Yao [124] extended the results

in [201] to the case of reflexive Banach spaces.

We remark that although the degree theory is a strong tool for study-

ing the solution stability of variational inequalities, it has also some

handicaps. Namely, in many cases we have to verify that the degree of

maps at some point is different from zero. This is the core of applications

of the degree theory. However, the computation of the degree of maps,

is not very easy. Besides, the approach of the mentioned papers is to use

the metric projection which is suitable for variational inequalities rather

than for generalized variational inequalities. Therefore the continuity of

the solution map of a parametric generalized variational inequality, is

more difficult to obtain than that for parametric variational inequalities.

It is noted that although there have been many papers which study

solution stability of parametric variational inequalities, very few paper

which focus on a such study for parametric generalized variational in-

equalities. In a recent paper, Mansour and Aussel [159] have obtained a

result on lower semicotinuity of the solution map of problem (1) in the

case of finite dimensional spaces (see [159, Theorem 4.6] ). They showed

that if F (µ, ·) is quasi-monotone, S(µ, λ) is nonempty, the setsK(λ) have
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nonempty interiors, K(λ0) is a convex polyhedron, K(λ) int- Mosco con-

verges to K(λ0) and other additional conditions, then the solution map

is lower semicontinuous at (µ0, λ0). In our paper, the conditions which

are imposed on F and the sets K(λ) as well as techniques is different

from that in [159].

Below, we shall show that if the data of the unperturbed problem are

good enough then the perturbed problems are stable. Namely, if the op-

erator of the unperturbed problem is of the class (S)+ and strictly mono-

tone, the operators of the perturbed problems are pseudo-monotone and

demicontinuous, the set-valued map K has the Aubin property, then the

solution map is lower semicontinuous. The obtained results are proved

without conditions related to the degree theory and the metric projec-

tion. Moreover, the conditions imposed on F and K, are quite explicit

under which we can directly verify.

Let us recall some notions related to our problem. Assume that C

is a nonempty closed convex set in E and T : C → 2E
∗
is an operator.

Then

Gr(T ) = {(x, x∗) ∈ E × E∗|x∗ ∈ T (x)}.
We say that T is demicontinuous if T is upper semicontinuous with E∗

equipped by its weakly star topology. T is called strictly monotone iff

for any (u1, u
∗
1), (u2, u

∗
2) ∈ Gr(T ) and u1 ̸= u2, one has

⟨u∗1 − u∗2, u1 − u2⟩ > 0.

T is said to be of class (S)+ if un ⇀ u and lim supn→∞⟨u∗n, un − u⟩ ≤ 0

for some u∗n ∈ Tun, imply un → u strongly. If the set T (C) is bounded

then T is called bounded on C. T is said to be pseudo-monotone in the

sense of Brezis if for any sequence un ⇀ u, and if w∗
n ∈ Tun is such that

lim supn→∞⟨w∗
n, un − u⟩ ≤ 0, then for each v ∈ C there exists w∗

v ∈ Tu

with the property that

⟨w∗
v, u− v⟩ ≤ lim inf

n→∞
⟨w∗

n, un − v⟩.

As an example, if T is monotone and demicontinuous then T is pseu-

domonotone (see Proposition 27.6 in [238]). There is some pseudo-

monotone operators which are not monotone (see Example 2.2 in [126].

We refer the reader to [34] and [238] for more properties and applications

of pseudo-monotone operators.

The multifunction K : Λ → 2E is said to have the Aubin property of

order α > 0 at a point (λ0, x0) ∈ Gr(K) if there exist positive constants

k, ϵ and β such that
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K(λ′) ∩ (x0 + ϵ0B̄E) ⊂ K(λ) + kd(λ′, λ)αB̄E ∀λ′, λ ∈ B(λ0, β0).

(1.3.35)

Here B̄E is the closed unit ball of E and B(λ0, β) is an open ball centered

at λ0 with radius β > 0, in the metric space . If K satisfies property

(1.3.35) for α = 1 then K is said to have the Aubin property at (λ0, x0).

Recall that a multifunction P : X → 2Y from a topological space X

to a topological space Y is said to be lower semicontinuous at x0 ∈ X

if for any open set V in Y satisfying P (x0) ∩ V ̸= ∅, there exists a

neighborhood U of x0 such that P (x) ∩ V ̸= ∅ for all x ∈ U . P is called

upper semicontinuous at x0 ∈ X if for any open set V in Y satisfying

P (x0) ⊂ V , there exists a neighborhood U of x0 such that P (x) ⊂ V for

all x ∈ U .

Assume that Y is a normed space. We say that P is Hausdorff up-

per semicontinuous at x0 provided that for any ϵ > 0, there exists a

neighborhood U of x0 such that e(P (x), P (x0)) < ϵ for all x ∈ U , where

e(P (x), P (x0)) := sup
y∈P (x)

d(y, P (x0))

and d(y, P (x0)) is the distance from a point y to the set P (x0).

Here are some results on the stability of solutions to GVIs.

Theorem 1.3.30. Let E be a reflexive Banach space with the dual E∗.

Assume that there exist a bounded open neighborhood X0 of x0 and a

neighborhood M0 × Λ0 of (µ0, λ0) such that the operator F :M0 ×X0 →
2E

∗
and the multifunction K : Λ0 → 2E satisfy the conditions:

(i) F (µ0, ·) : X0 → 2E
∗
is of class (S)+, bounded and strictly monotone

on X0 ∩K(λ0);

(ii) F (µ, ·) : X0 → 2E
∗
is demicontinuous, pseudo-monotone and closed

convex valued for all µ ∈M0;

(iii) F is Hausdorff upper semicontinuous in µ at µ0 and uniform in x,

that is, for any sequence µn → µ0, one has e(F (µn, x), F (µ0, x)) → 0 for

all x ∈ X0;

(iv) K has the Aubin property of positive order α at (λ0, x0).

Then there exist a neighborhood U0 of µ0, a neighborhood V0 of λ0 and

an open bounded neighborhood Q0 of x0 such that the following assertions

hold:

(a) The solution map Ŝ : U0×V0 → 2X0 defined by Ŝ(µ, λ) = S(µ, λ)∩Q0,

has nonempty values.
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(b) The solution map Ŝ is lower semicontinuous at (µ0, λ0).

When F (µ, x) = {f(µ, x)}, where f :M0×X0 → E∗ is a single-valued

operator, we obtain

Theorem 1.3.31. Let E be a reflexive Banach space with the dual E∗.

Assume that there exist a bounded open neighborhood X0 of x0 and a

neighborhoodM0×Λ0 of (µ0, λ0) such that the operator f :M0×X0 → 2E
∗

and the multifunction K : Λ0 → 2E satisfy the conditions:

(i) f(µ0, ·) : X0 → E∗ is of class (S)+, bounded and strictly monotone

on X0 ∩K(λ0);

(ii) F (µ, ·) : X0 → 2E
∗
is demicontinuous and pseudo-monotone for all

µ ∈M0;

(iii) F is continuous in µ at µ0 and uniform in x, that is, for any

sequence µn → µ0, one has supx∈X̄0
∥f(µn, x) − F (µ0, x))∥ → 0 as n →

∞;

(iv) K has the Aubin property of positive order α at (λ0, x0).

Then there exist a neighborhood U0 of µ0, a neighborhood V0 of λ0 and

an open bounded neighborhood Q0 of x0 such that the following assertions

hold:

(a) The solution map Ŝ : U0×V0 → 2X0 defined by Ŝ(µ, λ) = S(µ, λ)∩Q0,

has nonempty values.

(b) The solution map Ŝ is lower semicontinuous at (µ0, λ0).

In particular for E = Rm, we have the following result.

Corollary 1.3.32. Suppose that there exist a bounded open neighborhood

X0 of x0 and a neighborhood M0 × Λ0 of (µ0, λ0) such that the mapping

f : M0 × X0 → Rm and the multifunction K : Λ0 → 2R
m

satisfy the

conditions:

(i) f(µ0, ·) : X0 → Rm is strictly monotone on X0 ∩K(λ0);

(ii) f(·, ·) is continuous
(iii) K has the Aubin property of positive order α at (λ0, x0).

Then there exist a neighborhood U0 of µ0, a neighborhood V0 of λ0 and

an open bounded neighborhood Q0 of x0 such that the following assertions

hold:

(a) The solution map Ŝ : U0×V0 → 2X0 defined by Ŝ(µ, λ) = S(µ, λ)∩Q0,

has nonempty values.

(b) The solution map Ŝ is lower semicontinuous at (µ0, λ0).

In order to prove the above theorems, we first establish a result on a
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relation between the Aubin property and the so-called Hölder property

of multifunctions.

Let E be a normed space, K :→ 2E be a multifunction, and (λ0, x0) ∈
GrK be such that property (1.3.35) holds. For each ϵ > 0, we put

Kϵ(λ) = K(λ) ∩ (x0 + ϵB̄E). (1.3.36)

Lemma 1.3.33. Suppose that K :→ 2E has convex values and satis-

fies property (1.3.35). Then for any ϵ in (0, ϵ0] and any β with 0 <

β < min(β0, (
ϵ
4k)

1/α, the multifunction Kϵ defined by (1.3.36), is Hölder

continuous with constant 5k on the ball B(λ0, β), that is

Kϵ(λ
′) ⊂ Kϵ(λ) + 5kd(λ′, λ)αB̄E (1.3.37)

for all λ, λ′ ∈ B(λ0, β).

Proof. We mimic the proof of Lemma 2.3 in [23].

Put λ′ = λ0 in (1.3.35), we see that, for all λ ∈ B(λ0, β), there exists

a point xλ ∈ K(λ) such that

∥xλ − x0∥ ≤ kd(λ, λ0)
α <

ϵ

2
. (1.3.38)

This implies that Kϵ(λ) is nonempty for all λ ∈ B(λ0, β). Take any

λ′, λ ∈ B(λ0, β) and x′ ∈ Kϵ(λ
′). We have to show that there exists a

point x′′ ∈ Kϵ(λ) such that

∥x′ − x′′∥ ≤ 5kd(λ, λ0)
α (1.3.39)

which proves (1.3.37).

It follows from (1.3.35) that there exists x ∈ K(λ) such that

∥x′ − x∥ ≤ kd(λ, λ0)
α ≤ 5kd(λ, λ0)

α.

If x ∈ x0 + ϵB̄, then x ∈ Kϵ(λ. By putting x′′ = x, we obtain (1.3.39).

Let us assume that x /∈ x0 + ϵB̄. This means that

r := ∥x− x0∥ > ϵ.

Choose xλ ∈ K(λ) such that (1.3.38) holds. By the convexity of K(λ),

the segment [x, xλ] is contains in the K(λ). Take a point x′′ ∈ [x, xλ]

belongs to K(λ) such that ∥x′′ − x0∥ = ϵ. Hence x′′ ∈ Kϵ(λ). Note that

such a point x′′ always exists. Namely, x′′ = xλ + s0(x− xλ), where

s0 = max{s : s ∈ [0, 1], xλ + s(x− xλ) ∈ x0 + ϵB̄E}
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It is easy to show that there exists such a number s0 and s0 ∈ (0, 1).

Put ρ = ∥x − x′′∥, d = r − ϵ and t = 1 − s0. Then we have x′′ =

(1− t)x+ txλ with t ∈ (0, 1) and

ϵ = ∥x′′ − x0∥ = ∥(1− t)(x− x0) + t(xλ − x0)∥ ≤ (1− t)r + t∥xλ − x0∥.

This implies that

t(r − ∥xλ − x0∥) ≤ r − ϵ.

Hence

t ≤ r − ϵ

r − ϵ/2
.

From this relation we have

ρ = ∥x′′ − x∥ = t∥x− xλ∥ ≤ t(∥x− x0∥+ ∥xλ − x0∥)

≤ t(r + ϵ/2) ≤ (r + ϵ/2)
r − ϵ

r − ϵ/2
.

It follows that ∥x′′ − x∥ ≤ 4(r − ϵ) = 4d. Since d ≤ ∥x − x′∥, we have

∥x′′ − x∥ ≤ 4∥x− x′∥. Consequently,

∥x′ − x′′∥ ≤ ∥x′′ − x∥+ ∥x′ − x∥ ≤ 5∥x′ − x∥ ≤ 5kd(λ′, λ)α.

We obtaine (1.3.39). The proof is complete.

Proof of Theorem 1.3.30.

(a). By (iv), there exist positive constants k, ϵ0 and β0 such that

K(λ′) ∩ (x0 + ϵB̄E) ⊂ K(λ) + kd(λ′, λ)αB̄E ∀λ′, λ ∈ B(λ0, β0). (1.3.40)

Choose positive constants s and δ such that

x0 + sB̄E ⊂ (x0 + ϵB̄E) ∩X0, kd(λ, λ0)
α < s

for all λ ∈ B(λ0, δ) ⊂ B(λ0, β0). Hence (1.3.40) implies that

K(λ′) ∩ (x0 + sB̄E) ⊂ K(λ) + kd(λ′, λ)αB̄E ∀λ′, λ ∈ B(λ0, δ). (1.3.41)

Choose a number β such that 0 < β < min(δ, ( s4k)
1/α). By Lemma 1.3.33,

we have

K(λ′)∩(x0+sB̄E) ⊂ K(λ)∩(x0+sB̄E)+5kd(λ′, λ)αB̄E ∀λ′, λ ∈ B(λ0, β).

(1.3.42)

Thus for all λ, λ′ ∈ B(λ0, β), (1.3.41) and (1.3.42) are fulfilled.

Putting λ′ = λ0 into (1.3.41), we see that for each λ ∈ B(λ0, β), there

exists zλ ∈ K(λ) such that ∥zλ − x0∥ ≤ kd(λ, λ0)
α < s. Consequently,

K(λ) ∩BE(x0, s) ̸= ∅ for all λ ∈ B(λ0, β).
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For each (µ, λ) ∈M0 ×B(λ0, β), we consider the generlized equation

0 ∈ F (µ, x) +NK(λ)∩BE(x0,s)(x). (1.3.43)

To continue, we prove the following lemma.

Lemma 1.3.34. There exist a neighborhood U0×V0 of (µ0, λ0) such that

0 /∈ F (µ, x) +NK(λ)∩BE(x0,s)(∂BE(x0, s)) (1.3.44)

for all (µ, λ) ∈ U0 × V0, where ∂BE(x0, s) is the boundary of BE(x0, s).

Proof. Assume that the assertion of the lemma is false. Then we can

find sequences µn → µ0, λn → λ0 and xn ∈ ∂B(x0, s) such that

0 /∈ F (µn, xn) +NK(λ)∩BE(x0,s)(xn). (1.3.45)

Since the sequence {xn} is bounded, we can assume that xn ⇀ x̄ for

some x ∈ ∂BE(x0, s). From (1.3.45), we have xn ∈ K(λ) ∩ ∂BE(x0, s)

and there exists x∗n ∈ F (µn, xn) such that

⟨x∗n, z − xn⟨≥ 0 ∀z ∈ K(λ) ∩ B̄E(x0, s). (1.3.46)

For n sufficiently large, putting λ′ = λn and λ = λ0 in (1.3.42), we see

that there exists a point yn ∈ K(λ0) ∩ B̄E(x0, s) such that

∥xn − yn∥ ≤ 5kd(λn, λ0)
α. (1.3.47)

Since K(λ0) ∩ B̄E(x0, s) is a weakly compact set, we can assume that

yn ⇀ ȳ ∈ K(λ0) ∩ B̄E(x0, s). Fixing any x∗ ∈ E∗ and using (1.3.47), we

have

|⟨x∗, xn⟩ − ⟨x∗, ȳ⟩| = |⟨x∗, xn⟩ − ⟨x∗, yn⟩+ ⟨x∗, yn⟩ − ⟨x∗, ȳ⟩|
≤ ∥x∗∥∥xn − yn∥+ |⟨x∗, yn − ȳ⟩| → 0.

This implies that xn ⇀ ȳ and so x̄ = ȳ ∈ K(λ0) ∩ B̄E(x0, s).

Putting λ′ = λ0 and λ = λn in (1.3.42), we see that for each n, there

exists a point zn ∈ K(λn)∩ B̄E(x0, s) such that ∥zn− x̄∥ ≤ 5kd(λ0, λn)
α.

Consequently, zn → x̄ strongly when n→ ∞.

Substituting z = zn into (1.3.46), yields

⟨x∗n, zn − x̄⟩ ≥ ⟨x∗n, xn − x̄⟩. (1.3.48)

Since F (µ0, xn) is a closed convex set in E∗, there exists u∗n ∈ F (µ0, xn)

such that

d(x∗n, F (µ0, xn)) = ∥x∗n − u∗n∥.
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By (iii), we have ∥x∗n− u∗n∥ → 0. Combining this with the boundedness

of F (µ0, ·), we see that {x∗n} is bounded. Hence from (1.3.48) we obtain

lim sup
n→∞

⟨x∗n, xn − x̄⟩ ≤ 0.

This implies that

lim sup
n→∞

⟨u∗n, xn − x̄⟩ = lim
n→∞

⟨u∗n − x∗n, xn − x̄⟩+ lim sup
n→∞

⟨x∗n, xn − x̄⟩ ≤ 0.

Since F (µ0, ·) is of class (S)+, we conclude that xn → x̄ and so x̄ ∈
∂BE(x0, s) ∩K(λ0).

Take any x ∈ K(λ0) ∩ B̄E(x0, s). By (1.3.42), for each n sufficiently

large, there exists a point un ∈ K(λn) ∩ BE(x0, s) such that un → x as

n→ ∞. Substituting z = un into (1.3.46), we get

⟨x∗n, un − xn⟩ ≥ 0. (1.3.49)

Since F (µ0, ·) is bounded, we can assume that u∗n ⇀ u∗. On the other

hand, F (µ0, ·) is demicontinuous at x and xn → x̄, we get u∗ ∈ F (µ0, x̄).

Rewrite

⟨x∗n, un − xn⟩ = ⟨x∗n − u∗n, un − xn⟩+ ⟨u∗n, un − xn⟩

Letting n→ ∞ and taking into account of (1.3.49) yields

⟨u∗, x− x̄⟩ ≥ 0 ∀x ∈ K(λ0) ∩ B̄E(x0, s).

In particular, for x = x0 we get ⟨u∗, x0 − x̄⟩ ≥ 0. Since x0 ∈ S(µ0, λ0),

there exists u∗0 ∈ F (µ0, x0) such that

⟨u∗0, x− x0⟩ ≥ 0 ∀x ∈ K(λ0).

Particularly, ⟨u∗0, x̄− x0⟩ ≥ 0. By the strict monotonicity of F (µ0, ·) on
X0 ∩K(λ0) and x0 ̸= x̄, one has,

⟨u∗, x̄− x0⟩ > ⟨u∗0, x̄− x0⟩ ≥ 0

which is implossible. The lemma is proved.

We now return to the proof of the theorem. We now choose U0 ⊂M0

and V0 ⊂ B(λ0, β) such that (1.3.44) in Lemma 1.3.34 is valid. Put

Q0 = BE(x0, s) and Ŝ(µ, λ) = S(µ, λ)∩Q0 for (µ, λ) ∈ U0 × V0. We will

show that U0, V0 and Q0 satisfy the conclusion of the theorem. Fixing

any (µ, λ) ∈ U0 × V0, we consider the generalized equation

0 ∈ F (µ, x) +NK(λ)∩BE(x0,s)(x). (1.3.50)
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By (ii), F (µ, ·) is pseudomonotone, closed convex valued and upper semi-

continuous on finite subspaces of E. Moreover, by the boundedness of

F (µ0, ·) and condition (iii), F (µ, ·) has bounded values. Besides, K(λ)∩
B̄E(x0, s) is a closed convex and bounded set in E. Thus all conditions

of Corollary 1.3.26 are fulfilled. According to Corollary 1.3.26, the gen-

eralized equation (1.3.50) has a solution x̂ = x̂(µ, λ) ∈ K(λ)∩ B̄E(x0, s).

By (1.3.44) and the choice of U0 and V0, x̂ ∈ intB̄E(x0, s). Hence

NK(λ)∩B̄E(x0,s)(x) = NK(λ)(x).

Consequently, x̂ also satisfies the generalized equation

0 ∈ F (µ, x) +NK(λ)(x).

This implies that x̂ ∈ Ŝ(µ, λ) ∩Q0. The assertion (a) of the theorem is

proved.

(b) Assume that G is an open set such that Ŝ(µ0, λ0) ∩ G ̸= ∅. By the

uniqueness of x0 in Ŝ(µ0, λ0), we have x0 ∈ G. Choose s̄ ∈ (0, s) such

that BE(x0, s) ⊂ BE(x0, s) ∩G and (1.3.41) holds. Namely, there exists

δ̄ > 0 0 such that kd(λ, λ0)
α < s and

K(λ′)∩ (x0+ s̄B̄E) ⊂ K(λ)+kd(λ′, λ)αB̄E ∀λ′, λ ∈ B(λ0, δ̄) ⊂ B(λ0, β0).

(1.3.51)

As in the beginning of the proof of assertion (a) we choose a number β̄

such that 0 < β̄ < min(δ̄, ( s̄4k)
1/α). By Lemma 1.3.33, we have

K(λ′)∩(x0+s̄B̄E) ⊂ K(λ)∩(x0+s̄B̄E)+5kd(λ′, λ)αB̄E ∀λ′, λ ∈ B(λ0, β̄).

(1.3.52)

Moreover, for all λ′, λ ∈ B(λ0, β̄), (1.3.51) is fulfilled.

We now use Lemma (1.3.34) to show that there exists a neighborhood

Û0 ⊂ U0 of µ0, a neighborhood V̂0 ⊂ V0 of λ0 such that for all (µ, λ) ∈
Û0 × V̂0, one has

0 /∈ F (µ, x) +NK(λ)∩B̄E(x0,s̄)(∂BE(x0, s̄)) (1.3.53)

Using some arguments similar to those in the proof of part (a), we see

that the generalized equation

0 ∈ F (µ, x) +NK(λ)∩BE(x0,s̄)(x)

has a solution ū = ū(µ, λ). By (1.3.53), ū ∈ intB̄E(x0, s̄). This implies

that

NK(λ)∩BE(x0,s̄)(ū) = NK(λ)(ū)
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and so

0 ∈ F (µ, x) +NK(λ)(ū).

Hence ū ∈ Ŝ(µ, λ) ∩ BE(x0, s̄) ⊂ Ŝ(µ, λ) ∩G. In other words, S(µ, λ) ∩
G ̸= ∅ for all (µ, λ) ∈ Û0 × V̂0. This means that the solution map

Ŝ : U0 × V0 → 2X0 is lower semicontinuous at (µ0, λ0). The proof of the

theorem is complete. □

Proof of Corollary 1.3 As in the proof of Theorem 1.3.30, we can

choose positive constants s and β such that (1.3.41) and (1.3.42) hold. In

order to show that Lemma 3.1 can be applied in the case F (µ, ·) = f(µ, ·),
we assume that the conclusion of the lemma is false. Then we can find

sequences µn → µ0, λn → λ0 and {xn} ⊂ ∂BE(x0, s) ∩K(λn) such that

⟨f(µn, xn), z − xn⟩ ≥ 0 ∀z ∈ K(λn) ∩ B̄E(x0, s). (1.3.54)

Since ∂BE(x0, s) is a compact set, we can assume that xn → x̄. Substi-

tuting λ′ = λn, λ = λ0 into (1.3.42) we see that for each n, there exists

yn ∈ K(λ0) ∩ B̄E(x0, s) such that

∥yn − xn∥ ≤ 5kd(λn, λ0)
α.

Since K(λ0) ∩ B̄E(x0, s) is compact, without loss of generality, we may

assume that yn → y0 ∈ K(λ0) ∩ B̄E(x0, s). From the above, we have

xn → y0. Hence x̄ = y0 ∈ K(λ0) ∩ B̄E(x0, s). Putting λ
′ = λ0, λ = λn in

(1.3.42), we see that for each n there exists a point zn ∈ K(λn)∩B̄E(x0, s)

such that zn → x0. Putting z = zn in (1.3.54) and letting n → ∞, we

obtain ⟨f(µ0, x), x0 − x̄⟩ ≥ 0. Since f(µ0, ·) is strictly monotone and

x0 ̸= x̄, we have

⟨f(µ0, x0), x0 − x̄⟩ > ⟨f(µ0, x̄), x0 − x̄⟩ ≥ 0

This contradicts the fact that x0 is a solution of V I(f(µ0, ·), K(λ0)).

Thus the Lemma 1.3.34 is applicable. We now can choose neighborhoods

U0 ⊂ M0 of µ0 and V0 ⊂ B(λ0, β) of λ0 such that the conclusion of

Lemma 1.3.34 is valid. Put Q0 = BE(x0, s). For each (µ, λ) ∈ U0 × V0
we consider the generalized equation

0 ∈ f(µ, x) +NK(λ)∩B̄E(x0,s)(x)). (1.3.55)

Since f(µ, ·) is continuous and K(λ) ∩ B̄E(x0, s) is compact, (1.3.55)

has a solution x̂ = x̂(µ, λ) ∈ K(λ) ∩ B̄E(x0, s). By Lemma 1.3.34,

x̂ ∈ intB̄(x0, s). Hence

NK(λ)∩BE(x0,s)(x̂) = NK(λ)(x̂)
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and so

0 ∈ f(µ, x̂) +NK(λ)(x̂).

This implies that x̂ ∈ Ŝ(µ, λ) ∩ Q0. The assertion (a) is proved. By

using the arguments described in the proof of assertion (b) of Theorem

1.3.30 we show that the map Ŝ is lower semicontinuous at (µ0, λ0). The

proof of the corollary is complete. □

Example 1.3.35. To provide some perspective what we have obtained

up to now, we consider an illustrative example in the case of finite di-

mensional spaces.

Let (µ0, λ0) = (−1, 1/8) and M0 × Λ0 ⊂ R2 be a neighborhood of

(µ0, λ0) and X0 = R2. Let f : M0 × X0 → R2 be a mapping which is

defined by

f(µ, x) = (x1, µx2 + x22), x = (x1, x2)

and K : Λ0 → 2R
2

defined by

K(λ) = {(x1, x2) : x2 ≥ 1/2, x1 + x2 = 2λ}. (1.3.56)

Then the following assertions hold:

(a) conditions (i)− (iii) of Corollary 1.3 are satisfied;

(b) u0 = (−1/4, 1/2) is a unique solution of V I(f(µ0, ·), K(λ0));

(c) the solution map Ŝ(·) is lower semicontinuous at (µ0, λ0).

In fact, we have f(µ0, x) = (x1,−x2 + x22) and

K(λ0) = {(x1, x2) : x2 ≥ 1/2, x1 + x2 = 1/4}.

For any u = (u1, u2), v = (v1, v2) ∈ K(λ0), we see that u2 + v2 ≥ 1.

Hence

⟨f(µ0, u)− f(µ0, v), u− v⟩ = (u1 − v1)2 + (u2 − v2)
2(u2 + u2 − 1) > 0

whenever u ̸= v. This implies that f(µ0, ·) is strictly monotone and so

condition (i) of Corollary 1.3 is satisfied.

It is clear that f(·, ·) is continuous. On the other hand, for each

λ ∈ Λ0, K(λ) is a closed convex set. By [158]], the map K(·) is Lipshitz
continuous. Hence condition (iii) of Corollary 1.3 is valid. Thus all

conditions of Corollary 1.3 are fulfilled. To verify (b) and (c) we note

that u ∈ K(λ) is a solution of V I(f(µ, ·), K(λ)) if and only if u satisfies

the equation

u = PK(λ)(u− ρf(µ, u)), ρ > 0.

85



Let x = (x1, x2) be any point in R2. By a simple computation, we obtain

PK(λ)(x) =
(
λ+

x1 − x2
2

, λ+
x2 − x1

2

)
.

It follows that

PK(λ)(x− ρf(µ, x))

= 1/2
(
2λ+ (1− ρ)x1 − (1− µρ)x2 + ρx22, 2λ− (1− ρ)x1

+ (1− µρ)x2 − ρx22
)

Hence

(x1, x2) = PK(λ)(x− ρf(µ, x))

if and only if{
2λ+ (1− ρ)x1 − (1− µρ)x2 + ρx22 = 2x1

2λ− (1− ρ)x1 + (1− µρ)x2 − ρx22 = 2x2.

This equivalent to {
x22 + (1 + µ)x2 − 2λ = 0

x1 + x2 = 2λ
(1.3.57)

The first equation in (1.3.57) has ∆ = (µ + 1)2 + 8λ. When (µ0, λ0) =

(−1, 1/8), the system has a unique solution u0 = (−1/4, 1/2) ∈ K(1/8).

It is a unique solution of V I(f(µ0, ·), K(λ0)). When λ > 0 the first

equation of (1.3.57) gives two solutions

θ1 =
−(1 + µ) +

√
∆

2
and θ2 =

−(1 + µ)−
√
∆

2
.

Hence V I(f(µ, ·), K(λ)) has two solutions

u(µ, λ) = (2λ− θ1, θ1) and û(µ, λ) = (2λ− θ2, θ2).

Thus S(µ, λ) = {u(µ, λ), û(µ, λ)}. It is easy to check that

lim
(µ,λ)→(µ0,λ0)

u(µ, λ) = u0.

Hence there exist neighborhoods U0 × V0 ⊂ M0 × Λ0 of (µ0, λ0) and Q0

of u0 such that Ŝ is lower semicontinuous at (µ0, λ0).
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1.3.4 The Galerkin method and regularization for variational

inequalities

So far, there have been a lot of papers on the existence of solutions

as well as numerical method for variational inequalities, we refer the

readers to [25], [93], [98], [120]- [156], [224], [226], [228], [233] and many

references given therein. Particularly, in [93] and [224] the authors used

the finite element method (FEM, for short), which is an instance of the

Galerkin method, to compute solutions of elliptic variational inequalities

in Hilbert spaces.

It is known that the Galerkin method and FEM are important in

computing solutions of partial differential equations as well as obstacle

problems in Soblev spaces. The Galerkin method for operator equa-

tions in separable and reflexive Banach spaces have been studied very

thoroughly in [238]. However, it seems that, there is no result on the

Galerkin method for variational inequalities in separable and reflexive

Banach spaces have been published. In this subsection we will present

some new results on the Galerkin method for variational inequalities with

monotone operators and pseudomonotone operators in separable and re-

flexive Banach spaces. Besides, the regularized method for variational

inequalities with monotone operators is also investigated.

Throughout the subsection, we assume that (X, ∥·∥) is a reflexive and
separable Banach space with the dual X∗, K is a nonempty closed and

convex set in X and A : K → X∗ is an operator. As in Subsection 1.3.2,

we denote by BK the class of operators which are pseudo-monotone in

the sense of Brésiz and by KK the class of operators which are pseudo-

monotone in the sense of Karamardian (see [114]).

The operator A is said to be uniformly monotone if

⟨Au− Av, u− v⟩ ≥ ω(∥u− v∥)∥u− v∥ ∀u, v ∈ K,

where ω : [0,+∞) → [0,+∞) is an increasing function satisfying ω(0) =

0, ω(t) > 0 as t > 0 and ω(t) → +∞ as t → +∞. It is clear that if A

is uniformly monotone on K, then it satisfies condition (S)+, that is, if

for any sequence (xn) ⊂ K, xn ⇀ x and

lim sup
n→∞

⟨Axn − Ax, xn − x⟩ ≤ 0

then ∥xn − x∥ → 0.

A is said to be hemicontinuous if for any u, v, w ∈ X, the mapping

[0, 1] ∋ t 7→ ⟨A(u+ tv), w⟩
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is continuous. A is said to be demicontinuous if for any sequence un → u

strongly, then Aun ⇀ Au in the weak∗ topology σ(X∗, X).

It is noted that if A is monotone, then A ∈ KK . If A is hemicontinuous

and monotone, then A ∈ BK (see [238, Proposition 27.6]). Therefore,

the class of hemicontinuous and monotone operators is included in both

classes KK and BK . However, these classes are different. In this paper,

we only concentrate on the class of pseudo-monotone operators in the

sense of Brézis.

We say that A satisfies a coercive condition if there is a point w0 ∈ K

such that

⟨Au− Aw0, u− w0⟩
∥u− w0∥

→ +∞ as ∥u∥ → +∞. (1.3.58)

The operator A is said to be bounded, if it maps a bounded set into a

bounded set. We say A is locally bounded, if for any u ∈ K, there exits

r > 0 such that A[BX(u, r)] is a bounded set.

Given a functional f ∈ X∗, we consider the following variational

inequality:

Find u ∈ K : ⟨Au− f, y − u⟩ ≥ 0 ∀y ∈ K. (1.3.59)

We will denote by V I(F,K) the above variational inequality, where

Fu := Au−f . It is clear that when K = X, then V I(F,K) is equivalent

to the following operator equation:

Find u ∈ X : Au = f. (1.3.60)

Since X is assumed to be a separable space, K is also a separable metric

subspace. Let {w1, w2, ...} be a sequence which is dense in K. Then

{w0, w1, w2, ...} is also dense in K for any w0 ∈ K. We define, for each

n ≥ 0, the finite-dimensional space

Xn = span{w0, w1, w2, ..., wn}

if A satisfies coercive condition, where w0 is given in (1.3.58) and

Xn = span{w1, w2, ..., wn}

whenever K is bounded.

We consider the following variational inequalities corresponding to

(1.3.59) on Xn:

Find un ∈ Xn ∩K : ⟨Aun − f, y − un⟩ ≥ 0 ∀y ∈ Xn ∩K,n = 1, 2, ...

(1.3.61)
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Here we are looking for un =
∑n

k=0 cknwk. We call (1.3.61) the Galerkin

variational inequalities. WhenK = X then (1.3.61) becomes the Galerkin

equations:

Find un ∈ Xn : Aun − f = 0 on Xn, n = 1, 2, ... (1.3.62)

We have the following result on the convergence of solutions to the

Galerkin inequalities.

Theorem 1.3.36. Suppose X is a separable and reflexive Banach space,

K is a closed convex set in X, A : K → X∗ is pseudomonotone and

bounded. Assume that A satisfies coercive condition (1.3.58) or K is

bounded. Then the following assertions are fulfilled.

(i) For each n ≥ 1, the Galerkin variational inequality (1.3.61) has a

solution un and the sequence (un) is bounded.

(ii) There exists a subsequence (unk) which converges weakly to a solution

u of variational inequality (1.3.59). If in addition A satisfies condition

(S)+, then unk → u strongly.

(iii) If A satisfies condition (S)+ and (1.3.59) has a unique solution,

then the total sequence (un) converges strongly to u.

Proof. We shall prove the theorem under assumption that A satisfies

coercive condition. Without loss of generality, we can assume that w0 =

0 ∈ K. Otherwise, we can put K0 = K − w0, Yn = Xn − w0 and define

A0u = A(u+ w0) with u ∈ K0.

(i) Since A is pseudomonotone and bounded, A is demicontinuous (see

Proposition 27.7 in [238]). Let us choose a number H such that H >

∥F0∥. Since A is coercive, there is R > ∥w0∥ such that

⟨Fu− F0, u⟩
∥u∥

≥ H for ∥u∥ ≥ R.

This implies that

⟨Fu, u⟩ > (H − ∥F0∥)∥u∥ > 0 for ∥u∥ ≥ R. (1.3.63)

Recall that Fu = Au − f . Define j : M → X to be an injection map

and j∗ : X∗ →M ∗ to be its dual. For each Xn, the mapping

Fn := j∗Fj : Xn ∩K ∩BX(0, R) →M ∗
n

is continuous. This is because j and j∗ are continuous and F is demi-

continuous on K (see Theorem 3.10 in [31]). Here

BX(0, R) = {x ∈ X : ∥x∥ ≤ R}
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is a closed ball with radius R > 0. Besides, Xn ∩ K ∩ BX(0, R) is a

compact set in Xn, which contains 0. Theorem 3.1 in [139] implies that

V I(Fn, Xn ∩ K ∩ BX(0, R)) has a solution un ∈ Xn ∩ Kn ∩ BX(0, R),

that is,

⟨(j∗Fj)(un), v − un⟩ ≥ 0 ∀v ∈ Xn ∩K ∩BX(0, R)

⇔ ⟨Fun, j(v − un)⟩ ≥ 0 ∀v ∈ Xn ∩K ∩BX(0, R)

⇔ ⟨Fun, v − un⟩ ≥ 0 ∀v ∈ Xn ∩K ∩BX(0, R). (1.3.64)

We claim that ∥un∥ < R for all n > 0. In fact, if there is n > 0 such

that ∥un∥ = R, then from (1.3.63), we have

⟨Fun, 0− un⟩ = −⟨Fun, un − 0⟩ < 0

which contradicts (1.3.64). Hence ∥un∥ < R. This implies that for any

y ∈ Xn ∩K, there exits t ∈ (0, 1) such that

vt = u+ t(y − u) ∈ Xn ∩K ∩BX(0, R)).

Inserting v = vt into (1.3.64), we get

⟨Fun, y − un⟩ ≥ 0 ∀y ∈ Xn ∩K. (1.3.65)

It follows that un is a solution of (1.3.61) and that ∥un∥ < R for all

n > 0.

(ii) Since (un) is bounded, there exists a subsequence (unk) such that

unk ⇀ u. Since A is bounded, ∥Aun∥ ≤ ϱ for all n ≥ 1. Note that

∞⋃
n=1

Xn ∩K = K.

Then for any ϵ > 0, there exists u′ ∈ Xn0 such that ∥u′ − u∥ < ϵ. Hence

there is k0 > 0 such that u′ ∈ Xnk ∩K for all k ≥ k0. From (1.3.65), we

have

⟨Aunk, unk − u⟩ = ⟨Aunk, unk − u′⟩+ ⟨Aunk, u′ − u⟩
≤ ⟨f, unk − u′⟩+ ϱ∥u′ − u∥.

It follows that

lim sup
k→∞

⟨Aunk, unk − u⟩ ≤ ⟨f, u− u′⟩+ ϱϵ ≤ ∥f∥ϵ+ ϱϵ.

Since ϵ > 0 is arbitrary, we obtain

lim sup
k→∞

⟨Aunk, unk − u⟩ ≤ 0. (1.3.66)

90



By the pseudomonotonicity of A, we get

⟨Au, u− w⟩ ≤ lim inf
k→∞

⟨Aunk, unk − w⟩ ∀w ∈ K. (1.3.67)

Fixing any w ∈ K, then for any ϵ > 0, there exists w′ ∈ Xn1 ∩K such

that ∥w′ − w∥ < ϵ for some n1 > 0. Hence there is k1 > 0 such that

w′ ∈ Xnk ∩K for all k > k1. Using (1.3.65) again, we have

⟨Aunk, unk − w⟩ = ⟨Aunk, unk − w′⟩+ ⟨Aunk, w′ − w⟩
≤ ⟨f, unk − w′⟩+ ∥Aunk∥∥w′ − w∥
≤ ⟨f, unk − w′⟩+ ϱϵ.

This implies that

lim inf
k→∞

⟨Aunk, unk − w⟩ ≤ ⟨f, u− w′⟩+ ϱϵ

≤ ⟨f, u− w⟩+ ⟨b, w − w′⟩+ ϱϵ

≤ ⟨f, u− w⟩+ ∥f∥ϵ+ ϱϵ.

Consequently

lim inf
k→∞

⟨Aunk, unk − w⟩ ≤ ⟨f, u− w⟩.

Combining this with (1.3.67), yields

⟨Au, u− w⟩ ≤ ⟨f, u− w⟩

or equivalently,

⟨Au− f, u− w⟩ ≤ 0.

Since w is arbitrary in K, we conclude that u is a solution of (1.3.59).

Now we assume that A satisfies condition (S)+. Then from (1.3.66), we

have

lim sup
k→∞

⟨Aunk − Au, unk − u⟩ ≤ lim sup
k→∞

⟨Aunk, unk − u⟩

+ lim sup
k→∞

⟨−Au, unk − u⟩ ≤ 0.

This implies that ∥unk − u∥ → 0 as k → ∞.

(iii). Take any subsequence (umk
) of (un) such that umk

⇀ u0. Then by

the same argument as in the proof of (ii), we can show that umk
→ u0

strongly and u0 is a solution of (1.3.59). Since (1.3.59) has a unique

solution, we have u0 = u. Then by contradiction argument, we can show

that ∥un − u∥ → 0 when n→ ∞.
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Remark 1.3.37. The conclusion of the theorem is still valid for the case

where A : X → X∗ is monotone and hemicontinuous without the bound-

edness assumption of A. In fact, the hemicontinuous and monotone op-

erators are pseudomonotone operators (see [238, Proposition 27.6]). The

monotonicity of A implies that A is locally bounded (see [238, Propo-

sition 26.4]). Based on this fact and the standard argument as in the

proof of Theorem 1.3.40, we can show that (Aun) is bounded and the

conclusion is obtained.

From Theorem 1.3.36, we see that the condition (S)+ plays an impor-

tant role for strong convergence of the sequence (un) which are solutions

of the Galerkin variational inequalities. However, it is not easy for opera-

tors satisfying condition (S)+ even for monotone operators. To surmount

this weakness, we need to regularize monotone operators by adding with

the normalized duality mapping Jp which satisfies condition (S)+.

Recall that the Banach space (X, ∥ · ∥) is said to be a a locally uni-

formly convex space, if for any ϵ > 0 and x ∈ X with ∥x∥ = 1, there

exists δ(ϵ, x) > 0 such that[
y ∈ X, ∥y∥ ≤ 1 and ∥x− y∥ > ϵ

]
⇒ ∥x+ y

2
∥ < 1− δ(ϵ, x).

It is clear that if X is locally uniformly convex, then X is strictly convex.

Lemma 1.3.38. Suppose X is a reflexive Banach space. Then there

exists an equivalent norm such that X and X∗ are locally convex and

with respect to new norms on X and X∗ the following assertions are

valid:

(i) Jp : X → X∗ is single-valued and continuous in the strong topologies.

(ii) For p ≥ 2, Jp is strictly monotone, that is,

⟨Jp(x)− Jp(y), x− y⟩ > 0 for x ̸= y.

(iii) Jp satisfies condition (S)+, that is, if un ⇀ u and

lim sup
n→∞

⟨Jpun − Jpu, un − u⟩ ≤ 0

then ∥un − u∥ → 0.

Proof. By the renorming theorem, there exists an equivalent norm such

that X and X∗ are locally convex (see [238, Proposition 32.23]). By

passing to the equivalent norm, we can assume that (X, ∥·∥) and (X∗, ∥·
∥∗) are locally uniformly convex. It remains to prove (i), (ii) and (iii).

92



(i) We first show that Jp is a single-valued mapping. If x = 0, then

Jp(0) = {0}. Let x ̸= 0 and x∗1, x
∗
2 ∈ Jp(x). Then ∥x∗1∥∗ = ∥x∗2∥∗ =

∥x∥p−1 and

2∥x∗1∥∗∥x∥ = 2∥x∥p = ⟨x∗1 + x∗2, x⟩ ≤ ∥x∗1 + x∗2∥∗∥x∥.

This implies that 2∥x∗1∥∗ ≤ ∥x∗1+x∗2∥. Hence ∥x∗1∥∗+∥x∗2∥∗ ≤ ∥x∗1+x∗2∥∗.
Consequently, ∥x∗1∥∗ + ∥x∗2∥∗ = ∥x∗1 + x∗2∥∗. Since X∗ is strictly convex,

[17, Proposition 1.103] implies that x∗1 = tx∗2 for some t ≥ 0. Since

∥x∗1∥∗ = ∥x∗2∥∗, we get t = 1 and so x∗1 = x∗2. Hence Jp(x) is singleton.

We now assume that xn → x strongly. Then xn ⇀ x and ∥Jpxn∥ =

∥xn∥p−1 → ∥x∥p−1. Hence (Jpxn) is bounded. Since X
∗ is reflexive, there

is a subsequence (Jp(xnk)) such that Jpxnk ⇀ x∗ ∈ X∗ weakly star. For

all y ∈ X, we have

⟨x∗, y⟩ = lim
k→∞

⟨Jpxnk, y⟩ ≤ lim
k→∞

∥xnk∥p−1∥y∥ ≤ ∥x∥p−1∥y∥.

Moreover,

⟨x∗, x⟩ = lim
k→∞

⟨Jpxnk, xnk⟩ = lim
k→∞

∥xnk∥p = ∥x∥p.

Hence x∗ = Jpx. By the same argument, we see that if (Jpxmk
) is any

subsequence such that Jpxmk

∗−→ x∗1, then x
∗
1 = Jpx. Hence we conclude

that Jpxn
∗−→ Jpx. Since ∥Jpxn∥ → ∥Jpx∥ and X∗ is locally uniform

convex, we have Jpxn → Jpx strongly. Hence Jp is continuous.

(ii) To prove the assertion, we shall use the following inequality (see

Lemma 1.1.17):

ap + bp − ap−1b− abp−1 ≥ |a− b|p ∀a, b ≥ 0, p ≥ 2. (1.3.68)

Taking any x, y ∈ X, using (1.3.68), we have

⟨Jpx− Jpy, x− y⟩ = ⟨Jpx, x⟩+ ⟨Jpy, y⟩ − ⟨Jpx, y⟩ − ⟨Jpy, x⟩
≥ ∥x∥p + ∥y∥p − ∥x∥p−1∥y∥ − ∥y∥p−1∥x∥
≥ |∥x∥ − ∥y∥|p ≥ 0.

Let us assume that

⟨Jpx− Jpy, x− y⟩ = 0.

Then

0 = ⟨Jpx− Jpy, x− y⟩

= ⟨Jpx− Jp(
x+ y

2
),
x− y

2
⟨+⟨Jp(

x+ y

2
)− Jpy,

x− y

2
⟩

≥
∣∣∥x∥ − ∥x+ y

2
∥
∣∣p + ∣∣∥x+ y

2
∥ − ∥y∥

∣∣p.
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This implies that

∥x∥ = ∥y∥ = ∥x+ y

2
∥.

Since X is strictly convex, we have x = y. Hence Jp is strictly monotone.

(iii) Assume that lim supn→∞⟨Jpun − Jpu, un − u⟩ = 0. Then from

⟨Jpun − Jpu, un − u⟩ ≥
∣∣∥un∥ − ∥u∥

∣∣p,
we have ∥un∥ → ∥u∥. On the other hand

⟨Jpun − Jpu, un − u⟩ = ∥un∥p + ∥u∥p − ⟨Jpun, u⟩ − ⟨Jpu, un⟩
= ∥un∥p + ∥u∥p − ∥un∥p−1∥u∥ − ∥u∥p−1∥un∥
+ [∥un∥p−1∥u∥ − ⟨Jpun, u⟩] + [∥u∥p−1∥un∥ − ⟨Jpu, un⟩]
≥
∣∣∥un∥ − ∥u∥

∣∣p + [∥un∥p−1∥u∥ − ⟨Jpun, u⟩] + [∥u∥p−1∥un∥ − ⟨Jpu, un⟩].

Since each term on the right hand side is nonnegative, we conclude that

lim
n→∞

⟨Jpu, un⟩ = ∥u∥p.

Since X is reflexive, there is a susequence unk such that unk ⇀ v. We

claim that v = u. In fact, we have

∥u∥p = lim
n→∞

⟨Jpu, un⟩ = ⟨Jpu, v⟩.

This implies that ∥u∥ ≤ ∥v∥. On the other hand, ∥v∥ ≤ lim infk→∞ ∥unk∥ =

∥u∥. Hence ∥u∥ = ∥v∥. Since

∥u∥p = ⟨Jpu, v⟩ = ⟨Jpu, u⟩,

we have

2∥u∥p = ⟨Jpu, u+ v⟩ ≤ ∥u∥p−1∥u+ v∥.
Hence, ∥u∥ + ∥v∥ = 2∥u∥ = ∥u + v∥. Since X is strictly convex, [17,

Proposition 1.103] implies that u = v. Thus we have shown that unk ⇀ u

and ∥unk∥ → ∥u∥. Since X is locally convex, we must have unk → u

strongly. Now, by the same argument, we can show that if {umk
} is

any subsequence such that umk
⇀ v′, then v′ = u and umk

→ u. By a

contrary argument, we can prove that the total sequence (un) converges

strongly to u as n→ ∞, that is, ∥un − u∥ → 0 as n→ ∞.

Remark 1.3.39. In the case of Hilbert space H, we can take p = 2.

Then J2u = u for all u ∈ H. Although, the duality mapping J2 is

often used for regularization, the normalized duality mapping Jp is more

suitable than J in some Banach spaces like Lp(Ω),W 1,p(Ω) with p > 1.
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From Lemma 1.3.38, we can assume that (X, ∥ · ∥) and (X∗, ∥ · ∥∗) are
locally uniformly convex Banach space so that Jp has properties (i), (ii)

and (iii) of the lemma.

For each ϵ > 0, we consider the following regularized variational in-

equality:

Find u ∈ K : ⟨Au− f + ϵJpu, v − u⟩ ≥ 0 ∀v ∈ K. (1.3.69)

Here Jp is the normalized duality mapping with p ≥ 2. Together with

(1.3.69), we consider the Galerkin variational inequalities:

Find un ∈ K ∩Xn : ⟨Aun − f + ϵJpun, v − u⟩ ≥ 0 ∀v ∈ K ∩Xn.

(1.3.70)

We now have the following result for the regularized variational in-

equality (1.3.69).

Theorem 1.3.40. Suppose X is separable and reflexive, K is a closed

convex set in X, A : X → X∗ is a monotone and hemicontinuous.

Assume that A satisfies coercive condition (1.3.58) or K is bounded.

Then the following assertions are fulfilled:

(i) For each n, the Galerkin variational inequality (1.3.70) has a unique

solution un ∈ Xn and the sequence (un) is bounded.

(ii) The sequence (un) converges strongly to u = uϵ which is a unique

solution of (1.3.69).

(iii) Let ϵ = ϵm → 0+ and um is a solution of (1.3.69) corresponding to

ϵm. Then there exists a subsequence (umk
) which converges strongly to a

solution ū of variational inequality (1.3.59). If A is strictly monotone,

then the total sequence um converges strongly to ū.

Proof. We shall prove the theorem under assumption that A satisfies

coercive condition. Without loss of generality, we may assume that w0 =

0 ∈ K. Define A′u = Au+ ϵJpu and F ′u = A′u− f for u ∈ K. We want

to apply Theorem 1.3.36 for V I(F ′, K).

Since A is monotone and hemicontinuous, A is psedomonotone (see

[238, Proposition 27.6]). Since Jp is demicontinuous and satisfies (S)+, Jp
is pseudomonotone. Consequently, A′ = A + ϵJp is pseudomontone and

satisfies (S)+. Moreover, A′ is strictly monotone. Since A is coercive,

for a fixed number H > ∥A0 − f∥∗, there exits R > 0 such that for if

u ∈ K and ∥u∥ ≥ R, then

⟨(Au− f)− (A0− f), u⟩
∥u∥

≥ H.
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This implies that

⟨(Au− f)− (A0− f), u− 0⟩ > (H − ∥A0− f∥∗)∥u∥ > 0 for ∥u∥ ≥ R.

It follows that

⟨(Au− f + ϵJpu)− (A0− f + ϵJp0), u⟩ > 0 for ∥u∥ ≥ R.

This is because ϵ⟨Jpw − Jp0, w − 0⟩ = ϵ∥w∥p ≥ 0. Thus we have shown

that

⟨F ′u− F ′0, w − 0⟩ > 0 for ∥u∥ ≥ R, (1.3.71)

where R is independent of ϵ. By the same argument as in the proof of (i)

of Theorem 1.3.36, we can show that (1.3.70) has a solution un ∈ Xn∩K.

Since A′ is strictly monotone, un is unique.

Let us now show that (A′un) is bounded. In fact, since A is monotone,

it is locally bounded (see Proposition 24.6 in [238]). Hence there is r > 0

such that the set A(BX(0, r)) is bounded. Hence, there are numbers

r > 0 and γ > 0 such that

∥Au∥ ≤ γ ∀∥u∥ ≤ r.

Inserting y = 0 into the regularized Galerkin inequality (1.3.70), we have

⟨Aun + ϵmJpun, un⟩ ≤ ⟨f, un⟩.

Hence

⟨Aun, un⟩+ ϵm∥un∥p ≤ ∥f∥∗∥un∥ ≤ ∥f∥∗R.
By monotonicity of A, we get for ∥v∥ ≤ r that

⟨Aun, v⟩ ≤ ⟨Aun, un⟩ − ⟨Av, un − v⟩
≤ ∥f∥∗R + ∥Av∥∗(∥un∥+ ∥v∥)
≤ ∥f∥∗R + γ(R + r).

This implies that

|⟨Aun, v⟩| ≤ ∥f∥∗R + γ(R + r) for ∥v∥ ≤ r.

It follows that

∥Aun∥∗ = sup
∥v∥=r

1

r
|⟨Aun, v⟩| ≤

1

r
(∥f∥∗R + γ(R + r)) := ϱ.

Hence

∥A′un∥∗ ≤ ∥Aun∥∗ + ϵ∥Jpun∥∗ ≤ ϱ+ ϵRp−1.
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By (ii) and (iii) of Theorem 1.3.36, we conclude that un → u = uϵ which

is a unique solution of (1.3.69). Hence assertions (i) and (ii) are proved.

It remains to prove (iii).

Let um is a solution of (1.3.69) corresponding to ϵm. From (1.3.71),

we see that ∥um∥ ≤ R for all m ≥ 1. By the reflexivity of X, there is

a subsequence umk
such that umk

⇀ ū for some ū ∈ K ∩ BX(0, R). Let

us show that ū is a solution of (1.3.59). By the monotonicity of F ′, we

have for any w ∈ K that

⟨Aw − f + ϵmk
Jpw, umk

− w⟩ ≤ ⟨Aumk
− f + ϵmk

Jpumk
, umk

− w⟩ ≤ 0.

Hence

⟨Aw − f, ū− w⟩ = lim sup
k→∞

⟨Aw − f + ϵmk
Jpw, umk

− w⟩ ≤ 0.

The Minty lemma (see [139, Lemma 1.5]) gives

⟨Aū− f, ū− w⟩ ≤ 0 w ∈ K. (1.3.72)

Hence ū is a solution of (1.3.59). Since umk
is a solution of (1.3.69)

corresponding to ϵmk
, we have

⟨Aumk
− f + ϵmk

Jpumk
, umk

− w⟩ ≤ 0 ∀w ∈ K. (1.3.73)

Inserting w = umk
and w = ū into (1.3.72) and (1.3.73), respectively, we

get

⟨Aū− f, ū− umk
⟩ ≤ 0,

⟨Aumk
− f + ϵmk

Jpumk
, umk

− ū⟩ ≤ 0.

Adding these inequalities, yields

⟨Aumk
− Aū+ ϵmk

Jpumk
, umk

− ū⟩ ≤ 0.

The monotonicity of A implies that

ϵmk
⟨Jpumk

, umk
− ū⟩ ≤ 0.

It follows that

⟨Jpumk
− Jpū, umk

− ū⟩ ≤ −⟨Jpū, umk
− ū⟩.

Passing to the limit, we get

lim sup
k→∞

⟨Jpumk
− Jpū, umk

− ū⟩ ≤ 0.
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Using (iii) of Lemma 1.3.38, we conclude that ∥umk
− ū∥ → 0 as k → ∞.

If A is strictly monotone then ū is unique. By the same argument, we

can show that if uik is any subsequence so that uik ⇀ v̄, then v̄ = ū and

∥uik − v̄∥ → 0. In this case, by a contrary argument, we can show that

∥um − ū∥ → 0 as m→ ∞. The proof of the theorem is complete.

When K = X, we obtain from Theorem 1.3.36 and Remark 1.3.37

the following result.

Corollary 1.3.41. (C.f. [238, Theorem 26.A]) Suppose X is separable

and reflexive, A : X → X∗ is a monotone, hemicontinuous and coercive

operator. Assume that {w1, ..., wn, ...} is a basis in X. Then the following

assertions are fulfilled:

(i) For each n, the Galerkin equation (1.3.62) has a solution un ∈ Xn

and the sequence (un) is bounded.

(ii) There exists a subsequence (unk) which converges weakly to a solution

u of (1.3.60).

(iii) If A is strictly monotone and satisfies condition (S)+, then the total

sequence (un) converges strongly to a unique solution u.

When X = H is a separable Hilbert space we can take p = 2 and

J2x = x. In this case the regularized variational inequality becomes

Find u = uϵ ∈ K : ⟨Au− f + ϵu, v − u⟩ ≥ 0 ∀v ∈ K (1.3.74)

and the Galerkin variational inequalities has the form:

Find un ∈ Xn ∩K : ⟨Aun − f + ϵun, y − un⟩ ≥ 0 ∀y ∈ Xn ∩K,n = 1, 2, ...

(1.3.75)

Then from Theorem 1.3.40, we obtain

Corollary 1.3.42. Suppose H is separable Hilbert space, K is a closed

convex set in H, A : H → H∗ is a monotone and hemicontinuous oper-

ator. Assume A satisfies coercive condition or K is bounded. Then the

following assertions are fulfilled:

(i) For each n, the Galerkin variational inequality (1.3.75) has a unique

solution un ∈ Xn and the sequence (un) is bounded.

(ii) The sequence (un) converges strongly to the unique solution u = uϵ
of (1.3.74).

(iii) Let ϵ = ϵm → 0+ and um is a solution of (1.3.74) corresponding

to ϵm. Then there exists a subsequence (umk
) which converges strongly
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to a solution ū of variational inequality (1.3.59). If A is strictly mono-

tone, then ū is the unique solution and the total sequence (um) converges

strongly to ū.

Let us present an application of the obtained results for obstacle prob-

lem.

Let Ω be a open bounded set in RN with smooth boundary, X =

W 1,p
0 (Ω) be a Sobolev space with p ≥ 2 and

Kψ = {u ∈ X : u(x) ≥ ψ(x) a.e. x ∈ Ω},

where ψ ∈ W 1,p
0 (Ω) ∩ L∞(Ω). Let F : K → X∗ be a quasi-linear elliptic

operator which is defined by

Fu =
N∑
i=1

Di(|Diu|p−2Diu) + g(u)− f,

where

⟨Fu, v⟩ :=
∫
Ω

[ N∑
i=1

(|Diu(x)|p−2Diu(x))Div(x)+g(u(x))v(x)−f(x)v(x)
]
dx

for v ∈ W 1,p
0 (Ω). Here f ∈ Lq(Ω) with 1/p + 1/q = 1 and g : R → R is

continuous, nondecreasing and satisfies the following growth condition:

|g(u)| ≤ C(1 + |u|r−1) (1.3.76)

for some constant C > 0 and 1
r ≤

1
p −

1
N whenever 2 ≤ p < N ,

|g(u)| ≤ C(1 + |u|p−1) (1.3.77)

whenever p = N and

|g(u)| ≤ C(1 + |u|α0) (1.3.78)

for some C > 0 and α0 ≥ 0 whenever p > N .

We consider the following obstacle problem:

Find u ∈ Kψ : ⟨Fu, v − u⟩ ≥ 0 ∀v ∈ Kψ (1.3.79)

and the Galerkin variational inequalities:

Find un ∈ Xn ∩Kψ : ⟨Fun, v − un⟩ ≥ 0 ∀v ∈ Xn ∩Kψ. (1.3.80)

Lemma 1.3.43. Under assumptions of g, the operator F is uniformly

monotone, coercive and hemicontinuous on W 1,p
0 (Ω).
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Proof. We use the following facts: there is α > 0 such that

(|a|p−2a− |b|p−2b)(a− b) ≥ α|a− b|p ∀a, b ∈ R, p ≥ 2. (1.3.81)

This inequality is equivalent to

|a|p + |b|p − |a|p−2ab− |b|p−2ab ≥ α|a− b|p.

If a, b ≥ 0, then the conclusion follows from (1.3.68) with α = 1. If

a ≤ 0 ≤ b, the we have

bp−1 + |a|p−1 ≥ 1

2p−2
(b+ |a|)p−1

Multiplying both sides by b+ |a|, we obtain the conclusion with α = 1
2p−2 .

Besides, the function φ(t) = tp is convex for x ≥ 0 and p ≥ 2. Hence we

have
1

N
(tp1 + tp2 + · · · tpN) ≥ (

t1 + t2 + · · ·+ tN
N

)p (1.3.82)

for all ti ≥ 0 with i = 1, 2, ..., N and p ≥ 2.

Using (1.3.81) and (1.3.82), we have for all u,w ∈ W 1,p
0 (Ω) that

⟨Fu− Fw, u− w⟩ =∫
Ω

[ N∑
i=1

(|Diu(x)|p−2Diu(x)− |Diw(x)|p−2Diw(x))(Diu(x)−Diw(x))
]
dx

+

∫
Ω
[(g(u(x))− g(w(x))][u(x)− w(x)]dx

≥ α

∫
Ω

N∑
i=1

|Diu(x)−Diw(x)|p + 0

≥ αNp−1

∫
Ω
|∇u(x)−∇w(x)|pdx = αNp−1∥∇u−∇w∥pp.

Using the Poincaré inequality (see [31, Corollary 9.19]), we obtain

⟨Fu− Fw, u− w⟩ ≥ αNp−1∥∇u−∇w∥pp ≥ β∥u− w∥p1,p
for some constant β > 0. This implies that F is uniform monotone and

satisfies coercive condition. It remains to show that F is hemicontinuous.

For this, we fix any u, v, w ∈ X and consider the function

ϕ(t) = ⟨F (u+ tv), w⟩ =∫
Ω

[ N∑
i=1

(
|Di(u(x) + tv(x))|p−2Di(u(x) + tv(x))Diw(x)

)
dx
]
dx

+

∫
Ω
g(u(x) + tv(x))w(x)dx
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with t ∈ [0, 1]. If tn ∈ [0, 1] and tn → t0 ∈ [0, 1], then we have

|Di(u(x) + tnv(x))|p−2Di(u(x) + tnv(x))Diw(x) →
|Di(u(x) + t0v(x))|p−2Di(u(x) + t0v(x))Diw(x) a.e.

On the other hand

|Di(u(x) + tnv(x))|p−2|Di(u(x) + tnv(x))Diw(x)| ≤
(|Diu(x)|+ |Div(x)|)p−2(|Diu(x)|+ |Div(x)|)|Diw(x)|

and the term on the right hand side belongs to L1(Ω). The dominated

convergence theorem implies that∫
Ω

[ N∑
i=1

(
|Di(u(x) + tnv(x))|p−2Di(u(x) + tnv(x))Diw(x)

)
dx

converges to∫
Ω

[ N∑
i=1

(
|Di(u(x) + t0v(x))|p−2Di(u(x) + t0v(x))Diw(x)

)
dx.

Also, we have

g(u(x) + tnv(x))w(x) → g(u(x) + t0v(x))w(x) a.e.

We consider the case p < N . The other cases are processed analogously.

By (1.3.76), we have

|g(u(x) + tnv(x))w(x)| ≤ C(1 + |u(x)|+ |v(x)|)r−1|w(x)|. (1.3.83)

By the embedding theorem (see [31, Corollary 9.14]), we have u, v, w ∈
Lr(Ω). Hence the term on the right hand side of (1.3.83) belongs to

L1(Ω). Using the dominated convergence theorem, we have∫
Ω
g(u(x) + tnv(x))w(x)dx→

∫
Ω
g(u(x) + t0v(x))w(x)dx.

In summary, we have show that ϕ(tn) → ϕ(t0) as n→ ∞. Hence ϕ(t) is

continuous on [0, 1] and so F is hemicontinuous on X.

Proposition 1.3.44. For each n, the Galerkin variational inequality

(1.3.80) has a unique solution un and (un) converges strongly to the

unique solution ū ∈ Kψ of the obstacle problem (1.3.79).

Proof. By Lemma 1.3.43, F is uniformly monotone, coercive and hemi-

continuous on X. The conclusion follows from Theorem 1.3.36 and Re-

mark 1.3.37.
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Chapter 2

SOME RESULTS IN VARIATIONAL ANALYSIS AND

VECTOR OPTIMIZATION

This chapter presents some facts on variational analysis. Its content

is based on our published papers [129], [132] and [2].

2.1 Tangent sets, metric regularity and constraint

qualification conditions

2.1.1 Tangent sets and subdifferential

In the sequel, Z and E are assumed to be Banach spaces with the

dual spaces are Z∗ and E∗, respectively. Let T is a metric space. Let

At ⊂ Z, t ∈ T be a family of subsets of Z. The Kuratowski limsup and

liminf of At at t0 are closed sets given by

lim sup
t→t0

At = {v ∈ Z| lim inf
t→t0

d(v,At) = 0},

lim inf
t→t0

At = {v ∈ Z| lim
t→t0

d(v, At) = 0}.

Given a closed set C in Z and a point z ∈ C the sets

T c(C, z) = lim inf
t→0+

z′
C−→z

C − z′

t

= {h ∈ Z|∀tn → 0+,∀zn → z,∃hn → h, zn + tnhn ∈ C},

T ♭(C, z) = lim inf
t→0+

C − z

t
= {h ∈ Z|∀tn → 0+,∃hn → h, z + tnhn ∈ C}

and

T (C, z) = lim sup
t→0+

C − z

t
= {h ∈ Z|∃tn → 0+,∃hn → h, z + tnhn ∈ C}

are called the Clarke tangent cone, the adjacent tangent cone and the

contingent cone to C at z, respectively. It is noted that these cones are
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closed and T c(C, z) is convex. Besides we have the inclusion

T c(C, z) ⊂ T ♭(C, z) ⊂ T (C, z).

Given a convex set D in Z and z ∈ D, we define

D(z) = cone(D − z) = {λ(d− z)|d ∈ D,λ > 0}.

It is well known that when C is convex then

T c(C, z) = T ♭(C, z) = T (C, z) = cone(C − z).

Given a point z ∈ C and v ∈ Z, the set

T ♭2(C, z, v) = lim inf
t→0+

C − z − tv

t2/2

= {w|∀tn → 0+,∃wn → w, z + tnv +
t2n
2
wn ∈ C}

is called the inner second-order tangent set to C at z in the direction

v ∈ Z. The set

T 2(C, z, v) = lim sup
t→0+

C − z − tv

t2/2

= {w|∃tn → 0+,∃wn → w, z + tnv +
t2n
2
wn ∈ C}

is called the outer second-order tangent set to C at z in the direction

v ∈ Z. Obviously, we have

T 2♭(C, z, v) ⊂ T 2(C, z, v), T 2♭(C, z, 0) = T ♭(C, z), T 2(C, z, 0) = T (C, z).

Note that T 2♭(C, z, v) is convex whenever C is convex. However, T 2(C, z, v)

may not be convex even C is convex. The concepts on tangent sets can

be found in [11], [26] and [84].

Definition 2.1.1. Let C be a closed subset in Z and let z0 ∈ C. The

normal cone to C at z0 is denoted by Nco(C; z0) and defined by

Nco(C; z0) = {z∗ ∈ Z∗ : ⟨z∗, h⟩ ≤ 0 ∀h ∈ T (C, z0)}.

From the definition we see that, when C is convex then Nco(C; z0)

coincides with the normal cone of C at z0 in the sense of convex analysis

because T (C, z0) = ¯cone(C − z0). Precisely, we have

Nco(C; z0) = N(C, z0) = {z∗ ∈ Z∗ | ⟨z∗, z − z0⟩ ≤ 0 ∀z ∈ C}.
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Given an extended real function f : Z → (−∞,+∞], we define

dom(f) = {z ∈ Z|f(z) < +∞}

and

epi(f) = {(z, α) ∈ Z × R|f(z) ≤ α}.

Definition 2.1.2. Let f be an extended-real function on Z and x0 ∈
dom(f). The subdifferential of f at x0 is denoted by ∂cof(x0) and defined

by

∂cof(x0) = {x∗ ∈ Z∗|(x∗,−1) ∈ Nco(epi(f); (x0, f(x0)))}.

Proposition 2.1.3. Let f : Z → (−∞,+∞] be an extended-real func-

tion. If z0 is a local minimum of f, then

0 ∈ ∂cof(z0).

Proof. Suppose that the conclusion of the proposition is false. Then we

get

(0;−1) /∈ Nco(epi(f), (z0, f(z0))).

It follows that there exists (h, α) ∈ T (epi(f), (z0, f(z0))) such that

⟨(0,−1), (h, α)⟩ > 0.

Hence α < 0. By definition of contingent cone, there exist sequences

tn → 0+ and (hn, αn) → (h, α) such that

(z0, f(z0)) + tn(hn, αn) ∈ epi(f) ∀n ≥ 1,

or equivalently

f(z0 + tnhn) ≤ f(z0) + tnαn.

Since αn → α and α < 0, we have f(z0 + tnhn) < f(z0) for n large

enough, a contradiction. The proof is complete.

In an independence with Penot (see [185, Proposition 4.3]), we showed

that

Proposition 2.1.4. Let f be an extend-real function on a Banach space

Z and z0 ∈ dom(f). Then

z∗ ∈ ∂cof(z0) iff ⟨z∗, h⟩ ≤ f co(z0, h), ∀h ∈ Z,

where

f co(z0, h) := lim inf
h′→h
t→0+

f(z0 + th
′
)− f(z0)

t
.
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Remark 2.1.5. It is note that if f is Lipschitz near z0, then

f co(z0, h) = lim inf
t→0+

f(z0 + th)− f(z0)

t
. (2.1.1)

Indeed, we have

f co(z0, h) ≤ lim inf
t→0+

f(z0 + th)− f(z0)

t
.

Since f is Lipschitz, there exist a neighborhood U of z0 and K > 0 such

that

|f(x)− f(y)| ≤ K∥x− y∥ for all x, y ∈ U,

we have

f co(z0, h) ≥ lim inf
h
′→h
t→0+

{f(z0 + th)− f(z0)

t
−K∥h′ − h∥

}
= lim inf

t→0+

f(z0 + th)− f(z0)

t
.

Hence (2.1.1) is obtained.

Example 2.1.6. Let f : R2 → R be a function defined by

f(x1, x2) = x31 + |x2|.

Then

∂cof(0, 0) = {0} × [−1, 1].

In fact, it is clear that f is a nonconvex and nonsmooth function. For

any h = (h1, h2) ∈ R2, we get

f co((0, 0), h) = lim
h
′→h
t→0+

f(th′1, th
′
2)

t
= lim

h
′→h
t→0+

t3h′31 + t|h′2|
t

= |h2|.

From this and Proposition 2.1.4 we see that (x∗1, x
∗
2) ∈ ∂cof(0, 0) iff

x∗1h1 + x∗2h2 ≤ |h2| for all h1, h2 ∈ R.

This is equivalent to x∗1 = 0 and x∗2 ∈ [−1, 1]. Hence ∂cof(0, 0) = {0} ×
[−1, 1].

It turns out that when f is convex then ∂cof(z) is the subdifferential

of f at z in the sense of convex analysis.
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Proposition 2.1.7. If f is a proper convex function and z0 ∈ dom(f)

then

∂cof(z0) = ∂f(z0),

where

∂f(z0) := {z∗ ∈ Z∗ : f(z)− f(z0) ≥ ⟨z∗, z − z0⟩ ∀z ∈ Z}.

Proposition 2.1.8. Let C be a closed set in Z and x0 ∈ C. Then

∂coχC(x0) = Nco(C;x0).

Proof. For any x∗ ∈ ∂coχC(x0). By Proposition 2.1.4, we have

⟨x∗, h⟩ ≤ lim inf
h′→h
t→0+

χC(x0 + th
′
)

t
for all h ∈ Z.

Hence for all h ∈ T (C, x0), we get ⟨x∗, h⟩ ≤ 0. Consequently, x∗ ∈
Nco(C;x0) and so ∂coχC(x0) ⊂ Nco(C;x0). Conversely, we take any x∗ ∈
Nco(C;x0). We shall show that

⟨x∗, h⟩ ≤ lim inf
h′→h
t→0+

χC(x0 + th
′
)

t
for all h ∈ Z. (2.1.2)

Indeed, if h ∈ T (C, x0) then the inequality (2.1.2) holds. If h /∈ T (C, x0),

then the right hand side of (2.1.2) is equal to +∞. Otherwise, α :=

lim infh′→h
t→0+

χC(x0+th
′
)

t < +∞. Then there exist sequences tn → 0+ and

hn → h such that

|χC(x0 + tnhn)| ≤ tn(α + 1) < +∞ for all n ≥ 1.

It follows that x0 + tnhn ∈ C for all n ≥ 1. Consequently, h ∈ T (C, x0),

which is impossible. Hence α = lim infh′→h
t→0+

χC(x0+th
′
)

t = +∞, so (2.1.2) is

satisfied. Thus we have shown that Nco(C;x0) ⊂ ∂coχC(x0). The proof

is complete.

The following result helps us to calculate the subdifferential of the

sum of two functions.

Proposition 2.1.9. Let f and g be two extended-real functions on Z

and let x0 ∈ dom(f) ∩ dom(g). Assume that f is Gâteaux differentiable

at x0. Then the following inclusion holds

∂co(f + g)(x0) = ∇f(x0) + ∂cog(x0). (2.1.3)
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Proof. The inclusion (⊃) is obvious. Take any x∗ ∈ ∂co(f +g)(x0). Then

for all h ∈ Z, we have

⟨x∗, h⟩ ≤ lim inf
h
′→h
t→0+

f(x0 + th
′
)− f(x0) + g(x0 + th

′
)− g(x0)

t

= lim inf
h
′→h
t→0+

[
∇f(x0)h

′
+
o(t)

t
+
g(x0 + th

′
)− g(x0)

t

]

= ∇f(x0)h+ lim inf
h
′→h
t→0+

g(x0 + th
′
)− g(x0)

t

= ∇f(x0)h+ gco(x0, h).

This implies that x∗ −∇f(x0) ∈ ∂cog(x0). The proof is complete.

The following result gives us necessary conditions for programming

problems.

Theorem 2.1.10. Suppose that M is a nonempty closed set in Z, f is

an extended-real function on Z and z0 ∈ dom(f) such that f is Gateaux

differentiable at z0. If z0 is a local optimum solution of the problem{
f(z) → inf

z ∈M
(2.1.4)

then 0 ∈ ∇f(z0) +Nco(M, z0).

Proof. Obviously, z0 is a local optimum solution of the problem

f(z) + χM(z),

where χM is the indicator function of M . By Proposition 2.1.3 we have

0 ∈ ∂co(f + χM)(z0). By Proposition 2.1.9 we have 0 ∈ ∇f(z0) +
Nco(M, z0).

2.1.2 Metric regularity and constraint qualification conditions

Given a multifunction Φ : Z ⇒ E, the set

Gr(Φ) = {(z, v) ∈ Z × E|v ∈ Φ(z)}

is called the graph of Φ. Its inverse multifunction Φ−1 : E ⇒ Z is defined

by

Φ−1(v) = {z ∈ Z|v ∈ Φ(z)}.
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Definition 2.1.11. A multifunction Φ is said to be metrically regular

around (z0, v0) ∈ Gr(Φ) if there exist positive numbers ϵ1, ϵ2 and k such

that

d(z,Φ−1(v)) ≤ kd(v,Φ(z))

for all z ∈ B(z0, ϵ1) and v ∈ B(v0, ϵ2).

It is well known that the metric regularity of Φ around (z0, v0) is

equivalent to openness of Φ around (z0, v0). For this we can see in Penot

[185] and Frankowska [84].

Let F : Z → E be single-valued mapping and D ⊂ E be a nonempty

and closed convex set. Define

M = F−1(D) = {z ∈ Z : F (z) ∈ D} = {z ∈ Z : 0 ∈ D−F (z)}. (2.1.5)

The set M plays a role as a constraint set in optimization problems. To

derive optimality conditions, we need to compute T (M, z0) and T
2(M, z0, d).

However, it is not easy to find formulae for T (M, z0) and T
2(M, z0, d). In

the sequel, we shall show that under constraint qualification conditions,

some explicit formulae for T (M, z0) and T
2(M, z0, d) can be obtained.

Definition 2.1.12. We say that Robinson’s constraint qualification (RCQ)

holds at a point z0 ∈ F−1(D) with respect to the mapping F and the set

D, if the following condition is satisfied:

0 ∈ int
[
∇F (z0)(BZ)− (D − F (z0)) ∩BE

]
. (2.1.6)

The Robinson constraint qualification play an important role in the

stability of nonlinear constrained systems and optimality conditions of

KKT-type.

Let us define a mapping FD : Z ⇒ E by

FD(z) = −F (z) +D. (2.1.7)

The following theorem gives sufficient conditions under which FD is met-

rically regular. Its proof can be found in [113, Proposition 3.2] and [26,

Proposition 2.89].

Theorem 2.1.13. Suppose that z0 ∈ F−1(D), ∇F is continuous at z0
and the Robinson constraint qualification is valid at z0. Then FD is

metrically regular around (z0, 0) ∈ Gr(FD), that is, there exist positive

numbers ϵ1, ϵ2 and k such that

dist(z, F−1(D − v)) ≤ kdist(v + F (z), D) (2.1.8)

for all z ∈ BZ(z0, ϵ1) and v ∈ BE(0, ϵ2).
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The following result gives formulae of T (M, z0) and T
2(M, z0, d).

Theorem 2.1.14. (Cf. [26, Proposition 3.33]) Suppose that z0 ∈M , F

is of class C2 around z0 and RCQ is satisfied at z0. Then the following

formulas are valid:

(i) T ♭
(
F−1(D), z0

)
= T ♭(∇F (z0)−1[T ♭(D,F (z0))].

(ii) T 2♭
(
F−1(D), z0, v

)
= ∇F (z0)−1

(
T 2♭(D,F (z0),∇F (z0)v)−∇2F (z0)vv

)
.

Proof. Obviously, (i) is a particular case of (ii) when v = 0. Hence it is

sufficient to prove (ii). Take any w ∈ T 2♭
(
F−1(D), z0, v

)
. By definition,

for any sequence tn → 0+, there exists wn → w such that

z0 + tnv +
t2n
2
wn ∈ F−1(D).

It follows that

F (z0 + tnv +
t2n
2
wn) ∈ D.

By Taylor expansion, we have

F (z0 + tnv +
t2n
2
wn) =

F (z0) + tn∇F (z0)v +
t2n
2

[
(∇F (z0)wn +∇2F (z0)vv) +

o(t2n)

t2n/2

]
∈ D.

It follows that

∇F (z0)w +∇2F (z0)vv ∈ T 2♭(D,F (z0),∇F (z0)v)

or equivalently,

w ∈ ∇F (z0)−1
(
T 2♭(D,F (z0),∇F (z0)v)−∇2F (z0)vv

)
.

The inclusion (⊂) in (ii) is proved.

Conversely, suppose that w belongs to the right hand side of (ii).

Then for any sequence tn → 0+, there exists wn → w such that

d
(
F (z0) + tn∇F (z0)v +

t2n
2
(∇F (z0)w +∇2F (z0)vv), D

)
= o(t2n).

By Theorem 2.1.13, there exist positive numbers k and ϵ1 such that

d(z, F−1(D)) ≤ kd(F (z), D)

for all z ∈ BZ(z0, ϵ1). It follows that

d
(
z0 + tnv +

t2n
2
wn, F

−1(D)
)
≤ kd

(
F (z0 + tnv +

t2n
2
wn), D

)
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for n large enough. By Taylor expansion we have

F (z0 + tnv +
t2n
2
wn)

= F (z0) + tn∇F (z0)v +
t2n
2
(∇F (z0)wn +∇2F (z0)vv) + o(t2n)

= F (z0) + tn∇F (z0)v +
t2n
2

(
∇F (z0)w +∇2F (z0)vv

)
+
t2n
2

(
∇F (z0)wn −∇F (z0)w

)
+ o(t2n).

Hence

d
(
F (z0 + tnv +

t2n
2
wn), D

)
≤

d
(
F (z0) + tn∇F (z0)v +

t2n
2
(∇F (z0)w +∇2F (z0)vv), D

)
+

+ ∥t
2
n

2
(∇F (z0)wn −∇F (z0)w) + o(t2n)∥

≤ o(t2n) +
t2n
2
∥∇F (z0)(wn − w)∥+ o(t2n) = o(t2n).

Consequently, d
(
z0 + tnv +

t2n
2 wn, F

−1(D)
)
= o(t2n) and so

w ∈ T 2♭(F−1(D), z0, v).

The proof of the lemma is complete.

The following result is a primal form of necessary optimality condi-

tions.

Theorem 2.1.15. (Cf. [58, Theorem 4.1]) Suppose z0 ∈M = F−1(D) is

a local optimum solution of (2.1.4). Then the following assertions hold:

(i) ⟨∇f(z0), v⟩ ≥ 0 for all v ∈ T (M, z0).

(ii) If ⟨∇f(z0), v⟩ ≤ 0 then

∇f(z0)z +∇2f(z0)v
2 ≥ 0 for all z ∈ T 2(M, z0, v). (2.1.9)

Proof. Assertion (i) follows directly from Theorem 2.1.10. For assertion

(ii) we fix any z ∈ T 2(M, z0, v). Then there exists (tn, zn) → (0+, z) such

that

z0 + tnv +
t2n
2
zn ∈M for all n ≥ 1.

This implies that

f(z0 + tnv +
t2n
2
zn) ≥ f(z0) for all n ≥ 1.
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Using Taylor expansion, we get

∇f(z0)(tnv+
t2n
2
zn)+

1

2
∇2f(z0)(tnv+

t2n
2
zn)

2+ o(t2n) ≥ 0 for all n ≥ 1.

Since ∇f(z0)v ≤ 0, we see that

1

2
∇f(z0)zn +

1

2
∇2f(z0)(v +

tn
2
zn)

2 +
o(t2n)

t2n
≥ 0 for all n ≥ 1.

Letting n → +∞, we obtain ∇f(z0)z + ∇2f(z0)v
2 ≥ 0. The proof is

complete.

Remark 2.1.16. Since

T ♭(F−1(D), z0) ⊂ T (F−1(D), z0), and T
2♭(M, z0, v) ⊂ T 2(M, z0, v),

the conclusion of Theorem 2.1.15 is still valid when T (F−1(D), z0) and

T 2(M, z0, v) are replaced by T ♭(F−1(D), z0) and T 2♭(M, z0, v), respec-

tively.

Let H : Z → Y be a single-valued mapping and

A := {z ∈ Z : H(z) = 0}. (2.1.10)

To derive a dual form of optimality conditions, we need to compute

T (A, z) and T 2(A, z, v) for some z ∈ A and v ∈ Z. The following results

give us such formulae.

Lemma 2.1.17. Suppose that z0 ∈ A, ∇H(·) is continuous at z0 and

∇H(z0) is surjective. Then the following formulae are valid:

(i) T ♭(A, z0) = T (A, z0) = {v ∈ Z|H ′(z0)v = 0}.
(ii) If v ∈ T (A, z0) then

T 2♭(A, z0, v) = T 2(A, z0, v) = {w ∈ Z|H ′(z0)w +H ′′(z0)vv = 0}.

Proof. Obviously, (i) is a particular case of (ii) when v = 0. Hence, it

is sufficient to prove (ii). To prove, we shall use some techniques in the

proof of [177, Theorem 5].

Let w ∈ T 2♭(A, z0, v) and sequence tn → 0+. Then there exists a

sequence wn → w such that z0 + tnv +
t2n
2 wn ∈ A, that is,

H(z0 + tnv +
t2n
2
wn) = H(z0) = 0.
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It follows that

0 =
H(z0 + tnv +

t2n
2 wn)−H(z0 + tnv)

t2n/2
+
H(z0 + tnv)−H(z0)− tnH

′(z0)v

t2n/2
.

Letting n → +∞ we see that the first term converges to H ′(z0)w, the

second term converges to H ′′(z0)vv. Hence, H
′(z0)w + H ′′(z0)vv = 0.

Consequently,

T 2♭(A, z0) ⊂ {w|H ′(z0)w +H ′′(z0)vv = 0}.

Conversely, let w belong to the right hand side. Then for any sequence

tn → 0+ we have

−H ′(z0)w = H ′′(z0)vv = lim
n→∞

H(z0 + tnv)−H(z0)− tnH
′(z0)v

t2n/2
.

Since H ′(z0) is surjective, the Ljusternik theorem (see [108, pp. 30])

implies that, there exist a neighborhood V of z0, a number k > 0 and a

mapping θ : V → Z such that

H(ξ + θ(ξ)) = H(z0), ∥θ(ξ)∥ ≤ k∥H(ξ)−H(z0)∥

for all ξ ∈ V . For each n we put ξn = z0 + tnv +
t2n
2 w. Then for n large

enough we get

0 = H
(
z0 + tnv +

t2n
2
w + θ(ξn)

)
= H

(
z0 + tnv +

t2n
2
(w +

θ(ξn)

t2n/2
)
)
.

Define wn = w+ θ(ξn)
t2n/2

. We shall show that wn → w or θ(ξn)
t2n/2

→ 0. In fact,

we have

∥θ(ξn)
t2n/2

∥ ≤ k
∥∥H(z0 + tnv +

t2n
2 w)−H(z0)

t2n/2

∥∥ =

k
∥∥H(z0 + tnv +

t2n
2 w)−H(z0 + tnv)

t2n/2
+
H(z0 + tnv)−H(z0)− tnH

′(z0)v

t2n/2

∥∥.
This implies that

lim sup
n→∞

∥∥θ(ξn)
t2n/2

∥∥ ≤ k
∥∥ lim
n→∞

H(z0 + tnv +
t2n
2 w)−H(z0 + tnv)

t2n/2

+ lim
n→∞

H(z0 + tnv)−H(z0)− tnH
′(z0)v

t2n/2

∥∥
= k

∥∥H ′(z0)w −H ′(z0)w
∥∥ = 0.
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Thus we show that wn → w and z0 + tnv + t2n
2 wn ∈ A. Hence w ∈

T 2♭(A, z0, v). Consequently,

T 2♭(A, z0, v) = {w|∇H(z0)w +∇2H(z0)vv = 0}.

By similar arguments, we can show that

T 2(A, z0, v) = {w|∇H(z0)w +∇2H(z0)vv = 0}.

The proof of the lemma is complete.

Lemma 2.1.18. Let y0 ∈ D and v ∈ D(y0). Then

T 2(D, y0, v) = T 2♭(D, y0, v) = T ♭(T ♭(D, y0), v).

Proof. Since D is a closed convex cone, we have

T ♭(D, y0) = T (D, y0) = cone(D − y0) =
⋃
µ>0

µ(D − y0).

Also for any w ∈ T ♭(D, y0) we have

T ♭(T ♭(D, y0), w) = T (T (D, y0), w) = cone(cone(D − y0)− w).

If v ∈ D(y0). Then there exists λ ≥ 0 such that v = λ(y − y0) for some

y ∈ D. By the convexity of D, for any tn → 0+, we have

tnv = tnλy + (1− λtn)y0 − y0 ∈ D − y0.

This implies that y0 + tnv ∈ D and so 0 ∈ T 2♭(D, y0, v). By [58, Lemma

3.1], we have

T 2(D, y0, v) ⊃ T 2♭(D, y0, v) = T ♭(T ♭(D, y0), v).

Conversely, take any w ∈ T 2(D, y0, v) then there exist sequences tn → 0+

and wn → w such that

y0 + tnv +
t2n
2
wn ∈ D.

It follows that

v +
tn
2
wn ∈ cone(D − y0).

Hence

wn ∈ cone(cone(D − y0)− v).

Letting n→ ∞ we have

w ∈ cone(cone(D − y0)− v).

Hence

T 2(D, y0, v) ⊂ cone(cone(D − y0)− v).

The proof is complete.
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The following characterization help us to verify the regularity condi-

tion (2.1.6) easier.

Theorem 2.1.19. Suppose z0 ∈ Z and ∇F (·) is continuous at z0. Then
the following statements are equivalent:

(i) BE(0, ρ) ⊂
[
∇F (z0)(BZ)− (D − F (z0)) ∩BE

]
for some ρ > 0,

(ii) E =
[
∇F (z0)Z − cone(D − F (z0))

]
.

Proof. We mimic the proof of [241, Theorem 2.1] for the case where D

is a convex cone.

Obviously, (i) implies (ii). Let us show that (ii) implies (i). For this

we first claim that

cone(D − F (z0)) =
⋃
n∈N

n(D − F (z0)) ∩BE, (2.1.11)

where N is the set of natural numbers. The inclusions ⊃ in (2.1.11)

are obvious. Take any w ∈ cone(D − F (z0)) then w = λz with z ∈
(D − F (z0)) and λ ≥ 0. We can assume that λ > 0 and ∥z∥ > 1. By

convexity of D − F (z0) and 0 ∈ D − F (z0), we have

1

∥z∥
z + (1− 1

∥z∥
)0 ∈ D − F (z0)

It follows that

w = λ∥z∥ 1

∥z∥
z ∈ λ∥z∥(D − F (z0)) ∩BE ⊂ n(D − F (z0)) ∩BE

for all n ≥ λ∥z∥. Hence, the inclusion ⊂ in (2.1.11) is valid and the

claim is justified.

For each number α ≥ 0 we define

Mα = α
[
∇F (z0)(BZ)− cone(D − F (z0)) ∩BE

]
.

The setsMα are convex and so their closure clMα are also convex. More-

over,

clMα = αclM1. (2.1.12)

By (2.1.11) we have[
∇F (z0)(Z)− cone(D − F (z0))

]
=
[
∇F (z0)(

⋃
n∈N

nBZ)−
⋃
n∈N

n(D − F (z0)) ∩BE

]
⊆
⋃
n∈N

n
[
∇F (z0)(BZ)− (D − F (z0)) ∩BE

]
=
⋃
n∈N

Mn ⊂
⋃
n∈N

clMn.
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Hence from (ii) we have

E =
⋃
n∈N

clMn. (2.1.13)

Since E is a Baire space, a category argument shows that

int clMm ̸= ∅ for some m.

Suppose v ∈ int clMm. By (2.1.13), −v ∈ clMk for some k. By (2.1.12)

we have −m
k v ∈ clMm. By property of convex set (see [108, Proposition

4, p.163]), we have

{λ(−m
k
v) + (1− λ)v|0 ≤ λ < 1} ⊂ int clMm.

For λ = k
m+k we get 0 ∈ int clMm. By (2.1.12) we have 0 ∈ int clA1.

Hence

BE(0, 2ρ) ⊂ clA1 for some ρ > 0.

It follows that

BE(0, ρ) =
1

2
BE(0, 2ρ) ⊂

1

2
clM1 = clM1/2 ⊂M1/2 +BE(0,

ρ

2
). (2.1.14)

Hence, for i = 0, 1, 2, .. we have

BE(0,
ρ

2i
) =

1

2i
BE(0, ρ) ⊂

1

2i
[M 1

2
+BE(0,

ρ

2
)] =M 1

2i+1
+BE(0,

ρ

2i+1
).

(2.1.15)

We now take any w ∈ BE(0, ρ). By (2.1.14) we have

w =
1

2
v1 −

1

2
y1 + r1

for some v1 ∈ ∇F (z0)(BZ), y1 ∈ (D − F (z0)) ∩ BE and r1 ∈ BE(0,
ρ
2).

Then there exists x1 ∈ BZ such that v1 = ∇F (z0)x1 and so

w =
1

2
∇F (z0)x1 −

1

2
y1 + r1.

Apply (2.1.15) with i = 1 for r1, there exist v2 ∈ ∇F (z0)(BZ), y2 ∈
(D − F (z0)) ∩BE and r2 ∈ BE(0,

ρ
22 ) such that

w =
1

2
∇F (z0)x1 +

1

22
v2 −

1

2
y1 −

1

22
y2 + r2.

Hence there is some x2 ∈ BZ such that v2 = ∇F (z0)x2 and so

w =
1

2
∇F (z0)x1 +

1

22
∇F (z0)x2 −

1

2
y1 −

1

22
y2 + r2.
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Repeating this procedure for all n ∈ N we have

w = un − pn + rn,

where

un = ∇F (z0)(
n∑
i=1

1

2i
xi) with xi ∈ BZ

and

pn =
n∑
i=1

1

2i
yi with yi ∈ (D − F (z0)) ∩BE.

Obviously, rn → 0 as n → ∞. Putting ξn =
∑n

i=1
1
2ixi we see that

ξn ∈ BZ and

∥ξn − ξn+m∥ ≤ 1

2n+1
+ · · ·+ 1

2n+m
≤ 1

2n
∀n,m ≥ 1.

Hence {ξn} is a Cauchy sequence. Consequently, ξn → ξ for some ξz ∈
BZ . It follows that un → ∇F (z0)(ξ). Similarly, pn → v for some v ∈
(D − F (z0)) ∩BE. Hence we have

w = ∇F (z0)(ξ)− v.

Consequently,

w ∈
[
∇F (z0)(BZ)

]
− (D − F (z0)) ∩BE,

which proves (i). The proof is complete.

2.2 Optimality conditions for vector optimization

problems

2.2.1 Optimality conditions of KKT-type

Let us consider the following vector optimization problem:

(VOP1)

{
MinRm

+
f(z) = (f1(z), . . . , fm(z))

s.t. G(z) ∈ Q,

where f : Z → Rm and G : Z → E are mapping between Banach spaces

Z and E, and Q is a nonempty closed convex subset of E. We denote

by Σ the feasible set of the problem (VOP1), that is,

Σ := {z ∈ Z | G(z) ∈ Q}.
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Recently, there have been some papers dealing with second-order op-

timality conditions of KKT-type for vector optimization problems. For

papers of this topic, we refer the reader to [91,110,111,172] and references

given therein. In [91, 172], the second-order KKT optimality conditions

were derived by scalarization method via the so-called oriented distance

function which was used by Ginchev et al. in [92] for the first time.

However, this approach has also some certain limits because the oriented

distance function is often nonsmooth. In [110, 111], using Motzkin’s al-

ternative theorem, Jimenez et al. presented some second-order KKT

optimality conditions for vector optimization problems under suitable

constraint qualification conditions. Although the constraint qualification

conditions used in [110, 111] seem to be weaker than the Robinson con-

straint qualification, the “sigma” terms in the second-order conditions

do not vanish. In this subsection, we derive second-order KKT optimal-

ity conditions for vector optimization directly via separation theorems.

The second-order optimality condition of KKT-type is obtained without

sigma terms. The obtained results will apply for a class of multiob-

jective optimal control problems under which the Robinson constraint

qualification is fulfilled.

Definition 2.2.1. We say that z̄ ∈ Σ is a local weak Pareto solution of

(VOP1) if there exists ϵ > 0 such that for all z ∈ BZ(z̄, ϵ) ∩ Σ, one has

f(z)− f(z̄) /∈ −intRm
+ .

We shall assume that the Robinson constraint qualification holds at

z̄ ∈ Σ, that is,

0 ∈ int [∇G(z̄)(BZ)− (Q−G(z̄)) ∩BE] .

According to Theorem 2.1.19, the Robinson constraint qualification is

equivalent to the following condition:

E = ∇G(z̄)Z − cone(Q−G(z̄)).

When the Robinson constraint qualification holds at z̄, we say z̄ is a

regular point of (VOP1). Hereafter, we always assume that z̄ is a feasible

regular point of (VOP1).

Let us define the following critical cones

C1(z̄) := {d ∈ Z | ∇f(z̄)d ∈ −Rm
+ ,∇G(z̄)d ∈ T (Q;G(z̄))},

C01(z̄) := {d ∈ Z | ∇f(z̄)d ∈ −Rm
+ ,∇G(z̄)d ∈ cone (Q−G(z̄))},

C1∗(z̄) := C01(z̄).
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For each d ∈ C(z̄), put

I(z̄, d) := {i ∈ I | ∇fi(z̄)d = 0},

where I := {1, . . . ,m}.

Lemma 2.2.2. If z̄ is a local weak Pareto solution of (VOP1), then

C1(z̄) = {d ∈ Z | ∇f(z̄)d ∈ −Rm
+ \ (−intRm

+),∇G(z̄)d ∈ T (Q;G(z̄))}.

Consequently, the following set

{d ∈ Z | ∇f(z̄)d ∈ −intRm
+ ,∇G(z̄)d ∈ T (Q;G(z̄))}

is empty.

Proof. By Theorem 2.1.14, we have

∇G(z̄)−1(T (Q;G(z̄))) = T (G−1(Q); z̄) = T (Σ; z̄).

Take d ∈ C1(z̄) and get d ∈ T (Σ; z̄). Hence, there exists a sequence

{(tk, dk)} converging to (0+, d) such that z̄ + tkdk ∈ Σ for all k ∈ N.
Since z̄ is a locally weak Pareto solution of the problem (VOP1), we

may assume that

f(z̄ + tkdk)− f(z̄) ∈ Rm \ (−intRm
+)

for all k ∈ N. From the Mean Value Theorem for differentiable functions,

we have

tk∇f(z̄)dk + o(tk) ∈ Rm \ (−intRm
+),

or, equivalently,

∇f(z̄)dk +
o(tk)

tk
∈ Rm \ (−intRm

+)

for all k ∈ N. Letting k → ∞, by the closeness of Rm \ (−intRm
+), we

get

∇f(z̄)d ∈ Rm \ (−intRm
+).

The proof is complete.

Let us denote by Λ1(z̄) be the set of normalized Karush–Kuhn–Tucker

multipliers of (VOP1) at z̄, that is, Λ1(z̄) consists of vector (λ, e∗) ∈
Rm

+ × E∗ satisfying the following conditions:

|λ| = 1, λTDf(z̄) +DG(z̄)∗e∗ = 0, e∗ ∈ N(Q;G(z̄)).
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Lemma 2.2.3. Let z̄ be a local weak Pareto solution of (VOP1) and z̄

is a regular point. Then Λ1(z̄) is a nonempty bounded and compact set

of Rm × E∗ with respect to topology τRm × τ(E∗, E), where τ(E∗, E) is

the weak-star topology in E∗.

Proof. We first claim that Λ1(z̄) is nonempty. Indeed, put

Ψ :=
{
(∇f1(z̄)d+ r1, . . . ,∇fm(z̄)d+ rm,∇G(z̄)d− v) | d ∈ Z,

v ∈ T (Q;G(z̄)), ri ≥ 0, i ∈ I
}
.

Then Ψ is a convex subset of Rm × E. By the Robinson constraint

qualification, there exists ρ > 0 such that

BE(0, ρ) ⊂ ∇G(z̄)(BZ)− (Q−G(z̄)) ∩BE. (2.2.1)

This implies that

BE(0, ρ) ⊂ ∇G(z̄)(BZ)− T (Q;G(z̄)) ∩BE.

For each i ∈ I, put

αi := ∥∇fi(z̄)∥ = sup
d∈BZ

|∇fi(z̄)d|.

It is easily seen that

(α1,+∞)× . . .× (αm,+∞)×B(0, ρ) ⊂ Ψ.

Thus, Ψ has a nonempty interior. We show that (0, 0) /∈ intΨ. If

otherwise, there exist ϵ1 > 0, . . ., ϵm > 0 such that

(−ϵ1, ϵ1)× . . .× (−ϵm, ϵm)× {0} ⊂ Ψ.

This implies that there exist d ∈ Z, v ∈ T (Q;G(z̄)) and ri ≥ 0, i ∈ I

such that {
∇fi(z̄)d+ ri < 0, i ∈ I,

∇G(z̄)d− v = 0.

Consequently, the system{
∇fi(z̄)d < 0, i ∈ I,

∇G(z̄)d ∈ T (Q;G(z̄)),

has at least one solution d ∈ Z, which contradicts the conclusion of

(2.2.2). We now can separate (0, 0) from Ψ by a hyperplane, i.e., there

exists a functional (λ, e∗) ∈ (Rm × E∗) \ {(0, 0)} such that

m∑
i=1

λi(∇fi(z̄)d+ ri) + ⟨e∗,∇G(z̄)d− v⟩ ≥ 0 (2.2.2)
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for all d ∈ Z, v ∈ T (Q;G(z̄)), ri ≥ 0, i ∈ I. From (2.2.2) it follows that

λi ≥ 0 for all i ∈ I, that is, λ ∈ Rm
+ . Putting v = 0 and ri = 0, i ∈ I

into (2.2.2), we get

(⟨λ,∇f(z̄)⟩+∇G(z̄)∗e∗)d ≥ 0 ∀d ∈ Z.

Thus, ⟨λ,∇f(z̄)⟩ + ∇G(z̄)∗e∗ = 0. Putting this equation and ri = 0,

i ∈ I, into (2.2.2), one has

e∗(v) ≤ 0 ∀v ∈ T (Q;G(z̄)).

Hence, e∗ ∈ N(Q;G(z̄)). We now show that λ ̸= 0. Indeed, if otherwise,

then we have

⟨e∗,∇G(z̄)d− v⟩ ≥ 0 (2.2.3)

for all d ∈ Z, v ∈ T (Q;G(z̄)). Again by the Robinson constraint quali-

fication, one has

E = ∇G(z̄)(Z)−Q(G(z̄)).

This and (2.2.3) imply that e∗ = 0, a contradiction. Put (λ̄, ē∗) :=(
λ
|λ| ,

e∗

|λ|

)
. Then we have (λ̄, ē∗) ∈ Λ1(z̄), as required.

We now claim that Λ1(z̄) is bounded. In fact, fix (λ0, e
∗
0) ∈ Λ1(z̄).

Then, for any (λ, e∗) belonging to Λ1(z̄), we have{
⟨λ0,∇f(z̄)⟩+∇G(z̄)∗e∗0 = 0, e∗0 ∈ N(Q;G(z̄)),

⟨λ,∇f(z̄)⟩+∇G(z̄)∗e∗ = 0, e∗ ∈ N(Q;G(z̄)).

By (2.2.1), for each y ∈ BE(0, ρ), there exist z ∈ BZ and w ∈ (Q −
G(z̄)) ∩BE such that y = ∇G(z̄)z − w. It follows that

⟨e∗0 − e∗, y⟩ = ⟨e∗0 − e∗,∇G(z̄)z − w⟩
= ⟨∇G(z̄)∗(e∗0 − e∗), z⟩ − ⟨e∗0 − e∗, w⟩
= ⟨(λ− λ0)∇f(z̄), z⟩ − ⟨e∗0, w⟩+ ⟨e∗, w⟩
≤ 2∥∇f(z̄)∥+ ∥e∗0∥.

Thus,

⟨−e∗, y⟩ ≤ 2∥∇f(z̄)∥+ ∥e∗0∥+ ∥e∗0∥∥y∥
≤ 2∥∇f(z̄)∥+ ∥e∗0∥+ ∥e∗0∥ρ.

Replacing y by ρy with ∥y∥ ≤ 1, we get

∥e∗∥ρ ≤ 2∥∇f(z̄)∥+ ∥e∗0∥(1 + ρ).
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Consequently,

∥e∗∥ ≤ 2

ρ
∥∇f(z̄)∥+ 1 + ρ

ρ
∥e∗0∥.

Thus, Λ1(z̄) is bounded. It is easy to check that the set Λ1(z̄) is closed

with respect to topology τRm × τ(E∗, E). By [31, Theorem 3.16], Λ1(z̄)

is compact.

To derive second-order necessary conditions for (VOP1), we need the

following result.

Lemma 2.2.4. Let z̄ ∈ Σ and d ∈ C1(z̄). If z̄ is a locally weak Pareto

solution of (VOP1), then the following system

∇fi(z̄)z +∇2fi(z̄)d
2 < 0, ∀i ∈ I(z̄, d), (2.2.4)

∇G(z̄)z +∇2G(z̄)d2 ∈ T 2♭(Q;G(z̄),∇G(z̄)d), (2.2.5)

has no solution z ∈ Z.

Proof. Arguing by contradiction, assume that the system (2.2.4)–(2.2.5)

admits a solution, say z. From (2.2.5) it follows that

z ∈ ∇G(z̄)−1
[
T 2♭(Q;G(z̄),∇G(z̄)d)−∇2G(z̄)d2

]
.

By the Robinson constraint qualification and Theorem 2.1.14, we have

T 2♭(Σ; z̄, d) = ∇G(z̄)−1
[
T 2♭(Q;G(z̄),∇G(z̄)d)−∇2G(z̄)d2

]
.

Thus, z ∈ T 2♭(Σ; z̄, d). Let {tk} be an arbitrary sequence converging to

0+. Then, there exists a sequence {zk} tending to z such that

wk := z̄ + tkd+
1

2
t2kzk ∈ Σ, ∀k ∈ N.

For each i ∈ I(z̄, d) and k ∈ N, we have

fi(wk)− fi(z̄) = [fi(wk)− fi(z̄ + tkd)] + [fi(z̄ + tkd)− fi(z̄)− tk⟨∇fi(z̄), d⟩]

=
1

2
t2k⟨∇fi(z̄ + tkd), zk⟩+

1

2
t2k∇2fi(z̄)d

2 + o(t2k).

Therefore,

lim
k→∞

fi(wk)− fi(z̄)
1
2t

2
k

= ⟨∇fi(z̄), z⟩+∇2fi(z̄)d
2.

This and (2.2.4) imply that

fi(wk) < fi(z̄)
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for all i ∈ I(z̄, d) and k large enough. For each i ∈ I \ I(z̄, d), we have

⟨∇fi(z̄), d⟩ < 0. From this and the fact that

lim
k→∞

fi(wk)− fi(z̄)

tk
= ⟨∇fi(z̄), d⟩,

it follows that

fi(wk) < fi(z̄)

for all k large enough. Therefore, there exists k large enough such that

fi(wk) < fi(z̄) ∀i ∈ I,

which contradicts the fact that z̄ is a locally weak Pareto solution of

(VOP1).

Problem (VOP1) is associated with the Lagrangian

L1(z, λ, e
∗) = λTf(z) + e∗G(z).

The following theorem gives some second-order necessary optimality con-

ditions for (VOP1).

Theorem 2.2.5. Suppose that z̄ is a locally weak Pareto solution of

(VOP1). Then, for each d ∈ C1∗(z̄), there exists (λ, e∗) ∈ Λ1(z̄) such

that the following non-negative second-order condition is valid:

∇2
zzL1(z̄, λ, e

∗)(d, d) = λTD2f(z̄)(d, d) + e∗D2G(z̄)(d, d) ≥ 0.

Proof. We first prove the theorem for the case d ∈ C01(z̄). We claim that

0 ∈ T 2♭(Q;G(z̄),∇G(z̄)d). In fact, since ∇G(z̄)d ∈ cone (Q − G(z̄)),

there exists µ > 0 such that µ∇G(z̄)d ∈ Q−G(z̄). From 0 ∈ Q−G(z̄)

and the convexity of Q−G(z̄), for any 0 < α < µ, we get

α

µ
µ∇G(z̄)d+

(
1− α

µ

)
.0 ∈ Q−G(z̄).

This implies that G(z̄) + α∇G(z̄)d ∈ Q for all α ∈ (0, µ). Then, by
definition, we have 0 ∈ T 2♭(Q;G(z̄),∇G(z̄)d) as required. We consider
the following set

Π :=
{
(∇2f1(z̄)d

2 +∇f1(z̄)z + r1, ...,∇2fm(z̄)d2 +∇fm(z̄)z + rm,∇2G(z̄)d2 +∇G(z̄)z − v)

| z ∈ Z, v ∈ T 2♭(Q;G(z̄),∇G(z̄)d), ri ≥ 0, i ∈ I
}
.

By Lemma 2.2.2, the set I(z̄, d) is nonempty. Thus, by choosing λi = 0

and removing the component i-th of Π for i ∈ I \I(z̄, d), we may assume
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that I(z̄, d) = I. We claim that Π is a convex set with a nonempty

interior and (0, 0) /∈ intΠ. The convexity of Π follows directly from the

convexity of T 2♭(Q;G(z̄),∇G(z̄)d) and Rm
+ . By the Robinson constraint

qualification, there exists ρ > 0 such that

BE(0, ρ) ⊂ ∇G(z̄)[BZ ]− T ♭(Q;G(z̄)) ∩BE.

By the inclusion 0 ∈ T 2♭(Q;G(z̄),∇G(z̄)d) and [58, Proposition 3.1], we

have

T 2♭(Q;G(z̄),∇G(z̄)) = T ♭(T ♭(Q;G(z̄)),∇G(z̄)).
Putting V := ∇G(z̄) +BE(0, ρ) and ρ1 := 1 + ∥∇G(z̄)d∥, we have

V ⊂ ∇G(z̄)[BZ ]−
[
T ♭(Q;G(z̄)) ∩BE −∇G(z̄)

]
⊂ ∇G(z̄)[BZ ]−

[
T ♭(Q;G(z̄))−∇G(z̄)

]
∩BE(0, ρ1)

⊂ ∇G(z̄)[BZ ]− T ♭(T ♭(Q;G(z̄)),∇G(z̄)) ∩BE(0, ρ1)

= ∇G(z̄)[BZ ]− T 2♭(Q;G(z̄),∇G(z̄)) ∩BE(0, ρ1).

By the Robinson constraint qualification,

E = ∇G(z̄)[Z]−Q(G(z̄)) = ∇G(z̄)[Z]−T 2♭(Q;G(z̄),∇G(z̄)d). (2.2.6)

For each i ∈ I, we put

αi := ∇2fi(z̄)d
2 + sup {∇fi(z̄)z | z ∈ BZ(0, ρ1)} < +∞.

We then have

(α1,+∞)× (α2,+∞)× . . .× (αm,+∞)× V̂ ⊂ Π,

where V̂ := ∇2G(z̄)d2 + V . This implies that the interior of Π is

nonempty. We now show that (0, 0) /∈ intΠ. If otherwise, there ex-

ist ϵ1 > 0, ϵ2 > 0, . . ., ϵm > 0 such that

(−ϵ1, ϵ1)× (−ϵ2, ϵ2)× . . .× (−ϵm, ϵm)× {0} ⊂ Π.

This implies that there exist z ∈ Z, v ∈ T 2♭(Q;G(z̄),∇G(z̄)d), ri ≥ 0,

i ∈ I, satisfying{
∇2fi(z̄)d

2 +∇fi(z̄)z + ri < 0, i ∈ I,

∇2G(z̄)d2 +∇G(z̄)z − v = 0.

Consequently, z is a solution of the following system{
∇2fi(z̄)d

2 +∇fi(z̄)z < 0, i ∈ I,

∇2G(z̄)d2 +∇G(z̄)z ∈ T 2♭(Q;G(z̄),∇G(z̄)d),
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which contradicts 2.2.4. Since (0, 0) /∈ intΠ, we can separate (0, 0)

from Π by a hyperplane, i.e., there exists a nonzero functional (λ, e∗) ∈
(Rm × E∗) such that

m∑
i=1

λi(∇2fi(z̄)d
2 +∇fi(z̄)z + ri) + ⟨e∗,∇2G(z̄)d2 +∇G(z̄)z − v⟩ ≥ 0

(2.2.7)

for all ri ≥ 0, i ∈ I, z ∈ Z, and v ∈ T 2♭(Q;G(z̄),∇G(z̄)d). By (2.2.7),

we have λi ≥ 0 for all i ∈ I, i.e., λ ∈ Rm
+ . We claim that λ is a nonzero

vector. If otherwise, then we have

⟨e∗,∇2G(z̄)d2 +∇G(z̄)z − v⟩ ≥ 0

for all z ∈ Z, and v ∈ T 2♭(Q;G(z̄),∇G(z̄)d), or, equivalently,

⟨e∗,∇2G(z̄)d2 + w⟩ ≥ 0

for all w ∈ ∇G(z̄)(Z) − T 2♭(Q;G(z̄),∇G(z̄)d). This and (2.2.6) imply

that e∗ = 0, contrary to the fact that (λ, e∗) ̸= (0, 0). We now rewrite

(2.2.7) as follows

⟨∇zL1(z̄, λ, e
∗), z⟩+∇2

zzL1(z̄, λ, e
∗)(d, d) +

m∑
i=1

λiri− ⟨e∗, v⟩ ≥ 0 (2.2.8)

for all ri ≥ 0, i ∈ I, z ∈ Z, and v ∈ T 2♭(Q;G(z̄),∇G(z̄)d). It follows

that ∇zL1(z̄, λ, e
∗) = 0. Putting ∇zL1(z̄, λ, e

∗) = 0 and ri = 0, i ∈ I,

into (2.2.8), we get

∇2
zzL1(z̄, λ, e

∗)(d, d) ≥ ⟨e∗, v⟩

for all v ∈ T 2♭(Q;G(z̄),∇G(z̄)d). Thus,

∇2
zzL1(z̄, λ, e

∗)(d, d) ≥ σ(e∗, T 2♭(Q;G(z̄),∇G(z̄)d)) ≥ 0. (2.2.9)

By dividing both sides of (2.2.9) by |λ|, we obtain that

sup
(λ,e∗)∈Λ1(z̄)

∇2
zzL(z̄, λ, e∗)(d, d) ≥ 0.

We now take any d ∈ C1∗(z̄). Then, there exists a sequence {dk} ⊂
C01(z̄) converging to d. From what has already been proved, we have

sup
(λ,e∗)∈Λ1(z̄)

∇2
zzL(z̄, λ, e∗)(dk, dk) ≥ 0. (2.2.10)
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Since the set Λ1(z̄) is compact in topology τRm × τ(E∗, E), the function

ψ(d) := sup
(λ,e∗)∈Λ1(z̄)

∇2
zzL1(z̄, λ, e

∗)(d, d)

is continuous. Letting k → ∞ in (2.2.10), we get

sup
(λ,e∗)∈Λ1(z̄)

∇2
zzL1(z̄, λ, e

∗)(d, d) ≥ 0.

Again, by the compactness of Λ1(z̄), there exists (λ, e∗) ∈ Λ1(z̄) such

that

∇2
zzL1(z̄, λ, e

∗)(d, d) ≥ 0.

The proof is complete.

Remark 2.2.6. From Theorem 3.1 we want to ask whether the conclu-

sion is still true if C1∗(z̄) is replaced by C1(z̄). Clearly, C1∗(z̄) ⊆ C1(z̄). In
the case of single-objective (m = 1) under assumptions that Q is poly-

hedric at G(z̄) and ∇G(z̄) is surjective, [26, Proposition 3.54] showed

that C1(z̄) = C1∗(z̄). However, when m > 1, the proof of Proposition

3.54 in [26] is collapsed. The reason is that the condition ⟨λ,∇f(z̄)⟩ = 0

with λ ̸= 0 does not imply ∇f(z̄) = 0. We do not know whether the

equality C1(z̄) = C1∗(z̄) is valid.

2.2.2 Optimality conditions of Fritz-John type

In the previous subsection, we derived first-and second-order optimal-

ity conditions of KKT-type for vector optimization problems in Banach

spaces. One may ask whether we can derive optimality conditions of

Fritz-John type for the problem, and in addition if a constraint qual-

ification condition is satisfied, then the optimality conditions become

optimality conditions of KKT-type. Below, we show that if some of

constraint sets have nonempty interiors, then we can establish optimal-

ity conditions of Fritz-John type for locally optimal solutions to vector

optimization problem in Banach spaces.

As before, Z, E and W are Banach spaces with the dual spaces Z∗,

E∗ and W ∗, respectively. We denote by τ(Rm) the strong topology in

Rm, by σ(E∗, E) the weak∗ topology in E∗ and by σ(W ∗,W ) the weak∗

topology inW ∗. Given a Banach space X, BX(x0, r) stands for the open

ball with center x0 and radius r. Given a subset M in X. We shall

denote by intM and M the interior and the closure of M , respectively.
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Let f = (f1, f2, ..., fk) : Z → Rk, F : Z → E, G : Z → W and

H = (H1, H2, ..., Hn) : Z → Rn be mappings and K be a nonempty

closed convex set in W . We consider the following vector optimization

problem.

(VOP2)



f(z) → min

s.t.

F (z) = 0,

H(z) ≤ 0,

G(z) ∈ K.

We shall denote by Σ2 the feasible set of (VOP2), that is,

Σ2 = {z ∈ Z | F (z) = 0, Hi(z) ≤ 0 and G(z) ∈ K, i = 1, 2, ..., n}.

Given a feasible point z0 ∈ Σ2, we denote by f ′(z0) or Df(z0) the first

order derivative of f at z0 and by f ′′(z0) or D2f(z0) the second-order

derivative of f at z0. Let us impose the following assumptions.

(A1) int(K) ̸= ∅;

(A2) The mappings f, F and G are of class C2 around z0;

(A3) The range of DF (z0) is closed in E.

By defining K̃ = 0× (−∞, 0]n×K, T = E×Rn×W and G̃ = (F,H,G),

the constraint of (VOP2) is equivalent to the constraint G̃(z) ∈ K̃.

Recall that a feasible point z0 is said to satisfy the Robinson constraint

qualification if

0 ∈ int{G̃(z0)(BZ) + (DG̃(z0)Z − K̃) ∩BT}, (2.2.11)

By Theorem 2.1.19, if K is closed, then condition (2.2.11) is equivalent

to

DG̃(z0)Z − cone(K̃ − G̃(z0)) = E × Rn ×W. (2.2.12)

This means that for any (e, ξ, w) ∈ E × Rn × W , there exist z ∈ Z,

v ∈ cone((−∞, 0]n −H(z0)) and v
′ ∈ cone(K −G(z0)) such that

DF (z0)z = e, DH(z0)z − v = ξ and DG(z0)z − v′ = w. (2.2.13)

The Robinson constraint qualification guarantees that the necessary op-

timality conditions are of KKT type. Therefore, we require that (VOP2)

satisfies the following assumption.
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(A4) z0 ∈ K satisfies the Robinson constraint qualification (2.2.12).

Note that if (A4) is satisfied, then DF (z0) is surjective. In this case

(A3) is fulfilled. If we define K̂ = (−∞, 0]n × K, then int(K̂) ̸= ∅.
According to [26, Corollary 2.101, page 70], the following condition is

equivalent to condition (2.2.11).

(A5)


(i)DF (z0) is surjective

(ii)∃z̃ ∈ Ker(DF (z0)) such that Hi(z0) +DHi(z0)z̃ < 0

and G(z0) +DG(z0)z̃ ∈ int(K) ∀i = 1, ..., n.

It is worth noting that (A5) is a variant of the Mangasarian-Fromovitz

condition.

Definition 2.2.7. The vector z0 ∈ Σ2 is a locally weak Pareto solu-

tion of problem (VOP) if there exists ϵ > 0 such that f(z) − f(z0) /∈
−int(Rk

+) ∀z ∈ BZ(z0, ϵ) ∩ Σ2.

If f(z) − f(z0) /∈ −Rk
+ \ {0} for all z ∈ BZ(z0, ϵ) ∩ Σ2, we say z0 is a

locally Pareto solution to (VOP).

Obviously, a locally Pareto solution is also a locally weak Pareto so-

lution.

To deal with second-order optimality conditions, we need the so-called

critical cone, which is defined as follows. Let C0[z0] be the set of vectors

d ∈ Z satisfying the conditions:

(a1) Df(z0)d ∈ −Rk
+

(a2) DF (z0)d = 0

(a3) DHi(z0)d ≤ 0 for i ∈ I0, where I0 := {i ∈ {1, 2, . . . , n} : Hi(z0) = 0}

(a4) DG(z0)d ∈ cone(K −G(z0))

Then the closure of C0[z0] in Z is called the critical cone at z0 and denoted

by C[z0]. Each vector d ∈ C[z0] is called a critical direction.

Lemma 2.2.8. Suppose that z̄ ∈ Σ2 is a locally weak Pareto solution

of (VOP) under which (A1), (A2) and (A3) are valid, and DF (z0) is
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surjective. Then for each d ∈ C0[z0], the system

f ′i(z0)z +
1

2
f ′′i (z0)d

2 < 0, ∀i ∈ {1, 2, ..., k}, (2.2.14)

H ′
i(z0)z +

1

2
2H ′′

i (z0)d
2 < 0, ∀i ∈ I0, (2.2.15)

DF (z0)z +
1

2
D2F (z0)(d, d) = 0, (2.2.16)

DG(z0)z +
1

2
D2G(z0))(d, d) ∈ cone(int(K)−G(z0)) (2.2.17)

has no solution z ∈ Z.

Proof. On the contrary, we suppose that the system (2.2.14)-(2.2.17) has

a solution z ∈ Z. For each ϵ > 0, we define zϵ = z0+ ϵd+ ϵ2z. By Taylor

expansion, we have

F (zϵ) = F (z0) + ϵDF (z0)d+ ϵ2(DF (z0)z +
1

2
D2F (z0)(d, d)) + o(ϵ2) = o(ϵ2).

Since DF (z0)Z = E, the Ljusternik theorem (see [108], page 30) im-

plies that, there exist a neighborhood B(z0, γ) of z0 and a mapping

h : B(z0, γ) → Z such that for all ẑ ∈ B(z0, γ) we have

F (ẑ + h(ẑ)) = 0, ∥h(ẑ)∥ ≤ C∥F (ẑ)∥.

Taking ẑ = zϵ and hϵ = h(zϵ), we see that, there exists ϵ0 > 0 such that

F (zϵ + hϵ) = 0, ∥hϵ∥ = o(ϵ2) for all 0 < ϵ < ϵ0. (2.2.18)

Putting

z′ϵ = zϵ + hϵ = z0 + ϵd+ ϵ2(z +
1

ϵ2
hϵ)

and using a Taylor’s expansion, we get

fi(z
′
ϵ) = fi(z0) + ϵf ′i(z0)d+ ϵ2(f ′i(z0)z +

1

2
f ′′i (z0)(d, d) +

o(ϵ2)

ϵ2
)

for 0 < ϵ < ϵ0. Since

f ′i(z0)z +
1

2
f ′′i (z0)(d, d) < 0,

there exists ϵi ∈ (0, ϵ0) such that for all ϵ ∈ (0, ϵi), we have

f ′i(z0)z +
1

2
f ′′i (z0)(d, d) +

o(ϵ2)

ϵ2
< 0.
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From this and the fact that f ′i(z0)d ≤ 0, we have

fi(z
′
ϵ)− fi(z0) < 0 ∀ϵ < ϵi, i = 1, 2, ...,m.

Let ϵ′ = min{ϵ1, ..., ϵm}. It follows that

f(z′ϵ)− f(z0) ∈ −intRm
+ for 0 < ϵ < ϵ′. (2.2.19)

Also by a Taylor’s expansion, for each i ∈ {1, 2, ..., n} we have

Hi(z
′
ϵ) = Hi(z0) + ϵH ′

i(z0)d+ ϵ2(H ′
i(z0)z +

1

2
H ′′
i (z0)(d, d) +

o(ϵ2)

ϵ2
)

for 0 < ϵ < ϵ′. If i ∈ I0 then

H ′
i(z0)z +

1

2
H ′′
i (z0)(d, d) < 0,

and Hi(z0) = 0. Therefore, there exists ϵ′i ∈ (0, ϵ′) such that for all

ϵ ∈ (0, ϵ′i) one has

H ′
i(z0)z +

1

2
H ′′
i (z0)(d, d) +

o(ϵ2)

ϵ2
< 0.

Hence

Hi(z
′
ϵ) ≤ +ϵH ′

i(z0)d ≤ 0 ∀ϵ ∈ (0, ϵ′i).

If i /∈ I0 then Hi(z0) < 0. By the continuity of Hi, there exists ϵ′′i < ϵ′i
such that Hi(z

′
ϵ) < 0 for all ϵ ∈ (0, ϵ′′i ). Hence Hi(z

′
ϵ) < 0 for all i ∈

{1, 2, ..., n} and ϵ ∈ (0, ϵ′′) with ϵ′′ = min(ϵ′′1, ..., ϵ
′′
n). Besides, (2.2.19) is

valid for all ϵ ∈ (0, ϵ′′). Using a Taylor’s expansion again, we have

G(z′ϵ) = G(z0) + ϵDG(z0)d+ ϵ2
(
DG(z0)z +

1

2
D2G(z0)(d, d) +

o(ϵ2)

ϵ2
)
.

Since DG(z0)d ∈ cone(K − G(z0)), there exist λ1 > 0 and v1 ∈ K such

that ∇G(z0)d = λ1(v1 −G(z0)) for some v1 ∈ K. Also, since

DG(z0)z +
1

2
D2G(z0)(d, d) ∈ cone(int(K)−G(z0)),

there exist λ2 > 0 and v2 ∈ int(K) such that

DG(z0)z +
1

2
D2G(z0)(d, d) = λ2(v2 −G(z0)).

Hence,

G(z′ϵ) = G(z0) + ϵλ1(v1 −G(z0)) + ϵ2λ2(v2 −G(z0)) + o(ϵ2)

= (1− ϵλ1 − ϵ2λ2)G(z0) + ϵλ1v1 + ϵ2λ2
(
v2 +

o(ϵ2)

λ2ϵ2
)
.

129



Since v2 ∈ int(K), there exists ϵ∗ ∈ (0, ϵ′′) such that v2 +
o(ϵ2)
λ2ϵ2

∈ int(K)

and 1− ϵλ1 − ϵ2λ2 > 0 for all ϵ ∈ (0, ϵ∗). This implies that

G(z′ϵ) ∈ (1− ϵλ1 − ϵ2λ2)K + ϵλ1K + ϵ2λ2K

⊂ (1− ϵλ1 − ϵ2λ2)K + (ϵλ1 + ϵ2λ2)(
ϵλ1

ϵλ1 + ϵ2λ2
K +

ϵ2λ2
ϵλ1 + ϵ2λ2

K)

⊂ (1− ϵλ1 − ϵ2λ2)K + (ϵλ1 + ϵ2λ2)K ⊂ K.

Combining this with (2.2.18) and the fact H(z′ϵ) ≤ 0, we have z′ϵ ∈ Σ

for all ϵ ∈ (0, ϵ∗). By this and (2.2.19), we conclude that z0 is not a

locally weak Pareto solution of (VOP) which is absurd. The lemma is

proved.

Let us assume that

L (z, λ, e∗, l, w∗) = λTf(z) + ⟨e∗, F (z)⟩+ lTH(z) + ⟨w∗, G(z)⟩ (2.2.20)

is the Lagrange function associated with the problem (VOP2), where λ ∈
Rk, e∗ ∈ E∗, l ∈ Rn and w∗ ∈ W ∗. We say that vector (λ, e∗, l, w∗) ∈ Rk×
E∗ ×Rn ×W ∗ are Lagrange multipliers at z0 if the following conditions

are fulfilled:

DzL (z0, λ, e
∗, l, w∗) =

λTDf(z0) +DF (z0)
∗e∗ +DH(z0)

∗lT +DG(z0)
∗w∗ = 0, (2.2.21)

λ ≥ 0, (2.2.22)

li ≥ 0, liHi(z0) = 0, i = 1, 2, .., n, (2.2.23)

w∗ ∈ N(K,G(z0)), (2.2.24)

where l = (l1, l2, ..., ln). We denote by Λ[z0] the set of Lagrange multi-

pliers at z0. In addition, if |λ| = 1, then we say (λ, e∗, l, w∗) are normal.

We shall denote by Λ∗[z0] the set of normal Lagrange multipliers at z0.

We now have the following result on the necessary first and second

order optimality conditions for (VOP2).

Theorem 2.2.9. Suppose that z0 is a local weak Pareto solution to

(VOP2). Then the following assertions are fulfilled:

(a) If (A1)− (A3) are satisfied, then Λ[z0] is nonempty and

sup
(λ,e∗,l,w∗)∈Λ[z0]

D2
zL(z0, λ, e∗, l, w∗)[d, d] ≥ 0, ∀d ∈ C0[z0]. (2.2.25)
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(b) If (A1), (A2) and (A4) or (A1), (A2) and (A5) are satisfied, then

Λ∗[z0] is nonempty and compact in the topology σ(Rk,Rk)× σ(E∗, E)×
σ(W ∗,W ), and

max
(λ,e∗,l,w∗)∈Λ∗[z0]

D2
zL(z0, λ, e∗, l, w∗)[d, d] ≥ 0, ∀d ∈ C[z0]. (2.2.26)

Proof. (a). We take any d ∈ C0[z0] and consider two cases.

Case 1. DF (z0)Z ̸= E. Then there is a point e0 ∈ E and e0 /∈ DF (z0)Z.

Since DF (z0)Z is a closed subspace, the separation theorem (see [209,

Theorem 3.4]) implies that there exists a nonzero functional e∗ ∈ E∗

which separate e0 and ∇F (z0)Z. By a simple argument, we see that

DF (z0)
∗e∗ = 0. Putting λ = 0, l = 0, w∗ = 0, we get (0, e∗, 0, 0) ∈ Λ(z0).

If e∗DF (z0)d
2 ≤ 0, then we replace e∗ by−e∗. Then (0,−e∗, 0, 0) satisfies

the conclusion of (a).

Case 2. DF (z0)Z = E.

Let n0 = |I0|. We define a set S which consists of vectors (µ, γ, e, w) ∈
Rk × Rn0 × E ×W such that there exists z ∈ Z satisfying

f ′i(z0)z +
1

2
f ′′i (z0)d

2 < µi, i = 1, 2, .., k (2.2.27)

H ′
j(z0)z +

1

2
H ′′
j (z0)d

2 < γj, j ∈ I0, (2.2.28)

DF (z0)z +
1

2
D2F (z0)d

2 = e (2.2.29)

DG(z0)z +
1

2
D2G(z0)d

2 − w ∈ cone(int(K)−G(z0)). (2.2.30)

It is clear that S is convex. We now show that S is open. In fact, take

(µ̂, γ̂, ê, ŵ) ∈ S corresponding to ẑ. Choose ϵ > 0 such that

f ′i(z0)ẑ +
1

2
f ′′i (z0)d

2 < µ̂i − ϵ, H ′
j(z0)ẑ +

1

2
H ′′
j (z0)d

2 < γ̂j − ϵ

for all i = 1, 2, .., k and j ∈ I0. Then there is δ > 0 such that for all

z ∈ B(ẑ, δ) one has

f ′i(z0)z +
1

2
f ′′i (z0)d

2 < µ̂i − ϵ, H ′
j(z0)z +

1

2
H ′′
j (z0)d

2 < γ̂j − ϵ

for all i = 1, 2, .., k and j ∈ I0. It follows that

f ′i(z0)z +
1

2
f ′′i (z0)d

2 < µi, ∀z ∈ B(ẑ, δ) and |µi − µ̂i| < ϵ, i = 1, 2, .., k,

H ′
j(z0)z +

1

2
H ′′
j (z0)d

2 < γj, ∀z ∈ B(ẑ, δ) and |γi − γ̂i| < ϵ, j ∈ I0.
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Since cone(intK −G(z0)) is an open convex cone and

DG(z0)ẑ +
1

2
D2G(z0)d

2 − ŵ ∈ cone(int(K)−G(z0)),

the continuity of DG(z0) implies that there exit balls B(ẑ, δ) and B(ŵ, r)

such that

DG(z0)z+
1

2
D2G(z0)d

2−w ∈ cone(int(K)−G(z0)) ∀(z, w) ∈ B(ẑ, δ)×B(ŵ, r).

SinceDF (z0) is surjective, DF (z0)[B(ẑ, δ)]+ 1
2D

2F (z0)d
2 is open. Hence,

there exists a number α > 0 such that

B(ê, α) ⊂ DF (z0)[B(ẑ, δ)] +
1

2
D2G(z0)d

2.

Thus, for any (µ, γ, e, w) ∈ BRk(µ̂, ϵ)×BRn0(γ̂, ϵ)×BE(ê, α)×BW (ŵ, r),

there exists z ∈ B(ẑ, δ) such that


f ′i(z0)z +

1
2f

′′
i (z0)d

2 < µi, H ′
j(z0)z +

1
2H

′′
j (z0)d

2 < γj,

e = DF (z0)z +
1
2D

2F (z0)d
2,

DG(z̄)z + 1
2D

2G(z0)d
2 − w ∈ cone(int(K)−G(z̄)),

∀i = 1, 2, .., k;∀j ∈ I0.

This means that

BRk(µ̂, ϵ)×BRn0(γ̂, ϵ)×BE(ê, α)×BW (ŵ, r) ⊂ S.

Hence S is open. By Lemma 2.2.8, we have (0, 0, 0, 0) /∈ S. By the

separation theorem (see [108, Theorem 1, p. 163], there exists a nonzero

vector (λ, l, e∗, w∗) ∈ Rk × Rn0 × E∗ ××W ∗ such that

λµT + lγ⟨e∗, e⟩+ ⟨w∗, w⟩ ≥ 0 ∀(µ, γ, e, w) ∈ S. (2.2.31)

Fix any z ∈ Z, w′ ∈ cone(intK −G(z0)), ri > 0 and r′j > 0 . Set

µi = ri + f ′i(z0)z +
1

2
f ′′i (z0)d

2, γj = r′j +H ′
j(z0)z +

1

2
H ′′
j (z0)d

2,

e = DF (z0)z +
1

2
D2F (z0)d

2, w = DG(z0)z +
1

2
D2G(z0)d

2 − w′

Then (µ, γ, e, w) ∈ S. From this and (2.2.31), we get

k∑
i=1

λi(ri + f ′i(z0)z +
1

2
f ′′i (z0)d

2) +
∑
j∈I0

lj(r
′
j +H ′

j(z0)z +
1

2
H ′′
j (z0)d

2)

+ ⟨e∗, DF (z0)z +
1

2
D2F (z0)d

2⟩+ ⟨w∗, DG(z0)z +
1

2
D2G(z0)d

2⟩

− ⟨w∗, w′⟩ ≥ 0.
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If there exists i0 such that λi0 < 0 then by letting ri0 → +∞, the term

on the left hand side approach to −∞ which is impossible. Hence we

must have λi ≥ 0 for all i = 1, 2, .., k. Similarly, we have lj ≥ 0 for all

j ∈ I0.

By letting ri → 0 and r′j → 0, we get

k∑
i=1

λif
′
i(z0) +

∑
j∈I0

ljH
′
j(z0) +DF (z0)

∗e∗ +DG(z0)
∗w∗ = 0 (2.2.32)

and

1

2

( k∑
i=1

λif
′′
i (z0)d

2 +
∑
j∈I0

liH
′′
i (z0)d

2 + ⟨e∗, D2F (z0)d
2⟩+ ⟨w∗, D2G(z0)d

2⟩
)

≥ ⟨w∗, w′⟩ ∀w′ ∈ cone(int(K)−G(z0)).

It follows that

⟨w∗, w′⟩ ≤ 0,∀w′ ∈ cone(int(K)−G(z0)).

This implies that w∗ ∈ N(K,G(z0)) because K ⊆ K̄ = int(K). By

letting w′ → 0, we get

k∑
i=1

λif
′′
i (z0)d

2 +
∑
j∈I0

ljH
′′
i (z0)d

2 + ⟨e∗, D2F (z0)d
2⟩+ ⟨w∗, D2G(z0)d

2⟩ ≥ 0.

(2.2.33)

We now take lj = 0 for j ∈ {1, 2, ..., n} \ I0. Then we have lj ≥ 0 and

ljHj(z0) = 0 for all j = 1, 2, .., n and (2.2.32) and (2.2.33) become

k∑
i=1

λif
′
i(z0) +

n∑
j=1

ljH
′
j(z0) +DF (z0)

∗e∗ +DG(z0)
∗w∗ = 0 (2.2.34)

and

k∑
i=1

λif
′′
i (z0)d

2 +
n∑
j=1

ljH
′′
i (z0)d

2 + ⟨e∗.D2F (z0)d
2⟩+ ⟨w∗, D2G(z0)d

2⟩ ≥ 0.

(2.2.35)

Hence assertion (a) is proved.

(b). We claim that λ ̸= 0. For this we consider two cases.

Case 1. (A1), (A2) and (A4) are satisfied.
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If λ = 0, then we have

DH(z0)
∗lT +DF (z0)

∗e∗ +DG(z0)
∗w∗ = 0.

Take any ξ ∈ Rn, e ∈ E and w ∈ W . By (A4), there exist z ∈ Z,

v ∈ cone((−∞, 0]n−H(z0)) and v
′ ∈ cone(K−G(z0)) satisfying (2.2.13).

From the above, we have

0 = lTDH(z0)z + ⟨e∗, DF (z0)z⟩+ ⟨w∗, DG(z0)z⟩
= lT ξ + lTv + ⟨e∗, e⟩+ ⟨w∗, w⟩+ ⟨w∗, v′⟩
≤ lT ξ + ⟨e∗, e⟩+ ⟨w∗, w⟩.

Here we used the fact that w∗ ∈ N(K,G(z0)) and l ∈ N((−∞, 0]n, H(z0)).

As ξ, e, w are arbitrary, we obtain l = 0, e∗ = 0 and w∗ = 0 which is im-

possible. Hence we must have λ ̸= 0 and so Λ∗[z0] ̸= ∅.
Case 2. (A1), (A2) and (A5) are fulfilled.

If λ = 0, then we have

DH(z0)
∗lT +DF (z0)

∗e∗ +DG(z0)
∗w∗ = 0.

Let z̃ be a vector satisfying (A5). Then we have

lTDH(z0)z̃ + ⟨e∗, DF (z0)z̃⟩+ ⟨w∗, DG(z0)
∗z̃⟩ = 0.

This implies that

lTDH(z0)z̃ + ⟨w∗, DG(z0)z̃⟩ = 0,

where

DH(z0)z̃ ∈ (−∞, 0)n −H(z0) = int((−∞, 0]n −H(z0))

and

DG(z0)z̃ ∈ int(K)−G(z0) = int(K −G(z0)).

Fixing any ξ ∈ Rn and w ∈ W , we see that, there exist τ > 0 and s > 0

small enough such that

τξ +DH(z0)z̃ ∈ (−∞, 0]n −H(z0) and sw +DG(z0)z̃ ∈ K −G(z0).

Since l ≥ 0, lTH(z0) = 0 and w∗ ∈ N(K,G(z0)), we have

τ lT ξ + s⟨w∗, w⟩ = lT (τξ +DH(z0)z̃) + ⟨w∗, sw +DG(z0)z̃⟩ ≤ 0.

Hence lT ξ ≤ 0 for all ξ ∈ Rn and ⟨w∗, w⟩ ≤ 0 for all w ∈ W . This implies

that l = 0 and w∗ = 0. Consequently, DF (z0)
∗e∗ = 0. Since DF (z0)
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is surjective, we get e∗ = 0. Hence (λ, e∗, l, w∗) = (0, 0, 0, 0) which is

absurd. The claim is justified.

The boundedness of Λ∗[z0] is proved analogously with Lemma 2.2.3.

It remains to prove (2.2.26).

Let d ∈ C[z0]. Then there exists a sequence (dj) ⊂ C0[z0] such that

dj → d. By assertion (a), there exists (λj, e
∗
j , lj, w

∗
j ) ∈ Λ∗[z0] such that

D2
zL(z0, λj, e∗j , lj, w∗

j )(dj, dj) ≥ 0.

By [37, Theorem 13.13, p.207] (see also [87, Theorem 4.29, p. 129]

and [78, Theorem 1.3, Chapter XI, p. 223]), a set in a topological space

is compact if and only if any net in it, has a cluster point (also called

accumulation point). Since Λ∗[z0] is compact in the topology τ(Rk) ×
σ(E∗, E) × τ(Rm) × σ(W ∗,W ), there exists (λ0, e

∗
0, l0, w

∗
0) ∈ Λ∗[z0] such

that (λj, e
∗
j , lj, w

∗
j ) accumulates to (λ0, e

∗
0, l0, w

∗
0). This means that, for

any neighborhood V0(λ0)×V1(e∗0)×V2(l0)×V3(w∗
0) in the topology τ(Rk)×

σ(E∗, E)× τ(Rm)× σ(W ∗,W ) and for any s ≥ 1, there exists a number

js ≥ s such that

(λjs, e
∗
js
, ljs, w

∗
js
) ∈ V0(λ0)× V1(e

∗
0)× V2(l0)× V3(w

∗
0).

Recall that

D2
zL(z0, λj, e∗j , lj, w∗

j )(dj, dj) = λTj f
′′(z0)[dj, dj] + e∗jD

2
zF (z0)[dj, dj]

+ lTj D
2
zH(z0)[dj, dj] + w∗

jD
2
zG(z0)[dj, dj].

Define

rj = f ′′(z0)[dj, dj], ej = D2
zF (z0)[dj, dj],

ξj = D2
zH(z0)[dj, dj], wj = D2

zG(z0)[dj, dj].

Then we have the following strong convergences

rj → f ′′(z0)[d, d] := r

ej → D2
zF (z0)[d, d] := e,

ξj → D2
zH(z0)[d, d] := ξ,

wj → D2
zG(z0)[d, d] := w
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when k → ∞. Let us set

Vs(λ0) = {λ ∈ Rk : |λ− λ0| <
1

s
},

Vs(e
∗
0) = {e∗ ∈ E∗ : |⟨e∗ − e∗0, e⟩| <

1

s
},

Vs(l0) = {l ∈ Rm : |l − l0| <
1

s
},

Vs(w
∗
0) = {w∗ ∈ W ∗ : |⟨w∗ − w∗

0, w⟩| <
1

s
},

where e, w are as above and s ≥ 1. Then Vs(λ0)×Vs(e∗0)×Vs(l0)×Vs(w∗
0)

is a neighborhood of (λ0, e
∗
0, l0, w

∗
0) in the topology τ(Rk) × σ(E∗, E) ×

τ(Rm) × σ(W ∗,W ). Therefore, for each s ≥ 1, there exists js ≥ s such

that

(λjs, e
∗
js
, ljs, w

∗
js
) ∈ Vs(λ0)× Vs(e

∗
0)× Vs(l0)× Vs(w

∗
0).

This implies that

|λjs − λ0| <
1

s
, |⟨e∗js − e∗0, e⟩| <

1

s
, (2.2.36)

|ljs − l0| <
1

s
, |⟨w∗

js
− w∗

0, w⟩| <
1

s
, ∀s ≥ 1. (2.2.37)

We now have

D2
zL(z0, λjs, e∗js, ljs, w

∗
js
)(djs, djs)−D2

zL(z0, λ0, e∗0, l0, w∗
0)(d, d)

= λTjsrjs − λT0 r + ⟨e∗js, ejs⟩ − ⟨e∗0, e⟩+ lTjsξjs − lT0 ξ + ⟨w∗
kn
, wkn⟩ − ⟨w∗

0, w⟩
= λTjs(rjs − r) + (λjs − λ0)

Tr + ⟨e∗js, ejs − e⟩+ ⟨e∗js − e∗0, e⟩
+ lTjs(ξjs − ξ) + (ljs − l0)

T ξ + ⟨w∗
kn
, wkn − w⟩+ ⟨w∗

kn
− w∗

0, w⟩.

From this and (2.2.36) and 2.2.37, we get∣∣D2
zL(z0, 1, e∗js, ljs, w

∗
js
)(djs, djs)−D2

zL(z0, 1, e∗0, l0, w∗
0)(d, d)

∣∣
≤ |λjs||rjs − r|+ |λjs − λ0||r|+ ∥e∗js∥∥ejs − e∥+ |⟨e∗js − e∗0, e⟩|
+ |ljs||ξjs − ξ|+ |ljs − l0||ξ|+ ∥w∗

js
∥∥wjs − w∥+ |⟨w∗

js
− w∗

0, w⟩|

≤ |λjs||rjs − r|+ 1

s
|r|+ ∥e∗js∥∥ejs − e∥+ 1

s

+ |ljs||ξjs − ξ|+ 1

s
|ξ|+ ∥w∗

js
∥∥wjs − w∥+ 1

s
→ 0 as s→ ∞.

Here we used the fact that the sequence {(λjs, e∗js, ljs, w
∗
js
)} is bounded.

It follows that

lim
n→∞

D2
zL(z0, λjs, e∗js, ljs, w

∗
js
)(djs, djs) = D2

zL(z0, λ0, e∗0, l0, w∗
0)(d, d).
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Since

D2
zL(z0, λjs, e∗js, ljs, w

∗
js
)(djs, djs) ≥ 0,

we obtain

D2
zL(z0, λ0, e∗0, l0, w∗

0)(d, d) ≥ 0.

This also implies that

sup
(λ,e∗,l,w∗)∈Λ∗[z0]

D2
zL(z0, λ, e∗, l, w∗)(d, d) ≥ 0.

It remains to show that for each d ∈ C[z0],

sup
(λ,e∗,l,w∗)∈Λ∗[z0]

D2
zL(z0, λ, e∗, l, w∗)(d, d)

= max
(λ,e∗,l,w∗)∈Λ∗[z0]

D2
zL(z0, λ, e∗, l, w∗)(d, d).

Since Λ∗[z0] is bounded, then there exists a number M > 0 such that

∥(λ, e∗, l, w∗)∥ ≤M, ∀(λ, e∗, l, w∗) ∈ Λ∗[z0].

Therefore, we have∣∣D2
zL(z0, λ, e∗, l, w∗)(d, d)

∣∣ =∣∣λTf ′′(z0)[d, d] + e∗D2
zF (z0)[d, d] + lTD2

zH(z0)[d, d] + w∗D2
zG(z0)[d, d]

∣∣
≤M

(
∥f ′′(z0)[d, d]∥+ ∥D2

zF (z0)[d, d]∥+ ∥D2
zH(z0)[d, d]∥

+ ∥D2
zG(z0)[d, d]∥

)
for all d ∈ C[z0]. Consequently, for each d ∈ C[z0], we have

sup
(λ,e∗,l,w∗)∈Λ∗[z0]

D2
zL(z0, λ, e∗, l, w∗)(d, d) < +∞.

Fix d ∈ C[z0]. By definition of supremum, there exists a sequence

(λj, e
∗
j , lj, w

∗
j ) ∈ Λ∗[z0] such that

sup
(λ,e∗,l,w∗)∈Λ∗[z0]

D2
zL(z0, λ, e∗, l, w∗)(d, d) = lim

j→∞
D2
zL(z0, λj, e∗j , lj, w∗

j )(d, d).

Since Λ∗[z0] is compact, (λj, e
∗
j , lj, w

∗
j ) has an accumulation point

(λ̂, ê∗, l̂, ŵ∗) ∈ Λ∗[z0].

By the same argument as the above, we see that, there exists a subse-

quence (λjs, e
∗
js
, ljs, w

∗
js
) such that

sup
(λ,e∗,l,w∗)∈Λ∗[z0]

D2
zL(z0, λ, e∗, l, w∗)(d, d) = lim

j→∞
D2
zL(z0, λj, e∗j , lj, w∗

j )(d, d)

= lim
s→∞

D2
zL(z0, λjs, e∗js, ljs, w

∗
js
)(d, d) = D2

zL(z0, λ̂, ê∗, l̂, ŵ∗)(d, d).

The proof of Theorem 2.2.9 is completed.
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Remark 2.2.10. In comparison with the obtained results in [21], The-

orem 2.2.9 is an extension of [21, Theorem 8.2]. In [21] the author

considered problem (VOP2) without constraint H(z) ≤ 0 and required

that K is a cone. Here we consider problem (VOP2) with constraint

H(z) ≤ 0 and K is a convex set. Besides, our techniques for the proof

of Theorem 2.2.9 is very different from those in [21].
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Chapter 3

OPTIMAL CONTROL PROBLEMS GOVERNED BY ODE

This chapter presents some results for optimal control problems gov-

erned by ordinary differential equations. Its content is based on our

published papers [132], [138] and [2].

3.1 Existence of solutions to a class of optimal con-

trol problems

3.1.1 Introduction

In this section we consider the following optimal control problem of

finding a control function u ∈ L∞([0, 1],Rm) and the corresponding state

x ∈ W 1,∞([0, 1],Rn) which solve

J(x, u) =

∫ 1

0
L(t, x(t), u(t))dt→ min (3.1.1)

s.t.

ẋ(t) = f(t, x(t), u(t)), x(0) = x0, (3.1.2)

x(1) ∈ D, (3.1.3)

x(t) ∈ X a.e. t ∈ [0, 1], (3.1.4)

u(t) ∈ U a.e. t ∈ [0, 1], (3.1.5)

where x0 ∈ Rn, D and X are nonempty closed sets in Rn, U is nonem-

plty and compact set in Rm, L : [0, 1] × Rn × Rm → R and f : [0, 1] ×
Rn × Rm → Rn are given mappings. From now on we denote by Φ

the feasible set of problem (3.1.1)-(3.1.4), that is, Φ consists of cou-

ples (x, u) ∈ W 1,∞([0, 1],Rn)×L∞([0, 1],Rm)) which satisfies constraints

(3.1.2)-(3.1.5). Our main concern is to prove that under certain condi-

tions, there exists a control function ū ∈ U which steers x0 to a point

x1 ∈ D in an optimal way.

The study topic on the existence of solution to optimal control prob-

lems studied deeply in [51], [86], [108], [208] and references given therein.

However, in [51], the authors mainly studied problems where the state
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equations are linear in control variable u. Meanwhile, Roxin [208] and

Filippov [86] studied the time-optimal control problem T → min. In

[208], Roxin required that if U is compact, the set f(t, x, U) is convex

and f(t, ·, u) is global Lipschitz in x for all (t, u) ∈ I × U , then the

time-optimal control problem has a solution. It is noted that the global

Lipschitz condition is quite strictly because the functions f(t, x, u) which

are polynomial of x, fails to apply except that f(t, x, u) is linear in x.

More general, in [86] Fillippov showed that if for each (t, x) ∈ I × Rn,

U(t, x) is a compact set in Rm and the set

R(t, x) = {f(t, x, u)|u ∈ U(t, x)}

is convex, and that

x · f(t, x, u) ≤ C(|x|2 + 1) ∀(t, x) ∈ I × Rn, u ∈ U(t, x)

for some constant C > 0, then the time-optimal control problem has

an optimal solution. Thus the convexity of the set f(t, x, U) and the

compactness of U are important for the existence of solutions to optimal

control. In this section we will develop this idea to prove the existence

of solution to problem (3.1.1)-(3.1.5), where the state equation may be

nonlinear in both variable x and u.

Let us talk about the idea of proofs for the case where f(t, x, u) is

linear in u. Let (xk, uk) ∈ Φ be a minimal sequence. We somehow show

that ∥uk∥p is bounded and so uk ⇀ ū and xk → x̄. Then we try to

show that f(·, xk, uk) converges weakly to f(·, x̄, ū). By taking the limit

both sides of the state equation ẋk = f(t, xk, uk), we get ˙̄x = f(t, x̄, ū)

and so (x̄, ū) ∈ Φ, which is an optimal solution. Unfortunately, when

f is nonlinear in u, the above standard argument may not be correct.

For an example when n = 1 and f(t, x, u) = x + u2. It is known that

the sequence uk(t) = sin(kπt) ⇀ 0 in L2([0, 1],R) as k → ∞ but u2k(t)

does not converges weakly to 0 in L2([0, 1],R). This motivate us to

study the existence of solutions for optimal control problems where the

state equations are nonlinear in control variable. For this case in [108,

Theorem 3, p. 373], the authors showed that if the following condition

(H) The function

h(t, x, y) := inf{L(t, x, u)|u ∈ U, f(t, x, u) = y} is convex in y

is valid and some addition assumptions are satisfied, then problem (3.1.1)-

(3.1.5) has an optimal solution (x̄, ū) ∈ W 1,1([0, T ],Rn)×L∞([0, 1],Rm).
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In this section we shall characterize assumption (H) and give a result

on the existence of optimal solutions to problem (3.1.1)-(3.1.5) under

new assumptions (see assumption (A3)). To obtain the result, we shall

provide a new proof which is based on the measurable selection theorem

in order to build optimal control function. It is worth noting that in our

obtained result, the assumptions are easy to verify and the regularity of

optimal solutions is also given, that is, x̄ ∈ W 1,∞([0, 1],Rn).

3.1.2 Main result

Let F : Rk → 2R
l

be a multifunction. If F has closed images and

satisfies the property that for any open set O of Rl, the set

F−1(O) = {w ∈ Rk|F (w) ∩O ̸= ∅}

is measurable, then we say F is measurable. A single-valued mapping

φ : Rk → Rl is said to be a selection of F if φ(w) ∈ F (w) for all w ∈ Rk.

In the sequel, we shall need the following generalization of the Gron-

wall inequality.

Lemma 3.1.1. Suppose v(t) ≥ 0 and w(t) ≥ 0 for all t ≥ 0, v is

continuous and w is integrable. Let v0 ≥ 0 and α ≥ 0 such that

v(t) ≤ v0 +

∫ t

0
w(s)v(s)αds. (3.1.6)

Then the following assertion are valid.

(i) If α = 1, then

v(t) ≤ v0 exp(

∫ t

0
w(s)ds) ∀t ≥ 0. (3.1.7)

(ii) If 0 ≤ α < 1 then

v(t) ≤ [v1−α0 + (1− α)

∫ t

0
w(s)ds]

1
1−α (3.1.8)

Proof. Assertion (i) is only the Gronwall inequality. Let us prove asser-

tion (ii). For this we define

ψ(t) = v0 +

∫ t

0
w(s)v(s)αds.

Then we have

ψ′(t) = w(t)v(t)α ≤ w(t)ψ(t)α.
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By [144, Theorem 1], ψ is bounded by a maximal solution of the equation

r′(t) = w(t)r(t)α, r(0) = v0.

This is a Bernouilli equation. To solve it we put z(t) = r1−α. Then z

satisfies equation

z′(t) = (1− α)w(t), z(0) = v1−α0

By formula of solutions of Bernouilli equations (see [142, Section 1.5, p.

27]), we have

r(t)1−α = z(t) = [v1−α0 + (1− α)

∫ t

0
w(s)ds].

It follows that

v(t) ≤ ψ(t) ≤ r(t) ≤ [v1−α0 + (1− α)

∫ t

0
w(s)ds]

1
1−α .

The proof of the lemma is complete.

We will make the following assumptions:

(A1) L : [0, 1] × Rn × Rm → R is a Carathéodory function and there

exist a function ϕ0 ∈ L1([0, 1],R), non-negative constants α0, α1 and real

numbers c0, c1 such that

ϕ0(t) + c0|x|α0 + c1|u|α1 ≤ L(t, x, u) ∀(t, x, u) ∈ [0, 1]× Rn × U.

(3.1.9)

Moreover, for each M > 0 there exists a number kL,M > 0 such that

|L(t, x, u)| ≤ KL,M (3.1.10)

for a.e. t ∈ [0, 1], |x| ≤M and u ∈ U .

(A2) f : [0, 1] × Rn × U → R is continuous and there exist a function

r(·) ∈ L∞([0, 1],R) and a number kf > 0 such that

|f(t, x, u)| ≤ r(t) + kf |x|α (3.1.11)

for a.e. t ∈ [0, 1], for all x ∈ Rn and u ∈ U . Moreover, we require that if

α > 1, then α ≤ α0 and c0 > 0 under which (3.1.9) is satisfied.

(A3) For each (t, x) ∈ [0, 1] × Rn, the mapping L(t, x, ·) and f(t, x, ·)
satisfy the convex condition: for any u, v ∈ U and λ ∈ [0, 1], there exists

w ∈ U such that

L(t, x, w) ≤ λL(t, x, u) + (1− λ)L(t, x, v)

f(t, x, w) = λf(t, x, u) + (1− λ)f(t, x, v).
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Among the above assumptions, (A3) is important for the existence of

optimal solutions to problem (3.1.1)-(3.1.5). A variant of (A3) was also

used by [51, Theorem 9.3.i ] in order to establish optimality conditions. It

turn out that (A3) is equivalent to (H) by the following characterization.

Lemma 3.1.2. Suppose that U is compact. Then asumption (H) is

equivalent to assumption (A3).

Proof. Suppose that assumption (H) is valid. We take any u1, u2 ∈ U

and put yi = f(t, x, ui) with i = 1, 2. Since h(t, x, y) is convex in y, we

have

h(t, x, λy1 + (1− λ)y2) ≤ λh(t, x, y1) + (1− λ)h(t, x, y2) ∀λ ∈ [0, 1].

Since U is compact and f(t, x, ·), L(t, x, ·) are continuous, there exists

w ∈ U such that f(t, x, w) = λf(t, x, u1) + (1− λ)f(t, x, u2) and

L(t, x, w) = h(t, x, λy1 + (1− λ)y2) ≤ λh(t, x, y1) + (1− λ)h(t, x, y2)

≤ λL(t, x, u1) + (1− λ)L(t, x, u2).

Hence (A3) is followed.

Conversely, suppose that (A3) is valid. Take any y1, y2 ∈ Rn. By the

compactness of U and continuity of L(t, x, ·) and f(t, x, ·), there exist

ui ∈ U and f(t, x, ui) = yi such that h(t, x, yi) = L(t, x, ui) with i = 1, 2.

By (A3), there exists w ∈ U such that

f(t, x, w) = λf(t, x, u1) + (1− λ)f(t, x, u2) = λy1 + (1− λ)y2

and

L(t, x, w) ≤ λL(t, x, u1) + (1− λ)L(t, x, u2)

This implies that

h(t, x, λy1 + (1− λ)y2) ≤ L(t, x, w) ≤ λL(t, x, u1) + (1− λ)L(t, x, u2)

= λh(t, x, y1) + (1− λ)h(t, x, y2).

Hence (H) is satisfied. The proof of the lemma is complete.

Let us give an example for L and f satisfying (A3).

Example 3.1.3. (i) L(t, x, u) is convex w.r.t. u and

f(t, x, u) = A(t, x) +B(t, x)u

and U is convex. In this case for any u, v ∈ U and λ ∈ [0, 1], we choose

w = λu+ (1− λ)v.
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(ii) Let m = n = 1 and L(t, x, u) = φ(t, x) + u6, f(t, x, u) = A(t, x) + u3

and U = [a, b]. Then for any u, v ∈ [a, b] and λ ∈ [0, 1], we choose

w = (λu3 + (1− λ)v3)1/3.

We now have the following result on the existence of optimal solutions.

The idea of its proof is to use measurable selections of set-valued maps

in order to build an optimal control function.

Theorem 3.1.4. Suppose that assumptions (A1)−(A3) are satisfied and

there is (x∗, u∗) ∈ Φ such that J(x∗, u∗) < +∞. Then problem (3.1.1)-

(3.1.5) has at least an optimal solution.

Proof. Let us set V = inf(x,u)∈Φ J(x, u). By (A1) and (A2), we have

−∞ < V ≤ J(x∗, u∗) < +∞. Let (xk, uk) ∈ Φ be a sequence so that

V = limk→∞ J(xk, vk). By (3.1.9), there exists k0 > 0 such that∫ 1

0
ϕ0(t)dt+ c0

∫ 1

0
|xk(t)|α0dt+ c1

∫ 1

0
|uk(t)|α1dt < V + 1 (3.1.12)

for all k ≥ k0. Hence if c0 > 0, then there exists a number M1 > 0 such

that ∫ 1

0
|xk(t)|α0dt ≤M0 ∀k ≥ k0. (3.1.13)

Let us show that {xk} is uniformly equicontinuous and xk → x̄ in

norm of C([0, 1],Rn) for some x̄ ∈ C([0, 1],R). Since (xk, uk) ∈ Φ, they

must satisfy equation (3.1.2), that is

xk(t) = x0 +

∫ t

0
f(s, xk(s), uk(s))ds. (3.1.14)

From this and (A2), we have

|xk(t)| ≤ |x0|+
∫ t

0
(r(s) + kf |xk(s)|α)ds ≤ |x0|+ k0 + kf

∫ t

0
|xk(s)|αds,

(3.1.15)

where k0 =
∫ 1
0 |r(s)|ds. We now consider three cases. If α = 1, then we

have from the Gronwall inequality that

|xk(t)| ≤ (|x0|+ k0) exp(kf).

If 0 ≤ α < 1 then form (3.1.8), we have

|xk(t)| ≤ [(|x0|+ k0)
1−α + (1− α)kf ]

1
1−α . (3.1.16)
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If α > 1 then c0 > 0 and so (3.1.13) is valid. Since α ≤ α0, L
α0([0, 1],Rn) ↪→

Lα([0, 1],Rn). Hence there exists M1 > 0 such that∫ 1

0
|xk(t)|αdt ≤M1 ∀k ≥ 1.

Combining this with (3.1.15), we have

|xk(t)| ≤ |x0|+ k0 + kfM1 ∀k ≥ k0. (3.1.17)

In a summary, we showed that there exists M2 > 0 such that

∥xk∥0 ≤M2, ∀k > 0.

Let us show that {xk} is uniformly equicontinuous. Taking any t1, t2 ∈
[0, 1] with t1 < t2, we have from (3.1.14), (A2) and Hölder inequality

that ∣∣xk(t1)− xk(t2)
∣∣ = ∣∣ ∫ t2

t1

f(s, xk(s), uk(s))ds
∣∣

≤
∫ t2

t1

(|r(s)|+ kf |xk(s)|α)ds

≤
∫ t2

t1

(|r(s)|+ kfM
α
2 )ds

≤ (t2 − t1)∥|(r(·)|+ kfM
α
2 ∥∞.

Hence {xk} is uniformly equicontinuous. By the Arzelà-Ascoli theorem,

{xk} is a relatively compact set in C([0, 1],Rn). Passing to a subse-

quence, we can assume that xk → x̄ uniformly in C([0, 1],Rn). The

claim is justified.

Since D and X are closed sets, we have x̄(1) ∈ D and x̄(t) ∈ X for

all t ∈ [0, 1]. By (3.1.10), there exists KL,M2
> 0 such that

|L(t, xk(t), uk(t))| ≤ KL,M2
:=M4

for a.e. t ∈ [0, 1]. Also, from (3.1.11), there exist a number k′f > 0 such

that

|f(t, xk(t), uk(t))| ≤ k′f(1 +Mα
1 ) :=M5

for a.e. t ∈ [0, 1]. Let us define ξk(t) = L(t, xk(t), uk(t)) and ζk(t) =

f(t, xk(t), uk(t)). Then ∥ξk∥∞ ≤ M4 and ∥ζk∥∞ ≤ M5 for all k > 0. By

passing to subsequences, we may assume that ξk(·) converges weakly star
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to a function ξ0(·) ∈ L∞ and ζk(·) converges weakly star to a function

ζ0(·) ∈ L∞ as k → ∞. Then ∥ξ0∥∞ ≤M4, ∥ζ0∥∞ ≤M5 and

lim
k→∞

∫ 1

0
φ(t)ξk(t)dt =

∫ 1

0
φ(t)ξ0(t)dt

lim
k→∞

∫ 1

0
h(t)ζk(t)dt =

∫ 1

0
h(t)ζ0(t)dt

for all φ, h ∈ L1. Particularly, for any measurable set E ⊂ [0, 1] and

φ, h ∈ L1(E,R), we have

lim
k→∞

[

∫
E
φ(t)ξk(t)dt+

∫
E
h(t)ζk(t)dt] =

∫
E
φ(t)ξ0(t)dt+

∫
E
h(t)ζ0(t)dt.

(3.1.18)

Let us now define a set-valued map Q : [0, 1] × B(0,M2) → Rn+1 by

setting

Q(t, x) = {(y, z)|M4 ≥ y ≥ L(t, x, u), z = f(t, x, u) for some u ∈ U},
(3.1.19)

where B(0,M2) is a closed ball in Rn.

By (A3) and the compactness of U , we can show that Q(t, x) is a

nonempty, compact and convex set. We now prove the following lemma.

Lemma 3.1.5. The set-valued map Q is a Caratheödory multi-function,

that is, for each fixed x ∈ B(0,M2), Q(·, x) is measurable in t, and for

a.e. t ∈ [0, 1], Q(t, ·) is continuous.

Proof. We mimic the proof of Lemma 3.1 in [135].

• Showing that Q(t, x) is measurable in t.

In fact, let C be a closed set in R1+n, we want to show that the set

Q(·, x)−1(C) = {t ∈ [0, 1]|Q(t, x) ∩ C ̸= ∅}

is closed. Let tn ∈ Q(·, x)−1(C) and tn → t0. Then there exist (yn, zn) ∈
C and M4 ≥ yn ≥ L(tn, x, un) and zn = f(tn, x, un) for some un ∈ U .

We can assume that un → u0 ∈ U . Hence zn → z0 = f(t0, x, u0),

L(tn, x, un) → L(t0, x, u0) and so yn is bounded. By passing to a sub-

sequence, we may assume that yn → y0. By letting n → ∞, we

get M4 ≥ y0 ≥ L(t0, x, u0). Since C is closed, (y0, z0) ∈ C. Hence

(y0, z0) ∈ Q(t0, x) ∩ C or t0 ∈ Q(·, x)−1(C). This means Q(·, x)−1(C)

is a closed set and so it is a measurable set. By Theorem 8.1.4 in [11],

Q(·, x) is measurable.

146



• Showing that Q(t, x) is lower semicontinuous with respect to x.

On the contrary, suppose that there is x ∈ B(0,M2) such that Q(t, ·)
is not lower semiconitunous at x. Then there exists an open set V in

R2 such that Q(t, x) ∩ V ̸= ∅ and a sequence xn ∈ B(0,M2), xn → x

satisfying Q(t, xn) ∩ V = ∅. Then there exist (y, v) ∈ V such that

M4 ≥ y ≥ L(t, x, u) and z = f(t, x, u) for some u ∈ U . Choose a

sequence un ∈ U such that un → u. If y = L(t, x, u), then we put yn =

L(t, xn, un) and zn = f(t, xn, un). This implies that (yn, zn) → (y, z) and

so (yn, zn) ∈ Q(t, xn)∩ V which is absurd. If y > L(t, x, u) then we have

y > L(t, xn, un) for n large enough. Define yn = y and zn = f(t, xn, un)

we have (yn, zn) → (y, u) and (yn, un) ∈ Q(t, xn)∩ V for n large enough.

It lead to a contradiction. By definition, Q(t, ·) is lower semicontinuous

at x.

• Showing that Q(t, x) is upper semicontinuous with respect to x.

By a contradiction, we suppose that there is x ∈ B(0,M2) under

which Q(t, ·) is not upper semiconitunous at x. Then there exists an

open set W in Rn+1 such that Q(t, x) ⊂ W and a sequence xn → x such

that Q(t, xn) ⊈ W . Then there exists a sequence (yn, zn) ∈ Q(t, xn)\W .

Hence M4 ≥ yn ≥ L(t, xn, un) and zn = f(t, xn, un) for un ∈ U . By

passing to a subsequence, we can assume that un → u ∈ U . Hence

L(t, xn, un) → L(t, x, u) and zn → z = f(t, x, u). It follows that {yn}
is bounded. So we may assume that yn → y as n → ∞. By letting

n→ ∞, we getM4 ≥ y ≥ L(t, x, u). Thus we have (y, z) ∈ Q(t, x) ⊂ W .

Therefore (yn, zn) ⊂ W for n large enough. This leads to a contradiction.

The lemma is proved.

Let us define a set-valued map Q̄ : [0, 1] → R1+n by setting

Q̄(t) = Q(t, x̄(t)) =

{(y, z) ∈ R1+n|M4 ≥ y ≥ L(t, x̄(t), u), z = f(t, x̄(t), u) for some u ∈ U}.

Since Q is a Caratheödory multi-function, Theorem 8.2.8 in [11] implies

that Q̄ is a measurable set-valued map. Moreover, it has nonempty,

compact and convex values. It is clear that (ξk(t), ζk(t)) ∈ Q(t, xk(t))

for a.e. t ∈ [0, 1].

Lemma 3.1.6. (ξ0(t), ζ0(t)) ∈ Q̄(t) for a.e. t ∈ [0, 1].

Proof. On the contrary, suppose that there exists a measurable set E ⊂
[0, 1] with positive measure such that

w(t) = (ξ0(t), ζ0(t)) /∈ Q̄(t) ∀t ∈ E.

147



Then d(w(t), Q̄(t)) > 0 for all t ∈ E because Q̄(t) are closed sets.

Here d(w(t), Q̄(t)) denotes the distance from w(t) to Q̄(t). Since Q̄(t)

is convex, for each t, there exists a unique w′(t) ∈ Q̄(t) such that

|w(t) − w′(t)|e = d(w(t), Q̄(t)), where | · |e denotes the Euclid norm

in R1+n. In other words, w′(t) is the metric projection of w(t) on Q̄(t).

Let us show that w′(t) is measurable. Define function

g(t, w′′) = |w(t)− w′′|e.

Then g is a Caratheödory function and

d(w(t), Q̄(t)) = inf
w′′∈Q̄(t)

g(t, w′′).

Define the set-valued map

P (t) = {w′ ∈ R1+n|g(t, w′) = inf
w′′∈Q̄(t)

g(t, w′′)}.

Since Q̄(t) is compact, P (t) has nonempty closed values. By Theorem

8.2.11 in [11], the mapping t 7→ d(w(t), Q̄(t)) and P (t) are measurable.

By the measurable selection theorem ( see Theorem 8.1.3 in [11]), P has

a measurable selection, that is there exists a measurable function w0(t)

such that w0(t) ∈ P (t). This implies that

|w(t)− w0(t)|e = d(w(t), Q̄(t)) = |w(t)− w′(t)|e.

By the uniqueness, we have w′(t) = w0(t). Hence w′(t) is measurable

too. Let w′(t) = (w′
1(t), w

′
2(t)) ∈ R × Rn. Then w′

1 ∈ L∞(E,R) and

w′
2 ∈ L∞(E,Rn). In fact, there exist u ∈ U such that M4 ≥ w′

1(t) ≥
L(t, x̄(t), u) and w′

2(t) = f(t, x̄(t), u). Let M0 := ∥x̄∥0. By (3.1.10) and

(3.1.11), there exist KL,M0
> 0 and Kf,M0

> 0 such that

M4 ≥ w′
1(t) ≥ L(t, x̄(t), u) ≥ −KL,M0

and |w′
2(t)| = |f(t, x̄(t), u)| ≤ Kf,M0

for all t ∈ E. By a property of

metric projection (see Theorem 5.2 in [31]), we have

⟨w(t)− w′(t), v − w′(t)⟩ ≤ 0 ∀v ∈ Q̄(t).

Here ⟨·, ·⟩ denotes the scalar product in R1+n. This implies that

0 < |w(t)− w′(t)|2e = ⟨w(t)− w′(t), w(t)− w′(t)⟩
≤ ⟨w(t)− w′(t), w(t)− v⟩ ∀v ∈ Q̄(t).
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Hence

⟨w′(t)− w(t), w(t)⟩ < ⟨w′(t)− w(t), v⟩ ∀v ∈ Q̄(t).

Let us put w′(t)− w(t) = (φ(t), h(t)) and v = (v1, v2). Then we have

φ(t)ξ0(t) + h(t)ζ0(t) ≤ φ(t)v1 + h(t)v2 ∀(v1, v2) ∈ Q̄(t).

By taking v1 = L(t, x̄(t), u) and v2 = f(t, x̄(t), u) with u ∈ U , we have

φ(t)ξ0(t) + h(t)ζ0(t) < φ(t)L(t, x̄(t), u) + h(t)f(t, x̄(t), u) ∀u ∈ U.

(3.1.20)

Hence

φ(t)ξ0(t) + h(t)ζ0(t) < min
u∈U

[φ(t)L(t, x̄(t), u) + h(t)f(t, x̄(t), u)].

(3.1.21)

Note that φ ∈ L∞(E,R), h ∈ L∞(E,R)n, xk(t) → x̄(t) as k → ∞ and

the mapping

x 7→ min
u∈U

[φ(t)L(t, x, u) + h(t)f(t, x, u)]

is continuous. It follows that

φ(t)ξ0(t) + h(t)ζ0(t) < min
u∈U

[φ(t)L(t, x̄(t), u) + h(t)f(t, x̄(t), u)]

= lim
k→∞

min
u∈U

[φ(t)L(t, xk(t), u) + h(t)f(t, xk(t), u)] ≤ ϱ

for some ϱ > 0. This and the dominated convergence theorem imply

that ∫
E
[φ(t)ξ0(t) + h(t)ζ0(t)]dt

<

∫
E

(
lim
k→∞

min
u∈U

[φ(t)L(t, xk(t), u) + h(t)f(t, xk(t), u)]dt
)

= lim
k→∞

∫
E

(
min
u∈U

[φ(t)L(t, xk(t), u) + h(t)f(t, xk(t), u)]
)
dt

≤ lim
k→∞

∫
E

(
φ(t)L(t, xk(t), uk(t)) + h(t)f(t, xk(t), uk(t))

)
dt

which contradicts (3.1.18). The lemma is proved.

According to Lemma 3.1.6, we have (ξ0(t), ζ0(t)) ∈ Q̄(t) for a.e. t ∈
[0, 1]. Therefore, for each t ∈ [0, 1] there exists u ∈ U such that

M4 ≥ ξ0(t) ≥ L(t, x̄(t), u), ζ0(t) = f(t, x̄(t), u). (3.1.22)
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Define set-valued maps Q1 : [0, 1] → 2R
1+n

and Q2 : [0, 1] → 2U by setting

Q1(t) := (−∞, ξ0(t)]× {ζ0(t)}

and

Q2(t) = {u ∈ U |(L(t, x̄(t), u), f(t, x̄(t), u)) ∈ Q1(t)}.
Then Q2(t) has nonempty and closed values. Besides, Q1 is measurable.

In fact, let O = (a, b)×
∏n

i=1(ai, bi) be a open set in R1+n. Then

Q−1
1 (O) = {t ∈ [0, 1]|P1(t) ∩O ̸= ∅} = ξ−1

0 ((a,+∞)) ∩ ζ−1
0 (

n∏
i=1

(ai, bi))

(3.1.23)

which is a measurable set because ξ0 and ζ0 are measurable functions.

Hence Q1 is a measurable set-valued map. By Theorem 8.2.9 in [11], Q2

is a measurable set-valued map with closed images. By Theorem 8.1.3

in [11], there exists a measurable function ū(t) such that ū(t) ∈ Q2(t)

for a.e. t ∈ [0, 1]. It follows that ū(t) ∈ U for a.e. t ∈ [0, 1] and

ξ0(t) ≥ L(t, x̄(t), ū(t)), ζ0(t) = f(t, x̄(t), ū(t)).

In a summary, we have shown that ξk = L(·, xk, uk) converges weakly

star to ξ0 with ξ0(t) ≥ L(t, x̄(t), ū(t)), and ζk = f(·, xk, uk) converges

weakly star to ζ0 = f(·, x̄, ū).
Since (xk, uk) ∈ Φ, we have

xk(t) = x0 +

∫ t

0
f(s, xk(s), uk(s))ds = x0 +

∫ 1

0
χ[0,t](s)ζk(s),

where χ[0,t](s) = 1 if s ∈ [0, t] and χ[0,t](s) = 0 if s /∈ [0, t]. By letting

k → ∞, we obtain

x̄(t) = x0 +

∫ t

0
f(s, x̄(s), ū(s))ds. (3.1.24)

This implies that

˙̄x(t) = f(t, x̄(t), ū(t)), x̄(0) = x0.

It easy to show that f(·, x̄, ū) ∈ L∞([0, 1],Rn). Hence x̄ ∈ W 1,∞([0, 1],Rn).

Since x̄(1) ∈ D and x̄(t) ∈ X for all t ∈ [0, 1], we have (x̄, ū) ∈ Φ. Fi-

nally, we have

V = lim
k→∞

J(xk, uk) = lim
k→∞

∫ 1

0
L(t, xk(t), uk(t))dt

=

∫ 1

0
ξ0(t)dt ≥

∫ 1

0
L(t, x̄(t), ū(t))dt.
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Hence (x̄, ū) is an optimal solution of problem (3.1.1)-(3.1.3). The proof

of the theorem is complete.

3.2 Optimality conditions for multiobjective opti-

mal control problems

3.2.1 First and second-order optimality conditions of KKT-

type for multiobjective optimal control problems with

free right endpoints

Let

Lj : [0, 1]× Rn × Rl → R, j = 1, 2, . . . ,m

φ : [0, 1]× Rn × Rl → Rn, g : [0, 1]× Rn × Rl → R

be given functions. Hereafter, we denote by Rm
+ the nonnegative orthant

of Rm, that is,

Rm
+ = {(a1, a2, ..., am) ∈ Rm : ai ≥ 0, i = 1, 2, ...,m}.

The interior of Rm
+ is denoted by intRm

+ .

We consider the multi-objective optimal control problem of finding

a control vector u ∈ L∞([0, 1],Rl) and the corresponding state x ∈
C([0, 1],Rn) which solve

MinRm
+
I(x, u) (3.2.1)

s.t. x(t) = x0 +

∫ t

0
φ(s, x(s), u(s))ds for a.e. t ∈ [0, 1], (3.2.2)

g(t, x(t), u(t)) ≤ 0 for a.e. t ∈ [0, 1]. (3.2.3)

Here x0 is a given vector in Rn and the multi-objective function I is

given by

I(x, u) = (I1(x, u), I2(x, u), . . . , Im(x, u)),

where

Ij(x, u) :=

∫ 1

0
Lj(t, x(t), u(t))dt.

We denote by (MCP1) the problem (3.2.1)–(3.2.3) and by Φ its feasible

set, that is, Φ consists of couples (x, u) ∈ C([0, 1],Rn) × L∞([0, 1],Rl)

which satisfy constraints (3.2.2)–(3.2.3).
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The multi-objective optimal control problems are important in me-

chanics and economics. For example, when we want to minimize en-

ergy and time of a system, we need to use two-objective optimal control

which has a form (3.2.1)–(3.2.3) (see for instance [117]). Recently, prob-

lem (MCP1) has been studied by several mathematicians. For papers

which have a close connection to the present work, we refer the readers

to [20], [27], [95], [117], [128], [170], [173], [174], [211], [240] and the ref-

erences therein. However, in these papers, the authors mainly studied

numerical methods and first-order necessary optimality conditions for

multi-objective optimal control problems. To the best of our knowledge,

so far there have been no papers investigating second-order optimality

conditions for multi-objective optimal control problems. The study of

second-order optimality conditions for optimization problems as well as

for multi-objective optimal control problems is a fundamental topic in

optimization theory. The second-order optimality conditions play an

important role in solution stability and numerical methods of finding

optimal solutions.

In this subsection, we shall establish second-order conditions of KKT-

type for locally Pareto solutions to the multi-objective optimal control

problem with free right endpoints. To do this, we first establish opti-

mality conditions for an abstract multi-objective optimal control prob-

lem under the Robinson constraint qualification. This can be done by

using Theorem 2.2.5. We then apply the obtained results to problem

(3.2.1)-(3.2.3).

• Abstract multi-objective optimal control problem

Let E0, E,X and U be Banach spaces and Q be a nonempty closed

convex set in E. Define Z := X × U and assume that

I : X × U → Rm,

F : X × U → E0,

G : X × U → E

are given mappings. We consider the following multi-objective optimal

control problem of finding a control u ∈ U and the corresponding state

x ∈ X which solve

(MP2)


Min Rm

+
I(x, u),

s.t. F (x, u) = 0,

G(x, u) ∈ Q.
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We denote by Φ the feasible of the (MP2) and put

D := {(x, u) ∈ Z | F (x, u) = 0}.

Fix z0 = (y0, u0) ∈ Φ. We denote by Λ2(z0) the set of multipliers

(λ, v∗, e∗) ∈ Rm
+ × E∗

0 × E∗ with |λ| = 1, which satisfies the following

conditions

∇zL2(z, λ, v
∗, e∗) = 0, e∗ ∈ N(Q,G(z, w0)),

where L2(z, λ, v
∗, e∗) is the Lagrangian given by

L2(z, λ, v
∗, e∗) := ⟨λ, I(z)⟩+ ⟨v∗, F (z)⟩+ ⟨e∗, G(z)⟩.

Let C02(z0) consist of directions d ∈ Z satisfying conditions:
∇I(z0)d ∈ −Rm

+ ,

∇F (z0)d = 0,

∇G(z0)d ∈ cone(Q−G(z0).

Let C2(z0) be the closure of C02(z0) in Z. Then C2(z0) is called the critical

cone of the (3.2.1) at z0.

Let us introduce the following assumptions:

(A1) There exist positive numbers r1, r
′
1 such that the mapping I(·, ·),

F (·, ·) and G(·, ·) are twice continuously Fréchet differentiable on

BX(x0, r1)×BU(u0, r
′
1);

(A2) The mapping Fx(z0) is bijective;

(A3) E = ∇G(z0)(T (D; z0))− cone(Q−G(z0)).

From assumptions (A1) and (A3), we have that F (·, ·) is continu-

ously differentiable on BX(x0, r1) × BU(u0, r
′
1) and Fx(z0) is bijective.

By the implicit function theorem (see [?, Theorem 4.E]), there exist

balls BX(x0, r2), BU(u0, r
′
2) with r2 < r1, r

′
2 < r′1 such that for each

u ∈ BU(u0, r
′
2), the equation

F (x, u) = 0

has a unique solution x = ζ(u) ∈ BX(x0, r2). Moreover, the mapping

ζ : BU(u0, r
′
2) → BX(x0, r2)
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is of class C2 and ζ(u0) = x0. Thus,

F (ζ(u), u) = 0 ∀u ∈ BU(u0, r
′
2). (3.2.4)

We now define the following mappings:

J : U → Rm, J(u) := J(ζ(u), u),

H : U → E, H(u) := G(ζ(u), u). (3.2.5)

Then we can show that (x0, u0) is a local weak Pareto solution of the

(3.2.1) if and only if u0 is a local weak Pareto solution of the following

problem:

Min Rm
+
J(u) (MP3)

s.t. H(u) ∈ Q.

Problem (MP3) is associated with the Lagrangian

L3(u, λ, e
∗) := λJ(u) + e∗H(u).

Given a feasible point u0 of the (MP3), we define

C03(u0) := {u ∈ U | ∇J(u0)u ∈ −Rm
+ ,∇H(u0)u ∈ cone(Q−H(u0))}

and C3(u0) := C03(u0) the interior critical cone and the critical cone at

u0, respectively.

The following theorem provides second-order necessary optimality

conditions for the (3.2.1).

Theorem 3.2.1. Suppose that z0 is a feasible point of the (3.2.1) and

assumptions (A1)−(A3) are satisfied. If z0 is a local weak Pareto solution

of the (3.2.1), then, for each d ∈ C2(z0), there exists a nonzero triple

(λ, v∗, e∗) ∈ Λ2(z0) such that

∇2
zL2(z0, e

∗, v∗)(d, d) =
[
λJzz(z0) + v∗Fzz(z0) + e∗Gzz(z0)

]
(d, d) ≥ 0.

Proof. Since z0 = (x0, u0) is a local weak Pareto solution to the (3.2.1),

u0 is a local weak Pareto solution of the (MP3). By assumption (A2),

∇F (z0) is surjective. Indeed, for any v ∈ E0, there exists x ∈ X such

that Fx(z̄)x = v. Hence, (x, 0) ∈ X × U and ∇F (z̄)(x, 0) = v. This

means that ∇F (z̄) is surjective. From this and Lemma 2.1.17, we have

T (D; z0) = {(x, u) ∈ Z | Fx(z0)x+ Fu(z0)u = 0} = {(ζ ′(u0)u, u) | u ∈ U} .
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Combining this with (A3), we get

E ⊆ {∇xG(z0)ζ
′(u0)u+∇uG(z0)u | u ∈ U} − cone(Q−G(z0))

⊆ ∇H(u0)(U)− cone(Q−H(u0)),

where H is defined by (3.2.5). Hence the Robinson constraint qualifica-

tion for the (MP3) is satisfied at u0.

Fix any d = (x, u) ∈ C2(z0). Then there exists a sequence {dk} =

{(xk, uk)} ⊂ C02(z0) such that dk → d. Since Fx(z0)xk + Fu(z0)uk = 0,

we have xk = ζ ′(u0)uk and so uk ∈ C03(u0). Consequently, u ∈ C3(u0).
By Theorem 2.2.5, there exists a multipliers (λ, e∗) ∈ Λ∗(u0) such that

the following conditions hold:

(a) λ∇J(u0) +∇e∗H(u0) = 0, e∗ ∈ N(Q,H(u0)),

(b) ⟨λ∇2J(u0)u, u⟩+ ⟨e∗∇2H(u0)u, u⟩ ≥ 0.

Note that from (3.2.4), we have

F (ζ(v), v) = 0 ∀v ∈ BU(u0, r
′
3). (3.2.6)

Taking first-order derivative on both sides, we get

Fx(z0)ζ
′(u0) + Fu(z0) = 0

and so

ζ ′(u0)
∗ = −Fu(z0)∗(F ∗

x (z0))
−1. (3.2.7)

From (a), we have

λIx(z0)ζ
′(u0) + λIu(z0) + e∗Gx(z0)ζ

′(u0) + e∗Gu(z0) = 0,

or, equivalently,

ζ ′(u0)
∗(λIx(z0) + e∗Gx(z0)) = −(λIu(z0) + e∗Gu(z0)). (3.2.8)

Let us put

ϕ := (λIx(z0) + e∗Gx(z0)), v
∗ := −(F ∗

x (z0))
−1ϕ. (3.2.9)

Then, from (3.2.7) and (3.2.8), we have

−Fu(z0)∗(F ∗
x (z0))

−1ϕ = −(λIu(z0) + e∗Gu(z0)).

Consequently, {
Fu(z0)

∗v∗ + λIu(z0) + e∗Gu(z0) = 0

Fx(z0)
∗v∗ = −(λIx(z0) + e∗Gx(z0)).
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This is equivalent to

∇I(z0)∗λT +∇F (z0)∗v∗ +∇G(z0)∗e∗ = 0.

Hence we have (λ, v∗, e∗) ∈ Λ2(z0).

Given u ∈ C3(u0), we define the following function

ψ(t) := L3(u0 + tu, λ, e∗) = λJ(u0 + tu) + e∗H(u0 + tu), −1 < t < 1.

Then by (b), we have

ψ′′(0) = ∇2
uL3(u0)(u, u) = ⟨λ∇2J(u0)u, u⟩+ ⟨e∗∇2H(u0)u, u⟩ ≥ 0.

On the other hand, by simple calculation, we get

ψ′′(0) = ⟨λIxx(z0)ζ ′(u0)u, ζ ′(u0)u⟩+ ⟨λIxu(z0)ζ ′(u0)u, u⟩ (3.2.10)

+ ⟨λIux(z0)u, ζ ′(u0)u⟩+ ⟨λIuu(z0)u, u⟩+ ⟨e∗Gxx(z0)ζ
′(u0)u, ζ

′(u0)u⟩
+ ⟨e∗Gxu(z0)ζ

′(u0)u, u⟩+ ⟨e∗Gux(z0)u, ζ
′(u0)u⟩+ ⟨e∗Guu(z0)u, u⟩

+ ⟨(λIx(z0) + e∗Gx(z0))ζ
′′(u0)u, u⟩

= ⟨λIxx(z0)x, x⟩+ ⟨λIxu(z0)x, u⟩+ ⟨λIux(z0)u, x⟩+ ⟨λIuu(z0)u, u⟩
+ ⟨e∗Gxx(z0)x, x⟩+ ⟨e∗Gxu(z0)x, u⟩+ ⟨e∗Gux(z0)u, x⟩
+ ⟨e∗Guu(z0)u, u⟩+ ⟨(ζ ′′(u0)u)∗(λIx(z0) + e∗Gx(z0)), u⟩.

Taking second-order derivatives on both sides of (3.2.6) at u0 and acting

on u ∈ C ′′(u0) and v ∈ U , we obtain

⟨Fx(z0)ζ ′′(u0)u, v⟩+ ⟨Fxx(z0)ζ ′(u0)u, ζ ′(u0)v⟩+ ⟨Fxu(z0)ζ ′(u0)u, v⟩
+ Fux(z0)(u, ζ

′(z0)v) + Fuu(z0)(u, v) = 0.

This is equivalent to

⟨Fx(z0)ζ ′′(u0)u, v⟩ = −
[
⟨Fxx(z0)x, ζ ′(u0)v⟩+ ⟨Fxu(z0)x, v⟩

+ ⟨Fux(z0)u, ζ ′(z0)v⟩+ ⟨Fuu(z0)u, v⟩
]
.

It follows that

(ζ ′′(u0)u)
∗

= −[Fxx(z0)xζ
′(u0) + Fxu(z0)x+ Fux(z0)uζ

′(z0) + Fuu(z0)u]
∗(Fx(z0)

∗)−1.

Combining this with formula (3.2.9), we have

(ζ ′′(u0)u)
∗(λIx(z0) + e∗Gx(z0)) = −(ζ ′′(u0)u)

∗ϕ

= −[Fxx(z0)xζ
′(u0) + Fxu(z0)x+ Fux(z0)uζ

′(z0) + Fuu(z0)u]
∗(Fx(z0)

∗)−1ϕ

= −[Fxx(z0)xζ
′(u0) + Fxu(z0)x+ Fux(z0)uζ

′(z0) + Fuu(z0)u]
∗v∗.
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Hence,

⟨(ζ ′′(u0)u)∗(λIx(z0) + e∗Gx(z0)), u⟩ =
= ⟨v∗Fxx(z0)x, ζ ′(u0)u⟩+ ⟨v∗Fxu(z0)x, u⟩+ ⟨Fux(z0)u, ζ ′(z0)u⟩
+ ⟨v∗Fuu(z0)u, u⟩
= ⟨v∗Fxx(z0)x, x⟩+ ⟨v∗Fxu(z0)x, u⟩+ ⟨Fux(z0)u, x⟩+ ⟨v∗Fuu(z0)u, u⟩.

Inserting this term into (3.2.10), we obtain

⟨λ∇2J(u0)u, u⟩+ ⟨e∗∇2H(u0)u, u⟩ =
= ⟨λ∇2I(z0)d, d⟩+ ⟨v∗∇2F (z0)d, d⟩+ ⟨e∗∇2G(z0)d, d⟩ ≥ 0.

The proof is complete.

• Second-order optimality conditions for (MCP1)

In what follows, C([0, 1],Rn) is the Banach space of continuous vector-

valued functions x : [0, 1] → Rn with the norm ∥x∥0 = max
t∈[0,1]

|x(t)| and Rn

is the Euclidean space of n-tuples ξ = (ξ1, . . . , ξn) with the norm |ξ| =(∑n
i=1 ξ

2
i

) 1
2 . For each 1 ≤ p ≤ ∞, Lp([0, 1],Rl) stands for the Lebesgue

spaces with the norms ∥ · ∥p. Let W 1,2([0, 1],Rn) be Sobolev space which

consists of absolutely continuous functions x such that ẋ ∈ L2([0, 1],Rn).

Its norm is given by

∥x∥1,2 = ∥x∥2 + ∥ẋ∥2.
For convenience, we put X := C([0, 1],Rn) and U := L∞([0, 1],Rl). In

the sequel, L and ϕ stand for (L1, . . . , Lm) and (φ, g), respectively. Define

Q := {v ∈ L∞ ([0, 1],R) | v(t) ≤ 0, a.e. t ∈ [0, 1]} .

Let us impose the following assumptions on L and ϕ.

(H1) The function L is a Carathéodory function and ϕ is a continuous

mapping. For a.e. t ∈ [0, 1], L(t, ·, ·) is of class C2 while ϕ(t, ·, ·) is
of class C2 for all t ∈ [0, 1] . Besides, for each M > 0, there exist

numbers kLM > 0 and kϕM > 0 such that

|L(t, x1, u1)− L(t, x2, u2)|+ |∇L(t, x1, u1)−∇L(t, x2, u2)|+
+ |∇2L(t, x1, u1)−∇2L(t, x2, u2)| ≤ kLM(|x1 − x2|+ |u1 − u2|)

for a.e. t ∈ [0, 1] and for all xi ∈ Rn, ui ∈ Rl satisfying |xi| ≤ M ,

|ui| ≤M with i = 1, 2, and

|ϕ(t, x1, u1)− ϕ(t, x2, u2)|+ |∇ϕ(t, x1, u1)−∇ϕ(t, x2, u2)|+
+
∣∣∇2ϕ(t, x1, u1)−∇2ϕ(t, x2, u2)

∣∣ ≤ kϕM(|x1 − x2|+ |u1 − u2|)
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for all t ∈ [0, 1], xi ∈ Rn, ui ∈ Rl satisfying |xi| ≤M , |ui| ≤M with

i = 1, 2. Moreover, we require that the functions

L(t, 0, 0), |∇L(t, 0, 0)|,
∣∣∇2L(t, 0, 0)

∣∣ , ϕ(t, 0, 0), |∇ϕ(t, 0, 0)|, ∣∣∇2ϕ(t, 0, 0)
∣∣

belong to L∞([0, 1],R).

(H2) Given a couple (x̄, ū) ∈ Φ, there exist i0 ∈ {1, 2, . . . , l} and α > 0

such that

|gui0(t, x̄(t), ū(t))| ≥ α for a.e. t ∈ [0, 1].

Hereafter, L[t], φ[t], g[t], Lx[t], φu[t], gu[t] and so on, stand for

L(t, x̄(t), ū(t)), φ(t, x̄(t), ū(t)), g(t, x̄(t), ū(t)),

Lx(t, x̄(t), ū(t)), φu(t, x̄(t), ū(t)), gu(t, x̄(t), ū(t)), . . .

Definition 3.2.2. Assume that z̄ = (x̄, ū) is a feasible point of the

(MCP1). We say that:

(i) z̄ is a local weak Pareto solution of the (MCP1) if there exists ϵ > 0

such that for all (x, u) ∈ (B(x̄, ϵ)×B(ū, ϵ)) ∩ Φ, one has

I(x, u)− I(x̄, ū) /∈ −intRm
+ .

(ii) z̄ is a local Pareto solution of the (MCP1) if there exists ϵ > 0 such

that for all (x, u) ∈ (B(x̄, ϵ)×B(ū, ϵ)) ∩ Φ, one has

I(x, u)− I(x̄, ū) /∈ −Rm
+ \ {0}.

Let us denote by C0(z̄) the set of vectors

z = (x, u) ∈ C([0, 1],Rn)× L∞([0, 1],Rl)

such that the following conditions hold:

(c1)
∫ 1
0 (Lx[t]x(t) + Lu(t)u(t)) dt ∈ −Rm

+ ;

(c2) x(·) =
∫ (·)
0

(
φx[s]x(s) + φu[s]u(s)

)
ds;

(c3) gx[·]x+ gu[·]u ∈ cone(Q− g(·, x̄, ū)).

Let C(z̄) be the closure of C0(z̄) in C([0, 1],Rm)×L∞([0, 1],Rl). We call

C(z̄) the critical cone of the (MCP1) at z̄. Each vector z ∈ C(z̄) is called
a critical direction to the (MCP1) at z̄. It is easily seen that C(z̄) is a

closed convex cone containing 0.

The following theorem gives necessary optimality conditions for the

(MCP1).
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Theorem 3.2.3. Suppose that assumptions (H1) and (H2) are valid

and z̄ is a local weak Pareto solution of the (MCP1). Then, for each z ∈
C(z̄), there exist a vector λ ∈ Rm

+ with |λ| = 1, an absolutely continuous

function p̄ : [0, 1] → Rn and a function θ ∈ L1([0, 1],R) such that the

following conditions are fulfilled:

(i) θ ∈ N(Q, g[·]);

(ii) (the adjoint equation){
˙̄p(t) = −λTLx[t]− φx[t]p̄(t)− θ(t)gx[t] a.e. t ∈ [0, 1],

p̄(1) = 0;

(iii) (the stationary condition in u)

λTLu[t] + p̄Tφu[t] + θ(t)gu[t] = 0 a.e. t ∈ [0, 1];

(iv) (the non-negative condition)

∫ 1

0

 m∑
j=1

λj∇2Lj[t]z(t), z(t)

 dt+

∫ 1

0

(
p̄(t)T∇2φ[t]z(t), z(t)

)
dt

+

∫ 1

0

(
θ(t)T∇2g[t]z(t), z(t)

)
dt ≥ 0.

Proof. For the proof, we first put

X := C([0, 1],Rn), U := L∞([0, 1],Rl),

E0 := C([0, 1],Rn), E := L∞([0, 1],R),

and define the following mappings

F : X × U → E0, F (x, u) := x− x0 −
∫ (·)

0
φ(s, x(s), u(s))ds,

G : X × U → E, G(x, u) := g(·, x(·), u(·)).

The problem (MCP) can be formulated in the form of the problem

(MP3). Therefore, we can apply Theorem 3.2.1 for problem (MCP1)

in order to derive necessary optimality conditions.

Step 1. Verification of assumptions (A1)–(A3).

• Verification of (A1). From (H1) we see that the mapping I, F and

G are of class C2 around z̄. Hence, (A1) is valid. Here ∇Ij(z̄), ∇2I(z̄),
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∇F (z̄), ∇2F (z̄), ∇G(z̄) and ∇2G(z̄) are defined by:

Ijx(z̄)x =

∫ 1

0
Ljx[s]x(s)ds, Iju(z̄)u =

∫ 1

0
Lju[s]u(s)ds,

Fx(z̄)x = x−
∫ (·)

0
φx[s]x(s)ds, Fu(z̄)u = −

∫ (·)

0
φu[s]u(s)ds),

∇G(z̄) = (Gx(z̄), Gu(z̄)) = (gx[·], gu[·]),

⟨∇2Ij(z̄)z, z⟩ =
∫ 1

0
(∇2Lj[s]z(s), z(s))ds,

⟨∇2F (z̄)z, z⟩ = −
∫ (·)

0
(∇2φ[s]z(s), z(s))ds

for all z = (x, u) ∈ Z, and

∇2G(z̄) =

[
gxx[·] gxu[·]
gux[·] guu[·]

]
.

• Verification of (A2). Taking any v ∈ E0, we consider equation

Fx(z̄)x = v. This equation is equivalent to

x =

∫ (·)

0
φx[s]x(s)ds+ v.

By assumption (H1), we have φx[·] ∈ L∞([0, 1],Rn). By [108, Lemma 1,

p. 51], the equation has a unique solution x ∈ X. Hence (A2) is valid.

• Verification of (A3). Let D := {(x, u) ∈ Z | F (z) = 0}. Under

assumption (A2), the mapping ∇F (z̄) : X × U → E0 is surjective. This

implies that

T (D; z̄) = {(x, u) ∈ Z | Fx(z̄)x+ Fu(z̄)u = 0}.

Therefore, assumption (A3) is satisfied if we can show that for each

v ∈ E, there exists (x, u) ∈ Z such that

Fx(z̄)x+ Fu(z̄)u = 0, (3.2.11)

v = Gx(z̄)x+Gu(z̄)u− 0. (3.2.12)

We will find u in the form u = (0, 0, . . . , ui0, 0, . . . , 0). Consider the

following equation

Fx(z̄)x+ Fu(z̄)
v −Gx(z̄)x

gi0u[·]
= 0.
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This equation is equivalent to

x =

∫ (·)

0

(
φx[s] + φu[s]

gx[s]

gi0u[·]

)
x(s)ds+

∫ (·)

0
φu[s]

v

gi0u[s]
ds.

By (H2), φu[·] gx[·]gi0u[·]
and φu[·] v

gi0u[·]
belong to L∞([0, 1],Rn). By [108,

Lemma 1, p. 51], the above equation has a unique solution x ∈ X.

Choosing u = (0, 0, . . . , ui0, 0, . . . , 0) with

ui0 =
v −Gx(z̄)x

gi0u[·]
.

We see that (x, u) satisfies equations (3.2.11)-(3.2.12). Hence assumption

(A3) is fulfilled.

Step 2. Deriving optimality conditions.

Let L(z, λ, v∗, e∗) := λI(x, u) + v∗F (x, u) + e∗G(x, u) be the La-

grangian associated with the (MCP). According to Theorem 3.2.1, for

each z = (x̃, ũ) ∈ C(z̄), there exist multipliers λ ∈ Rm
+ with |λ| = 1,

v∗ ∈ E∗
0 and e∗ ∈ E∗ such that the following conditions are valid:

e∗ ∈ N(Q,G(z̄)), (3.2.13)

λIx(z̄) + v∗Fx(z̄) + e∗Gx(z̄) = 0, (3.2.14)

λIu(z̄) + v∗Fu(z̄) + e∗Gu(z̄) = 0, (3.2.15)

⟨λ∇2I(z̄)z, z⟩+ ⟨v∗∇2F (z̄)z, z⟩+ ⟨e∗∇2G(z̄)z, z⟩ ≥ 0. (3.2.16)

Here v∗ is a signed Radon measure and e∗ is a signed and finite addi-

tive measure on [0, 1] which is absolutely continuous w.r.t the Lebesgue

measure | · | on [0, 1]. By Riesz’s Representation (see [108, Chapter 01,

p. 19] and [102, Theorem 3.8, p. 73]), there exists a vector function of

bounded variation ν, which is continuous from the right and vanish at

zero such that

⟨v∗, y⟩ =
∫ 1

0
y(t)dν(t) ∀y ∈ E0,

where
∫ 1
0 y(t)dν(t) is the Riemann-Stieltjes integral.

Define p̄ : [0, 1] → Rn by setting

p̄(t) := ν((t, 1]) = ν(t)− ν(1).

Clearly, p̄(1) = 0 and the function p̄ is of bounded variation. By the
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Fubini Theorem, for each x ∈ C ([0, 1],Rn), we have

⟨v∗Fx(z̄), x⟩ =
〈
v∗, x−

∫ (·)

0
φx[s]x(s)ds

〉
(3.2.17)

=

∫ 1

0
xT (t)dν(t)−

∫ 1

0

∫ t

0
φx[s]x(s)dsdν(t)

=

∫ 1

0
xT (t)dν(t)−

∫ 1

0
φx[s]x(s)ds

∫ 1

s
dν(t)

=

∫ 1

0
xT (t)dν(t) +

∫ 1

0
φx[s]x(s)p̄(s)ds.

Similarly, for any u ∈ L∞([0, 1],Rl), we get

⟨v∗Fu(z̄), u⟩ =
∫ 1

0

∫ t

0
φu[s]u(s)dsdν(t) =

∫ 1

0
p̄(s)Tφu[s]u(s)ds (3.2.18)

and 〈
v∗∇2F (z̄)z, z

〉
=

∫ 1

0

(
p̄(t)T∇2φ[s]z(s), z(s)

)
ds. (3.2.19)

From (3.2.15) and (3.2.18), we have∫ 1

0
λLu[s]u(s)ds+

∫ 1

0
p̄(s)Tφu[s]u(s)ds+ ⟨e∗, Gu(z̄)u⟩ = 0 ∀u ∈ U.

(3.2.20)

Let us claim that e∗ can be represented by a density in L1([0, 1],R).
Indeed, take any e ∈ E. By (H2), there exists u ∈ U such that Gu(z̄)u =

e. Namely, u = Gu(z̄)
−1e = (0, 0, ..., ui0, 0, .., 0) with ui0 =

e
gui0

[·] . Insert-

ing Gu(z̄)u = e into (3.2.20), we have

⟨e∗, e⟩ = −
∫ 1

0

m∑
j=1

λjLjui0[s]
1

gui0 [·]
eds−

∫ 1

0

n∑
j=1

pjφj,ui0
1

gui0 [·]
eds.

Since λjLjui0[s]
1

gui0
[·] and pjφj,ui0

1
gui0

[·] belong to L1([0, 1],R), we conclude

that, there exists a function θ ∈ L1([0, 1],R) such that

⟨e∗, v⟩ =
∫ 1

0
θ(t)v(t)dt ∀v ∈ E. (3.2.21)

Therefore, the claim is justified.
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Based on the representation of e∗, (3.2.13), and (3.2.20), we obtain

assertions (i) and (iii). Also, from (3.2.21), (3.2.17) and (3.2.14), we get∫ 1

0
λTLx[s]x(s)ds+

∫ 1

0
xT (t)dν(t) +

∫ 1

0
p̄(t)Tφx[s]x(s)ds

+

∫ 1

0
θ(s)Tgx[s]x(s)ds = 0 ∀x ∈ X.

This is equivalent to

−
∫ 1

0
xT (t)dν(t) =

∫ 1

0

(
λTLx[s]+p̄(s)

Tφx[s]+θ(s)
Tgx[s]

)
x(s)ds ∀x ∈ X.

(3.2.22)

We now fix any vector ξ ∈ Rn and t ∈ [0, 1]. Define xt(s) := ξχ(t,1](s),

where χ(t,1](·) is the indicator function of (t, 1]. Let us define

ϑ(s) := λTLx[s] + p̄(t)Tφx[s] + θ(s)Tgx[s].

Then, ϑ(·) ∈ L1([0, 1],Rn) and so are the functions ϑ(s) and sϑ(s). By

the Lebesgue Differentiation Theorem (see [225, Theorem 7.15]), these

functions have Lebesgue points for a.e. on [0, 1]. Let us denote by P

and P ′ the sets of Lebesgue points of ϑ(s) and sϑ(s), respectively. Then

|P ∩ P ′| = 1 and we have the following key lemma.

Lemma 3.2.4. For each t ∈ P ∩ P ′, the following equality is valid:

−
∫ 1

0
xTt (s)dν(s) =

∫ 1

0

(
λTLx[s] + p̄(s)Tφx[s] + θ(s)Tgx[s]

)
xt(s)ds.

Proof. Note that any function with bounded variation as well as any

signed Radon measure can be represented as the difference of two in-

creasing functions, and the difference of two positive Radon measures,

respectively (see [225, Corollary 2.7] and [215, Lemma 13.6]). Therefore,

we can assume that ν is increasing, right continuous and of bounded

variation.

For each ϵ with t < ϵ < 1, we define a function xϵ as follows:

xϵ(s) :=


ξ if s ∈ [ϵ, 1],
ξ(s−t)
ϵ−t if s ∈ [t, ϵ],

0 if s ∈ [0, t].

Then, xϵ ∈ C([0, 1],Rn). By (3.2.22), we have

−
∫ 1

0
xTϵ (s)dν(s) =

∫ 1

0

(
λTLx[s] + p̄(t)Tφx[s] + θ(s)Tgx[s]

)
xϵ(s)ds,
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or, equivalently,

−
∫ ϵ

t

ξ(s− t)

ϵ− t
dν(s)−

∫ 1

ϵ
ξdν(s) =

∫ ϵ

t

ξ(s− t)

ϵ− t
ϑ(s)ds+

∫ 1

ϵ
ξϑ(s)ds.

(3.2.23)

By the Mean Value Theorem (see [225, Theorem 2.27, p. 33]), there is

a point t′ ∈ [t, ϵ] such that∫ ϵ

t

ξ(s− t)

ϵ− t
dν(s) =

ξ(t′ − t)

ϵ− t
(ν(ϵ)− ν(t)).

Hence ∣∣∣∣ ∫ ϵ

t

ξ(s− t)

ϵ− t
dν(s)

∣∣∣∣ = |ξ||(t′ − t)|
ϵ− t

(ν(ϵ)− ν(t))

≤ |ξ||ϵ− t)|
ϵ− t

(ν(ϵ)− ν(t)) ≤ |ξ|(ν(ϵ)− ν(t)).

By letting ϵ→ t+ and using the right continuity of ν, we see that∣∣∣∣ ∫ ϵ

t

ξ(s− t)

ϵ− t
dν(s)

∣∣∣∣→ 0 as ϵ→ t+. (3.2.24)

Also, we have∣∣∣∣ ∫ 1

t
ξdν(s)ds−

∫ 1

ϵ
ξdν(s)

∣∣∣∣ = ∣∣∣∣ ∫ ϵ

t
ξdν(s)

∣∣∣∣ ≤ |ξ|(ν(ϵ)−ν(t)) → 0 as ϵ→ t+.

Consequently, ∫ 1

ϵ
ξdν(s)ds→

∫ 1

t
ξdν(s) as ϵ→ t+.

For the first term of (3.2.23), we have from the Lebesgue Differentiation

Theorem (see [225, Theorem 7.16]) that∣∣∣∣ ∫ ϵ

t

ξ(s− t)

ϵ− t
ϑ(s)ds

∣∣∣∣ ≤ |ξ| 1

ϵ− t

∫ ϵ

t
|(s− t)ϑ(s)|ds

≤ |ξ| 1

ϵ− t

∫ ϵ

t
|sϑ(s)− tϑ(t)|ds+ |ξ| t

ϵ− t

∫ ϵ

t
|ϑ(t)− ϑ(s)|ds→ 0

as ϵ→ t+. Hence∣∣∣∣ ∫ ϵ

t

ξ(s− t)

ϵ− t
ϑ(s)ds

∣∣∣∣→ 0 as ϵ→ t+.

The convergence∫ 1

ϵ
ξTϑ(s)ds→

∫ 1

t
ξTϑ(s)ds as ϵ→ t+ (3.2.25)
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is straightforward. Passing the limit both sides of (3.2.23) and using

(3.2.24)–(3.2.25), we obtain

−
∫ 1

t
ξTdν(s) =

∫ 1

t
ξTϑ(s)ds.

The proof of the lemma is complete.

From Lemma 3.2.4, we have for a.e. t ∈ [0, 1] that

−
∫ 1

t
ξTdν(s) =

∫ 1

t

(
λTLx[t] + p̄(t)Tφx[t] + θ(t)gx[t]

)
ξds,

or, equivalently,

ξT p̄(t) =

∫ 1

t
ξT
(
λTLx[t] + p̄(t)Tφx[t] + θ(t)gx[t]

)
ds.

Since ξ is arbitrary, we obtain

˙̄p(t) = −λTLx[t]− p̄(t)Tφx[t]− θ(t)gx[t] a.e. t ∈ [0, 1],

p̄(1) = 0,

which is assertion (ii) of Theorem 3.2.3. Finally, from (3.2.19) and

(3.2.16), we have

∫ 1

0

 m∑
j=1

λj∇2Lj[t]z(t), z(t)

 dt+

∫ 1

0

(
p̄(t)T∇2φ[t]z(t), z(t)

)
dt

+

∫ 1

0

(
θ(t)∇2g[t]z(t), z(t)

)
dt ≥ 0,

which is assertion (iv) of the theorem. The proof of Theorem 3.2.3 is

complete.

In multi-objective optimization problems, the critical cone for second-

order sufficient conditions is often required bigger than the one for second-

order necessary conditions. Therefore, we need to enlarge C(z̄) to deal

with second-order sufficient conditions. We denote by C ′(z̄) the set of

vectors (x, u) ∈ C([0, 1],Rn) × L2([0, 1],Rl) which satisfy the following

conditions:

(c′1)
∫ 1
0 (Lx[t]x(t) + Lu[t]u(t)) dt ∈ −Rm

+ ;

(c′2) x(·) =
∫ (·)
0

(
φx[s]x(s) + φu[s]u(s)

)
ds;
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(c′3) gx[t]x(t) + gu[t]u(t) ∈ T ((−∞, 0]; g[t]) for a.e. t ∈ [0, 1].

Obviously, C ′(z̄) is a closed convex cone and C(z̄) ⊂ C ′(z̄).

We now introduce the concept of local strong Pareto solution for the

multi-objective optimal control problem (MCP1).

Definition 3.2.5. Let z̄ = (x̄, ū) ∈ Φ be a feasible point of the (MCP1).

We say that z̄ is a local strong Pareto solution of the (MCP1) if there

exist a number ϵ > 0 and a vector c ∈ intRm
+ such that for all (x, u) ∈

(BX(x̄, ϵ)×BU(ū, ϵ)) ∩ Φ, one has

I(x, u)− I(x̄, ū)− c∥u− ū∥22 /∈ −intRm
+ .

By a standard argument, we can show that every local strong Pareto

solution of the (MCP1) is also a local Pareto solution of this problem.

Note that in (3.2.5) we use two norms to define local strong Pareto

solutions. Here BU(ū, ϵ) is a ball in L∞([0, 1],Rl) while ∥u − ū∥2 is the

norm in L2([0, 1],Rl).

The following theorem provides sufficient conditions for local strong

Pareto solutions.

Theorem 3.2.6. Suppose that assumptions (H1) and (H2) are valid

and z̄ ∈ Φ. Suppose that there exist a vector λ ∈ Rm
+ with |λ| = 1,

an absolutely continuous function p̄ : [0, 1] → Rn and a function θ ∈
L2([0, 1],R) satisfy conditions (i), (ii) and (iii) of (3.2.3) and the strict

second-order condition∫ 1

0

(
λT∇2L[t]z(t), z(t)

)
dt+

∫ 1

0

(
p̄(t)T∇2φ[t]z(t), z(t)

)
dt

+

∫ 1

0

(
θ(t)∇2g[t]z(t), z(t)

)
dt > 0, ∀z = (x, u) ∈ C ′(z̄) \ {0}. (3.2.26)

Furthermore, there is a number γ0 > 0 such that

(λTLuu[t] + p̄(t)Tφuu[t] + θ(t)Tguu[t])(ξ, ξ) ≥ γ0|ξ|2 ∀ξ ∈ Rl. (3.2.27)

Then, (x̄, ū) is a local strong Pareto solution of the (MCP1).

Proof. Let us define the Lagrangian L(z, λ, p̄, θ) associated with the

(MCP) by setting

L(z, λ, p̄, θ) := λT I(z) + p̄TF (z) + θG(z),
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where

λT I(z) :=

∫ 1

0
λTL(s, x(s), u(s))ds,

p̄TF (z) :=

∫ 1

0

˙̄p(s)x(s)ds+

∫ 1

0
p̄(s)φ(s, x(s), u(s))ds,

θG(z) :=

∫ 1

0
θ(s)g(s, x(s), u(s))ds.

Then, from conditions (ii) and (iii) of Theorem 3.2.3, we can show that

∇zL(z̄, λ, p̄, θ) = 0. (3.2.28)

We now return to the proof of the theorem. Suppose the theorem was

false. Then, we could find sequences {(xk, uk)} ⊂ Φ and {ck} ⊂ intRm
+

such that (xk, uk) → (x̄, ū), ck → 0 and

I(xk, uk)− I(x̄, ū)− ck∥uk − ū∥22 ∈ −intRm
+ . (3.2.29)

Clearly, (xk, uk) ̸= (x̄, ū) for all k ∈ Z+. By replacing the sequence

{(xk, uk)} by a subsequence we may assume that uk = ū or uk ̸= ū for

all k ∈ Z+. If uk = ū for all k ∈ Z+, then we have

xk(t) = x0 +

∫ t

0
φ(s, xk(s), ū(s))ds

and

x̄(t) = x0 +

∫ t

0
φ(s, x̄(s), ū(s))ds.

Hence,

xk(t)− x̄(t) =

∫ t

0
(φ(s, xk(s), ū(s))− φ(s, x̄(s), ū(s)))ds.

From this and (H1), there exist numbers M > 0 and kφM > 0 such that

for k large enough, we have

|φ(s, xk(s), ū(s))− φ(s, x̄(s), ū(s))| ≤ kφM |xk(t)− x̄(t)|.

Hence,

|xk(t)− x̄(t)| ≤
∫ t

0
kφM |xk(s)− x̄(s)|ds.

Using the Gronwall Inequality (see [51, 18.1.i, p. 503]), we get xk = x̄,

a contradiction. Therefore, we have that uk ̸= ū for all k ∈ N.
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Define tk := ∥uk− ū∥2, x̂k := xk−x̄
tk

and ûk :=
uk−ū
tk

. Then tk → 0+ and

∥ûk∥2 = 1. Since L2([0, 1],Rl) is reflexive, we may assume that ûk ⇀ û.

From the above, we have

λT I(zk)− λT I(z̄) ≤ t2kλ
T ck ≤ t2k|λ||ck| ≤ o(t2k). (3.2.30)

We claim that x̂k converges uniformly to some x̂ in C([0, 1],Rn). In fact,

since (xk, uk) ∈ Φ, we have

xk(t) = x0 +

∫ t

0
φ(s, xk(s), uk(s))ds.

Since xk = x̄+ tkx̂k, we have

tkx̂k(t) =

∫ t

0
(φ(s, xk(s), uk(s))− φ(s, x̄(s), ū(s))ds. (3.2.31)

Since xk → x̄ uniformly and uk → ū in L∞([0, 1],Rl), there exists a

constant ϱ > 0 such that ∥xk∥0 ≤ ϱ, ∥uk∥∞ ≤ ϱ. By assumption (H1),

there exists kφ,ϱ > 0 such that

|φ(s, xk(s), uk(s))−φ(s, x̄(s), ū(s))| ≤ kφ,ϱ(|xk(s)− x̄(s)|+ |uk(s)− ū(s)|)

for a.e. s ∈ [0, 1]. Hence we have from (3.2.31) that

|x̂k(t)| ≤
∫ t

0
kφ,ϱ(|x̂k(s)|+ |ûk(s)|)ds

and

| ˙̂xk(t)| ≤ kφ,ϱ(|x̂k(t)|+ |ûk(t)|). (3.2.32)

It follows that

|x̂k(t)| ≤
∫ t

0
kφ,ϱ|x̂k(s)|ds+

∫ 1

0
kφ,ϱ|ûk(s)|ds

≤
∫ t

0
kφ,ϱ|x̂k(s)|ds+ kφ,ϱ

(∫ 1

0
|ûk(s)|2ds

)1/2

≤
∫ t

0
kφ,ϱ|x̂k(s)|ds+ kφ,ϱ, (∥ûk∥2 = 1).

Using the Gronwall Inequality, we have

|x̂k(t)| ≤ kφ,ϱ exp(kφ,ϱ).

From this and (3.2.32), we see that

| ˙̂xk(t)|2 ≤ 2k2φ,ϱ
(
|x̂k(t)|2 + |ûk(t)|2

)
≤ 2k2φ,ϱ(k

2
φ,ϱ exp(2kφ,ϱ) + |ûk|2).
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Hence, ∫ 1

0
| ˙̂xk(t)|2dt ≤ 2k2φ,ϱ(k

2
φ,ϱ exp(2kφ,ϱ) + 1).

Consequently, {x̂k} is bounded in W 1,2([0, 1],Rn). By passing subse-

quence, we can assume that x̂k ⇀ x̂ weakly in W 1,2([0, 1],Rn). By [31,

Theorem 8.8], the embeddingW 1,2([0, 1],Rn) ↪→ C([0, 1],Rn) is compact.

Hence we have that x̂k → x̂ uniformly on [0, 1]. The claim is justified.

The remains of the proof is divided into some steps.

Step 1. Showing that (x̂, û) ∈ C ′(z̄).

By the Taylor expansion, we have from (3.2.29) that

Ix(z̄)x̂k + Iu(z̄)ûk +
o(tk)

tk
∈ −Rm

+ . (3.2.33)

Note that Lju[·] ∈ L∞([0, 1],Rl) and Iju(z̄) : L
2([0, 1],Rl) → R is a con-

tinuous linear mapping, where

⟨Iju(z̄), u⟩ :=
∫ 1

0
Lju[s]u(s)ds ∀u ∈ L2([0, 1],Rl).

By [31, Theorem 3.10], Iju(z̄) is weakly continuous on L2([0, 1],Rl). By

letting k → ∞ in (3.2.33), we get

Ix(z̄)x̂+ Iu(z̄)û ∈ −Rm
+ . (3.2.34)

Since F (z̄) = 0, F (xk, uk) = 0 and by the Taylor expansion, we have

Fx(z̄)x̂k + Fu(z̄)ûk +
o(tk)

tk
= 0.

By the same arguments as the above and letting k → ∞, we obtain

Fx(z̄)x̂+ Fu(z̄)û = 0. (3.2.35)

Since G(xk, uk) − G(x̄, ū) ∈ Q − G(x̄, ū) and by the Taylor expansion,

we have

Gx(z̄)x̂k +Gu(z̄)ûk +
o(tk)

tk
∈ cone(Q−G(x̄, ū)) ⊂ T (Q;G(x̄, ū)),

where T (Q;G(x̄, ū)) is the tangent cone to Q at G(x̄, ū) in L∞([0, 1],R).
It is easily seen that

T (Q;G(x̄, ū)) ⊆ {v ∈ L∞([0, 1],R) | v(t) ∈ T ((−∞, 0], g[t]) a.e.}
⊆
{
v ∈ L2([0, 1],R) | v(t) ∈ T ((−∞, 0], g[t]) a.e.

}
.
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Hence

Gx(z̄)x̂k+Gu(z̄)ûk+
o(tk)

tk
∈
{
v ∈ L2([0, 1],R) | v(t) ∈ T ((−∞, 0], g[t]) a.e.

}
.

(3.2.36)

Note that{
v ∈ L2([0, 1],R) | v(t) ∈ T ((−∞, 0], g[t]) a.e.

}
= TL2(Q;G(x̄, ū)),

where TL2(Q,G(x̄, ū)) is the tangent cone to the set Q at G(x̄, ū) in

L2([0, 1],R). Since TL2(Q;G(x̄, ū)) is a closed convex set of L2([0, 1],R),
it is also a weakly closed set of L2([0, 1],R). Since

Gu(z̄) : L
2([0, 1],Rl) → L2([0, 1],R)

is a continuous linear mapping, [31, Theorem 3.10] implies that it is con-

tinuous from weak topology of L2([0, 1],Rl) to weak topology of L2([0, 1],R).
By passing the limit in (3.2.36) when k → ∞, we obtain

Gx(z̄)x̂+Gu(ū)û ∈
{
v ∈ L2([0, 1],R) | v(t) ∈ T ((−∞, 0]; g[t]) a.e.

}
.

Combining this with (3.2.34) and (3.2.35), we get (x̂, û) ∈ C ′(z̄).

Step 2. Showing that (x̂, û) = 0.

By the second-order Taylor expansion for L and (3.2.28), we get

L(zk, λ, p̄, θ)− L(z̄, λ, p̄, θ) = t2k
2
∇2
zzL(z̄, λ, p̄, θ)(ẑk, ẑk) + o(t2k),

where ẑk := (x̂k, ûk)). On the other hand from (3.2.30), we have

L(zk, λ, p̄, θ)−L(z̄, λ, p̄, θ) = λT (I(zk)−I(z̄))+⟨θ,G(zk)−G(z̄)⟩ ≤ o(t2k).

Here we used the fact that θ ∈ N(Q,G(z̄)) and F (zk) = F (z̄) = 0.

Therefore, we have

t2k
2
∇2
zzL(z̄, λ, p̄, θ)(ẑk, ẑk) + o(t2k) ≤ o(t2k),

or, equivalently,

∇2
zzL(z̄, λ, p̄, θ)(ẑk, ẑk) ≤

o(t2k)

t2k
. (3.2.37)

By letting k → ∞, we obtain

∇2
zzL(z̄, λ, p̄, θ)(ẑ, ẑ) ≤ 0.
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By a simple calculation, we have∫ 1

0

(
λT∇2L[t]ẑ(t), ẑ(t)

)
dt+

∫ 1

0

(
p̄(t)T∇2φ[t]ẑ(t), ẑ(t)

)
dt

+

∫ 1

0

(
θ(t)∇2g[t]ẑ(t), ẑ(t)

)
dt = ∇2

zzL(z̄, λ, p̄, θ)(ẑ, ẑ) ≤ 0.

Combining this with (3.2.26), we must have ẑ = 0.

Step 3. Showing a contradiction.

From (3.2.27) and (3.2.37), we have

o(t2k)

t2k
≥ ∇2

zzL(z̄, λ, p̄, θ)(ẑk, ẑk)

=

∫ 1

0

(
λT∇2L[t]ẑk(t), ẑk(t)

)
dt+

∫ 1

0

(
p̄(t)T∇2φ[t]ẑk(t), ẑk(t)

)
dt

+

∫ 1

0

(
θ(t)∇2g[t]ẑk(t), ẑk(t)

)
dt

=

∫ 1

0
λTLuu[t]û

2
k(t)dt+ 2

∫ 1

0
λTLxu[t]x̂k(t)ûk(t)dt+

∫ 1

0
λTLxx[t]x̂

2
k(t)dt+

+

∫ 1

0

(
p̄(t)T∇2φ[t]ẑk(t), ẑk(t)

)
dt+

∫ 1

0

(
θ(t)T∇2g[t]ẑk(t), ẑk(t)

)
dt

≥γ0 +
∫ 1

0
2
(
λTLxu[t]x̂k(t)ûk(t) + λTLxx[t]x̂

2
k(t)
)
dt+

+

∫ 1

0

(
2p̄(t)Tφxu[t]x̂k(t)ûk(t) + p̄(t)Tφxx[t]x̂

2
k(t)
)
dt

+

∫ 1

0

(
2θ(t)Tgxu[t]x̂k(t)ûk(t) + θ(t)Tgxx[t]x̂

2
k(t)
)
dt.

By letting k → ∞ and using the fact x̂k → 0 uniformly, we obtain 0 ≥ γ0,

which is impossible. The proof of Theorem 3.2.6 is complete.

Next, we give some examples to illustrate the main results. The first

example shows us how to use Theorem 3.2.3 and Theorem 3.2.6 to obtain

solutions of the (MCP1). The second one indicates the important role

of the second-order necessary optimality conditions in checking optimal

solutions.
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Example 3.2.7. Consider the problem (MCP1), where

L(t, x(t), u(t)) = (x21(t) + u21(t), x
2
2(t) + u22(t)),

φ(t, x(t), u(t)) = (u1(t), u2(t)),

x0 = (0, 0),

g(t, x(t), u(t)) = x1(t) + x2(t)− u1(t)− u2(t)

for all x(t) = (x1(t), x2(t)), u(t) = (u1(t), u2(t)) and t ∈ [0, 1]. Then, the

feasible solution set of the (MCP) is

Φ =

{
(x, u) ∈ C([0, 1],R2)× L∞([0, 1],R2) |x(t) =

∫ t

0
u(s)ds,

x1(t) + x2(t)− u1(t)− u2(t) ≤ 0 a.e. t ∈ [0, 1]

}
.

It is easy to see that conditions (H1) and (H2) are valid. We will

use conditions (i)–(iii) of Theorem 3.2.3 to find out KKT points of the

(MCP1) which are good candidates for optimal solutions. Assume that

z̄ = (x̄, ū) is a feasible solution of the (MCP1) and satisfies conditions (i)–

(iii) of Theorem 3.2.3 with respect to (λ, p̄, θ). By simple computations,

we have

L1x[t] = (2x̄1, 0)
T , L2x[t] = (0, 2x̄2)

T , φ1x[t] = φ2x[t] = (0, 0)T , gx[t] = (1, 1)T ,

L1u[t] = (2ū1, 0)
T , L2u[t] = (0, 2ū2)

T , φ1u[t] = (1, 0)T , φ2u[t] = (0, 1)T ,

gu[t] = (−1,−1)T .

From conditions (ii) and (iii), we get
˙̄p1 = −2λ1x̄1 − θ,

˙̄p2 = −2λ2x̄2 − θ,

p̄1(1) = p̄2(1) = 0,

(3.2.38)

and {
2λ1ū1 + p̄1 − θ = 0,

2λ2ū2 + p̄2 − θ = 0.
(3.2.39)

Combining (3.2.38) and (3.2.39) yields{
˙̄p1 = −2λ1x̄1 − 2λ1ū1 − p̄1,

˙̄p2 = −2λ2x̄2 − 2λ2ū2 − p̄2.
(3.2.40)
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By condition (3.1.2), one has {
˙̄x1 = ū1,

˙̄x2 = ū2.
(3.2.41)

Then inserting these equations into (3.2.40), we obtain{
˙̄p1 = −2λ1x̄1 − 2λ1 ˙̄x1 − p̄1,

˙̄p2 = −2λ2x̄2 − 2λ2 ˙̄x2 − p̄2,
⇔
{
˙̄p1 + 2λ1 ˙̄x1 = −p̄1 − 2λ1x̄1,

˙̄p2 + 2λ2 ˙̄x2 = −p̄2 − 2λ2x̄2.

This implies that {
p̄1 + 2λ1x̄1 = c1 exp (−t),
p̄2 + 2λ2x̄2 = c2 exp (−t),

(3.2.42)

where c1, c2 ∈ R are constants. Hence,

p̄1 − p̄2 + 2λ1x̄1 − 2λ2x̄2 = c3 exp (−t), (3.2.43)

where c3 := c1 − c2. From (3.2.39) and (3.2.41), we have

p̄1 − p̄2 = −2λ1 ˙̄x1 + 2λ2 ˙̄x2.

Inserting this equation into (3.2.43), we get

−2λ1 ˙̄x1 + 2λ2 ˙̄x2 + 2λ1x̄1 − 2λ2x̄2 = c3 exp (−t), (3.2.44)

Let α = 2λ1x̄1 − 2λ2x̄2. Then equation (3.2.44) becomes

−α̇ + α = c3 exp(−t).

From this equation and α(0) = 0, it is easily seen that

α(t) =
1

2
c3 exp(−t)−

1

2
c3 exp(t) ∀t ∈ [0, 1].

This and (3.2.41) imply that{
2λ1x̄1 − 2λ2x̄2 =

1
2c3 exp(−t)−

1
2c3 exp(t),

2λ1ū1 − 2λ2ū2 = −1
2c3 exp(−t)−

1
2c3 exp(t).

(3.2.45)

We see that, for each λ ∈ R2
+ \ {0}, every solution (x̄, ū) of system

(3.2.45) is a KKT point of the (MCP1). To illustrate Theorem 3.2.3,

let us verify condition (iv) at a solution of the system (3.2.45). Let

x̄ = (0, 0), ū = (0, 0)T . By (3.2.42) and p̄(1) = (0, 0), we have c1 = 0,

c2 = 0, and p̄(t) = (0, 0) for all t ∈ [0, 1]. Consequently, c3 = 0 and
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θ(t) = 0 for all t ∈ [0, 1]. Thus, (x̄, ū) is a solution of the system (3.2.45)

for every λ ∈ R2
+ \ {0}. By simple calculation, we get∫ 1

0

 m∑
j=1

λj∇2Lj[t]z(t), z(t)

 dt =2λ1

∫ 1

0

(
x21(t) + u21(t)

)
dt

+ 2λ2

∫ 1

0

(
x22(t) + u22(t)

)
dt ≥ 0

for all z = (x, u) ∈ X × U and λ ∈ R2
+ \ {0}. Hence, condition (iv) is

satisfied.

We now use Theorem 3.2.6 to show that (x̄, ū) is a local strong Pareto

solution of the (MCP1). Let λ = (12 ,
1
2), p̄ = (0, 0) and θ = 0. Then, we

have ∫ 1

0

( m∑
j=1

λj∇2Lj[t]z(t), z(t)
)
dt

=

∫ 1

0

(
x21(t) + u21(t)

)
dt+

∫ 1

0

(
x22(t) + u22(t)

)
dt > 0

for all z = (x, u) ∈ X×U \{(0, 0)}. Hence condition (3.2.26) is satisfied.

Furthermore, we see that

λTLuu[t](ξ, ξ) = |ξ|2

for all ξ ∈ R2. This implies that condition (3.2.27) holds at z̄ with

respect to γ0 = 1. By Theorem 3.2.6, z̄ is a local strong Pareto solution

of the (MCP1).

Example 3.2.8. Let φ and g be as in Example 3.2.7 and L be defined

by

L(t, x(t), u(t)) = (x21(t)− u21(t), x
2
2(t)− u22(t))

for all x(t) = (x1(t), x2(t)), u(t) = (u1(t), u2(t)) and t ∈ [0, 1]. Clearly,

(x̄, ū) = ((0, 0), (0, 0)) is a feasible point of the (MCP1). We claim

that (x̄, ū) is not a local weak Paretosolution of the (MCP1). Indeed, if

otherwise, then due to Theorem 3.2.3, for each critical direction z ∈ C(z̄),
there exist multipliers λ, p̄ and θ such that conditions (i)–(iv) are fulfilled.

Let x̃(t) = (t, t)T and ũ(t) = (1, 1)T for all t ∈ [0, 1]. It is easy to check

that z := (x̃, ũ) is a critical direction of the (MCP1) at z̄. By conditions

(ii) and (iii) of Theorem 2.1, we get
˙̄p = −θ(1, 1)T ,
p(1) = 0,

p̄+ θ(−1,−1)T = 0,

⇔


˙̄p1 = ˙̄p2 = −θ,
p(1) = 0,

p̄1 = p̄2 = θ.
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This implies that p̄1(t) = p̄2(t) = θ(t) = 0 for all t ∈ [0, 1]. Since

λ ∈ R2
+ \ {0}, p̄ = (0, 0)T and θ = 0, we have∫ 1

0

(
λ1∇2L1[t]z(t) + λ2∇2L2[t]z(t), z(t)

)
dt+

∫ 1

0

(
p̄(t)T∇2φ[t]z(t), z(t)

)
dt

+

∫ 1

0

(
θ(t)∇2g[t]z(t), z(t)

)
dt

=

∫ 1

0

(
λ1∇2L1[t]z(t) + λ2∇2L2[t]z(t), z(t)

)
dt

=

∫ 1

0
(λ1 + λ2)(2t

2 − 2)dt = −4

3
(λ1 + λ2) < 0,

which does not satisfy condition (iv) of Theorem 3.2.3. Hence, (x̄, ū) is

not a local weak Pareto solution of the (MCP1).

3.2.2 Second-order optimality conditions of KKT-type for mul-

tiobjective optimal control problems with endpoint and

mixed constraints

We investigate the following multiobjective optimal control problem:

find a control vector u ∈ L∞([0, 1],Rm) and the corresponding state

x ∈ C([0, 1],Rn) which solve

min
Rk

+

J(x, u) (3.2.46)

s.t.

x(t) = x0 +

∫ t

0
φ(s, x(s), u(s)) ds, for all t ∈ [0, 1], (3.2.47)

h(x(1)) ≤ 0, (3.2.48)

g(t, x(t), u(t)) ≤ 0, for almost all t ∈ [0, 1], (3.2.49)

where the objective function J(x, u) is defined component-wise as

J(x, u) =
(
J1(x, u), J2(x, u), . . . , Jk(x, u)

)
,

with each component Ji(x, u) given by

Ji(x, u) := ℓi(x(1)) +

∫ 1

0
Li(t, x(t), u(t)) dt, i = 1, 2, . . . , k,

where Li : [0, 1] × Rn × Rl → R, ℓi : Rn → R, φ : [0, 1] × Rn × Rm →
Rn, h : Rn → Rn, gj : [0, 1] × Rn × Rm → R, for i = 1, 2, . . . , k and
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j = 1, 2, . . . , r. The functions h(x(1)) and g(t, x, u) are also defined

component-wise as:

h(x(1)) =
(
h1(x(1)), . . . , hn(x(1))

)
,

g(t, x, u) =
(
g1(t, x, u), . . . , gr(t, x, u)

)
.

For vectors y, z ∈ Rd, the notation y ≤ z implies that z − y ∈ Rd
+,

where

Rd
+ =

{
(ξ1, ξ2, . . . , ξd) ∈ Rd : ξi ≥ 0 for i = 1, 2, . . . , d

}
.

We denote by (MCP2) the problem (3.2.46)-(3.2.49). Our primary ob-

jective is to determine a control vector function u ∈ L∞([0, 1],Rm) that

steers the state x ∈ C([0, 1],Rn) from an initial state x(0) = x0 to a

terminal state x(1) optimally, in the sense of Pareto optimality.

Multi-objective optimal control problems (MOCPs) have garnered

significant attention due to their numerous applications in modern tech-

nology (see, for instance, [181]). As a result, MOCPs have been exten-

sively studied by various researchers in recent years. For works related

to the present study, we direct readers to [71, 72, 117, 128, 132, 133, 136,

170,173–175,240] and the references therein. The main research topics in

optimal control encompass the existence of optimal solutions, optimality

conditions, and numerical methods for computing optimal solutions. In

particular, the study of optimality conditions for multi-objective optimal

control problems, as well as optimization problems in general, is a funda-

mental topic in optimization theory. First- and second-order optimality

conditions of KKT type play a crucial role in numerical methods and the

stability analysis of optimal solutions (see, for instance, [32] and [90]).

In previous section we established first- and second-order optimal-

ity conditions of KKT type for locally optimal solutions in the sense

of Pareto for a class of multi-objective time optimal problems with free

right endpoints (see [136] ). It is well-known that in optimal control

problems without endpoint constraints, the Robinson constraint qual-

ification is relatively easy to verify, allowing for the establishment of

KKT-type optimality conditions. However, when problems include end-

point constraints, the situation becomes more complex, and verifying the

Robinson constraint qualification becomes challenging. Consequently,

establishing KKT-type optimality conditions becomes more difficult.

In the scalar case, several papers have addressed the normality of

multipliers for problems with endpoint constraints. In [85, Theorem 2],
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H. Frankowska presented a constraint qualification under which the nec-

essary optimality conditions are normal. This constraint qualification is

significant and has been studied in [21, Theorem 9.3] for mathematical

programming problems. Additionally, V. Zeidan [235] provided suffi-

cient conditions for the normality of multipliers, demonstrating that if

the linearized equation is controllable, then normality of multipliers is

achieved.

The aim of this section is to derive first- and second-order necessary

optimality conditions of KKT type, as well as second-order sufficient con-

ditions for (MCP2) with endpoint constraints and mixed constraints. To

address this problem, we first reduce the problem into a specific vector

optimization problem (VOP2) in Chapter 2. We then derive optimal-

ity conditions for problem (MCP2) by utilizing the results obtained for

(VOP2). We demonstrate that if the linearized equation is controllable,

then the Robinson constraint qualification is valid, ensuring that the

multipliers are normal and the optimality conditions are of KKT type.

It is worth noting that although the abstract VOP serves as a good

model for establishing optimality conditions for MOCPs, we cannot

directly derive optimality conditions for MOCPs from those of VOP.

Specifically, in MOCPs, the control variables typically belong to L∞,

and consequently, the Lagrange multipliers corresponding to mixed con-

straints (3.1.4) belong to (L∞)∗, which are additive measures rather than

functions. Therefore, we require specific techniques and conditions to

represent a functional on (L∞) by an L1-function. In [71] and [72], A.V.

Dmitruk and N.P. Osmolovskii imposed so-called regularity conditions

on mixed constraints and employed the Yosida-Hewitt Theorem to rep-

resent a functional on (L∞)∗ by an L1-function. However, in our opinion,

these conditions are not easily verifiable. In our paper, we impose alter-

native conditions on mixed constraints that are more readily checkable.

We then introduce a new technique to represent a functional on L∞ by

an L1-function and a novel method to derive adjoint equations.

Throughout this section, we assume that Φ2 is the feasible set of

(MCP2) and let

X = C([0, 1],Rn), U = L∞([0, 1],Rm), (3.2.50)

K = {v ∈ L∞([0, 1],Rr)|v(t) ≤ 0 a.a. t ∈ [0, 1]}. (3.2.51)

Let ψ stands for L, φ and g, where L = (L1, ..., Lk), g = (g1, ..., gr)

and φ = (φ1, ..., φn). Let Ω be an open set in Rn × Rm such that

(x̄(t), ū(t)) ∈ Ω for all t ∈ [0, 1]. Given (x̄, ū) ∈ Φ2, the symbols
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L[t], φ[t], g[t], Lx[t], φu[t], gu[t] and so on, stand for

L(t, x̄(t), ū(t)), φ(t, x̄(t), ū(t)), g(t, x̄(t), ū(t)),

Lx(t, x̄(t), ū(t)), φu(t, x̄(t), ū(t)), gu(t, x̄(t), ū(t)), . . .

We shall denote by ℓ′(x̄(1)) and h′(x̄(1)) the first-order derivatives of ℓ

and h at x̄(1), respectively. Also, by ℓ′′(x̄(1)) and h′′(x̄(1)) the second-

order derivatives of ℓ and h at x̄(1), respectively. We impose the following

assumptions.

(H1) The function ψ is a Carathéodory function on [0, 1]×Ω and ψ(t, ·, ·)
is of class C2 on Ω for a.e. t ∈ [0, 1]. Besides, for each M > 0, there

exist numbers kψK > 0 such that

|ψ(t, x1, u1)− ψ(t, x2, u2)|+ |∇zψ(t, x1, u1)−∇zψ(t, x2, u2)|+
+ |∇2

zψ(t, x1, u1)−∇2
zψ(t, x2, u2)| ≤ kψM(|x1 − x2|+ |u1 − u2|)

for all (xi, ui) ∈ Ω and t ∈ [0, 1] satisfying |xi|, |ui| ≤ M with i = 1, 2

and z = (x, u) ∈ Z.

Moreover, we require that the functions ψ(t, 0, 0), |∇zψ(t, 0, 0)|,
∣∣∇2

zψ(t, 0, 0)
∣∣

belong to L∞([0, 1],R).
[(H2)] The mappings h(·) and ℓ(·) are of class C2 around x̄(1) and

det(h′(x̄(1)) ̸= 0.

[(H3)] There exists a number γ > 0 such that

|detR[t]| ≥ γ for a.a. t ∈ [0, 1], (3.2.52)

where matrix R[t] is defined by setting

R[t] = gu[t]gu[t]
T . (3.2.53)

Among the above assumptions, (H1) and (H2) make sure that ψ is

of class C2 around (x̄, ū) while (H3) together with rank of gu[t] play an

important role for normality of multipliers. To derive KKT optimality

conditions for (P), we will consider two cases: rank(gu[·]) < m and

rank(gu[t]) = m.

(H4) for a.a. t ∈ [0, 1], rank(gu[t]) < m and dim(T [t]) = m∗ with the

basis {w1, ..., wm∗} ⊂ L∞([0, 1],Rm), where the subspace T [t] :=

{w ∈ Rm|gu[t]w = 0}.

Let us define matrices

S[t] = [w1, w2, ..., wm∗], (3.2.54)

A[t] = φx[t]− φu[t]gu[t]
TR[t]−1gx[t], (3.2.55)

B[t] = φu[t]S[t] (3.2.56)

178



and require that the linear equation ẋ = A[t]x + B[t]u is controllable.

Namely, we need the assumption

(H5) The mapping H : L∞([0, 1],Rm∗) → Rn is surjective, where

H(v) :=

∫ 1

0
Ω(1, s)B[s]v(s)ds (3.2.57)

with Ω(t, τ) is the principal matrix solution to the equation ẋ =

A[t]x (see [4, p.123]).

When rank(gu[t]) = m, then T [t] = {0} and S = 0. Hence B[t] = 0

and the system ẋ = A[t]x + B[t]u is not controllable. In this situation,

instead of (H4) and (H5) we need the following assumption.

(H4)′ There exists (x̂, û) ∈ X × U such that the following conditions are

fulfilled:

(a) x̂ =
∫ (·)
0 (φx[s]x̂+ φu[s]û)ds;

(b) hi(x̄(1)) + h′i(x̄(1))x̂(1) < 0 for i = 1, 2, .., n;

(c) esssup(gj[t] + gjx[t]x̂+ gju[t]û) < 0 for j = 1, 2, .., r.

Next we define a critical cone. For this we put I∗ = {i ∈ {1, 2, ..., n} :

hi(x̄(1)) = 0} and denote by C∗[z̄] the set of vectors (x, u) ∈ X × U

satisfying the following conditions:

(b1) ℓ
′(x̄(1))x(1) +

∫ 1
0 (Lx[t]x(t) + Lu[t]u(t)) dt ∈ −Rk

+;

(b2) x =
∫ (·)
0

(
φx[s]x+ φu[s]u(s)

)
ds;

(b3) h
′
i(x̄(1))x(1) ≤ 0 for i ∈ I∗;

(b4) gu[·]x+ gu[·]u ∈ cone(K − g[·]).

The closure of C∗[z̄] in X × U is called a critical cone to the (P) at z̄

and denoted by C∞[z̄]. Each vector (x, u) ∈ C∞[z̄] is called a critical

direction.

The following theorem gives first-and second-order necessary optimality

conditions of KKT-type for locally weak Pareto solutions to (P).

Theorem 3.2.9. Suppose that z̄ is a locally weak Pareto solution of

(P) under which assumptions (H1) − (H5) or (H1) − (H3) and (H4)′

are satisfied. Then for each vector (x̃, ũ) ∈ C∞[z̄], there exist a vector

λ ∈ Rk
+ with |λ| = 1, a vector l ∈ Rn, an absolutely continuous function
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p : [0, 1] → Rn and a vector function θ = (θ1, θ2, ..., θr) ∈ L∞([0, 1],Rr)

such that the following conditions are fulfilled:

(i) (the adjoint equation){
ṗ(t) = −φx[t]Tp(t) + Lx[t]

Tλ+ gx[t]
Tθ(t), a.e. t ∈ [0, 1]

p(1) = −(λT ℓ′(x̄(1)) + lTh′(x̄(1)));

(ii) (the stationary condition in u)

Lu[t]
Tλ− φu[t]

Tp(t) + gu[t]
Tθ(t) = 0 a.e. t ∈ [0, 1];

(iii) (complementary conditions)

li ≥ 0, lihi(x̄(1)) = 0, i = 1, 2, ..., n, (3.2.58)

θj(t) ≥ 0, θj(t)gj[t] = 0 a.a. t ∈ [0, 1], j = 1, 2, ..., r; (3.2.59)

(iv) (the nonnegative second-order condition)

λT ℓ′′(x̄(1))x̃(1)2 +

∫ 1

0
λT [Lxx[t]x̃

2 + 2Lux[t]x̃ũ+ Luu[t]ũ
2]dt

+ lTh′′(x̄(1))x̃(1)2 −
∫ 1

0
pT (t)[φxx[t]x̃

2 + 2φux[t]x̃ũ+ φuu[t]ũ
2]dt

+

∫ 1

0
θT (t)[gxx[t]x̃

2 + 2gux[t]x̃ũ+ guu[t]ũ
2]dt ≥ 0.

Proof. We first formulate (MCP2) in the form of (VOP). Put

Z = X × U, E = C([0, 1],Rn), W = L∞([0, 1],Rr)

and define mappings F : Z → E, H : Z → Rn, H : Z → Rn and

G : Z → W by setting

F (x, u) := x− x0 −
∫ (·)

0
φ(s, x(s), u(s))ds (3.2.60)

H(x, u) := h(x(1)) and G(x, u) := g(·, x, u). (3.2.61)

Then (MCP2) can be written in the following form of (VOP):

(P)

{
J(x, u) → min,

F (x, u) = 0, H(x, u) ≤ 0 and G(x, u) ∈ K.

We shall show that (P) satisfies assumptions (A1), (A2) and (A4) or

(A1), (A2) and (A5) of Theorem 2.2.9. By (3.2.51), we have int(K) ̸= ∅.
Hence (A1) is valid. By (H1) and (H2), J , F , G and H are of class C2
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around (x̄, ū) and x̄(1), respectively. Hence (A2) is fulfilled. By a simple

calculation, we have

DF (x̄, ū)[(x, u)] =
(
x−

∫ (·)

0
(φx[s]x(s) + φu[s]u(s))ds

)
, (3.2.62)

DH(z̄)[(x, u)] = h′(x̄(1))x(1) and DG(x̄, ū)[(x, u)] = gx[t]x(t) + gu[t]u(t).

(3.2.63)

The following lemma shows that (P) satisfies (A4).

Lemma 3.2.10. Under assumptions (H4) and (H5), (x̄, ū) satisfies con-

dition (A4).

Proof. To verify condition (2.2.13) we prove that for any e ∈ E, ξ ∈ Rn

and w ∈ W , there exist (x, u) ∈ Z, η ∈ cone((−∞, 0]n − H(z0)) and

ζ ∈ cone(K − g[·]) such that

DF (x̄, ū)[(x, u)] = e, DH(z0)[(x, u)]−η = ξ, DG(x̄, ȳ)[(x, u)]−ζ = w.

(3.2.64)

These equations is equivalent to the system:

x−
∫ (·)

0
(φx[s]x(s) + φu[s]u(s))ds = e, (3.2.65)

h′(x̄(1))x(1)− η = ξ and gx[t]x+ gu[t]u− ζ = w. (3.2.66)

Note that gx[t] is a matrix with size r×n, gu[t] is a matrix with size r×m
and S[t] is a matrix with size m ×m∗, which is given by (3.2.54). We

take η = 0, ζ = 0 and find u in the form u = S[t]v+ gu[t]
TR−1[t]û, where

û ∈ L∞([0, 1],Rr) and v ∈ L∞([0, 1],Rm∗). Then the system (3.2.65)-

(3.2.66) becomes

x =

∫ (·)

0

(
φx[s]− φu[s]gu[s]

TR−1[s]gx[s])x(s) + φu[s]S[s]v(s)
)
ds

+

∫ (·)

0
φu[s]gu[s]

TR−1[s]w(s)ds+ e (3.2.67)

x(1) = h′(x(1))−1ξ and û = w − gx[·]x. (3.2.68)

Here we used the fact that gu[t]S[t]v = 0. The above system can be

written in the form

x =

∫ (·)

0

(
A[s]x(s) +B[s]v(s)

)
ds+

∫ (·)

0
φu[s]gu[s]

TR−1[s]w(s)ds+ e,

(3.2.69)

x(1) = h′(x̄(1))−1ξ and û = w − gx[·]x, (3.2.70)
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where A and B are defined by (3.2.55) and (3.2.56), respectively. By

setting y = x− e, the system becomes

y =

∫ (·)

0

(
A[s]y(s) +B[s]v(s)

)
ds

+

∫ (·)

0

(
A[s]e(s) + φu[s]gu[s]

TR−1[s]w(s)
)
ds, (3.2.71)

y(1) = h′(x̄(1))−1ξ − e(1) and û = w − gx[·]x. (3.2.72)

Let Ω(t, τ) be the principal matrix solution of the system ẏ = Ay. Then

for each v ∈ L∞([0, 1],Rm∗), the solution of equations (3.2.71) is given

by

y(t) =

∫ t

0

(
Ω(t, s)B[s]v(s) + Ω(t, s)(A[s]e(s) + φu[s]gu[s]

TR−1[s]w(s))
)
ds.

(3.2.73)

By (H4), the mapping

H(v) =

∫ 1

0
Ω(1, s)B[s]v(s)ds

is surjective. Hence, there exists v̂ ∈ L∞([0, 1],Rm∗) such that

h′(x̄(1))−1η − e(1) =

∫ 1

0
Ω(1, s)B[s]v̂(s)ds+

∫ 1

0
Ω(1, s)(A[s]e(s)

+ φu[s]gu[s]
TR−1[s]w(s))ds.

Let us define

ŷ(t) =

∫ t

0
Ω(t, s)B[s]v̂(s)ds+

∫ t

0
Ω(t, s)(A[s]e(s)+φu[s]gu[s]

TR−1[s]w(s))ds.

Then ŷ is a solution of (3.2.71) and (3.2.72) corresponding to v̂. Let

x̃ = ŷ + e. Then x̃ is a solution of (3.2.69)-(3.2.70) corresponding to

v̂. Set û = w − gx[·]x̃ and ũ = S[t]v̂ + gu[t]
TM−1[t]û. Then (x̃, ũ) and

(η, ζ) = (0, 0) satisfies (3.2.65)-(3.2.66). The lemma is proved.

Lemma 3.2.11. Under (H4)′, (x̄, ū) satisfies (A5).

Proof. It is easy to show that DF (x̄, ū)[X × U ] = E. By (a) of (H4)′,

we have DF (x̄, ū)[(x̂, û)] = 0. By (b) of (H4)′, we have

Hi(x̄, ū) +DHi(x̄, ū)[(x̂, û)] < 0.
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By (3.2.51), we get

int(K) = {(v1, ..., vr) ∈ L∞([0, 1],R) : esssupvj < 0, j = 1, 2, .., r.}

Therefore, from (c) in (H4)′, we have

G(x̄, ū) +DG(x̄, ū)[(x̂, û)] ∈ int(K).

Hence (A5) is valid. The lemma is proved.

We now derive first and second-order optimality conditions of KKT-

type for (P). Let

L(z, λ, l, v∗, w∗) = λTJ(x, u) + v∗F (z) + lTH(z) + w∗G(z)

be the Lagrangian associated with the (P), where z = (x, u) ∈ Z. Ac-

cording to (b) of Theorem 2.2.9, for each critical direction z̃ = (x̃, ũ) ∈
C∞[z̄], there exist multipliers λ ∈ Rk

+ with |λ| = 1, l ∈ Rn, v∗ ∈
C([0, 1],Rn)∗ and w∗ ∈ L∞([0, 1],Rr)∗ such that the following conditions

are valid:

λTJx(x̄, ū) + v∗Fx(z̄) + lTHx(z̄) + w∗gx[·] = 0, (3.2.74)

λTJu(x̄, ū) + v∗Fu(z̄) + w∗gu[·] = 0, (3.2.75)

li ≥ 0, liHi(z̄) = 0, i = 1, 2, .., n, (3.2.76)

w∗ ∈ N(K,G(z̄)), (3.2.77)

λT∇2J(z̄)[z̃, z̃] + v∗D2F (z̄)[z̃, z̃] + lTD2H(z̄)[z̃, z̃] + w∗D2G(z̄)[z̃, z̃] ≥ 0.

(3.2.78)

Here v∗ is a signed Radon measure and w∗ is a signed and finite addi-

tive measure on [0, 1] which is absolutely continuous w.r.t the Lebesgue

measure | · | on [0, 1]. By Riesz’s Representation (see [108, Chapter 01,

p. 19] and [102, Theorem 3.8, p. 73]), there exists a vector function of

bounded variation ν, which is continuous from the right and vanish at

zero such that

⟨v∗, y⟩ =
∫ 1

0
y(t)Tdν(t) ∀y ∈ E,

where
∫ 1
0 y(t)dν(t) is the Riemann-Stieltjes integral.

Define p̄ : [0, 1] → Rn by setting

p̄(t) = ν((t, 1]) =

∫ 1

t
dν(s) = ν(1)− ν(t).

Clearly, p̄(1) = 0 and the function p̄ is of bounded variation.
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By [225, Theorem 2.21], for any a ∈ C([0, 1],Rn), we have∫ 1

0
a(s)Tdν(s) = a(1)Tν(1)− a(0)Tν(0)−

∫ 1

0
ν(s)da(s)T . (3.2.79)

Applying formula (3.2.79) for a(t) =
∫ t
0 φx[s]x(s)ds, we get

⟨v∗Fx(z̄), x⟩ =
〈
v∗, x−

∫ (·)

0
φx[s]x(s)ds

〉

=

∫ 1

0
xT (t)dν(t)−

∫ 1

0

∫ t

0
(φx[s]x(s))

Tdsdν(t)

=

∫ 1

0
xT (t)dν(t)− [

∫ 1

0
(φx[s]x(s))

Tν(1)ds−
∫ 1

0
(φx[s]x(s))

Tν(s)ds]

=

∫ 1

0
xT (t)dν(t)−

∫ 1

0
xT (t)φx[t]

T p̄(t)dt.

=

∫ 1

0
xT (t)dν(t)−

∫ 1

0
p̄T (t)φx[t]x(t)dt. (3.2.80)

Similarly, for any u ∈ L∞([0, 1],Rm), we get

⟨v∗Fu(z̄), u⟩ = −
∫ 1

0

∫ t

0
(φu[s]u(s))

Tdsdν(t) = −
∫ 1

0
u(s)Tφu[s]

T p̄(s)ds

(3.2.81)

and 〈
v∗∇2F (z̄)z, z

〉
= −

∫ 1

0

(
p̄(t)T∇2φ[s]z(s), z(s)

)
ds. (3.2.82)

From (3.2.75) and (3.2.81), we have∫ 1

0
λTLu[s]u(s)ds−

∫ 1

0
p̄(s)Tφu[s]u(s)ds+ ⟨w∗, gu[·]u⟩ = 0 ∀u ∈ U.

(3.2.83)

Let us claim that w∗ can be represented by a density in L∞([0, 1],Rr).

Indeed, by the formula of inverse matrix (see [145, Theorem 8.1, p. 176]),

we have

R−1[t] =
( eij(t)

detR[t]

)
,

where eij(α) are cofactors. By (H3), | detR[t]| ≥ γ0 for a.a t ∈ [0, 1].

Hence R−1[·] ∈ L∞([0, 1],Rr×r). Taking any w ∈ L∞([0, 1],Rr), we put

u(t) = gu[t]
TR−1[t]w(t). Inserting u into (3.2.83), we have∫ 1

0
λTLu[t]gu[t]

TR−1[t]w(t)dt−
∫ 1

0
p̄T (t)φu[t]gu[t]

TR−1[t]w(t)dt

+ ⟨w∗, w⟩ = 0. (3.2.84)
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This implies that

⟨w∗, w⟩ =
∫ 1

0
(−λTLu[t]gu[t]TR−1[t] + p̄T (t)φu[t]gu[t]

TR−1[t])w(t)dt.

Let us define a function

θ(t) = −λTLu[t]gu[t]TR−1[t] + p̄T (t)φu[t]gu[t]
TR−1[t].

Then θ ∈ L∞([0, 1],R) and

⟨w∗, w⟩ =
∫ 1

0
θ(t)w(t)dt ∀w ∈ L∞([0, 1],Rr). (3.2.85)

The claim is justified. Combining this with (3.2.83), we get∫ 1

0
λTLu[t]u(t)dt−

∫ 1

0
p̄(t)Tφu[t]u(t)dt+

∫ 1

0
θ(t)Tgu[t]u(t)dt = 0

for all u ∈ L∞([0, 1],Rm). It follows that

λTLu[t]− p̄(t)Tφu[t] + θ(t)Tgu[t] = 0 a.a. t ∈ [0, 1]. (3.2.86)

We obtain assertion (ii) of the theorem. Let us define

p(t) =

p̄(t) if t ∈ [0, 1)

lim
t→1−

p̄(t) if t = 1.
(3.2.87)

Note that although ν is right continuous, it may not be continuous at 1

and so is p̄.

We now have from (3.2.74) and (3.2.80) that∫ 1

0
xT (s)dν(s)−

∫ 1

0
p̄T (s)φx[s]x(s)ds+

∫ 1

0
λTLx[s]x(s)ds

+

∫ 1

0
θ(s)Tgx[s]ds+ λT ℓx1(x̄(1))x(1) + lThx1(x̄(1))x(1) = 0 ∀x ∈ X.

This is equivalent to∫ 1

0
xT (s)dν(s) =

∫ 1

0
p̄T (s)φx[s]x(s)ds−

∫ 1

0
λTLx[s]x(s)dt

−
∫ 1

0
θ(s)Tgx[s]x(s)ds− λT ℓx1(x̄(1))x(1)− lThx1(x̄(1))x(1) ∀x ∈ X.
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By definition of p, we have∫ 1

0
xT (s)dν(s) =

∫ 1

0
pT (s)φx[s]x(s)ds−

∫ 1

0
λTLx[s]x(s)ds

−
∫ 1

0
θ(s)Tgx[s]x(s)ds− λT ℓx1(x̄(1))x(1)− lThx1(x̄(1))x(1) ∀x ∈ X.

(3.2.88)

By Lemma 3.2.4, the above equality is also valid for xt(s) = ξχ(t,1](s)

with 0 ≤ t < 1, where ξ ∈ Rn and χ(t,1] is the indicator function of the

set (t, 1] ⊂ [0, 1]. Inserting xt(s) into (3.2.88), we get∫ 1

t
ξTdν(s) =

∫ 1

t
ξT (pT (s)φx[s]− λTLx[s]− θ(s)Tgx[s])ds

− ξT
(
λT ℓx1(x̄(1))− lThx1(x̄(1))

)
for all t ∈ [0, 1). Since ξ is arbitrary, we obtain∫ 1

t
dν(s) =

∫ 1

t
(pT (s)φx[s]− λTLx[s]− θ(s)Tgx[s])ds

− (λT ℓx1(x̄(1)) + lThx1(x̄(1)).

This means that

p̄(t) =

∫ 1

t
(pT (s)φx[s]− λTLx[s]− θ(s)Tgx[s])ds

− (λT ℓx1(x̄(1)) + lThx1(x̄(1)) (3.2.89)

for all t ∈ [0, 1). It follows that

ṗ(t) = −pT (t)φx[t] + λTLx[t] + θ(t)Tgx[t] a.a. t ∈ (0, 1). (3.2.90)

Taking the limit both sides of (3.2.89) when t→ 1-, we obtain

p(1) = lim
t→1-

p̄(t) = −(λT ℓx1(x̄(1)) + lThx1(x̄(1)).

Hence assertion (i) is followed. SinceHi(z̄) = hi(x̄(1)), condition (3.2.76)

implies that lihi(x̄(1)) = 0. From condition (3.2.77), we have∫ 1

0
θT (w(t)− g[t])dt = ⟨w∗, w −G(z̄)⟩ ≤ 0 ∀w ∈ K.

This and [178, Corolary 4.4] imply that θ(t) ∈ N((−∞, 0]r, g[t]) for a.e.

t ∈ [0, 1]. Hence θj(t)gj[t] = 0 and θj(t) ≥ 0 for a.a. t ∈ [0, 1] and for all

j = 1, 2, ..., r. We obtain (3.2.59) in assertion (iii).

Finally, by combining (3.2.78), (3.2.82) and (3.2.85), we derive asser-

tion (iv). The proof of the theorem is complete.
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To derive sufficient conditions, we need to enlarge the critical cone. For

this we define C2[z̄] which consists of couples (x, u) ∈ X × L2([0, 1],Rm)

such that

(b′1) ℓ
′(x̄(1))x(1) +

∫ 1
0 (Lx[t]x(t) + Lu[t]u(t)) dt ∈ −Rk

+;

(b′2) x =
∫ (·)
0

(
φx[s]x+ φu[s]u(s)

)
ds;

(b′3) h
′
i(x̄(1))x(1) ≤ 0 for i ∈ I∗;

(b′4) gu[·]x+ gu[·]u ∈ cone(K − g[·]).

Clearly, C∞[z̄] ⊆ C2[z̄].

Definition 3.2.12. Let z̄ = (x̄, ū) ∈ Φ2 be a feasible point of (P). We

say that z̄ is a locally strong Pareto solution of (P) if there exist a number

ϵ > 0 and a vector c ∈ intRk
+ such that for all (x, u) ∈ (BX(x̄, ϵ) ×

BU(ū, ϵ)) ∩ Φ2, one has

J(x, u)− J(x̄, ū)− c∥u− ū∥22 /∈ −int(Rk
+).

It is easy to show that every locally strong Pareto solution of (P) is

also a locally Pareto solution of this problem. The following theorem

provides sufficient conditions for locally strong Pareto solutions to (P).

Theorem 3.2.13. Suppose (x̄, ū) ∈ Φ2, assumptions (H1)− (H3), mul-

tipliers λ ∈ Rk
+ with |λ| = 1, l ∈ Rn, the absolutely continuous function

p : [0, 1] → Rn and a function θ ∈ L∞([0, 1],Rr) such that conditions

(i)− (iii) of Theorem 3.1 are fulfilled. Furthermore, assume that

(iv)′ (the strictly second-order condition)

λT ℓ′′(x̄(1))x̃(1)2 +

∫ 1

0
λT [Lxx[t]x̃

2 + 2Lux[t]x̃ũ+ Luu[t]ũ
2]dt

+ lTh′′(x̄(1))x̃(1)2 −
∫ 1

0
pT (t)[φxx[t]x̃

2 + 2φux[t]x̃ũ+ φuu[t]ũ
2]dt

+

∫ 1

0
θT (t)[gxx[t]x̃

2 + 2gux[t]x̃ũ+ guu[t]ũ
2]dt > 0

for all (x̃, ũ) ∈ C2[z̄] \ {0};
(v)′ there exists a number γ0 > 0 such that for a.a. t ∈ [0, 1] one has(

λTLuu[t]− p(t)Tφuu[t] + θ(t)Tguu[t]
)
(v, v) ≥ γ0|v|2 ∀v ∈ Rm.

Then (x̄, ū) is a locally strong Pareto solution of (P ).
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Proof. Suppose the conclusion of the theorem was false. Then, we could

find sequences {(xj, uj)} ⊂ Φ2 and {cj} ⊂ intRk
+ such that (xj, uj) →

(x̄, ū) as j → ∞, cj → 0 and

J(xj, uj)− J(x̄, ū)− cj∥uj − ū∥22 ∈ −intRk
+. (3.2.91)

It follows that (xj, uj) ̸= (x̄, ū) for all j ≥ 1. By a simple argument, we

can show that if uj = ū then xj = x̄, which is absurd. Hence we must

have uj ̸= ū for all j ≥ 1. Let

L(z, λ, p, l, θ) := λTJ(z) + pTF (z) + lTH(z) + θTG(z)

be the Lagrange function associated with (P), where

λTJ(z) = λT ℓ(x(1)) +

∫ 1

0
λTL(s, x(s), u(s))ds,

pTF (z) = −
∫ 1

0
ṗT (s)x(s)ds−

∫ 1

0
pT (s)φ(s, x(s), u(s))ds+ pT (1)x(1),

lTH(z) = lTh(x(1)),

θTG(z) =

∫ 1

0
θT (s)g(s, x(s), u(s))ds.

Then, from conditions (i) (ii) and (iii) of Theorem 3.1, we can show

that

∇zL(z̄, λ, p, l, θ) = 0. (3.2.92)

Define tj = ∥uj − ū∥2, x̂j =
xj−x̄
tj

and ûj =
uj−ū
tj

. Then tj → 0+ and

∥ûj∥2 = 1. By reflexivity of L2([0, 1],Rm), we may assume that ûj ⇀ û.

Since λ ∈ Rk
+, we have from (3.2.91) that

λTJ(zj)− λTJ(z̄) ≤ t2jλ
T cj ≤ t2j |λ||cj| ≤ o(t2j). (3.2.93)

For clarification, we divide the remain of the proof into some steps.

Step 1. Showing hat x̂j converges uniformly to some x̂ in C([0, 1],Rn).

Indeed, since (x̄, ū), (xj, uj) ∈ Φ2, we get

xj(t) = x0 +

∫ t

0
φ(s, xj(s), uj(s))ds, x̄(t) = x0 +

∫ t

0
φ(s, x̄(s), ū(s))ds.

Hence

tjx̂j(t) =

∫ t

0
(φ(s, xj(s), uj(s))− φ(s, x̄(s), ū(s))ds. (3.2.94)
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Since xj → x̄ uniformly and uj → ū in L∞([0, 1],Rm), there exists a

constant ϱ > 0 such that ∥xj∥0 ≤ ϱ, ∥uj∥∞ ≤ ϱ. By assumption (H1),

there exists kφ,ϱ > 0 such that

|φ(s, xj(s), uj(s))−φ(s, x̄(s), ū(s))| ≤ kφ,ϱ(|xj(s)− x̄(s)|+ |uj(s)− ū(s)|)

for a.e. s ∈ [0, 1]. Hence we have from (3.2.94) that

|x̂j(t)| ≤
∫ t

0
kφ,ϱ(|x̂j(s)|+ |ûj(s)|)ds and | ˙̂xj(t)| ≤ kφ,ϱ(|x̂j(t)|+ |ûj(t)|).

(3.2.95)

Since ∥ûj∥2 = 1, we get

|x̂j(t)| ≤
∫ t

0
kφ,ϱ|x̂j(s)|ds+

∫ 1

0
kφ,ϱ|ûj(s)|ds

≤
∫ t

0
kφ,ϱ|x̂j(s)|ds+ kφ,ϱ

(∫ 1

0
|ûj(s)|2ds

)1/2

≤
∫ t

0
kφ,ϱ|x̂j(s)|ds+ kφ,ϱ.

By the Gronwall Inequality (see [51, 18.1.i, p. 503]), we have

|x̂j(t)| ≤ kφ,ϱ exp(kφ,ϱ).

Combining this with (3.2.95) yields

| ˙̂xj(t)|2 ≤ 2k2φ,ϱ
(
|x̂j(t)|2 + |ûj(t)|2

)
≤ 2k2φ,ϱ(k

2
φ,ϱ exp(2kφ,ϱ) + |ûj|2).

Hence ∫ 1

0
| ˙̂xj(t)|2dt ≤ 2k2φ,ϱ(k

2
φ,ϱ exp(2kφ,ϱ) + 1).

Consequently, {x̂j} is bounded in W 1,2([0, 1],Rn). By passing subse-

quence, we may assume that x̂j ⇀ x̂ weakly in W 1,2([0, 1],Rn). As the

embedding W 1,2([0, 1],Rn) ↪→ C([0, 1],Rn) is compact (see [31, Theorem

8.8]) we have x̂j → x̂ in norm of C([0, 1],Rn).

Step 2. Showing that (x̂, û) ∈ C2[z̄].
Using the mean value theorem for the left hand side of (3.2.91) and

dividing both sides by tj, we get

ℓ′(x̄(1) + γj(xj(1)− x̄(1)))x̂j(1) +

∫ 1

0
Lx(x̄+ ξj(xj − x̄), uj)x̂jdt

+

∫ 1

0
Lu(x̄, ū+ ξj(uj − ū))ûjdt+

o(t2j)

tj
∈ −int(Rk

+),
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where 0 ≤ γj ≤ 1 and 0 ≤ ξj(t) ≤ 1. Letting j → ∞ and using the

dominated convergence theorem, we obtain

ℓ′(x̄(1))x̂(1) +

∫ 1

0
(Lx[t]x̂(t) + Lu[t]û(t))dt ∈ −Rk

+. (3.2.96)

Hence (x̂, û) satisfies condition (b′1). Also, from (3.2.94) we have

x̂j(t) =

∫ t

0

(
φx(x̄+ ξj(xj − x̄), uj)x̂j + φu(x̄, ū+ ηj(uj − ū))ûj

)
dt,

where 0 ≤ ξj(s), ηj(s) ≤ 1. Letting j → ∞ and using the dominated

convergence theorem, we obtain

x̂(t) =

∫ t

0
(φx[s]x̂(s) + φu[s]û(s))ds.

Hence (x̂, û) satisfies condition (b′2). Obviously, we have

h(xj(1))− h(x̄(1)) ∈
(
(−∞, 0]n − h(x̄(1))

)
.

By a Taylor’s expansion, we get

h′(x̄(1) + τ(xj(1)− x̄(1)))x̂j(1) ∈
1

tj

(
(−∞, 0]n − h(x̄(1))

)
⊂ T ((−∞, 0]n, h(x̄(1))).

By letting j → ∞, we obtain

h′(x̄(1))x̂(1) ∈ T ((−∞, 0]n, h(x̄(1))).

Hence (x̂, û) satisfies condition (b′3). It remains to verify condition (b′4).

Since G(xj, uj)−G(x̄, ū) ∈ K −G(x̄, ū), we have

1

tj
(G(xj, uj)−G(x̄, ū)) ∈ cone(K −G(z̄)) ⊂ cone(K −G(z̄)). (3.2.97)

Note that

cone(K −G(z̄)) = T (K;G(z̄))

=
{
v ∈ L2([0, 1],Rr) | v(t) ∈ T ((−∞, 0]r, g[t]) a.e.

}
.

Using the mean value theorem, we have from (3.2.97) that

gx(t, x̄+ ηj(xj − x̄), ū)x̂j + gu(t, xj, ū+ ζj(uj − ū))ûj ∈ T (K;G(z̄)),

(3.2.98)
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where 0 ≤ ηj(t), ζj(t) ≤ 1 a.a. t ∈ [0, 1]. Since T (K;G(z̄)) is a closed

convex set in L2([0, 1],Rr), it is also a weakly closed set in L2([0, 1],Rr).

By (H1), we can show that

gx(·, x̄+ ηj(xj − x̄), ū)x̂j → gx[·]x̂

strongly in L2([0, 1],Rr) and

gu(t, xj, ū+ ζj(uj − ū))ûj → gu[·]û

weakly in L2([0, 1],Rr). Letting j → ∞, we obtain from that (3.2.98)

that

gx[·]x̂+ gu[·]û ∈ T (K, g[·]).

Hence (x̂, û) satisfies condition (b′4) and so (x̂, û) ∈ C2[z̄].

Step 3. Showing that (x̂, û) = (0, 0).

By (3.2.58), we have lT (h(xj(1))− h(x̄(1))) ≤ 0. By (3.2.59),∫ 1

0
θT (t)(g(t, xj, uj)− g[t])dt ≤ 0.

Besides, we have∫ 1

0

(
− ṗT (xj − x̄)− p(φ(t, xj, uj)− φ(t, x̄, ū))

)
dt+ pT (1)(xj(1)− x̄(1))

=

∫ 1

0
p
(
(ẋj − ˙̄x)− (φ(t, xj, uj)− φ(t, x̄, ū))

)
dt = 0.

From the above, (3.2.93) and definition of L, we have

L(xj, ujλ, p, l, θ)− L(x̄, ū, λ, p, l, θ)

= λT (ℓ(xj(1))− ℓ(x̄(1))) + λT
∫ 1

0
(L(t, xj, uj)− L(t, x̄, ū))dt

+ lT (h(xj(1))− h(x̄(1)))−
∫ 1

0

(
ṗT (xj − x̄) + p(φ(t, xj, uj)− φ(t, x̄, ū))

)
dt

+

∫ 1

0
θT (t)(g(t, xj, uj)− g(t, x̄, ū))dt

≤λT (ℓ(xj(1))− ℓ(x̄(1))) + λT
∫ 1

0
(L(t, xj, uj)− L(t, x̄, ū))dt ≤ o(t2j).

Using a second-order Taylor expansion for L and (3.2.92), we get

o(t2j) ≥ L(zk, λ, p̄, l, θ)− L(z̄, λ, p̄, l, θ) =
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t2j
2
[λT ℓ′′(x̄(1) + ξ1j(xj(1)− x̄(1)))x̂j(1)

2 + lTh′′(x̄(1) + ξ2j(xj(1)− x̄(1)))x̂j(1)
2]

+
t2j
2
λT
∫ 1

0
[Lxx(t, x̄+ η1j(xj − x̄), ū)x̂2j + 2Lux(t, x̄+ η2j(xj − x̄), ū)x̂jûj]dt

+
t2j
2
λT
∫ 1

0
Luu(t, xj, ū+ η3j(uj − ū))û2j ]dt

−
t2j
2

∫ 1

0
pT (t)[φxx(t, x̄+ η4j(xj − x̄), ū)x̂2j + 2φux(t, x̄+ η5j(xj − x̄), ū)x̂jûj]dt

−
t2j
2

∫ 1

0
pT (t)φuu(t, xj, ū+ η6j(uj − ū))û2j ]dt

+
t2j
2

∫ 1

0
θT (t)[gxx(t, x̄+ η7j(xj − x̄), ū)x̂2j + 2gux(t, x̄+ η8j(xj − x̄), ū)x̂jûj]dt

+
t2j
2

∫ 1

0
θT (t)guu(t, xj, ū+ η9j(uj − ū))û2j ]dt,

where 0 ≤ ξij, ηij(t) ≤ 1. This implies that

o(t2j)

t2j
≥

λT ℓ′′(x̄(1) + ξ1j(xj(1)− x̄(1)))x̂j(1)
2 + lTh′′(x̄(1) + ξ2j(xj(1)− x̄(1)))x̂j(1)

2

+ λT
∫ 1

0
[Lxx(t, x̄+ η1j(xj − x̄), ū)x̂2j + 2Lux(t, x̄+ η2j(xj − x̄), ū)x̂jûj]dt

+ λT
∫ 1

0
Luu(t, xj, ū+ η3j(uj − ū))û2jdt

−
∫ 1

0
pT (t)[φxx(t, x̄+ η4j(xj − x̄), ū)x̂2j + 2φux(t, x̄+ η5j(xj − x̄), ū)x̂jûj]dt

−
∫ 1

0
pT (t)φuu(t, xj, ū+ η6j(uj − ū))û2j ]dt

+

∫ 1

0
θT (t)[gxx(t, x̄+ η7j(xj − x̄), ū)x̂2j + 2gux(t, x̄+ η8j(xj − x̄), ū)x̂jûj]dt

+

∫ 1

0
θT (t)guu(t, xj, ū+ η9j(uj − ū))û2j ]dt. (3.2.99)

Since ∥uj − ū∥∞ → 0, ∥xj − x̄∥0 → 0 and (H1), we have

∥λTLuu(·, xj, ū+ η3j(uj − ū))û2j − λTL[·]∥∞ → 0 as j → ∞.

By (v)′, the functional

u 7→
∫ 1

0

(
λTLuu[t]− p(t)Tφuu(t) + θ(t)guu[t]

)
u2dt
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is convex and sequentially lower semicontinuous. We now write

λT
∫ 1

0
Luu(t, xj, ū+ η3j(uj − ū))û2jdt

−
∫ 1

0
pT (t)φuu(t, xj, ū+ η6j(uj − ū))û2j ]dt

+

∫ 1

0
θT (t)guu(t, xj, ū+ η9j(uj − ū))û2j ]dt.

=

∫ 1

0
(λTLuu(t, xj, ū+ η3j(uj − ū))− λTLuu[t])û

2
jdt+

∫ 1

0
λTLuu[t]û

2
jdt.

−
∫ 1

0
pT (t)

(
φuu(t, xj, ū+ η6j(uj − ū))− φuu[t]

)
û2jdt−

∫ 1

0
p(t)Tφuu[t]û

2
jdt

+

∫ 1

0
θT (t)

(
guu(t, xj, ū+ η9j(uj − ū))− guu[t]

)
û2j ]dt+

∫ 1

0
θ(t)Tguu[t]û

2
j(t)dt.

From this and (v)′, we have

lim
j→∞

(
λT
∫ 1

0
Luu(t, xj, ū+ η3j(uj − ū))û2jdt

−
∫ 1

0
pT (t)φuu(t, xj, ū+ η6j(uj − ū))û2j ]dt

+

∫ 1

0
θT (t)guu(t, xj, ū+ η9j(uj − ū))û2j ]dt

)
≥ max

(
γ0,

∫ 1

0

(
λTLuu[t]− p(t)Tφuu[t] + θ(t)Tguu[t]

)
û2(t)dt

)
.

(3.2.100)

Using this fact and taking limits both sides of (3.2.99), we obtain

0 ≥ λT ℓ′′(x̄(1))x̂(1)2 + lTh′′(x̄(1))x̂(1)2

+

∫ 1

0
λT [Lxx[t]x̂

2 + 2Lux[t]x̂û+ Luu[t]û
2]dt

−
∫ 1

0
pT (t)[φxx[t]x̂

2 + 2φux[t]x̂û+ φuu[t]û
2]dt

+

∫ 1

0
θT (t)[gxx[t]x̂

2 + 2gux[t]x̂û+ guu[t]û
2]dt.

Combining this with (iv)′, yields (x̂, û) = (0, 0).

Finally, using (3.2.100) and taking limits both sides of (3.2.99) again,

we get

0 ≥ λT ℓ′′(x̄(1))x̂(1)2 + lTh′′(x̄(1))x̂(1)2 +

∫ 1

0
λT [Lxx[t]x̂

2 + 2Lux[t]x̂û]dt
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+ γ0 −
∫ 1

0
pT (t)[φxx[t]x̂

2 + 2φux[t]x̂û+ φuu[t]û
2]dt

+

∫ 1

0
θT (t)[gxx[t]x̂

2 + 2gux[t]x̂û+ guu[t]û
2]dt.

Since (x̂, û) = (0, 0), we get 0 ≥ γ0 which is absurd. This finishes the

proof.

We will now present an illustrative example that satisfies conditions

(H1)-(H5) or (H1)-(H3), (H4)’ of Theorem 3.2.9.

Example 3.2.14. Consider the problem of finding x ∈ C([0, 1],R2) and

u ∈ L∞([0, 1],R3) which solve

J(x, u) = (J1(x, u), J2(x, u), ..., Jk(x, u)) → min,

s.t.

x1(t) = x10 +
∫ t
0 (sx1 + u1 + u3)ds

x2(t) = x20 +
∫ t
0 (−

1
3x1 + sx2 + u2)ds

h1(x(1)) = x1(1)− x22(1)− 1 ≤ 0,

h2(x(1)) = x2(1)− 1 ≤ 0,

g(x, u) = x1 − x2 + u1 + u2 − u3 − 1 ≤ 0,

where Li and ℓi are assumed to satisfy (H1) and (H2), respectively. In

this problem we have n = 2,m = 3 and r = 1.

Let (x̄, ū) be a feasible point of the problem. We show that the

problem satisfies conditions (H1)− (H5). Assumption (H1) is straight-

forward. For (H2), we have

h′(x̄(1)) =

(
1 −2x̄2(1)

0 1

)
and deth′(x̄(1)) = 1. We have gu[t] = [1, 1,−1] and soR[t] = gu[t]gu[t]

T =

3. Hence detR[t] = 3 and R[t]−1 = 1/3. Thus the problem satisfies

(H1)− (H3). For (H4), we have

T [t] = {(w1, w2, w3) ∈ R3|w1 + w2 − w3 = 0} = {(w1, w2, w1 + w2)}
= span([1, 0, 1]T , [0, 1, 1]T )

Hence dimT [t] = 2 and so (H4) is valid. It remains to check (H5). From

the above, we have

S[t] =

1 0

0 1

1 1

 , φu[t]) =

(
1 0 1

0 1 0

)
and B[t] = φu[t]S[t] =

(
2 1

1 1

)

194



By (3.2.55), we have

A[t] = φx[t]− φu[t]gu[t]
TR[t]−1gx[t]

=

(
t 0

−1/3 t

)
−
(
1 0 1

0 1 0

)
[1, 1,−1]T

1

3
[1,−1]

=

(
t 0

0 t− 1
3

)
.

Let Ω(t, τ) be the principal matrix solution to the system ẋ = Ax, By

definition, each column of Ω is a solution of ẋ = Ax and for t = τ these

columns become e1 = [1, 0] and e2 = [0, 1]T . Hence we have

Ω(t, τ) =

(
exp( t

2

2 − τ2

2 ) 0

0 exp( t
2

2 − t
3 −

τ2

2 + τ
3)

)
and the mapping H : L∞([0, 1],R) → R2 is given by

H(v) =

∫ 1

0
Ω(1, τ)B[τ ]v(τ)dτ

= [

∫ 1

0
α(τ)(2v1 + v2)dτ,

∫ 1

0
β(τ)(v1 + v2)dτ ]

T ,

where v = [v1, v2]
T and α(τ) := exp(12 −

τ2

2 ) and β(τ) := exp(16 −
τ2

2 + τ
3).

Let α0 =
∫ 1
0 α(τ)dτ and β0 =

∫ 1
0 β(τ)dτ . Then α0 > 0 and β0 > 0. For

any ξ = [ξ1, ξ2]
T ∈ R2, we consider the equation{

α0(2v1 + v2) = ξ1

β0(v1 + v2) = ξ2.

Its solution is given by

v1 =
ξ1
α0

− ξ2
β0
, v2 =

2ξ2
β0

− ξ1
α0

(3.2.101)

which also satisfies the equationHv = ξ. HenceH is onto. Consequently

(H5) is valid and Theorem 3.2.9 is applicable for the problem.

3.2.3 Application to sustainable energy management in smart

grids

The transition to sustainable energy systems is a critical challenge

of our time, requiring a delicate balance between multiple, often con-

flicting objectives. Smart grids, with their integration of various energy

195



sources and advanced control capabilities, offer a promising platform

for addressing these challenges [83]. However, the complexity of these

systems necessitates sophisticated optimization techniques [220]. In this

section, we present and analyze a multiobjective optimal control problem

for sustainable energy management in smart grids. Our model incorpo-

rates four key objectives: cost minimization, maximization of renewable

energy usage, minimization of environmental impact, and maintenance

of grid stability. By applying our theoretical results on KKT optimal-

ity conditions for multiobjective optimal control problems, we aim to

provide insights into the structure of Pareto optimal solutions for this

complex system. This application not only demonstrates the practical

relevance of our theoretical framework but also contributes to the de-

velopment of effective strategies for managing the intricate trade-offs in

sustainable energy systems.

We now consider the following multiobjective optimal control prob-

lem:

MinR4
+
J(x, u) (3.2.102)

s.t. (3.2.103)

x(t) = x0 +

∫ t

0
φ(s, x(s), u(s))ds for all t ∈ [0, 1], (3.2.104)

h(x(1)) ≤ 0, (3.2.105)

g(t, x(t), u(t)) ≤ 0 for a.a. t ∈ [0, 1]. (3.2.106)

Here, x(t) =
(
x1(t), x2(t), x3(t)

)
∈ R3 represents the state variables:

energy stored in batteries (MWh), grid load (MW), and cumulative CO2

emissions (tons), respectively. The control variables

u(t) =
(
u1(t), u2(t), u3(t)

)
∈ R3

represent solar, wind, and conventional energy inputs (MW). The specific

components are defined as follows:

1. Objective functions:

J1(x, u) =

∫ 1

0
[c1u

2
1(t) + c2u

2
2(t) + c3u

2
3(t)]dt, J2(x, u) = −

∫ 1

0
[u1(t) + u2(t)]dt,

J3(x, u) = x3(1), J4(x, u) =

∫ 1

0
[x2(t)− xtarget2 ]2dt

where c1, c2, and c3 are the unit costs of solar, wind, and conventional

energy, respectively, and xtarget2 is the target grid load.
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2. System dynamics:

φ(t, x, u) =

η(u1 + u2 + u3 − x2)

φ2(t, x2, u1, u2, u3)

α3u3,


where η > 0 is the energy storage efficiency, φ2 is a function describ-

ing the grid load dynamics, and α3 is the emission rate of conventional

energy. Here

φ2(t, x2, u1, u2, u3) = f(t, x2) + b1(t)u1 + b2(t)u2 + b3(t)u3, (3.2.107)

where f is a continuous function on [0, 1] × R and f(t, ·) is of class C2

for each t ∈ [0, 1], and bi(·) ∈ L∞([0, 1],R) with i = 1, 2, 3.

3. Terminal constraints:

h(x(1)) = x1(1)− xmax
1 ≤ 0,

where xmax
1 is the maximum battery capacity.

4. Path constraints:

g1(t, x, u) = u1 − umax
1 ≤ 0

g2(t, x, u) = u2 − umax
2 ≤ 0

g3(t, x, u) = tu1 + tu2 + u3 − c(t) ≤ 0

where umax
1 and umax

2 are the maximum production capacities for en-

ergy sources 1 and 2 respectively, and c(t) is a time-varying function

representing the upper bound of the combined energy input.

The objective functions, system dynamics, and constraints are defined

as in the problem formulation. We now verify that this problem satisfies

the necessary assumptions for our main theorem.

Verification of the Assumptions:

(H1) Smoothness and Lipschitz Continuity: The functions L, φ, and

g are Carathéodory functions and C2 in x and u. The cost functions, sys-

tem dynamics, and constraints are well-behaved, satisfying the Lipschitz

condition and boundedness of derivatives.

(H2) Smoothness of Terminal Conditions: The function h(x(1)) in-

cludes battery capacity constraints, which are linear and thus C2. The

terminal cost ℓ(x(1)) is linear in x3(1) and thus C2. Moreover,

deth′(x̄(1)) ̸= 0

is satisfied as h is a linear function of x(1).
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(H3) Determinant Condition: Define gu[t] =

1 0 0

0 1 0

t t 1

.
Then, R[t] = gu[t]gu[t]

T =

1 + t2 t2 t

t2 1 + t2 t

t t 1 + t2

. We have det(R[t]) =

1 + t2 + 2t4 ≥ 1 for all real t. Thus, (H3) is satisfied with γ = 1.

(H4) Rank Condition: With the given gu[t], we have rank(gu[t]) =

3 = m, so (H4) is not applicable in this case.

(H4)′ Alternative Condition: Since (H3) is satisfied and (H4) is not

applicable, we verify (H4)′. To check (H4)′ we need to show that, there

exist (x̂1, x̂2, x̂3) and (û1, û2, û3) satisfying the following conditions:

x̂1(t) =

∫ t

0
η(û1 + û2 + û3 − x̂2)ds (3.2.108)

x̂2(t) =

∫ t

0
(fx2[s]x̂2 + b1û1 + b2û2 + b3û3)ds (3.2.109)

x̂3(t) =

∫ t

0
α3û3ds, (3.2.110)

h(x̄1(1)) + h′(x̄1(1))x(1) = x̄1(1)− xmax
1 + x̂1(1) < 0 (3.2.111)

and

ū1 − umax + û1 < −ϵ3, (3.2.112)

ū2 − umax
2 + û2 < −ϵ2, (3.2.113)

g3[t] + tû1 + tû2 + û3 < −ϵ3 (3.2.114)

for some ϵi > 0 with i = 1, 2, 3.

Since fx2[·] is continuous on [0, 1], there exists a number a > 0 such

that |fx2[t]| ≤ a for all t ∈ [0, 1]. This is equivalent to −a ≤ −fx2[t] ≤ a

for all t ∈ [0, 1].

Let us take ûi = −γie
t
γi with γi > 0 for i = 1, 2, 3 and assume that

(x̂1, x̂2, x̂3) is a solution of (3.2.108)-(3.2.110) corresponding to (û1, û2, û3).

Put û =
∑3

i=1 biûi and µ(t) := exp(−
∫ t
0 f2x2[s]ds). Then we have

e−a ≤ e−at ≤ µ(t) ≤ eat ≤ ea ∀t ∈ [0, 1]. (3.2.115)

From equation (3.2.109), we have

˙̂x2 − fx2[t]x̂2 = û.
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Multiplying both sides by µ(t), we get

µ(t) ˙̂x2(t)− fx2[t]x̂2(t)µ(t) = û(t)µ(t).

This implies that
d

dt
(µ(t)x̂2(t)) = û(t)µ(t).

Integrating on [0, t] with t ∈ [0, 1], we obtain

x̂2(t) =

∫ t
0 û(s)µ(s)ds

µ(t)
.

Inserting x̂2 into (3.2.108) and using (3.2.115), we have

x̂1(1) = −η
3∑
i=1

γ2i (e
1/γi − 1)− η

∫ 1

0

∫ t
0 µ(s)û(s)ds

µ(t)
dt

= −η
3∑
i=1

γ2i (e
1/γi − 1) + η

∫ 1

0

∫ t
0

∑3
i=1 biγie

s/γiµ(s)ds

µ(t)
dt

≤ −η
3∑
i=1

γ2i (e
1/γi − 1) + η

∫ 1

0

∫ t
0

∑3
i=1 ∥bi∥∞γies/γieads

e−a
dt

= −η
3∑
i=1

γ2i (e
1/γi − 1) + ηe2a

∫ 1

0

3∑
i=1

∥bi∥∞γ2i (et/γi − 1)dt

= −η
3∑
i=1

γ2i (e
1/γi − 1) + ηe2a

3∑
i=1

∥bi∥∞γ2i
[
γi(e

1/γi − 1)− 1
]

= −η
3∑
i=1

γ2i (e
1/γi − 1)(1− e2a∥bi∥∞γi)− ηe2a

3∑
i=1

∥bi∥∞γ2i .

By choosing γi > 0 small enough such that 1 − e2a∥bi∥∞γi ≥ 0, we see

that x̂1(1) < 0. Hence (3.2.111) is valid. Since e
t
γi ≥ 1 for all t ∈ [0, 1],

we have ûi < −γi. This implies that 3.2.112-(3.2.114) are valid with

ϵi = γi. Consequently, (H4)′ is fulfilled.

Thus our problem satisfies assumptions (H1)−(H3) and (H4)′. There-

fore, we can apply our main theorem to derive necessary optimality con-

ditions for Pareto optimal solutions.

Theorem 3.2.15 (KKT Conditions for Sustainable Energy Manage-

ment). Let z̄ = (x̄, ū) be a locally weak Pareto optimal solution of the

sustainable energy management problem.
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Then there exist a vector λ ∈ R4
+ with |λ| = 1, a number l ∈ R,

an absolutely continuous function p : [0, 1] → R3, and a vector function

θ = (θ1, θ2, θ3) ∈ L∞([0, 1],R3), such that the following conditions are

satisfied:

(i) Adjoint equation:

ṗ1(t) = 0, ṗ2(t) = ηp1(t)− fx2[t]p2(t) + 2λ4(x̄2(t)− xtarget2 ), ṗ3(t) = 0,

p1(1) = −l, p2(1) = 0, p3(1) = −λ3

(ii) Stationary condition in u:

2λ1c1ū1 − λ2 − ηp1 − b1p2 + θ1 + tθ3 = 0

2λ1c2ū2 − λ2 − ηp1 − b2p2 + θ2 + tθ3 = 0

2λ1c3ū3 − ηp1 − b2p2 − α3p3 + θ3 = 0

(iii) Complementary conditions:

l ≥ 0, l(x̄1(1)− xmax
1 ) = 0

θ1(t) ≥ 0, θ1(t)(ū1(t)− umax
1 ) = 0

θ2(t) ≥ 0, θ2(t)(ū2(t)− umax
2 ) = 0

θ3(t) ≥ 0, θ3(t)(tū1(t) + tū2(t) + ū3(t)− c(t)) = 0

(iv) Nonnegative second-order condition:

λ1

∫ 1

0
(c1ũ

2
1 + c2ũ

2
2 + c3ũ

2
3)dt+ 2λ4

∫ 1

0
x̃22dt−

∫ 1

0
p2fx2x2[t]x̃

2
2dt ≥ 0

Proof. The proof follows directly from Theorem 3.2.9.
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Chapter 4

OPTIMAL CONTROL PROBLEMS GOVERNED BY PDE

This chapter provides some results of optimal control problems gov-

erned by partial differential equations. Its content is based on our pub-

lished papers [130], [118] and [136].

4.1 Pontryagin’s principle for optimal control prob-

lem governed by 3D Navier-Stokes equations

4.1.1 Introduction

Better understanding of optimality conditions of optimal control prob-

lems governed by Navier–Stokes equations is an ongoing topic of re-

search. This question is of great importance in theory and in applica-

tions. It has been studied by many mathematicians recently. For the

papers which have a close connection to the topic, we refer the read-

ers to [16]- [223] and references given therein. Let us give some short

view on these papers. Among them, [16] studied necessary optimal-

ity conditions for the problem with 2D Navier–Stokes equation without

control constraints, [24] established the existence and uniqueness of so-

lutions for optimal control problems for the 2D Navier–Stokes equations

in a 2D domain, [43, 62, 63] gave optimality conditions for the problems

governed by stationary Navier–Stokes equations, [217] established the

existence of a weak solution of a free boundary problem for a 3D non-

stationary Navier–Stokes equations with measure data, and [223] gave

necessary optimality conditions for optimal control problems governed

by 3D Navier–Stokes equations with some types of state constraints but

without pointwise control constraint. Particularly, Casas [38] gave a

result on the existence of solution and first-order necessary optimality

conditions for the problem with a special cost function. Besides, the

proof of [38] is also applicable to functionals that assert strong solutions.

To the best of our knowledge, the establishment of Pontryagin’s maxi-

mum principle for optimal control problems governed by 3D Navier–Stokes
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equations has been an open problem so far. In this section we will ad-

dress this problem.

As usual we use the diffuse variation method (see for examples [44]-

[189]), techniques from optimal control theory and partial differential

equations in order to establish the Pontryagin maximum principle. How-

ever, in the case of optimal control problems governed by the 3D Navier–

Stokes equations we will meet some difficulties. One of the difficulties is

to expand the control-to-state mapping in the first-order form of Taylor’s

expansion with respect to variation of optimal control. To overcome this

obstacle, we have to use results on compact imbeddings, prove the exis-

tence of global strong solutions to the linearized Navier–Stokes equations

and give some bounds for these solutions (see Lemma 2.4).

Let Ω be a bounded domain in R3 with boundary Γ of class C2. We

consider the problem of finding a control u ∈ L2(0, T ;L2(Ω)3) and a

state y ∈ W 1,2(0, T ;W,H) which minimize the cost function

J(y, u) =

∫
Q
L(x, t, y(x, t), u(x, t)) dxdt (4.1.1)

with the state equations

dy

dt
− ν∆y + (y · ∇)y +∇ϕ = Eu in Q := Ω× (0, T ), (4.1.2)

y = 0 on Σ := Γ× (0, T ), (4.1.3)

div y = 0 in Q, (4.1.4)

y(0) = y0 in Ω, (4.1.5)

and the pointwise constraint

u(x, t) ∈ M a.a. (x, t) ∈ Q. (4.1.6)

Here, ν is a positive constant, y0 ∈ V , M is a closed set in R3,

L : Q× R3 × R3 → R

is a given function, and

E : L2(0, T ;L2(Ω)3) → L2(0, T ;H)

is a linear bounded operator. Hereafter, we shall use the following func-
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tion spaces:

L2(Ω) := (L2(Ω))3 = L2(Ω)× L2(Ω)× L2(Ω),

H1
0(Ω) := (H1

0(Ω))
3 = H1

0(Ω)×H1
0(Ω)×H1

0(Ω),

Hm(Ω) := (Hm(Ω))3, Wm,s
0 (Ω) := (Wm,s

0 (Ω))3,

V := {y ∈ D(Ω)3 | div y = 0},
V := the closure of V in H1

0(Ω) = {y ∈ H1
0(Ω) | div y = 0},

H := the closure of V in L2(Ω) = {y ∈ L2(Ω) | div y = 0, y · n⃗ = 0 on Γ},
H⊥ := {ϕ ∈ L2(Ω) | ϕ = ∇p, p ∈ H1(Ω)},

W := V ∩H2(Ω), L2
0(Ω) := L2(Ω)/R = {p ∈ L2(Ω) |

∫
Ω
p(x) dx = 0},

V ∗ and W ∗ are the dual spaces of V and W, respectively,

W 1,2(0, T ;W,H) := {y ∈ L2(0, T ;W ) | dy
dt

∈ L2(0, T ;H)},

W 1,2(0, T ;H,W ∗) := {y ∈ L2(0, T ;H) | dy
dt

∈ L2(0, T ;W ∗)}.

Here, n⃗ is the unit outward normal vector on Γ.

Problem (4.1.1)–(4.1.6) comes from fluid mechanics, which minimizes

the flow in a 3D channel Ω. A standard example for the choice of L is

the quadratic function

L(x, t, y, u) =
1

2

∫
Q
|y(x, t)− yd(x, t)|2 dxdt+

1

2

∫
Q
|u(x, t)|2 dxdt,

where yd ∈ L2(0, T ;L2(Ω)3) is given.

4.1.2 Linearized and adjoint equations

Throughout this section, we shall denote by (·, ·) and | · | the scalar

product and the norm in H, respectively. Also, we denote by ((·, ·)) and
∥ · ∥ the scalar product and the norm in V , respectively, where

((v, w)) =
3∑
i=1

(Div,Diw), ∀v, w ∈ V.

It is well known that the embeddings

W ↪→ V ↪→ H

are compact and each space is dense in the following one. Let us denote

by P : L2(Ω) → H the Leray projection on H, and by A : W → H,
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A = −P∆ the Stokes operator. Define

B : W ×W → H, B(v, w) = P((v · ∇)w).

By applying the Leray projection on both sides of (4.1.2), we obtain

the following equivalent equation of state Eqs. (4.1.2)–(4.1.5):

dy

dt
+ νAy +B(y, y) = Eu, y(0) = y0. (4.1.7)

Recall that given a vector function u ∈ L2(0, T ;L2(Ω)3), the vector

function y ∈ W 1,2(0, T ;W,H) satisfying Eq. (4.1.7) for a.e. (x, t) ∈ Q, is

said to be a strong solution of the Navier–Stokes equations. It is known

that under smallness conditions of y0 and Eu, Eq (4.1.7) has a unique

strong solution (see [59, Theorem 9.3]).

Let us define a trilinear mapping

b : H1
0(Ω)×H1

0(Ω)×H1
0(Ω) → R

by setting

b(y, z, w) =
3∑

i,j=1

∫
Ω
yiDizjwj dx, ∀(y, z, w) ∈ H1

0(Ω)×H1
0(Ω)×H1

0(Ω).

According to Lemma 1.2 and Lemma 1.3 in Chapter II of [216], b is

a trilinear continuous mapping, and there exists an absolute constant

C0 > 0 such that the following properties are satisfied:

|b(y, z, w)| ≤ C0∥y∥H1
0(Ω)

∥z∥H1
0(Ω)

∥w∥H1
0(Ω)

, ∀y, z, w ∈ H1
0(Ω),

b(y, v, v) = 0, ∀y ∈ V, v ∈ H1
0(Ω),

b(y, v, w) = −b(y, w, v), ∀y ∈ V, v, w ∈ H1
0(Ω).

From [59, Theorem 4.4], the operator A−1 : H → W is self-adjoint,

injective, and compact. By a well-known theorem of Hilbert (see [31,

Theorem 6.11]), there exists a sequence of positive numbers µj > 0 with

µj+1 < µj and an orthogonal basis of H, (wj) such that A−1(wj) = µjwj.

We denote by λj = µ−1
j . Since A−1 has range in W , we obtain that

Awj = λjwj, wj ∈ W,

0 < λ1 < λ2 ≤ λ3 ≤ · · · ,
lim
j→∞

λj = +∞,

(wj)j=1,... are forms an orthogonal basis of H.
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Let α > 0 be a real number. We define the operator Aα by

Aαv =
∞∑
j=1

λαj ξjwj, v =
∞∑
j=1

ξjwj, y ∈ D(Aα) (4.1.8)

D(Aα) =

v ∈ H | v =
∞∑
j=1

ξjwj,
∞∑
j=1

λ2αj |ξj|2 < +∞

 . (4.1.9)

The space D(Aα) carries a natural scalar product

⟨u, v⟩α =
∞∑
j=1

λ2αj ξjηj, if u =
∞∑
j=1

ξjwj, v =
∞∑
j=1

ηjwj.

In particular, for α = 1
2 , we have D(A1/2) = V and ⟨u, v⟩1/2 = ((u, v)).

Moreover, the vectors vj := λ
−1/2
j wj form a complete orthogonal system

in V . When α = 1, we also have

D(A) = W, ∥w∥2W =
∞∑
j=1

λ2jξ
2
j , for w =

∞∑
j=1

ξjwj.

Hence, from [155, Proposition 2.1], we have

[D(A), H]1/2 = [W,H]1/2 = V.

where [D(A), H]1/2 is an interpolation space. By [155, Theorem 3.1],

the embedding

W 1,2(0, T ;W,H) ↪→ C(0, T ; [W,H]1/2) = C(0, T ;V ) (4.1.10)

is continuous. Based on this embedding, we have

Lemma 4.1.1. If y ∈ W 1,2(0, T ;W,H) then yt + νAy + B(y, y) ∈
L2(0, T ;H).

Proof. Since |Ay| = |P∆y| ≤ ∥y∥W , we have
∫ T
0 |Ay|2dt <

∫ T
0 ∥y∥2Wdt <

+∞. Hence Ay ∈ L2(0, T ;H). From the embedding H1
0(Ω) ↪→ L6(Ω)3,

there exists a constant C > 0 such that

|B(y, y)|2 ≤
3∑
i=1

∫
Ω
(yiDiy)

2dx ≤
3∑
i=1

(∫
Ω
y6i dx

)1/3(∫
Ω
(Diy)

3dx

)2/3

.

Combining this with embedding (4.1.10) yields∫ T

0
|B(y, y)|2dt ≤ ∥y∥2C(0,T ;V )

∫ T

0
∥y∥2Wdt < +∞.

We obtain the conclusion.
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Let us define a mapping

Φ : W 1,2(0, T ;W,H)× L2(0, T ;L2(Ω)3) → L2(0, T ;H)× V

by setting

Φ(y, u) =

(
dy

dt
+ νAy +B(y, y)− Eu, y(0)− y0

)
.

The following proposition gives us some properties of Φ.

Proposition 4.1.2. The mapping Φ is of class C1 and for each (ŷ, û) ∈
W 1,2(0, T ;W,H)× L2(0, T ;L2(Ω)3),

∇yΦ(ŷ, û) : W
1,2(0, T ;W,H) → L2(0, T ;H)× V

is an isomorphism.

Proof. It is easy to see that the mapping Φ is of class C1 and its deriva-

tives are given by

∇Φ(y, u) =

[
d
dt + νA+B(δy0, ·) +B(·, y) −E

δ0 0

]
. (4.1.11)

where δ0 is a continuous linear mapping which is defined by ⟨δ0, y⟩ =

y(0). To prove that∇yΦ(ŷ, û) is bijective, we show that for each (f, v0) ∈
L2(0, T ;H)× V , the equation

∇yΦ(ŷ, û)y = (f, v0)

has a unique solution. This equation is equivalent to

dy

dt
+ νAy +B(ŷ, y) +B(y, ŷ) = f, y(0) = v0.

By Lemma 4.1.3, we obtain the desired conclusion.

Lemma 4.1.3. Let ŷ ∈ W 1,2(0, T ;W,H). Then there exists a unique

solution y ∈ W 1,2(0, T ;W,H) of the equation

dy

dt
+ νAy +B(ŷ, y) +B(y, ŷ) = f, y(0) = v0. (4.1.12)

Moreover, there exist positive constants C,C1, C2, and C3 depending on

ν,Ω such that

∥y∥2L2(0,T ;W ) + ∥ẏ∥2L2(0,T ;H)

≤ (exp(K1)K2K1 +K2)

(
2C

ν
+

8CC3

ν
∥ŷ∥C2

C(0,T ;V ) + 8ν

)
+ 4C3 exp(K1)K2

∫ T

0
∥ŷ∥2Wdt+ 4

∫ T

0
|f |2dt, (4.1.13)
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where K1 and K2 are given by

K1 = C1∥ŷ∥2L2(0,T ;W ) + C2T∥ŷ∥4C(0,T ;V ), K2 = ∥v0∥2 +
2

ν

∫ T

0
∥f∥2ds.

Proof. The proof of the lemma proceeds analogously to the proof of

Lemma 4.1.7 with ρ = 0, where the proof is based on the Galerkin

method. Estimation (4.1.13) is standard in the theory of Navier–Stokes

equations.

Remark 4.1.4. It is possible to define a linear, coercive, and continuous

mapping A(t) = νA+ B(ȳ, y) + B(y, ȳ) : V → V ∗ and reduce the linear

equation (4.1.12) to the Cauchy problem

dy

dt
+A(t)y = f, y(0) = y0,

where f ∈ L2(0, T ;V ∗) and V ⊂ H ⊂ V ∗. Then, by a classical existence

result of J.L. Lions (see Theorem 10.9 of [31]), there exists a unique weak

solution y satisfying y ∈ L2(0, T ;V ) ∩ C([0, T ], H), dy
dt ∈ L2(0, T ;V ∗).

However, by this way, we shall meet some difficulty in showing that y is

a strong solution, i.e., y ∈ W 1,2(0, T ;W,H).

Let ŷ ∈ W 1,2(0, T ;W,H) and f∗ ∈ L2(0, T ;W ∗). We consider the

adjoint equation

−ϑ̇+ νA∗ϑ+B(ŷ, ·)∗ϑ+B(·, ŷ)∗ϑ = f∗, ϑ(T ) = 0. (4.1.14)

Here, A∗ denotes the adjoint mapping of A.

Definition 4.1.5. A vector function ϑ ∈ W 1,2(0, T ;H,W ∗) is said to be

a solution of the adjoint equation if (4.1.14) is satisfied for almost every

t ∈ [0, T ].

Lemma 4.1.6. For each f∗ ∈ L2(0, T ;W ∗), Eq. (4.1.14) has a unique

solution ϑ ∈ W 1,2(0, T ;H,W ∗). Moreover, the following integration by

parts formula is valid:∫ T

0
(ϑ̇(t), z(t))dt = −

∫ T

0
(ϑ(t), ż(t))dt−(ϑ(0), z(0)),∀z ∈ W 1,2(0, T ;W,H).

(4.1.15)

Proof. Since ∇yΦ(ŷ, û) : W
1,2(0, T ;W,H) → L2(0, T ;H) × V is an iso-

morphism, its adjoint mapping

∇yΦ(ŷ, û)
∗ : L2(0, T ;H)× V ∗ → W 1,2(0, T ;W,H)∗
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is also an isomorphism. From (4.1.11), we have

∇yΦ(ŷ, û) =

(
d

dt
+ νA+B(ŷ, ·) +B(·, ŷ), δ0

)
.

By some standard arguments, we find that

∇yΦ(ŷ, û)
∗(φ, v∗) =

(
d

dt

)∗
φ+ νA∗φ+B(ŷ, ·)∗φ+B(·, ŷ)∗φ+ δ∗0v

∗,

(4.1.16)

for (φ, v∗) ∈ L2(0, T ;H)×V ∗. Note that the embedding L2(0, T ;W ∗) ↪→
W 1,2(0, T ;W,H)∗ is continuous. Hence, if f∗ ∈ L2(0, T ;W ∗), then f∗ ∈
W 1,2(0, T ;W,H)∗. Since ∇yΦ(ŷ, û)

∗ is an isomorphism, there exists a

unique (ϑ, v∗) ∈ L2(0, T ;H)× V ∗ such that(
d

dt

)∗
ϑ+ νA∗ϑ+B(ŷ, ·)∗ϑ+B(·, ŷ)∗ϑ+ δ∗0v

∗ = f∗.

This means that for any z ∈ W 1,2(0, T ;W,H), one has∫ T

0
(ϑ(t), ż(t))dt+

∫ T

0
(ϑ(t), νAz(t) +B(ŷ(t), z(t)) +B(z(t), ŷ(t)))dt

+ ⟨v∗, z(0)⟩ =
∫ T

0
⟨f∗(t), z(t)⟩dt. (4.1.17)

Taking any w ∈ W , φ ∈ C∞
0 (0, T ) and substituting z = φw into (4.1.17),

we have∫ T

0
(ϑ(t), w)φ̇(t)dt+

∫ T

0
(ϑ(t), νAw +B(ŷ(t), w) +B(w, ŷ(t)))φ(t)dt

=

∫ T

0
⟨f∗(t), w⟩φ(t)dt. (4.1.18)

Note that φw ∈ W 1,2(0, T ;W,H). It follows that

d

dt
(ϑ(t), w)H = ⟨ϑ̇(t), w⟩ = (νA∗ϑ+B(ŷ, ·)∗ϑ+B(·, ŷ)∗ϑ,w)−⟨f∗(t), w⟩.

(4.1.19)

Since νA∗ϑ + B(ŷ, ·)∗ϑ + B(·, ŷ)∗ϑ and f∗ belong to L2(0, T ;W ∗), we

have ϑ̇ ∈ L2(0, T ;W ∗) and the first equation of (4.1.14) is valid. We now

take a continuously differentiable φ satisfying φ(0) = 0 and φ(T ) = 1.

Substituting z = φ(t)w into (4.1.17) and integrating by parts, we get

−
∫ T

0

d

dt
(ϑ(t), w)φ(t)dt+ (ϑ(T ), w) +

∫ T

0
(ϑ(t), νAw +B(ŷ(t), w)

+B(w, ŷ(t)))φ(t)dt =

∫ T

0
⟨f∗(t), w⟩φ(t)dt.
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Combining this with (4.1.19) yields ⟨ϑ(T ), w⟩ = (ϑ(T ), w) = 0. Since W

is dense in H, we have ⟨ϑ(T ), h⟩ = 0 for all h ∈ H. Hence, ϑ(T ) = 0.

Thus, ϑ ∈ W 1,2(0, T ;H,W ∗), which is a unique solution of (4.1.14).

It remains to show that (4.1.15) is fulfilled. Take any w ∈ W and a

continuously differentiable function ψ on [0, T ] satisfying ψ(T ) = 0 and

ψ(0) = 1. Substituting ψ(t)w into (4.1.17) and integrating by parts, we

get

−
∫ T

0

d

dt
(ϑ(t), w)ψ(t)dt− (ϑ(0), w) +

∫ T

0
(ϑ(t), νAw +B(ŷ(t), w)

+B(w, ŷ(t)))ψ(t)dt+ ⟨v∗, w⟩ =
∫ T

0
⟨f∗(t), w⟩ψ(t)dt.

Combining this with (4.1.19) yields ⟨v∗ − ϑ(0), w⟩ = 0. Since W is

dense in V , we get ⟨v∗ − ϑ(0), v⟩ = 0 for all v ∈ V . Hence, v∗ = ϑ(0).

Substituting this into (4.1.17) and using (4.1.14), we obtain∫ T

0
(ϑ(t), ż(t))dt+

∫ T

0
⟨ϑ̇(t), z(t)⟩dt+ (ϑ(0), z(0)) = 0,

which yields formula (4.1.15).

Lemma 4.1.7. Let ŷ ∈ W 1,2(0, T ;W,H) and f ∈ L2(0, T ;H). Then

there exist constants C, C1, and C2 > 0 depending on ν and Ω such that

for any ρ ≥ 0 satisfying

ρ2
(
∥f∥2L2(0,T ;H) + 1

)
<
ν3/2λ1

4C
1/2
2

exp
(
−C1∥ŷ∥2L2(0,T ;W ) − C2T∥ŷ∥4C(0,T ;V )

)
,

(4.1.20)

the equation

dy

dt
+ νAy + ρB(y, y) +B(ŷ, y) +B(y, ŷ) = f, y(0) = 0 (4.1.21)

has a unique solution y ∈ W 1,2(0, T ;W,H), which satisfies the following

estimation:

∥y∥2L2(0,T ;W ) + ∥ẏ∥2L2(0,T ;H) ≤

M2(ρ, ŷ, f)

(
20ρ2C

ν2
exp(M1(ŷ))(∥f∥2L2(0,T ;H) + 1) +

5C

ν
∥ŷ∥2C(0,T ;V ) +

C

ν
+ 5ν

)
+

20

ν
∥ŷ∥2L2(0,T ;W ) exp(M1(ŷ))(∥f∥2L2(0,T ;H) + 1) + 5∥f∥2L2(0,T ;H),

(4.1.22)
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where

M1(ŷ) := C1∥ŷ∥2L2(0,T ;W ) + C2T∥ŷ∥4C(0,T ;V ),

M2(ρ, ŷ, f) := C2Tρ
4 exp(3M1(ŷ))

43

ν3

(
∥f∥2L2(0,T ;H) + 1

)3
+ TM1(ŷ) exp(M1(ŷ))

4

ν
(∥f∥2L2(0,T ;H) + 1) +

4

ν
∥f∥2L2(0,T ;H).

Proof. We first show that there exists a constant C > 0 depending on Ω

such that

|b(z, ŷ, Az)| ≤ C∥z∥∥ŷ∥W |Az|, ∀z ∈ W, (4.1.23)

|b(v, z, Az)| ≤ C∥v∥∥z∥1/2|Az|3/2, ∀v ∈ V, z ∈ W. (4.1.24)

In fact, using the embedding H1(Ω) ↪→ L6(Ω), we have

|b(z, ŷ, Az)| =
3∑

i,j=1

∫
Ω
(ziDiŷj(Az)j)dx ≤

3∑
i,j=1

∥ziDiŷj∥L2(Ω)∥(Az)j∥L2(Ω)

≤
3∑

i,j=1

∥zi∥L6(Ω)∥Diŷj∥L3(Ω)∥(Az)j∥L2(Ω)

≤ C∥z∥∥ŷ∥W |Az|,

which proves (4.1.23). For (4.1.24), we notice that C∞(Ω)3 is dense in

H1(Ω)3 and H2(Ω)3 (see [79, Theorem 3, p. 252]). Therefore, from

inequality (61) with s1 = 1, s2 = 1/2, and s3 = 0, we obtain

|b(v, z, Az)| ≤ C∥v∥∥z∥1/2∥z∥1/2H2(Ω)|Az|, ∀v ∈ V, z ∈ W.

By [59, Proposition 4.7], we have

∥z∥H2(Ω) ≤ C|Az|, ∀z ∈ W. (4.1.25)

It follows that

|b(v, z, Az)| ≤ C∥v∥∥z∥1/2|Az|3/2, ∀v ∈ V, z ∈ W,

for some constant C > 0. We obtain (4.1.24). Let us put

C1 =
4C2

ν
, C2 =

108C4

ν3
(4.1.26)

and fix any ρ ≥ 0 satisfying (4.1.20).

Existence. Since C([0, T ];H) is dense in L2(0, T ;H) (see [237, Proposi-

tion 23.2, p. 407]), we can assume that f ∈ C([0, T ];H). Let {w1, w2, . . . }
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be an orthogonal basis of H, where wj is the j
′th eigenvector of A cor-

responding to eigenvalue λj for j = 1, 2, . . . . Consider the subspace

Hm = span{w1, w2, . . . , wm}, which is spanned by the first m eigenvec-

tors of A. Let Pm : H → Hm be the orthogonal projection onto Hm. We

consider the Galerkin system

dym
dt

+ νAym + ρPmB(ym, ym) + PmB(ŷ, ym) + PmB(ym, ŷ) = gm,

(4.1.27)

ym(0) = 0, (4.1.28)

where ym ∈ Hm with ym =
∑m

j=1 ξj(t)wj and

gm = Pmf =
m∑
j=1

ηj(t)wj.

Then (4.1.27) and (4.1.28) are equivalent to

dξj
dt

+ νλjξj + ρ
m∑

k,l=1

b(wk, wl, wj)ξkξl +
m∑
l=1

(b(ŷ, wl, wj)

+b(wl, ŷ, wj))ξl = ηj, ξj(0) = 0, j = 1, 2, . . . ,m,

or equivalently,

ξ̇j(t) = Fj(t, ξ), ξj(0) = 0, j = 1, 2, . . . ,m, (4.1.29)

where ξ = (ξ1, . . . , ξm) and

Fj(t, ξ) = ηj−

−

νλjξj + ρ
m∑

k,l=1

b(wk, wl, wj)ξkξl +
m∑
l=1

(b(ŷ, wl, wj) + b(wl, ŷ, wj))ξl


Since f ∈ C([0, T ];H), ηj(t) is a continuous function. Let {tk} ⊂ [0, T ]

be a sequence such that tk → t. Using inequality (61) with s1 = 1,

s2 = 1/2, s3 = 0 and a property of b, we have:

|b(wl, ŷ(tk), wj)− b(wl, ŷ(t), wj)| = |b(wl, ŷ(tk)− ŷ(t), wj)|
= | − b(wl, wj, ŷ(tk)− ŷ(t))| ≤ C∥wl∥∥wj∥1/2∥wj∥1/2W |ŷ(tk)− ŷ(t)|

for some constant C > 0. Since ŷ ∈ C([0, T ];V ) ↪→ C([0, T ];H), we

obtain |ŷ(tk)− ŷ(t)| → 0 as k → ∞. Hence,

|b(wl, ŷ(tk), wj)− b(wl, ŷ(t), wj)| → 0 as k → ∞.
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Thus the function t 7→ b(wl, ŷ(t), wj) is continuous. Similarly, the func-

tion b(ŷ(t), wl, wj) is continuous. Consequently, Fj(t, ξ) is a continu-

ous function of (t, ξ) in [0, T ] × Rm. By [100, Corollary 3.1, p.14], sys-

tem (4.1.29) has a maximal solution defined on some interval [0, tm]. If

tm < T then |ξ(t)| = |ym(t)| must tend to +∞ as t → tm. However, the

a priori estimate we shall prove later shows that this does not happen

and therefore tm = T . In fact, taking the scalar product of (4.1.27) with

Aym yields

1

2

d

dt
∥ym∥2 + ν|Aym|2 + ρb(ym, ym, Aym) + b(ŷ, ym, Aym) + b(ym, ŷ, Aym)

= ⟨f, Aym⟩. (4.1.30)

Using (4.1.23), we have

|b(ym, ŷ, Aym)| ≤ C∥ym∥∥ŷ∥W |Aym| (4.1.31)

for some constant C > 0. Also, using (4.1.24), we get

|b(ŷ, ym, Aym)| ≤ C∥ŷ∥∥ym∥1/2|Aym|3/2

and

|b(ym, ym, Aym)| ≤ C∥ym∥∥ym∥1/2|Aym|3/2 = C∥ym∥3/2|Aym|3/2
(4.1.32)

for some constant C > 0. Combining (4.1.30) with (4.1.31)–(4.1.32), we

have

1

2

d

dt
∥ym∥2 + ν|Aym|2 ≤ Cρ∥ym∥3/2|Aym|3/2 + C∥ym∥∥ŷ∥W |Aym|+

+ C∥ŷ∥∥ym∥1/2|Aym|3/2 + |(f, Aym)|

≤ ν

8
|Aym|2 +

(
24

ν

)3(ρC
4

)4

∥ym∥6 +
ν

8
|Aym|2 +

2C2

ν
∥ŷ∥2W∥ym∥2

+
ν

8
|Aym|2 +

(
24

ν

)3(C
4

)4

∥ŷ∥4∥ym∥2 +
ν

8
|Aym|2 +

2

ν
|f |2.

It follows that

1

2

d

dt
∥ym∥2 +

ν

2
|Aym|2 ≤

(
24

ν

)3(ρC
4

)4

∥ym∥6 +
2C2

ν
∥ŷ∥2W∥ym∥2

+

(
24

ν

)3(C
4

)4

∥ŷ∥4∥ym∥2 +
2

ν
|f |2.

212



or equivalently,

d

dt
∥ym∥2 + ν|Aym|2

≤ 108C4

ν3
ρ4∥y,∥6 +

(
4c2

ν
∥ŷ∥2W +

108C4

ν3
∥haty∥4

)
∥ym∥2 +

4

ν
|f |2

≤ C2ρ
4∥ym∥6 +

(
C1∥ŷ∥2W + C2∥ŷ∥4C(0,T ;V )

)
∥ym∥2 +

4

ν
|f |2, (4.1.33)

where C1 and C2 are defined by (4.1.26).

Claim: For all t ∈ [0, T ] one has

∥ym(t)∥2 ≤ exp
(
C1∥ŷ∥2L2(0,T ;W ) + C2T∥ŷ∥4C(0,T ;V )

) 4

ν

(
∥f∥2L2(0,T ;H) + 1

)
.

Indeed, obviously we have

∥ym(0)∥2 = 0 < exp
(
C1∥ŷ∥2L2(0,T ;W ) + C2T∥ŷ∥4C(0,T ;V )

) 4

ν

(
∥f∥2L2(0,T ;H) + 1

)
.

By the continuity of ∥ym(·)∥, there exists t1 > 0 such that

∥ym(t)∥2 < exp
(
C1∥ŷ∥2L2(0,T ;W ) + C2T∥ŷ∥4C(0,T ;V )

) 4

ν

(
∥f∥2L2(0,T ;H) + 1

)
for all t ∈ [0, t1]. Since |Aym| ≥ λ1∥ym∥ and the choice of ρ, we have

ν∥Aym∥2 − C2ρ
4∥ym∥6 ≥ ∥ym(t)∥2(νλ21 − C2ρ

4∥ym(t)∥4)

≥ ∥ym(t)∥2
(
νλ21 − C2ρ

4 exp

(
2C1∥ŷ∥2L2(0,T ;W )+

2C2T∥ŷ∥4C(0,T ;V )

)
16

ν2

(
∥f∥2L2(0,T ;H) + 1

)2)
≥ 0

for all t ∈ [0, t1]. Hence from (4.1.33), we get

d

dt
∥ym∥2 ≤

(
C1∥ŷ∥2W + C2∥ŷ∥4C(0,T ;V )

)
∥ym∥2 +

4

ν
∥f∥2

for all t ∈ [0, t1]. The Gronwall inequality implies that

∥ym(t)∥2 ≤ exp

(∫ t

0
(C1∥ŷ∥2W + C2∥ŷ∥4C(0,T ;V ))dt

)
4

ν

∫ t

0
|f(t)|2dt

≤ exp

(∫ T

0
(C1∥ŷ∥2W + C2∥ŷ∥4C(0,T ;V ))dt

)
4

ν

∫ T

0
|f(t)|2dt

< exp
(
C1∥ŷ∥2L2(0,T ;W ) + C2T∥ŷ∥4C(0,T ;V )

) 4

ν

(
∥f∥2L2(0,T ;H) + 1

)
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for all t ∈ [0, t1]. Let us denote by T̂ the least upper bound of the set of

t∗ ∈ [0, T ] such that

∥ym(t)∥2 < exp
(
C1∥ŷ∥2L2(0,T ;W ) + C2T∥ŷ∥4C(0,T ;V )

) 4

ν

(
∥f∥2L2(0,T ;H) + 1

)
for all t ∈ [0, t∗]. By definition of T̂ , we have

∥ym(t)∥2 ≤ exp
(
C1∥ŷ∥2L2(0,T ;W ) + C2T∥ŷ∥4C(0,T ;V )

) 4

ν

(
∥f∥2L2(0,T ;H) + 1

)
for all t ∈ [0, T̂ ]. If T̂ = T , then the claim is proved. Let us assume that

T̂ < T . Then from the choice of ρ, we get from (4.1.33) that

d

dt
∥ym∥2 ≤

(
C1∥ŷ∥2W + C2∥ŷ∥4C(0,T ;V )

)
∥ym∥2 +

4

ν
∥f∥2

for all t ∈ [0, T̂ ]. Using the Gronwall inequality again, we get

∥ym(T̂ )∥2 ≤ exp

(∫ T̂

0

(
C1∥ŷ∥2W + C2∥ŷ∥4C(0,T ;V )

)
dt

)
4

ν

∫ T̂

0
|f(t)|2dt

≤ exp

(∫ T

0

(
C1∥ŷ∥2W + C2∥ŷ∥4C(0,T ;V )

)
dt

)
4

ν

∫ T

0
|f(t)|2dt

< exp
(
C1∥ŷ∥2L2(0,T ;W ) + C2T∥ŷ∥4C(0,T ;V )

) 4

ν

(
∥f∥2L2(0,T ;H) + 1

)
.

By the continuity of ym, there exists T1 > T̂ such that

∥ym(t)∥2 < exp
(
C1∥ŷ∥2L2(0,T ;W ) + C2T∥ŷ∥4C(0,T ;V )

) 4

ν

(
∥f∥2L2(0,T ;H) + 1

)
for all t ∈ [0, T1]. This contradicts to the definition of T̂ . We obtain the

claim.

Let us define

M1(ŷ) = C1∥ŷ∥2L2(0,T ;W ) + C2T∥ŷ∥4C(0,T ;V ).

By the claim, the sequence {ym} is bounded in L∞(0, T ;V ) and we have

∥ym∥2L∞(0,T ;V ) ≤ exp(M1(ŷ))
4

ν

(
∥f∥2L2(0,T ;H) + 1

)
. (4.1.34)

Integrating two sides of (4.1.33) yields

∥ym(T )∥2+ ν
∫ T

0
|Aym|2dt ≤ C2Tρ

4 exp(3M1(ŷ))
43

ν3

(
∥f∥2L2(0,T ;H) + 1

)3
+ TM1(ŷ) exp(M1(ŷ))

4

ν

(
∥f∥2L2(0,T ;H) + 1

)
+

4

ν
∥f∥2L2(0,T ;H). (4.1.35)
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Let us denote by M2(ρ, ŷ, f) the left-hand side of (4.1.35). Combining

(4.1.35) with (4.1.25), we get

ν

C

∫ T

0
∥ym∥2Wdt ≤ ν

∫ T

0
|Aym|2dt ≤M2(ρ, ŷ, f).

Hence

∥ym∥2L2(0,T ;W ) ≤
C

ν
M2(ρ, ŷ, f). (4.1.36)

Consequently, the sequence ym is bounded in L2(0, T ;W ). From (4.1.27)

we get∥∥∥∥dymdt
∥∥∥∥2 ≤ 5

(
ν2|Aym|2 + ρ2|PmB(ym, ym)|2 + |PmB(ŷ, ym)|2

+ |PmB(ym, ŷ)|2 + |gm|2
)

≤5
(
ν2|Aym|2 + ρ2|(ym · ∇)ym|2 + |(ŷ · ∇)ym|2 + |(ym · ∇)ŷ|2 + |f |2

)
≤5
(
ν2|Aym|2 + ρ2∥ym∥2∥ym∥2W + ∥ŷ∥2∥ym∥2W + ∥ym∥2∥ŷ∥2W + |f |2

)
≤5
(
ν2|Aym|2 + ρ2∥ym∥2L∞(0,T ;V )∥ym∥2W + ∥ŷ∥2C(0,T ;V )∥ym∥2W

+ ∥ym∥2L∞(0,T ;V )∥ŷ∥2W + |f |2
)
.

Combining this with (4.1.35) and (4.1.36) yields∫ T

0
|ẏm(t)|2dt ≤ 5

(
νM2(ρ, ŷ, f) + ρ2∥ym∥2L∞(0,T ;V )

C

ν
M2(ρ, ŷ, f)

+∥ŷ∥2C(0,T ;V )

C

ν
M2(ρ, ŷ, f) + ∥ym∥2L∞(0,T ;V )∥ŷ∥2L2(0,T ;W ) + ∥f∥2L2(0,T ;H)

)
.

(4.1.37)
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Moreover, adding (4.1.36) and (4.1.37) and using (4.1.34), we obtain

∥ym∥2L2(0,T ;W ) + ∥ẏm∥2L2(0,T ;H)

≤ 5

[
νM2(ρ, ŷ, f) + ρ2∥ym∥2L∞(0,T ;V )

C

ν
M2(ρ, ŷ, f)

+ ∥ŷ∥2C2(0,T ;V )

C

ν
M2(ρ, ŷ, f) + ∥ym∥2L∞(0,T ;V )∥ŷ∥2L2(0,T ;W ) + ∥f∥2L2(0,T ;H)

]

+
C

ν
M2(ρ, ŷ, f)

=M2(ρ, ŷ, f)

[
5 + ρ2

5C

ν
∥ym∥2L∞(0,T ;V ) +

5C

ν
∥ŷ∥2C2(0,T ;V ) +

C

ν

]
+ 5∥ŷ∥2L2(0,T ;W )∥ym∥2L∞(0,T ;V ) + 5∥f∥2L2(0,T ;H)

≤M2(ρ, ŷ, f)

[
20ρ2C

ν2
exp(M1(ŷ))(∥f∥2L2(0,T ;H) + 1)

+
5C

ν
∥ŷ∥2C2(0,T ;V ) +

C

ν
+ 5ν

]
+

20

ν
∥ŷ∥2L2(0,T ;W ) exp(M1(ŷ))(∥f∥2L2(0,T ;H) + 1) + 5∥f∥2L2(0,T ;H).

(4.1.38)

Thus

sequence ym is bounded in W 1,2(0, T ;W,H). (4.1.39)

From (4.1.34) and (4.1.39), by passing subsequences, we can find an

element y ∈ L∞(0, T ;V ) ∩W 1,2(0, T ;W,H) such that

ym ⇀ y in W 1,2(0, T ;W,H) weakly,

ym
∗
⇀ y in L∞(0, T ;V ) weakly star.

Since W ↪→ V is compact, we have compactness of the embedding

W 1,2(0, T ;W,H) ↪→ L2(0, T ;V ) by the Aubin theorem. Hence, we get

ym → y in L2(0, T ;V ) strongly.

Note that since ym converges weakly to y in W 1,2(0, T ;W,H), we have

dym
dt

⇀
dy

dt
in L2(0, T ;H) weakly.

By using the procedure as in the proof of [216, Theorem 3.1, p. 282] and

passing the limit when m → ∞, we see that y ∈ W 1,2(0, T ;W,H) is a
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strong solution of Eq. (4.1.21). Also, by letting m → ∞ in estimation

(4.1.38), we obtain estimation (4.1.22).

Uniqueness For this, we use the Gronwall inequality and standard argu-

ments as in [59]. We obtain the desired conclusion.

4.1.3 Pontryagin’s Maximum Principle

In this subsection, we shall establish the Pontryagin maximum prin-

ciple for problem (4.1.1)–(4.1.6). Let us denote by A the feasible set of

problem (4.1.1)–(4.1.6), that is, A consists of (y, u) ∈ W 1,2(0, T ;W,H)×
L2(0, T ;L2(Ω)3) satisfying constraints (4.1.2)–(4.1.6). We denote by ⟨·, ·⟩
and | · |e the scalar product and Euclidean norm in R3, respectively. Let

us define

U = {u ∈ L2(Q,R3) | u(x, t) ∈M a.e.} (4.1.40)

and impose the following assumptions on function L.

(A1) L is a Carathéodory function, and Ly(x, t, ·, u(x, t)) is differentiable
around ŷ(x, t) for a.e. (x, t) ∈ Q and u ∈ U .
(A2) The mapping |Ly(·, ·, ŷ(·, ·), û(·, ·))|e belongs to L2(Q;R), and there

exists a function l ∈ L∞(Q;R) such that

|Ly(x, t, y1, u1)−Ly(x, t, y2, u2)|e ≤ l(x, t)(|y1−y2|e+ |u1−u2|e) (4.1.41)

for a.e. (x, t) ∈ Q and for all (y1, u1), (y2, u2) in a neighborhood of

(ŷ(x, t), û(x, t)).

Definition 4.1.8. A couple (ŷ, û) ∈ A is said to be an optimal solution

of (4.1.1)–(4.1.6) if there exists ϵ > 0 such that the following implication

holds:

(y, u) ∈ A, ∥y−ŷ∥L2(0,T ;V )+∥u−û∥L2(0,T ;L2(Ω)3) < ϵ⇒ J(y, u) ≥ J(ŷ, û).

Remark 4.1.9. In Definition 4.1.8, the requirement

(ŷ, û) ∈ W 1,2(0, T ;W,H)× L2(0, T ;L2(Ω)3)

ensures that ŷ is a global strong solution to the Navier–Stokes equa-

tion corresponding to û. It is known that under a smallness condition

on û, such a solution ŷ always exists (see Theorem 9.3 in [59]). How-

ever, proving the existence of a global strong/smooth solution to the

Navier–Stokes equation without a smallness condition on û remains a

challenge for mathematicians.
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The following lemmas play an important role in establishing Pontrya-

gin’s principles.

Lemma 4.1.10 (Cf. [189, Lemma 4.2]). Let v ∈ U and (ŷ, û) ∈ A. Then

for every 0 < ρ < 1, there exists a sequence of Lebesgue measurable sets

{Ek
ρ} of Q such that

|Ek
ρ | = ρ|Q|, (4.1.42)

1

ρ
χEk

ρ
⇀ 1 in L∞(Q;R) weakly star as k → ∞, (4.1.43)∫

Ek
ρ

(
L(x, t, ŷ, v)− L(x, t, ŷ, û)

)
dxdt

= ρ

∫
Q

(
L(x, t, ŷ, v)− L(x, t, ŷ, û)

)
dxdt, (4.1.44)

where | · | denotes the Lebesgue measure, and χEk
ρ
is the characteristic

function of Ek
ρ .

Lemma 4.1.11. Suppose (ŷ, û) is an admissible pair and v ∈ U . Then

there exists ρ0 ∈ (0, 1) such that for each ρ ∈ (0, ρ0), there exists a

measurable set Eρ ⊂ Q with |Eρ| = ρ|Q| and if

uρ(x, t) := (û+ χEρ
(v − û))(x, t) =

{
v(x, t), (x, t) ∈ Eρ,

û(x, t), (x, t) ∈ Q \ Eρ

(4.1.45)

and let yρ be the state corresponding to uρ, then (yρ, uρ) ∈ A and the

following formulae hold:

yρ = ŷ + ρz + rρ, lim
ρ→0+

∥rρ∥L2(0,T ;V )

ρ
= 0, (4.1.46)

J(yρ, uρ) = J(ŷ, û) + ρ∆J + o(ρ), (4.1.47)

where z is a solution of the equation

dy

dt
+ νAy +B(ŷ, y) +B(y, ŷ) = E(v − û), y(0) = 0.

and

∆J =

∫
Q

[
Ly(x, t, ŷ(x, t), û(x, t))z(x, t)

+ L(x, t, ŷ(x, t), v(x, t))− L(x, t, ŷ(x, t), û(x, t))
]
dxdt.
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Proof. Let v be given in U . We put

3ε =
ν3/2λ1

4C
1/2
2

exp
(
− C1∥ŷ∥2L2(0,T ;W ) − C2T∥ŷ∥4C(0,T ;V )

)
,

where C1, C2 are constants as in Lemma 4.1.7. Since
∣∣E(v − û)(·, ·)

∣∣2
e
∈

L1(Q;R), there exists δ > 0 such that for all measurable subsets O of Q

with |O| < δ, one has∫
O
|E(v − û)(x, t)|2e dxdt < ε.

Let us choose

ρ0 = min
{ δ

|Q|
,
√
ε, 1
}
.

By Lemma 4.1.10, for each ρ ∈ (0, ρ0), there exists a sequence of mea-

surable sets Ek
ρ of Q such that (4.1.42)–(4.1.44) are valid. By the choice

of ρ0, we have |Ek
ρ | = ρ|Q| < ρ0|Q| < δ. Hence,

ρ2
∥∥∥∥1ρχEk

ρ
E(v − û)

∥∥∥∥2
L2(0,T ;H)

=

∫ T

0

∫
Ω
χEk

ρ
|E(v − û)|2edxdt

=

∫
Ek

ρ

|E(v − û)|2e dxdt < ε. (4.1.48)

This implies that

ρ2

(∥∥∥∥1ρχEk
ρ
E(v − û)

∥∥∥∥2
L2(0,T ;H)

+ 1

)
< 2ε. (4.1.49)

Hence,

ρ2

(∥∥∥∥1ρχEk
ρ
E(v − û)

∥∥∥∥2
L2(0,T ;H)

+ 1

)

<
ν3/2λ1

4C
1/2
2

exp
(
− C1∥ŷ∥2L2(0,T ;W ) − C2T∥ŷ∥4C(0,T ;V )

)
. (4.1.50)

Let us define ukρ = û+χEk
ρ
(v− û), and let ykρ be the state corresponding

to the control ukρ. By (4.1.43), we have

∥ukρ−û∥2L2(Q,R) = ρ

∫
Q

1

ρ
χEk

ρ
|(v−û)(x, t)|2e dxdt→ ρ

∫
Q
|(v−û)(x, t)|2e dxdt
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as k → ∞. Hence for ρ > 0 small enough and k big enough, ukρ belongs to

a neighborhood of û in L2(Q,R). Consequently, ykρ ∈ W 1,2(0, T ;W,H).

Also, since
∣∣E(v − û)(·, ·)

∣∣
e
∈ L2(Q,R) and by (4.1.43), we have

1

ρ
χEk

ρ
|E(v − û)(x, t)|e ⇀ |E(v − û)(x, t)|e in L2(Q,R) as k → ∞.

Hence, there is a constant Mρ > 0 such that for all k ≥ 1 one has∥∥∥∥1ρχEk
ρ
E(v − û)

∥∥∥∥2
L2(0,T ;H)

=

∫
Q

(
1

ρ
χEk

ρ

)2

|E(v − û)(x, t)|2e dxdt ≤M 2
ρ .

(4.1.51)

Put zkρ = 1
ρ(y

k
ρ − ŷ) and fk =

1
ρχEk

ρ
E(v− û). Then zkρ ∈ W 1,2(0, T ;W,H)

and satisfies the equation

żkρ +νAz
k
ρ +ρB(zkρ , z

k
ρ)+B(ŷ, zkρ)+B(zkρ , ŷ) = fk, zkρ(0) = 0. (4.1.52)

From (4.1.50) and Lemma 4.1.7, there exist constantsM1(ŷ) andM2(ρ, ŷ, fk)

such that

∥zkρ∥2L2(0,T ;W ) +
∥∥żkρ∥∥2L2(0,T ;H)

≤

M2(ρ, ŷ, fk)
(20ρ2C

ν2
exp(M1(ŷ))

(
∥fk∥2L2(0,T ;H) + 1

)
+

5C

ν
∥ŷ∥2C2(0,T ;V ) +

C

ν
+ 5ν

)
+

20

ν
∥ŷ∥2L2(0,T ;W ) exp(M1(ŷ))

(
∥fk∥2L2(0,T ;H) + 1

)
+ 5∥fk∥2L2(0,T ;H),

(4.1.53)

where

M1(ŷ) = C1∥ŷ∥2L2(0,T ;W ) + C2T∥ŷ∥4C(0,T ;V ), (4.1.54)

M2(ρ, ŷ, fk) = C2Tρ
4 exp (3M1(ŷ))

43

ν3
(
∥fk∥2L2(0,T ;H) + 1

)3
+ TM1(ŷ) exp(M1(ŷ))

4

ν

(
∥fk∥2L2(0,T ;H) + 1

)
+

4

ν
∥fk∥2L2(0,T ;H). (4.1.55)

Combining (4.1.51) with (4.1.53)–(4.1.55), we conclude that zkρ is bounded

in W 1,2(0, T ;W,H). Without loss of generality, we can assume that

zkρ ⇀ zρ weakly in W 1,2(0, T ;W,H). Since W ↪→ V is compact, the

Aubin theorem (see [216, Theorem 2.1, p. 271]) implies that the embed-

ding

W 1,2(0, T ;W,H) ↪→ L2(0, T ;V )

220



is compact. Consequently, since zkρ → zρ strongly in L2(0, T ;V ), it

follows that there exists k(ρ) > 0 such that

∥zk(ρ)ρ − zρ∥L2(0,T ;V ) < ρ. (4.1.56)

Passing the limit as k → ∞ and using similar arguments as in the proof

of Lemma 4.1.7, we obtain from (4.1.52) that

żρ + νAzρ + ρB(zρ, zρ) +B(ŷ, zρ) +B(zρ, ŷ) = E(v − û), zρ(0) = 0.

(4.1.57)

Also, from (4.1.49) we get

ρ2
(
∥E(v − û)∥2L2(0,T ;H) + 1

)
≤ lim inf

k→∞
ρ2
(∥∥∥∥1ρχEk

ρ
E(v − û)

∥∥∥∥2
L2(0,T ;H)

+ 1

)
< 3ε.

This implies that

ρ2
(
∥E(v−û)∥2L2(0,T ;H)+1

)
<
ν3/2λ1

4C
1/2
2

exp
(
−C1∥ŷ∥2L2(0,T ;W )−C2T∥ŷ∥4C(0,T ;V )

)
.

Hence, Lemma 4.1.7 is applicable to Eq. (4.1.57). According to Lemma 4.1.7,

there exist constantsM1(ŷ) andM2(ρ, ŷ, f) with f = E(v− û) such that

∥zρ∥2L2(0,T ;W ) + ∥żρ∥2L2(0,T ;H) ≤

M2(ρ, ŷ, f)
(20ρ2C

ν2
exp(M1(ŷ))

(
∥f∥2L2(0,T ;H) + 1

)
+

5C

ν
∥ŷ∥2C(0,T ;V ) +

C

ν
+ 5ν

)
+

20

ν
∥ŷ∥2L2(0,T ;W ) exp(M1(ŷ))

(
∥f∥2L2(0,T ;H) + 1

)
+ 5∥f∥2L2(0,T ;H),

where M1(ŷ) and M2(ρ, ŷ, f) are given by (4.1.54) and (4.1.55) with

fk replaced by f . It follows that {zρ} is bounded in W 1,2(0, T ;W,H).

Therefore, we can assume that zρ ⇀ z in W 1,2(0, T ;W,H). Since the

embedding W 1,2(0, T ;W,H) ↪→ L2(0, T ;V ) is compact, it follows that

zρ → z strongly in L2(0, T ;V ). Letting ρ → 0+ and using similar argu-

ments as in the proof of Lemma 4.1.7, we obtain from (4.1.57) that

ż + νAz +B(ŷ, z) +B(z, ŷ) = E(v − û), z(0) = 0. (4.1.58)

Let us now define

Eρ = Ek
ρ (ρ), uρ = uk(ρ)ρ = û+ χEρ

(v − û), yρ = yk(ρ)ρ .

It is clear that (yρ, uρ) ∈ A. From (4.1.56), we have

∥zk(ρ)ρ − z∥L2(0,T ;V ) ≤ ∥zk(ρ)ρ − zρ∥L2(0,T ;V ) + ∥zρ − z∥L2(0,T ;V )

≤ ρ+ ∥zρ − z∥L2(0,T ;V ) → 0 as ρ→ 0.
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Putting rρ = ρ(z
k(ρ)
ρ − z), we get yρ = ŷ + ρz + rρ, which is formula

(4.1.46). It remains to show that (4.1.47) is valid. Define

Lρ(x, t) =

∫ 1

0
Ly
(
x, t, ŷ(x, t) + θ(yρ(x, t)− ŷ(x, t)), uρ(x, t)

)
dθ.

Then from Lemma 4.1.10, we have

J(yρ, uρ)− J(ŷ, û)

ρ
=

=

∫
Q

L(x, t, yρ(x, t), uρ(x, t))− L(x, t, ŷ(x, t), û(x, t))

ρ
dxdt

=

∫
Q

L(x, t, yρ(x, t), uρ(x, t))− L(x, t, ŷ(x, t), uρ(x, t))

ρ
dxdt

+

∫
Q

L(x, t, ŷ(x, t), uρ(x, t))− L(x, t, ŷ(x, t), û(x, t))

ρ
dxdt

=

∫
Q
Lρ(x, t)zρ(x, t)dxdt

+

∫
Q

1

ρ
χEρ

(x, t)
[
L(x, t, ŷ(x, t), v(x, t))− L(x, t, ŷ(x, t), û(x, t))

]
dxdt

=

∫
Q
Lρ(x, t)zρ(x, t)dxdt

+

∫
Q

[
L(x, t, ŷ(x, t), v(x, t))− L(x, t, ŷ(x, t), û(x, t))

]
dxdt.

From (4.1.41) and the dominated convergence theorem, we have∫
Q
Lρ(x, t)zρ(x, t)dxdt→

∫
Q
Ly(x, t, ŷ(x, t), û(x, t))z(x, t)dxdt.

Consequently,

J(yρ, uρ)− J(ŷ, û)

ρ
→
∫
Q
Ly(x, t, ŷ(x, t), û(x, t))z(x, t)dxdt+

+

∫
Q

[
L(x, t, ŷ(x, t), v(x, t))− L(x, t, ŷ(x, t), û(x, t))

]
dxdt,

as ρ→ 0. Hence (4.1.47) is valid.

We are now ready to state and prove the Pontryagin principle for

optimal solution to problem (4.1.1)-(4.1.6).

Theorem 4.1.12. Suppose that assumptions (A1) and (A2) are fulfilled

and (ŷ, û) is an optimal solution of problem (4.1.1)–(4.1.6). Then there
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exists a vector function ϑ ∈ W 1,2(0, T ;H,W ∗) such that the following

conditions are satisfied:

(a1) (the adjoint equation)

−ϑ̇+ νA∗ϑ+B(ŷ, ·)∗ϑ+B(·, ŷ)∗ϑ = −Ly(·, ·, ŷ, û), ϑ(T ) = 0.

(a2) (the maximum principle)

⟨(Eû)(x, t), ϑ(x, t)⟩ − L(x, t, ŷ(x, t), û(x, t))

= max
ω∈M

〈
(Eω)(x, t), ϑ(x, t)

〉
− L(x, t, ŷ(x, t), ω) (4.1.59)

for a.e. (x, t) ∈ Q.

Proof. Fix any v ∈ U . By Lemma 4.1.11, there exists ρ0 ∈ (0, 1) such

that for each ρ ∈ (0, ρ0), there exists a measurable set Eρ ⊂ Q with

|Eρ| = ρ|Q|, which has a property that if

uρ(x, t) := û+ χEρ
(v − û)

and yρ is the corresponding state to uρ, then (4.1.46) and (4.1.47) hold.

Since (yρ, uρ) ∈ A, (yρ, uρ) → (ŷ, û), and (ŷ, û) is an optimal solution,

we have

J(yρ, uρ) ≥ J(ŷ, û).

It follows that

0 ≤ 1

ρ
(J(yρ, uρ)− J(ŷ, û)) → ∆J.

Hence,

0 ≤
∫
Q

[
Ly(x, t, ŷ(x, t), û(x, t))z(x, t)+

L(x, t, ŷ(x, t), v(x, t))− L(x, t, ŷ(x, t), û(x, t))
]
dxdt (4.1.60)

for all v ∈ U , where z is a solution of the equation

ż + νAz +B(ŷ, z) +B(z, ŷ) = E(v − û), z(0) = 0. (4.1.61)

Since Ly(·, ·, ŷ, û) ∈ L2(0, T ;L2(Ω)3) ↪→ L2(0, T ;W ∗), Lemma 4.1.6 im-

plies that the equation

−ϑ̇+νA∗ϑ+B(ŷ, ·)∗ϑ+B(·, ŷ)∗ϑ = −Ly(·, ·, ŷ, û), ϑ(T ) = 0 (4.1.62)

has a unique solution ϑ ∈ W 1,2(0, T ;H,W ∗), in which formula (4.1.15)

is valid. Hence, assertion (a1) is obtained. Taking the scalar product
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of (4.1.61) with ϑ, of (4.1.62) with z, integrating, and using (4.1.15), we

get∫ T

0

(
ż, ϑ
)
dt+

∫ T

0
(νAz +B(ŷ, z) +B(z, ŷ), ϑ)dt =

∫ T

0
(E(v − û), ϑ)dt

and∫ T

0
(ϑ, ż)dt+

∫ T

0
(ϑ, νAz+B(ŷ, z)+B(z, ŷ))dt = −

∫ T

0
(Ly(t, ŷ, û), z)dt.

It follows that
∫ T
0 (E(v − û), ϑ)dt = −

∫ T
0 (Ly(t, ŷ, û), z)dt. Substituting

this into (4.1.60), we get

0 ≤
∫
Q

[
− ⟨E(v − û)(x, t), ϑ(x, t)⟩+

L(x, t, ŷ(x, t), v(x, t))− L(x, t, ŷ(x, t), û(x, t))
]
dxdt,

or equivalently,

0 ≤
∫
Q

[
⟨(Eû)(x, t), ϑ(x, t)⟩ − L(x, t, ŷ(x, t), û(x, t))−

(
⟨(Ev)(x, t), ϑ(x, t)⟩

− L(x, t, ŷ(x, t), v(x, t))
)]
dxdt, ∀v ∈ U. (4.1.63)

Since M is closed in R3, we see that M is a separable metric subspace

(see [70, Proposition 3.10.9]). Hence, there exists a countable dense set

M0 = {vi, i ≥ 1} ⊂ M. For each vi ∈ M0, we define

Hvi(x, t) =⟨(Eû)(x, t), ϑ(x, t)⟩ − L(x, t, ŷ(x, t), û(x, t))

−
(
⟨(Evi)(x, t), ϑ(x, t)⟩ − L(x, t, ŷ(x, t), vi)

)
.

By the Lebesgue differentiation theorem, for each i, there exists a subset

Oi ⊂ Q with |Oi| = |Q| such that for all z0 = (x0, t0) ∈ Oi, we have

lim
r→0

1

|B(z0, r)|

∫
B(z0,r)

Hvi(x, t)dxdt = Hvi(z0).

Define

vr(t) =

{
vi, if (x, t) ∈ B(z0, r),

û(x, t), otherwise.

Then vr ∈ M. Substituting vr into (4.1.63), we get

0 ≤
∫
B(z0,r)

Hvi(x, t)dxdt.
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Hence

0 ≤ 1

|B(z0, r)|

∫
B(z0,r)

Hvi(x, t)dxdt.

Letting r → 0+, we obtain 0 ≤ Hvi(x0, t0). We now put O =
⋂
i≥1Oi.

Then |O| = |Q|. Fix a (x0, t0) ∈ O and take any ω ∈ M. Then there

exists a subsequence vin → ω. From the above, we have 0 ≤ Hvin(t0).

Letting n → ∞, we obtain 0 ≤ Hω(x0, t0). Thus, we have shown that

for a.e. (x, t) ∈ Q,

0 ≤⟨(Eû)(x, t), ϑ(x, t)⟩ − L(x, t, ŷ(x, t), û(x, t))

−
(
⟨(Eω)(x, t), ϑ(x, t)⟩ − L(x, t, ŷ(x, t), ω)

)
,

for all ω ∈ M. Therefore, assertion (a2) is established. The proof of the

theorem is complete.

4.2 Regularity of multipliers and second-order op-

timality conditions for semilinear parabolic op-

timal control problems

4.2.1 Introduction

Let Ω be a bounded domain in RN with N = 2 or 3 and its boundary

Γ = ∂Ω is regular enough. Let D = H2(Ω) ∩ H1
0(Ω) and H = L2(Ω).

We consider the problem of finding control function u ∈ L∞(Q) and the

corresponding state y ∈ L∞(Q) ∩W 1,1
2 (0, T ;D,H) which solve

J(y, u) :=

∫
Q
L(x, t, y(x, t), u(x, t))dxdt→ inf (4.2.1)

s.t.

∂y

∂t
+ Ay + f(y) = u in Q = Ω× (0, T ) (4.2.2)

y(x, t) = 0 on Σ = Γ× [0, T ], y(x, 0) = y0(x) on Ω (4.2.3)

g(x, t, y(x, t)) + ϵu(x, t) ≤ 0 a.a. (x, t) ∈ Q (4.2.4)

a ≤ u(x, t) ≤ b a.a. (x, t) ∈ Q (4.2.5)

where y0 ∈ H1
0(Ω) ∩ L∞(Ω), ϵ > 0, a, b ∈ R with a < b, A denotes a

second-order elliptic operator of the form

Ay = −
N∑

i,j=1

Dj (aij(x)Diy) ,
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L : Q × R × R → R, f : R → R and g : Ω × [0, T ] × R → R are of

class C2. In problem (4.2.1)-(4.2.5), constraint (4.2.4) may be seen as a

regularization of the constraint g(x, t, y(x, t)) ≤ 0 which never satisfies

regular conditions. Throughout this section, we denote by Φ3 the feasible

set to problem (4.2.1)-(4.2.5).

The theory of optimal control governed by parabolic equations has

been interested by many mathematicians so far. The mainly research

topics in this area consist of the existence of optimal solutions, optimal-

ity conditions and numerical methods of computing optimal solutions.

In order to compute optimal solutions, we need optimality conditions

of KKT type. Based on first-order optimality conditions and regularity

of multipliers we can find approximate solutions while the second-order

sufficient conditions help us to give error estimates between approximate

solutions and exact solutions. Therefore, the optimality conditions, reg-

ularity of multipliers and optimal solutions play an important role in

numerical methods such as the finite element method (FEM).

In the theory of optimal control problems governed by partial differen-

tial equations, we often require that the control variables belong to L∞.

This requirement make the objective functional and constraint mappings

easily to be differentiable with respect to u. However, in this situation,

the Lagrange multipliers corresponding to constraints are finitely addi-

tive measures rather than Lp− functions. This motivates us to study

the regularity of Lagrange multipliers, that is to find conditions under

which Lagrange multipliers are functions in Lp-spaces.

Recently, there have been many papers dealing with optimality condi-

tions and regularity of multipliers for parabolic optimal control problems.

For this we refer the reader to [5], [6], [7], [39], [163], [168], [191], [203],

[204] and [218] and many references given therein. Among these pa-

pers, Arada and Raymond [5]- [7] and Rösch and Tröltzsch [204] focused

on first-order optimality conditions and regularity of multipliers as well

as optimal solutions for semilinear parabolic optimal control problems

with mixed pointwise constraints. As usual, in order to derive optimal-

ity conditions of KKT-type, the authors need a condition of Mangasar-

ian–Fromowitz type. Meanwhile, to obtain the regularity of multipliers,

they required that the so-called separation conditions are satisfied. The

separation conditions make sure that the Lagrange multipliers corre-

sponding to mixed constraints can be represented by densities in L1.

However, it is not easy to verify the Mangasarian-Fromowitz condition

for the class of problems.
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In this subsection we continue develop results in [5] and [204] to derive

first-and second order optimality conditions of KKT-type and to study

regularity of multipliers and optimal solutions to problem (4.2.1)-(4.2.5).

We will give simple conditions under which the Mangasarian-Fromowitz

condition and the separation conditions are satisfied. This condition is

a form of generalized separation condition (see assumption (H4)), which

is a key assumption for the existence of regular Lagrange multipliers and

second-order optimality conditions of KKT-type.

In order to establish such results, we first embed problem (4.2.1)-

(4.2.5) into a specific mathematical programming problem in Banach

spaces. We then show that under the generalized separation condition,

the Robinson constraint qualification is satisfied. From this we can derive

first and second-order optimality conditions of KKT-type. Also, from the

generalized separation condition, some techniques in [204] and results of

Yosida-Hewitt in [234], we obtain the regularity of Lagrange multipliers.

4.2.2 A specific mathematical programming problem

Let E,W and Z be Banach spaces with the dual spaces E∗, W ∗ and

Z∗. Let Q be a nonempty and closed subset in Z and z̄ ∈ Q. Let

ψ : Z → R; F : Z → E and G : Z → W be given mappings and K be a

nonempty closed convex subset inW . We now consider the optimization

problem

ψ(z) → inf (4.2.6)

s.t.

F (z) = 0, (4.2.7)

G(z) ∈ K. (4.2.8)

By defining K1 = {0} × K and G1 = (F,G), we can formulate the

problem (4.2.6)–(4.2.8) in the following form
ψ(z) → inf

s.t.

G1(z) ∈ K1.

Given a feasible point z0 of (4.2.6)-(4.2.8). Then z0 is said to satisfy the

Robinson constraint qualification if

0 ∈ int{G1(z0) +DG1(z0)Z −K1}. (4.2.9)
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According to [26, condition (2.190), page 71], if int(K) ̸= ∅ then (4.2.9)

is equivalent to{
(i) DF (z0) is surjective

(ii) ∃z̃ ∈ KerDF (z0) such that G(z0) +DG(z0)z̃ ∈ int(K).

(4.2.10)

Note that the second condition in (4.2.10) is of Mangasarian–Fromowitz

type. It was used in [5] and [218, (3.6), p. 20] to deal with first-order

optimality conditions.

Let us impose the following assumptions.

(Ak
1) The mappings ψ, F and G are of class Ck around z0 with k = 1, 2;

(A2) K is a closed convex set with nonempty interior;

(A3) DF (z0)Z is a closed subspace.

The Lagrange function associated with the problem is given by the

formula

L(z, λ, e∗, w∗) = λψ(z) + ⟨e∗, F (z)⟩+ ⟨w∗, G(z)⟩,

where z ∈ Z, λ ∈ R, e∗ ∈ E∗ and w∗ ∈ W ∗. We say that a triple

(λ, e∗, w∗) are Lagrange multipliers at z0 if

DL(z0, λ, e∗, w∗) = λDψ(z0) +DF (z0)
∗e∗ +DG(z0)

∗w∗ = 0, (4.2.11)

λ ≥ 0, w∗ ∈ N(K,G(z0)). (4.2.12)

We denote by Λ[z0] the set of Lagrange multipliers (λ, e∗, w∗) at z0 and

by Λ1[z0] the set of Lagrange multipliers (e∗, w∗) corresponding to λ = 1.

We have the following result on the first-order optimality conditions.

Its proof follows from Theorem 2.2.9 for the scalar case k = 1 (see

also [136]).

Proposition 4.2.1. Suppose that z0 is a locally optimal solution to under

which (A1
1), (A2) and (A3) are satisfied. Then the set Λ(z0) is nonempty.

In addition, if the Robinson constraint qualification (4.2.10) is fulfilled,

then Λ1(z0) is nonempty and weakly star compact.

To deal with the second-order optimality conditions, we need to define

the critical cone. Let us denote by C0[z0] the set of vectors d ∈ Z

satisfying the following conditions:

(a1) Dψ(z0)d ≤ 0,

(a2) DF (z0)d = 0,
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(a3) DG(z0)d ∈ cone(K −G(z0))

and by C[z0] the closure of C0[z0] in Z, which is called the critical cone

at z0. Each vector d′ ∈ C[z0] is called a critical direction.

We have the following result on first and second-order optimality con-

ditions.

Proposition 4.2.2. Suppose that (A2
1)−(A3) are satisfied and the Robin-

son constraint qualification (4.2.10) is valid. Then if z0 is a locally opti-

mal solution, then Λ1[z0] is nonempty and

max
(e∗,w∗)∈Λ1[z0]

D2
zL(z0, e∗, w∗)[d, d] =

max
(e∗,w∗)∈Λ1[z0]

(
D2ψ(z0)d

2 + e∗D2F (z0)d
2 + w∗D2G(z0)d

2
)
≥ 0 ∀d ∈ C[z0].

Proof. The proof follows from assertion (b) in Theorem 2.2.9 with m = 1

and Λ1[z0] is a weakly star compact set.

4.2.3 State equation and linearized equation

We assume that ∂Ω is of class C2. Let H := L2(Ω), V := H1
0(Ω)

and D := H2(Ω) ∩ H1
0(Ω). The norm and the scalar product in H are

denoted by | · | and (·, ·)H , respectively. It is known that the embeddings

D ↪→ V ↪→ H

are compact and each space is dense in the following one.

Given 0 < α ≤ 1, we denote by C0,α(Ω̄) and C0,α(Q̄) the space of

Hölder continuous functions of order α, on Ω̄ and Q̄, respectively.

Let H−1(Ω) be the dual of H1
0(Ω). We define the following function
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spaces

H1(Q) = W 1,1
2 (Q) = {y ∈ L2(Q) :

∂y

∂xi
,
∂y

∂t
∈ L2(Q)},

V2(Q) = L∞(0, T ;H) ∩ L2(0, T ;V ),

W (0, T ) = {y ∈ L2(0, T ;H1
0(Ω)) : yt ∈ L2(0, T ;H−1(Ω))},

W 1,1
2 (0, T ;V,H) = {y ∈ L2([0, T ], V ) :

∂y

∂t
∈ L2([0, T ], H)},

W 1,1
2 (0, T ;D,H) = {y ∈ L2([0, T ], D) :

∂y

∂t
∈ L2([0, T ], H)},

U = L∞(Q),

K∞ = {u ∈ U : u(x, t) ≤ 0 a.a. (x, t) ∈ Q},

Y =

{
y ∈ W 1,1

2 (0, T ;D,H) ∩ L∞(Q) :
∂y

∂t
+ Ay ∈ Lp(0, T ;H)

}
,

where

4

4−N
< p < 4 whenever N = 2, (4.2.13)

4

4−N
< p <

2N

N − 2
whenever N = 3. (4.2.14)

Y is endowed with the graph norm

∥y∥Y := ∥y∥W 1,1
2 (0,T ;D,H) + ∥y∥L∞(Q) +

∥∥∥∥∂y∂t + Ay

∥∥∥∥
Lp(0,T ;H)

.

Under the graph norm Y is a Banach space. Besides, we have the fol-

lowing embedding:

Y ↪→ W 1,1
2 (0, T ;D,H) ↪→ C(0, T ;V ), (4.2.15)

W (0, T ) ↪→ C([0, T ], H), (4.2.16)

where C([0, T ], X) stands for the space of continuous mappings v :

[0, 1] → X with X is a Banach space. Moreover, for all v, w ∈ W (0, T ),

we have the following integration by part formula (see Proposition 23.23,

p.422 in [237]) :

(v(t1), w(t1))H − (v(0), w(0))H =

∫ t1

0
⟨vt, w⟩dt+

∫ t1

0
⟨wt, v⟩dt, (4.2.17)

where t1 ∈ [0, T ]. Recall that given y0 ∈ H and u ∈ L2(0, T ;H), a

function y ∈ W (0, T ) is said to be a weak solution of the semilinear
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parabolic equation (4.2.2)-(4.2.3) if∫
Ω
y(x, t1)η(x, t1)dx−

∫ t1

0

∫
Ω
y(x, t)ηt(x, t)dxdt

+
N∑

i,j=1

∫ t1

0

∫
Ω
aijDiy(x, t)Djη(x, t)dxdt+

∫ t1

0

∫
Ω
f(y(x, t))η(x, t)dxdt

=

∫
Ω
y0(x)η(x, 0)dx+

∫ t1

0
u(x, t)η(x, t)dxdt (4.2.18)

for all test functions η ∈ W 1,1
2 (0, T ;V,H) and t1 ∈ [0, T ]. By standard

arguments and formular (4.2.17), we can show that if f(y) ∈ L2(0, T ;H)

whenever y ∈ L2(0, T ;V ) then y is a weak solution of equations (4.2.2)-

(4.2.3) if and only if for a.a. t ∈ [0, T ] one has⟨yt, v⟩+
∑n

i,j=1

∫
Ω
aijDiyDjvdx+ (f(y), v)H = (u, v)H ∀v ∈ H1

0(Ω),

y(0) = y0.

(4.2.19)

If a weak solution y such that y ∈ W 1,1
2 (0, T ;D,H) and f(y) ∈ L2(0, T ;H)

then we have yt + Ay + f(y) ∈ L2(0, T ;H) and

⟨yt, v⟩+ (Ay, v) + (f(y), v) = (u, v) ∀v ∈ H1
0(Ω).

Since H1
0(Ω) is dense in H = L2(Ω), we have

(yt, v) + (Ay, v) + (f(y), v) = (u, v) ∀v ∈ H.

Hence

yt + Ay + f(y) = u a.a. t ∈ [0, T ], y(0) = y0.

In this case we say y is a strong solution of (4.2.2)-(4.2.3). From now on

a solution to (4.2.2)-(4.2.3) is understood a strong solution.

Let us make the following assumptions which are related to the state

equation.

(H1) Coefficients aij = aji ∈ L∞ (Ω) for every 1 ≤ i, j ≤ N , satisfy the

uniform ellipticity conditions, i.e., there exists a number α > 0 such that

α|ξ|2 ≤
N∑

i,j=1

aij (x) ξiξj ∀ξ ∈ RN for a.a. x ∈ Ω. (4.2.20)
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(H2) The mapping f : R → R is of class C2 such that f(0) = 0 and

f ′(y) ≥ 0. Furthermore, for each M > 0, there exists kM > 0 such that

|f ′(y)| ≤ kM , (4.2.21)

|f(y1)− f(y2)|+ |f ′(y1)− f ′(y2)|+ |f ′′(y1)− f ′′(y2)| ≤ kM |y1 − y2|
(4.2.22)

for all y, y1, y2 satisfying |y|, |y1|, |y2| ≤M .

Lemma 4.2.3. Suppose that (H1) and (H2) are satisfied and y0 ∈
L∞(Ω) ∩ H1

0(Ω). Then for each u ∈ Lp(0, T ;H) with p > 4
4−N , the

state equation (4.2.2)-(4.2.3) has a unique solution y ∈ Y and there

exist positive constants C1 > 0 and C2 > 0 such that

∥y∥L∞(Q) + ∥f(y)∥L2(0,T ;H) ≤ C1(∥u∥Lp([0,T ],H) + ∥y0∥L∞(Ω)) (4.2.23)

and

∥∂y
∂t

∥L2([0,T ],H) + ∥y∥L2([0,T ],D) ≤ C2

(
∥u∥L2([0,T ],H) + ∥y0∥L∞(Q) + ∥y0∥V

)
.

(4.2.24)

Proof. By [49, Theorem 2.1] and [49, Lemma 2.2.III], for each u ∈
Lp(0, T ;H) with p > 4

4−N , the state equation has a unique solution

y ∈ L∞(Q) ∩W 1,1
2 (0, T ;V,H) such that f(y) ∈ L2(0, T ;H) and inequal-

ities (4.2.23) is fulfilled. By (H2), we have f(y) ∈ L∞(Q). Let us claim

that y ∈ W 1,1
2 (0, T ;D,H). In fact, we have

yt + Ay = u− f(y), y(0) = y0.

Since u − f(y) ∈ L2(0, T ;H), [79, Theorem 5, p. 360], implies that

y ∈ W 1,1
2 (0, T ;D,H) ∩ L∞(0, T ;V ) and there exists a constant C > 0

such that

∥∂y
∂t

∥L2([0,T ],H)+∥y∥L2([0,T ],D) ≤ C
(
∥u∥L2([0,T ],H)+∥f(y)∥L2(0,T ;H)+∥y0∥V

)
.

Combining this with (4.2.23), we obtain (4.2.24).

Let us consider the linearized equation

yt + Ay + c(x, t)y = u, y(0) = y0. (4.2.25)

Lemma 4.2.4. Suppose that u ∈ Lp(0, T ;H) with p > 4
4−N , y0 ∈

L∞(Ω) ∩ H1
0(Ω) and c ∈ L∞(Q). Then equation (4.2.25) has a unique

solution y ∈ Y .
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Proof. Since c ∈ L∞(Q), there exists a constant c0 > 0 such that

|c(x, t)| ≤ c0 for a.a. (x, t) ∈ Q. By Theorem 5 in [79, Chapter 7], equa-

tion (4.2.25) has a unique solution y ∈ W 1,1
2 (0, T ;D,H)∩L∞(0, T ;H1

0(Ω)).

It follows that c(x, t)y ∈ Lp(0, T ;H). Let us consider the equation

zt + Az + c0z = u+ (c0 − c)y, z(0) = y0. (4.2.26)

By [79, Theorem 5, Chapter 7] and Lemma 4.2.3, the equation has a

unique solution z ∈ Y . From (4.2.25) and (4.2.26), we have

zt − yt + A(z − y) + c0(z − y) = 0, (z − y)(0) = 0. (4.2.27)

Taking the scalar product both side with z − y and using (H1), we get

1

2

d

dt
|z − y|2 + α|∇(z − y)|2 + c0|z − y|2 ≤ 0.

Integrating on [0, T ], we obtain

sup
t∈[0,T ]

|z − y|2 + α∥z − y∥2L2(0,T ;D) + c0∥z − y∥2L2(0,T ;H) ≤ 0.

This implies that z = y a.a. in Q. The conclusion is followed.

4.2.4 Existence of regular multipliers and second-order opti-

mality conditions

Let ϕ : Ω× [0, T ]×R×R → R be a mapping which stands for L and

g. We impose the following hypotheses.

(H3) ϕ is a Carathéodory function and for each (x, t) ∈ Ω × [0, T ],

ϕ(x, t, ·, ·) is of class C2 and satisfies the following property: for each

M > 0, there exists lϕ,M > 0 such that

|ϕ(x, t, y1, u1)− ϕ(x, t, y2, u2)|+ |ϕy(x, t, y1, u1)− ϕy(x, t, y2, u2)|
+ |ϕu(x, t, y1, u1)− ϕu(x, t, y2, u2)|+ |ϕyy(x, t, y1, u1)− ϕyy(x, t, y2, u2)|
+ |ϕyu(x, t, y1, u1)− ϕyu(x, t, y2, u2)|+ |ϕuu(x, t, y1, u1)− ϕuu(x, t, y2, u2)|
≤ lϕ,M(|y1 − y2|+ |u1 − u2|)

for all (x, t, yi, ui) ∈ Ω× [0, T ]×R×R satisfying |yi|, |ui| ≤M with i =

1, 2. Furthermore, we require that the functions ϕy(·, ·, 0, 0), ϕu(·, ·, 0, 0),
ϕyy(·, ·, 0, 0), ϕyu(·, ·, 0, 0) and ϕuu(·, ·, 0, 0) belong to L∞(Q).

(H4) fy[x, t] ≥ −1
ϵgy[x, t] ≥ 0 for a.a. (x, t) ∈ Q and there exists γ > 0

such that

a− ū(x, t) + ϵū(x, t) + g[x, t] ≤ −γ a.a. (x, t) ∈ Q. (4.2.28)
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Hereafter, given z̄ = (ȳ, ū) ∈ Φ3,

ϕ[x, t] := ϕ(x, t, ȳ(x, t), ū(x, t)).

Note that hypothesis (H3) makes sure that J and g are of class C2 on

Y × U . Hypothesis (H4) is a generalized separation condition which

guarantees that the Robinson constraint qualification is satisfied and

the Lagrange multipliers belong to L1(Ω). Namely, the first part of

(H4) makes sure that fy[x, t] +
1
ϵgy[x, t] ≥ 0. Under this condition, the

maximum principle (see [143, Theorem 7.2, p. 188]) is applicable for the

linearized equation

zt + Az + (fy[x, t] +
1

ϵ
gy[x, t])z = v.

This fact is important for the Robinson constraint qualification and

the existence of the normalized Lagrange multipliers (see Lemma 2.5

in [130]). Meanwhile the second part of (H4) guarantees the regularity

of Lagrange multipliers. We will see the significant role of (H4) in the

proof of Lemma 4.2.7 and Theorem 4.2.8. Let us give an example under

which (H4) is satisfied.

Example 4.2.5. Let ϵ = 1, a = 0, f(x, t, y) = y3+y, g(x, t, y) = −y−γ
and y0(x) ≥ 0 for a.a. x ∈ Ω. Then we have fy(x, t, y) = 3y2 + 1 and

gy(x, t, y) = −1. Hence fy(x, t, y) ≥ −gy(x, t, y) ≥ 0. Let u ∈ [0, b].

Then 0 ≤ u ∈ L∞(Q). The maximum principle implies that the solution

y of the state equation corresponding to u satisfies the property that

y(x, t) ≥ 0 for a.a. (x, t) ∈ Q. It follows that

a− u(x, t) + g(x, t, y) + u(x, t) ≤ g(x, t, y) = −y(x, t)− γ ≤ −γ.
(4.2.29)

Let us define Banach spaces

Z = Y × U, W = W1 ×W2, E = L∞(Q),

W1 = Lp(0, T ;H), W2 = L∞(Ω) ∩H1
0(Ω) with p >

4

4−N

and

K∞ = {v ∈ L∞(Q) : v(x, t) ≤ 0 a.a. (x, t) ∈ Q} (4.2.30)

K = K∞ ×K∞ ×K∞. (4.2.31)
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Define mappings F : Y × U → W and G : Y × U → E × E × E by

setting

F (y, u) = (F1(y, u), F2(y, u)) =

(
∂y

∂t
+ Ay + f(y)− u, y(0)− y0

)
(4.2.32)

and

G(y, u) = (G1(y, u), G2(y, u), G3(y, u)), (4.2.33)

where

G1(y, u) = u− b, (4.2.34)

G2(y, u) = −u+ a (4.2.35)

G3(y, u) = ϵu+ g(y). (4.2.36)

By definition of space Y , if (y, u) ∈ Y × U then ∂y
∂t + Ay ∈ Lp(0, T ;H),

f(y) ∈ L∞(Q) ⊂ Lp(0, T ;H) (since y ∈ L∞(Q)) and u ∈ L∞(Q) ⊂
Lp(0, T ;H). Hence

∂y

∂t
+ Ay + f(y)− u ∈ Lp(0, T ;H) = W1

and F1 is well defined. Let us show that F2 is also well defined. In

fact, take any y ∈ Y . By (4.2.15), we have y ∈ C([0, T ], V ). Hence

y(0) ∈ H1
0(Ω). Since y ∈ L∞(Q), there exists a constant M > 0 such

that |y(t, x)| ≤ M for a.a. (t, x) ∈ Q. Particularly, if tn ∈ [0, T ] such

that tn → 0, we have |y(tn, x)| ≤M for all n and a.a. x ∈ Ω and

y(0, ·) = lim
n→∞

y(tn, ·) in V.

This implies that ∥y(0, ·) − y(tn, ·)∥L2(Ω) → 0 as n → ∞. By passing to

a subsequence, we may assume that y(tn, x) → y(0, x) for a.a. x ∈ Ω. It

follows that

|y(0, x)| ≤ |y(0, x)− y(tn, x)|+ |y(tn, x)| ≤ |y(0, x)− y(tn, x)|+M.

By passing to the limit when n → ∞, we get |y(0, x)| ≤ M . Hence

y(0, ·) ∈ L∞(Q). Consequently, y ∈ H1
0(Ω) ∩ L∞(Q). Hence F2 is well

defined. Consequently, F is well defined.

Then problem (4.2.1)-(4.2.5) can be formulated in the form

J(y, u) → min, (4.2.37)

s.t.

F (y, u) = 0, (4.2.38)

G(y, u) ∈ K. (4.2.39)
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Therefore, we can apply Proposition 4.2.2 for the problem (4.2.1)-(4.2.5)

to derive necessary optimality conditions.

Let C0[z̄] be a set of all z = (y, u) ∈ Y × U such that the following

conditions hold:

(c1)

∫
Q
(Ly[x, t]y(x, t) + Lu[x, t]u(x, t))dxdt ≤ 0;

(c2)
∂y

∂t
+ Ay + f ′(ȳ)y = u, y(0) = 0;

(c3) (u,−u, gy[·, ·]y + ϵu) ∈ cone
[(
K∞ − (ū − b)

)
×
(
K∞ − (a − ū)

)
×(

K∞ − (g[·, ·] + ϵū
)]
.

We denote by C[z̄] the closure of C0[z̄] in Y ×U . The set C[z̄] is called a

critical cone to problem (4.2.1)-(4.2.5) at z̄. Each vector (y, u) ∈ C[z̄] is
called a critical direction.

Firstly, we have:

Lemma 4.2.6. For each z̄ ∈ Φ3, the operator DF (z̄) is surjective.

Proof. It is sufficient to show that Fy(z̄) is bijective. In fact, under

assumptions (H1) and (H2), the linear mapping Fy(z̄) : Y → W , defined

by

Fy(z̄)y = (F1y(z̄)y, F2y(z̄)y) =

(
∂y

∂t
+ Ay + f ′(ȳ)y, y(0)

)
.

Taking any v = (u, y0) ∈ W , u ∈ Lp(0, T ;H) and y0 ∈ L∞(Ω) ∩H1
0(Ω),

we consider equation Fy(z̄)y = v. This equation is equivalent to

∂y

∂t
+ Ay + f ′(ȳ)y = u, y(0) = y0.

Since u ∈ Lp(0, T ;H) with p > 4
4−N , Lemma 4.2.4 implies that the above

parabolic equation has a unique solution y ∈ Y . Thus Fy(z̄) is bijective,

and so, DF (z̄) is surjective.

Lemma 4.2.7. Suppose that z̄ ∈ Φ3 and (H4) is satisfied. Then the

Robinson constraint qualification is fulfilled at z̄.

Proof. It is easy to see that

intK∞ = {v ∈ L∞(Q) and essupv < 0}

and

intK = (intK∞)× (intK∞)× (intK∞).
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By Lemma 4.2.6, condition (i) of (4.2.10) is satisfied. It remains to show

that the condition (ii) of (4.2.10) is satisfied, that is

ū− b+ ũ ≤ −δ, (4.2.40)

a− ū− ũ ≤ −δ, (4.2.41)

g[x, t] + ϵū+ gy[x, t]ỹ + ϵũ ≤ −δ (4.2.42)

for some δ > 0 and for some z̃ = (ỹ, ũ) ∈ Y × U satisfying the equation

∂ỹ

∂t
+ Aỹ + f ′(ȳ)ỹ = ũ in Q, ỹ = 0 on Σ, ỹ(0) = 0 in Ω.

(4.2.43)

To show the existence of z̃, we do this as follows. For 0 < ρ < 1, we

define

α = α(x, t) :=
1

ϵ
gy[x, t] ≤ 0 a.a. (x, t) ∈ Q

wρ := ū− ρ+ αzū.

Here we denote by zζ the solution of equation D(y,u)F (z̄)(y, u) = 0 with

u = ζ. Namely, zζ is a solution of the equation

zt + Az + f ′(ȳ)z = ζ, z(0) = 0.

By Lemma 4.2.4, the equation

∂ξ

∂t
+ Aξ + [f ′(ȳ) + α]ξ = wρ in Q, ξ = 0 on Σ, ξ(0) = 0 in Ω.

(4.2.44)

has a unique solution ξρ. This implies that

∂ξρ
∂t

+ Aξρ + f ′(ȳ)ξρ = wρ − αξρ.

Therefore, if we set

uρ = wρ − αξρ = ū− ρ− α(ξρ − zū) (4.2.45)

then ξρ = zuρ. Subtracting the equation satisfied by zū from the equation

satisfied by zuρ, we get
∂(zuρ−zū)

∂t + A(zuρ − zū) + f ′(ȳ)(zuρ − zū) = uρ − ū in Q,

zuρ − zū = 0 on Σ,

(zuρ − zū)(0) = 0 in Ω.

(4.2.46)
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On the other hand, from (4.2.45) we have

uρ − ū = −ρ− α(ξρ − zū) = −ρ− α(zuρ − zū). (4.2.47)

Inserting (4.2.47) into (4.2.46), we obtain
∂(zuρ−zū)

∂t + A(zuρ − zū) + [f ′(ȳ) + α(x, t)](zuρ − zū) = −ρ in Q,

zuρ − zū = 0 on Σ,

(zuρ − zū)(0) = 0 in Ω.

(4.2.48)

In this equation, we have−ρ < 0 and f ′(ȳ)+α(x, t) = f ′(ȳ)+1
ϵgy[x, t] ≥ 0

because of (H4). Then the maximum principle (see [143, Theorem 7.2,

p. 188]) implies that

ξρ = zuρ ≤ zū and ∥zuρ − zū∥L∞(Q) ≤ C1ρ. (4.2.49)

Combining this and (4.2.47), we get

∥uρ − ū∥L∞(Q) ≤ C2ρ (4.2.50)

for some constant C2 > 0. Define

Qa = {(x, t) ∈ Q : ū(x, t) = a},
Qρ = {(x, t) ∈ Q : a < ū(x, t) ≤ a+ 2C2ρ}.

Obviously, we have Qa ∩Qρ = ∅. Set

ûρ = (a+ ρ)χa + (ū+ ρ)χρ + uρ(1− χa − χρ), (4.2.51)

where χa is a characteristic function of the set Qa and χρ is a char-

acteristic function of Qρ. We now claim that for ρ small enough, the

couple

z̃ := (zûρ − zū, ûρ − ū) ∈ Y × U (4.2.52)

satisfies (4.2.40)-(4.2.43). Indeed, the definition of z̃ in (4.2.52) implies

that (4.2.43) is satisfied. We now have

ûρ = a+ ρ on Qa

and

ûρ = ū+ ρ ≥ a+ ρ on Qρ.

Since (4.2.50),

ûρ = uρ ≥ ū− |uρ − ū| ≥ a+ 2C2ρ− C2ρ = a+ C2ρ on Q\(Qa ∪Qρ)
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. Hence, we obtain

ûρ ≥ min(a+ ρ, a+ C2ρ) = a+ ρmin(1, C2) a.a. (x, t) ∈ Q. (4.2.53)

• Verification of (4.2.40). Firstly, on Qa, we have

ū− b+ (ûρ − ū) = ûρ − b = a+ ρ− b = ρ− (b− a) ≤ −b− a

2
< 0

(4.2.54)

for ρ small enough. Secondly, on Qρ, we have

ū− b+ (ûρ − ū) = ûρ − b = ū+ ρ− b ≤ a+ 2C2ρ+ ρ− b

= ρ(1 + 2C2)− (b− a) ≤ −b− a

2
< 0 (4.2.55)

for ρ small enough. Thirdly, on Q\(Qa∪Qρ), we have from the definition

of α and (4.2.49) that

α(zuρ − zū) ≥ 0.

Hence

ū− b+ (ûρ − ū) = ûρ − b = uρ − b = (ū− b)− α(zuρ − zū)− ρ ≤ −ρ.
(4.2.56)

Thus, (4.2.40) is satisfied with z̃ defined by (4.2.52) for ρ small enough.

• Verification of (4.2.41). From (4.2.53) we have

a− ū− (ûρ − ū) = a− ûρ ≤ a− [a+ ρmin(1, C2)] = −ρmin(1, C2) < 0.

(4.2.57)

This implies that (4.2.41) is satisfied with z̃ defined in (4.2.52) and for

ρ small enough.

• Verification of (4.2.42). Use (4.2.49) and (4.2.50), we get

∥zûρ − zū∥L∞(Q) ≤ ∥zûρ − zuρ∥L∞(Q) + ∥zuρ − zū∥L∞(Q)

≤ C5∥ûρ − uρ∥L∞(Q) + C1ρ

= C5∥(ū− uρ + ρ)(χa + χρ)∥L∞(Q) + C1ρ ≤ C4ρ. (4.2.58)

On the other hand, on Qa ∪Qρ, we have the following estimations

ū ≤ a+ 2C2ρ, ûρ − ū = ρ, gy[x, t] ≤ 0,

− (zûρ − zū) ≤ ∥zûρ − zū∥L∞(Q) ≤ C4ρ.
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Combining these facts with (H4), we obtain the following estimations

on Qa ∪Qρ:

g[x, t] + ϵū+ gy[x, t](zûρ − zū) + ϵ(ûρ − ū)

≤ −γ + (ū− a)− C4gy[x, t]ρ+ ϵρ

≤ −γ + 2C2ρ− C4gy[x, t]ρ+ ϵρ

≤ −γ + ρ(2C2 − C4gy[x, t] + ϵ) ≤ −γ
2

(4.2.59)

for ρ small enough. It remains to show that the condition is satisfied on

Q\(Qa ∪Qρ). Indeed, since gy[·, ·] ≤ 0, α = 1
ϵgy[x, t] ≤ 0. Hence

α(zuρ − zū) =
1

ϵ
gy[x, t](zuρ − zū) ≥ 0.

On the other hand

ûρ − uρ =

{
2ρ+ α(zuρ − zū) > 0 on Qa ∪Qρ,

0 on Q\(Qa ∪Qρ).
(4.2.60)

This implies that ûρ − uρ ≥ 0. The maximum principle implies that

zûρ ≥ zuρ. Hence

gy[x, t](zûρ − zuρ) ≤ 0.

Combining these facts with (4.2.47), we have on Q\(Qa ∪Qρ) that

(g[x, t] + ϵū) + gy[x, t](zûρ − zū) + ϵ(ûρ − ū)

= (g[x, t] + ϵū) + gy[x, t](zûρ − zū) + ϵ(uρ − ū)

≤ gy[x, t](zûρ − zū) + ϵ(uρ − ū)

= gy[x, t](zûρ − zuρ) + gy[x, t](zuρ − zū) + ϵ(uρ − ū)

= gy[x, t](zûρ − zuρ) + gy[x, t](zuρ − zū)− ϵρ− gy[x, t](zuρ − zū)

= gy[x, t](zûρ − zuρ)− ϵρ ≤ −ϵρ.

Hence (4.2.42) is satisfied with z̃ defined in (4.2.52) and for ρ small

enough. The lemma is proved.

In the sequel, we will use the following sets:

Qa := {(x, t) ∈ Q : ū(x, t) = a}, (4.2.61)

Qb := {(x, t) ∈ Q : ū(x, t) = b}, (4.2.62)

Qab := {(x, t) ∈ Q : a < ū(x, t) < b}, (4.2.63)

Q0 := {(x, t) ∈ Q : g[x, t] + ϵū(x, t) = 0}. (4.2.64)

The following theorem gives first and second-order necessary optimal-

ity conditions and the regularity of multipliers.

240



Theorem 4.2.8. Suppose that (ȳ, ū) ∈ Φ3 is a locally optimal solution

of the problem (4.2.1)-(4.2.5) under which assumptions (H1)− (H4) are

satisfied. Then there exist a function φ ∈ L∞(Q)∩W 1,1
2 (0, T ;D,H) and

functions e, ê ∈ L∞(Q) such that the following conditions are fulfilled:

(i) (the adjoint equation)

−∂φ
∂t

+ A∗φ+ f ′(ȳ)φ = −Ly[·, ·]− egy[., .], φ(·, T ) = 0, (4.2.65)

where A∗ is the adjoint operator of A, which is defined by

A∗φ = −
N∑

i,j=1

Di(aij(x)Djφ);

(ii) (the stationary condition in u)

Lu[x, t]− φ(x, t) + ϵe(x, t) + ê(x, t) = 0 a.a. (x, t) ∈ Q; (4.2.66)

(iii) (the complimentary condition) e(x, t) ≥ 0 and e(x, t)(g[x, t]+ϵū(x, t)) =

0 a.a. (x, t) ∈ Q. ê(x, t) has the property that

ê(x, t)


≤ 0 a.a. (x, t) ∈ Qa,

≥ 0 a.a. (x, t) ∈ Qb,

0 a.a. (x, t) ∈ Qab.

(4.2.67)

(iv) (the non-negative second-order condition)

max
(φ,e,ê)∈Λ0[z̄]

(∫
Q
(Lyy[x, t]ζ

2 + 2Lyu[x, t]ζv + Luu[x, t]v
2)dxdt

+

∫
Q
e(x, t)gyy[x, t]ζ

2dxdt+

∫
Q
φf ′′(ȳ)ζ2dxdt

)
≥ 0 ∀(ζ, v) ∈ C[z̄].

(4.2.68)

Here Λ0[z̄] is the set of Lagrange multipliers (φ, e, ê) satisfying conditions

(i), (ii) and (iii).

Proof. Let K, F and G be defined by (4.2.31), (4.2.32) and (4.2.33),

respectively. Then problem (4.2.1)-(4.2.5) is formulated in the form of

problem (4.2.37)-(4.2.39). From (H2) and (H3) we see that the map-

pings J, F and G are of class C2 around z̄ = (ȳ, ū). Here D(y,u)J(z̄),

D2
(y,u)J(z̄), D(y,u)F (z̄), D

2
(y,u)F (z̄), D(y,u)G(z̄) and D2

(y,u)G(z̄) are given
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by

D(y,u)J(z̄)(y, u) =

∫
Q
(Ly[x, t]y + Lu[x, t]u)dxdt, (4.2.69)

D2
(y,u)J(z̄)(y, u)

2 =

∫
Q
(Lyy[x, t]y

2 + 2Lyu[x, t]yu+ Luu[x, t]u
2)dxdt,

(4.2.70)

D(y,u)F (z̄)(y, u) = (D(y,u)F1(z̄)(y, u), D(y,u)F2(z̄)(y, u)) (4.2.71)

D2
(y,u)F (z̄)(y, u)

2 =

(
D2

(y,u)F1(z̄)(y, u)
2, D2

(y,u)F2(z̄)(y, u)
2

)
, (4.2.72)

where

D(y,u)F1(z̄)(y, u) =
∂y

∂t
+ Ay + f ′(ȳ)y − u

D(y,u)F2(z̄)(y, u) = y(0),

D2
(y,u)F1(z̄)(y, u)

2 = f ′′(ȳ)y2

D2
(y,u)F2(z̄)(y, u)

2 = 0.

Also

D(y,u)G(z̄)(y, u) =
(
D(y,u)G1(z̄)(y, u), D(y,u)G2(z̄)(y, u), D(y,u)G3(z̄)(y, u)

)
= (u,−u, gy[x, t]y + ϵu), (4.2.73)

D2
(y,u)G(z̄)(y, u)

2 = (0, 0, gyy[x, t]y
2) for all (y, u) ∈ Z. (4.2.74)

Let q be a conjugate number of p with p > 4
4−N , that is,

1
p+

1
q = 1. Since

H = L2(Ω), H = H∗. Hence dual of Lp(0, T ;H) is Lq(0, T ;H). We recall

that E∗ = (L∞(Q))∗ and W ∗ = W ∗
1 ×W ∗

2 , where W
∗
1 = Lp(0, T ;H)∗ =

Lq(0, T ;H) ⊂ L1(0, T ;H) and W ∗
2 =

(
L∞(Ω) ∩ H1

0(Ω)
)∗
. Then the

Lagrange function which is associated with the problem is defined as

follows

L : Y × U × Lq(0, T ;H)×
(
L∞(Ω) ∩H1

0(Ω)
)∗ × ((L∞(Q))∗

)3 → R,
L(y, u, ϕ1, ϕ∗2, e∗1, e∗2, e∗3) =∫
Q
L(x, t, y, u)dxdt+

∫
Q

[
ϕ1(

∂y

∂t
+ Ay + f(y)− u)

]
dxdt+

+ ⟨ϕ∗2, y(0)− y0⟩W ∗
2 ,W2

+
3∑
i=1

⟨e∗i , Gi(y, u)⟩L∞(Q)∗,L∞(Q).

By Lemma 4.2.6, DF (z̄) is surjective. By Lemma 4.2.7 the Robinson

constraint qualification is valid at z̄. Hence Proposition 4.2.2 is applica-

ble. According to Proposition 4.2.2, there exist ϕ1 ∈ Lq(0, T ;H), ϕ∗2 ∈
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(
L∞(Ω) ∩ H1

0(Ω)
)∗

and e∗ = (e∗1, e
∗
2, e

∗
3) ∈ L∞(Q)∗ × L∞(Q)∗ × L∞(Q)∗

such that the following conditions hold:

D(y,u)L(z̄, ϕ1, ϕ∗2, e∗) = 0, (4.2.75)

e∗1 ∈ N(K∞, ū− b), (4.2.76)

e∗2 ∈ N(K∞,−ū+ a), (4.2.77)

e∗3 ∈ N(K∞, g[·, ·] + ϵū), (4.2.78)

max
(ϕ1,ϕ∗2,e

∗)∈Λ1[z̄]
D2

(y,u)L(z̄, ϕ1, ϕ∗2, e∗)[d, d] ≥ 0 ∀d = (ζ, v) ∈ C[z̄]. (4.2.79)

The condition (4.2.75) is equivalent to the two following relations∫
Q
Ly[x, t]ydxdt+

∫
Q

[
ϕ1(

∂y

∂t
+ Ay + f ′(ȳ)y

]
dxdt+

+ ⟨ϕ∗2, y(0)⟩W ∗
2 ,W2

+ ⟨e∗3, gy[x, t]y⟩L∞(Q)∗,L∞(Q) = 0, ∀y ∈ Y (4.2.80)

and∫
Q
Lu[x, t]udxdt−

∫
Q
ϕ1udxdt+ ⟨e∗1 − e∗2 + ϵe∗3, u⟩L∞(Q)∗,L∞(Q) = 0, ∀u ∈ U.

(4.2.81)

From (4.2.76)-(4.2.78), we see that e∗i are non-negative functional. By

Theorem 2.3 in [234], e∗i with i = 1, 2, 3 are finitely additive measures

on Q. Let us claim that each e∗i can be represented by densities in

L1(Q). This can be done as follows. From Theorem 1.23 in [234], we

have representations

e∗i = e∗ic + e∗ip, e
∗
ic ≥ 0, e∗ip ≥ 0, (4.2.82)

where e∗ic is countably additive and e∗ip is purely finitely additive. Our

goal is to show that e∗ip = 0. Then e∗i is countably additive which can

be represented by densities in L1(Q). According to [234, Theorem 1.22],

there exists a sequence (Qn)n∈N of Lebesgue measurable sets such that

Q ⊃ Q1 ⊃ Q2 ⊃ ... ⊃ Qn ⊃ . . ., limn→+∞|Qn| = 0 and e∗1p(Qn) = e∗1p(Q)

for all n ∈ N. This means, that |Qn| = meas(Qn) → 0 as n→ +∞, but

∥e∗1p∥L∞(Q)∗ =

∫
Q
de∗1p =

∫
Qn

de∗1p = ⟨e∗1p, χQn
⟩L∞(Q)∗,L∞(Q) for all n ∈ N.

(4.2.83)

We now define

A1(δ) = {(x, t) ∈ Q : ū(x, t)− b ≥ −δ},
A2(δ) = {(x, t) ∈ Q : a− ū(x, t) ≥ −δ},
A3(δ) = {(x, t) ∈ Q : g[x, t] + ϵū(x, t) ≥ −δ}.
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Then it is easy to check that A1(δ) ∩ A2(δ) = ∅ for all δ ∈ (0, b−a2 ).

Moreover, condition (H4) guarantees that A3(δ)∩A2(δ) = ∅ for δ small

enough. Hence, we can choose δ = δ∗ ∈ (0, b−a2 ) such that A1(δ
∗) ∩

A2(δ
∗) = A3(δ

∗) ∩ A2(δ
∗) = ∅. Also, we have∫
Q\Ai(δ∗)

de∗i = 0, i = 1, 2, 3 (4.2.84)

because the support of e∗i is a subset of Ai(δ
∗). Next, we define

û(x, t) =


max(1ϵ , 1) on A1(δ

∗) ∪ A3(δ
∗)

−1 on A2(δ
∗)

0 otherwise.

(4.2.85)

Then the function vn := χQn
û ∈ L∞(Q) for n = 1, 2, .... Without loss of

generality, we can assume Qn ⊂ A1(δ
∗). Inserting u = vn into (4.2.81),

we get

−
∫
Qn

Lu[x, t]ûdxdt+

∫
Qn

ϕ1ûdxdt = ⟨e∗1 + ϵe∗3, vn⟩L∞(Q)∗,L∞(Q). (4.2.86)

Here we use the fact that supp(e∗2) ⊂ Q\A1(δ
∗) which implies that

⟨e∗2, vn⟩L∞(Q)∗,L∞(Q) = 0. Moreover, since e∗3 ≥ 0 and vn ≥ 0 on supp(e∗3),

(e∗1)
c ≥ 0 and vn = χQn

max(1ϵ , 1) ≥ χQn
on supp(e∗1), deduce from

(4.2.86), we have

−
∫
Qn

Lu[x, t]ûdxdt+

∫
Qn

ϕ1ûdxdt ≥ ⟨e∗1, vn⟩L∞(Q)∗,L∞(Q)

=

∫
Q
vnde

∗
1c +

∫
Q
vnde

∗
1p ≥

∫
Q
vnde

∗
1p

≥
∫
Qn

de∗1p =

∫
Q
de∗1p = ∥e∗1p∥L∞(Q)∗.

By letting n → +∞, we get 0 ≥ ∥e∗1p∥L∞(Q)∗. Hence e∗1p = 0. By the

same arguments, we can show that e∗2p = 0 and e∗3p = 0. Therefore, the

measures e∗1, e
∗
2 and e∗3 are countably additive. By the Radon-Nikodym

theorem (see Theorem 1.47 in [1]), e∗i can be represented by L1−density,

that is, there exists ei ∈ L1(Q) such that∫
Q
v(x, t)de∗i =

∫
Q
ei(x, t)v(x, t)dxdt ∀v ∈ L∞(Q), i = 1, 2, 3.
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For simplification, we can identify e∗i by ei with i = 1, 2, 3. Then from

(4.2.76), (4.2.77) and (4.2.78), we have∫
Q
e1(x, t)[η(x, t)− (ū(x, t)− b)]dxdt ≤ 0 ∀η ∈ K∞;∫

Q
e2(x, t)[η(x, t)− (−ū(x, t) + a)]dxdt ≤ 0 ∀η ∈ K∞;∫

Q
e3(x, t)[η(x, t)− (ϵū(x, t) + g[x, t])]dxdt ≤ 0 ∀η ∈ K∞.

By [178, Corollary 4], we have

e1(x, t) ∈ N((−∞, 0], ū(x, t)− b) a.a (x, t) ∈ Q;

e2(x, t) ∈ N((−∞, 0],−ū(x, t) + a) a.a (x, t) ∈ Q;

e3(x, t) ∈ N((−∞, 0], g[x, t] + ϵū(x, t)) a.a (x, t) ∈ Q.

This implies that ei(x, t) ≥ 0 with i = 1, 2, 3, e1(x, t)(ū(x, t) − b) = 0,

e2(x, t)(−ū(x, t) + a) = 0 and e3(x, t)(g[x, t] + ϵū(x, t)) = 0 for a.a.

(x, t) ∈ Q. By setting

e := e3 and ê := e1 − e2, (4.2.87)

we see that e, ê ∈ L1(Q) and satisfy the complementary condition (iii)

of the theorem. Next we derive the assertion (ii) of the theorem. For

this we rewrite (4.2.80) and (4.2.81) in the following equivalent forms:∫
Q
Ly[x, t]ydxdt+

∫
Q

[
ϕ1(

∂y

∂t
+ Ay + f ′(ȳ)y)

]
dxdt+

+ ⟨ϕ∗2, y(0)⟩W ∗
2 ,W2

+

∫
Q
egy[x, t]ydxdt = 0, ∀y ∈ Y (4.2.88)

and ∫
Q
Lu[x, t]udxdt−

∫
Q
ϕ1udxdt+

∫
Q
(ϵe+ ê)udxdt = 0, ∀u ∈ U.

(4.2.89)

The latter implies that

Lu[·, ·]− ϕ1 + ϵe+ ê = 0 a.a. (x, t) ∈ Q. (4.2.90)

Define ζ = ϕ1 − Lu[·, ·]. Then we have ζ ∈ Lq(0, T ;H) and

ϵe+ ê = ζ.
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Let us show that ê ∈ Lq(0, T ;H). In fact, for (x, t) ∈ Qb, we have

0 ≤ ê(x, t) = ζ(x, t)− ϵe(x, t) ≤ ζ(x, t);

for (x, t) ∈ Qa, we have from (H4) that

ϵū(x, t) + g[x, t] ≤ −γ.

The condition e(x, t)[ϵū(x, t) + g[x, t]] = 0 implies that e(x, t) = 0 on

Qa and so ê(x, t) = ζ(x, t) on Qa. Note that ê(x, t) = 0 for (x, t) ∈
Q \ (Qa ∪Qb). For each t ∈ [0, T ], we define

Ωat = {x ∈ Ω : (x, t) ∈ Qa},
Ωbt = {x ∈ Ω : (x, t) ∈ Qb}.

Then we have∫ T

0

( ∫
Ω
ê(x, t)2dx

)q/2
dt =

∫ T

0

( ∫
Ωat

ê(x, t)2dx+

∫
Ωbt

ê(x, t)2dx
)q/2

dt

≤
∫ T

0

( ∫
Ωat

ζ(x, t)2dx+

∫
Ωbt

ζ(x, t)2dx
)q/2

dt

≤
∫ T

0

( ∫
Ω
ζ(x, t)2dx

)q/2
dt < +∞

Hence ê ∈ Lq(0, T ;H) and so is e. This implies that egy[·, ·] ∈ Lq(0, T ;H).

Let us consider the following equation

−∂φ
∂t

+ A∗φ+ f ′(ȳ)φ

= −Ly[·, ·]− egy[·, ·], φ(·, T ) = 0, (4.2.91)

where −Ly[·, ·] − egy[·, ·] ∈ Lq(0, T ;H). By changing variable φ̃(t) =

φ(T − t), the equation (4.2.91) becomes

∂φ̃(t)

∂t
+ A∗φ̃(t) + f ′(ȳ(x, T − t))φ̃(t)

= −Ly[x, T − t]− e(x, T − t)gy[x, T − t],

φ̃(·, 0) = 0.

Let us choose r > 0 such that

1

r
+
N

2q
= 1 +

N

4
.
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Then for N = 2, we have from (4.2.13) that q ∈ (43 , 2). Hence r ∈ (32 , 2).

When N = 3, we have from (4.2.13) that q ∈ (65 ,
4
3) = ( 2N

N+2 ,
4
3). Hence

r ∈ (85 , 2). It follows that

Lq(0, T ;H) ↪→ Lq(0, T ;Lr(Ω)).

Hence −Ly[·, ·] − egy[·, ·] ∈ Lq(0, T ;Lr(Ω)). By Theorem 4.1 in [143]

(page 153, Chapter 3), the above equation has a unique weak solution

φ̃ ∈ V2(Q) = L∞(0, T ;H)∩L2(0, T ;V ). Hence φ(t) = φ̃(T − t) is a weak

solution to the equation (4.2.91), that is∫
Ω
φ(x, t1)η(x, t1)dx−

∫
Ω
φ(x, 0)η(x, 0)dx+

∫
Q
φηtdxdt+

+

∫
Q
(
N∑

i,j=1

aijDiηDjφ+ f ′(ȳ)ηφ)dxdt = −
∫
Q
(Ly[·, ·] + egy[·, ·])ηdxdt

for all test functions η ∈ W 1,1
2 (0, T ;V,H) and t1 ∈ [0, T ]. By taking

η = y ∈ Y with y(0) = 0 and t1 = T , we have∫
Q

(
ytφ+

N∑
i,j=1

aijDiyDjφ+ f ′(ȳ)yφ
)
dxdt =∫

Q

(
− Ly[x, t]− e(x, t)gy[x, t]

)
ydxdt.

Using the integration by part formula (see Theorem 1.5.3.1 in [96]), we

get∫
Q

(
yt + Ay + f ′(ȳ)y

)
φdxdt =

∫
Q

(
− Ly[x, t]− e(x, t)gy[x, t]

)
ydxdt.

(4.2.92)

Subtracting (4.2.88) from (4.2.92), we get∫
Q
(φ− ϕ1)

(
yt + Ay + f ′(ȳ)y

)
dxdt = 0, for all y ∈ Y, y(0) = 0.

(4.2.93)

On the other hand, as it was shown that for every ϑ ∈ Lp(0, T ;H), the

parabolic equation

yt + Ay + f ′(y)y = ϑ, y(0) = 0

has a unique solution y ∈ Y . From this and (4.2.93), we deduce that∫
Q
(φ− ϕ1)ϑdxdt = 0 for all ϑ ∈ Lp(0, T ;H).
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This implies that

ϕ1 = φ ∈ L∞(0, T ;H) ∩ L2(0, T ;V ).

Then (4.2.90) becomes

Lu[x, t]− φ+ ϵe+ ê = 0, a.a. (x, t) ∈ Q. (4.2.94)

Hence assertion (ii) of the theorem is derived. Repeating the procedure

in the proof of claim e, ê ∈ Lp(0, T ;H) and using the fact Lu[x, t]− φ ∈
L∞(0, T ;H) and equality (4.2.94), we can show that e, ê ∈ L∞(0, T ;H).

Hence −Ly[·, ·] − gy[·, ·]e ∈ L∞(0, T,H). By the Lemma 4.2.4, the so-

lution φ of the adjoint equation belongs to L∞(Q) ∩W 1,1
2 (0, T ;D,H).

Again, we obtain from (4.2.94) that e, ê ∈ L∞(Q). Hence assertion (i)

of the theorem is established. Asertion (iv) of the theorem follows from

condition (4.2.79) and formulae (4.2.70), (4.2.72) and (4.2.74). The proof

of the theorem is complete.

To deal with second-order sufficient optimality conditions, we need to

enlarge the critical cone C[z̄] by the cone C2[z̄] which consists of couples

(y, u) ∈ W 1,1
2 (0, T ;D,H)× L2(Q) satisfying the following conditions:

(c′1)

∫
Q
(Ly[x, t]y(x, t) + Lu[x, t]u(x, t))dxdt ≤ 0;

(c′2)
∂y

∂t
+ Ay + f ′(ȳ)y = u, y(0) = 0;

(c′3) u(x, t) ∈ T ([a, b], ū(x, t)) for a.a. (x, t) ∈ Q;

(c′4) gy[x, t]y(x, t)+ϵu(x, t)) ∈ T ((−∞, 0], g[x, t]+ϵū(x, t)) for a.a. (x, t) ∈
Q.

It easy to see that conditions (c′3) and (c′4) can be written in the

following form:

(c
′′

3) (u(x, t),−u(x, t), gy[x, t]y(x, t) + ϵu(x, t)) ∈ T ((−∞, 0], ū(x, t)− b)×
T ((−∞, 0], a− ū(x, t))× T ((−∞, 0], g[x, t] + ϵū(x, t))

for a.a. (x, t) ∈ Q. Hence C2[z̄] contains the closure of C0[z̄] inW 1,1
2 (0, T,D,H)×

L2(0, T ;H).

248



Let us rewrite the Lagrange function in the form

L(y, u, φ, e, ê) =∫
Q
L(x, t, y, u)dxdt+

∫
Q

[
y(−∂φ

∂t
+ A∗φ) + (f(y)− u)φ

]
dxdt

−
∫
Ω
φ(0)y0dx+

∫
Q
e[g(y) + ϵu]dxdt+

∫
Q
êudxdt. (4.2.95)

Then conditions (i) and (ii) of Theorem 4.2.8 is equivalent to condition

D(y,u)L(ȳ, ū, φ, e, ê) = 0 and condition (iv) is of the form

max
(φ,e,ê)∈Λ0[z̄]

D2
(y,u)L(ȳ, ū, φ, e, ê)[d, d] ≥ 0 ∀d ∈ C[z̄].

The following theorem gives second-order sufficient conditions for lo-

cally optimal solutions to problem (4.2.1)–(4.2.5).

Theorem 4.2.9. Suppose that (H1), (H2), (H3) and (H4) are valid,

there exist the multipliers φ ∈ W 1,1
2 (0, T ;D,H) ∩ L∞(Q) and e, ê ∈

L∞(Q) corresponding to (ȳ, ū) ∈ Φ3 satisfies conclusions (i), (ii) and

(iii) of Theorem 4.2.8 and the following strictly second-order condition:∫
Q

[
2Lyu[x, t]ζv +

(
Lyy[x, t] + egyy[x, t] + φf ′′(ȳ)

)
ζ2 + Luu[x, t]v

2

]
dxdt > 0

(4.2.96)

for all (ζ, v) ∈ C2[(ȳ, ū)] \ {(0, 0)}. Furthermore, there exists a number

Λ > 0 such that

Luu[x, t] ≥ Λ a.e. (x, t) ∈ Q. (4.2.97)

Then there exist number ϵ > 0 and κ > 0 such that

J(y, u) ≥ J(ȳ, ū) + κ∥u− ū∥2L2(Q) ∀(y, u) ∈ Φ3 ∩ [BY (ȳ, ϵ)×BU(ū, ϵ)].

(4.2.98)

Here BY (ȳ, ϵ) and BU(ū, ϵ) are balls in Y and L∞(Q), respectively.

Proof. Suppose to the contrary that the conclusion were false. Then, we

could find sequences {(yn, un)} ⊂ Φ3 and {γn} ⊂ R+ such that yn → ȳ

in Y , un → ū in L∞(Q), γn → 0+ and

J(yn, un) < J(ȳ, ū) + γn∥un − ū∥2L2(Q). (4.2.99)

If un = ū then by the uniqueness we have yn = ȳ. This leads to J(ȳ, ū) <

J(ȳ, ū) + 0 which is absurd. Therefore, we can assume that un ̸= ū for

all n ≥ 1.
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Define tn = ∥un − ū∥L2(Q), ζn = yn−ȳ
tn

and vn = un−ū
tn

. Then tn → 0+

and ∥vn∥L2(Q) = 1. By the reflexivity of L2(Q), we may assume that

vn ⇀ v in L2(Q). From the above, we have

J(yn, un)− J(ȳ, ū) ≤ t2nγn ≤ o(t2n). (4.2.100)

Now we split the proof into several steps.

Step 1. Showing that ζn converges weakly to some ζ inW 1,1
2 (0, T ;D,H).

Since (yn, un) ∈ Φ3 and (ȳ, ū) ∈ Φ3, we have

∂yn
∂t

+ Ayn + f(yn) = un, yn(0) = y0

∂ȳ

∂t
+ Aȳ + f(ȳ) = ū, ȳn(0) = y0.

This implies that

∂(yn − ȳ)

∂t
+ A(yn − ȳ) + f(yn)− f(ȳ) = un − ū, (yn − ȳ)(0) = 0.

(4.2.101)

By Taylor’s expansion, we have

f(yn)− f(ȳ) = f ′(ȳ + θn(yn − ȳ))(yn − ȳ), 0 ≤ θn(x, t) ≤ 1.

Such a function θn does exist and it is measurable. Indeed, we consider

the set-valued map Hn : Q→ 2R by setting

Hn(x, t) = {θ ∈ [0, 1] : f(yn(x, t))− f(ȳ(x, t))

= f ′(ȳ(x, t) + θ(yn(x, t)− ȳ(x, t)))(yn(x, t)− ȳ(x, t))}.

By [11, Theorem 8.2.9], Hn is measurable and has a measurable selection,

that is, there exists a measurable mapping θn : Q → [0, 1] such that

θn(x, t) ∈ Hn(x, t) for a.a. (x, t) ∈ Q.

Note that yn → ȳ in L∞(Q) so there exists M > 0 such that ∥ȳ +
θn(yn − ȳ)∥L∞(Q) ≤M . By (H2), there exists kM > 0 such that

|f ′(ȳ + θn(yn − ȳ))| ≤ kM |ȳ + θ(yn − ȳ)|+ |f ′(0)|.

Hence f ′(ȳ + θn(yn − ȳ)) ∈ L∞(Q). From (4.2.101), we get

∂ζn
∂t

+ Aζn + f ′(ȳ + θn(yn − ȳ))ζn = vn, ζn(0) = 0. (4.2.102)

By [79, Theorem 5, p.360], there exists a constant C > 0 such that

∥ζn∥W 1,1
2 (0,T ;D,H) ≤ C∥vn∥L2(Q) = C.
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Hence {ζn} is bounded in W 1,1
2 (0, T ;D,H). Without loss of generality,

we may assume that ζn ⇀ ζ in W 1,1
2 (0, T,D,H).

Step 2. Showing that (ζ, v) ∈ C2[(ȳ, ū)].
By Aubin’s lemma, the embedding W 1,1

2 (0, T ;D,H) ↪→ L2([0, T ], V )

is compact. Therefore, we may assume that ζn → ζ in norm of L2([0, T ], V ).

Particularly, ζn → ζ in norm of L2(Q). We now use the procedure in

the proof of [79, Theorem 3, p. 356]. By passing to the limit, we obtain

from (4.2.102) that

∂ζ

∂t
+ Aζ + f ′(ȳ)ζ = v, ζ(0) = 0. (4.2.103)

By a Taylor expansion, we have from (4.2.100) that∫
Q
Ly(x, t, ȳ+θ(yn−ȳ), un)ζndxdy+

∫
Q
Lu(x, t, ȳ, ū+ξ(un−ū))vndxdt ≤

o(t2n)

tn
,

(4.2.104)

where 0 ≤ θ, ξ ≤ 1. Since yn → ȳ and un → ū in norm of L∞(Q) and

(H3), we have

∥Ly(·, ·, ȳ + θ(yn − ȳ), un)− Ly(·, ·, ȳ, ū)∥L∞(Q) → 0 as n→ ∞

and

∥Lu(·, ·, ȳ, ū+ ξ(un − ū))− Lu(·, ·, ȳ, ū)∥L∞(Q) → 0 as n→ ∞.

Letting n→ ∞ we deduce from (4.2.104) that∫
Q
(Ly[x, t]ζ(x, t) + Lu[x, t]v(x, t))dxdt ≤ 0. (4.2.105)

Hence conditions (c′1) and (c′2) of C2[(ȳ, ū)] are valid. It remains to verify

(c′3) and (c′4). Let

G(y, u)(x, t) =

(
G1(y, u)(x, t), G2(y, u)(x, t)

)
,

where G1(y, u) = u and G2(y, u) = g(·, ·, y)+ ϵu. Since (yn, un) ∈ Φ3, we

have Gi(yn, un) ∈ Ki with i = 1, 2 and

K1 := {v ∈ L2(Q) : a ≤ v(x, t) ≤ b a.a. (x, t) ∈ Q},
K2 := {v ∈ L2(Q) : v(x, t) ≤ 0 a.a. (x, t) ∈ Q}.

By the Taylor expansion and the definitions of ζn, vn, we have

Giy(z̄)ζn +Giu(z̄)vn +
o(tn)

tn
∈ 1

tn

(
Ki −Gi(ȳ, ū)

)
⊆ cone(Ki −Gi(ȳ, ū))

⊆ TL2(Q)(Ki;Gi(ȳ, ū))
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where TL2(Q)(Ki;Gi(ȳ, ū)) is the tangent cone to Ki at Gi(ȳ, ū) in L
2(Q).

Since TL2(Ki;Gi(ȳ, ū)) is a closed convex subset of L2(Q), it is a weakly

closed set of L2(Q) and so TL2(Ki;Gi(ȳ, ū)) is sequentially weakly closed.

By a simple argument, we can show thatGiy(z̄)ζn+Giu(z̄)vn ⇀ Giy(z̄)ζ+

Giu(z̄)v in L2(Q). Letting n→ ∞, we obtain from the above that

Giy(z̄)ζ +Giu(z̄)v ∈ TL2(Ki;Gi(ȳ, ū)). (4.2.106)

By Lemma 2.4 in [130], we have

TL2(K1, G1(ȳ, ū)) = {v ∈ L2(Q) : v(x, t) ∈ T ([a, b], ū(x, t)) a.a. (x, t) ∈ Q}.

and

TL2(K2;G2(ȳ, ū)) =

{v ∈ L2(Q) : v(x, t) ∈ T ((−∞, 0]; g[x, t] + ϵū(x, t)) a.a. (x, t) ∈ Q}.

It follows that

v(x, t) ∈ T ([a, b]; ū(x, t)) a.a. (x, t) ∈ Q

and

gy[x, t]ζ(x, t) + ϵv(x, t) ∈ T ((−∞, 0]; g[x, t] + ϵū(x, t)) a.a. (x, t) ∈ Q

Hence (ζ, v) satisfies (c′3) and (c′4). Consequently, (ζ, v) ∈ C2[(ȳ, ū)] and
the claim is justified.

Step 3. Proving that (ζ, v) = (0, 0).

By assertion (iii) of Theorem 4.2.8, we get∫
Q
e(g(yn) + ϵun − g(ȳ)− ϵū)dxdt ≤ 0 and

∫
Q
ê(un − ū)dxdt ≤ 0.

From this and definition of L in (4.2.95), we have

L(yn, un, φ, e, ê)− L(ȳ, ū, φ, e, ê)
≤ J(yn, un)− J(ȳ, ū)

+

∫
Q

(
(yn − ȳ)(−∂φ

∂t
+ A∗φ) + (f(yn)− f(ȳ)− (un − ū))φ

)
dxdt

= J(yn, un)− J(ȳ, ū)

+

∫
Q

(∂(yn − ȳ)

∂t
+ A(yn − ȳ) + f(yn)− f(ȳ)− (un − ū))φ

)
dxdt

= J(yn, un)− J(ȳ, ū) ≤ o(t2n).
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Using a Taylor expansion for L and noting that D(y,u)L(ȳ, ū, φ, e, ê) = 0,

we get

o(t2n) ≥ L(yn, un, φ, e)− L(ȳ, ū, φ, e) =∫
Q

(
tnLy[x, t]ζn + t2nLyu(x, t, ȳ, ū+ θ2(un − ū))ζnvn

)
dxdt

+

∫
Q

(t2n
2
Lyy(x, t, ȳ + θ3(yn − ȳ), un)ζ

2
n

)
dxdt

+

∫
Q

(
tnLu[x, t]vn +

t2n
2
Luu(x, t, ȳ, ū+ ξ2(un − ū))v2n

)
dxdt

+

∫
Q

[
tn
(
− φt + A∗φ+ f ′(ȳ)φ

)
ζn +

t2n
2
φf ′′(ȳ + θ4(yn − ȳ))ζ2n − tnφvn

]
dxdt

+

∫
Q
e
(
tngy[x, t]ζn +

t2n
2
gyy(x, t, ȳ + θ5(yn − ȳ), un)ζ

2
n

)
dxdt

+

∫
Q

(
tnϵevn + tnêvn

)
dxdt

=
t2n
2

∫
Q

(
2Lyu(x, t, ȳ, ū+ θ2(un − ū))ζnvn + Lyy(x, t, ȳ + θ3(yn − ȳ), un)ζ

2
n

)
dxdt

+
t2n
2

∫
Q

(
egyy(x, t, ȳ + θ5(yn − ȳ), un) + φf ′′(ȳ + θ4(yn − ȳ))

)
ζ2ndxdt

+
t2n
2

∫
Q
Luu(x, t, ȳ, ū+ ξ2(un − ū))v2ndxdt,

where 0 ≤ θi, ξj ≤ 1. This implies that

o(t2n)

t2n
≥
∫
Q

(
2Lyu(x, t, ȳ, ū+ θ2(un − ū))ζnvn

)
dxdt (4.2.107)

+

∫
Q

(
Lyy(x, t, ȳ + θ3(yn − ȳ), un)ζ

2
n

)
dxdt

+

∫
Q

(
egyy(x, t, ȳ + θ5(yn − ȳ), un) + φf ′′(ȳ + θ4(yn − ȳ))

)
ζ2ndxdt

+

∫
Q
Luu(x, t, ȳ, ū+ ξ2(un − ū))v2ndxdt. (4.2.108)

Since ∥un − ū∥L∞(Q) → 0, ∥yn − ȳ∥L∞(Q) → 0 and (H3), we get

∥Luu(·, ·, ȳ, ū+ ξ2(un − ū))− Luu[·, ·]∥L∞(Q) → 0.

From this and (4.2.97), we see that there exists n0 > 0 such that

Luu(x, t, ȳ, ū+ ξ2(un − ū)) >
Λ

2
(4.2.109)
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for all n > n0 and a.a. (x, t) ∈ Q. Also, by (4.2.97), the functional

ξ 7→
∫
Q
Luu[x, t]ξ

2dxdt

is convex and so it is sequentially lower semicontinous. Therefore, we

have

lim
n→∞

∫
Q
Luu(x, t, ȳ, ū+ ξ2(un − ū))v2ndxdt

= lim
n→∞

∫
Q

(
Luu(x, t, ȳ, ū+ ξ2(un − ū))− Luu[x, t]

)
v2ndxdt

+ lim
n→∞

∫
Q
Luu[x, t]v

2
ndxdt ≥

∫
Q
Luu[x, t]v

2dxdt.

From this and letting n→ ∞, we obtain from (4.2.107) that

0 ≥
∫
Q

(
2Lyu[x, t]ζv +

[
Lyy[x, t] + egyy[x, t] + φf ′′(ȳ)

]
ζ2 + Luu[x, t]v

2
)
dxdt.

Combining this with (4.2.96), we conclude that (ζ, v) = (0, 0).

Step 4. Showing a contradiction.

From (4.2.107), (4.2.109) and ∥vn∥L2(Q) = 1, we have

o(t2n)

t2n
≥∫

Q

(
2Lyu(x, t, ȳ, ū+ θ2(un − ū))ζnvn + Lyy(x, t, ȳ + θ3(yn − ȳ), un)ζ

2
n

)
dxdt

+

∫
Q

(
egyy(x, t, ȳ + θ5(yn − ȳ), un) + φf ′′(ȳ + θ4(yn − ȳ))

)
ζ2ndxdt+

Λ

2
.

By letting n → ∞ and using the equality (ζ, v) = (0, 0), we get 0 ≥ Λ
2

which is impossible. The proof of theorem is complete.

4.2.5 Hölder continuity of multipliers and optimal solutions

In this section we show that under strengthen hypotheses on y0, L, g

and ∂Ω, then the multipliers and optimal solution are Hölder continuous.

We require the following assumptions.

(H3′) L is a continuous function and for each (x, t) ∈ Ω×[0, T ], L(x, t, ·, ·)
is of class C2 and satisfies the following property: for each M > 0, there
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exists kL,M > 0 such that

|L(x1, t1, y1, u1)− L(x2, t2, y2, u2)|+ |Ly(x1, t1, y1, u1)− Ly(x2, t2, y2, u2)|
+ |Lu(x1, t1, y1, u1)− Lu(x2, t2, y2, u2)|
≤ kL,M(|x1 − x2|+ |t1 − t2|+ |y1 − y2|+ |u1 − u2|),
and

|Lyy(x, t, y1, u1)− Lyy(x, t, y2, u2)|+ |Lyu(x, t, y1, u1)− Lyu(x, t, y2, u2)|
+ |Luu(x, t, y1, u1)− Luu(x, t, y2, u2)| ≤ kL,M(|y1 − y2|+ |u1 − u2|)

for all (x, t), (xi, ti) ∈ Q and (yi, ui) ∈ R × R satisfying |yi|, |ui| ≤ M

with i = 1, 2. g is a continuous function and for each (x, t) ∈ Ω× [0, T ],

g(x, t, ·) is of class C2 and satisfies the following property: for each M >

0, there exists kg,M > 0 such that

|g(x1, t1, y1)− g(x2, t2, y2)|+ |gy(x1, t1, y1)− gy(x2, t2, y2)|+
+ |gu(x1, t1, y1)− gu(x2, t2, y2)| ≤ kg,M(|x1 − x2|+ |t1 − t2|+ |y1 − y2|),
and

|gyy(x, t, y1)− gyy(x, t, y2)|+ |gyu(x, t, y1)− gyu(x, t, y2)|+
+ |guu(x, t, y1)− guu(x, t, y2)| ≤ kg,M |y1 − y2|

for all (x, t), (xi, ti) ∈ Q and yi ∈ R satisfying |yi| ≤M with i = 1, 2.

(H4′) fy[x, t] ≥ −1
ϵgy[x, t] ≥ 0 for a.a. (x, t) ∈ Q and there exists a

number γ > 0 such that

a− ū(x, t) + g[x, t] + ϵū(x, t) ≤ −γ a.a. (x, t) ∈ Q. (4.2.110)

Moreover, the following condition is satisfied

g[x, t] + ϵb < 0 on {(x, t) ∈ Q : ū(x, t) = b}. (4.2.111)

(H5′) There exists a number γ1 > 0 such that

Luu(x, t, y, u) ≥ γ1 ∀(x, t, y, u) ∈ Q× R× R. (4.2.112)

Recall that the boundary ∂Ω satisfies the property of positive geo-

metric density, that is, there exist number α∗ ∈ (0, 1) and R0 > 0 such

that for all x0 ∈ ∂Ω and all R ≤ R0, one has

|Ω ∩B(x0, R)| ≤ (1− α∗)|B(x0, R)|,

where |C| denote Lebesgue measure of a measurable set C in RN . It

is known that if ∂Ω is of class C1,1 or Ω is convex, then this property
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is valid. The property of positive geometric density is important for

the Hölder continuity of solutions to the semilinear parabolic equations

(see [65]).

The following theorem gives Hölder continuity of (ȳ, ū) and multipli-

ers.

Theorem 4.2.10. Suppose y0 ∈ H2(Ω)∩H1
0(Ω), hypotheses (H1), H(2),

(H3′), (H4′), (H5′), (ȳ, ū) ∈ Φ3, and ∂Ω is of class C1,1 or Ω is convex.

Assume that there exist a function φ ∈ L∞(Q) ∩W 1,1
2 (0, T ;D,H) and

functions e, ê ∈ L∞(Q) which satisfy conditions (i) − (iv) of Theorem

4.2.8. Then ȳ, ū, φ, e and ê are Hölder continuous on Q̄.

Proof. By the Sobolev inequality (see [79, Theorem 6, p. 270]) we have

y0 ∈ C0,α(Ω) ∩ H1
0(Ω) for some α ∈ (0, 1]. Since implications (H3′) ⇒

(H3) and (H4′) ⇒ (H4) are valid, the existence of multipliers φ and e

follows from Theorem 4.2.8. It remains to show that ȳ, ū, φ and e are

Hölder continuous.

Step 1. Showing that ȳ and φ are Hölder continuous functions.

We have ȳ ∈ L∞(Q), hence, ȳ is as a bounded solution of the parabolic

(1.2)-(1.3). Since ∂Ω satisfies the property of positive geometric density,

according to [65, Corollary 0.1], ȳ is α−Hölder continuous on Q̄ with

exponent α ∈ (0, 1). By setting φ̂(t) = φ(T − t), then φ̂ is unique

solution of equation

∂φ̂(t)

∂t
+ A∗φ̂(t) + f ′(ȳ(x, T − t))φ̂(t) =

− Ly[x, T − t]− e(x, T − t)gy[x, T − t], φ̂(., 0) = 0. (4.2.113)

By the same argument, we have from [65, Corollary 0.1] that φ̂ is also

α−Hölder continuous on Q̄. It follows that φ is α−Hölder continuous.

Step 2. Showing that e and ê are Hölder continuous.

Let Qa, Qb and Q0 be defined by (4.2.61), (4.2.62) and (4.2.64), re-

spectively. Since e(x, t) = ê(x, t) = 0 on Q \ (Qa ∪ Qb ∪ Q0), we only

prove that e and ê are Hölder continuous on Qa, Qb and Q0.

• On Qa we have ū(x, t) = a. By (4.2.110), we have g[x, t] + ϵū(x, t) ≤
−γ < 0. Hence e(x, t) = 0 and so e is Hölder continuous on Qa. From

(ii) of Theorem 4.2.8 we have

ê = φ− Lu[., .]. (4.2.114)

By Step 1, φ is Hölder continuous function on Q. Let us claim that

Lu[., .] is Hölder continuous function on Qa. Indeed, by (H3′), for any
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(x1, t1), (x2, t2) ∈ Qa, we have

|Lu(x1, t1, ȳ(x1, t1), ū(x1, t1))− Lu(x2, t2, ȳ(x2, t2), ū(x2, t2))|
= |Lu(x1, t1, ȳ(x1, t1), a)− Lu(x2, t2, ȳ(x2, t2), a)|
≤ kL,M(|x1 − x2|+ |t1 − t2|+ |ȳ(x1, t1)− ȳ(x2, t2)|). (4.2.115)

Therefore, Lu[., .] is Hölder continuous function onQa because ȳ is Hölder

continuous function on Q. The claim is justified. Consequently, Thus ê

is Hölder continuous function on Qa.

• On Qb we have ū(x, t) = b. By (4.2.111), we have g[x, t] + ϵū(x, t) < 0

on Qb. Hence e(x, t) = 0 on Qb and so e is Hölder continuous on Qb.

Again, we have from (ii) of Theorem 4.2.8 that ê(x, t) = φ(x, t)−Lu[x, t]
on Qb. This implies that ê is Hölder continuous function on Qb.

• On Q0 we have ϵū(x, t) + g[x, t] = 0. This and (4.2.110) imply that

ū(x, t) > a. By (4.2.111), we get ū(x, t) < b. Hence ê(x, t) = 0 on Q0

and so it is Hölder continuous on Q0. Again, from (ii) of Theorem 4.2.8

we have

e(x, t) =
1

ϵ
(φ(x, t)− Lu[x, t]). (4.2.116)

It follows that e is Hölder continuous on Q0.

Step 3. Showing that ū is Hölder continuous on Q̄.

Put Ψ(x, t) := ϵe(x, t) + ê(x, t), (x, t) ∈ Q, then from the step 2,

Ψ ∈ C0,α(Q̄). Fixing any (xi, ti) ∈ Q with i = 1, 2 and using a Taylor’

expansion, we have

|Lu(x1, t1, ȳ(x1, t1), ū(x1, t1))− Lu(x1, t1, ȳ(x1, t1), ū(x2, t2)| =
|Luu(x1, t1, ȳ(x1, t1), ū(x2, t2) + θ(ū(x1, t1)− ū(x2, t2))||(ū(x1, t1)− ū(x2, t2))|
≥ γ1|(ū(x1, t1)− ū(x2, t2))|,

where θ ∈ [0, 1] and the last inequality follows from (H6′). Combining

this with equality Lu[·, ·] = φ−Ψ, we get

γ1|(ū(x1, t1)− ū(x2, t2))|
≤ |Lu(x1, t1, ȳ(x1, t1), ū(x1, t1))− Lu(x1, t1, ȳ(x1, t1), ū(x2, t2))|
≤ |Lu(x1, t1, ȳ(x1, t1), ū(x1, t1))− Lu(x2, t2, ȳ(x2, t2), ū(x2, t2)|
+ |Lu(x2, t2, ȳ(x2, t2), ū(x2, t2)− Lu(x1, t1, ȳ(x1, t1), ū(x2, t2))|
= |φ(x1, t1)− φ(x2, t2)−Ψ(x1, t1) + Ψ(x2, t2)|
+ |Lu(x2, t2, ȳ(x2, t2), ū(x2, t2)− Lu(x1, t1, ȳ(x1, t1), ū(x2, t2))|
≤ |φ(x1, t1)− φ(x2, t2)|+ |Ψ(x1, t1)−Ψ(x2, t2)|
+ kL,M(|x1 − x2|+ |t1 − t2|+ |ȳ(x1, t1)− ȳ(x2, t2)|). (4.2.117)
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Since φ,Ψ and ȳ are Hölder continuous function on Q, the estimation

(4.2.117) shows that ū is Hölder continuous on Q̄. The proof of the

theorem is complete.

4.3 Numerical solutions for semilinear elliptic op-

timal control with nonlinear and mixed con-

straints

4.3.1 Introduction

In this section we study a numerical method for the following optimal

control problem governed by semilinear elliptic equations with nonlinear

and mixed pointwise constraints. Let Ω be a convex and bounded domain

in RN with N = 2, 3 with a polygonal or polyhedral boundary Γ. We

determine a control function u ∈ L2(Ω) and the corresponding state

function y ∈ H2(Ω) ∩H1
0(Ω) which solve

(P )


J(y, u) =

∫
Ω

(
ϕ(x, y(x)) + 1

2u
2(x)

)
dx→ min,

s.t.

Ay + f(x, y) = u in Ω, y = 0 on Γ,

g(y(x)) + ϵu(x) ≤ 0 a.e. x ∈ Ω,

where ϕ, f, g : Ω × R → R are Carathéodory functions with g is a non-

convex function and ϵ is a positive constant, and the operator A is defined

by

Ay = −
N∑

i,j=1

Dj(aij(x)Diy)

with functions aij ∈ C(Ω̄) and Di denotes the partial derivative with

respective to xi. We call (P ) the original problem and denote by Φ4 the

feasible set of (P ).

We are going to discretize the original problem by the finite element

method (FEM for short) in order to get a sequence of mathematical pro-

gramming problems (Ph) in finite dimensional spaces, which are called

approximate optimal problems. The aim of this paper is to study the

convergence of optimal solutions of (Ph) to the optimal solution of prob-

lem (P ) and to give their error estimates. This topic has been interested
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by some mathematicians recently. For papers which have close connec-

tions to our work, we refer the readers to [8], [40], [41], [45], [130], [161],

[169], [206] and many references therein. In these papers the authors

mainly considered problems with pure state constraints or with pure

control constraints. Among these papers, Casas and Mateos [40] stud-

ied convergence for semilinear elliptic optimal control with pure state

constraint; Casas and Tröltzsch [45] proved the convergence of optimal

control problem governed by quasilinear elliptic equations with the con-

trol constraint of box form; Meyer and Rösch [18] gave superconvergence

properties of approximation solutions for linear elliptic optimal control

problems with control constraint of box form.

It is natural to ask whether these results are still true for problem

(P ) with the appearance of nonlinear, non-convex and mixed pointwise

constraints. One of the motivations for considering optimal control prob-

lems with mixed control-state constraints is the Lavrentiev regulariza-

tion which frequently is used to relax pure state constraints. In [104],

M. Hinze and Meyer showed that under certain conditions, the locally

optimal solutions to the Lavrentiev regularized problems converge to a

optimal solution of the original problem.

There have been some papers working with optimal control prob-

lems with mixed constraints so far. Indeed, in [54], Cherednichenko and

Rösch gave error estimates for the discretization of linear elliptic opti-

mal control problems with mixed pointwise constraints in the form of

linear inequalities. in [104], Hinze and Meyer considered linear elliptic

optimal control problem with constraints of linear inequalities and gave

error estimates for approximate solution.

Rösch and Wachsmuth [205] considered a class of optimal control

problems for a linear parabolic partial differential equation with control

and mixed control-state constraints in the form of linear inequalities.

Also, Hoppe and Kieweg [106] studied adaptive finite element methods

for optimal control problems governed by linear elliptic equations with

mixed control-state constraints of linear inequalities. In a summary,

the problems considered by [54], [104], [106] and [205] have the follow-

ing common features: the cost functions are of quadratic forms which

are strongly convex functions; the state equations are linear and the

mixed constraints are of linear inequalities. In such settings, they are

strongly convex optimization problems. Therefore, they have a unique

solution. Moreover, when the constraints are linear, the approximate

optimal problems have finitely many constraints.

259



In this subsection we shall develop the results obtained in [54] for

problem (P ) which is more general. We shall prove that under certain

conditions, the optimal solutions of discrete problems converge to an

optimal solution of the original problem. In particular, we show that if

problem (P ) satisfies the so-called no-gap second-order conditions, then

some error estimates of approximate solutions are obtained.

Unlike optimal control problem with pure control constraints, the op-

timal control problem with nonlinear mixed control-state constraints is

more complicated. The reason is that the discrete optimal problems

may have infinitely many constraints. Besides, it is difficult to build a

sequence of admissible points of discrete optimal problems, which con-

verges strongly to an optimal solution of the original problem. To over-

come these difficulties, we choose piecewise linear functions in order to

approximate both control variable and state variable. We first transform

(P ) to problem (P ′) with pure control constraint by changing variable

v = g(y) + ϵu. We then discretize (P ′) by (P ′
h). After that, we establish

error estimates between solutions of state equations as well as solutions

of adjoint equations to (P ′) and (P ′
h). Based on the the results and some

techniques from [46], [54] and [104], we show that the sequence of opti-

mal solutions (ȳh, v̄h) of (P
′
h) converges strongly to an optimal solution

(ȳ, v̄) of (P ′) which implies that (ȳh,
1
ϵ ((v̄h− g(ȳh)) converges strongly to

an optimal solution (ȳ, 1ϵ (v̄−g(ȳ)) of (P ). Moreover, we show that if (P )

satisfies the strictly second-order condition, then some error estimates

are obtained.

Thus the novelty of the subsection consists of results on the conver-

gence and error estimates of approximate optimal solutions of approx-

imate optimal problems which are generated by the semilinear elliptic

optimal control problem with non-convex cost function and nonlinear

inequality constraints via FEM.

4.3.2 Discrete problems and optimality conditions

Let E be a Banach space with the dual E∗. The notation BE(e, r)

stands for an open ball with center e ∈ E and radius r > 0. Let K be a

closed set in E.

In the sequel, we define U = L2(Ω), Y = H2(Ω) ∩ H1
0(Ω) and Z =

Y × U . The norm in Lp(Ω) with 1 ≤ p ≤ +∞ will be denoted by ∥ · ∥p.
Meanwhile ∥ · ∥2,2 and ∥ · ∥1,2 denote norms in H2(Ω) and H1

0(Ω), respec-

tively. The norm ∥ · ∥Z in Z is defined by ∥(y, u)∥Z = ∥y∥2,2+ ∥u∥2. The
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notations ϕy,ϕyy, fy, fyy are used to denote ∂yϕ, ∂
2
yyϕ, ∂yf, ∂

2
yyf , respec-

tively. Given an admissible couple (ȳ, ū) ∈ Φ4, symbols ϕ[x], ϕy[x], f [·],
etc., stand respectively for ϕ(x, ȳ(x)), ϕy(x, ȳ(x)), f(·, ȳ(·)), etc. We now

make the following assumptions for (P ).

(A1) ϕ : Ω×R → R is a Carathéodory function of class C2 with respect to

the second variable and satisfies the property that for each M > 0,

there exist positive numbers kϕ,M and Lϕ,M such that

|ϕy(x, y)| ≤ Lϕ,M ,

|ϕ(x, y1)− ϕ(x, y2)|+ |ϕy(x, y1)− ϕy(x, y2)|+
+ |ϕyy(x, y1)− ϕyy(x, y2)| ≤ kϕ,M |y1 − y2|

for a.e. x ∈ Ω, all y, yi ∈ R satisfying |y|, |yi| ≤ M with i = 1, 2.

Moreover, ϕ(·, 0) ∈ L1(Ω) and there exits a function ζ ∈ L1(Ω) such

that

ϕ(x, y) ≥ ζ(x) ∀(x, y) ∈ Ω× R.

(A2) aij = aji ∈ C0,1(Ω̄) and there exists a number ᾱ > 0 such that

N∑
i,j=1

aij(x)ξiξj ≥ ᾱ|ξ|2 ∀ξ = (ξ1, ..., ξN) ∈ RN .

(A3) f : Ω×R → R is a Carathéodory functions of class C2 with respect

to the second variable and satisfies the property that for each M >

0, there exist positive numbers kf,M and Lf,M such that

|fy(x, y)| ≤ Lf,M ,

|f(x, y1)− f(x, y2)|+ |fy(x, y1)− fy(x, y2)|+
+ |fyy(x, y1)− fyy(x, y2)| ≤ kf,M |y1 − y2|

for a.e. x ∈ Ω, all y, yi ∈ R satisfying |y|, |yi| ≤ M with i = 1, 2.

Besides, we require that fy(x, y) ≥ 0 for all (x, y) ∈ Ω × R and

f(x, 0) = 0 for a.e. x ∈ Ω.

(A4) g : R → R is a function of class C2 and satisfies the property that

for each M > 0, there exist a positive number kg,M such that

|g(y1)− g(y2)|+ |g′(y1)− g′(y2)|+ |g′′(y1)− g′′(y2)| ≤ kg,M |y1 − y2|

for all y, yi ∈ R satisfying |y|, |yi| ≤ M with i = 1, 2. Furthermore,

we require that g(0) ≤ 0 and g′(y) ≥ 0 for all y ∈ R.
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Among the above conditions, (A3) assures that the state equation

has a unique solution for each u ∈ U . Meanwhile (A4) makes sure that

the so-called Robinson constraint qualification is valid and the Lagrange

function corresponding to (P ) is normal. Moreover, (A4) implies that for

eachM > 0 there exist a positive number Lg,M such that |g(y)|+|g′(y)| ≤
Lg,M for all y ∈ R satisfying |y| ≤M .

Recall that a couple z̄ = (ȳ, ū) ∈ Φ4 is said to be a local minimizer of

(P ) if there exist a ball BZ(z̄, r) ⊂ Z such that

J(y, u) ≥ J(ȳ, ū) ∀(y, u) ∈ Φ4 ∩BZ(z̄, r).

When

J(y, u) ≥ J(ȳ, ū) ∀(y, u) ∈ Φ4

we say (ȳ, ū) is a global minimizer or a minimizer to (P ).

Proposition 4.3.1. Suppose that assumptions (A2) and (A3) are valid.

Then for each u ∈ L2(Ω), there exists a unique solution y = y(u) ∈
H1

0(Ω) ∩H2(Ω) of the equation

Ay + f(x, y) = u in Ω, y = 0 on Γ (4.3.1)

and there exists a constant C0 = C(N,Ω) > 0 such that

∥y∥2,2 ≤ C0∥u∥2. (4.3.2)

Moreover, if ∥u1∥2+∥u2∥2 ≤M and y(u1) and y(u2) are solutions corre-

sponding to u1 and u2, then there exists a constant C = C(M,N,Ω) > 0

such that

∥y(u1)− y(u2)∥2,2 ≤ C∥u1 − u2∥2. (4.3.3)

Proof. The proof of the proposition can be found in [204] and Theorem

4.7 in [219].

Remark 4.3.2. If f(x, 0) ̸= 0, then we can replace f(x, y) by f(x, y)−
f(x, 0) and (4.3.2) becomes

∥y∥2,2 ≤ C0∥u− f(·, 0)∥2.

By a standard argument, we have the following result on the existence

of optimal solutions to (P ).

Proposition 4.3.3. Suppose that (A1)−(A4) are fulfilled. Then problem

(P ) has at least an optimal solution (ȳ, ū).
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Let us define mappings F : Y × U → U and G : Y × U → U by

setting

F (y, u) = Ay + f(·, y)− u, G(y, u) = g(y) + ϵu.

Then (P ) can reformulated in the form

(P )


J(y, u) → min,

s.t.

F (y, u) = 0,

G(y, u) ∈ K,

where K := {v ∈ L2(Ω)|v(x) ≤ 0 a.e. x ∈ Ω}. Let

L(y, u, φ, e) := J(y, u) + ⟨φ, F (y, u)⟩+ ⟨e,G(y, u)⟩

be the Lagrange function associated to (P ), where φ, e ∈ U . Under

assumptions (A1)− (A4), J F and G are of class C2 around (ȳ, ū) ∈ Φ4

and so is L(·, ·, φ, e).
Recall that given a vector (ȳ, ū) ∈ Φ4, the critical cone to (P ) at

(ȳ, ū) is denoted by C[(ȳ, ū)] which consists of vectors (z, v) satisfying

the following conditions:

(c1) ⟨∇J(ȳ, ū), (z, v)⟩ =
∫
Ω(ϕy[x]z(x) + ū(x)v(x))dx ≤ 0;

(c2) Az + fy[x]z = v in Ω and z = 0 on Γ;

(c3) g
′(ȳ(x))z(x) + ϵv(x) ≤ 0 whenever g(ȳ(x)) + ϵū(x) = 0.

Each vector (z, v) ∈ C[(ȳ, ū)] is called a critical direction. Note that (c3)

is equivalent to saying that

g′(ȳ(x))z(x) + ϵv(x) ∈ T ((−∞, 0], g(ȳ(x)) + ϵū(x)).

By a simple calculation, we have T ((−∞, 0], ξ) = R if ξ < 0 and

T ((−∞, 0], ξ) = R− if ξ = 0.

The following proposition gives first- and second-order optimality con-

ditions for locally optimal solutions to (P ).

Proposition 4.3.4. Suppose that (A1)− (A4) are satisfied and (ȳ, ū) is

a local minimizer of (P ). Then there exist a unique function φ̄ ∈ Y and

a unique function ē ∈ U such that the following conditions are fulfilled:

(i) (the adjoint equation){
A∗φ̄+ fy(·, ȳ)φ̄ = −ϕy(·, ȳ)− g′(ȳ)ē in Ω

φ̄ = 0 on Γ;
(4.3.4)
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(ii) (the stationary condition in u)

ū− φ̄+ ϵē = 0; (4.3.5)

(iii) (the complementarity condition) For a.e. x ∈ Ω one has

ē(x)

{
≥ 0 if g(ȳ(x)) + ϵū(x)) = 0,

= 0 if g(ȳ(x)) + ϵū(x)) < 0;
(4.3.6)

(iv) (the non-negative second-order condition)

D2L(ȳ, ū, φ̄, ē)[(z, v), (z, v)]

=

∫
Ω
[(ϕyy[x] + fyy[x]φ̄(x) + ē(x)g′′(ȳ(x)))z2(x) + v(x)2]dx ≥ 0 (4.3.7)

for all (z, v) ∈ C[(ȳ, ū)]. Moreover, ȳ, φ̄, ē and ū are of class C0,ν with

ν = 2−N/2, and ū ∈ H1(Ω).

Conversely, suppose that there exist φ̄ ∈ Y and ē ∈ U such that

conditions (i)− (iii) are fulfilled and the strictly second-order condition

(SSC):

D2L(ȳ, ū, φ̄, ē)[(z, v), (z, v)] > 0 ∀(z, v) ∈ C[(ȳ, ū)] \ {(0, 0)}, (4.3.8)

then (ȳ, ū) satisfies the quadratic growth condition in the sense that there

exit a number α0 > 0, a ball B(ȳ, r) ⊂ H1
0(Ω) ∩ H2(Ω) and a ball

B(ū, r′) ⊂ L2(Ω) such that

J(y, u) ≥ J(ȳ, ū) + α0∥u− ū∥22 ∀(y, u) ∈ (B(ȳ, r)×B(ū, r′)) ∩ Φ4.

(4.3.9)

In this case we say (ȳ, ū) is a locally strong solution to (P ).

Proof. The optimality conditions follow from Theorem 2.1 and Theorem

3.1 in [130]. Let us show that ū, ē ∈ C0,ν(Ω̄) with ν = 2 − N
2 . Since

ȳ, φ̄ ∈ H2(Ω) and the embedding theorem, we have ȳ, φ̄ ∈ C0,ν(Ω̄).

From (4.3.5) and (4.3.6) we get

φ̄(x)− ū(x) ∈ N((−∞, 0], g(ȳ(x)) + ϵū(x)) a.e. x ∈ Ω.

It follows that

(ϵφ̄(x)+g(ȳ(x)))−(g(ȳ(x))+ϵū(x)) ∈ N((−∞, 0], g(ȳ(x))+ϵū(x)) a.e. x ∈ Ω,

which is equivalent to

g(ȳ(x)) + ϵū(x) = P(−∞,0](ϵφ̄(x) + g(ȳ(x)) a.e. x ∈ Ω (4.3.10)

264



or

u(x) =
1

ϵ
[P(−∞,0](ϵφ̄(x) + g(ȳ(x))− g(ȳ(x))] a.e. x ∈ Ω, (4.3.11)

where PK ′(a) denotes the metric projection of a onto a closed convex set

K ′ in a finite-dimensional space. Here K ′ = (−∞, 0] and P(−∞,0](α) =

min{0, α}. Since g is of class C1 and locally Lipschitz continuous, and

ȳ ∈ H2(Ω), we have g(ȳ) ∈ H1(Ω) (see Theorem 3.1 in [171] ). Also,

the metric projection is Lipschitz continuous (see Theorem 5.2 in [31]).

Hence we conclude that ū ∈ H1(Ω). We now choose M > 0 such that

∥ȳ∥C(Ω̄) ≤ M . By assumption (A4), there is a number kg,M > 0 such

that

|g(ȳ(x1))− g(ȳ(x2))| ≤ kg,M |ȳ(x1)− ȳ(x2)| for all x1, x2 ∈ Ω.

Using non-expansive property of the metric projection and the fact 0 =

P(−∞,0](0), we have from (4.3.11) that

ϵ|ū(x1)− ū(x2)| ≤ |g(ȳ(x1))− g(ȳ(x2))|
+ |P(−∞,0](ϵφ̄(x1) + g(ȳ(x1))− P(−∞,0](ϵφ̄(x2) + g(ȳ(x2))|
≤ 2|g(ȳ(x1))− g(ȳ(x2))|+ ϵ|φ̄(x1)− φ̄(x2)|
≤ 2kg,M(|ȳ(x1)− ȳ(x2)|) + ϵ|φ̄(x1)− φ̄(x2)|.

This implies that ū ∈ C0,ν(Ω̄). Since ē = 1
ϵ (φ̄ − ū), we also have ē ∈

C0,ν(Ω̄).

Next we will set up approximate optimal control problems to problem

(P ) by using the finite element method for semilinear elliptic equation.

Let Th = {K1, K2, ..., Kqh} be a triangulation of Ω, i.e.,

Ω̄ =

qh⋃
i=1

Ki,

where

Ki ∩Kj = ∅, one point, one common side or one common face ∀i ̸= j.

For eachK ∈ Th, we shall denote by ρ(K) the diameter ofK and σ(K) by

the diameter of the largest ball contained in K. Let h = maxK∈Th ρ(K).

Throughout of this paper, we assume that there exist positive numbers

γ1 and γ2 such that

ρ(K)

σ(K)
≤ γ1,

h

ρ(K)
≤ γ2 ∀K ∈ Th.

265



Figure 4.1: Finite element triangulation

We define finite element spaces

Yh = {yh ∈ C(Ω̄) : yh|T is affine for all T ∈ Th, yh = 0 on Γ}, (4.3.12)

Uh = {uh ∈ C(Ω̄) : uh|T is affine for all T ∈ Th}. (4.3.13)

Here we choose the type of piecewise linear control approximation be-

cause it is frequently used in numerical computations and its implemen-

tation is fairly easy. For the other control approximations, we refer the

readers to [46], [103] and [104].

Fix h > 0 and let Th = {K1, K2, ..., Kq} be a triangulation of Ω. Let

N1, N2, ..., Nmh
, Nmh+1, ..., Nkh be nodes of Th, where {N1, N2, ..., Nmh

} ⊂
Ω and {Nmh+1, ..., Nkh} ⊂ Γ. Let φi ∈ Yh be functions which are defined

by

φi(Nj) = δij =

{
1 if i = j

0 if i ̸= j,
(4.3.14)

where i, j ∈ {1, 2, ..., kh}. Then {φ1, ..., φmh
} forms a basis of Yh and

{φ1, ..., φmh
, φmh+1, ..., φkh} forms a basis of Uh. Under theses bases, each

yh ∈ Yh and vh ∈ Un can be represented by

yh(x) = α1φ1(x) + α2φ2(x) + · · ·+ αmh
φmh

(x),

vh(x) = β1φ1(x) + β2φ2(x) + · · ·+ βmh
φmh

(x) + · · ·+ βkhφkh(x).

We can verify that αi = yh(Ni) with i = 1, 2, ...,mh and βj = uh(Nj)

with j = 1, 2, ..., kh. Therefore, we can write yh = (α1, α2, ..., αmh
) and

vh = (β1, β2, ..., βkh).
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Figure 4.2: The basis functions φj

We first consider the following discrete version (Ph) of (P ).

J(yh, uh) =
∫
Ω

(
ϕ(x, yh(x)) +

1
2u

2
h(x)

)
dx→ min,

s.t. (yh, uh) ∈ Yh × Uh,∫
Ω

(∑N
i,j=1 aij(x)DiyhDjzh + f(x, yh)zh(x)

)
dx

=
∫
Ω uh(x)zh(x)dx ∀zh ∈ Yh,

g(yh(x)) + ϵuh(x) ≤ 0 for all x ∈ Ω.

Obviously, (Ph) is a mathematical programming problem in finite di-

mensional space Yh × Uh. The following proposition showing that the

pointwise constraint of (Ph) is actually equivalent to finitely many con-

straints.

Proposition 4.3.5. If g is convex, then the constraint

g(yh(x)) + ϵuh(x) ≤ 0 for all x ∈ Ω (4.3.15)

is equivalent to the constraints

g(αi) + ϵβi ≤ 0 for i = 1, 2, ..., kh, (4.3.16)

where αi = 0 for i = mh + 1, ..., kh.

Proof. By taking x ∈ {N1, N2, ..., Nkh}, we see that that (4.3.15) implies

(4.3.16). Conversely, for simplification, we consider the case Ω ⊂ R2.

Then each triangle is a convex hull of its three vertices. Take any x ∈
Ω. Then there exists T ∈ Th such that x ∈ T . We can assume that

T = N1N1N3. Then x = λ1N1 + λ2N2 + λ3N3 with λ1 + λ2 + λ3 = 1 and

λi ≥ 0 with i = 1, 2, 3. Since yh and uh are affine on T and g is convex,
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we have

g(yh(x)) + ϵuh(x) = g(λ1yh(N1) + λ2yh(N2)+

+ λ3yh(N3)) + ϵ (λ1uh(N1) + λ2uh(N2) + λ3uh(N3))

≤
3∑
i=1

λi(g(yh(Ni)) + ϵuh(Ni)) =
3∑
i=1

λi(g(αi) + ϵβi ≤ 0.

The proposition is proved.

From the above result, we see that if g is convex, then (Ph) is a re-

ally mathematical programming with finitely many constraints on finite

dimensional spaces Yh × Uh. However, when g is not convex, the point-

wise constraint of (Ph) may have infinitely many constraints. This cons

causes some difficulties in obtaining error estimates for solutions of (P )

and (Ph). To overcome the difficulties, we need to transform (P ) to

problem (P ′) with pure control constraint and then discreterize it by

(P ′
h). In the sequel, instead of working directly with problems (P ) and

(Ph), we shall concentrate on (P ′) and (P ′
h) and give error estimate for

solutions of (P ′) and (P ′
h).

Let us change the control variable by setting v = g(y)+ ϵu. Then (P )

is transformed to the following problem.

(P ′)


J0(y, v) =

∫
Ω

[
ϕ(x, y(x)) + 1

2(
1
ϵ (v(x)− g(y(x))))2

]
dx→ min,

s.t.

Ay + f(x, y) + 1
ϵg(y) =

1
ϵv in Ω, y = 0 on Γ,

v(x) ≤ 0 a.e. x ∈ Ω,

Let us define

L(x, y, v) = ϕ(x, y) +
1

2
(
1

ϵ
(v − g(y)))2 (4.3.17)

and denote by Φ′ the feasible set of (P ′). Then we have

Ly[x] = ϕy[x]−
1

ϵ2
(v̄ − g[x])g′[x], (4.3.18)

Lyy[x] = ϕyy[x] +
1

ϵ2
(g′[x]2 + g[x]g′′[x]− v̄(x)g′′[x]) (4.3.19)

Lv[x] =
1

ϵ2
(v̄ − g[x]), Lvv[x] =

1

ϵ2
, (4.3.20)

Lyv = Lvy = − 1

ϵ2
g′[x]. (4.3.21)
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By the monotonicity of g and f(x, ·), and Proposition 4.3.1, for each

v ∈ L2(Ω), the equation

Ay + f(x, y) +
1

ϵ
g(y) =

1

ϵ
v in Ω, y = 0 on Γ (4.3.22)

has a unique solution y = y(v) ∈ H2(Ω) ∩H1
0(Ω) such that

∥y(v)∥2,2 ≤ C∥1
ϵ
v − 1

ϵ
g(0)∥2 (4.3.23)

and

∥y(v1)− y(v2)∥2,2 ≤ C∥v1 − v2∥2 (4.3.24)

for all v1, v2 ∈ L2(Ω). Let us define S(v) = y(v). Then we can show

that S(v) is of class C2. By Lemma 2.2 in [106] for each v0, v ∈ L2(Ω),

zv0,v := S ′(v0)v is a unique solution of the equation

Azv0,v + (fy(·, y(v0)) +
1

ϵ
g′(y(v0)))zv0,v =

1

ϵ
v in Ω, zv0,v = 0 on Γ.

(4.3.25)

Moreover, for all v1, v2 ∈ L2(Ω), zv0,v1,v2 := S ′′(v0)[v1, v2] is the unique

solution of the equation
Azv0,v1,v2 + (fy(·, y(v0)) + 1

ϵg
′(y(v0)))zv0,v1,v2 + (fyy(·, y(v0))+

+1
ϵg

′′(y(v0)))zv0,v1zv0,v2 = 0 in Ω

zv0,v1,v2 = 0 on Γ.

(4.3.26)

By using the mapping S(v), problem (P ′) can be formulated in the

following simple form:

(P ′′)


Ĵ(v) = J0(y(v), v) =

∫
Ω L(x, y(v)(x), v(x))dx→ min,

s.t. v ∈ U,

v(x) ≤ 0 a.e. x ∈ Ω.

We shall denote by Φ′′ the feasible set of (P ′′), that is,

Φ′′ = {v ∈ L2(Ω)|v(x) ≤ 0 a.e.}.

Proposition 4.3.6. If (ȳ, ū) ∈ Φ4 is a local minimizer to (P ), then (ȳ, v̄)

with v̄ := g(ȳ)+ϵū is a local minimizer to (P ′) and v̄ is a local minimizer

to (P ′′). Conversely, if v̄ is a local minimizer to (P ′′), then (ȳ, v̄) with

ȳ = S(v̄) is a local minimizer to (P ′) and (ȳ, ū) with ū := 1
ϵ (v̄ − g(ȳ)) is

a local minimizer to (P ).
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Proof. Assume that (ȳ, ū) is a local minimizer to (P ). Then there exists

δ > 0 such that for all (y, u) ∈ Φ4 satisfying ∥(y, u) − (ȳ, ū)∥ ≤ δ one

has J(y, u) ≥ J(ȳ, ū). Putting v̄ = g(ȳ) + ϵū, we see that (ȳ, v̄) ∈ Φ′.

Let C be the constant so that ∥y∥∞ ≤ C∥y∥2,2 for all y ∈ H2(Ω). Put

M = C(∥ȳ∥2,2 + 1). Then (A4) implies that there exists kg,M > 0 such

that

|g(y(x))− g(ȳ(x))| ≤ kg,M |y(x)− ȳ(x)| ≤ kg,M∥y − ȳ∥∞.

for all y ∈ H2(Ω) satisfying ∥y − ȳ∥2,2 < δ′ < 1. This is because

∥y∥∞ ≤ C∥y∥2,2 ≤ C(∥y − ȳ∥2,2 + ∥ȳ∥2,2) ≤ C(δ′ + ∥ȳ∥2,2) < M.

Let δ′′ < min(δ′, ϵδ
ϵ+kg,M+1). Taking any (y, v) ∈ Φ′ ∩ BZ((ȳ, v̄), δ

′′) and

putting u = 1
ϵ (v − g(y)), we have (y, u) ∈ Φ4 and

∥(y, u)− (ȳ, ū)∥ = ∥y − ȳ∥2,2 + ∥u− ū∥2

= ∥y − ȳ∥2,2 +
1

ϵ
∥v − g(y)− v̄ + g(ȳ))∥2

≤ ∥y − ȳ∥2,2 +
kg,M
ϵ

∥y − ȳ∥2 +
1

ϵ
∥v − v̄∥2

≤ (1 +
kg,M
ϵ

)∥y − ȳ∥2,2 +
1

ϵ
∥v − v̄∥2

≤ (
ϵ+ kg,M + 1

ϵ
)(∥y − ȳ∥2,2 + ∥v − v̄∥2) < δ.

Hence J0(y, v) = J(y, u) ≥ J(ȳ, ū) = J0(ȳ, v̄). Hence (ȳ, v̄) is a local

minimizer to (P ′). Let us choose r < δ′′

1+C , where C > 0 is a constant

which is given by (4.3.24). Then for all v ∈ BU(v̄, r) ∩ Φ′′, we have

(y(v), v) ∈ Φ′ and

∥(y(v), v)− (y(v̄), v̄)∥ = ∥y(v)− y(v̄)∥2,2 + ∥v − v̄∥2 ≤ (C + 1)∥v − v̄∥2
< (C + 1)r < δ′′.

Hence

Ĵ(v) = J0(y(v), v) ≥ J0(ȳ, v̄) = Ĵ(v̄)

and so v̄ is a local minimizer to (P ′′).

By the same argument, we can show that if v̄ is a local minimizer to

(P ′′), then (y(v̄), v̄) ∈ Φ′ is a local minimizer to (P ′) and then (ȳ, ū) with

ū = 1
ϵ (v̄ − g(ȳ)) is a local minimizer to (P ).

Corollary 4.3.7. Problems (P ′) and (P ′′) have at least one minimizer.
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Let (ȳ, v̄) ∈ Φ′. Then the critical cone to (P ) at (ȳ, v̄) is denoted by

C ′[(ȳ, v̄)] which consists of vectors (y, v) satisfying the following condi-

tions:

(c′1) ⟨∇J0(ȳ, v̄), (y, v)⟩ =
∫
Ω(Ly[x]y(x) + Lv[x]v(x))dx ≤ 0;

(c′2) Ay + (fy[x] +
1
ϵg

′[x])y = 1
ϵv in Ω and y = 0 on Γ;

(c′3) v(x) ≤ 0 whenever v̄(x) = 0.

Also, we denote by C ′′
v0

the set of critical directions v ∈ U satisfying the

following conditions:

(c′′1) Ĵ
′(v0)v =

∫
Ω[Ly(x, y0, v0)S

′(v0)v + Lv(x, y0, v0)v)dx ≤ 0;

(c′′2) v(x) ≤ 0 whenever v0(x) = 0. Here y0 = S(v0).

It is easy to show that if v ∈ C ′′
v̄ , then (y, v) ∈ C ′[(ȳ, v̄)] with y =

S ′(v̄)v and ȳ = S(v̄), and (y, u) ∈ C[(ȳ, ū)] with u = 1
ϵ (v − g′[ȳ]y) and

ū = 1
ϵ (v̄ − g(ȳ)). Let

L0(y, v, ψ, w) = J0(y, v) + ⟨ψ,Ay + f(·, y) + 1

ϵ
(g(y)− v)⟩+ ⟨w, v⟩

be the Lagrange function corresponding to (P ′), where ψ,w ∈ L2(Ω).

Along with Proposition 4.3.4, we have the following proposition on the

first- and second-order optimality conditions for locally optimal solutions

to (P ′).

Proposition 4.3.8. Suppose that (A1)− (A4) are satisfied and (ȳ, v̄) is

a local minimizer of (P ′). Then there exist a unique function ψ̄ ∈ Y and

a unique function w̄ ∈ U such that the following conditions are fulfilled:

(i) (the adjoint equation){
Aψ̄ + (fy(·, ȳ) + 1

ϵg
′(ȳ))ψ̄ = −Ly[·] in Ω

ψ̄ = 0 on Γ;
(4.3.27)

(ii) (the stationary condition in v)

w̄ =
1

ϵ
ψ̄ +

1

ϵ2
(g(ȳ)− v̄) =

1

ϵ
ψ̄ − Lv[·]; (4.3.28)

(iii) (the complementarity condition) For a.e. x ∈ Ω one has

w̄(x)

{
≥ 0 if v̄(x) = 0,

= 0 if v̄(x) < 0;
(4.3.29)

271



(iv) (the non-negative second-order condition)

D2
(y,v)L0(ȳ, v̄, ψ̄, w̄)[(y, v), (y, v)] =∫
Ω

[
Lyy[x]y

2(x) + 2Lyv[x]y(x)v(x) + Lvv[x]v
2(x)

]
dx+

+

∫
Ω

[
ψ̄(fyy[x] +

1

ϵ
g′′[x])y2(x)

]
dx ≥ 0 ∀(y, v) ∈ C ′[(ȳ, v̄)].

Moreover, ȳ, ψ̄, w̄ and v̄ belong to C0,ν(Ω̄) with ν = 2− N
2 .

Conversely, suppose that there exists ψ̄ ∈ Y and w̄ ∈ U such that

conditions (i)− (iii) are fulfilled and the strictly second-order condition

(SSC):

D2
(y,v)L0(ȳ, v̄, ψ̄, w̄)[(y, v), (y, v)] > 0 ∀(y, v) ∈ C ′[(ȳ, v̄)] \ {(0, 0)},

(4.3.30)

then (ȳ, v̄) is a locally strong minimizer to (P ′), that is, there exit a

number γ0 > 0, a ball B(ȳ, r) ⊂ H1
0(Ω) ∩ H2(Ω) and a ball B(v̄, r′) ⊂

L2(Ω) such that

J0(y
′, v′) ≥ J0(ȳ, v̄) + γ0∥v′ − v̄∥22 ∀(y′, v′) ∈ (B(ȳ, r)×B(v̄, r′)) ∩ Φ′.

(4.3.31)

Let v0 ∈ Φ′′ and y0 = S(v0). Then there exists a unique ψ0 ∈ H2(Ω)∩
H1

0(Ω) which solves

Aψ0 + (fy(·, y0) +
1

ϵ
g′(y0))ψ0 = −Ly(·, y0, v0) in Ω, ψ0 = 0 on Γ.

(4.3.32)

By a simple calculation, we have

Ĵ ′(v0)v =

∫
Ω
(Ly(x, y0, v0)S

′(v0)v(x) + Lv(x, y0, v0)v(x))dx

=

∫
Ω

(
Lv(x, y0, v0)−

1

ϵ
S ′(v0)(−ϵLy(x, y0, v0))

)
v(x)dx

=

∫
Ω
(Lv(x, y0, v0)−

1

ϵ
ψ0)v(x)dx, (4.3.33)

where ψ0 satisfies the adjoint equation (4.3.32). By Lemma 2.3 in [16],

we have

Ĵ ′′(v0)v
2 =

∫
Ω

(
Lyy(x, y0, v0)z

2
v0,v

+ 2Lyv(x, y0, v0)zv0,vv + Lvv(x, y0, v0)v
2

+ ψ0(fyy(x, y0, v0) +
1

ϵ
g′′(y0))z

2
v0,v

(x)
)
dx, (4.3.34)
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where zv0,v is a solution of (4.3.25) corresponding to v and y0 = S(v0).

The following proposition gives optimality conditions for (P ′′).

Proposition 4.3.9. If v0 ∈ Φ′′ is a local minimizer of (P ′′), then there

exists a function ψ0 ∈ H2(Ω)∩H1
0(Ω) such that the following conditions

hold:

(i) (The adjoint equation){
Aψ0 + (fy(x, y0) +

1
ϵg

′(x, y0))ψ0 = −Ly(x, y0, v0) in Ω,

ψ0 = 0 on Γ, where y0 = S(v0);

(ii) (Variational inequality)

Ĵ ′(v0)(v − v0) =

∫
Ω
(Lv(x, y0, v0)−

1

ϵ
ψ0)(v(x)− v0(x))dx ≥ 0 ∀v ∈ Φ′′.

This is equivalent to saying that

−(Lv(x, y0(x), v0(x))−
1

ϵ
ψ0(x)) ∈ N((−∞, 0], v0(x)) a.e. x ∈ Ω;

(4.3.35)

(iii) Ĵ ′′(v0)d
2 ≥ 0 for all d ∈ C ′′

v0
. Moreover, v0, ψ0 ∈ C0,ν with ν =

2−N/2.

Conversely, if (i), (ii) and the strictly second-order sufficient condi-

tion

Ĵ ′′(v0)d
2 > 0 ∀d ∈ C ′′

v0
\ {0} (4.3.36)

are fulfilled, then there exist numbers r0 > 0 and ϱ > 0 such that

Ĵ(v) ≥ Ĵ(v0) + ϱ∥v − v0∥22 ∀v ∈ BU(v0, r0) ∩ Φ′′.

Proof. The first part of the proposition follows from Theorem 5.1 in [44].

The second part of the proposition is proved by contradiction. It is

similar to the proof of Theorem 3.1 in [130].

Remark 4.3.10. From the proof of Proposition 4.3.9, we have

C ′′
v̄ = T (Φ′′, v0) ∩ (Ĵ ′(v0))

⊥,

T (Φ′′, v0) = {w ∈ L2(Ω)|w(x) ∈ T ((−∞, 0], v0(x)) a.e. x ∈ Ω}
= {w ∈ L2(Ω)|w(x) ≤ 0 whenever v0(x) = 0}.

Since N((−∞, 0], ξ0) = 0 if ξ0 < 0 and N((−∞, 0], ξ0) = [0,+∞) if

ξ0 = 0, we have

Lv(x, y0(x), v0(x))−
1

ϵ
ψ0(x)

{
= 0 if v0(x) < 0,

< 0 if v0(x) = 0.
(4.3.37)
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The following result give a relation between strictly second-order suf-

ficient conditions.

Proposition 4.3.11. If the strictly second-order sufficient condition

(4.3.8) is valid at (ȳ, ū) with multiplier (φ̄, ē), then (4.3.30) is fulfilled at

(ȳ, v̄) with multiplier (φ̄, ē) and v̄ = g(ȳ) + ϵū; and (4.3.36) is satisfied

at v̄ corresponding to the multiplier φ̄.

Proof. Assume that (4.3.8) is valid at (ȳ, ū) with the corresponding mul-

tiplier (φ̄, ē). Let v̄ = g(ȳ) + ϵū and (ψ̄, w̄) be the Lagrange multipliers

corresponding to (ȳ, v̄). Take any (y, v) ∈ C ′[(ȳ, v̄)]\{(0, 0)}. By putting

u = 1
ϵ (v − g′(ȳ)y), we see that (y, u) ∈ C[(ȳ, ū)] \ {(0, 0)}. From (4.3.5),

we have ē = 1
ϵ φ̄+

1
ϵ2 (g(ȳ)−v̄). By the uniqueness of Lagrange multipliers,

we obtain φ̄ = ψ̄ and ē = w̄. It follows that

D2
(y,v)L0(ȳ, v̄, ψ̄, w̄)[(y, v), (y, v)]

=

∫
Ω

[
(ϕyy[x] +

1

ϵ2
g′[x]2 + w̄(x)g′′[x] + ψ̄(x)fyy[x])y

2(x)
]
dx+

+

∫
Ω

[
− 2

ϵ2
g′(ȳ)y(x)v(x) +

1

ϵ2
v2(x)

]
dx

=

∫
Ω

[
(ϕyy[x] + ψ̄(x)fyy[x] + w̄(x)g′′[x])y2(x) +

1

ϵ2
(g′[x]y(x)− v(x))2

]
dx

=

∫
Ω

[
(ϕyy[x] + ψ̄(x)fyy[x] + w̄(x)g′′[x])y2(x) + u2(x)

]
dx

= D2
(y,u)L(ȳ, ū, ψ̄, w̄)[(y, u), (y, u)] > 0.

Hence (4.3.30) is fulfilled at (ȳ, v̄) with v̄ = g(ȳ) + ϵū. Finally, suppose

that there exists ψ such that

Aψ + (fy[x] +
1

ϵ
g′[x])ψ = −Ly[x] in Ω, ψ = 0 on Γ,

where ȳ = S(v̄) and

Ĵ ′(v̄)(v − v̄) =

∫
Ω
(Lv[x]−

1

ϵ
ψ)(v(x)− v̄(x))dx ≥ 0 ∀v ∈ Φ′′.

Define w = −(Lv[x] − 1
ϵψ). Then we have w ∈ N(Φ′′, v̄). Hence

w(x) ∈ N((−∞, 0], v̄(x)). This implies that w(x) ≥ 0 when v̄(x)) = 0

and w(x) = 0 whenever v̄(x)) < 0. By the uniqueness of Lagrange

multipliers, we have w = w̄ = ē and ψ = ψ̄ = φ̄. Let v ∈ C ′′
v̄ . Then
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(y, v) ∈ C ′[(ȳ, v̄)] with y = zv̄,v. By (4.3.34), we have

Ĵ ′′(v̄)v2 =∫
Ω

(
Lyy[x]z

2
v̄,v + 2Lyv[x]zv̄,vv + Lvv[x]v

2 + ψ(fyy[x] +
1

ϵ
g′′[x])z2v̄,v(x)

)
dx

=

∫
Ω

(
Lyy[x]y

2 + 2Lyv[x]yv + Lvv[x]v
2 + ψ̄(fyy[x] +

1

ϵ
g′′[x])y2

)
dx

= D2
(y,v)L(ȳ, v̄, ψ̄, w̄)[(y, v), (y, v)] > 0.

The proof of the proposition is complete.

In the sequel, we will discretize problem (P ′) into a sequence of ap-

proximately optimization problems (P ′
h). This can be done by the vari-

ational discretization method in [103] and [104], which discretizes the

state variable alone. Then the convergence and error estimates of ap-

proximate solutions to (P ′
h) can be proved. However, the problem (P ′

h)

which is obtained by the method in [103] and [104] is a mathematical

programming problem in the infinite dimensional space with respect to

control variable u ∈ Uad. Here we want to discretize problem (P ′) for

both state variable and control variable in order to obtain mathemati-

cal programming problems in the finite dimensional spaces. Namely, we

consider the following discrete version (P ′
h) for (P

′):

J0(yh, vh) =∫
Ω

(
ϕ(x, yh(x)) +

1
2ϵ2g(yh(x))

2 − 1
ϵ2vh(x)g(yh(x)) +

1
2ϵ2v

2
h(x)

)
dx→ min,

s.t. (yh, vh) ∈ Yh × Uh,∫
Ω

(∑N
i,j=1 aij(x)DiyhDjξh + (f(x, yh) +

1
ϵg(yh))ξh(x)

)
dx =∫

Ω
1
ϵvh(x)ξh(x)dx ∀ξh ∈ Yh,

vh(x) ≤ 0 for all x ∈ Ω.

Obviously, (P ′
h) is a mathematical programming problem with finitely

many constraints in the finite dimensional space Yh×Uh. Let us denote

by Φ′
h the feasible sets of (P

′
h). By techniques of fixed point theorem (see

Lemma 1.4 and the proof of Theorem 1.2 in [216]), we can show that for

each v ∈ U , there exists a unique yh = yh(v) ∈ Yh such that∫
Ω

( N∑
i,j=1

aij(x)DiyhDjξh+(f(x, yh)+
1

ϵ
g(yh))ξh(x)

)
dx =

∫
Ω

1

ϵ
v(x)ξh(x)dx

for all ξh ∈ Yh. Let us define the solution map Sh by setting Sh(v) =

yh(v). Then Sh is of class C1 on U and ξh,v̄,v := S ′
h(v̄)v is a solution of
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the equation∫
Ω

( N∑
i,j=1

aij(x)DiyhDjξh + (fy(x, ȳh) +
1

ϵ
g′(ȳh(x)))ξh(x)

)
dx =∫

Ω

1

ϵ
v(x)ξh(x)dx ∀ξh ∈ Yh.

Then the mapping Ĵh(v) =
∫
Ω L(x, Sh(v), v)dx is of class C1 on U . It is

easy to show that (ȳh, v̄h) ∈ Φ′
h is a local minimizer to (P ′

h) if and only

if v̄h is a local minimizer of the following problem (P ′′
h ):

(P ′′
h )


Ĵh(vh) =

∫
Ω L(x, Sh(vh)(x), vh(x))dx→ min,

s.t. vh ∈ Uh,

vh(x) ≤ 0 for all x ∈ Ω.

(4.3.38)

We denote by Φ′′
h the feasible set of (P ′′

h ), that is,

Φ′′
h = {vh ∈ Uh|vh(x) ≤ 0}.

Proposition 4.3.12. Suppose that (A1)−(A4) are valid. Then for each

h > 0, problem (P ′
h) has at least one minimizer (ȳh, v̄h) ∈ Yh × Uh and

so (P ′′
h ) has a minimizer v̄h.

Proof. By (A4), we see that (0, g(0)) ∈ Φ′
h for all h > 0. Besides, by (A1),

we have J0(yh, vh) ≥
∫
Ω ζ(x)dx. It follows that γh := inf(yh,vh)∈Φ′

h
J0(yh, vh)

is finite. Then there is a sequence {(ylh, vlh)}l≥1 ⊂ Φ′
h such that

γh = lim
l→∞

J0(y
l
h, v

l
h).

Since (0, g(0)) ∈ Φ′
h, we have

J0(0, g(0)) =

∫
Ω
ϕ(x, 0)dx ≥ lim

l→∞
J0(y

l
h, v

l
h).

By setting ulh = 1
ϵ (v

l
h − g(ylh)) and using (A1), there exists l0 > 0 such

that for all l ≥ l0 one has

1 +

∫
Ω
ϕ(x, 0)dx >

∫
Ω

(
ζ(x) +

1

2
ulh(x)

2
)
dx.

This implies that there is a number M > 0 such that ∥ulh∥2 ≤ M for

all l > 0. It holds that {ylh} is also bounded in H0
1(Ω). In fact, since

(ylh, v
l
h) ∈ Φ′

h, we have∫
Ω

( N∑
i,j=1

aij(x)Diy
l
hDjzh + f(x, ylh)zh

)
dx =

∫
Ω
ulhzhdx ∀zh ∈ Yh.

(4.3.39)
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Taking zh = ylh and using (A2), (A3), we get

∥ylh∥H1
0 (Ω)

≤ C∥ulh∥L2(Ω) ≤ CM (4.3.40)

for some constant C > 0 which is independent of l. Let

ylh = αl1φ1 + αl2φ2 + · · ·+ αlmh
φmh

.

By Lemma 2.4.1 in [141], there exist constant c1 > 0 such that

c1(|αl1|+ |αl2|+ · · ·+ |αlmh
|) ≤ ∥ylh∥1,2 ≤ CM.

Hence {αli} are bounded. Let

vlh = βl1φ1 + βl2φ2 + · · ·+ βlkhφkh.

Since vlh = g(ylh)+ϵu
l
h and (A4), we can show that there exists a constant

M ′ > 0 such that

∥vlh∥2 ≤M ′ ∀l > 0.

Using Lemma 2.4.1 in [130] again, there exist constant c2 > 0 such that

c2(|βl1|+ |βl2|+ · · ·+ |βlkh|) ≤ ∥vlh∥2 ≤M ′.

Hence {βli} are bounded. By passing to subsequences, we may assume

that αli → α0
i and βli → β0

i as l → ∞. Put v̄h =
∑kh

i=1 β
0
i φi and ȳh =∑mh

i=1 α
0
iφi. Then vlh → v̄h strongly in L2(Ω) and ylh → ȳh strongly in

H1
0(Ω). Since (ylh, v

l
h) ∈ Φ′

h, we have∫
Ω

( N∑
i,j=1

aij(x)Diy
l
hDjzh + (f(x, ylh) +

1

ϵ
g(ylh))zh

)
dx

=

∫
Ω

1

ϵ
vlhzhdx ∀zh ∈ Yh. (4.3.41)

By letting l → ∞ in both sides of (4.3.41), we obtain∫
Ω

( N∑
i,j=1

aij(x)DiȳhDjzh + (f(x, ȳh) +
1

ϵ
g(ȳh))zh

)
dx

=

∫
Ω

1

ϵ
v̄hzhdx ∀zh ∈ Yh.

Since vlh(x) ≤ 0 and vlh(x) → v̄h(x) uniformly when l → ∞, we have

v̄h(x) ≤ 0, ∀x ∈ Ω.
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Consequently, (ȳh, v̄h) ∈ Φ′
h. It is easy to show that

γh = lim
l→∞

∫
Ω
[ϕ(x, ylh(x)) +

1

2
ulh(x)

2]dx =

∫
Ω
[ϕ(x, ȳh(x)) +

1

2
ūh(x)

2]dx,

where ūh :=
1
ϵ (v̄h− g(ȳh)). Hence (ȳh, v̄h) is an optimal solution of (P ′

h).

The proof of the proposition is complete.

To end this section, we present optimality conditions for discrete prob-

lems (P ′
h) and (P ′

h). Their proofs are similar to the case of continuous

problems.

Proposition 4.3.13. Suppose that (A1)−(A4) are satisfied and (ȳh, v̄h) ∈
Φ′
h is a local minimizer of (P ′

h). Then there exist a unique function

ψ̄h ∈ Yh and a unique function w̄h ∈ Uh such that the following condi-

tions are fulfilled:

(i) (The adjoint equation)∫
Ω

( N∑
i,j=1

aij(x)Diψ̄hDjξh + (fy(x, ȳh) +
1

ϵ
g′(ȳh(x)))ψ̄h(x)ξh(x)

)
dx =

−
∫
Ω
Ly(x, ȳh(x), v̄h(x))ξh(x)dx ∀ξh ∈ Yh; (4.3.42)

(ii) (The stationary condition in vh)

w̄h =
1

ϵ
ψ̄h − Lv(·, ȳh, v̄h) =

1

ϵ
ψ̄h −

1

ϵ2
(v̄h − g(ȳh)); (4.3.43)

(iii) (The complementarity condition) For a.e. x ∈ Ω one has

w̄h(x)

{
≥ 0 if v̄h(x) = 0,

= 0 if v̄h(x) < 0.
(4.3.44)

Proposition 4.3.14. Suppose that (A1)− (A4) are satisfied. If v̄h ∈ Φ′′
h

is a local minimizer of (P ′′
h ), then there exist a unique function ψ̄h ∈ Yh

such that the following conditions are fulfilled:

(i) (The adjoint equation)∫
Ω

( N∑
i,j=1

aij(x)Diψ̄hDjξh + (fy(x, ȳh) +
1

ϵ
g′(ȳh(x)))ψ̄h(x)ξh(x)

)
dx =

−
∫
Ω
Ly(x, ȳh(x), v̄h(x))ξh(x)dx (4.3.45)
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for all ξh ∈ Yh, where ȳh = yh(v̄h);

(ii) (Variational inequality)

Ĵ ′
h(v̄h)(v − v̄h) =

∫
Ω
(Lv(x, ȳh(x), v̄h(x))−

1

ϵ
ψ̄h(x))(vh(x)− v̄h(x))dx ≥ 0

(4.3.46)

for all vh ∈ Φ′′
h.

4.3.3 Numerical analysis for state equations and adjoint equa-

tions

In this subsection, we shall need the following important lemma. It

is a particular case of Theorem 3.1.5 in [55] when s = 0.

Lemma 4.3.15. Let k ≥ 0,m ≥ 0, and p, q ∈ [1,+∞]. If the embeddings

W k+1,p(T ) ↪→ C0(T )

W k+1,p(T ) ↪→ Wm,q(T )

hold, then there exists a constant C > 0 independent of h such that

∥y − Πhy∥Wm,q(T ) ≤ ChN(1/q−1/p)+k+1−m∥y∥W k+1,p(T ), (4.3.47)

where Πh : C(Ω̄) → Uh denotes the nodal interpolation operator, that is,

Πhy(Ni) = y(Ni) for any node Ni of a triangulation.

In the sequel we shall use the following inequality. Its proof can be

found in [11, Theorem 17.2].

∥yh∥Wm,q(Ω) ≤ C
1

hN max(0,1/p−1/q)hm−l∥yh∥W l,p(Ω) ∀yh ∈ Yh, l ≤ m,

(4.3.48)

where C > 0 being independent of h.

• Error estimates for solutions of state equations

Given v ∈ L2(Ω), we shall denote by y(v) and yh(v) the solutions of

the state equations of (P ′) and (P ′
h) corresponding to v, respectively.

Namely, y(v) = S(v) ∈ Y, yh(v) = Sh(v) ∈ Yh such that∫
Ω

( N∑
i,j=1

aij(x)Diy(v)Djξ + (f(x, y(v)) +
1

ϵ
g(y(v))ξ

)
dx =

∫
Ω

1

ϵ
vξdx

(4.3.49)
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for all ξ ∈ H1
0(Ω), and and∫

Ω

( N∑
i,j=1

aij(x)Diyh(v)Djξh + (f(x, yh(v)) +
1

ϵ
g(yh(v)))ξh

)
dx =

∫
Ω

1

ϵ
vξhdx

(4.3.50)

for all ξh ∈ Yh.

Proposition 4.3.16. (C.f. [5, Theorem 2]) Suppose assumptions (A2)

and (A3) are satisfied. Then for each v with ∥v∥2 ≤ M , there exist

CM > 0 and hM > 0 which are depend on ϵ such that

∥y(v)− yh(v)∥1,2 ≤ CMh∥y(v)∥2,2, (4.3.51)

∥y(v)− yh(v)∥2 ≤ CMh
2∥y(v)∥2,2, (4.3.52)

∥y(v)− yh(v)∥∞ ≤ CMh
2−N

2 ∥y(v)∥2,2 (4.3.53)

for 0 < h < hM .

Below, we shall assume that 0 < h < hM .

Proposition 4.3.17. Suppose that ∥vh∥2 + ∥v∥2 ≤ M , y(v) and yh(vh)

are solutions of (4.3.49) and (4.3.50) corresponding to v and vh. Then

there exists a constant C = C(M,N,Ω, ϵ) such that the following esti-

mations are valid.

∥yh(vh)− y(v)∥1,2 ≤ C(h∥y(vh)∥2,2 + ∥vh − v∥2), (4.3.54)

∥yh(vh)− y(v)∥2 ≤ C(h2∥y(vh)∥2,2 + ∥vh − v∥2), (4.3.55)

∥yh(vh)− y(v)∥∞ ≤ C(h2−
N
2 ∥y(vh)∥2,2 + ∥vh − v∥2). (4.3.56)

Proof. By (4.3.3) and Proposition 4.3.16, we have

∥yh(vh)− y(v)∥1,2 ≤ ∥yh(vh)− y(vh)∥1,2 + ∥y(vh)− y(v)∥1,2
≤ C(h∥y(vh)∥2,2 + ∥vh − v∥2).

We obtain inequality (4.3.54). The other estimates are proved similarly.

• Error estimates for solutions of adjoint equations

Given v ∈ U and vh ∈ Uh, we consider the following adjoint equations
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for (P ′) and (P ′
h):

a(ψ, ξ) + ⟨(fy(·, y(v)) +
1

ϵ
g′(y(v)))ψ, ξ⟩ =

⟨−ϕy(·, y(v))−
1

ϵ2
g(y(v))g′(y(v)) +

1

ϵ2
g′(y(v))v, ξ⟩,∀ξ ∈ H1

0(Ω),

(4.3.57)

a(ψh, ξh) + ⟨(fy(·, yh(vh)) +
1

ϵ
g′(yh(vh)))ψh, ξh⟩ =

⟨−ϕy(·, yh(vh))−
1

ϵ2
(g(yh(vh))g

′(yh(vh)) + g′(yh(vh))vh), ξh⟩,∀ξh ∈ Yh,

(4.3.58)

where

a(y, ξ) :=

∫
Ω
(
N∑

i,j=1

aij(x)Djy(x)Diξ(x))dx,

y(v) is the solution to (4.3.49) corresponding to v and yh(vh) is the

solution to (4.3.50) corresponding to vh. For convenience, we shall put

γ(y) = ϕy(·, y) +
1

ϵ2
g(y)g′(y). (4.3.59)

By (A2), a has symmetric property, that is, a(y, ξ) = a(ξ, y) for all y, ξ ∈
H1

0(Ω). In this subsection, we shall give error estimates of ∥ψh(vh) −
ψ(v)∥. Since

∥ψh(vh)− ψ(v)∥ ≤ ∥ψh(vh)− ψ(vh)∥+ ∥ψ(vh)− ψ(v)∥,

we need to estimate the terms ∥ψh(vh)− ψ(vh)∥ and ∥ψ(vh)− ψ(v)∥.

Proposition 4.3.18. Suppose that there exists M > 0 such that ∥v∥2 +
∥vh∥2 ≤M , then there exists a constant CM = CM(ϵ) > 0 such that

∥ψh(vh)− ψ(vh)∥1,2 ≤ CMh, (4.3.60)

∥ψh(vh)− ψ(vh)∥2 ≤ CMh
2, (4.3.61)

∥ψh(vh)− ψ(vh)∥∞ ≤ CMh
2−N

2 . (4.3.62)

Proof. (i). Since ∥v∥2 + ∥vh∥2 ≤M and Proposition 4.3.16, there exists

M1 > 0 such that

∥y(v)∥∞ + ∥yh(vh)∥∞ ≤M1.

Hence

∥ψ(uh)∥∞ ≤ C∥ψ(uh)∥2,2 ≤ C∥ − ζ(y(vh)) +
1

ϵ2
g′(y(vh))vh∥2 ≤M2
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for constant M2 which is independent of h. Inserting v = vh and ξ = ξh
into (4.3.57), and subtracting from (4.3.58), we obtain

a(ψ − ψh, ξh) + ⟨fy(x, y(vh))ψ − fy(x, yh(vh))ψh+

1

ϵ
(g′(y(vh))ψ − g′(yh(vh)))ψh, ξh⟩

= ⟨γ(yh(vh))− γ(y(vh)) +
vh
ϵ2
(g′(y(vh))− g′(yh(vh))), ξh⟩ ∀ξh ∈ Yh.

(4.3.63)

From this, (A2) and the fact

⟨(fy(x, yh(uh)) +
1

ϵ
g′(yh(uh))(φ− φh), φ− φh⟩ ≥ 0,
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we have

ᾱ∥ψ − ψh∥21,2 ≤ a(ψ − ψh, ψ − ψh)

= a(ψ − ψh, ψ − ξ′h) + a(ψ − ψh, ξ
′
h − ψh) =

= a(ψ − ψh, ψ − ξ′h) + ⟨γ(yh(vh))− γ(y(vh))+

+
vh
ϵ2
(g′(y(vh))− g′(yh(vh))), ξ

′
h − ψh⟩

− ⟨(fy(x, y(vh))ψ − fy(x, yh(vh))ψh +
1

ϵ
(g′(y(vh))ψ − g′(yh(vh))ψh), ξ

′
h − ψh⟩

= a(ψ − ψh, ψ − ξ′h) + ⟨γ(yh(vh))− γ(y(vh))+

+
vh
ϵ2
(g′(y(vh))− g′(yh(vh)), ξ

′
h − ψh⟩

− ⟨(fy(x, y(vh))ψ − fy(x, yh(vh))ψh +
1

ϵ
(g′(y(vh))ψ − g′(yh(vh))ψh, ξ

′
h − ψ⟩

− ⟨(fy(x, y(vh))ψ − fy(x, yh(vh))ψh +
1

ϵ
(g′(y(vh))ψ − g′(yh(vh))ψh, ψ − ψh⟩

≤ ∥ψ − ψh∥1,2∥ψ − ξ′h∥1,2 + Lg,M1
kϕ,M1

∥y(vh)− yh(vh)∥∞∥ξ′h − ψh∥2+

+
M

ϵ2
kg,M1

∥y(vh)− yh(vh)∥∞∥ξ′h − ψh∥2

− ⟨(fy(x, y(vh))ψ − fy(x, yh(vh))ψh +
1

ϵ
(g′(y(vh))ψ − g′(yh(vh))ψh, ξ

′
h − ψ⟩

− ⟨(fy(x, y(vh))ψ − fy(x, yh(vh))ψ +
1

ϵ
(g′(y(vh))ψ − g′(yh(vh))ψ, ψ − ψh⟩

≤
(
∥ψ − ψh∥1,2∥ψ − ξ′h∥1,2 + Lg,M1

kϕ,M1
∥y(vh)− yh(vh)∥2∥ξ′h − ψh∥2+

+
M

ϵ2
kg,M1

∥y(vh)− yh(vh)∥∞∥ξ′h − ψh∥2

)

+

(
kf,M1

∥y(vh)− yh(vh)∥∞∥ψ∥2 + Lf,M1
∥ψ − ψh∥2+

+
kg,M1

ϵ
∥y(vh)− yh(vh)∥∞∥ψ∥2 +

Lg,M1

ϵ
∥ψ − ψh∥2)∥ξ′h − ψ∥2

)

+

(
(kf,M1

+
kg,M1

ϵ
)∥y(vh)− yh(vh)∥2∥ψ∥∞∥ψ − ψh∥2

)
=: T1 + T2 + T3, (4.3.64)
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where ξ′h = Πhψ. Using Lemma 4.3.15 and Proposition 4.3.16, we have

T1 =

(
∥ψ − ξ′h∥1,2∥ψ − ψh∥1,2 + Lg,M1

kϕ,M1
∥y(vh)− yh(vh)∥2∥ξ′h − ψh∥2+

+
M

ϵ2
kg,M1

∥y(uh)− yh(uh)∥∞∥ξ′h − ψh∥2

)
≤ Ch∥ψ(uh)∥2,2∥ψ − ψh∥1,2 + Lg,M1

kϕ,M1
Ch2∥y(vh)∥2,2h2∥ψ(vh)∥2,2+

+
M

ϵ2
kg,MCh

2−N
2 ∥y(vh)∥2,2h2∥ψ(uh)∥2,2

≤ C1(h∥ψ − ψh∥1,2 + h2). (4.3.65)

Here we used the fact that ∥y(vh)∥2,2 and ∥ψ(vh)∥2,2 are bounded and

∥ξ′h − ψh∥2 ≤ ∥ξ′h − ψ(vh)∥2 + ∥ψ(vh)− ψh(vh)∥2
≤ Ch2∥ψ(vh)∥2,2 + ∥ψ − ψh∥2 ≤ C(h2∥ψ(vh)∥2,2 + ∥ψ − ψh∥1,2).

Similarly, we have

T2 =

(
kf,M1

∥y(vh)− yh(vh)∥∞∥Ψ∥2 + Lf,M1
∥ψ − ψh∥2

+
kg,M1

ϵ
∥y(vh)− yh(vh)∥∞∥ψ∥2

+
Lg,M1

ϵ
∥ψ − ψh∥2)∥ξ′h − ψ∥2

)
≤ C2(∥ψ − ψh∥1,2 + 1)h2. (4.3.66)

and

T3 = (kf,M1
+
kg,M1

ϵ
)∥y(vh)− yh(vh)∥2∥ψ∥∞∥ψ − ψh∥2 ≤ C3h∥ψ − ψh∥1,2.

(4.3.67)

Plugging estimates of T1, T2 and T3 into (4.3.64), we get

ᾱ∥ψ − ψh∥21,2 ≤ C1(h∥ψ − ψh∥1,2 + h2) + C2(∥ψ − ψh∥1,2 + 1)h2

+ C3h∥ψ − ψh∥1,2 ≤ CM(∥ψ − ψh∥1,2h+ h2).

Hence ∥ψ − ψh∥1,2 ≤ CMh for constant CM > 0 which is independent of

h. We obtain estimate (4.3.60).

(ii). To prove (4.3.61), we put

α(x) = fy(x, y(vh)(x)) +
1

ϵ
g′(y(vh)(x))

β(x) = fy(x, yh(vh)(x)) +
1

ϵ
g′(yh(vh)(x)).
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Then α(x) ≥ 0 and β(x) ≥ 0 and so for each v ∈ L2(Ω), there exists

w ∈ H2(Ω) ∩H1
0(Ω) such that

a(w, ξ) + ⟨βw, ξ⟩ = ⟨v, ξ⟩ ∀ξ ∈ H1
0(Ω)

and ∥w∥2,2 ≤ C∥v∥2. Also, there exists wh ∈ Yh such that

a(wh, ξh) + ⟨βwh, ξh⟩ = ⟨v, ξh⟩ ∀ξh ∈ Yh

and ∥wh∥1,2 ≤ C∥v∥2. Let us claim that

∥w − wh∥1,2 ≤ Ch∥w∥2,2 ≤ Ch∥v∥2 (4.3.68)

∥w − wh∥2 ≤ Ch2∥w∥2,2 ≤ Ch2∥v∥2. (4.3.69)

In fact, (4.3.68) follows from Cea’s lemma in [55] and (4.3.69) follows
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from Theorem 3.2.5 in [55]. Using (4.3.63), we have

⟨v, ψ − ψh⟩ = a(w,ψ − ψh) + ⟨βw, ψ − ψh⟩
= a(w − wh, ψ − ψh) + a(wh, ψ − ψh) + ⟨βw, ψ − ψh⟩
= a(w − wh, ψ − ψh)− ⟨αψ − βψh, wh⟩+ ⟨γ(yh(vh))− γ(y(vh))+

+
vh
ϵ2
(g′(y(vh))− g′(yh(vh)), wh⟩+ ⟨β(ψ − ψh), w⟩

= a(w − wh, ψ − ψh) + ⟨(β − α)ψ,wh⟩ − ⟨βψh, w − wh⟩ − ⟨βψ,wh − w⟩

+ ⟨γ(yh(vh))− γ(y(vh)) +
1

ϵ2
(g′(y(vh))− g′(yh(vh)))vh, wh⟩

≤ ∥w − wh∥1,2∥ψ − ψh∥1,2 + (kf,M1
+
kg,M1

ϵ
)∥ψ(uh)∥∞∥y(vh)− yh(vh)∥2∥wh∥2

+ (Lf,M1
+
Lg,M1

ϵ
)∥ψh∥2∥w − wh∥2 + (Lf,M1

+
Lg,M1

ϵ
)∥ψ∥2∥w − wh∥2

+M(Lg,M1
kϕ,M1

+
kg,M1

ϵ2
)∥y(vh)− yh(vh)∥2∥wh∥2+

+
1

ϵ2
(g′(y(vh))− g′(yh(vh)))vh, w⟩

≤ Ch∥w∥2,2h+ (kf,M1
+
kg,M1

ϵ
)∥ψ(vh)∥∞Ch2∥y(vh)∥2,2∥v∥2

+ (Lf,M1
+
Lg,M1

ϵ
)Ch2∥w∥2,2 + (Lf,M1

+
Lg,M1

ϵ
)Ch2∥w∥2,2

+M(Lg,M1
kϕ,M1

+
kg,M1

ϵ2
)Ch2∥y(vh)∥2,2∥v∥2 +

kg,M1

ϵ
∥w∥∞∥y(uh)− yh∥2∥vh∥2

≤ C ′h2∥v∥2 + (kf,M1
+
kg,M1

ϵ
)C ′h2∥v∥2 + (Lf,M1

+
Lg,M1

ϵ
)C ′h2∥v∥2+

+ (Lf,M1
+
Lg,M1

ϵ
)C ′h2∥v∥2

+M(kϕ,M1
+
kg,M1

ϵ2
)Ch2∥y(vh)∥2,2∥v∥2

kg,M1

ϵ2
Ch2∥y(uh)∥2,2∥v∥2

≤ C ′′h2∥v∥2.
Here C ′′ > 0 is independent of h and v. This implies that ∥ψ − ψh∥2 ≤
C ′′h2. Hence (4.3.61) is established.

(iii) To prove (4.3.62) we mimic the proof of Theorem 1 in [4] as follows.

We first have that

∥ψ(vh)− ψh(vh)∥∞ ≤ ∥ψ(vh)− Πhψ(vh)∥∞ + ∥Πhψ(vh)− ψh(vh)∥∞.
(4.3.70)

Due to Lemma 4.3.15, taking k = 1,m = 0, q = 1 and p = 2, we have

that

∥ψ(vh)− Πhψ(vh)∥∞ ≤ Ch2−N/2∥ψ(vh)∥2,2 (4.3.71)
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Using (4.3.48), we have

∥Πhψ(vh)− ψh(vh)∥∞ ≤ Ch−N/2∥Πhψ(vh)− ψh(vh)∥2. (4.3.72)

Applying Lemma 4.3.15 for k = 1,m = 0, q = 2, p = 2, we get

∥Πhψ(vh)− ψ(vh)∥2 ≤ Ch2∥ψ(vh)∥2,2.

It follows that

∥Πhψ(vh)− ψh(vh)∥∞ ≤ Ch−N/2(∥Πhψ(vh)− ψ(vh)∥+ ∥ψ(vh)− ψh(vh)∥2)
≤ Ch2−N/2(Ch2∥ψ(vh)∥2,2 + Ch2) ≤ C ′′h2−N/2.

Combining this with (4.3.70) and (4.3.71), we get

∥ψ(vh)− ψh(vh)∥∞ ≤ Ch2−N/2∥ψ(vh)∥2,2 + C ′′h2−N/2 ≤ CMh
2−N/2.

(4.3.73)

The proof is complete.

Proposition 4.3.19. Suppose that there exists M > 0 such that ∥v∥2 +
∥vh∥2 ≤M , then there exists constant C ′

M = C ′
M(ϵ) > 0 such that

∥ψh(vh)− ψ(v)∥1,2 ≤ C ′
M(h+ ∥vh − v∥2), (4.3.74)

∥ψh(vh)− ψ(v)∥2 ≤ C ′
M(h2 + ∥vh − v∥2), (4.3.75)

∥ψh(vh)− ψ(v)∥∞ ≤ C ′
M(h2−

N
2 + ∥vh − v∥2). (4.3.76)

Proof. We first estimate ∥ψ(vh) − ψ(v)∥2,2. Note that ψ(vh) and ψ(v)

are solutions of

A∗ψ(uh) + (fy(·, y(vh)) +
1

ϵ
g′(y(vh)))φ(uh) = −γ(y(vh)) +

1

ϵ2
g′(y(vh))vh

(4.3.77)

and

A∗ψ(v) + (fy(·, y(v)) +
1

ϵ
g′(y(v)))ψ(v) = −γ(y(v)) + 1

ϵ2
g′(y(v))v,

(4.3.78)

respectively, where γ is defined by (4.3.59). Recall that y(uh) and y =

y(u) are unique solutions of equation (4.3.49) corresponding to vh and

v, respectively. By subtracting both sides of the equations, we have

A∗(ψ(vh)− ψ(v)) + (fy(·, y(vh)) +
1

ϵ
g′(y(vh)))(ψ(vh)− ψ(v)) =(

fy(·, y(v))− fy(·, y(vh)) +
1

ϵ
g′(y)− 1

ϵ
g′(y(vh))

)
ψ(v) + γ(y(v))− γ(y(vh))+

+
1

ϵ2
(g′(y(vh)vh − g′(y(v))v).
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Since ∥v∥2 + ∥vh∥2 ≤M , Propositions 4.3.1 implies that

∥y(vh)∥∞ + ∥y(v)∥2,2 ≤M1

for some constant M1 > 0 independent of h. By (A3) and (A4), we

see that fy(·, y(vh)) + 1
ϵg

′(y(vh)) is non-negative and belongs to L∞(Ω).

Hence, there exists a constant C > 0 such that

∥ψ(vh)− ψ(v)∥2,2 ≤

C
(
∥
(
fy(·, y(v))− fy(·, y(vh)) +

1

ϵ
g′(y(v))− 1

ϵ
g′(y(vh))

)
ψ(v)∥2+

∥γ(·, y(v))− γ(·, y(vh))∥2 +
1

ϵ2
∥g′(y(vh)vh − g′(y(v))v∥2

)
. (4.3.79)

By (A3) and (A4), we have

∥
(
fy(·, y(v))− fy(·, y(vh)) +

1

ϵ
g′(y(v))− 1

ϵ
g′(y(vh))

)
ψ(v)∥2

≤ ∥
(
fy(·, y(v))− fy(·, y(vh)) +

1

ϵ
g′(y(v))− 1

ϵ
g′(y(vh))∥∞∥ψ(v)∥2

≤ (kf,M1
+

1

ϵ
kg,M1

)∥y(v)− y(uh)∥∞C∥v∥2

≤ CM(kf,M1
+

1

ϵ
kg,M1

)∥y(v)− y(uh)∥2,2

≤M2(kf,M1
+

1

ϵ
kg,M1

)∥v − vh∥2.

By (A1) and (A4), we have

∥γ(y(v))− γ(y(vh))∥2 ≤ (Lg,M1
kϕ,M1

+
kg,M1

ϵ2
)∥y(v)− y(vh)∥2

≤ C(Lg,M1
kϕ,M1

+
kg,M1

ϵ2
)∥v − vh∥2.

Also, we get

1

ϵ2
∥g′(y(vh)vh − g′(y(v))v∥2 =

1

ϵ2
∥(g′(y(vh))− g′(y(v)))vh + g′(y(v))(vh − v)∥2

≤ 1

ϵ2
(kg,M∥y(vh)− y(v)∥∞∥vh∥2 + Lg,M∥v − vh∥2) ≤ C∥v − vh∥2.

Combining these with (4.3.79), yields

∥ψ(vh)− ψ(v)∥2,2 ≤ C(M2(kf,M1
+

1

ϵ
kg,M1

)∥v − vh∥2 + C(Lg,M1
kϕ,M1

+

+
kg,M1

ϵ2
)∥v − vh∥2 + C∥v − vh∥2 ≤ C ′∥v − vh∥2
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for some constant C ′ > 0 independent of h. From this and Proposition

4.3.18, we have

∥ψh(vh)− ψ(v)∥1,2 ≤ ∥ψh(vh)− ψ(vh)∥1,2 + ∥ψ(vh)− ψ(v)∥1,2
≤ CM(h+ ∥v − vh∥2),

∥ψh(vh)− ψ(v)∥2 ≤ ∥ψh(vh)− ψ(vh)∥2 + ∥ψ(vh)− ψ(v)∥2
≤ CM(h2 + ∥v − vh∥2),

∥ψh(vh)− ψ(v)∥∞ ≤ ∥ψh(vh)− ψ(vh)∥∞ + ∥ψ(vh)− ψ(v)∥2,2
≤ CM(h2−N/2 + ∥v − vh∥2),

which are estimations (4.3.74), (4.3.75) and (4.3.76). The proof of the

proposition is completed.

4.3.4 Convergence and error estimates

The following theorem shows that the solutions of (P ′
h) converge to a

solution of (P ′) and (P ).

Theorem 4.3.20. Suppose (A1)− (A4) are satisfied, {(ȳh, v̄h)} is a se-

quence of optimal solutions to (P ′
h). Then there exists a subsequence

(y′h, v
′
h) of {(ȳh, v̄h)} converging strongly to an optimal solution (ȳ, v̄) of

(P ′) in (H1
0(Ω) ∩ L∞(Ω)) × L∞(Ω). Consequently, (ȳ, 1ϵ (v̄ − g(ȳ)) is an

optimal solution to (P ) and the sequence (y′h,
1
ϵ (v

′
h − g(y′h))) converges

strongly to (ȳ, 1ϵ (v̄ − g(ȳ)) in (H1
0(Ω) ∩ L∞(Ω))× L∞(Ω).

In addition, if (P ) has a unique optimal solution (ȳ, ū), then the to-

tal sequence (ȳh,
1
ϵ (v̄h − g(ȳh)) converges strongly to (ȳ, ū) in (H1

0(Ω) ∩
L∞(Ω))× L∞(Ω).

Proof. Since (ȳh, v̄h) is an optimal solution to (P ′
h) and (0, g(0)) ∈ Φ′

h for

all h, we have

J0(0, g(0)) =

∫
Ω
ϕ(x, 0)dx ≥ J0(ȳh, v̄h) =

∫
Ω

(
ϕ(x, ȳh)+

1

2
[
1

ϵ
(v̄h−g(ȳh))]2

)
dx

By putting ūh =
1
ϵ (v̄h − g(ȳh)) and using (A1), we get∫
Ω
ϕ(x, 0)dx ≥

∫
Ω
(ζ(x) +

1

2
ūh(x)

2)dx.

This implies that ∥ūh∥2 is bounded. Since (ȳh, v̄h) ∈ Φ′
h, we have∫

Ω

( N∑
i,j=1

aij(x)DiȳhDjξh + (f(x, ȳh) +
1

ϵ
g(ȳh))ξh(x)

)
dx

=

∫
Ω

1

ϵ
v̄h(x)ξh(x)dx ∀ξh ∈ Yh.

289



This is equivalent to∫
Ω

( N∑
i,j=1

aij(x)DiȳhDjξh + f(x, ȳh)ξh(x)
)
dx =

∫
Ω
ūh(x)ξh(x)dx ∀ξh ∈ Yh.

It follows that

∥ȳh∥1,2 ≤ C∥ūh∥2 ∀h > 0,

where C > 0 is independent of h. Hence {ȳh} is bounded in H1
0(Ω).

Therefore, there exists a subsequence {(y′h, u′h)} of {(ȳh, ūh)} such that

y′h ⇀ ȳ in H1
0(Ω) and u′h ⇀ ū in L2(Ω). Let y = y(ū) be a solution of

the equation

Ay + f(x, y) = ū

and y′h(u
′
h) be a solution of the equation

⟨Ay′h + f(·, y′h), ξh⟩ = ⟨u′h, ξh⟩ ∀ξh ∈ Yh.

By Proposition 4.3.17, we have

∥y(ū)− y′h(u
′
h)∥∞

≤ C(h2−N/2∥y(u′h)∥2,2 + ∥ū− u′h∥2) ≤ C(h2−N/2∥u′h∥2 + ∥ū− u′h∥2).

This implies that {y′h} is bounded in L∞(Ω). Thus, there exists M > 0

such that ∥y′h∥∞ + ∥u′h∥2 ≤M . By (A3), one has

|v′h(x)| = |g(y′h(x)) + ϵu′h(x)| ≤Mkg,M + |g(0)|+ ϵ|u′h(x)| a.e. x ∈ Ω.

Hence ∥v′h∥2 ≤ M1 for all h > 0. Consequently, {(y′h, v′h)} is bounded in

(H1
0(Ω) ∩ L∞(Ω)) × L2(Ω). Without loss of generality, we may assume

that y′h converges weakly to a function ȳ ∈ H1
0(Ω) ∩ L∞(Ω) and v′h

converges weakly to v̄ ∈ L2(Ω).

By the compact embedding H1(Ω) ↪→ L2(Ω), we have y′h → ȳ in

L2(Ω). By (A3) and (A4), we can show that f(·, y′h) + 1
ϵg(y

′
h) converges

strongly to f(·, ȳ) + 1
ϵg(ȳ) in L

2(Ω).

We now take any z ∈ C∞
0 (Ω). By Lemma 4.3.15 (see also [164,

Theorem 9.10]), there exists zh ∈ Yh such that zh → z in H1
0(Ω). It

follows that∫
Ω
[f(x, y′h(x)) +

1

ϵ
g(y′h(x))]zh(x)dx→

∫
Ω
[f(x, ȳ(x)) +

1

ϵ
g(ȳ(x))]z(x)dx

when h→ 0. Since (y′h, v
′
h) ∈ Φh, we have

a(y′h, zh) + (f(x, y′h) +
1

ϵ
g(y′h), zh) = (

1

ϵ
v′h, zh) ∀zh ∈ Yh
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and

v′h(x) ≤ 0 a.e. x ∈ Ω.

Note that ∇y′h ⇀ ∇ȳ in L2(Ω), ∇zh → ∇z in L2(Ω) and the set {v ∈
L2(Ω) : v(x) ≤ 0} is weakly closed. Passing to the limit the above when

h→ 0, we obtain

a(ȳ, z) + (f(x, ȳ) +
1

ϵ
g(ȳ))z = (

1

ϵ
v̄, z) ∀z ∈ C∞

0 (Ω), (4.3.80)

a(ȳ, z) + f(x, ȳ)z = (ū, z) ∀z ∈ C∞
0 (Ω), (4.3.81)

and

v̄(x) ≤ 0 a.e. x ∈ Ω.

Since C∞
0 (Ω) is dense in H1

0(Ω), we see that (4.3.81) is valid for all

z ∈ H1
0(Ω). Hence we have (ȳ, v̄) ∈ Φ′. The remain of the proof is

divided into some steps.

Step 1. Showing that (ȳ, v̄) is a minimizer of (P ′).

By Proposition 4.3.3, (P ) has an optimal solution (y0, u0). By Propo-

sition 4.3.4, we have u0 ∈ H1(Ω) ∩ C(Ω̄) and y0 ∈ H2(Ω) ∩H1
0(Ω). Let

v0 = g(y0) + ϵu0. Then v0 ∈ H1(Ω) because g is of class C1 and locally

Lipschitz continuous (see Theorem 3.1 in [171]). By Proposition 4.3.6,

(y0, v0) is a minimizer to (P ′). Let vh = Πhv0 and yh = yh(vh) = Sh(vh).

Then vh(x) =
∑kh

i=1 v0(Ni)ζi(x) ≤ 0 and so (yh, vh) ∈ Φ′
h. Applying

Lemma 4.3.15 for k = 0,m = 0, p = q = 2, we have

∥vh − v0∥2 ≤ Ch∥v0∥1,2.

By Proposition 4.3.17, we have

∥yh(vh)− y0(v0)∥∞ ≤ C(h2−N/2∥y(vh)∥2,2 + ∥vh − v0∥2.

Hence (yh, vh) converges strongly to (y0, v0) in L
∞(Ω)× L2(Ω).

Using (A1), y′h → ȳ, v′h ⇀ v̄ in L2(Ω), the weakly lower continuity of

the mapping v 7→
∫
Ω

1
2v

2(x)dx and g(y′h) → g(ȳ) strongly in L2(Ω), we

can show that

J0(ȳ, v̄) ≤ lim inf
h→0

J0(y
′
h, v

′
h) ≤ lim

h→0
J0(yh, vh) = J0(y0, v0).

Hence (ȳ, v̄) is a minimizer of (P ′).

Step 2. Showing that limh→0 ∥v′h − v̄∥2 = 0.
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By the same argument as Step 1, we can show that there exists a

sequence {(ŷh, v̂h)} ⊂ Φ′
h such that (ŷh, v̂h) → (ȳ, v̄) strongly in L∞(Ω)×

L2(Ω). It follows that

J0(ȳ, v̄) ≤ lim inf
h→0

J0(y
′
h, v

′
h) ≤ lim sup

h→0
J(y′h, v

′
h) ≤ lim sup

h→0
J0(ŷh, v̂h) = J0(ȳ, v̄).

Hence

J0(ȳ, v̄) = lim
h→0

J0(y
′
h, v

′
h).

This implies that ∥v′h∥22 → ∥v̄∥22. Combining this with the fact that

v′h ⇀ v̄, we conclude that ∥v′h − v̄∥22 → 0 as h→ 0+.

Step 3. Showing that ∥v′h − v̄∥∞ → 0 and ∥y′h − ȳ∥∞ → 0.

Let (ψ̄h, w̄h) be the Lagrange multiplier corresponding to (y′h, v
′
h) and

(ψ̄, w̄) be the Lagrange multiplier corresponding to (ȳ, v̄). By Propo-

sition 4.3.17, we see that y′h(v
′
h) converges strongly to ȳ = ȳ(v̄) in

H1
0(Ω) ∩ L∞(Ω). Since y′h is bounded in C(Ω̄) and v′h is bounded in

L2(Ω), there exists a constant M1 > 0 such that ∥v′h∥2 + ∥v̄∥2 ≤ M1 for

all h > 0. Combining this with Propositions 4.3.1, 4.3.18 and 4.3.19, we

find out a positive constant M2 and h0 such that

∥y′h∥∞, ∥ȳ∥∞, ∥ψ̄h∥∞, ∥ψ̄∥∞ ≤M2

for all h < h0. This implies that

∥ϵψ̄ + g(ȳ)∥∞, ∥ϵψ̄h + g(y′h)∥∞ ≤M3 ∀h < h0, (4.3.82)

where M3 := ϵM2 + kg,M2
M2 + ∥g(0)∥∞. By (4.3.44), we have

ϵ2w̄h(x) ∈ N((−∞, 0], v′h(x)).

From this and (4.3.43) and we get

ϵψ̄h(x) + g(y′h(x))− v′h(x) ∈ N((−∞, 0], v′h(x)) a.e. x ∈ Ω.

Hence

v′h(x) = P(−∞,0](ϵψ̄h(x) + g(yh(x)) a.e. x ∈ Ω. (4.3.83)

Similarly, from (4.3.28) and (4.3.29), we have

v̄(x) = P(−∞,0](ϵψ̄(x) + g(ȳ(x)) a.e. x ∈ Ω. (4.3.84)

Since the metric projections are non-expansive, we have from (4.3.83)

and (4.3.84) that

|v′h(x)− v̄(x)| = |P(−∞,0](ϵψ̄h(x) + g(yh(x))− P(−∞,0](ϵψ̄(x) + g(ȳ(x))|
≤ ϵ|ψ̄h(x)− ψ̄(x)|+ |g(y′h(x))− g(ȳ(x))|
≤ ϵ|ψ̄h(x)− ψ̄(x)|+ kg,M2

|y′h(x)− ȳ(x))|
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for a.e. x ∈ Ω and for all h < h0. Hence

∥v′h − v̄∥∞ ≤ ϵ∥ψ̄h − ψ̄∥∞ + kg,M2
∥y′h − ȳ∥∞,

for all h < h0. From this, Propositions 4.3.17 and 4.3.19, we get

∥v′h − v̄∥∞ ≤ Cϵ(h2−
N
2 + ∥v′h − v̄∥2) + kg,M2

C(h2−N/2∥y(v′h)∥2,2 + ∥v′h − v̄∥2).
(4.3.85)

Since limh→0 ∥v′h − v̄∥2 = 0, we obtain

lim
h→0

∥v′h − v̄∥∞ = 0.

It is clear that 1
ϵ (v

′
h − g(y′h)) → 1

ϵ (v̄ − g(ȳ) strongly in L∞(Ω). By

Proposition 4.3.6, (ȳ, 1ϵ (v̄ − g(ȳ)) is a minimizer of (P ).

Finally, if (ȳ, ū) is a unique solution of (P ) then Proposition 4.3.6 im-

plies that (ȳ, g(ȳ)+ϵū) is a unique solution to (P ′) and v̄ = g(ȳ)+ϵū. By a

contradiction argument, we can show that the total sequence (ȳh, v̄h) con-

verges strongly to (ȳ, v̄) in (H1
0(Ω)∩L∞(Ω))×L∞(Ω). Consequently, the

total sequence (ȳh,
1
ϵ (v̄h− g(ȳh)) → (ȳ, ū) in (H1

0(Ω)∩L∞(Ω))×L∞(Ω).

The theorem is proved.

To obtain error estimates, we need the following lemma which is a

version of Theorem 2.14 in [46] for problems (P ′′) and (P ′′
h ). Note that

Theorem 2.14 in [46] was established under assumptions (A2), (A3) (A7)

and the constraint set is bounded. However, problems (P ′′) and (P ′′
h ) do

not satisfy assumptions (A2) and (A7) in [46] because the constraint set

Φ′′ is unbounded.

Lemma 4.3.21. Suppose that (A1) − (A4) are satisfied, {v̄h} is a se-

quence of local minimizers of (P ′′
h ), which converges strongly in L2(Ω) to

a local minimizer v̄ of (P ′′) under which the strictly second-order con-

dition (4.3.36) is valid. Then there exists constants M > 0, CM =

CM(ϵ) > 0, C > 0 and h0 > 0 such that

ϵh := sup
v∈BU (0,M)

∥Ĵ ′
h(v)− Ĵ ′(v)∥ ≤ CMh

2 (4.3.86)

and

∥v̄h − v̄∥2 ≤ C[ϵ2h + ∥v̄ − vh∥22 + Ĵ ′(v̄)(vh − v̄)]1/2 ∀vh ∈ Φ′′
h, h < h0.

(4.3.87)
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Proof. We mimic the proof of Theorem 2.14 in [46]. Since v̄h → v̄

strongly, there exists M > 0 and h0 such that ∥v̄h∥2 ≤M for all h < h0.

Let ϵh := supv∈BU (0,M) ∥Ĵ ′
h(v) − Ĵ ′(v)∥. Fix any v ∈ BU(0,M). Let

yh(v) and y(v) are solutions of (4.3.49) and (4.3.50) corresponding to

v, respectively; ψ(v) and ψh(v) are solutions of (4.3.57) and (4.3.58)

corresponding to v, respectively. By Proposition 4.3.16, we have

∥yh(v)− y(v)∥∞ ≤ CMh
2−N/2∥y(v)∥2,2 ≤ CMh

2−N/2∥v∥2.

Hence y(v) and yh(v) are bounded in L∞(Ω). This implies that there is

a number M0 > 0 such that ∥y(v)∥∞ + ∥yh(v)∥∞ ≤ M0. By (A3), we

have

|g(y(v)(x)− g(yh(v))(x)| ≤ kg,M0
|y(v)(x)− yh(v)(x)|.

Hence

∥g(y(v)− g(yh(v))∥2 ≤ kg,M∥y(v)− yh(v)∥2 ≤ C ′kg,M0
∥y(v)∥2,2h2.

(4.3.88)

By Proposition 4.3.18, we have

∥ψ(v)− ψh(v)∥2 ≤ C ′
Mh

2. (4.3.89)

Besides, for any w ∈ L2(Ω), we have

|(Ĵ ′
h(v)− Ĵ ′(v))w|

= |
∫
Ω
(Lv(x, yh(v), v)−

1

ϵ
ψh(v)− Lv(x, y(v), v) +

1

ϵ
ψ(v))w)dx|

≤
∫
Ω
| 1
ϵ2
(g(yh(v)− g(y(v))) +

1

ϵ
(ψ(v)− ψh(v))||w|dx,

≤ (
1

ϵ2
∥g(yh(v)− g(y(v))∥2 +

1

ϵ
∥ψ(v)− ψh(v))∥2)∥w∥2.

Combining this with (4.3.88) and (4.3.89) yields

ϵh ≤
1

ϵ2
∥g(yh(v)− g(y(v))∥2 +

1

ϵ
∥ψ(v)− ψh(v))∥2 ≤ CMh

2 (4.3.90)

for some constant CM = CM(ϵ) > 0 which is independent of h. We

obtain (4.3.86).

From (4.3.24) and (4.3.57), we can show that, the map v 7→ ψ(v) is

Lipschitz continuous. Hence there exists a constant C > 0 such that

|[Ĵ ′(v̄h)− Ĵ ′(v̄)](vh − v̄)| ≤ C∥v̄h − v̄∥2∥vh − v̄∥2.

294



Let ψ̄ and ψ̄h be Lagrange multipliers corresponding to v̄ and v̄h. Since

v̄h is a local minimizer, we have

Ĵ ′
h(v̄h)(vh − v̄h) ≥ 0 ∀vh ∈ Φ′′

h. (4.3.91)

This implies that

Ĵ ′(v̄h)(v̄ − v̄h) + [Ĵ ′
h(v̄h)− Ĵ ′(v̄h)](v̄ − v̄h)+

+ [Ĵ ′
h(v̄h)− Ĵ ′(v̄)](vh − v̄) + Ĵ ′(v̄)(vh − v̄) ≥ 0. (4.3.92)

Since v̄ is a local minimizer of (P ′′), we have

Ĵ ′(v̄)(v̄h − v̄) ≥ 0. (4.3.93)

Adding (4.3.92) and (4.3.93) yields

[Ĵ ′(v̄h)− Ĵ ′(v̄)](v̄h − v̄)

≤ [Ĵ ′
h(v̄h)− Ĵ ′(v̄h)](v̄ − v̄h) + [Ĵ ′

h(v̄h)− Ĵ ′(v̄)](vh − v̄) + Ĵ ′(v̄)(vh − v̄)

= [Ĵ ′
h(v̄h)− Ĵ ′(v̄h)](v̄ − v̄h) + [Ĵ ′

h(v̄h)− Ĵ ′(v̄h)](vh − v̄)+

+ [Ĵ ′(v̄h)− Ĵ ′(v̄)](vh − v̄) + Ĵ ′(v̄)(vh − v̄).

This implies that

[Ĵ ′(v̄h)− Ĵ ′(v̄)](v̄h − v̄)

≤ ϵh∥v̄ − v̄h∥2 + ϵh∥vh − v̄∥2 + C∥v̄h − v̄∥2∥vh − v̄∥2 + Ĵ ′(v̄)(vh − v̄)

Since Ĵ is of class C2, there exists v̂h ∈ [v̄h, v̄] such that

[Ĵ ′(v̄h)− Ĵ ′(v̄)](v̄h − v̄) = Ĵ ′′(v̂h)(v̄h − v̄)2.

Since ∥v̄h − v̄∥2 → 0, we have ∥v̂h − v̄∥2 → 0 and so ∥v̂h∥2 ≤ M for all

h < h0. Consequently,

Ĵ ′′(v̂h)(v̄h − v̄)2

≤ ϵh∥v̄ − v̄h∥2 + ϵh∥vh − v̄∥2 + C∥v̄h − v̄∥2∥vh − v̄∥2 + Ĵ ′(v̄)(vh − v̄).

(4.3.94)

Let us claim that, there exists C > 0 such that (4.3.87) is fulfilled.

By contradiction, there exists a subsequence {hk} converging to 0 and

vhk ∈ Φ′′
hk

such that

∥v̄hk − v̄∥22 > k[ϵ2hk + ∥v̄ − vhk∥22 + Ĵ ′(v̄)(vhk − v̄)]

295



or equivalently,

1

k
>

ϵ2hk
∥v̄hk − v̄∥2

+
∥v̄ − vhk∥22
∥v̄hk − v̄∥22

+
Ĵ ′(v̄)(vhk − v̄)

∥v̄ − vhk∥22
. (4.3.95)

Put whk =
v̄hk−v̄

∥v̄hk−v̄∥2
. Then ∥whk∥2 = 1. We may assume that whk con-

verges weakly to w. We want to show that w ∈ C ′′
v̄ . Since

whk ∈ cone(Φ′′ − v̄),

we have w ∈ T (Φ′′, v̄). It remain to show that Ĵ ′(v̄)w = 0. Since v̄ is a

local minimizer, we have Ĵ ′(v̄)w ≥ 0. On the other hand,

Ĵ ′(v̄)w = lim
k→∞

Ĵ ′(v̄)whk =

lim
k→∞

Ĵ ′
hk
(v̄hk)whk + lim

k→∞
[Ĵ ′(v̄hk)− Ĵ ′

hk
(v̄hk)]whk + lim

k→∞
[Ĵ ′(v̄)− Ĵ ′(v̄hk)]whk.

The first limits exists because whk ⇀ w. The second limit and the third

limit equal to zero as follows.

lim
k→∞

|[Ĵ ′(v̄hk)− Ĵ ′
hk
(v̄hk)]whk| ≤ lim

k→∞
ϵhk∥whk∥2 = 0

and

lim
k→∞

|[Ĵ ′(v̄)− Ĵ ′(v̄hk)]whk| ≤ lim
k→∞

M1∥v̄ − v̄hk∥2∥whk∥2 = 0.

Thus we have shown that Ĵ ′(v̄)w ≤ limk→∞ Ĵ ′
hk
(v̄hk)whk. Using

whk =
v̄hk − v̄

∥v̄hk − v̄∥2
,

(4.3.91) and (4.3.95), we have

Ĵ ′(v̄)w ≤ lim
k→∞

Ĵ ′
hk
(v̄hk)whk

= lim
k→∞

1

∥v̄hk − v̄∥2
[Ĵ ′
hk
(v̄hk)(vhk − v̄) + Ĵ ′

hk
(v̄hk)(v̄hk − vhk)]

≤ lim
k→∞

1

∥v̄hk − v̄∥2
[Ĵ ′
hk
(v̄hk)(vhk − v̄)

≤ lim
k→∞

(M2 + ϵhk)
∥vhk − v̄∥2
∥v̄hk − v̄∥2

= 0.

Here we used the fact that

∥Ĵ ′
hk
(v̄hk)∥ ≤ ∥Ĵ ′

hk
(v̄hk)− Ĵ ′(v̄hk)∥+ ∥Ĵ ′(v̄hk)∥ ≤ ϵhk +M2.
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In a summary, we have shown that w ∈ C ′′
v̄ . We now have

lim inf
k→∞

Ĵ ′′(v̂hk)w
2
hk

= lim inf
k→∞

[Ĵ ′′(v̄)w2
hk
+ (Ĵ ′′(v̂hk)− Ĵ ′′(v̄))w2

hk
]

≥ lim inf
k→∞

Ĵ ′′(v̄)w2
hk

≥ Ĵ ′′(v̄)w2.

Combining this with (4.3.94) and (4.3.95), we obtain

Ĵ ′′(v̄)w2 ≤ lim inf
k→∞

Ĵ ′′(v̂hk)w
2
hk

≤ lim sup
k→∞

Ĵ ′′(v̂hk)w
2
hk

≤

lim
k→∞

{ ϵhk
∥v̄hk − v̄∥2

(1 +
∥vhk − v̄∥2
∥v̄hk − v̄∥2

) + C
∥vhk − v̄∥2
∥v̄hk − v̄∥2

+
Ĵ ′(v̄)(vhk − v̄)

∥v̄hk − v̄∥22

}
= 0.

(4.3.96)

Here we used the fact that the map v 7→ Ĵ ′′(v) is continuous and the

map w 7→ Ĵ ′′(v̄)w2 is weakly lower semicontinuous.

By the strictly second-order condition (4.3.36), we must have w = 0.

By (4.3.34), we get

Ĵ ′′(v̄)w2
hk

=

∫
Ω

(
Lyy[x]z

2
v̄,whk

+ 2Lyv[x]zv̄,whk
whk + Lvv[x]w

2
hk
+ ψ0(fyy[x]+

+
1

ϵ
g′′[x])z2v̄,whk

(x)
)
dx

=

∫
Ω

(
(ϕyy[x] +

1

ϵ2
(g′[x]2 + g[x]g′′[x])z2v̄,whk

− g′[x]zv̄,whk
whk+

+
1

ϵ2
w2
hk
+ ψ0(fyy[x] +

1

ϵ
g′′[x])z2v̄,whk

(x)
)
dx,

where zv̄,whk
is a solution of the equation:

Azv̄,whk
+ [fy[x] +

1

ϵ
g′[x]]zv̄,whk

=
1

ϵ
whk.

Since ∥zv̄,whk
∥2,2 ≤ C∥whk∥2, we may assume that zv̄,whk

⇀ z in H2(Ω).

It is easy to see that z = zv̄,w. Since w = 0, z = 0. By the compact

embedding H2(Ω) ↪→ C(Ω̄), zv̄,whk
→ 0 strongly in C(Ω̄). Thus we have

lim
k→∞

Ĵ ′′(v̄)w2
hk

=
1

ϵ2
.

However, by using the fact ∥v̂hk − v̄∥2 → 0 and (4.3.96), we get

1

ϵ2
= lim

k→∞
Ĵ ′′(v̄)w2

hk
= lim

k→∞
Ĵ ′′(v̂hk)w

2
hk
+ lim

k→∞
[Ĵ ′′(v̄)− Ĵ ′′(v̂hk)]w

2
hk

= lim
k→∞

Ĵ ′′(v̂hk)w
2
hk

= 0

which is impossible. The lemma is proved.
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Theorem 4.3.22. Suppose that {(ȳh, v̄h)} is a sequence of local mini-

mizers to (P ′
h) and ūh :=

1
ϵ (v̄h − g(ȳh)) such that (ȳh, ūh) converges to a

local minimizer (ȳ, ū) to (P ) in (H1
0(Ω)∩L∞(Ω))×L∞(Ω) under which

the strictly second-order condition (4.3.8) is satisfied. Then there exist

positive constants C ′
5 and C ′

6 and h∗ which are independent of h such

that

∥ūh − ū∥∞ ≤ C ′
5h

2−N
2 , (4.3.97)

∥ȳh − ȳ∥∞ ≤ C ′
6h

2−N
2 (4.3.98)

for all 0 < h < h∗.

Proof. Put v̄ = g(ȳ) + ϵū. Then v̄h = g(ȳh) + ϵūh → v̄ in L∞(Ω). By

Proposition 4.3.6, (ȳ, v̄) is a minimizer to (P ′) and v̄ is a minimizer

of (P ′′). Besides, {v̄h} are minimizers to (P ′′
h ). Let (φ̄, ē) be the La-

grange multipliesr corresponding to (ȳ, ū) under which (4.3.8) is satisfied.

By Proposition 4.3.11, (P ′) satisfies the strictly second-order condition

(4.3.30) at (ȳ, v̄) corresponding to (ψ̄, w̄) = (φ̄, ē) and (P ′′) satisfies the

strictly second-order condition (4.3.36) at v̄ corresponding to (ψ̄, w̄).

By Lemma 4.3.21, there exists h0 > 0, CM > 0 and C > 0 such that

∥v̄h − v̄∥2 ≤ C[CMh
2 + ∥v̄ − vh∥22 + Ĵ ′(v̄)(vh − v̄)]1/2 ∀vh ∈ Φ′′

h, h < h0.

(4.3.99)

Let vh = Πhv̄. Then for any x ∈ Ω, there exists a triangle/tetrahedron

N1N2...Nm containing x, where m = N + 1. So x =
∑m

i=1 λiNi with∑m
i=1 λi = 1 and λi ≥ 0 for i = 1, ...,m. . Since vh interpolates v̄, we

have

vh(x) =
m∑
i=1

λivh(Ni) =
n∑
i=1

λiv̄(Ni).

Since v̄ is Hölder continuous, we have

|vh(x)− v̄(x)| = |
m∑
i=1

[λi(v̄(Ni)− v̄(x))] ≤ kv̄

m∑
i=1

|Ni − x|ν ≤ mkv̄h
ν,

where ν = 2−N/2. This implies that ∥vh−ū∥∞ ≤ mkv̄h
ν and ∥vh−v̄∥2 ≤

mkv̄|Ω|hν. Inserting vh = Πhv̄ into (4.3.99), we get

∥v̄h − v̄∥2 ≤ C[CMh
2 + Ch2ν + Ĵ ′(v̄)(Πhv̄ − v̄)]1/2 ∀h < h0. (4.3.100)
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Let us estimate Ĵ ′(v̄)(Πhv̄ − v̄). Recall that

Ĵ ′(v̄)(Πhv̄ − v̄) =

∫
Ω
[Lv[x]−

1

ϵ
φ̄(x)](Πhv̄ − v̄)(x)dx

=

∫
Ω
[
1

ϵ2
(v̄ − g[x])− 1

ϵ
φ̄(x)](Πhv̄(x)− v̄(x))dx

Let us put

d(x) = Lv[x]−
1

ϵ
φ̄(x) =

1

ϵ2
(v̄(x)− g[x])− 1

ϵ
φ̄(x).

Then d is Hölder continuous with order ν = 2 − N/2. Let Th =

{K1, K2, ..., Kqh} be a triangulation of Ω and

T 0
h = {T ∈ Th|d(x) ̸= 0 ∀x ∈ T}.

Take T ∈ T 0
h . By Remark 4.3.10, we see that d(x) < 0 for all x ∈ T .

Hence v̄(x) = 0 for all x ∈ T . Consequently, Πhv̄(x) = 0 for all x ∈ T .

Let xT ∈ T such that d(xT ) = 0 for T ∈ Th \ T 0
h . Then we have

Ĵ ′(v̄)(Πhv̄ − v̄) =
∑
T∈Th

∫
T
d(x)(Πhv̄(x)− v̄(x))dx

=
∑

T∈Th\T 0
h

∫
T
d(x)(Πhv̄(x)− v̄(x))dx

=
∑

T∈Th\T 0
h

∫
T
(d(x)− d(xT ))(Πhv̄(x)− v̄(x))dx

≤
∑

T∈Th\T 0
h

kdh
ν

∫
T
|Πhv̄(x)− v̄(x)|dx ≤ kdh

ν∥Πhv̄ − v̄∥2

≤ kdh
νmkv̄h

ν ≤ Ch2ν. (4.3.101)

Plugging this into (4.3.100), we obtain

∥v̄h − v̄∥2 ≤ C[CMh
2 + Ch2ν + Ch2ν]1/2 ≤ Chν, ∀h < h0. (4.3.102)

By Proposition 4.3.17, one gets

∥ȳh(v̄h)− ȳ(v̄)∥∞ ≤ C(h2−N/2∥ȳ(v̄h)∥2,2 + ∥v̄h − v̄∥2)
≤ Ch2−N/2∥v̄h∥2 + Ch2−N/2 ≤ C ′

6h
2−N/2.

From (4.3.28) and (4.3.29), we have

v̄(x) = P(−∞,0](ϵψ̄(x) + g(ȳ(x))).
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From (4.3.43) and (4.3.44), we have

v̄h(x) = P(−∞,0](ϵψ̄h(x) + g(ȳh(x)).

It follows that

|v̄h(x)− v̄(x)| ≤ ϵ|ψ̄(x)− ψ̄h(x)|+ |g(ȳ(x))− g(ȳh(x))|
≤ ϵ∥ψ̄ − ψ̄h∥∞ + kg,M∥ȳ(ū)− ȳh(v̄h)∥∞ ≤ C ′′′h2−N/2.

Hence ∥v̄h − v̄∥∞ ≤ C ′′′h2−N/2. This implies that

∥ūh − ū∥∞ =
1

ϵ
∥v̄h − g(ȳh)− v̄ + g(ȳ)∥∞

≤ 1

ϵ
(∥v̄h − v̄∥∞ + kg,M∥ȳh − ȳ∥∞) ≤ C ′

5h
2−N/2.

The proof of the theorem is complete.

Remark 4.3.23. WhenN = 2, g = 0, ϕ(x, y) = |y−y0(x)|2 and the state

equation is linear, (P ′) is a strongly convex problem. In this case Meyer

and Rösch [162] showed that ∥ūh− ū∥2 = O(h2). To do this they choose

finite element space Uh consists of piecewise constant functions uh. After

solving a fully discretized optimal control problem, an optimal control

ūh is calculated by the projection of the adjoint state ph (see Lemma

3.5 in [162] and Section 3.1 in [104]). However, in the present setting,

problem (P ′) is non-convex and has a nonlinear state equation. Besides,

the space Uh is different from the finite element space in [162]. Therefore,

ūh is not calculated by the projection of the adjoint state. Consequently,

we do not know whether or not ∥ūh − ū∥2 = O(h2). Nevertheless, we

hope that ∥ūh − ū∥2 = O(h2) as in the following numerical example.

4.3.5 Numerical example

In this section, we give a numerical example that illustrates our re-

sults. Let Ω := (0, 1)2 = {(x1, x2) : 0 < x1, x2 < 1} be a unit square in

R2. Consider the following optimal control problem

(P )


J(y, u) = 1

2

∫
Ω

(
(y(x)− yd(x))

2 + u(x)2
)
dx→ min,

s.t.

−∆y + y = u in Ω, y = 0 on Γ,

y3(x) + ϵu(x) ≤ 0 a.e. x ∈ Ω,
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where yd(x) := −10 sin(πx1) sin(πx2). It is easy to check that the prob-

lem satisfies assumptions (A1)−(A4) and so it has at least one minimizer.

By changing variable v = y3 + ϵu, we obtain the problem

(P ′)


J0(y, u) =

1
2

∫
Ω[(y(x)− yd(x))

2 + 1
ϵ2 (v(x)− y3(x))2]dx→ min,

s.t.

−∆y + y + 1
ϵy

3 = 1
ϵv in Ω, y = 0 on Γ,

v(x) ≤ 0 a.e. x ∈ Ω.

Then the discrete version of (P ′) has the following form:

(P ′
h)



J0(yh, uh) =
1
2

∫
Ω

[
(yh(x)− yd(x))

2 + 1
ϵ2 (vh(x)− y3h(x))

2
]
dx→ min

s.t.

(yh, vh) ∈ Yh × Uh,∫
Ω[∇yh∇ξh + (yh +

1
ϵy

3
h)ξh]dx = 1

ϵ

∫
Ω vhξhdx ∀ξh ∈ Yh,

vh(x) ≤ 0 for all x ∈ Ω.

Let (ȳh, v̄h) be an optimal solution to (P ′
h). By Theorem 4.3.20, the

approximate solution to (P ) is (ȳh,
1
ϵ (v̄h − ȳ3h)).

We now create a uniform triangular Friedrich–Keller triangulation

with nh×nh vertices which is the basis for a finite element discretization

of the discrete optimal control problem (P ′
h) and its optimality system.

By virtue of Proposition 4.3.12 and 4.3.13, for each h > 0, v̄h ∈ L∞(Ω),

ȳh ∈ Yh, ψ̄h ∈ Yh, and w̄h ∈ L2(Ω) exist and satisfy

∫
Ω
∇ȳh · ∇ξh + (ȳh +

1

ϵ
ȳ3h)ξhdx =

1

ϵ

∫
Ω
v̄hξhdx,

v̄h(x) ≤ 0,∫
Ω
∇ψ̄h · ∇ξh + (1 +

1

ϵ
ȳ2h)φ̄hξhdx = −

∫
Ω
[ȳh − yd −

3

ϵ2
ȳ2h(v̄h − ȳ3h)]ξhdx,

w̄h =
1

ϵ
ψ̄h +

1

ϵ2
(ȳ3h − v̄h),

w̄h(x) ∈ N((−∞, 0], v̄h(x))
(4.3.103)

for all ξh ∈ Yh and for all x ∈ Ω. The two last conditions in (4.3.103)

imply that

0 ≥ w̄h(x)(s− w̄h(x))) =
1

ϵ2
(ϵψ̄h(x) + ȳ3h(x)− v̄h(x))(s− v̄h(x)))

for a.e. x ∈ Ω and for all s ≤ 0. This, together with the projection

theorem, yields

v̄h(x) = P(−∞,0](ϵφ̄h(x) + ȳ3h(x)) = 1{ϵφ̄h(x)+ȳ3h(x)≥0} (4.3.104)
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and so

w̄h(x) =
1

ϵ
ψ̄h(x) +

1

ϵ2
ȳ3h(x)−

1

ϵ2
1{ϵφ̄h(x)+ȳ3h(x)≥0}. (4.3.105)

Here 1M denotes the characteristic function of a set M , i.e., 1M(x) = 1

if x ∈ M and 1M(x) = 0 if x /∈ M ; {f ≥ 0} := {x ∈ Ω | f(x) ≥ 0} for a

function f defined on Ω. Inserting (4.3.104) and (4.3.105) into (4.3.103),

we derive the system

∫
Ω
∇ȳh · ∇ξh + ȳhξhdx =

1

ϵ

∫
Ω
1{ϵφ̄h(x)+ȳ3h(x)≥0}ξhdx,∫

Ω
∇ψ̄h · ∇ξh + (1 +

1

ϵ
ȳ2h)φ̄hξhdx =

−
∫
Ω

[
ȳh − yd +

3

ϵ2
ȳ3h −

3

ϵ2
ȳ2h1{ϵφ̄h(x)+ȳ3h(x)≥0}

]
ξhdx,

(4.3.106)

for all ξh ∈ Yh and for a.e. x ∈ Ω.

Since the coefficients of the above system are semi-smooth, it is rea-

sonable to solve this system via a semi-smooth Newton method (SSN).

The SSN is terminated when the L2-norm of the difference between of

two consecutive iterations (ȳh,k, φ̄h,k) and (ȳh,k+1, φ̄h,k+1) is not greater

than 10−14. We used the Python implementation using DOLFIN to gen-

erate the numerical results. In all cases of different values of h, the

parameter ϵ = 10−2 and the SSN solving (4.3.106) was started with the

starting guess (yh,0, ψh,0) := (0, 0). Since we do not know the exact op-

timal control v̄ and ū, we will take as reference control the numerical

solution v̄h∗ calculated on the grid with mesh size h∗ =
√
2

800 . Therefore,

instead of estimating the error ∥v̄h− v̄∥X with X = L2(Ω) or X = L∞(Ω)

as h→ 0, we study the error ∥v̄h − v̄h∗∥X . Note that ∥v̄h − v̄∥X = O(h)

and ∥ūh − ū∥X = O(h). Therefore, we only to estimate ∥v̄h − v̄∥X . The
numerical values of this error for different values of nh are displayed in

Table 4.1, where we list the L2- and L∞-error estimates for the computed

discrete control ūh as well as the number of SSN iterations. Setting the

mesh sizes hn :=
√
2

100n with 1 ≤ n ≤ 7, we denote by EOC(n) the L∞-

experimental order of convergence (EOC) for the numerical control ūh∗

with respect to two consecutive mesh sizes hn and hn+1, that is,

EOC(n) :=
log(∥ūh∗ − ūhn+1

∥L∞(Ω))− log(∥ūh∗ − ūhn∥L∞(Ω))

log(hn+1)− log(hn)
.

Table 4.2 represents the EOC for the control ū.

According to Theorem 4.2, we expect that the convergence rate of

optimal controls in the L∞-norms is of O(h). However, a close look
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nh ∥ūh − ūh∗∥L2(Ω) ∥ūh − ūh∗∥L∞(Ω) #SSN

100 5.62× 10−5 1.11× 10−4 5

200 1.34× 10−5 2.65× 10−5 5

300 4.89× 10−6 1.08× 10−5 5

400 2.68× 10−6 5.31× 10−6 5

500 8.41× 10−7 2.76× 10−6 5

600 3.96× 10−7 1.65× 10−6 5

700 5.34× 10−7 1.82× 10−6 5

Table 4.1: numerical results: L2- and L∞-errors for control ū in dependence of nh, and

the number of SSN iterations

hn → hn+1 EOC(n)

1.41× 10−2 → 7.07× 10−3 2.07

7.07× 10−3 → 4.71× 10−3 2.21

4.71× 10−3 → 3.54× 10−3 2.47

3.54× 10−3 → 2.83× 10−3 2.93

2.83× 10−3 → 2.36× 10−3 2.81

2.36× 10−3 → 2.02× 10−3 −6.29× 10−1

Table 4.2: numerical results of EOC(n)

at Table 2 reveals that the convergence rate in the L∞− norms is Ch2

which is much better than the predicted conclusion in Theorem 4.2. This

also shows that the error estimate stated in Theorem 4.2 might not be

optimal and it should be Ch2. The problem of finding the optimal rate

of convergence for optimal control with mixed pointwise constraints is

an interesting open question.
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[45] E. Casas, F. Tröltzsch, Numerical analysis of some optimal con-

trol problems governed by a class of quasilinear elliptic equations.

ESAIM: COCV., 17(2011), 771–800.

[46] E. Casas, F. Tröltzsch, A general theorem on error estimates with

application to a quasilinear elliptic optimal control problem. Com-

put. Optim. Appl., 53(2012), 173–206.
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Systems. Birkhäuser, Boston, 1995.

[151] N.G. LLoyd, Degree Theory, Cambrigdge University Press, 1978.

[152] N.G. LLoyd, A survey of degree theory: basis and development,

IEEE Trans. Circuits and Systems 30(1983), 607–616.

[153] J.L. Lions, G. Stampacchia, Inéquations Variationnelles non Co-

ercives. C. R. Acad. Sci. Paris, 261(1965), 25–27.

[154] J.L. Lions, G. Stampacchia, Variational inequalities. Commun.

Pure Appl. Math., 20(1967), 493–519.

[155] J.L. Lions, E. Magenes, Non-Homogeneous Boundary Value Prob-

lems and Applications. Springer, Berlin (1972).

[156] J.L. Lions, Numerical methods for variational inequali-

ties—applications in physics and in control theory, Information

processing 77 (Proc. IFIP Congr., Toronto, Ont., 1977), pp.

917–924. IFIP Congr. Ser., Vol. 7, North-Holland, Amsterdam,

1977.

[157] J.M. Longuski, J.J. Guzmán and J.E. Prussing, Optimal Control

with Aerospace Applications, Springer Science+Business Media New

York 2014.

318



[158] O.L. Mangasarian, T.-H. Shiau, Lipschitz continuity of solutions of

linear inequalities, programs and complementarity problems. SIAM

J. Control Optim., 25(1987), 583–595.

[159] M.A. Mansour, D. Aussel, Quasimonotone variational inequalities

and quasiconvex programming: qualitative stability. Pac. J. Optim.,

2(2006), 611–626.

[160] H. Maurer and J. Zowe, First- and second-order necessary and suf-

ficient optimility conditions for infinite-dimensional programming

problems, Math. Program., 16(1979), 98-110.
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