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PREFACE

Nonlinear and variational analysis play crucial roles in many fields
of applied mathematics and computer science, such as optimization and
optimal control, differential equations, mechanics, and machine learning.
Their significance can be explained by the following aspects.

In the field of optimization and optimal control theory, nonlinear and
variational analysis provides mathematical foundations and tools for op-
timization problems such as the Ekeland variational principle, tangent
cones, normal cones and separation theorems. Based on these tools, we
can derive necessary optimality conditions for locally optimal solutions to
mathematical programming problems with constraints in Banach spaces.
We then solve the system of necessary optimality conditions of KKT-type
to find optimal solutions. This framework can be applied for optimal
control problems and problems in machine learning.

In the field of differential equations and dynamical systems, nonlinear
and variational analysis provides variational principles such as the Lax—
Milgram and variational inequalities to solve partial differential equa-
tions (PDEs) by finding weak solutions in appropriate function spaces
(e.g., Sobolev spaces). Many real-world phenomena are governed by
nonlinear differential equations, such as the models of fluid dynamics,
biological systems, and electrical circuits. The class of these problems
can be solved by using tools and techniques of nonlinear and variational
analysis such as the degree theory and fixed-point theorems. Moreover,
techniques of monotone operator theory and convex analysis help us to
find solutions of operator equations in Hilbert and Banach spaces. These
models can be applied for nonlinear partial differential equations.

In the field of machine learning and data science, techniques of non-
linear optimization and numerical methods, such as gradient method
and subgradient method, are fundamental for training of deep learning
models.

By the importance of nonlinear analysis and variational analysis, I
began studying nonlinear analysis in 1998 under the guidance of my su-
pervisor, Professor Nguyen Dong Yen at Hanoi Institute of Mathematics.
In this field, I mainly studied properties of duality mappings and uni-
formly convex Banach spaces, the continuity of metric projections, de-



gree theory, the existence of solutions to variational inequalities, and the
Galerkin method for variational inequalities with monotone operators.

I started to study variational analysis in 2009. In this area I focused
on properties of subdifferential of non-convex functions, tangent cones,
second-order tangent sets, metric regularity, constraint qualification con-
ditions, first- and second-order optimality conditions for optimization
problems in Banach spaces. We cite here some important documents
which have close connections to our work: [11], [26], [28] and [166].

Nowadays, along with artificial intelligence (Al), automatic control
systems (ACS), typically robots, are playing an important role in the
Fourth Industrial Revolution. In such a control system, we often need
to optimize energy and time. This leads to optimal control problems.
To solve such problems, we have to derive optimality conditions and
numerical methods of finding approximate optimal solutions to optimal
control problems. Recently, these research directions for optimal control
problems have been studied by many mathematicians because they have
applications in industry, economics, aerospace science and robotics (see,
for instance, [157] and [186]).

Motivated by applications of optimal control in the modern tech-
nology, recently I have studied optimal control problems governed by
ordinary differential equations (ODEs) and partial differential equations
(PDEs). In this field, I mainly study the existence of optimal solu-
tions, first- and second-order optimality conditions for locally Pareto
solutions to multiobjective optimal control problem governed by ODEs,
first and second-order optimality conditions for optimal control prob-
lems governed by PDEs and numerical solutions for optimal solutions
to semilinear elliptic control problems. To deal with optimal control
problems, we often consider the problems under an angle and a view
of nonlinear and variational analysis. Namely, we can consider optimal
control problems as specific mathematical programming problems with
equality constraint and inclusion constraint in Banach spaces. By using
tools of nonlinear and variational analysis we derive optimality condi-
tions for locally optimal solutions to the problems in Banach spaces and
then apply the obtained results to optimal control problems.

This habilitation dissertation summarizes and presents some obtained
results of my work in areas of nonlinear analysis, variational analysis,
optimal control and their connections. It has four chapters and a list of
references.



Chapter 1 presents results in nonlinear analysis which consists of du-
ality mappings, metric projections, degree theory, and variational in-
equalities. The content of this chapter is based on our published pa-
pers [120], [124], [125], [126], [127] and [134].

Chapter 2 provides results on the variational analysis which consists
of subdifferentials, tangent cones, second-order tangent sets, metric reg-
ularity, constraint qualification conditions and optimality conditions for
vector optimization problems in Banach spaces. The content of this
chapter is based on our published papers [2], [129] and [132].

Chapter 3 presents results for optimal control problems governed by
ordinary differential equations. The results consist of the existence of
solutions, second-order optimality conditions of KKT type for multiob-
jective optimal control problems with free right endpoints, and second-
order optimality conditions of KK'T type for multiobjective optimal con-
trol problems with endpoint and mixed constraints. The content of this
chapter is based on our published papers [2] , [132] and [138].

Chapter 4 provides results for optimal control problems governed by
partial differential equations. The results consist of Pontryagin’s max-
imum principle for optimal control problems governed by 3D Navier-
Stokes equations, second-order optimality conditions and regularity of
Lagrange multipliers for semilinear parabolic optimal control problems,
numerical solutions for semilinear elliptic optimal control with nonlin-
ear and mixed constraints. The content of this chapter is based on our
published papers [130], [118] and [136].

In October 2024, I had a one-month research visit at the XLIM Insti-
tute, supported by the Federation de Recherche Margaux. During this
stay, I collaborated with Professor Samir Adly on a research project and
we had a joint manuscript which has been under review in a mathemat-
ical journal.

The research atmosphere at XLIM was highly stimulating, fostering
fruitful discussions and high-level collaborations in mathematical opti-
mization and variational analysis. Additionally, during my visit, I had
the opportunity to discuss with Professor Samir Adly the possibility of
defending my Habilitation a Diriger des Recherches (HDR) at the Uni-
versité de Limoges. The University of Limoges and other universities in
France have many excellent experts in the fields of variational analysis,
optimization and applied mathematics. This makes an ideal environment



for research and scientific cooperations in universities of France. Defend-
ing my HDR at the University of Limoges would not only strengthen my
collaboration with the French mathematical community but also pave
a way for future joint research initiatives between my home institution
and XLIM. As a result, the habilitation dissertation was started writing
in the Autumn 2024.

The author gratefully acknowledges many helpful suggestions of Pro-
fessor Samir Adly during the preparation of the dissertation.

The author appreciates the assistance and support of the Department
of Mathematics, University of Limoges.

The author would like to thank Professor Arnd Roésch for his help and
cooperation during the time the author does research from 2013 to 2026
at the Faculty of Mathematics, University of Duisburg-Essen under the
support of the Alexander von Humboldt Foundation.

The author gratefully acknowledges to the Alexander von Humboldt
Foundation for their financial support during the time the author does
research in Germany from 2013 to 2026.

The author would like to express his sincere gratitude to Professor
Nguyen Dong Yen and the Institute of Mathematics, Vietnam Academy
of Science and Technology for their encouragement and support which
facilitate the author defending his habilitation dissertation in mathemat-
ics at the University of Limoges, France.

B. T. Kien
January, 2026
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CHAPTER 1
RESULTS IN NONLINEAR ANALYSIS

In this chapter we shall present some results in nonlinear analysis. Its
content is based on our published papers [120]— [134].

1.1 Duality mappings and metric projections

1.1.1 Normalized duality mapping J,

The concept of duality mapping was introduced by Beurling and Liv-
ingston [36, p. 407] in a geometric form. A slightly extended version
of the concept was proposed by Asplund [9] who showed how the du-
ality mappings can be characterized via the subdifferential of convex
functions. It is well known that the geometric properties of a Banach
space X correspond to the analytic properties of the duality mapping
J: X — 2% For instance, X is strictly convex if and only if J is strictly
monotone; X* is uniformly convex if and only if J is single-valued and
uniformly continuous on any bounded subset of X.

The duality mapping has many other applications in the study of
metric projections and variational inequalities. For example, in some
recent papers (see, for instance, [73], [183], [184]), it has been used as
the main tool for studying the continuity of the metric projection.

Together with J, the normalized duality mapping J, with 1 < p <
+00, is also considered (see [184]). In several cases where we have to
work with problems in uniformly convex Banach spaces, like LP(2) and
W (€2), J, is more suitable than J. This is because in the spaces we often
have to deal with functions which are expressed via certain exponents
of degree p. On the other hand, the metric projection in such spaces
can be defined via J,, so analytical properties of J, gives us a better
understanding of the behavior of the metric projection. Therefore, it is
of interest to study various analytical properties of J,.

In this section, we will give the definition of the normalized duality
mapping Jp, derive a formula for computing the map and show how the
metric projection can be characterized via J,. We also obtain the first

8



characteristic property of uniformly convex Banach spaces by using J,
which is an extended version of a theorem due to J. Priif§ [188]. Based on
this characterization, we obtain a result of the continuity of the metric
projection onto a family of closed convex sets in a uniformly convex
Banach space. In particular, it is shown that Lemma 1.1 from [229] on
the continuity of the metric projection in Hilbert spaces can be extended
to the case of the function spaces LP(Q), ), p > 1.

Let us assume that X is a normed space or a Banach space with the
dual X*. Symbol By stands for the closed unit ball in X. Let K be a
closed convex set in X and y € X. We denote by Pk(y) the projection

of y onto K, that is, Px(y) € K and
ly = Prc(y)ll = d(y, K) := inf [ly — 2|.
zeK
The set
e X i (rtiy—x) <0, Vye K if v e K
NK(.’,C) — {x <’r 7y x> — Y y }7 T Y (111)
0, ifr ¢ K

is called the normal cone to K at x. For a convex function ¢ : X —
R U {400}, the set

Op(z) :={z" € X*:p(z) —p(x) > (", 2z —x), V2 € X}

is called the subdifferential of ¢ at x. For each p > 1, we set

1
op(z) = —||z||P.
p(2) pH I

Definition 1.1.1. ( [184]) The set-valued map J, : X — 2% defined by
Jp(z) = 0pp(x), Vo € X, is called the normalized duality mapping of
X. In the special case where p = 2, the map Jo is denoted by J.

Remark 1.1.2. For every x € X we have J,(z) # () because p,(x) is a
continuous convex function on X. In particular, the effective domain

Dom(Jy) :=={z : J(z) # 0}

coincides with X (see [108]). Moreover, for every z € X, J,(x) is a
nonempty, convex, weakly* compact set.

For computing the set J,(z) one can use the following fact.

Proposition 1.1.3. For each x € X, it holds
Tp(x) = {a" € X" (@",2) = |lzllll="[|,  [la"[| = [l=""}.  (1.1.2)

9



Proof. For any © € X we set
Alz) = {a* € X*: (2%, 2) = ||lz|[|=*|l, |l=*]| = [|=)P~'}.  (1.1.3)

We have to show that J,(x) = A(x). We first consider the case x = 0.
From the inequality p > 1 it follows that

J(0) = B, 0) = {a* : (a7 y) < %uynp, vy e X} = {0}.

Besides, it is obvious that A(0) = {0}. Hence J,(0) = A(0).
Next, we consider the case x # 0. Taking any 2* € J,(z), we have

1 1 .
—[Jyll” = =ll=|” = (=", y — x) (1.1.4)

for all y € X. Substituting y = Az, A > 1, into (1.1.4), we get

1A —
el 2 @ a).
Letting A — 1 and noting that 11 im )\ = p, we obtain
ol > (", ). (1.1.5)

Similarly, substituting y = (1 — Az, A > 0, into (1.1.4) and letting
A — 0, we get
ol < (&), (1.1.6)

Combining (1.1.5) with (1.1.6) yields ||z||” = (z*,z) and hence ||z*| >
|z||P~t. On the other hand, for any y satisfying |ly|| < ||z||, by (1.1.4)
we have 0 > (z*,y — x). Therefore, (z*,x) > (z*,y). Consequently,
|z||” > (z*,y). This implies
Y
) _>

]
Hence, [|z]|P~! > (a*,z) for all z satisfying [|z]| < 1. It follows that
Hpr_l > ||z*||. From what has already been said, we deduce that

|z]|P~! = ||=*||. We have thus proved that J,(z) C A(x). To prove
the reverse inclusion, we fix any z* € A(x). Consider the function

[P~ > (2

f(t) = —Int, ¢ > 0. Since f"(t) = % > 0 for all ¢ > 0, f(¢) is a
convex function. Therefore, we have
1 p—1 1 p—1
—In | —||y||” + xp)g——ln y||?) — In(||z||?).
(pl\ I (&gl 5 (lyl”) 5 Ul=l”)

10



for all y € X \ {0}. This implies

p—1 _
(P > [yl

1
~llyll” +
p
for all y € X \ {0}. Hence
1 1
“yllP = =llzl|> > |ly 2P~ — |2 lIP
Syl =2l = Dyl ]
> [lyllll="[] = (=", z)
> (2%, y — )
for all y € X. Thus, ¢,(y) — ¢p(x) > (x*,y — z) for all y € X. This

shows that 2* € J,(z). The inclusion A(z) C J,(x) has been established,
and the proof is complete. ]

Remark 1.1.4. From (1.1.2), it follows that J,(tz) = t?~1.J,(z) for every
p>1l,x € X and ¢t > 0. From (1.1.2), it also follows that J,(x) =
|z|[P~2J(x) for every p > 1 and z € X.

The metric projection in Banach spaces can be characterized by using
the normalized duality mapping J,.

Proposition 1.1.5. Suppose that X is a Banach space, K is a nonempty
closed convex set in X, and y € X. Then x = Pk (y) if and only if

0 € J)(z —y) + N(2). (1.1.7)

Proof. 1t is clear that * = Pk(y) if and only if = is a solution of the
problem

{f(Z) = Jlle =yl +in() — it (118)

subject to z € X,

where ix(z) is the indicator function of K, i.e.,

(2) 0, if z € K,
ik(2) =
" +o0, ifz¢ K.

Since f(-) is a convex function, z is a solution of (1.1.8) if and only
if 0 € df(x). By the Moreau-Rockafellar theorem (see [108, p. 200,
Theorem 1]), the inclusion 0 € df(x) is equivalent to the following one:

0e Jp(x — y) + NK(.%‘)
The proof is complete. [

11



Definition 1.1.6. ( [238, p. 256]) A Banach space X is called strictly
convex if for all x;y € X, ||z|| = |ly|| = 1 and x # y, and for all
A€ (0,1), it holds ||A\x + (1 — N)y|| < 1. A Banach space X is called
uniformly convex if for every e, 0 < e < 2, there exists a 6 > 0 for which
lzll =1, llyl =1 and ||z — yl| >  imply |[52]| < 1-0.

Lemma 1.1.7. ( [15, p. 42, Proposition 2.13]) A Banach space X is
strictly convex if and only if the following equivalent properties hold:

(a) If ||z + y|| = ||z|| + |lyll and x # 0, there exists t > 0 such that
y = tx.

(b) If |l = llyll = 1 and x # y, then |[£52]] < 1.

Proposition 1.1.8. ( [109, p. 251, Theorem 8.1.18]) Let X be a Banach
space such that the dual space X* is strictly convex Banach space. Then,
for every p > 1, the mapping J, is single-valued map.

Proof. Taking any = € X and consider the set J,(z). If x = 0 then
J,(0) = {0}. Suppose that = # 0 and zj,z5 € J,(z). Then |z}| =
3l = z]}P" and

2|y [ll[=]] = 2)|2)l” = (2] + =5, )

< [y + [

Hence 2||x7|| < ||z} + «3||. From this, it follows that ||z}]| + ||z3|] <

l#7 + a3[|. This implies that [[z7]| + [lo3]| = [lz] + 23]l By the strict
convexity of X™* and the first assertion of Lemma 1.1.7, we get 2] = x5,
as desired. H

It turns out that the uniform convexity of X* can be characterized
via the uniform continuity of the map J,(-).

Theorem 1.1.9. The dual space X* of a Banach space X 1s uniformly
convez if and only if J, is a single-valued map which is uniformly con-
tinuous on each bounded subset of X .

To prove this result we shall need the following

Lemma 1.1.10. ( [69, p. 36, Theorem 1]) Let X be a Banach space.

Then X* is uniformly convex if and only if the norm of X is uniformly

REESYRIE

Fréchet differentiable, i.e., the limit lim)_, erists uni-

A
formly for all x,y € S(X), where S(X) = {x € X : ||z]| = 1}.

12



Proof of Theorem 1.1.9 (This proof is based on some arguments
similar to those of the proof of Theorem 1 in [69, p. 36]).

Necessity. Assume that X* is uniformly convex. Then X™ is strictly
convex. By Proposition 1.1.8, J, is a single-valued map. It remains
to show that J, is uniformly continuous on each bounded subset of X.
According to Remark 1.1.4, we have

Jo(z) = ||z||P"2J(x), for every x € X.

By Proposition 32.22 of [238, p. 861], J is uniformly continuous on
bounded subsets of X. Hence, J, is uniformly continuous on each
bounded subset that lies outside some neighborhood of x = 0. On
the other hand, ||.J,(z)|| = ||=[’~!, so J,(0) = 0 and J, is continuous
at = 0. Combining these arguments we conclude that J, is uniformly
continuous on each bounded subset of X.

Sufficiency. For any x,y € S(X) and A > 0, using Proposition ??, one
has

(o), y) _ (Jo(x), Ay)

lzll=t Al
_ Bl@)yz) — |lz]PP + (Jp(2), Ay)
All[fP=
_ (D), x4+ Ay) — |l=]]?
All[fP=t
P~ Ml + Ayl — [l]]”
B e
_ e+ Ayl — ]
A
_ Nl Myl = Qe+ Ayl
Allz + AylP=t
< @+ 2y), 2+ Ay) = [(Jp(x + Ay), 7))
B Allz + Ay[P=t
_ A&+ A),y) + (p(e 4+ Ay), @) — [(p(z + Ay), 7))
All + Ayl

[z + Ayl

Hence, for all z,y € S(X) and A > 0, it holds

(Jo(@)yy) o+ 2yl = llzll _ (ol +Ay), y)
[lffp=t A T Ayl

13



Using the uniform continuity of J, on each bounded subset of X, from
the last property one can obtain that
2+ Ayl — [zl _ (Jp(2),y)

li = )
250 A -t

According to Lemma 1.1.10, X* is uniformly convex. The proof is com-
plete. ]

1.1.2 Characteristic properties of uniformly convex Banach

spaces

In this section, we establish a generalized version of Theorem 1 in
[188].
Definition 1.1.11. ( [14, p. 708]) A function w : [0,+00) — [0, +00)
is said to be firm if w(0) = 0 and w(p) > 0 for all p > 0. If w is

nondecreasing and firm, then it is called a gauge. The set of gauges
w: [0, +00) — [0, +00) is denoted by G.

Theorem 1.1.12. (Theorem of Prii}, see [188, Theorem 1]) A Banach
space X s uniformly convex if and only if for every v > 0, there exists
a function w € G such that

(#* =y 2 —y) 2 wy(llz =yl —yll (1.1.9)
for all x,y € B(0,7), 2* € J(x), and y* € J(y).

One may ask whether the conclusion of the above theorem is still true
if instead of J(-) one considers the normalized duality mapping J,(-).
Our main result in this section can be formulated as follows.

Theorem 1.1.13. If a Banach space X is uniformly convex, then for
every p > 2 and for every v > 0, there exists a function wy,, € G such
that

(" =" 2 —y) = wpy(llz —ylDllz —yll (1.1.10)
for all x,y € B(0,7), z* € Jy(x), and y* € J,(y). Conversely, if for a

fized p > 2 and for all v > 0, there exists an w,~ € G satisfying (1.1.10),
then X is a uniformly conver Banach space.

Remark 1.1.14. Theorem 1.1.12 follows from Theorem 1.1.13 if we
choose p = 2.
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To prove Theorem 1.1.13, we shall need the following lemmas.

Lemma 1.1.15. (Bishop-Phelps Theorem, [69, p. 3|) Let A be a closed
bounded convex set in a Banach space X. Then the collection of func-
tionals from X* that achieve their maximum on A is dense in X*.

Lemma 1.1.16. (James Theorem, [69, p. 12]) A Banach space X is
reflexive if and only if for every f € X*, there exists x € X such that

flx) =1l
Lemma 1.1.17. For alla > 0, b >0, and p > 2, one has
a? + b —ab’t —ba?"t > |a — b|P. (1.1.11)

Proof. If a = 0 or b = 0, then (1.1.11) is trivial. We consider the case
a > 0 and b > 0. By symmetry, we assume that a > b. Dividing both
sides of (1.1.11) by a”, we obtain the equivalent inequality:

1+ (g)p - (g)p_l _ S > (1 - §>p (1.1.12)
: )

For z:= 2, z € (0,1), inequality (1.1.12) is equivalent to

L2l —aPt—2>(1—2)
S1l-—2)1 -2 > (1 —2)
sl -2 > (1 -2
sl>2 4 (1—a)p ! (1.1.13)

Noting that 1 = (x+(1—2))?~! and using the fact that (u+v)® > u®+v®
for all u,v > 0 and a > 1 (see [99, p. 32]), we conclude that (1.1.13) is
true. The proof is complete. ]

Proof of Theorem 1.1.13.
Necessity. Let X be a uniformly convex Banach space and let p > 2.
For each v > 0, we consider the function w), , defined by
wpy(0) =0, wpy(p) = wpy(27)
for all p > 2+ and

* *

. r —vy,r—y —
wpa’}/(p) _lnf{< > LY € B(077)7|lx_y|| 2 P

z* e Jy(x),y" € Jp(y)}
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for all 0 < p < 2v. Since w),,, is nondecreasing, in order to prove that
wp~(p) € G, we have only to show that w,~(p) > 0 for all p € (0,2y).
Suppose on the contrary that w,,(p) = 0 for some p € (0,2v). Then
there exist sequences (x,), (y,) of vectors from B(0,7), =} € J,(,),
yr € Jy(yn), such that ||z, —y,| > p and

(e

This forces (z} —y*, x,—y,) — 0. On the other hand, from the inclusions
z) € Jy(xn), yi € Jp(yn) and Lemma 1.1.17, we have

— 0.

(@ = v o0 = Yn) = 2all” + lyall” = (25, yn) = (Y, )
2 [lzall” + lynll” = Nzl lyall = [yl
= llzall” + lyall” = Nzl lyall = lyall”~ 2]
> [llznll = llyalll”-

This implies |||z,| — ||y.||| = 0. Since ||z,| < v and ||y,|| < 7, without
loss of generality we may assume that lim, ., ||z, || = lim, .« [|y.]| = @
for some a > 0. Since ||z,|| + [|ynll > ||zn — ynll > p for every n, the
case a = 0 cannot occur, so we have a > 0. Hence there is no loss of
generality in assuming that ||x,| > 0, ||ys|| > O for all n. We have

T Yo || || Fn Yoo Yn  Yn
[zl [lynll lznll  lznll ezl oyl
In Yn Yn Yn
> - - - .
] Ixn|| lynll ]l
Therefore,
[zl [ynll [l [znll
x Un 1 1
= - + [yl > [ |
lzall  [lynl HynH [zl ]~ [lnll
oo \ || |@nll [lynll HynH £
> lim inf ( |, — ynH)
oo \ |||
= lim inf In_ |l > P (1.1.14)
n—00 HwnH [yl




Choose €; € (0,2) and put € = £ — ;. By (1.1.14), there exists ng such
that

Tn__ I\,
[znll lynll
for all n > ngy. Since
x Y
|Zn + Ynll = ||74]] 4
[zall - lzall

[zall  lznll — Nyall [lynll

T, Yn Yn Yn
< ||l + + ||z -
zall  [lynll zall  lynll
Tn Yn 1 1
= ||y + + lznllllynll - ,
]l S S [ | 7MY |

by (1.1.14) and the uniform convexity of X, there exists 6 = d(g) > 0
such that

lim sup ||z, + yn||

n—oo
) T Un 1 1
< limsup [ [, ||[|—% + + [zl yal -
n—00 lzall ~ llynl ol Nlynll
< limsupa Tn + In
< 2a(1l —9). (1.1.15)

Since ||z, ||” + [[ynll” = (U, Tu) — (T3 Yn) = (T — Yn» Tn — Yn) — 0,

lim (4, 2a) + (25 yu)) = 207,

n—oo

17



Combining this with (1.1.15), we have

2a” = lim ((y,,, pn) + (2}, Yn))

n—oo

= limsup ((yy,, n) + (@), Yn) + (@, Tn) — (T}, Tp))

n—oo
n—oo

< limsup(|[y;, [[|znll = llznl[”) + lim sup [|27, ||l + ya||
n—00 n—r00

< limsup(||ya| [P 2wl — |22]P) + limsup ||z,]|P~ |2 + Yol
n—00 n—00

= lim sup ||, ||” |20 + v
n—oo

< a’12a(1 — 0) = 2a’(1 — 6),

a contradiction.
Sufficiency. Using Proposition 1.1.3, we can show that J,(X) := U,cx Jp(2)
is the collection of functionals from X* that achieve their maximum on

Byx. By Lemma 1.1.15, J,(X) = X*, where J,(X) denotes the closure
of J,(X). We shall show that the range J,(X) of J, is closed. Let
(27) C Jp(X) and x} — z*. Then for each n there exists =, € X such
that z7 € J,(x,). Since (z})) is bounded, (x,) is bounded. Let v > 0 be

such that ||z,| < v for every n. By our hypothesis, there exists w,, € G
such that

Wp,’y(Hxn — T |20 — 2| < (x), — 2005 T — T)

<l =z llllen = 2mll

for all m,n. Taking account of this fact, we deduce from the convergence
of the sequence (z7) that (x,) is a Cauchy sequence. Therefore z,, — x
for some x € X. Since z} € J,(x,) it follows that z* € J,(x). Thus
Jp(X) = Jp(X) = X*. Consequently, for every z* € X*\ {0} there
exists © € X \ {0} such that z* € J,(x). This implies that

* L . ||pr o p—1 __ *

By Lemma 1.1.16 we conclude that X is reflexive. In this case we get
z* € Jy(z) if and only if z € J;(z*), where ¢ > 0 satisfies the relation
%qﬁ = l and J; denotes the normalized mapping of X*. Hence J,/ e Jy-
Fix any ¢ > 0. Fix any *,y* € B (0, 0), = € Ji(x%), y € J;(y*). Choose
v so that 4#~! = p. Then x* € J,(x), y* € J,(y), and x,y € B(0,7). By

18



(1.1.10),

wpy(llz = yll) < [l = y|l.

This implies that the map J; is single-valued and uniformly continu-
ous on each bounded subset of X*. By Theorem 1.1.9, X = (X*)* is
uniformly convex. The proof is complete. O

1.1.3 Continuity of the metric projection onto a family of

closed convex sets

From now on, (A, d) is a metric space and K : A — 2% is a set-valued
map with nonempty closed convex values. Let (A, Z) € A X X be a point

satisfying £ € K(\). For each y € X, the projection of y onto K (\) is
denoted by Pk (y).

Definition 1.1.18. A set-valued map K : A — 2% is said to be pseudo-
Lipschitz around (A, ) if there exist a positive constant [ and neighbor-
hoods U,V of  and A, respectively, such that

K\ NU c K\)+1d(\N)B(0,1) (1.1.16)
for all A\, N € U.

Theorem 1.1.19. Let X be a uniformly convex Banach space, and p >
2. Let K : A — 2% be a set-valued map, which is pseudo-Lipschitz
around (\,z). Then there exist positive constant ly, a neighborhood Uy
of T, a neighborhood Vi of X and a function Wy~ € G such that

Wy (1P 3y (1) = Py ) IDI Py (¥) — Preony (@) || < Lid(X, X)
for all \, N € Vi and y € Uy.

Proof. The proof runs similarly as the proof of Theorem 3.1 in [120],
where w, and J are replaced by w, ., and J,, respectively. Instead of
using Theorem 1.1.12, which is due to J. Prifl, we use Theorem 1.1.13
proved in the preceding section. ]

From Theorem 1.1.13 it follows that the function w,, , can be computed
by the formula:

19



(

0, for t =0,
inf{w : 1,22 € B(0,7),

|21 —z2]]
|21 = @of| 2 ¢, 27 € Jp(@1), 25 € Jp(932)}, for ¢ € (0,27],

| Wy (27), for t > 2.
(1.1.17)
In many situations, in order to apply Theorem 1.1.19, it is enough to

wpﬁ(t) = 9

have a lower estimate for the function w,,. Such an estimate in the
case X = LP(Q, ), 1 < p < 2, has been obtained in [120]. Here and in
the sequel, X = LP(Q, 1) denotes the space of all measurable functions

z(-) defined on an open set Q C R” for which [, |z(s)[Pdp < oo, where
i stands for the Lebesgue measure in R". It is well known that for
every 1 < p < 400, this space and its dual X* = L%(Q, ), where
q= , are uniformly convex Banach spaces. We now want to use the

normahzed duality mapping J, to obtain an estimate for w), , in the case
X = LP(Q, p) with p > 2.

Lemma 1.1.20. ( [187, Corollary 2.1]) Suppose that x,y € L,(Q, u)
and 1 < p < 4+o00. Then for every t € (0,1) one has

() [ltz + (1= )yl* < tllel” + (1 = )yll* — Gt = )|z — y[|* for all
1l<p<2.

(b) [[tz+1=t)yllP < tfzl|P+(1=t)[[yll? — 55 (t(1 =)+ (1=1)) |x—y|?
for all p > 2.

Theorem 1.1.21. Suppose that X = L,(2, ), 1 < p < 4+o00. Then the
following properties hold:

(a) If 1 <p <2, then

(o) = (), w1 = wa) 2 E=flar = ol
for all x1, 29 € X. Besides, for each v > 0, there is a function ws
such that 1
p —_
(b) If p > 2, then
(Jp(x1) — Jp(@2), 01 — T2) > WHZH — zo||”,
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for all x1,z9 € X. Besides, for each v > 0, there exists a function
Wy~ such that

p—1
p22p—1t ?

wp(t) 2 vt € [0,29].

Proof. The proof of (a) runs similarly to the proof of Proposition 4.1
n [120]. It remains to prove (b). Let p,(z) = %Hpr, p > 2. Since
X = L,(Q, ) and its dual X* = L (Q, ), where ¢ = p%l, are uniformly
convex Banach spaces, by Theorem 1.1.9, we have dy,(z) = {J,(x)}.

By Lemma 1.1.20 (b),

ep(y+t(z—y))—pp(y) < tlpp(x)—wp(y))— 212((1 —)P P (1=t)) [l —yl]”.

Hence,

1(eop(?ﬁt(fv—y))—sop(y))Ssop(ﬂ?)—sop(y) 5y (=P (1)) [Ja—y] .

t
Letting ¢ — 0, we obtain

p22pr

! (-
2oy = y) < opl@) = eply) = Zoplle =l

for all z,y € X, where ¢ (y; x — y) denotes the directional derivative of
pp at y in direction x — y. Since (Jp(y), z —y) = ¢, (y;z — y), we have

(Hp(),z—y) < pp(z) —p(y) — 22pll —yl”,
for all x,y € X. Consequently, for all x1, x5 € X we have
1
(Jp(m2), 21 — m2) < 0p(T1) — Pp(T2) — 22p|\$1 — o,

(Jp(21), 12 — 21) < Pp(T2) — Vp(T1) — WH@ — x|,

Combining these inequalities, we obtain

2
(Jp(22) = Jp(a1), 20 — 21) 2 ﬁ”fﬂl — ",
For each v > 0 and t € (0,27v), using (1.1.17), we have
wyy(t) =
nt { Ty € B0) o -] 2 tr” € o)y € )}
. 2 p—1 %) 2 p— 1
> inf pQ—QprC — |’ w20 € B(O,7), [z —yl| >t p > 2—th
The proof of property (b) is complete. ]
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The following theorem describes a Holder continuity property of the
metric projection onto a family of closed convex sets in the space L, (€2, u).
This result shows that Lemma 1.1 from [229], which was obtained for the
case of the metric projection onto closed convex sets in Hilbert spaces,
can be extended to the case of the function spaces L,(2, u), 1 < p < o0,

Theorem 1.1.22. Suppose that X = L,(Q,u), 1 < p < oo, and K :
A — 2% is a set-valued map, which is pseudo-Lipschitz around (\,T).
Then the following assertions hold:

(a) If 1 < p < 2 then there exist a positive constant ly, a neighborhood
Ui of &, and a neighborhood Vi of \ such that

| Py (9) = Preon )] < lod(X, X)?
for all \, N € Vi and y € U;.

(b) If p > 2 then there exist a positive constant ly, a neighborhood U,
of T, and a neighborhood V| of X such that

1Py (y) = Py ()| < Lid(A, X)'P
for all \, N € V] and y € U7.

Proof. Assertion (a) is just the content of Proposition 4.2 in [120], so it
remains to prove (b). By Theorem 1.1.19 and Theorem 1.1.21, there exist
a constant [ > 0 and neighborhoods U] and V/ of Z and A, respectively,
such that

St PN ) = Pe(N) )| < (A, X)
for all A\, \' € V/ and y € U]. Hence,
1Pk (M) (y) = PeN) ()]l < (@22~ 1)Pd (A, X) V2.

Setting ; = (Ip*2P~1)Y/P we obtain the desired conclusion. O

1.2 Topological degree for monotone operators

1.2.1 Topological degree in finite dimensional spaces

Topological degree, also known as degree theory has developed as a
means to examine the solution existence and to estimate the number of
solutions to a nonlinear equation f(z) =y in a region.
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Suppose that X and Y are topological spaces. Let O be a class of
open subsets € in X. For each © in O, we denote by  and 99 the
closure and boundary of (2, respectively. Let F be a family of maps
f:Q — Y over which the degree theory is to be defined. For each € in
O, we consider a family of homotopies {f; : 0 < ¢ < 1} of maps in F,
all having the common domain 2. The collection of all such homotopies
for the various 2 in O will be denoted by H, which is called a class of
permissible homotopies for the degree theory.

Definition 1.2.1. By a degree theory over the class F, which is in-
variant with respect to the homotopies in H and which is normalized by
a giwven map fo : X — Y, we mean: for each yy in Y and for each
f:Q—=Y inF, withyy & f(09), an integer d(f,Q,y) is defined and
satisfies the following three conditions:

(a) (Normalization) If d(f,€2, yo) # 0 then there exists x in € such that
f(x) = yo. For each Q2 in O, we have fylg € F, and if yo € fo(Q2)
then d(fo, 2, y0) = +1.

(b) (Additivity) If f € F, f : Q — Y and that Q, Qo are a pair of
disjoint sets in O contained in 0 such that yo & f(Q\ (21 U D))
then

d(fu Qv yO) - d(f7 Q17 yO) + d(f7 QQ; yO)

(¢) (Homotopy invariance) If {f; : 0 <t < 1} is a homotopy in H with
domain Q and if {y; : 0 <t < 1} is a continuous path in Y with
yr & f1(0Q) for all t in [0,1] then d(f, 2, y:) is independent of t.

The existence of a degree theory for a given class of mappings is
not a trivial assertion. In this subsection we will build a topological
degree for a class of continuous mappings in finite dimensional spaces.
It is a platform to define the Leray-Schauder degree theory for compact
operators in Banach spaces as well as the Browder degree theory for
maps of class (5), from a bounded open subset of a reflexive Banach
space into its dual.

Let us assume that {2 be an open bounded set in R”, ¢ : {2 - R" is a
mapping of class C*(Q) and p € R". Let

Jy(z) :=det¢'(z) and Z,={x € Q: Jy(x) =0}
be the critical set and ¢(Z,) be the crease of ¢.

Theorem 1.2.2. ( [151, Theorem 1.1.2]) Suppose ¢ € C1(Q) and p ¢
&(Zy) U d(0Q). Then ¢~ (p) is finite.
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Proof. Let S := ¢~ (p). We assume that S # (). Then S is a closed set.
We now claim that any point x € S is an isolated point, that is, there is
a neighborhood V, such that V, NS = {z}. Indeed, if this were not true
then there exists xg € S and a sequence {x,} C S such that x,, converges

to xp. Since ¢(xg) =p and p & ¢(Z,) U p(052), det(¢'(xg)) # 0. Hence
P— 3 /
r = min |¢' (x0)u| >0,
where S is the unit sphere in R"”. This implies that
&' (z0)u| > rlu| Yu € R™. (1.2.1)
On the other hand we have

0= ¢(xn) — ¢(x0) = ¢ (w0) (xn — m0) + O(|n — 20])-

It follows that
6/ (20) (s = @0)| < Flen — il
for sufficiently large n. But this contradicts (1.2.1). Our claim is justi-
fied.
Since S C €, it is a compact set. Since S = U,e5(V,N.S), we see that,
there exist 1, x9, .., ¥, such that S = Ul (V,,NS) = {1, 22, .., x,}. The
theorem is proved. ]

Definition 1.2.3. Suppose that ¢ € C*(Q), p ¢ ¢(0Q) U ¢(Z,). The
degree of ¢ at p relative to  is denoted by d(¢p,Q, p) and given by

(¢, Qp) = ) signJy(z),
z€¢~(p)

where the sum equals to zero when ¢~1(p) = 0.

From the definition we see that if d(¢, ), p) = m # 0, then the equa-
tion f(x) = p has at least |m| solutions in Q. Moreover, d(¢,€,p) is
normalized by the identity map.

Proposition 1.2.4. Let I denote the identity mapping. If p € Q, then
d(I1,Q,p)=1. Ifd ¢ Q, then d(I,9,p) = 0.

Next, we define d(¢, 2, p) for the case where p € ¢(Z;).

Definition 1.2.5. Suppose that ¢ € C1(Q), p & ¢(IQ) but p € ¢(Zy).
The degree d(¢, 2, p) is given by d(¢, 2, q), where g ¢ ¢(Zy) and |qg—p| <

dist(p, p(00)).
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To justify this definition, we need to use Theorem 1.2.1 (Sard’s theo-
rem) and Theorem 1.3.2 in [151]).

Definition 1.2.6. A C* homotopy between ¢, € C*(Q) is a function
H:[0,1] x Q — R" such that H(0,z) = ¢(z), H(1,z) = (x), H(t,") €
C*(Q) for allt € [0,1] and ||H(s,-) — H(t,")||r — 0 as s — t.

For an example H(t,x) = (1 — t)¢(x) + t(z) is a C* homotopy
whenever ¢, € C*(Q).

Theorem 1.2.7. ( [151, Theorem 1.3.5]) Let ¢ € C1(Q).

(1) d(¢,€, ) is constant on connected component of R™\ ¢(012).

(17) If p & ¢(0R2), then there exists € > 0 such that d(¢,€2, p) = d(¢, 2, p)
when || — o||; < e.

(ii1) Let H(x,t) be a C* homotopy between ¢ and 1. If p & H(O0Q,t) for
all t € [0,1], then d(¢,Q2,p) = d(,Q,p) .

We are now ready to define a topological degree for continuous map-
pings.

Definition 1.2.8. Suppose that ¢ € C(Q) and p & ¢(0). The degree
d(¢, 8, p) is given by d(¢, Q, p), where 1 € C*(Q) such that || — ¢||o <
dist(p, $(9D)).

Justification. Let € = dist(p, ¢(0f2)). Then there exists a function ¢ €
C(Q) such that |[¢) — ¢]|p < e. Hence for any x € 99, we have

p— ()| < [p— ()] + [¥(x) — ¢(2)] < |p—¥(x)| + dist(p, 9(9€2)).

This implies that |p —(z)| > 0 for all z € 0Q2. Hence p ¢ 1(0€2) and so
d(1,Q, p) is well defined. We now assume that 1,1y are two mappings
of C1(Q) such that [1); — ¢||g < € for ¢ = 1,2. Consider C! homotopy

hi(z) = tu(z) + (1 = t)iha(z) 2€Q0<t <1
Then we get

[lu(z) — ¢(x)| = [t(¥1(x) — o(x)) + (1 — ) (¥a(2) — &(2))|
<te+(l—te=e

Hence if x € 012, then

P = ()| = [p = o(2)] = [6(2) = hi(2)] > 0.
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Thus p ¢ hy(0N2) for all t € [0,1]. By (éii) of Theorem 1.2.7, we have

d(ho,$2,p) = d(h1,82,p) & d(¥1, 8, p) = d(19, 2, p).

We conclude that d(v,,p) is the same for all p € C(Q) satisfying
[ —dllo < e.

The following theorem gives fundamental properties of degree theory
in finite dimensional spaces. Its proof can be found in [151].

Theorem 1.2.9. Let ¢ € C(Q) and p € R™.
(a) (Normalization) If p € Q, then d(I,$,p) = 1.
(b) (Existence) If p ¢ ¢(052) and d(¢,€2,p) # 0, then there exists x €
such that f(x) = p.
(¢) (Additive) If ¢ ¢ ¢(0R2) and 2 is a union of two disjoint open sets
Ql,QQ. Then

d(¢, 2, p) = d(¢, 2, p) +d(¢, 2, p).
(d) (Homotopy invariance) If H(t,x) is a homotopy and p ¢ H(t,082)
for all t € [0,1], then d(H(t,-),S,p) is independent of t € [0,1]. In
particular, d(H(1,-),Q,p) = d(H(0,-),,p).
(e) (Ezcision) If Dy is a closed set of D and p & ¢(Dy) then d(¢, D,p) =
d(¢, D\Dy, p).

Here is an application of degree theory in fixed point theorems.

Theorem 1.2.10. ( [151, Theorem 4.4.2]) Let S be a bounded, closed,
nonempty convexr subset of R" with 0 € intS and ¢ : S — S is continu-
ous. Then there exists vy € S such that ¢(xy) = xg.

Proof. Let D = intS. Then D = S and 0D = 0S. If there exists
xo € 0D such that ¢(zy) = z(, we obtain the conclusion. Therefore, we
may assume that = — ¢(x) # 0 for all x € dD. Consider the homtopy
H(t,z) = x — to(x) with t € [0,1]. For t = 1, we have H(1,z) =
x—¢(x) #0 for all z € 9D. For 0 <t < 1, we have t¢(x) € intS = D.
It follows that 0 ¢ H(t,0D) for all t € [0, 1]. Since degree is independent
of t for homotopy, we have

Hence there exists xy € D such that H(1,29) =0 or xg — ¢(z9) =0. O

In the above theorem we required that 0 € intS. To omit this condi-
tion, we need the following lemma which is due to Dugundji.
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Lemma 1.2.11. ( [151, Theorem 4.4.5]) Suppose that S is closed subset
of a metric space X andY is a normed linear space. Then every contin-
uous mapping f S — Y has a continuous extension F' : X — 'Y such

that F(X) C covf(S), where covf(S) denotes the covex hull of f(S).

Theorem 1.2.12. Let S be a bounded, closed, nonempty convexr subset
of R" and ¢ : S — S 1s continuous. Then ¢ has a fixed point.

Proof. Since S is bounded, it is contained in a closed ball B(0,7). Let
X = B(0,7) and Is : S — S be the identity mapping. By Lemma
1.2.11, there is a continuous mapping F' : X — R" such that F(X) =
F(B(0,r)) C covlg(S) = S and F|g = Is. Consider mapping ¢ = ¢ o F
which maps B into B. By Theorem 1.2.10, there exists zy € B such
that ¢(zo) = xp. This means that ¢(F(xo)) = 2. Since F(xo) € S,
d(F(xy)) € S. Hence x € S. Consequently, F(xo) = z and so ¢(z) =

&(xg) = xp. The theorem is proved. O

1.2.2 Browder degree for operators of class (5);

Based on the fact that any compact operator in Banach spaces can
be approximated by mappings which have ranges in finite dimensional
spaces, in 1934 Leray-Schauder introduced a degree theory for compact
operators. For this we refer the readers to Chapter 4 in [151]. Since
then there have been various extensions and generalization in different
directions for degree theory (see, for instance [35], [50] , [53], [88] - [151]
and references given therein). One of the most important generalizations
is due to Browder [35], where a degree theory was introduced for maps
of class (S); from a bounded open subset of a reflexive Banach space
into its dual. In particular, Browder built the degree theory for more
general mappings of monotone type f+7T, where f is of class (S); and T’
is a maximal monotone operator. This generalization paved the way for
applications of the degree theory to a large number of nonlinear partial
differential equations (see, e.g., [35] [107]). For this important event, we
will outline below some results in [35] .

In this subsection we will define a degree theory for demicontinuous
operators of class (5),. For this we assume that X is a reflexive Ba-
nach space. By the result which is due to Lindenstrauss, Asplund and
Trojanski, it is true that X can be renormed so that X and X* are
both locally uniformly convex (see [56, Theorem 2.11}). In this case the
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duality mapping J = Js : X — X* defined by
(J(@),z) = [|l=]|* = || ()|

is of class (), strictly monotone and a homeomorphism (see [35, Propo-
sition 8] and [238, Corollary 32.24]).

Definition 1.2.13. Let G be a subset of a Banach space X and f : G —
X* be a mapping. Then

(a) f is said to be of class (S)+ if for any sequence {x,} in G which
converges weakly to x (written x,, — x briefly) and

limsup(f(zn), zn — ) <0

n—oo

we have ||z, — x|| — 0.

(b) f is said to be demicontinuous if for any sequence {x,} in G which
converges to © we have f(x,) converges weakly to f(x).

(c) [ is said to be pseudo-monotone, if for any sequence {x;} in G for
which x; — x for some x € X and lim(f(x;),z; —x) <0, then

(f(x),z —y) <lm(f(z;),z; —y) VyeQG.

Let S be a family of finite-dimensional subspaces of X, which is or-
dered by inclusion. For each L € S, let ¢ be the injection map of L
into X and ¢} : X* — L* which is defined by setting

(pha*, x) = (z*, opx) = (v, 7) Vr € L.

Let 2 be an open bounded set in X. Then there exists Ly € S such that
Qr:=QNL#0Dfor L D Ly Define fr(z) = ¢5(f(x)). Then from the
proof of [35, Theorem 4] we have

Theorem 1.2.14. Suppose that f is demicontinuous on Q0 and of class
(S),.

(1) For each L € S, fr, is continuous on L.

(i1) There exists Ly € S such that if y§ & f(0N), then or(yg) ¢ fr(02r)
and d(fi, e, 5 (45)) = d(f1, 2, 93(5)) for all K, LD Ly.

Based on this theorem, Browder gave the following definition in 1983.

Definition 1.2.15. Let Q) be a open bounded set in X and f : Q — X*
be demicontinuous and of class (S)4, and y§ ¢ f(O). Then the degree

d(f,Q,y5) == d(fr. Q. 5. (y5)) for L € S sufficiently large.
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The following result on the existence and uniqueness of the degree
theory for mappings of class (.5).

Theorem 1.2.16. ( [35, Theorem 4]) Let X be a reflexive Banach space,
O be a class of bounded open subsets ) of X, F be a class of maps
f:Q — X* such that f is of class (S); and demicontinuous. Let H be
the class of affine homotopies in F and J be the duality mapping form X
to X* corresponding to an equivalent norm on X in which both X and
X* are locally uniformly conver. Then there exists exactly one degree
function d in the sense of Definition 1.2.1, which defines on F, to be
invariant under H and normalized by J.

1.2.3 Browder degree for mappings of monotone type

Let T : X — 2% be a multifunction. We wil call the sets G1T =
{(z,y) : y € T(x)} and Dom(T) = {x € X : T(x) # 0}, the graph
and the effective domain of T, respectively. In the rest of the paper we
always assume that Dom(7") is nonempty.

Recall that the multifunction 7" : X — 2% is said to be monotone if
for any (z1,v1), (x2,y2) in Gr(T') one has (yo — y1, 1o —x1) > 0. T is said
to be mazimal monotone if T is monotone and it follows from

<U —Yyu— $> Z 07 V(I‘,y) € Gph(T)7

that (u,v) € Gr(7T).
For each € > 0, we consider the generalized Yosida transformation T
corresponding to 7', considered in [30] and defined by the formula

T.=(T"'+eJH) L
The following result give some properties of T..

Proposition 1.2.17. Suppose that T : X — 2% is maximal monotone.
Then for each € > 0, T, is single-valued, monotone and demicontinuous.

Proof. Let v € X and vy}, ys € T.(x). Then
v €T (y) +eJ ' (y)

or
yi € T(x—eJ ' (y))),i=1,2.

Since 1" is monotone, we have
(i — 3, e(J 7 (ys) — T (1)) = 0
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or equivaently,
(i — w3, T (1) — T () < 0.

By Proposition 32.22 in [238], J~! : X* — X is a duality mapping of
X*, which is strictly monotone. Hence we must have yi = y5 and so T
is single-valued. The monotonicity of 7, follows from montonicity of T
and J 1.

Let z,, — xo and suppose that v = T.(z,) and y§ = T.(x¢). We want
to show that y; converges weakly to y;. By the same argument as the
above, we have

yi € T(xy — eJ M (y})),
yo € T(zo — eJ ().

By the monotonicity of T', we have

W = Yo, (T (W) = T () + @0 — @) 0.

Let us claim that {||y,||} is bounded. Otherwise, we may assume that
lyn]| — o0 as n — oo. Then ||y,|| > |ly;|| for sufficiently large n. It
follows that

=y, e(T (i) — T W5)) < i — Y, Tn — o). (1.2.2)

Using properties of J~1 (see Proposition 32.22 and Corollary 32.24 in
238]), we have

ellynll® — (o, €(T () — (s €7 (y3)) + ellwol
< (lynll + llwo Dz — ol
This implies that

I

ellyall® = ellyalllynll = ellynlllvsl + ellyoll® < 2llynllllzn — 2ol

Dividing both sides by ||y.||, we get

€llyoll*

[
By letting n — oo, we obtain ||z, —xo|| — oo which is absurd. Therefore,

the claim is justified.
By the boundedness of {y,}, we have from (1.2.2)that

€l[ynll = 2¢llyoll + < 2|[zn — o]

lim (y, — 5, (yn) — 7 (0)) < lim (g5 — g, 0 — 20) = 0.

n—oo

By property of J7! (see (b) of Proposition 32.22 in [238] ) we have
Yn — Y- The proof of the proposition is complete. H
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From Proposition 1.2.17, we see that if f : Q — X* is demicontinuous
and of class (), then f + T, is also demicontinuous and of class ().
Therefore, we can define d(f + T¢, €2, y;). The following theorem is the
basis for building degree theory for mappings of type f + T

Theorem 1.2.18 ( [35, Theorem 8] ). Assume 2 € O and conditions:
(1) f:Q — X* is of class (S)y, demicontinuous and bounded.

(i) T : X — 2% is mazimal monotone.
(ii1) yo & (f +T)(99).

Suppose further that

(iv) 0 € T(0).

Then there exists € > 0 such that the following assertions are valid:

(a) yo & (f +T1)(0R) for all € in (0,€;
(b) d(f+T., Qo) =d(f +Te, 2 90) for all €,€ in (0, €.

Definition 1.2.19. Let Q € O, f : Q — X* be of class (S),, demicon-
tinuous and bounded. Let T : X — 2% be a mazimal monotone operator
and yo be a point in X* such that yo ¢ (f + T)(0N). Suppose, in addi-
tion, 0 € T(0). The degree function d(f + T, o) is the common value
of d(f +T.,Q,y0) for e sufficiently small.

Definition 1.2.20. Let Q2 € O and {f;,0 <t < 1} be a family of maps
from Q into X*. {f;} is said to be a homotopy of class (S), if for any
sequence {x,} in Q converging weakly to x and for any sequence {t,} in
0, 1] converging to t for which

lim sup(f;, (z,), x, — ) <0,

n—oo

then x, — © and fi (x,) — fi(x).

Definition 1.2.21. Let {T},0 < t < 1} be a family of maximal monotone
maps from X into 2% . Suppose, in addition, that 0 € Ty(0) for all t in
[0,1]. Then {1;} is called a pseudo-monotone homotopy if it satisfies
the following mutually equivalent properties ( [35, Proposition 15]):

(a) Suppose that t, — t in [0,1] and (z,,y,) € Gph(T},) such that
T, = m X, y, =y in X" and limsup (y,, z,) < (y,x). Then
(x,y) € Gph(T}) and lim (y,, z,) = (y, z).
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(b) The mapping ¢ of X* x [0,1] into X defined by
p(w,t) = (T, + J)~H(w),
15 continuous, with X and X* given the norm topologies.
(¢) For each w in X*, the mapping ¢, of [0, 1] into X defined by
pu(t) = (Ti + J) " (w),
is continuous from [0, 1] into X in the norm topology.

(d) For any (x,y) in Gr(T}) and a sequence t, — t in [0, 1], there exists
a sequence (x,,y,) in Gr(1y,) such that x, — x and y, — y.

The following results establish the homotopy invariance of the degree
theory for maps of type f + T.

Theorem 1.2.22 ( [35, Theorem 9]). Assume Q2 € O and conditions:

(4) {f;,0 < t < 1} is a homotopy of class (S); of maps of Q into a
bounded subset of X*.

(i) {Ty : 0 <t < 1} is a pseudo-monotone homotopy from X into 2.

(230) {yr : 0 <t < 1} is a continuous path in X* such that

y ¢ (fi 4+ T1)(00Q) VYt € [0,1].

Suppose, in addition,
(iv) 0 € T3(0) for all t in [0, 1].
Then there exists € > 0 such that the following assertions are valid:
(a) yr & (ft + T1.)(OQ) for all e € (0,€ and t in [0, 1].
(b) d(fi + Tie, 2, yr) is independent of t and e.

Theorem 1.2.23 ( [35, Theorem 12]). There exists exactly one degree
function in the sense of Definition 1.2.1 on the class F of maps f +
T, where f is of class (S)y, demicontinuous and bounded, and T is
mazimal monotone satisfying 0 € T(0), which is normalized by J and
invariant under class H of all affine homotopies of the form (1 —t)(T +
f) +tg, where f,g are of class (S)+, demicontinuous and T is mazimal
monotone.

32



Theorems 1.2.18, 1.2.22, and 1.2.23 are nice results on the degree
theory for mappings of monotone type f + 1. However, the class of
mappings of monotone type f + T given by Browder is rather narrow.
Namely, in the above theorems, the conditions

0€T(0) and 0 € T;(0).

were required. Browder used these conditions in an essential way to
prove his theorems. Meanwhile, several applications, where the graphs
of operators T; are supposed not to contain (0,0). It is noted that, if
we take any (xo,z{) in Gph(7T') and put 7"(z) = T(x + xy) — {, and
f'(x) = f(x + x0) then T" is maximal monotone and satisfies 0 € T"(0).
It is plausible to define the degree

d(f + T7 Q) yO)

via d(f'+T1",Q — xg,yo — x). However, in this case, the degree depends
on (xg,z)) and we will encounter easily a trouble with the homotopy
invariance since it might happen that zj ¢ (), T¢(x¢). The following is a
counter example.

Example 1.2.24. Let K be a nonempty closed convex set in X such
that 0 ¢ K and 2K C K. Assume that Ni(z) is the normal cone to K
at x. Put Ty(z) = (1 —t)(—=J(x) + Ng(x)). Since 0 ¢ K, 0 ¢ T;(0).
Indeed, we have (), Ty(x) = 0 for all x in K. Hence {T};, 0 <t < 1} is
not a pseudo-monotone homotopy in the sense of Definition 1.2.21, even
after translations.

In this section, we will extend results of Browder by enlarging the
class of pseudo-monotone homotopies {7;} without the assumptions

0€T(0) and 0 € T;(0).

To do this, we will give a new scheme in proving our theorems. The
obtained results are enhanced versions of Theorems 1.2.18, 1.2.22, and
1.2.23 under relaxed conditions for a broader class of {7;}. We think
this is significant, since our results can be applied to a degree theory of
variational inequalities in reflexive Banach spaces and solving nonlinear
PDEs, for some of which the original Browder’s degree theory does not
seem to be very handy.
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1.2.4 Extension of the Browder degree theory for monotone
mappings

Let us keep all the notations of the preceding subsection. The follow-
ing theorem extends Theorem 1.2.18.

Theorem 1.2.25. Suppose the following conditions:

(i) f:Q — X* is of class (S)y, demicontinuous and bounded;

(ii) T : X — 2% is maximal monotone;

(¢i1) yo & (f +T)(99).

Then there exists € > 0 such that the following assertions are valid:

(a) yo & (f +T.)(09) for all € in (0,€;
(b) d(f + Tev Q? yO) = d(f + T€’7 Qa yO) fOT all €, e in (07 g]

Definition 1.2.26. Let Q € O and f : Q — X* be of class (S)4,
demicontinuous and bounded. Let T : X — 2% be a mazimal monotone
operator and yy be a point such that yy & (f +T)(0N2). The degree dy(f +
T,Q,yy) is assigned to be the common value of d(f + T.,Q,yo) for €
suffictently small.

The next theorems will be proved for the class of maximal mono-
tone operators and pseudo-monotone homotopies which enlarges the
class given by Browder. For such classes, we introduce the following
definition.

Definition 1.2.27. Let {T;, 0 < t < 1} be a family of maximal mono-
2X" such that their effective domains are nonempty.
Then {T;} is called a pseudo-monotone homotopy if for any (x,y) in
Gr(T;) and a sequence t,, — t in [0, 1], there exists a sequence (T, yy,) in
Gr(1y,) such that x,, — x and y, — y.

tone maps from X into

It is obvious that if {7}, 0 < t < 1} is a pseudo-monotone homotopy in
the sense of Definition 1.2.21 then it is also a pseudo-monotone homotopy
in the sense of Definition 1.2.27. Example 1.2.24 indicates that there
exists a pseudo-monotone homotopy in the sense of Definition 1.2.27
but it is not a pseudo-monotone homotopy in the sense of Definition
1.2.21.

Based on the class of pseudo-monotone homotopies in the sense of

Definition 1.2.27 we obtain the following results extending Theorems
1.2.22 and 1.2.23.
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Theorem 1.2.28. Suppose conditions:

(4) {f;,0 < t < 1} is a homotopy of class (S); of maps of Q into a
bounded subset of X*;

(i3) {T} : 0 <t < 1} is a pseudo-monotone homotopy from X into 2X°;

(¢ii) {yr : 0 <t < 1} is a continuous path in X* such that v, & (fi +
T:)(0R2) for all t in [0, 1].

Then there exists € > 0 such that the following assertions are valid:
(a) yr & (fr + T1e)(0) for all € in (0,€] and t in [0,1].
(b) d(fi + Thc, 2, yr) is independent of t and e.

Theorem 1.2.29. Suppose that Q) € O and f : Q — X* is of class (S)4,
demicontinuous and bounded. Let T : X — 2% be a mazimal monotone
operator and yo be a point of X* such that yo & (f + T)(02). Then the
following assertions hold:

(a) (Existence) If di(f+T,Q,yo) # 0 then there exists x in € such that
Yo € f(x)+T(x).

(b) (Additivity) If 1, Qo are a pair disjoint subsets of O contained in
Q such that yo ¢ (f +T)(Q\ (Q1 UQy)) then

dl(f+T7Q7y0) = dl(f+T7 QlayO) +d1(f+T7 QZayO)-

(¢) (Homotopy invariance) If {f;,0 < t < 1} is a homotopy of class
(S)+ of maps of Q into a bounded set of X*, {T;, 0 <t < 1} is a
pseudo-monotone homotopy from X into 2% and {y; : 0 < t < 1}
is a continuous path in X* such that y; & (fi + T3)(0R2) for all t in
0, 1], then dy(fi + Ty, 2, y¢) is independent of t.

Theorem 1.2.30. There exists exactly one degree function in the sense
of Definition 1.2.26 on the class F of maps f + T, where f is of class
(5)+, demicontinuous and bounded, and T is maximal monotone, which
1s normalized by J and invariant under class H of all affine homotopies
of the form (1 —t)(f +T) + tg, where f and g are of class (S)y, demi-
continuous and bounded, T' is maximal monotone.
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1.2.5 Proofs of extension results

We notice that Theorem 1.2.28 includes Theorem 1.2.25 as a special
case when f; = f,y; = yo and T3 = T for all ¢ in [0, 1]. Hence it suffices
to prove Theorem 1.2.28. We will complete the proof of Theorem 1.2.28
by proving some lemmas.

Lemma 1.2.31. Let f be of class (S)y and demicontinuos. Assume
that g is demicontinuos and monotone. Then [+ g is of class (S)s and
demicontinuous.

Proof. 1t is easily seen that f + ¢ is demicontinuous. Let {z,} be a
sequence such that z, — zy and limsup,,_, . (f(x,) + g(x,), x, —20) < 0.
By the monotonicity of g we get

(f(wn) + g(x0), 20 — 20) 2> (f(T0), 70 — 20) + (9(20), Tr — 0).

This implies that limsup,,_,..(f(x,), 2, — xo) < 0. Since f belongs to
class (5)., we have x,, — . Hence f + g is of class (9),. O

Lemma 1.2.32. Suppose that f satisfies conditions in Theorem 1.2.28,
x, € Q such that x,, — xo and t,, € [0,1]. Then liminf, . (f: (x,), T, —

Proof. Suppose on the contrary that
« = liminf(f; (z,), 2z, — xo) <O. (1.2.3)

n—o0
Since (f (x), x, — xo) > —||f(xn)||||xn — z0l|, by the boundedness of
sequences { fi, ()} and {z,—x¢}, we have @ > —o0. It follows that there
exist subsequence {z,, } and {t,, } such that limy_,( o, (@), Tn, —x0) =
a < 0. Hence there exists a number kg > 0 such that (f;, (vn,), Ts, —
zo) < 0forall k > ko. This implies that limsupy_, (1, (Tn,); Tn,—20) <
0. Since f is of class (S5)4, we get x,, — x¢. By using the inequality

(Fto, @y )s Ty, = 20) 2 = fr,,, (@) [ |20, = o]

we obtain a = limgeo(ft, (Tny); Tn, — o) > 0. This contradicts (1).
The proof is complete. []

Proof of Theorem 1.2.28
(a) Suppose that the assertion is false. Then we could find a sequence
en — 07, a sequence x,, in 9) and a sequence t,, in [0, 1] such that

Yt, = ftn(xn) + Zn, (124)
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where z, = T} . (z,). Since {f; (x,)} and {y;, } are bounded, the se-
quence {z,} is also bounded. Hence we can assume that z, — zg, t, — t
in [0,1], z, — 20 and y;, — y;. Since

<Zn7 Lp — $0> — <ytn - ftn(xn); Lp — x0>7

we have

(zn, Tn) = (20, o) + (Yt Tn — 20) — (1, (@), Tn — T0)- (1.2.5)
This implies that

lim sup(z,,, x,)
n—o0

< limsup(z,, o) + limsup(y; ,x, — xo) — Uminf(f; (x,),x, — o).
n—00 n—00 n—00
(1.2.6)

By the Lemma 1.2.32, we have liminf, . (f: (x,),z, — x0) > 0. Hence
it follows from (1.2.6) that

lim sup(z,, x,) < (20, zo). (1.2.7)

n—oo

Note that the equality z, = T}, ., (7,) means that 2, € T}, (z,—€nJ " (2)).
We now take any (u,v) in Gr(7;). By the definition of {7}}, there exists
sequences u,, — u and v, — v such that (u,,v,) € Gr(T} ). Using the
monotonicity of T; we get

(2 — Vp, Ty — enJ*I(zn) — Up) > 0.
Hence
(2Zns Tn) = (20, Un) + (Uny Tp — up) + EnHZN||2 — €nllvnll[|2n]- (1.2.8)
From (1.2.7) and (1.2.8) we have

<Z07 $O> > lim Sup<zn> xn> > lim inf(zn, xn>

n—00 n—00
> liminf(z,, u,) + liminf(v,,z, —u,) + liminf(e,||2,]|* — €nllvnll 2]
n—oo n—oo n—oo
> (20,u) + (v, 20 — u). (1.2.9)

This implies that (29 — v,x9 —u) > 0 for all (u,v) in Gr(7;). By the
maximal monotonicity of T; we obtain 2y € Tj(x¢). Substituting (u,v) =
(x0, 20) into (1.2.9) we get lim,, 002y, Tn) = (20, x0). Hence it follows
from (1.2.5) that lim, o (fi, (zn), Tn — o) = 0. Since {f;,0 < s < 1} is

37



homotopy of class (5)+ and 0% is closed, z,, = x¢ € 02 and f; (x,) —
fi(xg). By letting n — oo, from (1.2.4) we obtain y; = f;(xg) + 20, where
29 € Ty(xp) and xy € 0. This means that y; € (f; + 11)(02) for some t
in [0, 1]. We obtain a contradiction.

(b) We first show that for each € in (0,€] and t in [0, 1], the degree
di(fir + Tye, 2, 9;) is well defined. Recall that

Tie= (T ' +eJ 1)L

Since T} is maximal monotone, T} ' is also maximal monotone (see [238,
Proposition 32.5]). By [56, Proposition 5.5] (see also, [238, Corollary
32.24]), J~! has the same properties of J. According to Proposition 3.10
in [5], (T; ' +eJ71)7! is a single-valued and demicontinuous maximal
monotone operator. Hence, from Lemma 1.2.31, we obtain that f; + T},
is of class (S); and demicontinuous. Consequently, the degree d(f; +
Tie, Q,y;) is well defined.

We now show that there exists € > 0 such that d(f; + T}, 2, y;) is
independent of € in (0, €] and ¢ in [0,1]. Suppose on the contrary that
the assertion is false. Then there exist ¢, — 07, €/, — 0" and ¢, in [0, 1]
such that

d(ftn + T;fn,ena Q7 ytn) # d(ftn + T;fme;ﬁ Qa ytn) (1210)
For each fixed n, we consider the homotopy H,, defined by
Hy(s,x) = 8Ty, o () + (1 = 8)T}, o (2) + fi,(2). (1.2.11)

If v, & Hy,(s,00) for all s in [0, 1] then
d(H,(1,.), 2,4, ) = d(H,(0,.), 2,y ).
Hence

d(fe, + Tt ye,) = d(fr, + T, e 5 €2, Yt ),

which contradicts (1.2.10). Thus, there exists x,, in 02 and s, in [0, 1]
such that

Y, = SnTt, en(@n) + (1 = 5,)T0, ¢ (Tn) + fr, (). (1.2.12)

Put z, = s,T%, ¢, (2n) + (1 — sp)Tt, e (25). Then {z,} is a bounded se-
quence because the sequences { f; (x,)} and {y; } are bounded. Without
loss of generality we can assume that ¢, — ¢, s, — s, T, — X9, 2, — 20
and y;, — yi. Putting a,, = T}, , (zn), by = T, o (v,), we have

an €Ty (2n — €2J Hay)), by €Ty (xn— €, T (by)). (1.2.13)
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As y, = fi () + 2, we have

<Zm :Cn> = <Zm SU()> + <ytn7 Ty — CU()> _ <ftn(xn)7 Ly — $0>' (1214)
By using the same argument as in the proof of part (a) we obtain

lim sup(z,, x,) < (20, Zo). (1.2.15)

n—oo

We now consider the following cases:
Case 1. The sequence {s,a,} is bounded.

Since the sequence {s,a,} is bounded, {(1 — s,)b,} is also bounded.
Taking any (u,v) in Gph(7}), by the definition of the family {75,0 <
s < 1} we can find sequences u,, — u and v, — v such that (u,,v,) €
Gph(73,). Using the monotonicity of T; we get

(ap — Vny Tn — €nJ H(an) — uy) > 0.
Hence
(A, ) > (A, Un) + (U, T — wn) + €nllan|® — enllvnllllan].  (1.2.16)
Similarly, we also have
(b ) > (b ) + (U, T — ) + € [[al* = g fJonll 0]l (1.2.17)

Multiplying (1.2.16) with s,, (1.2.17) with 1 — s,, and summing up, we
get

<men> > <Zmun> + <Unaxn - Un> + Snen(”anH2 - anHHan”)
+ (1= sn)en(16all* = llvalllbal])- (1.2.18)

It follows that

<Zm $n> > <Zn7un> + <Un755n - Un> - ensn”vnHHanH - E;z(l - Sn)anHanH
(1.2.19)

From (1.2.15) and (1.2.19) we have

(20, 20) > lim sup{z, 2,)
n—oo

> liminf(z,, x,)
n—oo
> liminf(z,, u,) + liminf(v,, x, — u,)+

+ limint (—eusalonl lanll = (1 = sa)efenll ) (1.2:20)
Z<ZO7 u> + <U7 o — U> (1221)
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This implies that (zp — v,29 —u) > 0 for all (u,v) in Gr(7}). Hence
20 € T(xp) by the maximal monotonicity. Substituting (u,v) = (o, 20)
into (1.2.21), we get lim,, (2, x,) = (20,20). Hence it follows from
(1.2.14) that lim, oo (f, (zn), xn — x9) = 0. Since {f;,0 < s < 1} is
homotopy of class (5)4, we get z,, — x¢ € I and f; (z,) — fi(z).
Hence it yields y; = fi(xo) + 2z0. This means that y; € (f; + T;)(09) for
some t in [0, 1]. We obtain a contradiction.
Case 2. The sequence {s,a,} is unbounded.

Since {s,a,} is unbounded, {(1 — s,)b,} is also unbounded and we
have

lim s,lla,]| = lim (1 — s,)[|ba]] = +o0.

The next lemma will finish the proof of the theorem.

Lemma 1.2.33.

lim €,||a,|| = lim €,]|b,| = 0.

Proof. Fix (ug,vo) in Gr(7}). Then there exist a sequence u,, — uy and
a sequence v, — vy such that v, € T; (u,). Using the monotonicity of
T, we get

(Ap — Vny Tn — €nd H(an) — up) > 0.

Hence
(s T = Un) 2 (Vns T — wn) + €nllan]l* — €nllvallllan|-
This implies that
lanllllzn = wall = (n, 0 = wn) + enllan]l* = enllvall[lan]l-
It is equivalent to
en||anH2 — llanll(llzn — unll + €nllvall) + (vn, 20 — un) <O0. (1.2.22)

Put
Ay = (en||vnl] + |20 — unH)2 — 46, (Un, T — Un)-

We get
Ap 2> (||lon — un|| - enanH)z-

Hence it follows from (1.2.22) that

enHUWH + Hxn - Un” + VA,
2€, '

lan <
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Consequently,
Enllvnll + llzn — wnll + VA,

enllan|| < 5 (1.2.23)
Similarly, we have
/
n n — Un An
enllbn]l < Cullval + llzn = wall VA (1.2.24)

2

Since x,, — xg, U, — Uy, UV, —> Vg, it follows from (1.2.23) and (1.2.24)
that the sequences {¢,||a,||} and {€,||b,]|} are bounded. We now can
assume that

lim €,|la,| = «, lim € ||b,]| = 5.

It remains to show that @ = § = 0. Conversely, suppose that the
assertion is false. Then we must have either a > 0 or § > 0. Fixing
(u,v) in Gph(7}), we can find out a sequence u, — u and a sequence
v, — v such that v, € T; (u,). Using the monotonicity of 7; and the
similar arguments, we obtain (1.2.18) again. From (1.2.15) and (1.2.18)
we get

(20, 20) > limsup(zy, )
n—00

> lim inf(z,, x,)
n—oo

> liminf(z,, u,) + liminf(v,, x, — u,)+
n—o00 n—o0

+lm inf (—snenlanll|vnl] — (1 = sn)e1allllval)+

+liminf(en[|an|[snllan]| + €, 1ball(1 = su)llbal).  (1.2.25)

Note that
llgg}f(%,un) = (20, u),
lim inf (v, x, — u,) = (v, 29 — ),
n—oo
lim inf (—sp€nl|an|[onll = (1 = sn)eu[balll[onll) = —sallv]l = (1 = s)Blv]],
and

lim inf (€, [|an [ sn || anl| + €,[bnll(1 = sn)[[al]) = +o0.

Hence from (1.2.25) we get (zg, xo) > +oo which is an absurd. The proof
of the lemma is complete. ]
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We now take any (u,v) in Gr(7}). Let u, — u, v, — v and v, €
Ti (uy). Using (1.2.25) again we get

(20, 9) > limsup(zy, )

n—oo
> liminf(z,, ©,)
n—oo
>liminf(z,, u,) + liminf(v,, z, — u,)+
n—oo n—oo
+Hm inf (= sy el anllvn]l — (1 = sn)e, [balllvnl])
Z <Z07 ZCO> + <U, xro — u> (1226)

This implies that (zg — v, x9 — u) > 0. Since (u,v) is arbitrary and T} is
maximal monotone, we obtain 2y € Ty(xg). Substituting (u,v) = (xg, 20)
into (1.2.26) we obtain again lim, oo (2, z,) = (20,20). In the same
manner of the proof at the end of Case 1 we show that y; € (f;+T;)(02)
for some ¢ in [0, 1]. This contradicts our assumptions. The proof of the
theorem is now complete. O

Remark 1.2.34. In the proofs of Theorems 8 and 9 in [35], Browder
had used heavily the condition 0 € T(0) and the condition 0 € T;(0)
for all ¢ in [0,1], to show that there exists a constant M > 0 such
that s,e,|la,||* < M and (1 — s,)€,||ba||> < M. Then he concluded that
Spen||an|| = 0 and (1—s,)e,||b,|| — 0. However, this scheme will collapse
if those conditions are absent. In our proof above, we do not assume these
conditions and give instead a new scheme of reasoning which based on
an intrinsic characterization of maximal monotone mappings as well as
the structure of the generalized Yosida transformation T..

Proof of Theorem 1.2.29
(a) Choose a sequence {¢,} such that ¢, — 07. By the definition, there
exists ng > 0 such that

dl(f + T? Q? yO) = d(f + Ten7 Q: yO)

for all n > ny. Since d(f + T¢,,Q,y0) # 0, there exists an z, in )
such that f(z,) + Tt (x,) = yo. Since {f(z,)} is bounded, {T; (z,)}
is also bounded. Putting z, = T, (z,), we get 2z, € T(x, — e,JJ 1(2,))
and f(x,) + 2, = yo. Without loss of generality, we can assume that
Tp — Xo, Zn — 2. By the same argument as in the proof of Theorem
1.2.28 we can show that

lim sup(z,, z,) < (20, To)- (1.2.27)

n—oo
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We now utilize a variant of the proof of Theorem 1.2.28. Taking any
(u,v) in Gr(T) and using the monotonicity of T', we have

(zn — v, 2, — enJ_l(zn) —u) > 0.
This implies that
(2> @n) 2> (20, 1) + (v, 2 — ) + €| 20]|* = €nllzal[[0]].
By (1.2.27) we get

<ZO7 I0> > lim SU_p<Zn, $n>
n—00

> liminf(z,, z,)
n—oo

> liﬂi;jlf(zn,u) + ligglﬂv,xn —u) + llggf(—enHvHHan)

>(zp,u) + (v, xg — u). (1.2.28)

Consequently, (zo—v,zo—u) > 0 for all (u,v) in Gr(T"). By the maximal
monotonicity of 7', it yields zg € T'(zg). Substituting (u,v) = (20, o)
into (1.2.28), we get lim, o0 (2n, ) = (20, o). Since

(Zny Tn) = (Zn, o) + (Yo, Tn — o) — (f(xn), T — T0),

we get limsup,,_,..(f(z,),xn — x9) = 0. Hence x, — xy because f
is of class (5)4+. On the other hand f is demicontinuous, it follows
f(z,) — f(xp). Using the equality f(x,) + 2z, = yo we obtain y, =
f(zg) + 2o, where 2y € T'(x) for some xy in 2. Thus we have showed
that yo € f(zo) + T(x) for some zy in €.

(b) It easy to show that there exists € > 0 such that

Yo & (f +Te)(Q\ (21U Q)
for all € in (0, €]. By Theorem 1.2.16, we have
d(f + T, Qo) = d(f + Te, Q1. 90) + d(f + Te, D2, 0)
for all € in (0, €]. Hence
di(f +T,Q,90) = di(f + T, 90) + di(f + T, Qo 90)-

(¢) The assertion follows directly from Theorem 1.2.28. The proof of the
theorem is complete. O]

Proof of Theorem 1.2.30
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FExistence. Let d; be the degree function in the Definition 1.2.26. Put
T, :=(1—t)T and f; := (1 —t)f +tg. Then {T;} is a pseudo-monotone
homotopy in the sense of Definition 1.2.27 and { f;} is a homotopy of class
(S)+ in the sense of Definition 1.2.20. By Theorem 1.2.29, d; meets all
requirements of the theorem.

Uniqueness. Suppose that there exists two degree functions d; and dy
satisfying the conclusion of our theorem. By Theorem 1.2.16 on the
uniqueness of the degree function for mappings of class (5)., the re-
strictions of d; and dy on this class are equal. Let f be of class (5).,

demicontinuous and bounded, 7" be maximal monotone and gy be a point
of X* with yo & (f +T)(02). Assume that

di(f+T,Q,y0) # do(f + T, ). (1.2.29)
By Theorem 1.2.25, there exists € > 0 such that
vo & (f +T.)(00), Vee (0,d.
Since f + T, is of class (S); and demicontinuous, we have
di(f+T,Q90) =di(f+T., Q) =do( f +Te, 2 90).
By this and (1.2.29), it yields
do(f + T, yo) # do(f + T¢, 2, yo). (1.2.30)

Consider the affine homotopy between (f+7') and (f 4+ 7¢) for € € (0, €.
In view of (1.2.30), we can find ¢, — 07, u, € 9Q and ¢t,, € [0, 1] such
that

yo € (1 —t,)T (upn) + .10, (uy) + fuy). (1.2.31)
Hence, there exists w, in T; (u,) such that
yo = (1 —tp)wy, + t, T, (uy) + f(uy). (1.2.32)

Put z, = (1 — t,)w, + t, T, (u,) and v, = T (u,). Then {z,} is a
bounded sequence because {f(u,)} is a bounded sequence and

Yo = zn + f(un). (1.2.33)

Without loss of generality we can assume that uw, — wug, 2z, — 29 and
t, — t.
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In the sequel, we will use a variant of arguments used in the proof of
Theorem 1.2.28. In particular, we can show that

(20, up) > limsup(zy, uy,). (1.2.34)
Fixing any (z,y) in Grp(7T), we claim that

<Z()7 u0> > lim sup(zn, un> > lim inf<zn7 un>
> (y,up — ) + (20, ). (1.2.35)

Since v, = T, (uy,), v, € T(u, — €,J (v,)). By the monotonicity of T,
we get
(Vg — Y, tup — €20 H(vn) — ) >0

and
(wp — Yy, up — ) >0,

It follows that
(Vns Un) > (Vn, @) + (Y tn — 2) + €allvnll* — eallylllloall - (1.2.36)
and
(W U ) > (Wy, T) + (Y, up — ). (1.2.37)

Multiplying (1.2.35) with ¢,, (1.2.36) with (1 —t,) and summing up, we
get

<Zm 33> + <y= Up — 5’7> + ‘EnthUn”2 - EnthyH”UHH
(Zn, ) + (Y, un — ) — entnllyll||vall- (1.2.38)

(Zn, Un)

AVARAY,

Case 1. The sequence {t,v,} is bounded.
From (1.2.34) and (1.2.38) we get

(20, up) > limsup(z,, u,)
> liminf(z,, u,)
> liminf(z,, ) + liminf(y, u, — x) + lim inf(—e,t,||va ||| y]])
> (y,up — ) + (20, ).

This implies (1.2.35).
Case 2. The sequence {t,v,} is unbounded.
From (1.2.36) we have

loalllln = @[l > (y, un — 2) + €allvall® = eallyllllvall
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It is equivalent to
enllvall® = llvall(lun — 2| + eallyll) + (y, un — ) < 0.
This implies that

Ulun = 2|l + enllylD) + vV'An
2 Y

enllvnll < (1.2.39)

where
Ay = (lun — 2| + ellyl))* — 4ey, un — )
which satisfies the inequality

An > (lun — [l = enllyl)™

Since u, — ug, (1.2.39) implies that the sequence {¢,||v,||} is bounded.
We now can assume that lime,||v,|| = a. If a > 0 then (1.2.38) implies

<ZOa u0> > lim sup(zn, un> > lim inf<zn; un>
> liminf(z,, x) + liminf(y, u, — ) + lminf(—e,t, ||v,||[|y|])
+ liminf ¢, ||v, || €x ]| vnl|
> <y,’U,0 - $> + <Zo,$> - t&”yH + 00,
which is impossible. Hence we must have a = 0. Using (1.2.38) again,
it yields
(20, 0) > lim sup (2, )
> liminf(z,, u,)
> liminf(z,, ) + lim inf(y, u, — x) + Hminf(—e,t,| v |||y
> (y,uop — x) + (20, ) — ||yl
This implies (1.2.35). Thus we have proved that for any (z,y) in Gr(7T),
(1.2.35) holds. From (1.2.35) we get (z0—vy, up—z) > 0. By the maximal

monotonicity of 7" we have zy € T'(ug). Substituting (z,y) = (ug, 20) into
(1.2.35) we find that lim(z,,u,) = (20, up). Since

(Zny Un) = (Zn, wo) + (Yo, Un — o) — (f(un), up — uo),

we have lim(f(u,),u, — ug) = 0. Since f is of class (5), and 9 is
closed, u, — ug € 0. On the other hand f is demicontinuous, we
have f(u,) — f(up). From (1.2.33), it yields yy = zo + f(ug) for some 2
in T'(ug). Hence yo € (f + T)(0%2), which contradicts our assumption.
Thus, we must have di(f + T,Q,y0) = do( f + T,9,ys). The proof is
complete. O
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In summary, we have proved the existence and uniqueness of the
degree function in the sense of Definition 1.2.1 for mappings of type f+17.
Our results improve and extend those in [35] to a larger class of maximal
monotone mappings 7' and homotopy {7;} without assuming the graph
of homotopy {73; 0 < ¢t < 1} having a nonempty common intersection.
By putting T" = Nk, where N is the normal cone of a closed convex set
K, which is a maximal monotone mapping, we will obtain a degree theory
for variational inequalities of type f+ N in reflexive Banach spaces with
monotone operators. There are many applications and examples of the
above results in this direction, and we refer the readers to [107].

1.3 Variational inequalities

1.3.1 Degree theory for generalized variational inequalities

In the last section, we built a degree theory for variational inequalities
of type f + Ny in reflexive Banach spaces with monotone operators. It
is natural to ask whether we can build a degree theory for generalized
variational inequality (GVI, for short) of the form F' 4+ Ng, where F'is a
multifunction. In this section we will focus on building a degree theory
for GVI in finite-dimensional spaces.

In the two-volume book [80] dedicated entirely to finite-dimensional
variational inequalities (VIs, for brevity), Facchinei and Pang have used
the degree theory to obtain existence theorems for variational inequali-
ties (see [80, Proposition 2.2.3 and Theorem 2.3.4]). These results gave a
necessary and sufficient condition for a pseudomonotone VI on a general
closed convex set to have solution. Also, based on degree theory, Robin-
son [201] gave a nice result on the stability of solutions to variational
conditions; Gowda [94] proved inverse and implicit function theorems for
H-differentiable functions, thereby giving a unified treatment of such a
theorem for C! functions and for locally Lipschitzian functions. In order
to obtain these results, the authors have used degree theory as a bridge
to joint nonlinear analysis and variational inequality theory under which
we can study problems via nonlinear equations.

Let K be a closed convex set in R"” and f : K — R" be a continuous
mapping. The variational inequality defined by K and f denoted by
VI(f, K), is the problem of finding a vector x € K such that

(f(x),y—z)>0Vy e K
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or equivalently
0 € f(x) + Ng(x), (1.3.1)

where N (z) is the normal cone of K at = defined by formula (1.1.1).
We denote by Pk (z) the metric projection of x onto K and put

¢(z) =z — Pglx — f(z)]. (1.3.2)

® is called the natural map. It is clear that x is a solution of (1.3.1) if
and only if x is a solution of the equation ®(z) = 0. Let Q2 be an open
bounded set in R" such that Q N K # (0. We wish to investigate the
number of the solution of (1.3.1) in . Since (1.3.1) is equivalent to the
equation ®(z) = 0, it suggests us to compute the degree d(®,€2,0). By
the means, [80] and [201] obtained interesting results on the existence
and stability of solutions to Vls.

It is natural to try to study generalized variational inequalities in this
direction. Namely, we consider the problem of finding x € K such that

0 € F(x)+ Ng(z), (1.3.3)

where F : K — 2®" is a multifunction. In this case, we will face some
difficulties for building a degree theory for GVIs. Namely, we can not
apply the degree theory to the natural map ® directly because ®(x) :=
xr — Pg[x — F(z)] may not have convex values and so that the degree of
® is not well defined. To deal with the problem, we will use approximate
selections f. of F' and ®, of ® to build a degree theory for GVI(F, K).

Note that there have been many papers on the degree theory for
multifunctions in the infinite dimensional setting so far (see [35], [50],
[53], [107] and [115]). We emphasize that the degree theory for GVIs here
is built via the natural map, which is different from the degree theory for
upper semicontinuous multifunctions with convex and compact values in
previous papers.

e Degree theory for GVIs

Throughout this section, K is a closed convex set in R", ) is an
open bounded set in R™ such that QN K # 0. Let F : K — 2%
be a multifunction which is upper semicontinuous with compact convex
values.

Recall that a map F : K — 2% is upper semicontinuous (u.s.c.,
for brevity) if for all x € K and for any open set W C R" satisfying
F(z) C W there exists an open neighborhood U of = such that F(y) C W

48



forall y € UNK. If F(z) # 0 for all z € K and for any open set
W C R™ satisfying F'(x) N W # (), there exists an open neighborhood U
of  such that F(y)NW # (0 for all y € UN K then F is said to be lower
semicontinuous (l.s.c., for brevity).

We have the following essential lemma.

Lemma 1.3.1. Suppose that F : K — 28" is u.s.c. with closed convex
values. Then for any € > 0 there exists a continuous map f.: R" — R"
such that for every x € K it holds

fe(x) e F((x+eB)NK) +€B, (1.34)
where B is the unit ball 1n R".

Proof. By our assumptions and the approximate selection theorem due
to A. Cellina (see [10]), for every £ > 0 there exists a continuous map
ge - K — R"™ such that

g-(x) e F(((x+eB)NK)+eBVr € K.

By Tietze-Urysohn’s theorem (see [78, Theorem 5.1 p. 149]), for each
e > 0, there exists a continuous extension f, : R” — R” of g.. As f. and
ge agree on K, f, satisfies the conclusion of the theorem. The proof is
complete. ]

Given a set valued map F' and a closed convex set K, for each € > 0
we define a map &, : R — R" by the formula

O (z) =2 — Pg(x — f(x)), (1.3.5)

where f, is an approximate continuous selection of F' which satisfies
(1.3.4). By the continuity of the metric projection and Lemma 1.3.1, ®,
is continuous on R” and hence on €.

Here are some properties of ®..

Lemma 1.3.2. Suppose that F' is u.s.c. with compact convex values and
0¢ (F+ Ng)(0Q). Then the following assertions hold:

(a) there exists €g > 0 such that 0 & ®.(0Q) for all € € (0, €]
(b) there exists €3 > 0 such that

d(®,Q,0) = d(D,,0) for all e,€" € (0, es]. (1.3.6)

Proof. (a) Suppose the assertion is false. Then there exists a sequence
er, — 0% and a sequence z; € 9N such that &, (zx) = 0. This means
that

T = PK(SL’k - fek(:ck)) (137)
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By the compactness of 02 we can assume that x;, — x¢o € 0§2. Since
xp € K N0, by Lemma 1.3.1, there exist y, € K and z, € F(x)) such
that
lye — 2l < er; [lze = feo(@r)|l < ek

Hence y, — xg. As F(zg) is a compact set and F' is upper semicontinuous
at o, by taking a subsequence (if necessary) we can suppose furthermore
that z — 29 € F(xy). Hence f, (x3) — zp. Letting k — oo, from (2.4)
we obtain xg = Pg(z¢ — 29) with 2y € F(xg). By the property of the
metric projection we have

0€z+ NK(xo) C F(l’o) + NK(JI())

which contradicts our assumptions. We obtain the proof part (a).
(b) On the contrary, suppose that there exist sequences 0 < ¢, < €, — 0
such that

d(®,,$2,0) # d(Pe,€,0). (1.3.8)

Put
H(t,x) = x — Pg(x — tfe () — (1 = 1) fo (2)), (t,z) €[0,1] x Q.

We have H(0,7) = &4 (x) and H(1,7) = & (z). By the homotopy
property (see Theorem 1.2.9), if 0 ¢ H(t,00) for all ¢t € [0, 1], then

d(H(0,.),Q,0) = d(H(1,.),9,0).

But the later contradicts (1.3.8). Hence for each k, there exists ¢, € [0, 1]
such that 0 € H(tg,02). This implies that, for each k there exists
x € 02 such that

T = PK(Ik — tkfek(xk) — (1 — tk)fegﬂ(l'k)) (1.3.9)

Since xj € K N 0N, by Lemma 1.3.1, there exist yi, y). € K; 21 € F(yx)
and z;, € F(y,.) such that

lye = zill < €5 N2k = fe(zn)ll < €;

and

s = el < €5 llar — fo ()]l < e
By the compactness of [0, 1] x 9 we can assume that (g, x;) — (¢, Z) €
0, 1] x 092. Hence y; — 7 and y), — z. Using the standard arguments as
the proof of (a) we get f,, (v) — 21 and fg (z1) — 22 for some 21, 25 €
F(z). By letting k — oo, from (1.3.9) we get & = Pk (z —tz; — (1 —t)29).

50



Put z = tz; + (1 — t)z9 then z € F(z) and T = Pg(z — z). By the
property of the metric projection we have

0€ zZ+ Ng(Z) C F(Z) + Ng(2).

Since & € 0f), we get a contradiction. The proof of the lemma is now
complete. [

From Lemma 1.3.2 it follows that there exists € > 0 such that 0 ¢
®.(00) and d(D,,Q,0) = d(P,Q2,0) for all €,¢ € (0,€]. It is a basis for
the following definition.

Definition 1.3.3. Let F : K — 28" be an w.s.c. multifunction with
compact convex values and 0 ¢ (F + Ng)(02). The degree of general-
ized variational inequality defined by F and K respect to €2 at 0 is the

common value d(®,,Q,0) for ¢ > 0 sufficiently small and denoted by
d(F—|— NK,Q,O).

Example 1.3.4. Let

{1} if £ >0
F(zx) = —1,1] ifz =0
{-1} ifz <0,

K =[-1,1] and Q2 = (=1/2,2). Then d(F + Ng,$,0) = 1.
Indeed, for each ¢ > 0 we consider the following function

1 ifx>ce¢
fe(x) = x/e if x € (—¢€,¢€)
—1 ifr < —e

If v € K\ (—¢,¢€) then (z, fo(x)) = (z,1) € Gr(F) and so
dist((x, 1), Gr(F')) = 0.
If v € KN (—¢,¢€) then (x, f(x)) = (x,z/€). Sine (0,z/€) € Gr(F),
dist((x,x/e), Gr(F)) < dist((x,x/e), (0,2 /€)) = |z| < €.

Thus f. are approximate selections of F. We will compute &, = x —
Px(x — fo(x)). Choose € = 1 and take any ¢ € (0,€]. We have the
following cases:

If x € (—¢,¢€) then |v — f(x)| < 1. So Pg(x — f(x)) =0.
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If e <x <2 then Pg(x — f(x)) =0.
If x > 2 then Pg(z — f(x)) =2 — 2.

If =2 <z < —¢ then Pg(x — fo(x)) =0.
If v < =2 then Pg(x — f(x)) = —x — 2.
From the above we obtain

0 if v € [—-2,2]
Py (x — f(x)) = r—2 if x> 2
—r—2 afr< -2
Hence
T if v € [—2,2]
O () = 2 if x > 2

204+ 2 if x < —2.

Note that 090 = {—1/2;2}; F(—1/2) + Ng(—1/2) = {1} and F(2) +
Ng(2) =0. Hence 0 ¢ (F + Ng)(09). We now compute d(®P.,,0). As
®, is differentiable in Q) we get

d(®.,Q,0) = Z sign®’(x) = 1.
z€®.1(0)
Since the later equality is true for all € € (0, €], we obtain
d(F + Ng,Q,0) = 1.
We have the following theorem on existence.

Theorem 1.3.5. Suppose that 0 ¢ (F 4+ Nk )(0S2). Then the following
assertions hold:
(a) (Existence) if d(F + Ng,€2,0) # 0 then there exists v € QN K such
that

0€ F(x)+ Ng(z).
(b) if f: R" — R" is a continuous map such that f(x) € F(x) for all
x € K then d(F+Ng,Q,0) = d(®,Q,0), where ®(z) = x— Px(z— f(z)).

Proof. (a) By the definition, there exists € > 0 such that d(F'+Ng, Q,0) =
d(P.,,0) for all € € (0,€]. Let {¢;} be a sequence such that ¢, — 07,
Then d(®,,,€2,0) # 0 for k sufficiently large. By (b) in Theorem 1.2.9,
there exists x; € Q such that @, (x;) = 0. This is equivalent to

T = PK(SL’k - fek(:ck)) (1310)
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Since z, € K N, by Lemma 1.3.1, there exists yx € K and 2, € F(yx)
such that

lys = il < ex; [l2n = fa(zn)l] < ex.

By the compactness of K N we can assume that T — 0 € K NQ. Hence
yr — xo. By the standard arguments we get 2z, — zg and fe (zx) — 2o
for some zy € F(xg). Letting k — oo, from (1.3.10) we obtain zy, =
Py (xg — zp). The property of the metric projection yields

0€z+ NK(.IQ) C F(xo) + NK(I’()).

Since 0 ¢ (F 4 Nk )(09) we have zp € K N Q.
(b) By putting f. = f for all ¢ > 0 we get the desired property. The
proof of the theorem is complete. ]

Example 1.3.6. Consider Example 1.3.4 we have d(F + Ng,€,0) = 1.
By the above theorem, GV I(F,K) has a solution x € QN K. In this
case, x = 0 s a solution.

The following theorem contains most usual properties of degree the-
ory.

Theorem 1.3.7. Assume that 0 ¢ (F + Ng)(02). The following asser-
tions hold:

(a) (Homotopy invariance) If Fi, Fy : K — 2% are u.s.c. multifunctions
with compact conver values and 0 & (tFy + (1 — t)Fy + Ng)(09) for all
t €10,1] then

d(F1 + Nk, Q,O) = d(FQ + NK,Q,O).

(b) (Additivity) If Q1, Qo are disjoint open subsets of Q) such that
0 §§ (F + NK)(Q\(Ql U QQ)) then

(¢) (Ezcision) If D C Q is a closed set such that 0 ¢ (F + Ng)(D) then

Proof. (a) Let f.,g. : R x R" — R" be approximate selections of F} and
F5, respectively satisfying the conclusion of Lemma 1.3.1. Put

Op(z) = 2 — Pg(z — tfe(x) — (1 = t)ge(2)).
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We claim that there is € > 0 such that 0 ¢ ®L(9Q) for all € € [0,¢]
and t € [0,1]. In fact, if the claim is false then there exist a sequence

tr € [0,1] and a sequence ¢, — 0 such that 0 € ®*(09Q). Hence for
each k, there exists x; € 0€) such that

xr, = Pr(p — tife,(xr) — (1 — k) ge (7))

By the compactness of [0, 1] X 92 we can assume that (¢, zr) — (to, xg) €
[0,1] x 02. By the standard arguments we can show that f, () = 2
for some z; € Fi(xy) and g (rx) — 22 for some 2o € Fy(zy). Letting
k — oo from the above we obtain

Ty — PK(I'() - toZl - (1 - to)Zg).
By the property of the metric projection we get
0 €tz + (1 — t())ZQ + NK(SU()) C toFl(SU()) + (1 — to)FQ(SUo) + NK<£U0).

This contradicts the assumption and so our claim is proved. We now
can apply (d) of Theorem 1.2.9 for ®¢ to get d(®Y,Q,0) = d(®},Q,0) for
all € € (0,€]. Hence d(F} + Ng,$,0) = d(Fy + Ng,Q,0).
(b) We will show that there exists € > 0 such that 0 ¢ ®.(Q\(Q;UQy)) for
all € € (0, €. Indeed, if the assertion is false then there exists a sequence
e — 07 and x;, € Q\ (21 U Q) such that x, = Pr(z — f.,(71)). By the
compactness of () we can assume that x; — z9 € Q. If o € QU Qy
then x;, € (3 Uy for k sufficiently large. This contradicts the fact that
zr € Q\(Q1 UQy). Hence zg € Q\(Q; U,). By the standard arguments
we have f, (zr) — 2o for some zy € F(xy). Letting k& — oo from the
above we obtain xy = Px(xo—2p). This implies that 0 € F(zg)+ Nk (xo)
for some o € Q\(Q; U Qy), which is a contradiction.

Thus we have 0 ¢ ®.(Q\(Q,UQy)) for all € € (0,¢]. By (c) of Theorem
1.2.9, we get

d(q)e, Q, O) = d(q)e, 4, O) + d(q)e, s, O)
It follows that
d(F 4+ Ng,Q,0) = d(F + Ng,1,0) + d(F + Ng, €9,0).

(¢) By the standard arguments we show that 0 ¢ ® (D) for all € € (0, €].
Applying (e) of Theorem 1.2.9 for @, we obtain the desired conclusion.
The proof of the theorem is complete. ]
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Definition 1.3.8. A vector xy € K 1is called an isolated solution of
GVI(F,K) if there exists a neighborhood V of xy such that xy is the
unique solution of GVI(F,K) in'V.

Theorem 1.3.9. Suppose that xq is an isolated solution of GVI(F, K)
and U is the collection of all open bounded neighborhoods V' of xy such
that V' does not contain another solution of GVI(F,K). Then

for all V1,Vo € U. The common value d(F + Ng,V,0) for V € U is
called the index of F + Nk and denoted by i(F + N, x0,0).

Proof. We will use some arguments as in [88] for the proof below .

Taking any V € U we have 0 ¢ (F + Nk )(0V). Therefore, d(F +
Ng,V,0) is well defined. We now assume that Vi, Vo € U. Put V =
ViuVa €U and D = Vi NVy, where Vi = R"\V,. We have that D is a
compact set in V and 0 ¢ (F + Ng)(D). By (c) in Theorem 1.3.7, we
get

d(F + Ng),V,0) = d(F + Ng,V\D,0) = d(F + N, Vs,0).
Using a similar argument for D = V5, NV we get
d(F + Ng),V,0) =d(F + Ng,V\D,0) = d(F + Ng, V1,0).
Thus d(F + Nk, V1,0) = d(F + Ng, V3,0). O

e Applications

In this section, we shall employ the obtained results in Section 2 to
prove some facts on the existence and stability of solutions to GVIs.
The following theorem is an extension of [80, Pr. 2.2.3].

Theorem 1.3.10. Let K C R" be a nonempty closed convexr set and
F: K — 25" be an w.s.c. multifunction with nonempty compact convex
values. Assume that there exist an open bounded set ) and a vector
T € KN such that

H}:{; )(x*,x —z) >0 Vre KnNoK. (1.3.11)
r*el (x

The GVI(F, K) has a solution in K N Q.
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Proof. If 0 € (F + Ng)(02), then GVI(F, K) is apparent to have a
solution. Otherwise the degree d(F + Ng,€,0) is well defined. Hence
there exists €; > 0 such that 0 ¢ ®.(992) for all € € (0,¢;]. Recall that
O (r) = x— Pg(x— f(x)), where f. is approximate selection of F' which
1s continuous on R".
We claim that there exists e; > 0 such that for every € € (0, €] it
holds
(fe(x),z —2) >0 Vze KnNo. (1.3.12)

Indeed, if the assertion is false then there exist sequences ¢, — 0" and
i € K N OS2 such that

<f€k(xk’)7xk - £> <0 VkeN. (1313)

By Lemma 1.3.1, there exists (yj, 2;) € Gr(F') such that ||yp — x| < e
and || fe, (xr) — zk|| < ex. By the compactness of K NJS2 we may suppose
that there exists z € K N 0N) such that xz, — z. Then yp — Z. As
F(z) is a compact set and F' is upper semicontinuous at z, by taking a
subsequence (if necessary) we can suppose furthermore that z;, — z €
F(z). Then f.(zr) — Z. Letting k — oo, from (1.3.13) we obtain
(z,z —z) <0, hence
inf (z",7—12) <0.
x*EeF(T)

This contradicts (1.3.11) and our claim is obtained.

Put € = min {e,e2}. We now show that d(®.,2,0) = 1 for all € €
(0,€] and so d(F'+ Nk, 2,0) = 1. For this we build a homotopy as in [80].

Fix any € € (0, €] and put

H(t,x) = x — Pr(t(x — fo(z) + (1 =)&), (t,z) € [0,1] x Q.

We have H(0,z) = z—2 and H(1,z) = ®.(z). Note that d(H(0,.),$2,0) =
1. We now claim that 0 ¢ H(¢,09) for all ¢ € [0,1]. In fact, it is ob-
vious that 0 ¢ H(0,09Q) and 0 ¢ H(1,0Q). Assume that there exist
t € (0,1) and =z € 09 such that 0 = H(t,z). By the property of the
metric projection we have

(z—t(z— f(z) - (L -t)z,y —2) 20 Vy € K.
In particular, for y = & we get

(tf(x) + (1 —t)(x —&),4 — ) > 0.
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This implies
1—1

|z —2||* >0

(fe(x), & —x) >

where the last inequality holds because ¢ € (0,1) and x # . But
then it follows that (f.(z),x — ) < 0 which contradicts (1.3.12). Thus
0 ¢ H(t,00) for all t € [0,1]. By the homotopy invariance (see (d) in
Theorem 1.2.9) we obtain d(H(0,.),Q,0) = d(H(1,.),Q,0) = 1.

In summary, we have proved that d(®.,€2,0) = 1 for all € € (0, €. By
the degree definition of GVIs we have d(F' + Ng,,0) = 1. According to
Theorem 1.3.5, there exists zyp € 2 N K such that 0 € F(xy) + Ng(z0).
The proof of the theorem is complete. ]

In the rest of this subsection we will present a result on the stability
of solutions to GVIs. Let us assume that M and A are subsets of R¥ and
R™ respectively; F': M x R" — 28" and K : A — 28" be multifunctions.
Consider the parametric generalized variational inequality

0e F(,u,x)-l—NK()\)(x), (1.3.14)

where Ny () is the value at = of the normal cone operator associated
with the set K(\) and (u, A\) € M x A are parameters. We denote by
S(u, A) the solution set of the problem (1.3.14) corresponding to (u, A)
and suppose that xg € S(u, Ag) for a given (g, Ag) € M x A.

Our main concern is now to investigate the behaviour of S(u, A\) when
(p, A) vary around (pg, Ag). This problem was interesting to many au-
thors in the last two decades. For the relevant literature of the problem
we refer the reader to [121] - [149], [201]- [230] and several references
given therein.

The following result gives a sufficient condition for the lower semi-

continuity of the solution map of (1.3.14). It is an extension of results
in [121] and [201] for the case of GVIs.

Theorem 1.3.11. Assume that Xy, Ao and My are neighborhoods of x,
Ao and o respectively and the following conditions are satisfied:

(2) F(-,-) is L.s.c. on My x Xo with closed convez values and F(ug,-) is
u.s.c. with compact conver values,

(i) K : Ao — 2% has closed convex values and to be pseudo-Lipshitz
continuous around (X, xg), i.e., there exist neighborhoods V' of Ao, W of
xo and a constant k > 0 such that

KA\ NW C K(N)+ kA= X||B(0,1) VAN € VNA;
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(4i) xg is an isolated solution and there exists o > 0 such that

i(UF(uQ, ) + NK()\O)QXO,ZL’(),O) 7& OV oe (0,5’].

Then there exist a nezghborhood M of o, a neighborhood A of \o and
an open bounded neighborhood X of xo such that the solution map S
M x A — 2% of (1.3.14) defined by S(p, A) = S(p, \)NX has nonempty
values and lower semicontinuous at (fu, \o)-

Proof. By (i) and the continuous selection theorem due to Michael (see
236, Theorem 9G, p. 466]), there exists a continuous mapping f :
My x Xy — R" such that f(u,x) € F(u,x) for all (u,x) € My x Xo. By
Tietze-Urysohn’s theorem (see [78, Theorem 5.1 p. 149]) we can assume
that f is continuous on R¥ x R™.

According to Lemma 1.1 in [229] and (i), there exist a neighborhood
Ay C Ag NV of A, a neighborhood Xj; C XoNW of 25 and a constant
ko > 0 such that

1P yrxo (2) = Provynxo (2) 1 < kollA = X2

for all \, N € A{ and z € X|,. Let us define a mapping 7 : Aj x X; — X
by setting
7T(>‘7 Z) - PK(A)QXO(Z)'
Then for any z, 2’ € Xj and A\, \' € A{j we have
I (A, 2) =7 (N, 20 = 1 Provnxa(2) = Proonx (2] <
< I1Prynx,(2) = Proynx, (2T 4+ [1Prynx, (27) = Provynx, (2
< |z = 2| + kollA = AJJ2.
Consequently, 7 : Aj x Xj — X is uniformly continuous on Aj x Xj.
Choose oy € (0, ] such that ¢ — oo f (10, x9) € X{. By the continuity

of f, there exist a neighborhood X; C X of 2, a neighborhood M| C M,
of g such that

x—oof(p,x) € X1V (z,1) € X1 x M.
Consider the function
(I)Uo<:u7 /\7 .SL’) =T — PK()\)HXO ('CU - O_Of(:ua I))

with (u, A\, z) € My x Ay x X;. By the above, ®,, is continuous on
M x Ay x X;.
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From (i7i) and Theorem 1.3.9, there exists an open bounded neigh-
borhood Xs C X; of zy such that xy is the unique solution in Xs of the
inclusion

0 € F(uo, z) + Ng(r) ()

This means that x, is the unique solution in Xs of the inclusion
0 € ooF (o, x) + Ni(r,) ().

Since x(y belongs to the interior of X, it is also the unique solution in
X, of the inclusion

0 € oo (o, ) + NK(AO)mxo(ﬂf)-

Moreover,

d(ooF (po, -) + Nia)nxy, X2,0) = i(00F (1o, ) + Nk (a)nx,s Lo, 0) # 0.

As oo f (1o, x) € ogF (po, x) for all x € K(Ag) N Xy and Theorem 2.1, we
get

d(q)go(,[to, Ao, .), Xo, O) = d(JoF([Lo, ) + NK(Ao)ﬂXoa Xo, O) £ 0. (1315)

Note that every solution of equation @, (i, A,z) = 0 are also solutions
of GVI(F(u,.), K(A\) N Xy). Hence z( is the unique solution of the
equation @, (10, Ao, z) = 0 in Xy. Put X = X,. Taking any w € 0X,
we have ®,, (10, Ao, w) # 0. This implies that there exist a d,, > 0
such that 0 ¢ B(®y, (1o, Ao, w),dy) = By,. By the continuity of @, ,
there exist a neighborhood U, C M| of ug, a neighborhood A, C Aj
of A\p and a neighborhood @,, of w such that ®,,(u, A, 2) € B, for all
(s A, 2) € Uy X Ay X Q. Since 0X is a compact set, there are some
wy, Wy, ..., w, such that 0X C U Q.. Put M =N Uy, A = N7 Ay,

We now use the similar arguments in the proof of Theorem 2.1 in
[121] (see also [201, Theorem 3.2]) to show that M, A and X satisfy the
conclusion of the theorem. []

1.3.2 Existence of solutions to variational inequality with pseudo-
monotone operators in reflexive Banach spaces
Variational inequalities (VIs, for brevity) and generalized variational
inequalities (GVIs) have been recognized as suitable mathematical mod-

els for dealing with many problems arising in different fields, such as
optimization theory, partial differential equations, economic equilibrium,
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mechanics, etc. In the last five decades, since the initial existence results
for variational inequalities were established by Stampacchia in 1964 [213],
Lion and Stampacchia in 1965 [153] (see, also [89,101] and [154], The-
orem 4.1), solution existence of VIs, GVIs, and other related problems
has become a basic research topic which continues to attract attention
of researchers in applied mathematics (see, for instance, [139]- [233] and
the references therein). Some difficult questions do exist in this field
(see, for example, [192] and [232]).

Let us assume that X is a topological vector space which is endowed
with weak topology and that X* is its dual. Suppose that K C X is a
nonempty closed convex set and ® : K — 2% is a multifunction from K
to X* (which is equipped with the weak® topology).

The generalized variational inequality defined by K and ®, denoted
by GVI(K, ®), is the problem of finding a point x € K such that

0 € &(x) + Ng(x),
or equivalently,
A" € &(z), (zy—x)>0, VyeK, (1.3.16)

where Ng () is the normal cone to K at x, which is given by (1.1.1).
Here, (-,-) denotes the canonical pairing between X* and X. The set
of all z € K that satisfy (1.3.16) is denoted by SOL(K, ®). If ®&(z) =
{f(x)} for all x € K, where f: K — X* is a single-valued map, then
the problem GVI(K, ®) is called a variational inequality, and the abbre-
viation VI(K, f) is used instead of GVI(K, D).

Recall that ® is a monotone operator if for any x,y € K and x* €
¢ (z),y* € ®(y) one has (z* — y*,x —y) > 0. The first substantial re-
sults concerning monotone operators were obtained by Minty [165] and
Browder [33]. Then the properties of monotone operators were stud-
ied systematically by Browder in order to obtain existence theorems for
quasi-linear elliptic and parabolic partial differential equations. The ex-
istence theorems of Browder were generalized to more general classes of
quasi-linear elliptic differential equations by Hartman and Stampacchia
(see [101,139]).

In 1968, Brézis [29] introduced a vast class of operators of pseu-
domonotone type as follows. An operator ® : K — 2% is called
pseudomonotone if, for any v € K and every net {u;} with u; — wu,
uf € ®(u;), and limsup(u}, u; —u) < 0, then for each v € K, there exists
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v* € ®(u) such that
(v*,u —v) <liminf(u;, u; — v). (1.3.17)

The theory of pseudomonotone operators plays an important role in
the study of solvability of operator equations and quasi-linear elliptic
equations. This class has been studied systematically. We refer the
readers to [34] and Chap. 27 in [238] for more information and properties
of the class.

Beside the concept of pseudomonotone operators in the sense of Brézis,
another concept of pseudomonotone operators was proposed by Kara-
mardian in 1976 (see [114]). An operator ® : K — 2% is said to be
pseudomonotone if, for any z,y € K and z* € ®(z),y* € ®(y), the
following implication holds:

(y*, 2 —y) >0 = (2", 2 —y) >0. (1.3.18)

It is clear that monotonicity implies pseudomonotonicity in the sense of
Karamardian. The converse implication is not true in general (take, for
instance, K = R and f(z) = 2% + 1 for all z € K).

The existence of solutions to variational inequalities with pseudomono-
tone operators in the sense of Karamardian has been investigated inten-
sively twenty years ago (see for instance [12,60,81,82,97,124,140,227,228]
and references therein). In particular, by the Minty lemma, the authors
in [228] and [124] gave some results on the existence of solutions to VIs
for pseudomonotone operators in the reflexive Banach spaces.

Our goal in this section is to give some new results on the existence
of solutions to VIs and GVIs with for pseudomonotone operators in the
sense of Brézis in reflexive Banach spaces. We derive a new scheme for
proofs which is based on the Galerkin method. Using this scheme, we
can establish some existence theorems for VIs and GVIs in topological
vector spaces and reflexive Banach spaces. The obtained results extend
preceding results in [29,34,139,238] and [212]. Besides, the results allow
us to retrieve existence results of VIs for the case of finite-dimensional
spaces as a special case.

e Existence of solution to VIs

Throughout this section, we denote by By the set of operators T’ :
K — 2% which are pseudomonotone in the sense of Brézis, and by Kg
the set of operators ® : K — 2% which are pseudomonotone in the sense
of Karamardian.
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Recall that a single-valued operator A : K — X ™ belongs to the class
By if, for any v € K and every net u; — u such that lim sup(Au;, u; —
u) < 0 implies

(Au,u — w) < liminf(Au;, u; —w), for all w € K.

A is said to be of class (5) if, for any net u; — w and lim sup(Au;, u; —
u) < 0 imply u; — w in the strong topology of X.

A is called continuous on finite-dimensional subspaces if, for any
finite-dimensional subspace L of X, the map A: X N L — X* is contin-
uous. We say that A is demicontinuous if u; — u in the strong topology
implies Au; — Au. It is clear that, if A is demicontinuous, then it
is continuous on finite-dimensional subspaces of X. We say that A is
hemicontinuous if the real function

t = (AL = tu + tv), w)

is continuous on [0, 1] for all u,v,w € K. If the set A(K) is bounded,
then A is called bounded on K.
Let us give an example showing that there exists an operator A €

Br \ Kk.
Example 1.3.12. Consider VI(K, A), where K C R? is defined by
K={(zy) eR*:z+y<laz>-1y>-1}

and A is defined by A(z,y) = (—23,%%). Since A is continuous and X is
a finite-dimensional space, we have A € By (see [238, Proposition 27.6]).
Thus, VI(K, A) satisfies all the conditions of Theorem 1.2.18. However,
A ¢ Kk. In fact, taking u = (1,0) and v = (—1,0), we have (Av,u—v) =
2 and (Au,u—v) = —2. Hence, A is not pseudomonotone in the sense
of Karamardian.

The class of pseudomonotone operators in the sense of Brézis is rather
large. For example, maximal monotone operators are of class By (see
[192, Proposition 8]), monotone and hemicontinuous operators are of
class Bx (see [238, Proposition 27.6]).

The following example shows that there exists a pseudomonotone op-
erator in the sense of Brézis but it is not monotone.

Example 1.3.13. Let GG be a bounded open set in R" with n = 1,2, 3
and let X = W' (G) be a closed subspace of the Sobolev space Wi (Q).
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Let A, : X — X* be an operator defined by
(Apu,v) = a/ Z(Diu)(sin w)vdx,
G =1

where a < 0 and D;u(z) := 2“(z). By Proposition 27.11 in [238], A, is

pseudomonotone. However, A, is not monotone in general. In fact, for
n=1and G = (0,1), we have

1
(Au, v) :a/ usinu v dx.
0

Take two functions uy(z) = 0 and wus(x) = —2° + 22, We see that
uy, ug € C*(0,1) and u;(0) = u;(1) =0, ¢ = 1,2. Hence, uy,us € X. We

now have
<A1U1 — Ayug, uy — U2> = <A1U2,U2>
1
= a/ (=32% + 22)(—2® + 2%) sin(—2” + 2?) dx.
0

Since 0 < —2® + 2% < o for all z € (0,1), we have sin(—z* + z%) > 0.
Also, (=3x% + 2z)(—23 + 2%) > 0 for all z € (0,1). Hence, we obtain

1
/ (—32% + 2x)(—2® + 2?) sin(—2® + 2?) dz > 0.
0

Consequently, (Aju; — Ajus, uy — u9) < 0 and so A; is not monotone.

Given a closed convex set K in X and an operator A : K — X*, we
denote by L the set of all finite-dimensional subspaces L of X such that
LNK # (. Fixing any L € £, we put K;, = K N L and define a map
AL : KL — L* by

(Apz,y) = (A(x),y), Yy € L. (1.3.19)

Definition 1.3.14. The operator A is called compatible with finite di-
mensional subspaces of X if, for any L € L, VI(Ky, Ar) has a solution.

Example 1.3.15. Suppose that K is a compact convex set in X and
A : K — X* is continuous on each finite-dimensional subspace of X.
Then A is compatible with finite-dimensional subspaces of X. Indeed,
fix a subspace L € £ and consider a mapping ay, : X* — L* defined by

(apz®,y) = (2%,y), Vyé€ L. (1.3.20)
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We then have A; = a0 A and so Ay, : K; — L* is continuous. Since
K7 is a compact set, by the well-known result on the existence of solu-
tions to variational inequalities in finite-dimensional spaces, VI(K, Ar)
has a solution. Consequently, A is compatible with finite-dimensional
subspaces of X.

We begin with the first existence theorem for class By.

Theorem 1.3.16. Suppose that X s a topological vector space, K is a
nonempty compact convex set in X, and A : K — X* is of the class Bk
and compatible with finite-dimensional subspaces of X. Then, VI(K, A)
has a solution.

Proof. For each L € L, we consider VI(Kp, Ar). By the assumptions,
there exists a vector x; € K, such that

<ASL‘L,y — ZUL> > 0, Vy e K. (1321)

For each Y € L, we denote by Sy the set of all € K such that there
exists a subspace L O Y with the property that £ € K and

(Az,y — %) >0, Vye K.

From (1.3.21), we see that Sy # () because xy € Sy. Moreover, the
family {Sy }ve, has a finite intersection property, where Sy is the closure
of Sy (in the weak topology of X). Indeed, taking any Ly, Lo, ..., L, € L
and putting M = span{Ly, Lo, ..., L,}, we have M € L and

This implies that

3

We now see that Sy C K and K is a compact set. The finite intersection
property of {Sy }ye, implies

M Sy #0.

Yel

Thus, there is a point 2y € K such that g € Sy forall Y € L.
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Fix any y € K and take Y € £ such that Y contains y and zy. Since
zg € Sy, there exists a net x; € Sy such that x; — xy. By the definition
of Sy, one has

<A$i,1) — I‘Z> >0, YveKy.

Particularly,
(Ax;,z; —x9) <0 and (Ax;,z; —y) <O0.
Hence,
limsup(Az;, x; — o) < 0.
By the pseudomonotonicity of A, we obtain
(Ao, xg — y) < liminf(Az;, z; —y) <O0.
Thus, we have shown that
(Axg,y —xg) >0, forallye K.
This means that x is a solution of VI(K, A). The proof is complete. [

Corollary 1.3.17 (Cf. [29, Theorem 24]). Suppose that X is a topological
vector space, K is a nonempty compact convex set in X, and A : K — X*
is of the class Byx. Assume further that, for each y € K, the mapping
x — (Ax,z — y) is lower bounded on each compact subset of K. Then,
for each f € X*, there exists xog € K such that

<A.T0—f,y—ﬂf0> 207
forally € K.

Proof. Define a mapping A : K — X* by the formula Af(x) = Az — f.
It is easy to show that Ay is of class Bx. By Lemma 27 in [29], A;
is compatible with finite-dimensional subspaces of X. The conclusion
follows from Theorem 1.3.16. ]

Corollary 1.3.18 (Cf. [29, Corollary 30]). Suppose that X is a reflexive
Banach space, K 1s a nonempty closed convex set in X with 0 € K, and
A K — X* is of the class Bg. Assume further that, for each y € K,

the mapping x — (Ax,x —y) is lower bounded on each compact subset
of K and

A
1) _ (1.3.22)
lall =00 ||
Then, for each f € X*, there exists vy € K such that
(Azog — f,y — m) >0, (1.3.23)

forally € K.
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Proof. Consider Ay as in the proof of Corollary 1.3.17. We see that Ay
is of class By. Choose a number v > || f|| and put o = v — || f||. Then,
it follows from (1.3.22) that, for every x € K with ||z| > ~, one has

(Az — f,2) = affz]] = ar.

Since 0 € K, it follows that, if x( satisfies (1.3.23), then ||z¢| < 7. Put
K., = KN B(0,7) and consider the problem GVI(Ay, K.). According to
Theorem 2.1, there exists ¢ € K, such that

(Avg — f,x —x9) >0, forallz € K,,. (1.3.24)

Fix any u € K. Since ||z¢|| < 7, we have xy + A(u — x¢) € K, for A >0
and sufficiently small. Hence, (1.3.24) implies

(Axg — f, AM(u—x¢)) > 0.

Consequently,
<Ax0 - f,u—l'()> > 0.

Since u is arbitrary in K, x satisfies (1.3.23). O

Corollary 1.3.19 ( [139], Theorem 1.4, p. 84). Let K be a closed convex
and bounded set in a reflexive Banach space X and let A : K — X*

be an operator which ts monotone and continuous on finite-dimensional
subspaces of X. Then, the problem VI(K, A) has a solution.

Proof. Since A is continuous on finite-dimensional subspaces of X, A
is hemicontinuous. According to Proposition 27.6 (a) in [238], we have
A € Bg. The conclusion follows from Theorem 2.1. ]

Corollary 1.3.20 ( [97], Theorem 2.1). Suppose that K is a nonempty
weakly compact convex subset of the reflexive Banach space X and A :
K — X*. Assume the following conditions:

(i) A is of class ().
(ii) A is continuous on finite-dimensional subspaces.

(iii) If ©, — x, then {Az,} has a weakly convergent subsequence with
limit Ax.

Then, VI(K, A) has a solution.
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Proof. Tt suffices to show that A is of class Bx. In fact, assume that
u, — u and
lim sup(Au,,, u, —u) < 0.

n—oo

Fix any v € K and put

a = liminf(Au,, u, — v).
n—oo

Then, there exists a subsequence {u,, } such that

a = lim (Au,,, u,, — ).
k—o00 ’ ’

By (i), we have w,, — w as k — oo. By (iil), we can assume that
Au,, — Au as k — oco. Hence, we obtain

(Au,u —v) = I}EEO<AUT”“’ Up, — V) = Q.

This implies that A is pseudomonotone. [

Corollary 1.3.21 (Cf. [67], Theorem 5.1). Suppose that X is a reflexive
Banach space, K is a convex set in X and that A : K — X* is an
operator such that the following conditions hold:

(i) For each y € K the function x — (Ax,y — ) is upper semicontin-
UOUS.

(ii) There exist a nonempty compact set C' C K and a compact convex
set D C K such that, for each x € K \ C, there exists y € D
satisfying (Ax,y — x) < 0.

Then, VI(K, A) has a solution.

Proof. By (i), for each y € K, the function v — (Au,u — y) is lower
semicontinuous. Hence, it is lower bounded on each compact subset of
K. We now show that A is pseudomonotone. Let x; — x in the weak
topology of X and lim sup(Az;, x; —z) < 0. Fixing any y € K and using
the lower semicontinuity of the function u — (Au,u — y), we obtain

(Az,z —y) <liminf(Ax;, z; — y).

Hence, A is of class Bi. Thus, we showed that A satisfies the assump-
tions of Corollary 1.3.17. We choose r > 0 such that C' and D are
contained in B(0,7), where B(0,r) stands for an open ball in X with
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center at 0 and radius » > 0. Consider VI(B(0,7), A). By Corollary
1.3.18, there exists zg € B(0,r) such that

(Axg,y — z0) >0, forally € B(0,r). (1.3.25)
By (ii), zg € C' C B(0,r). Fixing any x € K, we see that
xy =z + t(x — ) € B(O,r)

for ¢ > 0 sufficiently small. Substituting z; into (1.3.25), we have
(Axg,y—x9) > 0. Asx € K is arbitrary, z is a solution of VI(K, A). [

e Existence of solution to GVIs

Let us recall that a multifunction F : X — 27 from a topological
space X to a topological space Z is said to be upper semicontinuous
(u.s.c. for brevity) on X, if for any xzy € X and open set V in Z such
that F'(xy) C V/, there exists a neighborhood U of z satisfying F'(x) C V
for all x € U.

As an auxiliary result, we will use the following well-known existence
theorem for GVIs in finite-dimensional spaces. For the convenience of
the reader, we provide another proof based on approximate selections
below.

Theorem 1.3.22. Suppose that K is a convex and compact set in R"
and that F : K — 28" is a multifunction which is u.s.c. and compact
convex valued. Then, problem GVI(K, F') has a solution.

Proof. By our assumption and the approximate selection theorem due
to Cellina (see [10, Theorem 1, p. 84]), for each ¢ > 0 there exists a
continuous map f. : K — R” such that, for all x € K, one has

fe(z) € F((x +€eB)N K) + €B, (1.3.26)

where B is the unit ball of R".

We choose a sequence {¢,} — 07 such that {f. } satisfy (1.3.26). We
now consider VI(K, f., ). By the well-known result on solution existence
of variational inequalities (see, for instance, [139, Theorem 3.1, p. 12]),
there exists z,, € K such that

(fe.(zn),y —x0) 20, VyeK. (1.3.27)

From (1.3.26), there exist y, € K with ||y,|| <1 and z, € F(z, + €,y,)
such that || fe, () — 2n]| < €,. Since K is a compact set, we can assume
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that x, — 2o € K. Consequently, =, + €,y, — xo. Since F(C) is a
compact set whenever C'is a compact set and F(z,,+¢€,y,) C F(K+ Bgn),
we can assume further that z, — zy and so f, (z,) — 2o. By the upper
semicontinuity of F', we have zg € F'(xy). Fixing any y € K and letting
n — 00, we obtain from (1.3.27) that

(20,y — o) > 0.

This implies that z( is a solution of GVI(K, F'). The proof is complete.
[]

In the sequel, we suppose that X is a topological vector space which is
endowed with the weak topology, X ™ is the dual of X, which is equipped
with the weak* topology. Let K be a nonempty convex set of X and
let T : K — 2% be a set-valued map. We say that 7' is upper semi-
continuous on finite-dimensional subspaces of X if, for every L € L, the
map T : KN L — 2% is u.s.c. For each L € £, we define the mapping
Ty : LN K — L* by the formula

Tr(x) ={apz” : 2" € T(z)}, (1.3.28)
where «ay, is defined by (1.3.20).

Definition 1.3.23. The mapping T : K — 2% is said to be compatible
with finite-dimensional subspaces of X if, for each L € L, GVI(K,Ty)
has a solution.

Example 1.3.24. Let K be a compact convex set of X and letT : K —
2X" be u.s.c. on finite-dimensional subspaces and compact convex valued.
Then, T is compatible with finite-dimensional subspaces of X. Indeed,

for each L € L, Ty, : K — L* 1s u.s.c. and compact convex valued. By
Theorem 1.3.22, GVI(Kp,Ty) has a solution.

We are now ready to state the existence theorem for GVIs.

Theorem 1.3.25. Suppose that K is a nonempty compact convex set in
the topological vector space X and T : K — 2% is a mapping of class
Bi such that the following conditions hold:

(i) For each x € K, T(x) is a compact convex set.

(i) T is compatible with finite-dimensional subspaces of X.

Then, problem GVI(K,T) has a solution.
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Proof. We shall use the scheme in the proof of Theorem 1.3.16.
For each L € L, we consider problem GVI(K,Ty). By (ii), GVI(K,T})
has a solution, that is, there exists x; € K and 2z} € Ty (x) such that

(21,9 —xL) >0, Vye K.
Since z; = apz* for some z* € T'(zy), we get

(z*,y —wr) >0, Vye K.
Hence, we obtain

sup (z*,y —xr) >0, Vye€ K. (1.3.29)

x*eT(xr)

For each Y € L, we denote by Sy the set of all € K such that there
exists a subspace L O Y with the property that £ € K and

sup (", y—2) >0, Vye K.
x* €T (&)

We claim that the family {Sy} has the finite intersection property. In-
deed, for each Y € F, by putting L = Y, we have from (1.3.29) that
ry € Sy. Hence, Sy is nonempty. Take subspaces Lq, Lo, ..., L, € L
and put M = span{Ly, Ly, ..., L,}. Then, we have M € L and

This implies that

The claim is proved.
Since Sy C K and K is weakly compact, the finite intersection prop-
erty of {Sy} implies
() Sy #0.

YeF
This means that there exists a point 2y € K such that zq € Sy for all
Y € L. Fix any y € K and choose Y € L such that Y contains y and
xo. Since xy € Sy, there exists a net x; € Sy such that z; — . By the
definition of Sy, we have

sup (z*,v—uz;) >0, Vv e Ky.
x*eT(x;)
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Hence,

inf sup (z*,v—uz;) > 0.
veKy x*eT(x;)

By the Sion minimax theorem (see [212]), we obtain

su inf (", v—x,;,) = inf su v —x;) > 0.
x*eTl(Dxi) vEKy< ’ Z> veKy x*eT(I;n)< 7 Z> -

Since the extended real function z* — inf ek, (z*, v — x,,) is w.s.c., there
exists z € T'(x;) such that

vier;(fy(x;k, v—uax;) > 0.

Hence,
(xf,v—1z,) >0, Yve Ky.
In particular,
(xf,y —x;) >0 and (z],x0—x) > 0. (1.3.30)

From this, we get lim sup,,_, . (z}, x; —x0) < 0. By the pseudomonotonic-
ity of T" and (1.3.30), there exists x* € T'(x) such that

(%, x9 —y) < liminf(z], x; — y) < 0.
This implies that (z*,y — x¢) > 0. Thus, we have shown that

inf sup (z",y —xg) > 0.
YEK preT(z0)

Using the Sion minimax theorem again, we can prove that there exists
x§ € T(xp) such that

(xg,y —x9) >0, VyeK.
The proof is complete. []
Let us present some corollaries of Theorem 1.3.22.

Corollary 1.3.26. Suppose that K is a nonempty compact convex set
in the topological vector space X and that T : K — 2% is a mapping of
the class Bi such that the following conditions hold:

(i) For each x € K, T'(x) is a compact convex set.
(i) T is u.s.c. on each finite-dimensional subspace of X .

Then, problem GVI(K,T) has a solution.
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Corollary 1.3.27 ( [34, Theorem 15]). Let X be a reflexive Banach
space and let K be a nonempty closed convex set of X with 0 € K. Let
T : K — 2% be an operator of class B such that conditions (i) and (ii)
of Theorem (1.3.25) are fulfilled. Assume further that T is coercive on K,
i.e., that there exists a function c(r) from R into R with c¢(r) — +oo as
r — 00, such that, for eachu € K, w € Tu, we have (w,u) > c(||ul])||u|.

Then for each fy € X*, there exists ug € K and wy € Tuy such that
(wog — fo,u—wug) >0, forallue K. (1.3.31)

Proof. The proof proceeds analogously to the proof of Corollary 1.3.18.
]

Corollary 1.3.28 ( [97, Theorem 3.1]). Let K be a nonempty weakly
compact convex subset of a reflexive Banach space X and let T : K —
2X" Assume the following conditions:

(i) T(x) is nonempty, closed, and convez for each x € K.

(ii) T is bounded and upper semicontinuous on finite-dimensional sub-
spaces.

(iii) If x,, converges weakly to x, w, € Tx,, and limsup(w,, z, —z) <0,
then x, — = and {w,} has a subsequence converging weakly to some
weTx.

Then, GVI(K,T) has a solution.

Proof. 1t is sufficient to show that 7' is of class By, i.e., if {(up,u})} is a
sequence such that v’ € T'(u,), u, — w and lim sup,,_, (v}, u, —u) <0,
then for each v € K, there exists v* € T'(u) satisfying

(v*,u —v) <liminf(u,, u, — v).
n—oo

Suppose that T is not of class Byx. Then there exists v € K such that

inf (v*,u — o) > liminf(w,, u, — v).
v*eT (u) n—00

By passing to a subsequence, we may assume that

: . :
U*lel%{zu)(v ,U—v) > 7}1_>r{.10<wn,un v).

By (iii), without loss of generality, we can assume that w, — w € Tu
and u, — u. Hence, we obtain

inf *a - > i ny Un — - y W — U/,
v*le%(u)<v u—v) n1_>I£10<w Uy — v) = (w,u — v)

a contradiction. ]
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The following theorem gives sufficient conditions for solution existence
of GVIs to the case of unbounded sets.

Theorem 1.3.29. Suppose that X s a reflexive Banach space, let K be
a nonempty closed convex set of X and let T : K — 2% be an operator
of the class By, which satisfies the following conditions:

(i) For each x € K, T(z) is a closed convex and bounded set.
(ii) T is upper semicontinuous on finite-dimensional subspaces of X.
(iii) There exists an open ball @ C R"™ and a vector & € QN K such that

inf (z*,x—2)>0, Vre KnNo,
x*eT(x)

Then problem GVI(K,T) has a solution.

Proof. Let us denote by F the set of all finite-dimensional subspaces L
of X such that L contains z. Putting K;, = KN L, Q;, = QN L, we see
that 0Q2;, = Q2 N L, where 0f) is the boundary of 2 in X. It is clear
that, for each L € F, the triplet (K, Qp,T}) satisfies all conditions of
Theorem 1.3.10. Hence, there exists z;, € K N QN L such that
sup (z*,y —xr) >0, Vye K. (1.3.32)
x*€T(xy)
For each Y € F, we denote by Sy the set of all # € K N such that
there exists a subspace L 2O Y with the property that £ € Q N K, and
sup (z",y—12) >0, Vye K.
z* €T (&)
As Q is a weakly compact set and Sy C €, the finite intersection
property of {Sy} implies
() Sy #0.
YeF

We now use similar arguments as in the proof of Theorem 1.3.25 to
obtain the desired conclusion. []

1.3.3 Stability of solutions to parametric generalized varia-

tional inequalities in reflexive Banach spaces

In the preceding section, we used the degree theory in order to give
a result on the stability of solution to parametric variational inequality
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in R”. In this section we continue to study the stability of solution to
generelized variational inequality in reflexive Banach spaces.

Let us assume that E is a reflexive Banach space with the dual E*,
(M,d) and (A,d) are metric spaces. Let F : M x E — 2% be a set-
valued operator and K : A — 2F be a multifunction with closed convex
values. The parametric generalized variational inequality involving the
set K(A\) and the operator F'(u,-) is the problem of finding = = x(u, \)
satisfying the generalized equation

where (1, A € M x A are parameters and Ny () is the value at x of the
normal cone operator associated with the set K(\). We denote problem
(1.3.33) briefly by GVI(F(u,), K(\)). When F(u,x) = f(u,z) where
f: M x E — E*is a single-valued operator then (1.3.33) is called a
parametric variational inequality and denoted by VI(f(u,-), K(\)). We
will denote by S(u, A) the solution set of (1.3.33) corresponding to a
parameter pair (u, A). Thus S : M x A — 2 is a set-valued map which
is called the solution map of (1.3.33). In the sequel, we assume that
xo € S(po, Ao), that is

0e F(,u(), :190) + NK()\O)(I‘()). (1334)

Our main concern is to investigate the behavior of S(u, A\) when (, \)
varies around (po, Ag). This problem interested many authors in the
last two decades. For the results which have a close connection with
the present work, we refer the reader to [61]- [124], [146]- [149], [166]-
202], [229]- [233] and the references given therein. It is known that if
F(u,) is single-valued and strongly monotone then the solution map S
is single-valued. In this case the solution map has many nice properties.
Using the metric projection method, Yen [229] showed that if F'(u,-)
is strong monotone and K (-) has the Aubin property then the solution
map is Holder continuous with respect to parameters. This result was
extended later by Domokos [73] to the case of reflexive Banach spaces.
Also, under the hypothesis that F'(u,-) is strongly monotone and K is
a graph-convex polyhedral multifunction from R" to R, Robinson and
Lu [200] showed that the solution map is Lipschitz continuous when
parameters vary. The situation will become complicated when the hy-
pothesis on the strong monotonicity is dropped. In this case the solution
map is not single-valued in general. When the set K (\) is defined as per-
turbed system of finitely many nonlinear inequality or equations subject
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to additional fixed polyhedral constraints, F is a single valued and C-
function, and the system of constraints obeys a certain property called
nondegeneracy, Robinson [197] showed that existence, local uniqueness,
and Lipschitz continuity, as well as B-differentiability of the solution, can
be predicted from a single affine variational inequality that is easily com-
putable in terms of the data of the original problem (see [197, Theorem
5.3]). In 2004, Robinson [201] has introduced a localized version of the
so-called normal maps which help him study the existence and continu-
ity of solutions of variational inequalities via existence and continuity of
solutions of operator equations. Robinson established homeomorphisms
between the solution set of variational inequalities and the solution set
of the normal map. Based on the result and degree-theoretic method,
Robinson has showed that if the solution of the unperturbed is an iso-
lated solution and the degree of the normal map at this point is different
from zero then the solution map is lower semicontinuous at the parameter
corresponding to the solution. Thus the degree-theoretic approach and
the metric projection method permit him to draw fairly strong conclu-
sion on the existence and continuity of solution of perturbed problems
when the original problem satisfy certain regularity requirements. By
introducing a localized version of generalized normal maps and using
the degree-theoretic method, Kien and Yao [124] extended the results
in [201] to the case of reflexive Banach spaces.

We remark that although the degree theory is a strong tool for study-
ing the solution stability of variational inequalities, it has also some
handicaps. Namely, in many cases we have to verify that the degree of
maps at some point is different from zero. This is the core of applications
of the degree theory. However, the computation of the degree of maps,
is not very easy. Besides, the approach of the mentioned papers is to use
the metric projection which is suitable for variational inequalities rather
than for generalized variational inequalities. Therefore the continuity of
the solution map of a parametric generalized variational inequality, is
more difficult to obtain than that for parametric variational inequalities.

It is noted that although there have been many papers which study
solution stability of parametric variational inequalities, very few paper
which focus on a such study for parametric generalized variational in-
equalities. In a recent paper, Mansour and Aussel [159] have obtained a
result on lower semicotinuity of the solution map of problem (1) in the
case of finite dimensional spaces (see [159, Theorem 4.6] ). They showed
that if F'(u, -) is quasi-monotone, S(u, A) is nonempty, the sets K (\) have
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nonempty interiors, K ()g) is a convex polyhedron, K () int- Mosco con-
verges to K (\g) and other additional conditions, then the solution map
is lower semicontinuous at (ug, Ag). In our paper, the conditions which
are imposed on F' and the sets K(\) as well as techniques is different
from that in [159].

Below, we shall show that if the data of the unperturbed problem are
good enough then the perturbed problems are stable. Namely, if the op-
erator of the unperturbed problem is of the class (S)+ and strictly mono-
tone, the operators of the perturbed problems are pseudo-monotone and
demicontinuous, the set-valued map K has the Aubin property, then the
solution map is lower semicontinuous. The obtained results are proved
without conditions related to the degree theory and the metric projec-
tion. Moreover, the conditions imposed on F' and K, are quite explicit
under which we can directly verify.

Let us recall some notions related to our problem. Assume that C
is a nonempty closed convex set in E and T : C' — 2F" is an operator.
Then

Gr(T) ={(z,2") € Ex E*|z" € T(x)}.

We say that T is demicontinuous if 7' is upper semicontinuous with E*
equipped by its weakly star topology. T is called strictly monotone iff
for any (uqy,u}), (ug, u3) € Gr(T) and uy # usg, one has

(uy — uy, ug — ug) > 0.

T is said to be of class (5)4 if u, — w and limsup,,_,.(u}, u, —u) <0
for some ! € Tu,, imply u, — wu strongly. If the set T'(C') is bounded
then T is called bounded on C'. T is said to be pseudo-monotone in the
sense of Brezis if for any sequence w,, — u, and if w} € T'u, is such that
lim sup,,_, (W, u, —u) < 0, then for each v € C there exists w) € Tu
with the property that

(wy,,u —v) <liminf(w}, u, — v).
n—0o0

As an example, if T is monotone and demicontinuous then 7' is pseu-
domonotone (see Proposition 27.6 in [238]). There is some pseudo-
monotone operators which are not monotone (see Example 2.2 in [126].
We refer the reader to [34] and [238] for more properties and applications
of pseudo-monotone operators.

The multifunction K : A — 2F is said to have the Aubin property of
order a > 0 at a point (Ao, zg) € Gr(K) if there exist positive constants
k,e and [ such that
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K(X) N (o + €Bg) C K(N) + kd(N, \)*Bg YN, A € B(Ag, fo).
(1.3.35)

Here Bp is the closed unit ball of E and B()\, 3) is an open ball centered
at A9 with radius § > 0, in the metric space . If K satisfies property
(1.3.35) for « = 1 then K is said to have the Aubin property at (Ao, o).

Recall that a multifunction P : X — 2¥ from a topological space X
to a topological space Y is said to be lower semicontinuous at zy € X
if for any open set V in Y satisfying P(xg) NV # (), there exists a
neighborhood U of xy such that P(x) NV # () for all x € U. P is called
upper semicontinuous at xg € X if for any open set V in Y satisfying
P(xy) C V, there exists a neighborhood U of z( such that P(x) C V for
all x e U.

Assume that Y is a normed space. We say that P is Hausdorff up-
per semicontinuous at zy provided that for any ¢ > 0, there exists a
neighborhood U of zy such that e(P(z), P(x)) < € for all x € U, where

e(P(x), P(xo)) := sup d(y, P(x))
yeP(z)
and d(y, P(xg)) is the distance from a point y to the set P(z).
Here are some results on the stability of solutions to GVIs.

Theorem 1.3.30. Let E be a reflexive Banach space with the dual E*.
Assume that there exist a bounded open neighborhood Xy of x¢ and a
neighborhood My x Ay of (pg, Ao) such that the operator F : My x Xo —
2E" and the multifunction K : Ag — 2F satisfy the conditions:

(1) F(po,-) : Xo — 2F" is of class (S), bounded and strictly monotone
on X() N K()\()),

(ii) F(p,-) : Xo — 2" is demicontinuous, pseudo-monotone and closed
convex valued for all p € My;

(131) F is Hausdorff upper semicontinuous in p at jy and uniform in x,
that is, for any sequence p,, — po, one has e(F (i, x), F(po, x)) — 0 for
all v € Xo;

(iv) K has the Aubin property of positive order o at (Xg, xo).

Then there exist a neighborhood Uy of g, a neighborhood Vi of Ay and
an open bounded neighborhood )y of xy such that the following assertions
hold:

(a) The solution map S : Uyx Vy — 2% defined by S(p, \) = S, \)NQo,
has nonempty values.
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(b) The solution map S is lower semicontinuous at (1o, Xo).

When F(pu,x) = {f(u, )}, where f: Myx Xy — E* is a single-valued
operator, we obtain

Theorem 1.3.31. Let E be a reflexive Banach space with the dual E*.
Assume that there exist a bounded open meighborhood Xy of xy and a
neighborhood Myx Ay of (o, Ao) such that the operator f : Myx Xy — 2F
and the multifunction K : Ay — 2% satisfy the conditions:
(2) f(uo,-) : Xo — E* is of class (S)+, bounded and strictly monotone
on XO N K()\()),
(i) F(u,-) : Xo — 2F" is demicontinuous and pseudo-monotone for all
p € Mo;
(7i1) F is continuous in p at po and uniform in x, that is, for any
sequence fi, — fio, one has sup,cx, ||f(tn, ) — F(po,z))|| — 0 as n —
00;
(1v) K has the Aubin property of positive order a at (g, o).

Then there exist a neighborhood Uy of g, a neighborhood Viy of Ay and

an open bounded neighborhood Qo of xy such that the following assertions
hold:

(a) The solution map S : Uyx Vy — 2% defined by S(p, X) = S (41, \)NQo,
has nonempty values.

(b) The solution map S is lower semicontinuous at (1o, Xo)-

In particular for £ = R™, we have the following result.

Corollary 1.3.32. Suppose that there exist a bounded open neighborhood
Xo of g and a neighborhood My x Ay of (po, Ao) such that the mapping
f: My x Xog = R™ and the multifunction K : Ag — 28" satisfy the
conditions:
(2) fuo,-): Xo — R™ is strictly monotone on Xy N K(\g);
(i) f(-,-) is continuous
(i71) K has the Aubin property of positive order o at (Mg, x).

Then there exist a neighborhood Uy of g, a neighborhood Viy of Ay and
an open bounded neighborhood Qo of xy such that the following assertions

hold:

(a) The solution map S : UyxVy — 2% defined by S(,u, A) =S, A)NQo,
has nonempty values.

(b) The solution map S is lower semicontinuous at (1o, Xo)-

In order to prove the above theorems, we first establish a result on a
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relation between the Aubin property and the so-called Holder property
of multifunctions.

Let E be a normed space, K :— 2F be a multifunction, and (A\g, zg) €
GrK be such that property (1.3.35) holds. For each € > 0, we put

K.(\) = K(\) N (20 + €Bp). (1.3.36)

Lemma 1.3.33. Suppose that K :— 2F has conver values and satis-
fies property (1.3.35). Then for any € in (0,€)] and any B with 0 <
B < min(fy, (ﬁ)l/o‘, the multifunction K. defined by (1.3.36), is Holder
continuous with constant 5k on the ball B(Xg, B), that is

K.(\N) c K.(\) + 5kd(N, \)*Bg (1.3.37)
for all \, N € B(\, B).

Proof. We mimic the proof of Lemma 2.3 in [23].
Put X' = Ay in (1.3.35), we see that, for all A € B(\g, §), there exists
a point x) € K(\) such that

€

o = oll < kd(X M) < 5. (1.3.38)

This implies that K.(A) is nonempty for all A € B(\g, 5). Take any
N, A € B(X\, ) and 2’ € K. ()\). We have to show that there exists a
point 2" € K.(\) such that

2’ — 2| < Bkd(\ Ao)® (1.3.39)

which proves (1.3.37).
It follows from (1.3.35) that there exists x € K(\) such that

|2’ = z|| < kd(\ o)™ < 5kd(X, Xo)®.

If x € g + B, then z € K. (\. By putting 2” = x, we obtain (1.3.39).
Let us assume that = ¢ xg + eB. This means that

ro= ||z — x| > e

Choose z) € K(A) such that (1.3.38) holds. By the convexity of K(\),
the segment [z, z,] is contains in the K (). Take a point z” € [z, x)]
belongs to K (\) such that ||z” — xy|| = €. Hence 2" € K (\). Note that
such a point z” always exists. Namely, 2" = x) + so(z — x)), where

so =max{s: s € [0,1],z\ + s(x — x)) € zo + B}
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It is easy to show that there exists such a number sy and sy € (0, 1).
Put p=|lx —2"||, d =r —eand t = 1 — sp. Then we have 2" =
(1 —t)x + tx) with t € (0,1) and

e = 1o — aoll = 101 = £)(@ — 20) + twr — 2)]| < (1 = O)r + tllar — o).
This implies that

t(r —||zy —xo||) <7 —e
Hence

Lo e
T r—e€/2

From this relation we have
p= 2" — x| =tz — zp]| <tz — 20l + [l2r — 20|)

<tlr+e/2) < (r+ E/Q)TT__ejz'

It follows that ||z — x| < 4(r — €) = 4d. Since d < ||x — 2'||, we have
|2" — x| < 4]z — 2'||. Consequently,

2" — 2" < " — f| + ||l2" — 2| < 5lla" — || < 5kd(X, A)".
We obtaine (1.3.39). The proof is complete. O

Proof of Theorem 1.3.30.
(a). By (iv), there exist positive constants k, ¢y and [y such that

K\)N (29 +€eBg) C K(\) +kd(N,\)*Bg YN, X € B()o, Bo). (1.3.40)
Choose positive constants s and ¢ such that
zo + sBp C (z9 + €Bg) N Xo, kd(\, X)* < s
for all A € B(\g,0) C B(\g, Bo). Hence (1.3.40) implies that
K(\)N (29 + sBg) € K(A\) + kd(N,\)*Bg VN, X € B()\,d). (1.3.41)

Choose a number 8 such that 0 < 8 < min(§, (Z)"/*). By Lemma 1.3.33,
we have

K(N)N(zo+sBg) € K(A\)N(zg+5Bg)+5kd(N,\)*Bg VN, A € B(\y, B).
(1.3.42)
Thus for all A, N € B(Xg, 5), (1.3.41) and (1.3.42) are fulfilled.
Putting \' = )¢ into (1.3.41), we see that for each A € B(\g, 3), there
exists zy € K(\) such that ||z — zo|| < kd(\, Ao)® < s. Consequently,
K(X) N Bg(xg,s) # 0 for all A € B(\, B).
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For each (u, \) € My x B(\g, 3), we consider the generlized equation
0e F(,LL, a:) + NK()\)QBE(%’S) (CC) (1343)
To continue, we prove the following lemma.

Lemma 1.3.34. There exist a neighborhood Uy X Viy of (1o, No) such that

0 g_f F(,u, CC) + NK()\)QBE(xO)S)(aBE(Io, S)) (1344)
for all (pu, \) € Uy x Vpy, where OBg(xy,s) is the boundary of Bg(xg, s).

Proof. Assume that the assertion of the lemma is false. Then we can
find sequences p, — o, A\, = Ag and x,, € dB(xy, s) such that

0 ¢ F(/Jm ZEn) + NK(A)HBE(xO7s)(xn>- (1345)

Since the sequence {z,} is bounded, we can assume that z, — % for
some © € dBg(xg,s). From (1.3.45), we have z, € K()\) N 0Bg(xg,s)
and there exists x € F'(u,, x,) such that

(.2 —2,(>0 Vze K(\)N Bg(zg,s). (1.3.46)

For n sufficiently large, putting A’ = A, and A = A\g in (1.3.42), we see
that there exists a point y, € K(\g) N Bg(xo, s) such that

0 — gl < 5kd(n, o). (1.3.47)

Since K()\g) N Bg(xg, s) is a weakly compact set, we can assume that
yn — 9y € K(Xo) N Bp(xg, ). Fixing any 2* € E* and using (1.3.47), we
have

(2", za) — (@, 9)] = (27, @) — (&%, y) + (&7, yn) — (27, 7))
<N lzn = yall + 12, 90 — 5)] = 0.

This implies that 2, — ¢ and so Z = §j € K()\g) N Bg(xo, ).

Putting \' = \p and A = A, in (1.3.42), we see that for each n, there
exists a point 2, € K(\,) N Bg(xo, s) such that ||z, — Z|| < 5kd(Xg, An)®.
Consequently, z, — ¥ strongly when n — oo.

Substituting z = z, into (1.3.46), yields

(), 20 —Z) > (x),, 0y — T). (1.3.48)

Since F'(po,z,) is a closed convex set in E*, there exists v} € F(uo, )
such that

d(a,, F(po, xn)) = |2, — |l
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By (éii), we have ||z} —u} || — 0. Combining this with the boundedness
of F(uo,-), we see that {z*} is bounded. Hence from (1.3.48) we obtain

limsup(z;, z, — z) < 0.
n—oo

This implies that

limsup(u,, z, — z) = lim (u; — x;, x, — T) + limsup{(x, z, — ) < 0.
n—00 n—r00 n—00

Since F'(pg,-) is of class (S),, we conclude that z, — Z and so T €
8BE(x0, S) N K()\())

Take any x € K(X\g) N Be(rg,s). By (1.3.42), for each n sufficiently
large, there exists a point u, € K(\,) N Bgr(zg, s) such that u, — x as
n — 0o. Substituting z = w,, into (1.3.46), we get

() Uy — xp) >0, (1.3.49)

Since F'(po,-) is bounded, we can assume that « — «*. On the other
hand, F'(u,+) is demicontinuous at x and x,, — Z, we get u* € F(ug, 7).
Rewrite

(@, Uun — x0) = (@ — Uy, U — Tn) + Uy, Un — Ty)
Letting n — oo and taking into account of (1.3.49) yields
(u*,x —2) >0 Vo e K(\)N Bg(xg, s).

In particular, for x = xy we get (u*, 29 — x) > 0. Since xy € S(ug, M),
there exists u§ € F' (o, o) such that

(ug, x — xg) > 0 Vo € K(\).
Particularly, (u,z — x¢) > 0. By the strict monotonicity of F'(uyg,-) on
XoN K(XAo) and zy # Z, one has,

(u*, T —xo) > (ug, & — x9) >0
which is implossible. The lemma is proved.

We now return to the proof of the theorem. We now choose Uy C M,
and Vo C B(\o, 8) such that (1.3.44) in Lemma 1.3.34 is valid. Put
Qo = Bp(zo,s) and S(u, \) = S(u, \) N Qy for (u, \) € Uy x Vi. We will
show that Uy, Vi and @)y satisfy the conclusion of the theorem. Fixing
any (u, A) € Uy x Vp, we consider the generalized equation

0e F(,LL, .I) + NK(}\)OBE(J)O’S)(:C)' (1350)
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By (i), F'(u, -) is pseudomonotone, closed convex valued and upper semi-
continuous on finite subspaces of E. Moreover, by the boundedness of
F(p, ) and condition (iii), F'(u, ) has bounded values. Besides, K(A)N
Bg(x, s) is a closed convex and bounded set in E. Thus all conditions
of Corollary 1.3.26 are fulfilled. According to Corollary 1.3.26, the gen-
eralized equation (1.3.50) has a solution & = #(u, \) € K (\) N Bg(z, 5).
By (1.3.44) and the choice of Uy and Vj, & € intBg(x, s). Hence

N g ()nBu(ae.5)(T) = Ny ().

Consequently, 2 also satisfies the generalized equation
0 € F(u, ) + Ngoy ().

This implies that & € S(u, A) N Qo. The assertion (a) of the theorem is
proved.

(b) Assume that G is an open set such that S(ug, Ao) NG # 0. By the
uniqueness of zg in S(pg, Ag), we have zg € G. Choose 5 € (0, s) such
that Bg(xg, s) C Bg(xg,s) NG and (1.3.41) holds. Namely, there exists
6 > 0 0 such that kd(\, X\g)* < s and

K\)N (z0+38Bg) C K(A\)+kd(N,\)*Bg YN, X € B(Ao,8) C B(Xo, Bo).
(1.3.51)

As in the beginning of the proof of assertion (a) we choose a number [

such that 0 < 8 < min(d, (£)"*). By Lemma 1.3.33, we have

K(\N)N(zg+5Bg) € K(A\)N(2g+5Bg)+5kd(N, \)*Bg YN, X € B(Xo, B).
(1.3.52)

Moreover, for all ', A € B(\g, 8), (1.3.51) is fulfilled.

We now use Lemma (1.3.34) to show that there exists a neighborhood
Uy C Uy of g, a neighborhood Vi C Vj of Ay such that for all (u, \) €
UO X %, one has

0 ¢ F(p, @) + Ni(n)nBg(ao.s) (OBe(T0, 5)) (1.3.53)

Using some arguments similar to those in the proof of part (a), we see
that the generalized equation

0€ F(u, ) + Ng()nBs(wo.5) ()

has a solution 4 = u(u, \). By (1.3.53), @ € intBg(xg,5). This implies
that
NE(\NBg (0,5 (8) = N ()
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and so
0 € F(u,z) + Ngn(a).

Hence @ € S(p, A) N Bg(xo,3) € S(u, A) N'G. In other words, S(u, \) N
G # (0 for all (u,\) € Uy x V. This means that the solution map
S : Uy x Vo — 2%0 is lower semicontinuous at (140, Ag). The proof of the
theorem is complete. O

Proof of Corollary 1.3 As in the proof of Theorem 1.3.30, we can
choose positive constants s and [ such that (1.3.41) and (1.3.42) hold. In
order to show that Lemma 3.1 can be applied in the case F'(u, ) = f(u, ),
we assume that the conclusion of the lemma is false. Then we can find
sequences i, — (o, An — Ag and {x,} C dBg(xy,s) N K(\,) such that

(f(pn, ), 2 —x,) >0 Vz € K(\,) N Bg(zg, s). (1.3.54)

Since 0Bg(x, $) is a compact set, we can assume that x,, — Z. Substi-
tuting A’ = A,, A = A¢ into (1.3.42) we see that for each n, there exists
yn € K(X\g) N Bg(xo, s) such that

Hyn - an < 5kd(>\na )\O)a'

Since K (\g) N Bg(xg, s) is compact, without loss of generality, we may
assume that y, — yo € K(X\) N Bg(zo,s). From the above, we have
x, — yo. Hence T = 1y € K(\g) N Bg(xg, s). Putting N = Ay, A = \, in
(1.3.42), we see that for each n there exists a point 2, € K (\,)NBg(xo, 5)
such that z, — xy. Putting z = 2, in (1.3.54) and letting n — oo, we
obtain (f(u,x),xg — ) > 0. Since f(up,-) is strictly monotone and
xo # T, we have

(f (o, o), wo — &) > (f(po, T), 20 — ) > 0

This contradicts the fact that xy is a solution of VI(f(uo,-), K(Ng)).
Thus the Lemma 1.3.34 is applicable. We now can choose neighborhoods
Uy C My of puy and Vy C B(Ag, B) of Ag such that the conclusion of
Lemma 1.3.34 is valid. Put Qo = Bg(xg, s). For each (u, \) € Uy x Vj
we consider the generalized equation

0 € f(1, %) + Nr(2)nBy(wo.5) (T))- (1.3.55)

Since f(u,-) is continuous and K (\) N Bg(xg,s) is compact, (1.3.55)
has a solution & = Z(u,\) € K(\) N Bg(zo,s). By Lemma 1.3.34,
& € intB(wo, s). Hence



and so
0 € f(u,2) + Ngn(2).

This implies that & € S(u, A\) N Q. The assertion (a) is proved. By
using the arguments described in the proof of assertion (b) of Theorem
1.3.30 we show that the map S is lower semicontinuous at (g, A). The
proof of the corollary is complete. O

Example 1.3.35. To provide some perspective what we have obtained
up to now, we consider an illustrative example in the case of finite di-
mensional spaces.

Let (o, \o) = (—1,1/8) and My x Ag C R? be a neighborhood of
(to, Ao) and Xy = R% Let f : My x Xy — R? be a mapping which is
defined by

f(,LL,$) - (331,,&332 + ZE%), T = (x17x2)
and K : Ay — 2% defined by

K(A) = {(z1,22) : x2 > 1/2, 21 + 29 = 2A}. (1.3.56)

Then the following assertions hold:

(a) conditions (i) — (ii7) of Corollary 1.3 are satisfied;

(b) up = (—1/4,1/2) is a unique solution of VI(f(uo,-), K(Xo));

(¢) the solution map S(-) is lower semicontinuous at (1, Xo).
In fact, we have f(jug,x) = (21, —22 + x3) and

K()\o) = {(.Tl,ilfg) T2 Z 1/2,371 + X9 = 1/4}

For any u = (uj,us2),v = (v1,v2) € K(\g), we see that us + vo > 1.
Hence

(f(posw) — f(po,v),u —v) = (ug — v1)2 + (up — v2)*(ug +up — 1) >0

whenever u # v. This implies that f(ug,-) is strictly monotone and so
condition (i) of Corollary 1.3 is satisfied.

It is clear that f(-,-) is continuous. On the other hand, for each
A € Ay, K(A) is a closed convex set. By [158]], the map K(-) is Lipshitz
continuous. Hence condition (#i7) of Corollary 1.3 is valid. Thus all
conditions of Corollary 1.3 are fulfilled. To verify (b) and (¢) we note
that u € K(\) is a solution of VI(f(u,-), K(X)) if and only if u satisfies
the equation

u= Proy(u—pf(p,u), p>0.
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Let 2 = (1, 2) be any point in R%. By a simple computation, we obtain

xr1 — X2 Lo — X1
D) )

It follows that

Py — pf(p, )
=1/2(2\ + (1 = p)xy — (1 — pp)x2 + pa3,2X\ — (1 — p)a;
+ (1 = pp)xs — pr3)
Hence
(z1,72) = Pgoy(x — pf (1, 7))
if and only if

2A + (1 — p)oy — (1 — pp)xy + pa3 = 214
2X — (1 — p)ay + (1 — pp)xy — pr3 = 215,

This equivalent to

24 (1 A =0
{x2+( e (1.3.57)

$1+$2:2>\

The first equation in (1.3.57) has A = (u + 1)*> + 8. When (ug, Ag) =
(—1,1/8), the system has a unique solution uy = (—1/4,1/2) € K(1/8).
It is a unique solution of VI(f(ug,+), K(Ng)). When A > 0 the first
equation of (1.3.57) gives two solutions

—(1 A —(1 — VA
= ( +l;)+\/_ and 6y = ( +'L;) \/_
Hence VI(f(u,-), K(\)) has two solutions

01

u(p, A) = (2A —01,601) and  a(p, \) = (2A — 0, 0,).
Thus S(p, A) = {u(p, \),a(p, A)}. It is easy to check that

lim  w(p, A\) = up.
WA%WWM)(M ) = uo

Hence there exist neighborhoods Uy x Vi C My x Ag of (po, Ag) and Q)
of uy such that S is lower semicontinuous at (g, o).
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1.3.4 The Galerkin method and regularization for variational

inequalities

So far, there have been a lot of papers on the existence of solutions
as well as numerical method for variational inequalities, we refer the
readers to [25], [93], [98], [120]- [156], [224], [226], [228], [233] and many
references given therein. Particularly, in [93] and [224] the authors used
the finite element method (FEM, for short), which is an instance of the
Galerkin method, to compute solutions of elliptic variational inequalities
in Hilbert spaces.

It is known that the Galerkin method and FEM are important in
computing solutions of partial differential equations as well as obstacle
problems in Soblev spaces. The Galerkin method for operator equa-
tions in separable and reflexive Banach spaces have been studied very
thoroughly in [238]. However, it seems that, there is no result on the
Galerkin method for variational inequalities in separable and reflexive
Banach spaces have been published. In this subsection we will present
some new results on the Galerkin method for variational inequalities with
monotone operators and pseudomonotone operators in separable and re-
flexive Banach spaces. Besides, the regularized method for variational
inequalities with monotone operators is also investigated.

Throughout the subsection, we assume that (X, ||-||) is a reflexive and
separable Banach space with the dual X*, K is a nonempty closed and
convex set in X and A : K — X is an operator. As in Subsection 1.3.2,
we denote by By the class of operators which are pseudo-monotone in
the sense of Brésiz and by K the class of operators which are pseudo-
monotone in the sense of Karamardian (see [114]).

The operator A is said to be uniformly monotone if

(Au = Av,u—0) = wlllu = vll)Ju—ol| Vu,v € K,

where w : [0, +00) — [0, +00) is an increasing function satisfying w(0) =
0, w(t) >0ast>0and w(t) = +oo as t — +00. It is clear that if A
is uniformly monotone on K, then it satisfies condition (5),, that is, if
for any sequence (x,) C K, z, — = and

limsup(Ax, — Az, z, —x) <0

n—oo
then ||z, — z|| — 0.
A is said to be hemicontinuous if for any u,v, w € X, the mapping

0,1] 2t — (A(u + tv), w)
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is continuous. A is said to be demicontinuous if for any sequence u,, — u
strongly, then Au,, — Au in the weak® topology o(X*, X).

It is noted that if A is monotone, then A € g . If A is hemicontinuous
and monotone, then A € By (see [238, Proposition 27.6]). Therefore,
the class of hemicontinuous and monotone operators is included in both
classes g and Bg. However, these classes are different. In this paper,
we only concentrate on the class of pseudo-monotone operators in the
sense of Brézis.

We say that A satisfies a coercive condition if there is a point wg € K
such that

(Au — Awg, u — wy)

[ = wo

— 400 as |ul]| = +oo. (1.3.58)

The operator A is said to be bounded, if it maps a bounded set into a
bounded set. We say A is locally bounded, if for any u € K, there exits
r > 0 such that A[Bx(u,r)] is a bounded set.

Given a functional f € X*, we consider the following variational
inequality:

Findue K: (Au—fy—u) >0 VyeK. (1.3.59)

We will denote by VI(F, K) the above variational inequality, where
Fu := Au— f. It is clear that when K = X then VI(F, K) is equivalent
to the following operator equation:

Findue X: Au=f. (1.3.60)

Since X is assumed to be a separable space, K is also a separable metric
subspace. Let {wy,ws,...} be a sequence which is dense in K. Then
{wo, wi, wy, ...} is also dense in K for any wy € K. We define, for each
n > 0, the finite-dimensional space

X,, = span{wy, wy, wa, ..., Wy }
if A satisfies coercive condition, where wy is given in (1.3.58) and
X, = span{wy, wo, ..., wy, }

whenever K is bounded.

We consider the following variational inequalities corresponding to
(1.3.59) on X,,:

Find u, € X, NK: (Au, — fy—u,) >0 VYye X, NK,n=1,2, ..
(1.3.61)
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Here we are looking for w, = Y ;_, crnwy. We call (1.3.61) the Galerkin
variational inequalities. When K = X then (1.3.61) becomes the Galerkin
equations:

Find wu,€ X,: Au,— f=0 on X,,n=12, .. (1.3.62)

We have the following result on the convergence of solutions to the
Galerkin inequalities.

Theorem 1.3.36. Suppose X is a separable and reflexive Banach space,
K s a closed convex set in X, A : K — X" is pseudomonotone and
bounded. Assume that A satisfies coercive condition (1.3.58) or K is
bounded. Then the following assertions are fulfilled.

(1) For each n > 1, the Galerkin variational inequality (1.3.61) has a
solution u, and the sequence (uy,) is bounded.

(17) There ezists a subsequence (uy,, ) which converges weakly to a solution
u of variational inequality (1.3.59). If in addition A satisfies condition
(S)+, then u,, — u strongly.

(137) If A satisfies condition (S)+ and (1.3.59) has a unique solution,
then the total sequence (u,,) converges strongly to u.

Proof. We shall prove the theorem under assumption that A satisfies
coercive condition. Without loss of generality, we can assume that wy =
0 € K. Otherwise, we can put Ko = K —wy, Y, = X,, — wy and define
Apu = A(u + wy) with u € K.

(7) Since A is pseudomonotone and bounded, A is demicontinuous (see
Proposition 27.7 in [238]). Let us choose a number H such that H >
| FO||. Since A is coercive, there is R > ||wy|| such that

) > H for |ju| > R.

This implies that
(Fu,u) > (H — ||FO|))||u|| >0 for |lu| > R. (1.3.63)

Recall that Fu = Au — f. Define j : M — X to be an injection map
and 7° : X* — M™ to be its dual. For each X,,, the mapping

F,=7Fj: X,NKNBx(0,R) — M

is continuous. This is because j and j* are continuous and F' is demi-
continuous on K (see Theorem 3.10 in [31]). Here

By(0,R)={z € X : ||| < R}
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is a closed ball with radius R > 0. Besides, X,, N K N Bx(0, R) is a
compact set in X,,, which contains 0. Theorem 3.1 in [139] implies that
VI(F,,X, N KnNBx(0,R)) has a solution v, € X, N K, N Bx(0,R),
that is,
((G*Fi)(up),v —u,) >0 VYoe X,NKNBx(0,R)

& (Fu,, j(v—1u,)) >0 VYve X,NKNBx(0,R)

& (Fuy,v—u,) >0 Yve X,NKNBx(0,R). (1.3.64)
We claim that [|u,|| < R for all n > 0. In fact, if there is n > 0 such
that ||u,|| = R, then from (1.3.63), we have

(Fup, 0 —up) = —(Fuy,u, —0) <0

which contradicts (1.3.64). Hence ||u,|| < R. This implies that for any
y € X, N K, there exits t € (0,1) such that

v =u+tly—u) € X,NKNBx(0,R)).
Inserting v = v; into (1.3.64), we get
(Fup,y —u,) >0 Vye X, NK. (1.3.65)

It follows that w, is a solution of (1.3.61) and that ||u,|| < R for all
n > 0.

(#7) Since (u,) is bounded, there exists a subsequence (u,,) such that
Up, — u. Since A is bounded, ||Au,| < o for all n > 1. Note that

GXnﬂK:K.

n=1
Then for any € > 0, there exists v’ € X,,, such that ||u’ — u|| < e. Hence
there is ky > 0 such that «' € X,,, N K for all k£ > k. From (1.3.65), we
have
(A, s Un, — u) = (Aty,, Uy, — u') + (Aup, v — u)
< (St — ) + ol — .
It follows that

lim sup( A, , tn, — u) < (f,u —u') + 0e < || f]l€ + oe.

k—o00

Since € > 0 is arbitrary, we obtain

lim sup(Au,, , u,, —u) < 0. (1.3.66)

k—o0
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By the pseudomonotonicity of A, we get

(Au,u — w) < liminf(Au,,, u,, —w) Yw € K. (1.3.67)

k—o00

Fixing any w € K, then for any € > 0, there exists w’ € X,,, N K such
that ||w" — w|| < € for some ny > 0. Hence there is k; > 0 such that
w' € X, N K for all k > ky. Using (1.3.65) again, we have

(A, , Uy, — w) = (Auy, , Uy, — W) + (Au,, , w — w)
< (frun, — w') + [[Aup,[[[w" — w]]
S <f7 Uny, — w/> =+ Q€.

This implies that

< {f,u—w) + oe
< {f,u—w)+ (byw—w") + e
< (fiu—w) + | flle + oe.

lim inf (Awu,,, u,, —w)
k—o00

Consequently

liminf(Au,, , u,, —w) < (f,u — w).

k—o0

Combining this with (1.3.67), yields
(Au,u—w} S <f7u_w>

or equivalently,
(Au — f,u—w) <0.

Since w is arbitrary in K, we conclude that u is a solution of (1.3.59).
Now we assume that A satisfies condition (S);. Then from (1.3.66), we
have

lim sup(Au,, — Au, u,, —u) < limsup(Au,, , u,, —u)
k—o00 k—o0

+ lim sup(—Au, u,, —u) < 0.

k—o00
This implies that ||u,, —ul| — 0 as k — oo.
(741). Take any subsequence (u,,, ) of (u,) such that u,, — wuy. Then by
the same argument as in the proof of (i7), we can show that w,, — ug
strongly and wg is a solution of (1.3.59). Since (1.3.59) has a unique
solution, we have uy = u. Then by contradiction argument, we can show
that ||u, — u|| = 0 when n — oo. O
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Remark 1.3.37. The conclusion of the theorem is still valid for the case
where A : X — X* is monotone and hemicontinuous without the bound-
edness assumption of A. In fact, the hemicontinuous and monotone op-
erators are pseudomonotone operators (see [238, Proposition 27.6]). The
monotonicity of A implies that A is locally bounded (see [238, Propo-
sition 26.4]). Based on this fact and the standard argument as in the
proof of Theorem 1.3.40, we can show that (Aw,) is bounded and the
conclusion is obtained.

From Theorem 1.3.36, we see that the condition (S), plays an impor-
tant role for strong convergence of the sequence (u,,) which are solutions
of the Galerkin variational inequalities. However, it is not easy for opera-
tors satisfying condition (5), even for monotone operators. To surmount
this weakness, we need to regularize monotone operators by adding with
the normalized duality mapping J, which satisfies condition (5);.

Recall that the Banach space (X, || - ||) is said to be a a locally uni-
formly convex space, if for any € > 0 and x € X with ||z|| = 1, there
exists d(e,z) > 0 such that

Tr+vy
e Xyl <1and flz =yl > = |2 <1 6(c,)

It is clear that if X is locally uniformly convex, then X is strictly convex.

Lemma 1.3.38. Suppose X is a reflexive Banach space. Then there
exists an equivalent norm such that X and X* are locally convex and
with respect to mew norms on X and X* the following assertions are
valid:

(i) Jp : X = X* is single-valued and continuous in the strong topologies.
(i1) For p > 2, J, is strictly monotone, that is,

(Jp(x) = Jp(y),z —y) >0 for zF#y.
(i13) J, satisfies condition (S)4, that is, if u, — u and

lim sup(Jpu, — Jpyu, u, — u) <0
n—o0

then ||u, — u|| — 0.

Proof. By the renorming theorem, there exists an equivalent norm such
that X and X* are locally convex (see [238, Proposition 32.23]). By
passing to the equivalent norm, we can assume that (X, ||-||) and (X, ||-
|*) are locally uniformly convex. It remains to prove (i), (i¢) and (#i1).
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(i) We first show that J, is a single-valued mapping. If x = 0, then
Jp(0) = {0}. Let x # 0 and 27,25 € J,(x). Then ||zi||" = ||z3|* =
|z||P~! and
20|yl ll = 2[jzl]” = (21 + 25, 2) < [lot + 23]

This implies that 2||xf||* < ||z} +23||. Hence ||z5]|* +||z5]|* < ||x] + x5]|*
Consequently, ||z7||* + ||x5||" = |7 + z5]|*. Since X* is strictly convex,
[17, Proposition 1.103] implies that zj = tx} for some ¢t > 0. Since
|z7]]* = ||«5]|*, we get t =1 and so z] = z5. Hence J,(z) is singleton.

We now assume that x, — = strongly. Then x, — z and ||Jyz,| =
|zn||P~1 = ||z||P~. Hence (J,x,) is bounded. Since X* is reflexive, there
is a subsequence (J,(zy,)) such that J,x,, — 2* € X* weakly star. For
all y € X, we have

(@, y) = Hm (S, y) < Hm a7yl < 2l lyll
—00 k—oo
Moreover,

(0%, 2) = lim (Jyzy,, 2p,) = Hm [z, [P =[]}
— k—o00

Hence z* = J,x. By the same argument, we see that if (J,z,, ) is any
subsequence such that J,z,, — x}, then 2% = J,x. Hence we conclude
that J,o, — Jyx. Since ||Jyx,| — ||Jp,z| and X* is locally uniform
convex, we have Jyz, — Jy,x strongly. Hence J, is continuous.

(7i) To prove the assertion, we shall use the following inequality (see
Lemma 1.1.17):

a’ + b —a’ b —ab’ ! > |a — b Va,b>0,p>2. (1.3.68)
Taking any =,y € X, using (1.3.68), we have
(Jpr = Jpy,x —y) = (Jyx, x) + {Jpy, y) — (pr,y) — (S, x)
> |z|P + yllP = =Pyl = [lylP~ ]
> [[|z]| = [ly[l[” = 0.

Let us assume that

<Jp$ o pr,x - y> =0.

Then
0= (Jpx — Jpy,x —y)
_ gty -y Ty, r—y
= (Jpx — I, 2 ) =5 (HD(57) = Doy, —5—)
Tr+y
> |||z |- =2 !Hp \H = llyll|"-
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This implies that

:U—l—yH
5 .

Since X is strictly convex, we have z = y. Hence J), is strictly monotone.

]l = Nyl = |

(473) Assume that limsup,,_,.(Jpu, — Jpyu, u, —u) = 0. Then from
(Tpttn = Tytt, wn = 1) > [[funl] = [Jull]",

we have ||u,|| — [|u]|. On the other hand

(Jptin = Jptt; tn = u) = [ ||” + [[u]|” = (Typtin, w) = (Jpui, un)

= [Jwnll” + llell” = N [P~ Hlull = ullP~ ]

+ Pl = Ty, )] + [l [ | = (T, )]

> (llall = lulll” + P~ lull = (Fpun, )] + Dl ]l = Ty, wa)]-

Since each term on the right hand side is nonnegative, we conclude that
: _ »

Since X 1is reflexive, there is a susequence u,, such that w,, — v. We
claim that v = u. In fact, we have

|ul|]P = li_>m (Jyu, up) = (Jyu,v).

This implies that ||u|| < ||v|. On the other hand, ||v|| < liminf; . [|un, | =
|u||. Hence ||u]| = ||v||. Since

Hqu = <qu,v> = (qu,u>,

we have
20|ull” = (Jpu,u+v) < [l Hu+ vl

Hence, ||u|| + ||v|| = 2||u|]| = ||u + v||. Since X is strictly convex, [17,
Proposition 1.103] implies that u = v. Thus we have shown that u,, — u
and ||u,, | — |lu||. Since X is locally convex, we must have wu,, — u
strongly. Now, by the same argument, we can show that if {u,, } is
any subsequence such that u,, — ', then v' = u and u,,, — u. By a
contrary argument, we can prove that the total sequence (u,) converges
strongly to u as n — oo, that is, ||u, — u|| — 0 as n — oc. O

Remark 1.3.39. In the case of Hilbert space H, we can take p = 2.
Then Jou = wu for all u € H. Although, the duality mapping J, is
often used for regularization, the normalized duality mapping J, is more
suitable than J in some Banach spaces like LP(§), W?(Q) with p > 1.
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From Lemma 1.3.38, we can assume that (X, || ||) and (X*, || -||*) are
locally uniformly convex Banach space so that J, has properties (i), (i7)
and (7i7) of the lemma.

For each € > 0, we consider the following reqularized variational in-
equality:

Findue K : (Au— f+eyu,v—u) >0 Vve K. (1.3.69)

Here J, is the normalized duality mapping with p > 2. Together with
(1.3.69), we consider the Galerkin variational inequalities:

Find u, € KNX, : (Au, — f +eJpup,v—u) >0 Yoe KNX,.
(1.3.70)

We now have the following result for the regularized variational in-
equality (1.3.69).

Theorem 1.3.40. Suppose X 1is separable and reflexive, K s a closed
convex set in X, A : X — X* is a monotone and hemicontinuous.
Assume that A satisfies coercive condition (1.3.58) or K is bounded.
Then the following assertions are fulfilled:

(i) For each n, the Galerkin variational inequality (1.3.70) has a unique
solution u, € X, and the sequence (u,) is bounded.

(1) The sequence (uy,) converges strongly to u = wu. which is a unique
solution of (1.3.69).

(41) Let € = €, — 0% and u,, is a solution of (1.3.69) corresponding to
€m. Then there ezists a subsequence (u,,, ) which converges strongly to a
solution u of variational inequality (1.3.59). If A is strictly monotone,
then the total sequence u,, converges strongly to 1.

Proof. We shall prove the theorem under assumption that A satisfies
coercive condition. Without loss of generality, we may assume that wy =
0 € K. Define A'u = Au+eJyu and F'u = A'u— f for u € K. We want
to apply Theorem 1.3.36 for VI(F', K).

Since A is monotone and hemicontinuous, A is psedomonotone (see
238, Proposition 27.6]). Since J, is demicontinuous and satisfies (5), J,
is pseudomonotone. Consequently, A" = A + €.J, is pseudomontone and
satisfies (9)s. Moreover, A’ is strictly monotone. Since A is coercive,
for a fixed number H > ||A0 — f[[*, there exits R > 0 such that for if
u € K and ||u|| > R, then

((Au— f) = (A0 = f), u)

]
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This implies that
((Au = f) = (A0 = f),u = 0) > (H = [[A0 = fII")[[ul| > O for |[ul| = R.
It follows that

((Au — f +eJpu) — (A0 — f +€J,0),u) >0 for |u|| > R.

This is because e(J,w — J,0,w — 0) = €||w||? > 0. Thus we have shown
that

(F'u — F'0,w—0) >0 for |ull>R, (1.3.71)

where R is independent of €. By the same argument as in the proof of (7)
of Theorem 1.3.36, we can show that (1.3.70) has a solution u,, € X,,NK.
Since A’ is strictly monotone, u,, is unique.

Let us now show that (A'w,,) is bounded. In fact, since A is monotone,
it is locally bounded (see Proposition 24.6 in [238]). Hence there is r > 0
such that the set A(Bx(0,7)) is bounded. Hence, there are numbers
r > 0 and v > 0 such that

[Aul| <7 Vjul| <7
Inserting y = 0 into the regularized Galerkin inequality (1.3.70), we have
<Aun + Emeuna un> < <f7 un>

Hence
(A, un) + emllun|l” < | FI[Junll < [IFIIFR.

By monotonicity of A, we get for ||v|| < r that
(Auy, vy < (Aup, u,) — (Av,u, — v)
< | fIFR + | Av[]*([Jual] + [[v]])
< |If[FR+~(R+T).
This implies that
[(Aug, v)| < [fIFR+~y(R+7) for o] <7
It follows that
. 1
| Au, ||* = sup —|
Jol|=r T

(A, )] < (IF IR+ (R4 7)) =0

Hence
[ A wn||* < || A |I* + €]l Jpun || < 0+ eRP.
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By (i7) and (éi7) of Theorem 1.3.36, we conclude that u,, — u = u, which
is a unique solution of (1.3.69). Hence assertions (¢) and (i) are proved.
It remains to prove (7ii).

Let u,, is a solution of (1.3.69) corresponding to €,,. From (1.3.71),
we see that ||u,|| < R for all m > 1. By the reflexivity of X, there is
a subsequence u,,, such that wu,, — % for some & € K N Bx(0, R). Let
us show that u is a solution of (1.3.59). By the monotonicity of F’, we
have for any w € K that

(Aw — [+ €y Jyw, Uy, — 0) < (A, — [+ €y Tptimy, iy, — w) < 0.
Hence

(Aw — f,u — w) = limsup(Aw — f + €, Jpw, Uy, —w) < 0.

k—o00

The Minty lemma (see [139, Lemma 1.5]) gives
(Au — f,u—w) <0 we K. (1.3.72)

Hence @ is a solution of (1.3.59). Since wu,,, is a solution of (1.3.69)
corresponding to €, , we have

(A, — [+ €mpJptimg Um, —w) <0 Yw € K. (1.3.73)

Inserting w = u,,, and w = @ into (1.3.72) and (1.3.73), respectively, we
get
(AU — f,0 — Up,)

0,
(A, — [+ €mp Ity Um,, — u) < 0

IA A

Adding these inequalities, yields
(A, — At~ €, Ty, , U, — 1) < 0.
The monotonicity of A implies that
€my, (Jplmy, U, — ) < 0.
It follows that
(Jptm,, — Jptl, Uy, — 1) < —(JpU, Uy, — ).
Passing to the limit, we get

lim sup(Jpttm, — Jpt, U, — u) < 0.
k—00
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Using (427) of Lemma 1.3.38, we conclude that ||u,,, —u| — 0 as k — oo.
If A is strictly monotone then @ is unique. By the same argument, we
can show that if u;, is any subsequence so that u;, — v, then ¥ = @ and
|u;, — 0|| — 0. In this case, by a contrary argument, we can show that
|t — ]| = 0 as m — oo. The proof of the theorem is complete. O

When K = X, we obtain from Theorem 1.3.36 and Remark 1.3.37
the following result.

Corollary 1.3.41. (C.f. [238, Theorem 26.A]) Suppose X is separable
and reflexive, A : X — X* is a monotone, hemicontinuous and coercive
operator. Assume that {wy, ..., wy,, ...} is a basis in X . Then the following
assertions are fulfilled:

(i) For each n, the Galerkin equation (1.3.62) has a solution u, € X,
and the sequence (uy,) is bounded.

(17) There exists a subsequence (uy,, ) which converges weakly to a solution
u of (1.3.60).

(131) If A is strictly monotone and satisfies condition (S), then the total
sequence (u,) converges strongly to a unique solution u.

When X = H is a separable Hilbert space we can take p = 2 and
Jox = x. In this case the regularized variational inequality becomes

Findu=wu. € K:{(Au—f+eu,v—u) >0 YveK (1.3.74)
and the Galerkin variational inequalities has the form:

Find u,, € X, N K : (Au, — f 4+ eup,y —u,) >0Vy € X, NK,n=1,2, ...
(1.3.75)

Then from Theorem 1.3.40, we obtain

Corollary 1.3.42. Suppose H 1is separable Hilbert space, K 1is a closed
conver set in H, A: H — H* is a monotone and hemicontinuous oper-
ator. Assume A satisfies coercive condition or K is bounded. Then the
following assertions are fulfilled:

(i) For each n, the Galerkin variational inequality (1.3.75) has a unique
solution u, € X, and the sequence (u,) is bounded.

(ii) The sequence (uy,) converges strongly to the unique solution u = u.
of (1.3.74).

(i1i) Let € = €, — 0T and u,, is a solution of (1.3.74) corresponding
to €. Then there exists a subsequence (u,,, ) which converges strongly

98



to a solution u of variational inequality (1.3.59). If A is strictly mono-
tone, then @ is the unique solution and the total sequence (u,,) converges
strongly to 1.

Let us present an application of the obtained results for obstacle prob-
lem.

Let  be a open bounded set in RY with smooth boundary, X =
W, ?(€) be a Sobolev space with p > 2 and

Ky={ue X :ux)>¢x) ae ze},

where ¢ € Wy P(Q) N L¥(Q). Let F: K — X* be a quasi-linear elliptic
operator which is defined by

N
Fu=Y" Di{| D™ D) + g(u) — f,
i=1

where
N

(Fu,v) i:/Q[Z(IDZ-U(CU)|p_2Dz-u(fE))Dw(flf)+g(U(93))v(93)—f(l‘)”v(év)}dw

1=1

for v € W,?(Q). Here f € LI(Q) with 1/p+1/g=1and g: R — R is
continuous, nondecreasing and satisfies the following growth condition:

9(w)] < C(L+ |u["h) (1.3.76)

for some constant C' > 0 and % < % — % whenever 2 < p < N,

lg(w)| < O+ Julf™) (1.3.77)
whenever p = N and
lg(u)| < C(1+[ul™) (1.3.78)

for some C' > 0 and oy > 0 whenever p > N.
We consider the following obstacle problem:

Find u € Ky : (Fu,v—u) >0 Yo e Ky (1.3.79)
and the Galerkin variational inequalities:
Find u, € X, N Ky : (Fup,v—u,) >0 Yve X, NKy;  (1.3.80)

Lemma 1.3.43. Under assumptions of g, the operator F is uniformly
monotone, coercive and hemicontinuous on Wol’p(Q).
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Proof. We use the following facts: there is a > 0 such that
(|aP~2a — |b[P~2b)(a — b) > ala — b|P  Va,b e R,p > 2. (1.3.81)
This inequality is equivalent to
la|? 4 [b|P — |a|P~%ab — |b|P%ab > ala — b|P.
If a,b > 0, then the conclusion follows from (1.3.68) with o = 1. If
a < 0 < b, the we have

o+ [aPt > ——(b+ |a])"!

20—2

Multiplying both sides by b+ |a|, we obtain the conclusion with o = ;!

2"
Besides, the function (t) = t? is convex for x > 0 and p > 2. Hence we

have

1 bty ity
Nt ty) 2 ( I Y
forall t;, > 0 with¢=1,2,..., N and p > 2.
Using (1.3.81) and (1.3.82), we have for all u,w € W,”(Q) that
(Fu— Fw,u —w) =
N

/Q D (IDsu(@) P2 Dyu(z) — | Daw(x) [P~ > Daw(x)) (Dyu(x) — Daw(x))]da

1=1

(1.3.82)

+ / (g(u(z)) — glw(@))]ju(z) — w(z)ldz

N
> a/Q; \Dyu(z) — Diw(z) + 0

> NP /Q [Vu(z) — Vw(z)|Pdz = aNP~H|Vu — Vwl|P.

Using the Poincaré inequality (see [31, Corollary 9.19]), we obtain
(Fu— Fw,u—w) > aN? ! ||[Vu— Vul|? > B|lu—w|,

for some constant S > 0. This implies that F' is uniform monotone and
satisfies coercive condition. It remains to show that F'is hemicontinuous.
For this, we fix any u,v,w € X and consider the function

¢(t) = (F(u+tv),w) =

132 (D1 (ala) + o)D) + 1ot Do)

=1

+/Qg(u(x)+tv(:r:))w(:r:)dx
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with ¢t € [0,1]. If ¢, € [0,1] and ¢, — ¢y € [0, 1], then we have

|D;(u(z) + t,v(2)|P2D;(u(z) + tyo(z)) Diw(x) —
|D;(u(z) + tov(x))|P 2 Di(u(z) + tov(x))Dyw(z)  a.e.

On the other hand

|Di(u(z) + tyv(@)) P Di(u(z) + tyv(z)) Daw(z)| <
(I1Dsu(@)] + | Dyv(@))"*(| Diu()| + | Dyv(z)|)| Diw(z)]
and the term on the right hand side belongs to L*(Q2). The dominated
convergence theorem implies that
N

/Q [Z (IDi(u(z) + tav()) [P Di(u(x) + thv(z))Diw(z))dz

i=1
converges to

N

[ 13 (05:00) +tovla )P 2Dyfut) + ton(a)) Do)

Also, we ha_ve
g(u(z) + tyu(z))w(z) — glu(x) + tov(x))w(x) a.e.

We consider the case p < N. The other cases are processed analogously.
By (1.3.76), we have

l9(u() + twv(z))w ()| < C(1L+ Ju(@)] + Ju(@))" Hw(z)].  (1.3.83)

By the embedding theorem (see [31, Corollary 9.14]), we have u, v, w €
L"(€2). Hence the term on the right hand side of (1.3.83) belongs to
LY(€). Using the dominated convergence theorem, we have

/QQ(U(SU)thnU( dx—>/ x) + tov(x))w(x)dz.

In summary, we have show that ¢(t,) — ¢(tg) as n — co. Hence ¢(t) is
continuous on [0, 1] and so F' is hemicontinuous on X. O

Proposition 1.3.44. For each n, the Galerkin variational inequality
(1.3.80) has a unique solution w, and (u,) converges strongly to the
unique solution u € Ky of the obstacle problem (1.3.79).

Proof. By Lemma 1.3.43, F' is uniformly monotone, coercive and hemi-
continuous on X. The conclusion follows from Theorem 1.3.36 and Re-
mark 1.3.37. ]
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CHAPTER 2
SOME RESULTS IN VARIATIONAL ANALYSIS AND
VECTOR OPTIMIZATION

This chapter presents some facts on variational analysis. Its content
is based on our published papers [129], [132] and [2].

2.1 Tangent sets, metric regularity and constraint

qualification conditions

2.1.1 Tangent sets and subdifferential

In the sequel, Z and E are assumed to be Banach spaces with the
dual spaces are Z* and E*, respectively. Let T' is a metric space. Let
Ay C Z,t € T be a family of subsets of Z. The Kuratowski limsup and
liminf of A; at t; are closed sets given by

limsup A; = {v € Z| lilgr_lnifnf d(v, A;) = 0},

t—tg
llgg%(l)qf A ={v e 7 tlg% d(v, Ay) = 0}.

Given a closed set C' in Z and a point z € C' the sets
C -7

T°(C, z) = liminf
t—0T
z’gz

={h e Z|Vt, = 0", Vz, = 2,3h, — h, z, + t,h, € C},

C—z

T°(C, 2) = liminf

t—0+

={h € Z|Vt, = 0", 3h, = h,z + t,h, € C}
and
C—=z

T(C,z) = limsup

t—0+

={h € Z|3t, — 0", 3h, — h,z+t,h, € C}

are called the Clarke tangent cone, the adjacent tangent cone and the
contingent cone to C' at z, respectively. It is noted that these cones are
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closed and T°(C, z) is convex. Besides we have the inclusion
T°(C,2) C T(C,z) C T(C, 2).
Given a convex set D in Z and z € D, we define
D(z) = cone(D — z) = {\(d — z)|d € D, X > 0}.
It is well known that when (' is convex then
T(C,2) =T°(C, 2) = T(C, z) = cone(C — z).

Given a point z € C' and v € Z, the set

C—z—-1tv
h2 1 .
TGz o) =t
2

t
= {w|Vt, — 07, 3w, — w,z +t,v+ gwn e C}

is called the inner second-order tangent set to C' at z in the direction
v € Z. The set

C—2z—tv

T?(C =1i - -

(C, z,v) m sup ——;
2

t
= {w[3t, = 07, 3w, = w, 2+ o + Jw, € C}

is called the outer second-order tangent set to C' at z in the direction
v € Z. Obviously, we have

T%(C, z,v) C T*C, z,v), T?(C,2,0) =T"(C,2), T*C,z20) =T(C,z).

Note that T%(C, z,v) is convex whenever C' is convex. However, T%(C, z, v)
may not be convex even C'is convex. The concepts on tangent sets can

be found in [11], [26] and [84].

Definition 2.1.1. Let C' be a closed subset in Z and let zg € C. The
normal cone to C' at zy is denoted by N.,(C;zy) and defined by

Neo(Ciz0) ={2"€ Z": (2", h) <0 VheT(C, 2)}.

From the definition we see that, when C' is convex then N, (C; 2)
coincides with the normal cone of C at zy in the sense of convex analysis
because T'(C, zp) = cone(C — zp). Precisely, we have

Neo(Ci20) = N(Cozp) ={z" € Z7 | (", 2 — 29) <0 Vz € C}.
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Given an extended real function f: Z — (—oo, +o0], we define
dom(f) ={z € Z|f(z) < +o0}
and
epi(f) = {(5,0) € Z < RIf(2) < a}.

Definition 2.1.2. Let f be an extended-real function on Z and xy €
dom(f). The subdifferential of f at xy is denoted by O, f(xy) and defined

by
Ocof (z0) = {2" € Z7|(2", —1) € Neo(epi(f); (zo, f(x0)))}-

Proposition 2.1.3. Let f : Z — (—o0,+00] be an extended-real func-
tion. If zy is a local minimum of f, then

0e acof(Z()).

Proof. Suppose that the conclusion of the proposition is false. Then we
get

(0; _1) Qf Nco(epi(f)7 (207 f(ZO)))
It follows that there exists (h,a) € T(epi(f), (20, f(20))) such that

((0,-1), (h,)) > 0.

Hence o« < 0. By definition of contingent cone, there exist sequences
t, — 0" and (h,, ) — (h, @) such that

(20, f(20)) + tn(hp, ) € epi(f) Vn > 1,

or equivalently
f(zo0+ thhyn) < f(20) + than.

Since o, — « and o < 0, we have f(zy + t,h,) < f(z0) for n large
enough, a contradiction. The proof is complete. ]

In an independence with Penot (see [185, Proposition 4.3]), we showed
that

Proposition 2.1.4. Let f be an extend-real function on a Banach space
Z and zy € dom(f). Then

2 € 0of(20) uff (2%, h) < f(20,h), VheZ,

where

f(z0,h) := liminf f(zo Fth) - f(zo).

W —h t
t—0t
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Remark 2.1.5. It is note that if f is Lipschitz near zj, then

(20, h) = liminf L (20 +th) — f(z0)

t—0+ t

(2.1.1)

Indeed, we have

£(z0, h) < lim inf f(zo +th) — fz0)

t—0+ t

Since f is Lipschitz, there exist a neighborhood U of zy and K > 0 such
that
[f(@) = fy)l < Kllz =yl forall z,yel,

we have
th) — ,
£ (20, h) > liminf{f<20+ )= g —hH}
B h t
t—0t
~ liminf f(zo +th) — f(Zo).

t—07+ t

Hence (2.1.1) is obtained.
Example 2.1.6. Let f : R?> = R be a function defined by
flar, x9) = 2 + [2a].

Then
860]‘"(0, O) = {0} X [_17 1]'

In fact, it is clear that f is a nonconvex and nonsmooth function. For
any h = (hy, hy) € R?, we get

/ ! 31,13 /
fCO((O70),h) — lim f(thlathQ) — lim t hl +t‘h2‘ — |h2|
N t W —h t
t—0t t—07t

From this and Proposition 2.1.4 we see that (z7,x3) € 0.,f(0,0) iff
xihy + x3hy < |ho| for all  hq, hy € R.

This is equivalent to 7 = 0 and x5 € [—1, 1]. Hence 0.,f(0,0) = {0} x
[—1,1].

It turns out that when f is convex then 0., f(z) is the subdifferential
of f at z in the sense of convex analysis.
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Proposition 2.1.7. If f is a proper convex function and zy € dom(f)
then

acof<ZO) - af(ZO)a

where
Of(z0) :=4{2"€ 2" : f(2) — f(20) > (2", 2 — 20) Vze€ L}
Proposition 2.1.8. Let C' be a closed set in Z and xq € C. Then
deoXc (o) = Neo(C5 20).

Proof. For any x* € 0.,xc(x0). By Proposition 2.1.4, we have

(z*,h) < liminf Xe(@o +th)
h'—h
t—07"

forall h e Z.

Hence for all h € T(C,xg), we get (z*,h) < 0. Consequently, z* €
Neo(C x0) and 50 OeoX (o) C Neo(C ). Conversely, we take any z* €
N.o(C; zp). We shall show that

th
(", h) < liminf Xc(@o +th)

h'—h

t—0*
Indeed, if h € T'(C, z) then the inequality (2.1.2) holds. If h ¢ T'(C, zy),

then the right hand side of (2.1.2) is equal to +o0o0. Otherwise, o :=

/
lim inf;/ %

t—0t
h,, — h such that

forall he Z (2.1.2)

< +o00. Then there exist sequences t,, — 07 and

Ixc(zo + thhy)| <ty (a+1) <400 forall n>1.

It follows that z¢ + t,h, € C for all n > 1. Consequently, h € T(C, zy),

which is impossible. Hence o = lim inf,/_,;, M = 400, s0 (2.1.2) is
t—07

satisfied. Thus we have shown that N.(C;xg) C d.xc(xo). The proof

is complete. ]

The following result helps us to calculate the subdifferential of the
sum of two functions.

Proposition 2.1.9. Let f and g be two extended-real functions on Z
and let xy € dom(f) N dom(g). Assume that [ is Gateauz differentiable
at xo. Then the following inclusion holds

Oeo(f + 9)(x0) = V f(x0) + Oeog (o). (2.1.3)
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Proof. The inclusion (D) is obvious. Take any x* € 0.,(f + ¢)(zo). Then
for all h € Z, we have

" ) < limint flzo+th') — f(zo) + gl + th') — g(wo)

B —h t
t—0t
— liminf |V (z0) R + ot)  glao+th') - g(xo)}
h —h t t
t—0t
V(o) + Tim inf L) = 9(20)
B —h t

t—0t

= Vf(xo)h + gCO(IL'(), h)
This implies that * — V f(z¢) € 0.9(xo). The proof is complete. O

The following result gives us necessary conditions for programming
problems.

Theorem 2.1.10. Suppose that M is a nonempty closed set in Z, f is
an ezxtended-real function on Z and zy € dom(f) such that f is Gateauz
differentiable at zy. If zy is a local optimum solution of the problem

— inf

{f(z) o (2.1.4)
ze M

then 0 € V f(z0) + Neo(M, 20).

Proof. Obviously, z; is a local optimum solution of the problem

f(2) + xm(2),

where x s is the indicator function of M. By Proposition 2.1.3 we have
0 € Ow(f + xar)(20). By Proposition 2.1.9 we have 0 € Vf(z) +
Neo(M, zp). []

2.1.2 Metric regularity and constraint qualification conditions
Given a multifunction ® : 7 = FE, the set
Gr(®) = {(z,v) € Z x Elv € (2)}

is called the graph of ®. Its inverse multifunction ®~! : £ = 7 is defined
by
dl(v) ={z € Zjv € B(2)}.
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Definition 2.1.11. A multifunction ® is said to be metrically reqular
around (29,vg) € Gr(®) if there exist positive numbers €, ea and k such
that

d(z, 7' (v)) < kd(v, ®(2))
for all z € B(zy,€1) and v € B(vy, €3).

It is well known that the metric regularity of ® around (zg,vp) is
equivalent to openness of ® around (zy, vg). For this we can see in Penot
[185] and Frankowska [84].

Let F': Z — FE be single-valued mapping and D C E be a nonempty
and closed convex set. Define

M=F'D)={z2€Z:F(z)eD}y={2€Z:0cD—-F(2)}. (2.1.5)

The set M plays a role as a constraint set in optimization problems. To
derive optimality conditions, we need to compute T'(M, zy) and T?(M, zy, d).
However, it is not easy to find formulae for T'(M, z) and T?(M, 2y, d). In
the sequel, we shall show that under constraint qualification conditions,
some explicit formulae for T(M, z9) and T?(M, zy,d) can be obtained.

Definition 2.1.12. We say that Robinson’s constraint qualification (RCQ)
holds at a point zy € F~1(D) with respect to the mapping F and the set
D, if the following condition s satisfied:

0 € int [VF(ZO)(BZ) — (D= F(z))N BE]. (2.1.6)
The Robinson constraint qualification play an important role in the
stability of nonlinear constrained systems and optimality conditions of

KKT-type.
Let us define a mapping Fp : Z = E by

Fp(z) = —F(2) + D. (2.1.7)

The following theorem gives sufficient conditions under which Fp is met-
rically regular. Its proof can be found in [113, Proposition 3.2] and [26,
Proposition 2.89).

Theorem 2.1.13. Suppose that zy € F~Y(D), VF is continuous at z
and the Robinson constraint qualification s valid at zy. Then Fp is
metrically regular around (zy,0) € Gr(Fp), that is, there exist positive
numbers €1, s and k such that

dist(z, F~H(D — v)) < kdist(v + F(z), D) (2.1.8)
for all z € Bz(2p,€1) and v € Bg(0, €).

108



The following result gives formulae of T(M, z5) and T?(M, z, d).

Theorem 2.1.14. (Cf. [26, Proposition 3.33]) Suppose that zy € M, F
is of class C* around zy and RCQ is satisfied at zy. Then the following
formulas are valid:

() T (F1(D), 20) = T(VF(20) M [T°(D, F(20)].

(ii) T? (F~Y(D), z9,v) = VF(20) Y (T*(D, F(2), VF (20)v)—V>F(29)v0).

Proof. Obviously, (i) is a particular case of (i7) when v = 0. Hence it is
sufficient to prove (ii). Take any w € T%(F~1(D), z,v). By definition,
for any sequence t,, — 07, there exists w,, — w such that

t2
20 + thv + E"wn c FY(D).

It follows that )

t
F(zy + tyv + 2wy) € D.

2
By Taylor expansion, we have
t2
F(zo+thv + —w,) =
2
t 2 o(ty)
F(ZO) + tRVF(Zo)U + 5 [(VF(Z())U)” +V F(Z())UU) + t2/2} eD.

It follows that
VF(z0)w 4 V*F(z)vv € T?(D, F(z)), VF(z)v)
or equivalently,
w € VF(z0)  (T?(D, F(2), VF(20)v) — V2F(z)vv).

The inclusion (C) in (i) is proved.
Conversely, suppose that w belongs to the right hand side of (i).
Then for any sequence t,, — 07, there exists w, — w such that

d(F(z0) + t.VF(z0)0 + %”(VF(zo)w + V2F(z0)00), D) = o(£2).

By Theorem 2.1.13, there exist positive numbers k and €; such that
d(z, F(D)) < kd(F(2), D)

for all z € By(zp, €1). It follows that

2 2
d(zo + thv + %”wn, F D)) < kd(F(z + tav + %"wn), D)
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for n large enough. By Taylor expansion we have

t2

F(zo+thv + gnwn)
t2

= F(z) + t,VF(z)v + En(VF(zo)wn + V2F (z)vv) + o(t?)
t2

= F(20) + t,VF(20)v + En (VF(20)w + V*F(z)vv)

+ 2 (TF () — VF (20)) + o{£2).

Hence

2
d(F(zo + thv + t—”wn), D) <

2
d(F(20) + ta VF(20)v + %(VF(ZO)ZU + V?F(29)vv), D)+
2V (o), — TF(zo)w) + of£2)]
< 0(f2) + 2V F (20) (1 — w)] +oF2) = of2).

Consequently, d(zy + t,v + %wn, F~1(D)) = o(t%) and so

w e T?(FYD), z,v).

The proof of the lemma is complete. [

The following result is a primal form of necessary optimality condi-
tions.

Theorem 2.1.15. (Cf. [58, Theorem 4.1]) Suppose 2o € M = F~1(D) is
a local optimum solution of (2.1.4). Then the following assertions hold:
(7)) (Vf(20),v) >0 for all v e T (M, z).

(27) If (Vf(20),v) <0 then

Vf(z)z+ Vif(z)w? >0 forall z€T*(M,z,v). (2.1.9)

Proof. Assertion (i) follows directly from Theorem 2.1.10. For assertion
(i1) we fix any 2z € T?(M, 29, v). Then there exists (¢,, 2,) — (07, 2) such

that
2

t
zo+tnv+§”zn€M for all n > 1.

This implies that

t2
f(zo + tyv + 5”,2”) > f(z9) forall n>1.
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Using Taylor expansion, we get
th 1o ty 2
Vf(zo)(tnv+§zn) +§V f(z0)(tnv+ Ezn) +o(t;) >0 forall n>1.

Since V f(29)v < 0, we see that

>0 forall n>1.

%Vf(zo)zn + %VQf(zo)(v + %zn)Q +

n

Letting n — +oo, we obtain Vf(z)z + V2f(20)v*> > 0. The proof is
complete. ]

Remark 2.1.16. Since
T°(FY(D), z) C T(F~YD), z),and T% (M, zy,v) C T*(M, z,v),

the conclusion of Theorem 2.1.15 is still valid when T(F~1(D), z) and
T?(M, 2, v) are replaced by T°(F~Y(D), z) and T?(M, 2, v), respec-
tively.

Let H : Z — Y be a single-valued mapping and
A:={z€Z:H(z)=0}. (2.1.10)

To derive a dual form of optimality conditions, we need to compute
T(A,z) and T%*(A, z,v) for some z € A and v € Z. The following results
give us such formulae.

Lemma 2.1.17. Suppose that zg € A, VH(-) is continuous at zy and
V H(zy) is surjective. Then the following formulae are valid:

(i) T°(A, 2) = T(A, z) = {v € Z|H'(z)v = 0}.

(17) If v € T(A, 2p) then

T?(A, 29, v) = T*(A, z9,v) = {w € Z|H'(z)w + H"(z)vv = 0}.

Proof. Obviously, (i) is a particular case of (i7) when v = 0. Hence, it
is sufficient to prove (i7). To prove, we shall use some techniques in the
proof of [177, Theorem 5].

Let w € T?(A, z,v) and sequence t, — 07. Then there exists a
sequence w, — w such that zo + t,v + %wn € A, that is,

2

t
H(z+tyv + Enwn) = H(z) =0.
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It follows that

H(z+t,v + %wn) — H(zp + t,v) N H(zy + t,v) — H(z9) — t,H'(20)v
t2/2 t2/2 ’
Letting n — 400 we see that the first term converges to H'(zp)w, the

second term converges to H"(zp)vv. Hence, H'(zp)w + H"(zo)vv = 0.
Consequently,

T?(A, z) C {w|H'(z0)w + H"(0)vv = 0}.

Conversely, let w belong to the right hand side. Then for any sequence
t, — 07 we have

. H(zo+t,v) — H(z) — tn,H'(20)v
/ _ _
—H'(z0)w = H"(29)vv = nh_)rgo 2/2 .

Since H'(zp) is surjective, the Ljusternik theorem (see [108, pp. 30])
implies that, there exist a neighborhood V' of 2y, a number £ > 0 and a
mapping 6 : V — Z such that

H(E+0(8)) = H(z0), 00N < kI[H(E) — H(z)|

for all £ € V. For each n we put &, = z9 + t,v + %w Then for n large
enough we get

t2 t2 0(&n
0= H(z +tyv+ E”w +0(&)) = H(z0 + tyv + En(w + t;f/;))

Define w,, = w + 22'5/”2) We shall show that w,, — w or 255/”2) — 0. In fact,
we have
0n)  p H b+ faw) — H(z) -
t2/2° — t2/2
Al H (20 + tyv + 2w) — H(z + tov) L Hzo+ ta0) = H(z) — toH' ()0 H
t2/2 t2/2 '
This implies that
0(¢, H(zo + tov + 2w) — H(zo +
timsup | 260 | < g i ZEOT 00 ¥ Fw) = Hzo ¥ bw)
n—00 t% 2 n—00 t%/Q
. H(zp+tyw) — H(z9) — toH' (20)v
+ lm 272 |

= k|| H'(z0)w — H'(z0)w|| = 0.
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Thus we show that w,, — w and zy + t,v + %wn € A. Hence w €
T?(A, 2, v). Consequently,

T?(A, z,v) = {w|VH(z0)w + V*H (z)vv = 0}
By similar arguments, we can show that

T?(A, zp,v) = {w|VH (z0)w + V*H (z)vv = 0}.
The proof of the lemma is complete. ]
Lemma 2.1.18. Let yo € D and v € D(yy). Then

TXD, yo,v) = T?(D,yo,v) = T°(T°(D, y),v).

Proof. Since D is a closed convex cone, we have

T°(D,yo) = T (D, yo) = cone(D — yo) = U (D = yo).

n>0

Also for any w € T°(D,y,) we have
Tb(Tb(D, vo), w) =T(T(D, 1), w) = cone(cone(D — yg) — w).

If v € D(yo). Then there exists A > 0 such that v = A(y — yp) for some
y € D. By the convexity of D, for any t,, — 07, we have

thv =t Ay + (1 — Aty yo — yo € D — .

This implies that yy 4+ t,v € D and so 0 € TQb(D7 Yo,v). By [58, Lemma
3.1], we have

T2(Day07v) i T2b(Day07v) = Tb(Tb(DayO)vv)'

Conversely, take any w € T?(D, o, v) then there exist sequences t,, — 0

and w,, — w such that
t2
Yo + tpv + E"wn €D.

It follows that ,
v+ Enwn € cone(D — yp).
Hence
w,, € cone(cone(D — yy) — v).
Letting n — oo we have
w € cone(cone(D — yg) — v).

Hence
T*(D, yo,v) C cone(cone(D — iyo) — v).
The proof is complete. [

113



The following characterization help us to verify the regularity condi-
tion (2.1.6) easier.

Theorem 2.1.19. Suppose zyg € Z and VF(-) is continuous at zy. Then
the following statements are equivalent:
(i) Be(0,p) C [VF(29)(Bz) — (D — F(2)) N Bg] for some p > 0,
(i) E = [VF(2)Z — cone(D — F(z))].
Proof. We mimic the proof of [241, Theorem 2.1] for the case where D
Is a convex cone.
Obviously, (7) implies (i7). Let us show that (¢7) implies (7). For this
we first claim that
cone(D — F(z)) = | J n(D — F(x)) N Bg, (2.1.11)
neN
where N is the set of natural numbers. The inclusions D in (2.1.11)
are obvious. Take any w € cone(D — F(z)) then w = Az with z €
(D — F(zp)) and A > 0. We can assume that A > 0 and ||z|| > 1. By
convexity of D — F(zp) and 0 € D — F(2), we have
1

It follows that

1
w = >\||ZHMZ € MNz||(D — F(z)) N Bg Cn(D — F(2y)) N Bg

for all n > A||z||. Hence, the inclusion C in (2.1.11) is valid and the
claim is justified.

For each number o > 0 we define
M, = a [VF(ZO)(BZ) — cone(D — F(z)) N BE].

The sets M, are convex and so their closure clM,, are also convex. More-
over,

clM, = aclM;. (2.1.12)
By (2.1.11) we have

[VE(20)(2) — cone(D — F(x))]
= [VF(20)(| ] nBz) — | n(D — F(2)) N Bg]

neN neN
C U n[VF(Zo)(Bz) — (D — F(z)) N BE}
= |J M, c | i,
neN neN
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Hence from (ii) we have
E = M, (2.1.13)
neN

Since F is a Baire space, a category argument shows that
int clM,, #( for some m.

Suppose v € int clM,,. By (2.1.13), —v € clM, for some k. By (2.1.12)
we have —v € clM,,. By property of convex set (see [108, Proposition

4, p.163]), we have
m

{)\(—?v) + (1 = A)v|0 <A < 1} Cint clM,,.

For A\ = W we get 0 € int clM,,. By (2.1.12) we have 0 € int clA;.

Hence
Bg(0,2p) C clA; for some p > 0.

It follows that
1 1
By (0, p) = 5B5(0,20) C 5elMy = clMyj € Myjs + By (0 g). (2.1.14)

Hence, for : = 0,1, 2, .. we have

p 1 p p
(0, 57) = 5 Be(0,p) C l[ 1+ Bp(0,3)] : + Be(0, 57)-
(2.1.15)

We now take any w € Bg(0, p). By (2.1.14) we have

_1 1 i
w—2U1 291 (8]

for some vy € VF(Zo)(Bz), Y1 € (D — F(Zo)) N Bg and r; € BE(O, /5))
Then there exists x; € By such that v; = VF(zy)z; and so

1 1
w = §VF(2’0)371 — §y1 + r1.

Apply (2.1.15) with ¢ = 1 for ry, there exist vy € VF(2)(Bz), y2 €

(D — F(20)) N Bg and 1y € Bg(0, 43) such that

1 1 1 1
w = §VF(20)CL’1 + ﬁvz 2y1 - ?yg + 7o.
Hence there is some x5 € By such that v = VF(2)z, and so
1 1 1 1
w = EVF(Z())SC;[ + ?VF(ZO).TQ — éyl — ﬁyz + .
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Repeating this procedure for all n € N we have
W = Up — Pn + Tp,

where
n

1
Uy = VF(Z())(Z E%) with z; € By

i=1
and

o= 5y with y € (D~ F(x))N Bp.
=1

n 1

Obviously, 7, — 0 as n — oo. Putting &, = > ;.| 5:7; we see that

1 1
an_gn—i-mH SW+."+2n+m Sﬁ Vn,le

Hence {¢,} is a Cauchy sequence. Consequently, &, — £ for some &, €
By. It follows that u, — VF(z)(¢). Similarly, p, — v for some v €
(D — F(z)) N Bg. Hence we have

w = VF(2)(&) —v.
Consequently,
w € [VF(z)(Bz)] — (D — F(20)) N B,

which proves (7). The proof is complete. ]

2.2 Optimality conditions for vector optimization

problems

2.2.1 Optimality conditions of KKT-type

Let us consider the following vector optimization problem:

MinRT f(z) = (fl(Z), ) fm(z))

(VOPL) { s.t. G(z) € Q

where f: Z — R" and G: Z — E are mapping between Banach spaces
Z and F, and () is a nonempty closed convex subset of . We denote
by X the feasible set of the problem (VOP1), that is,

Si={z€Z|G(z) € Q).
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Recently, there have been some papers dealing with second-order op-
timality conditions of KKT-type for vector optimization problems. For
papers of this topic, we refer the reader to [91,110,111,172] and references
given therein. In [91,172], the second-order KKT optimality conditions
were derived by scalarization method via the so-called oriented distance
function which was used by Ginchev et al. in [92] for the first time.
However, this approach has also some certain limits because the oriented
distance function is often nonsmooth. In [110,111], using Motzkin’s al-
ternative theorem, Jimenez et al. presented some second-order KKT
optimality conditions for vector optimization problems under suitable
constraint qualification conditions. Although the constraint qualification
conditions used in [110,111] seem to be weaker than the Robinson con-
straint qualification, the “sigma” terms in the second-order conditions
do not vanish. In this subsection, we derive second-order KKT optimal-
ity conditions for vector optimization directly via separation theorems.
The second-order optimality condition of KKT-type is obtained without
sigma terms. The obtained results will apply for a class of multiob-
jective optimal control problems under which the Robinson constraint
qualification is fulfilled.

Definition 2.2.1. We say that zZ € X is a local weak Pareto solution of
(VOP1) if there exists € > 0 such that for all z € Bz(Z,¢) NY, one has

F(z) = £(2) ¢ —intRY.
We shall assume that the Robinson constraint qualification holds at
z € X, that is,
0 €int [VG(2)(Bz) — (Q — G(2)) N Bgl.

According to Theorem 2.1.19, the Robinson constraint qualification is
equivalent to the following condition:

E =VG(2)Z — cone(Q — G(2)).

When the Robinson constraint qualification holds at z, we say z is a
regular point of (VOP1). Hereafter, we always assume that z is a feasible
regular point of (VOP1).

Let us define the following critical cones
Ci(2) :={d e Z|V[(z)d € -RY,VG(2)d € T(Q; G(2))},
Co1(2) =={d e Z|Vf(2)d € =R, VG(z)d € cone (Q — G(Z2))},

61*(5) = Cpn (Z)
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For each d € C(2), put
I(z,d) == {i € I|Vfi(2)d = 0},
where [ :={1,...,m}.
Lemma 2.2.2. If Z is a local weak Pareto solution of (VOP1), then
Ci(2)={de Z|Vf(Z)de R\ (—intRY),VG(2)d € T(Q; G(%))}.
Consequently, the following set
{de Z|Vf(z)d e —intR", VG(2)d € T(Q; G(2))}
1S empty.
Proof. By Theorem 2.1.14, we have
VG(2) (T(Q:G(2) = T(G Q) 2) = T(%; 7).

Take d € Ci(2) and get d € T(X;Z2). Hence, there exists a sequence
{(tg,dr)} converging to (0%, d) such that z + t;dy € X for all k € N.
Since Z is a locally weak Pareto solution of the problem (VOP1), we
may assume that

f(Z+tpdy) — f(Z) € R™\ (—int RT")

for all £ € N. From the Mean Value Theorem for differentiable functions,
we have

tV f(2)dy, + o(ty) € R™ \ (—int RY),

or, equivalently,

V(2)d) + O(tt:) € R™\ (—intR™)

for all £ € N. Letting & — oo, by the closeness of R™ \ (—intR""), we
get
Vf(z)d € R™\ (—intRT").

The proof is complete. []

Let us denote by A1(Z) be the set of normalized Karush—Kuhn—Tucker
multipliers of (VOP1) at Zz, that is, A;(Z) consists of vector (A, e*) €
R x E* satisfying the following conditions:

A =1, A'Df(2) + DG(2)*e* = 0, e* € N(Q; G(%)).

118



Lemma 2.2.3. Let Z be a local weak Pareto solution of (VOP1) and z
is a regular point. Then A1(Z) is a nonempty bounded and compact set
of R™ x E* with respect to topology Tem X T(E*, E), where T(E*, E) is
the weak-star topology in E*.

Proof. We first claim that A;(Z) is nonempty. Indeed, put
U= {(VAGER)d+r1,...,Vn(Z)d+ 71, VG(Z)d—v)|de Z,
veT(Q;G(2)),r; >0,i €I}

Then W is a convex subset of R” x E. By the Robinson constraint
qualification, there exists p > 0 such that

Bg(0,p) C VG(2)(Bz) — (Q — G(2)) N Bg. (2.2.1)
This implies that

Bg(0,p) C VG(2)(Bz) — T(Q; G(2)) N Be.
For each 7 € I, put

aw:HVﬁ@W=2§jVﬁ@ML

It is easily seen that

(g, +00) X ... X (Qu, +00) x B(0,p) C V.
Thus, ¥ has a nonempty interior. We show that (0,0) ¢ intW. If

otherwise, there exist €; > 0, ..., €, > 0 such that
(—61,61) X ... X (—Em,ém) X {0} Cc V.

This implies that there exist d € Z, v € T(Q;G(Z)) and r; > 0,4 € [
such that

VfZ(Z)d—f—’I“Z < 0, 1€ I,

VG(z)d —v =0.

Consequently, the system

{ Vf(z)d<0, icl,
VG(z)d € T(Q; G(2)),

has at least one solution d € Z, which contradicts the conclusion of
(2.2.2). We now can separate (0,0) from ¥ by a hyperplane, i.e., there
exists a functional (A, e*) € (R™ x £*) \ {(0,0)} such that

i )\Z(sz(z)d + TZ') + <€*, VG(Z)d — U> >0 (222)
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foralld e Z, v € T(Q;G(2)), r; > 0,7 € I. From (2.2.2) it follows that
Ai > 0 for all 7 € I, that is, A € R". Putting v =0 and r;, =0, 7 € [
into (2.2.2), we get

(N VF(Z)) + VG(E)e)d >0 Vd e Z.

Z)) + VG(Z)*e* = 0. Putting this equation and r; = 0,

Thus, (A, Vf(z
2.2.2), one has

i €1, into (
e'(v) <0 Yo eT(Q;G(2)).

Hence, e* € N(Q;G(Z)). We now show that A # 0. Indeed, if otherwise,
then we have

(", VG(2)d —v) >0 (2.2.3)

forall d € Z, v € T(Q;G(Z)). Again by the Robinson constraint quali-
fication, one has

E=VG(z)(Z) - Q(G(2)).
This and (2.2.3) imply that e* = 0, a contradiction. Put (), &%) :=
(|§| A|) Then we have (), &*) € A;(Z), as required.

We now claim that A;(Z) is bounded. In fact, fix (Ao, e}) € A1(2).
Then, for any (A, €*) belonging to A;(Z), we have

{ (Mo, VF(2)) + VG(2)'e; =0, ¢ € N(Q:G(2)),
(INV(Z)+VG(Z)e =0, e € NQ;G(2)).

By (2.2.1), for each y € Bpg(0, p), there exist z € Bz and w € (@ —
G(z)) N Bg such that y = VG(2)z — w. It follows that

(g =€ y) = (eg — ¢, VG(2)z —w)

= (VG(2)(eg =€), 2) — {eg — €", w)
(A=) Vf(2), 2) = (e, w) + {€", w)
|

= {
<2[[VFEI + llell-

Thus,

(=% y) <2VIE) + lleoll + lleallllyl
< 2V + lleoll + llegllp-

Replacing y by py with ||y|| < 1, we get

le*llp < 2V F ()| + llegll (1 + p)-
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Consequently,

1+4p
P

Thus, A1(Z) is bounded. It is easy to check that the set A;(Z) is closed

with respect to topology mem X 7(E*, E). By [31, Theorem 3.16], A{(2)

1S compact. []

* 2 = *
le*]| < ;HW(Z)H + leall-

To derive second-order necessary conditions for (VOP1), we need the
following result.

Lemma 2.2.4. Let z € ¥ and d € Cy(2). If Z is a locally weak Pareto
solution of (VOP1), then the following system

Vfi(2)z+ Vifi(2)d*> <0, Viel(zd), (2.2.4)
VG(2)z + V2G(2)d* € T*(Q: G(2), VG(Z)d), (2.2.5)

has no solution z € 7.

Proof. Arguing by contradiction, assume that the system (2.2.4)—(2.2.5)
admits a solution, say z. From (2.2.5) it follows that

2 € VG() [sz(Q; G(2), VG(2)d) — vQG(z)dﬂ .
By the Robinson constraint qualification and Theorem 2.1.14, we have
T2(3;2,d) = VG(2) ! [T%(Q; G(2), VG(2)d) — v2G(z)d2] .

Thus, z € T?(2;2,d). Let {t;} be an arbitrary sequence converging to
0%. Then, there exists a sequence {z;} tending to z such that

1
Wy, = 2+tkd+§tizk €, VkeN.

For each i € I(Z,d) and k € N, we have
filwr) = fi(2) = [filwr) = fi(Z + tred)] + [fi(2 + tad) — [i(2) = 1V [i(2), d)]
= SEHVA + tid) 2) + BV + o).

Therefore,
i fi(wk)%t_z M8 _ w9+ vree

This and (2.2.4) imply that
filwr) < fi(2)
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for all i € I(Z,d) and k large enough. For each i € I\ I(Z,d), we have
(Vfi(2),d) < 0. From this and the fact that

o ) = £

k—r00 Lk

it follows that
filwr) < fi(%)
for all k£ large enough. Therefore, there exists k large enough such that

filwg) < fi(Z) Viel,

which contradicts the fact that z is a locally weak Pareto solution of

(VOP1). 0

Problem (VOP1) is associated with the Lagrangian
Li(z,\ €)= f(2) +e*G(2).

The following theorem gives some second-order necessary optimality con-
ditions for (VOP1).

Theorem 2.2.5. Suppose that z is a locally weak Pareto solution of
(VOP1). Then, for each d € Cy1.(Z), there exists (A, e*) € Ai1(2) such
that the following non-negative second-order condition is valid:

V2. L1(Z, N, e")(d,d) = N'D*f(2)(d, d) + e*D*G(2)(d, d) > 0.

Proof. We first prove the theorem for the case d € Cy1(Z). We claim that
0 € T?(Q;G(2),VG(2)d). In fact, since VG(2)d € cone (Q — G(2)),
there exists p > 0 such that uVG(2)d € Q — G(Z). From 0 € Q — G(Z2)
and the convexity of Q) — G(2), for any 0 < a < pu, we get

ZWVG(M+(1—E>OEQ G(3).

This implies that G(z2) + aVG(2)d € Q for all « € (0, ). Then, by
definition, we have 0 € T?(Q; G(%),V (z)d) as required. We consider
the following set

IL:={(V2A1(2)d*> + Vf1(2)z + 11, e, VI (2)d® + V i (2)2 + 7o, VPG(2)d® + VG(2)z — v)
|z€ Zve T2b(Q;G(z),VG(z)d),ri >0,i € I}.

By Lemma 2.2.2, the set I(z, d) is nonempty. Thus, by choosing A; = 0
and removing the component i-th of Il for i € I\ I(Z, d), we may assume
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that I(z,d) = I. We claim that II is a convex set with a nonempty
interior and (0,0) ¢ int II. The convexity of II follows directly from the
convexity of T?(Q; G(Z), VG(Z)d) and R™. By the Robinson constraint
qualification, there exists p > 0 such that

Bg(0,p) C VG(2)[Bz] — T°(Q; G(2)) N Bp.

By the inclusion 0 € T?(Q; G(z), VG(Z)d) and [58, Proposition 3.1], we
have

T?(Q;G(2),VG(2)) = T'(T"(Q: G(2)), VG(2)).

Putting V := VG(Z) + Bg(0, p) and p; := 1+ [|[VG(Z)d||, we have
V € VG()By] ~ |T(Q:G() N By - VG(2)]
C VG(2)[B7] — | T'(Q: G(2)) = VG(2)| 1 By(0, 1)
C VG(2)[B7] - T'(T"(Q; G(2)). VG(2)) N By (0, p1)
— VG(2)[By] — T*(Q; G(2),VG(2)) N Bg(0, p1).

By the Robinson constraint qualification,
E =VG(2)[Z]-Q(G(2)) = VG(2)[Z] - T?(Q: G(2), VG(2)d). (2.2.6)
For each 7 € I, we put
a; = V2fi(2)d* +sup {Vfi(2)z| 2z € Bz(0,p1)} < +oo0.
We then have
(a1, +00) X (g, +00) X ... X (0, +00) x V C II,

where V := V2G(z)d® + V. This implies that the interior of II is
nonempty. We now show that (0,0) ¢ intIl. If otherwise, there ex-

ist e >0, e >0, ..., €, >0 such that

(—€1,€1) X (—€9,€69) X ... X (—€m, ) X {0} C 1L
This implies that there exist z € Z, v € T?(Q; G(2),VG(2)d), r; > 0,
1 € I, satisfying
{szl( 2)d>+ Vfi(2)z+1 <0, i€l
V2G(2)d* + VG(z)z —v = 0.
Consequently, z is a solution of the following system

V2fi(2)d® +Vfi(2)2 <0, i€l
V2G(2)d* + VGE(2)z € T?(Q; G(2), VG(2)d),
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which contradicts 2.2.4. Since (0,0) ¢ intIl, we can separate (0,0)
from II by a hyperplane, i.e., there exists a nonzero functional (A, e*) €
(R™ x E*) such that

Z N(V2Fi(2)d* + Vfi(2)z 4+ 15) + (e, VG (2)d® + VG(Z)z — v) > 0
i=1
(2.2.7)
forall r; >0,i€1,2€ Z, and v € T?(Q;G(2),VG(2)d). By (2.2.7),
we have \; > 0 for all i € I, i.e., A € RT'. We claim that A is a nonzero
vector. If otherwise, then we have

(e*,V*G(2)d* + VG(2)z —v) > 0
for all z € Z, and v € T?(Q; G(%), VG(Z2)d), or, equivalently,
(e*, VG (2)d* +w) >0

for all w € VG(2)(Z) — T?(Q; G(2), VG(2)d). This and (2.2.6) imply
that e* = 0, contrary to the fact that (A, e*) # (0,0). We now rewrite
(2.2.7) as follows

(V.L1(Z, )\ €e),2) +VELi(Z N e*)(d,d) +Z/\ ri— ) >0 (2.2.8)

forall7; >0,i€ I, z¢€ Z, and v € T?(Q;G(2), VG(2)d). Tt follows
that V,L£1(Z, A\, e*) = 0. Putting V,L1(Z,\,e¢*) =0and r; =0, i € I,
into (2.2.8), we get

V25LI(Z A ") (d,d) > (e, v)
for all v € T%(Q; G(2), VG(2)d). Thus,
VELi(Z N\ e)d,d) > ole’, T?(Q;G(2),VG(2)d) > 0.  (2.2.9)
By dividing both sides of (2.2.9) by |A|, we obtain that

sup V2 L(Z,\e*)(d,d) >0
(Ae*)eA1(Z)

We now take any d € Cy1.(z). Then, there exists a sequence {d;} C
Co1(Z) converging to d. From what has already been proved, we have

sup  VZ2.L(Z,\ e")(dy,dy) > 0. (2.2.10)
(N e*)eAi(Z)
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Since the set A1(Z) is compact in topology mgm X 7(E*, F), the function

U(d) = sup  VLLi(Z A\ €")(d,d)
(Aet)ers (2)

is continuous. Letting k¥ — oo in (2.2.10), we get

sup  V2.Li(Z, )\ e)(d,d) > 0.
(A e*)eA(Z)

Again, by the compactness of Ai(Z), there exists (A, e*) € Ai(Z) such
that
V2.Li(z, A €)(d,d) > 0.

The proof is complete. ]

Remark 2.2.6. From Theorem 3.1 we want to ask whether the conclu-
sion is still true if C1.(2) is replaced by Ci(Z). Clearly, C1.(2) C C1(2). In
the case of single-objective (m = 1) under assumptions that @) is poly-
hedric at G(Z) and VG(Z) is surjective, [26, Proposition 3.54] showed
that C1(2) = C1+(2). However, when m > 1, the proof of Proposition
3.54 in [26] is collapsed. The reason is that the condition (A, V f(Z)) =0
with A # 0 does not imply Vf(Z) = 0. We do not know whether the
equality C1(2) = Cy4(Z2) is valid.

2.2.2 Optimality conditions of Fritz-John type

In the previous subsection, we derived first-and second-order optimal-
ity conditions of KKT-type for vector optimization problems in Banach
spaces. One may ask whether we can derive optimality conditions of
Fritz-John type for the problem, and in addition if a constraint qual-
ification condition is satisfied, then the optimality conditions become
optimality conditions of KKT-type. Below, we show that if some of
constraint sets have nonempty interiors, then we can establish optimal-
ity conditions of Fritz-John type for locally optimal solutions to vector
optimization problem in Banach spaces.

As before, Z, E and W are Banach spaces with the dual spaces Z*,
E* and W*, respectively. We denote by 7(R™) the strong topology in
R™ by o(E*, E) the weak® topology in E* and by o(W*, W) the weak*
topology in W*. Given a Banach space X, Bx(xg,r) stands for the open
ball with center xy and radius r. Given a subset M in X. We shall
denote by intM and M the interior and the closure of M, respectively.
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Let f = (fi,fo,sf3): Z2 = RF, F: Z - E, G : Z — W and
H = (Hy,Hs,....,H,) : Z — R" be mappings and K be a nonempty
closed convex set in W. We consider the following vector optimization
problem.

(VOP2) (¢ F(z)=0,

\

We shall denote by 3, the feasible set of (VOP2), that is,
Yo={2€Z|F(2)=0,H(2) <0and G(z) € K,i=1,2,....,n}.

Given a feasible point z; € X9, we denote by f'(z9) or Df(z) the first
order derivative of f at zg and by f”(zy) or D*f(z) the second-order
derivative of f at zy. Let us impose the following assumptions.

(A1) int(K) # 0;

(A2) The mappings f, F and G are of class C? around zp;

(A3) The range of DF(z) is closed in E.

By defining K = 0x (—00,0]"x K, T = ExR"xW and G = (F, H,G),

the constraint of (VOP2) is equivalent to the constraint G(z) € K.
Recall that a feasible point z; is said to satisfy the Robinson constraint
qualification if

0 € int{G(20)(Bz) + (DG(2))Z — K) N By}, (2.2.11)

By Theorem 2.1.19, if K is closed, then condition (2.2.11) is equivalent
to

DG(%)Z — cone(K — G(z)) = E x R" x W. (2.2.12)

This means that for any (e,&,w) € E x R" x W, there exist z € Z,
v € cone((—o0,0]" — H(z)) and v" € cone(K — G(zy)) such that

DF(z)z=e, DH(20)z —v=¢§ and DG(z)z —v' =w.  (2.2.13)

The Robinson constraint qualification guarantees that the necessary op-
timality conditions are of KKT type. Therefore, we require that (VOP2)
satisfies the following assumption.
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(A4) 2y € K satisfies the Robinson constraint qualification (2.2.12).

Note that if (A4) is satisfied, then DF(zy) is surjective. In this case
(A3) is fulfilled. If we define K = (—00,0]" x K, then int(K) # 0.
According to [26, Corollary 2.101, page 70|, the following condition is
equivalent to condition (2.2.11).

(1)DF(zp) is surjective
(A5) (17)32 € Ker(DF(zy)) such that H;(z9) + DH;(z)z < 0
and G(z9) + DG(2)z € int(K) Vi =1, ...,n.

It is worth noting that (A5) is a variant of the Mangasarian-Fromovitz
condition.

Definition 2.2.7. The vector zy € X9 1S a locally weak Pareto solu-
tion of problem (VOP) if there ezists € > 0 such that f(z) — f(z0) ¢
—int(R’i) Vz € Bz(ZO, E) N Xo.

If f(2) — f(z0) & —RE\ {0} for all 2 € Bz(zp,€) N Sa, we say 2 is a
locally Pareto solution to (VOP).

Obviously, a locally Pareto solution is also a locally weak Pareto so-
lution.
To deal with second-order optimality conditions, we need the so-called
critical cone, which is defined as follows. Let Cy[2g] be the set of vectors
d € Z satisfying the conditions:

Then the closure of Cy[zp] in Z is called the critical cone at 2y and denoted
by C[z]. Each vector d € C[z] is called a critical direction.

Lemma 2.2.8. Suppose that z € Y9 is a locally weak Pareto solution
of (VOP) wunder which (A1), (As) and (A3) are valid, and DF(z) is
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surjective. Then for each d € Cyzg], the system

F(z0)2 + %f{’(zo)dz <0, Vie{1,2 .k} (2.2.14)
H!(20)> + %QH{’(zO)dQ <0, Viel, (2.2.15)
DF(z)z + %DQF(ZO)(d, d) =0, (2.2.16)
DG (z)z + %DZG(ZO))(d, d) € cone(int(K) — G(z)) (2.2.17)

has no solution z € Z.

Proof. On the contrary, we suppose that the system (2.2.14)-(2.2.17) has
a solution z € Z. For each € > 0, we define z. = 2y + ed + €2z. By Taylor
expansion, we have

F(z) = F(z) + eDF(z)d + ¢(DF (2)z + %D2F(ZO)(CZ, d)) + o(€®) = o(€?).

Since DF(zy)Z = E, the Ljusternik theorem (see [108], page 30) im-
plies that, there exist a neighborhood B(zp,v) of zy and a mapping
h : B(zy,7) — Z such that for all Z € B(zy,y) we have

F(Z+n(z2) =0, [[h(2)] < ClF()].
Taking Z = z. and h. = h(z.), we see that, there exists ¢y > 0 such that
F(ze+he) =0, ||he| = o(¢?) forall 0<e< e. (2.2.18)

Putting
1
2l =z + he :z0+ed—{—€2(z—{——2h6)
€
and using a Taylor’s expansion, we get

o(€?)

€2

(1) = fulen) + efl o)+ E(filz0)z + £ o) (s ) + 252)

for 0 < € < €. Since
1
fi(z0)z + 5 i (20)(d; d) <0,

there exists €; € (0, ) such that for all € € (0,¢;), we have

o(€?)

€2

o)z + 5 7o), d) +
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From this and the fact that f/(zy)d < 0, we have
fi(zD) — fi(z0) < 0Ve < ¢, i =1,2,...,m.
Let € = min{ey, ..., €, }. It follows that
f(Z)) — f(20) € —intRY for 0<e<e€. (2.2.19)
Also by a Taylor’s expansion, for each i € {1,2,...,n} we have

o(e?)

€2

H;(z}) = Hi(z0) + eH](z0)d + €*(Hj(z0)z + %H{'(ZO)(da d) + )

for 0 <e< €. If i € Iy then
1
H](z0)z + §H£’(zo)(d, d) <0,
and H;(z9) = 0. Therefore, there exists €, € (0,¢) such that for all
e € (0,€;) one has

o(€?)

< 0.
2

1

Hence

H;i(z]) < +eH[(z))d <0 Ve e (0,€).
If ¢ ¢ Iy then H;(29) < 0. By the continuity of H;, there exists €/ < €,
such that H;(2)) < 0 for all € € (0,€/). Hence H;(2!) < 0 for all ¢ €
{1,2,...,n} and € € (0,€") with € = min(€/, ..., €!). Besides, (2.2.19) is
valid for all € € (0,€”). Using a Taylor’s expansion again, we have
o(€?)

€2

).

Since DG(zp)d € cone(K — G(zp)), there exist Ay > 0 and v; € K such
that VG (z0)d = A\ (v — G(zp)) for some v; € K. Also, since

€

G(z!) = G(20) + €DG(2)d + €*(DG(z)z + %DQG(ZQ)(CL d) +

1
DG(20)z + §D2G(zo)(d, d) € cone(int(K) — G(z)),
there exist Ao > 0 and vy € int(K) such that

DG(Z())Z + %D2G(Zo)(d, d) = )\2(1)2 - G(Zo))

Hence,
G(2)) = G(z) + ed(v1 — G(20)) + €2 Xa(vy — G(20)) + o(€?)
2
= (1 — €A1 — €2X2)G(20) + eAv1 + € Ao (02 + (;(663).
2
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Since v9 € int(K), there exists €, € (0,€”) such that vy + o) ¢ int(K)

)\262

and 1 — eA; — €)Xy > 0 for all € € (0,¢,). This implies that

G(Zé) € (1 — €N — 62)\2)[( + e K + 62)\2[(
A €2\
1—e\; — XK A 2\ ;K 2
C ( €Al — € X)) K + (A + € 2)(6)\1+€2)\2 +6>\1+€2/\2

C (1 — €A1 — EX)K + (e + €M) K C K.

K)

Combining this with (2.2.18) and the fact H(z]) < 0, we have z/ € ¥
for all € € (0,¢,). By this and (2.2.19), we conclude that z; is not a
locally weak Pareto solution of (VOP) which is absurd. The lemma is
proved. ]

Let us assume that
L(z N e Lw') =X f(z)+ (", F(2)) + 1" H(z) + (w*, G(z)) (2.2.20)

is the Lagrange function associated with the problem (VOP2), where A €
R* e* € B*,1 € R" and w* € W*. We say that vector (), e*, [, w*) € R¥x
E* x R" x W* are Lagrange multipliers at zy if the following conditions
are fulfilled:

D.L (z, N\, e, [,w") =

MN'Df(z) + DF(z)*e* + DH(2)* 1" + DG(2)*w* = 0,
A >0,

I, >0, [Hi(z)=0,i=1,2,.,n,

w" € N(K,G(z)),

where [ = (I1,1s, ...,1,). We denote by A[z] the set of Lagrange multi-
pliers at zp. In addition, if |[A\| = 1, then we say (), e*, [, w*) are normal.
We shall denote by A.[zg] the set of normal Lagrange multipliers at zy.

We now have the following result on the necessary first and second
order optimality conditions for (VOP2).

Theorem 2.2.9. Suppose that zy is a local weak Pareto solution to
(VOP2). Then the following assertions are fulfilled:

(a) If (A1) — (A3) are satisfied, then A[zy] is nonempty and

sup D2L(z0, N\, e, L,w*)[d, d] >0, Vd e Cylz). (2.2.25)
(A e, Law*)eAN]zo]
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(b) If (A1), (A2) and (A4) or (Al),(A2) and (AD) are satisfied, then
A, [20] is nonempty and compact in the topology o(R* R¥) x o(E*, E) x
ao(W*, W), and

max DL (2, A\, ¥, L,w*)[d,d] >0, Vd e Clz). (2.2.26)
(A ex,Lw*)EA[z0]

Proof. (a). We take any d € Cy|zo] and consider two cases.
Case 1. DF(z))Z # E. Then there is a point ¢y € F and ey ¢ DF(2)Z.
Since DF(zy)Z is a closed subspace, the separation theorem (see [209,
Theorem 3.4]) implies that there exists a nonzero functional e* € E*
which separate e and VF(z))Z. By a simple argument, we see that
DF(zy)*e* = 0. Putting A = 0,1 = 0,w* = 0, we get (0,e*,0,0) € A(2).
If e*DF (29)d? < 0, then we replace e* by —e*. Then (0, —e*, 0, 0) satisfies
the conclusion of (a).
Case 2. DF(29)Z = E.

Let ng = |Iy|. We define a set S which consists of vectors (u, v, e, w) €
R* x R™ x E x W such that there exists z € Z satisfying

fi(z0)z + %f}”(zo)d2 < pii=1,2.k (2.2.27)
Hi(z)z + % Y(z20)d” < 75,7 € I, (2.2.28)
DF(z)z + %DQF(zo)dQ —¢ (2.2.29)
DG (z)z + %D2G(z0)d2 —w € cone(int(K) — G(z)). (2.2.30)

It is clear that S is convex. We now show that S is open. In fact, take
(f1,7,€,w) € S corresponding to 2. Choose € > 0 such that

o1 . .1 .
fi(20)2 + §fiﬂ(20)d2 <fy—e Hj(z0)2+ EHJ/'/(ZO)Gl2 <7 €

for all 2 = 1,2,..,k and j € Iy. Then there is 6 > 0 such that for all
z € B(Z,0) one has

1 1
f@/(ZO)Z + §f;,(20)d2 < /:LZ — €, HJ/(Z())Z + §H;/(Z())d2 < ”3/]' — €
foralli=1,2,..,k and j € I. It follows that
1
fi(z0)z + §f{’(zo)oz? < i, Vz€ B(2,0) and | — ju| <ei=1,2,.k,

1 R . .
Hi(z0)z + 5 J'-’(zo)d2 <7, Vze€ B(z,0)and |y — % <ej€ .
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Since cone(int K — G(zp)) is an open convex cone and
1
DG (%)% + §D2G(zo)d2 — b € cone(int(K) — G(z)),

the continuity of DG(zg) implies that there exit balls B(Z,§) and B(w, r)
such that

DG(zo)z—F%DQG(zO)dQ—w € cone(int(K)—G(z0)) V(z,w) € B(z,0)xB(w,r).

Since DF (z) is surjective, DF (z9)[B(2,8)]+35D*F(zy)d? is open. Hence,
there exists a number o > 0 such that

B(é,a) C DF(%)[B(2,6)] + %DQG(zo)dQ.

ThUS, for any (:ua 7, €, ’U}) S B]Rk(/la E) X Brno (f% 6) X BE(é7 Oé) X BW(UA}7 T)a
there exists z € B(Z,0) such that

( Fleo)s+ M) < iy HY ()2 + SHY (o) <
e = DF(20)z 4+ $D?F(z)d?,

DG(2)z + $D*G(z)d*> — w € cone(int(K) — G(2)),
Vi=1,2,..,k;Vj € I.

This means that

Bre(fi, €) X Brno(9,€) X Bg(é,a) x By (w,r) C S.

Hence S is open. By Lemma 2.2.8, we have (0,0,0,0) ¢ S. By the
separation theorem (see [108, Theorem 1, p. 163], there exists a nonzero
vector (), [,e*, w*) € R¥ x R"™ x E* x xW* such that

At 4 Iylet,e) + (w* w) >0 V(w7 ew) € S. (2.2.31)
Fix any 2 € Z, w' € cone(intK — G(z)), r; > 0 and r; > 0 . Set

\

1 1
wi =1 + fi(z0)z + §fi"(zo)d2, v; =15+ Hj(20)z + §H;'(z0)d2,
1 1
e=DF(z)z + §D2F(zo)d2, w = DG(z)z + §D2G(zo)d2 —w
Then (u,7,e,w) € S. From this and (2.2.31), we get

k
1 1
D i+ fi(z)z + S f (20)d”) + D1 + Hj(z0)2 + S Hj (20)d?)
i=1 J€lo

1 1
+ <€*, DF(Z())Z + §D2F(Zo)d2> + <UJ*, DG(Z())Z + §D2G(Zo)d2>

— {(w*,w'") > 0.
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If there exists g such that \;, < 0 then by letting r;, — 400, the term
on the left hand side approach to —oo which is impossible. Hence we
must have \; > 0 for all 7 = 1,2,.., k. Similarly, we have [; > 0 for all
J € Iy.

By letting 7; — 0 and r; — 0, we get

k
ST NS (z0) + ST H (20) + DF(2)"¢” + DG(z)"w" =0 (2.2.32)
i=1 Jj€ly
and

k
% (D NSl (z0)d® + > LH] (20)d + (e*, D*F (20)d”) + (w*, D*G(z)d”))

=1 jEI()

w*,w'y  Yw' € cone(int(K) — G(2)).
It follows that

(w*, w') < 0,Vw' € cone(int(K) — G(2)).

This implies that w* € N(K,G(zp)) because K C K = int(K). By
letting w’ — 0, we get

k

> N (z0)d + ) LH] (z0)d” + (e, D*F(20)d”) + (w*, D*G(z0)d”) > 0.
i=1 jely

(2.2.33)

We now take [; = 0 for j € {1,2,...,n} \ Iy. Then we have [; > 0 and

[jHj(z)) =0 for all j =1,2,..,n and (2.2.32) and (2.2.33) become

k n

> Nifi(z0) + Y iH)(z0) + DF(29)*e* + DG(z0)"w* =0 (2.2.34)
i=1 j=1

and

k n
Z Nof! (z0)d? + Z LH! (20)d* + (e*.D*F(20)d*) + (w*, D*G(2)d?) > 0.

— —
(2.2.35)

Hence assertion (a) is proved.

(b). We claim that A # 0. For this we consider two cases.
Case 1. (Al), (A2) and (A4) are satisfied.
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If A =0, then we have
DH (2)" 1" + DF(z)*e* + DG(z)*w* = 0.

Take any £ € R", e € E and w € W. By (A4), there exist z € Z,
v € cone((—o00,0]"—H(2)) and v € cone(K —G(2)) satisfying (2.2.13).
From the above, we have

0=1"DH(z)z + (e*, DF (2)z) + (w*, DG(2)2)
=1T¢+ 1Mo+ (e, e) + (w*, w) + (w*, )
<ITe4 (e, e) + (w, w).

Here we used the fact that w* € N(K,G(2)) and [ € N((—o0,0]", H(2)).
As &, e, w are arbitrary, we obtain [ = 0,e* = 0 and w* = 0 which is im-
possible. Hence we must have A # 0 and so A,[zo] # 0.

Case 2. (Al),(A2) and (A5) are fulfilled.
If A =0, then we have

DH(z)* 1" + DF(z)*e* + DG (z)*w* = 0.
Let Z be a vector satisfying (A5). Then we have
I"DH(z2)% + (e*, DF (2)%) + (w*, DG(2)*%) = 0.
This implies that
I"DH (%)% + (w*, DG(%)Z) = 0,
where
DH(z)z € (—00,0)" — H(zp) = int((—00,0]" — H(zp))

and
DG(z)z € int(K) — G(29) = int(K — G(20)).

Fixing any £ € R" and w € W, we see that, there exist 7 > 0 and s > 0
small enough such that

7E+ DH(z)Z € (—00,0]" — H(2p) and sw + DG(z)z € K — G(z).
Since | > 0, ITH(z)) = 0 and w* € N(K,G(z)), we have
TITE + s{w* w) = [T (76 + DH(2)2) + (w*, sw + DG()Z) < 0.

Hence [T¢ < 0 for all € € R” and (w*, w) < 0 for all w € W. This implies
that [ = 0 and w* = 0. Consequently, DF(z)*e* = 0. Since DF(z)
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is surjective, we get ¢* = 0. Hence (A, e*,[,w*) = (0,0,0,0) which is
absurd. The claim is justified.

The boundedness of A.[z] is proved analogously with Lemma 2.2.3.
[t remains to prove (2.2.26).

Let d € C[zp]. Then there exists a sequence (d;) C Coy[zo] such that

dj — d. By assertion (a), there exists (\j, €}, l;, w?) € Ai[20] such that

DgE(ZO, )‘ja 6;, lj, w;‘)(dj, dj) > 0.

By [37, Theorem 13.13, p.207] (see also [87, Theorem 4.29, p. 129
and [78, Theorem 1.3, Chapter XI, p. 223]), a set in a topological space
is compact if and only if any net in it, has a cluster point (also called
accumulation point). Since A.[zg] is compact in the topology 7(R¥) x
o(E*, E) x 7(R™) x a(W*, W), there exists (Ao, €}, lo, ws) € Ai]zo] such

that ()j, e}, l;, w}) accumulates to (Ao, eg, lo, wg). This means that, for

any neighborhood V(o) x Vi (ef) x Va(lo) x V3(wg) in the topology 7(R¥) x
o(E*, E) x 7(R™) x o(W*, W) and for any s > 1, there exists a number
Jjs = s such that

(Ao €. L., wj,) € Vo(ho) x Vilep) x Va(lo) x Vs(wy).

js’ Js?

Recall that

DL (20, Ny €5, 1, wi)(dj, dy) = Aj f"(20)[dj, dj) + €; DIF (20)[dy, dj]

+ 1} DZH (2)[d;, dj] +w; DG ()[d;, dj].
Define

ri = f"(z0)ld;j, d;j], e; = DZF(z0)[d;, dj],
& = D2H(20)[d;,dj], w; = D2G(2)[d;, d;].

Then we have the following strong convergences

ri = f"(z0)d,d] =

ej — D2F(2)[d, d] := e,
§ = DiH(0)ld, d] =&,
w; — D2G(z)[d,d] == w

135



when k — oo. Let us set
Vi) = A € R A= dol < 1},
Vilet) = {e" € B (e — )l < -}
Vi) = {1 € R 1~ ] < 3},
Vilwh) = {w' € W s (' = wj,u)| < L}

where e, w are as above and s > 1. Then V() x Vi(efy) x Vi(l) x Vi(wf)
is a neighborhood of (), e}, lo, wg) in the topology 7(R¥) x o(E*, E) x
7(R™) x o(W*,W). Therefore, for each s > 1, there exists j; > s such
that

(Mo €5 i 7)€ Va(ho) X Valed) x Vallo) x Valw}).

js’ Js?
This implies that

o 1
|)\js - )‘0‘ < g: ’<ejs - 607€>| < ga (2236)

1 1
L, —lo| < > [(w}, —wy, w)| < > Vs > 1. (2.2.37)

We now have

Dgﬁ(zo’ >\j8’ 61, ljs’ w;fs)(djw d]s) _ DEL(ZO, >\07 667 lOa wg)(da d)
- Airjs o )‘%)FT + <€;s7 ejs> - <687 €> + ligjs - lgf + <wl>:;n7 wkn> - <”LU8, w>
- )‘JTS(TJ'S —7)+ (N, = Ao) T+ (ei,ej, —e)+ (e —epe)
+1, (&, =€) + (I, = 1) € + (wi,, wi, —w) + (wj;, — wg,w).

From this and (2.2.36) and 2.2.37, we get
‘Dgﬁ(Z’O, 1,¢] ljs’ w;’;)(djs? djs) - Dzﬁ('zoa L, 637 lo, w;)(d7 d)‘

g P
< llrg, = rl =+ 125, = Aollr] + [le],

lej. —ell + [{ej, = en, )

+ 1€, — €L+ 18, = bol|€] + [[wj [[lw;, — w|| + [{w], — wg, w)]
1 . 1

< WAjillrg, = v+ Sl + e lllles, —ell + -
1 1

+ ljs fjs—ﬂ—l—g‘ﬂ—l—nw; ’sz—wH—i-g—)O as S — 00.

Here we used the fact that the sequence {();,, €] ,l;,,w} )} is bounded.
It follows that

lim Dzﬁ(ZO, )‘jsa 6;37 ljs’ w;s)(djs, djs) = Dgﬁ(ZO, )\0, 66, l(), wé)(d, d)

n—oo
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Since
D2L(z0, Ny, €5, L, wi ) (dy,, dj,) >0,
we obtain
D2L (20, Ao, €5, Lo, wy ) (d, d) > 0.
This also implies that

sup D?L(z, A, ¥, L,w*)(d, d) > 0.
(A ex,Lw*)eA,[z0]

[t remains to show that for each d € Clz],

sup D2L(z, A\, e*, 1, w*)(d, d)
(A e* liw*)eA[20)

- D2L(z0, A, e*,1,w*)(d, d).
(A,e*,l%%éA*[zO] Zﬁ(ZO’ €50 W )( ) )

Since A, [zp] is bounded, then there exists a number M > 0 such that
(A e Lw™)|| < M, V(A e Lw") € Az

Therefore, we have
|D2L (20, A, €%, L, w*)(d, d)| =
A" f"(20)[d, d] + €* D2 F (20)[d, d] + 1" D?H (20)[d, d] + w*D?G(z)[d, d]|
< M(|1f"(20)d, d)[| + || DZF (20)[d, d]|| + || DZH (z0)[d. d]

+[|D2G(20)[d, d]||)
for all d € C|zp). Consequently, for each d € C[z], we have

sup D2L(z, N\, ¥, L, w*)(d, d) < +o0.
(Ae*Lw*)eA[z0]
Fix d € C[z)]. By definition of supremum, there exists a sequence
(Aj; €5, 1, w;) € Aifzo] such that
sup D2L(z0, A, €, L, w*)(d, d) = lim D3L(z0, Ay, €5, 1, w})(d, d).

; J
(e Law*) A [z0] j=o0

Since A.[z2o] is compact, (Aj, €}, 1;, w}) has an accumulation point

(X, &5, 1,0%) € A Jz).

By the same argument as the above, we see that, there exists a subse-
quence (A;,, €5 ,1;,,wj ) such that
sup DZL(z0, A €, L,w*)(d, d) = lim D3L(z0, \j, €5, 1, w})(d, d)

(A ex,Lw*)eA,[z0] J—ro0

= lim D2L(20, \j., €, 1., w)(d, d) = D2L(z0, N, €, 1,40%)(d, d).

5560 Js? Vg1 Vs g

The proof of Theorem 2.2.9 is completed. ]
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Remark 2.2.10. In comparison with the obtained results in [21], The-
orem 2.2.9 is an extension of [21, Theorem 8.2]. In [21] the author
considered problem (VOP2) without constraint H(z) < 0 and required
that K is a cone. Here we consider problem (VOP2) with constraint
H(z) <0 and K is a convex set. Besides, our techniques for the proof
of Theorem 2.2.9 is very different from those in [21].
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CHAPTER 3
OPTIMAL CONTROL PROBLEMS GOVERNED BY ODE

This chapter presents some results for optimal control problems gov-
erned by ordinary differential equations. Its content is based on our
published papers [132], [138] and [2].

3.1 Existence of solutions to a class of optimal con-

trol problems

3.1.1 Introduction

In this section we consider the following optimal control problem of
finding a control function u € L*([0, 1], R™) and the corresponding state
x € WH(]0,1], R") which solve

I, u) = /0 L(t, 2(8), u(t))dt — min (3.1.1)
S.t.
z(t) = f(t,x(t),u(t)), x(0) = xo, 3.1.2

€ X ae. te|0,1],
e U ae. tel0,1],

where o € R", D and X are nonempty closed sets in R", U is nonem-
plty and compact set in R, L : [0,1] x R" x R™ — R and f : [0,1] X
R™ x R™ — R" are given mappings. From now on we denote by &
the feasible set of problem (3.1.1)-(3.1.4), that is, ® consists of cou-
ples (z,u) € WH([0,1],R") x L>=([0, 1], R™)) which satisfies constraints
(3.1.2)-(3.1.5). Our main concern is to prove that under certain condi-
tions, there exists a control function u € U which steers x(y to a point
r1 € D in an optimal way.

The study topic on the existence of solution to optimal control prob-
lems studied deeply in [51], [86], [108], [208] and references given therein.
However, in [51], the authors mainly studied problems where the state
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equations are linear in control variable u. Meanwhile, Roxin [208] and
Filippov [86] studied the time-optimal control problem 7" — min. In
[208], Roxin required that if U is compact, the set f(t,z,U) is convex
and f(t,-,u) is global Lipschitz in x for all (t,u) € I x U, then the
time-optimal control problem has a solution. It is noted that the global
Lipschitz condition is quite strictly because the functions f (¢, z, u) which
are polynomial of x, fails to apply except that f(¢,z, ) is linear in x.
More general, in [86] Fillippov showed that if for each (¢t,z) € I x R",
U(t,x) is a compact set in R™ and the set

R(t,z) ={f(t,z,w)|ue U(t,x)}
is convex, and that
z- f(t,z,u) < O(|z* +1) V(t,2) € I x R",u € U(t, x)

for some constant C' > 0, then the time-optimal control problem has
an optimal solution. Thus the convexity of the set f(¢,x,U) and the
compactness of U are important for the existence of solutions to optimal
control. In this section we will develop this idea to prove the existence
of solution to problem (3.1.1)-(3.1.5), where the state equation may be
nonlinear in both variable x and w.

Let us talk about the idea of proofs for the case where f(¢,x,u) is
linear in u. Let (xg,u;) € ® be a minimal sequence. We somehow show
that ||ux||, is bounded and so u; — @ and z; — Z. Then we try to
show that f(-, xg, ur) converges weakly to f(-,Z,u). By taking the limit
both sides of the state equation &y = f(t, xy, u), we get & = f(t,z,u)
and so (Z,u) € ®, which is an optimal solution. Unfortunately, when
f is nonlinear in u, the above standard argument may not be correct.
For an example when n = 1 and f(¢,2,u) = x + u?. It is known that
the sequence uy(t) = sin(kmt) — 0 in L*([0,1],R) as k — oo but ui(t)
does not converges weakly to 0 in L*([0,1],R). This motivate us to
study the existence of solutions for optimal control problems where the
state equations are nonlinear in control variable. For this case in [108,
Theorem 3, p. 373], the authors showed that if the following condition

(H) The function

h(t,z,y) == inf{L(t,z,u)|u € U, f(t,z,u) =y} is convezr in y

is valid and some addition assumptions are satisfied, then problem (3.1.1)-
(3.1.5) has an optimal solution (z,u) € WHL([0, T],R") x L>°([0, 1], R™).
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In this section we shall characterize assumption (H) and give a result
on the existence of optimal solutions to problem (3.1.1)-(3.1.5) under
new assumptions (see assumption (A3)). To obtain the result, we shall
provide a new proof which is based on the measurable selection theorem
in order to build optimal control function. It is worth noting that in our
obtained result, the assumptions are easy to verify and the regularity of
optimal solutions is also given, that is, z € W1>([0, 1], R").

3.1.2 Main result

Let F : R¥ — 2% be a multifunction. If F has closed images and
satisfies the property that for any open set O of R, the set

FH0) = {w e RF|F(w) N O # 0}

is measurable, then we say F' is measurable. A single-valued mapping
¢ : RF — R! is said to be a selection of F if p(w) € F(w) for all w € R”.

In the sequel, we shall need the following generalization of the Gron-
wall inequality.

Lemma 3.1.1. Suppose v(t) > 0 and w(t) > 0 for all t > 0, v is
continuous and w 1s integrable. Let vy > 0 and o > 0 such that

v(t) < g +/0 w(s)v(s)ds. (3.1.6)

Then the following assertion are valid.
(7)) If a« =1, then

v(t) < vy exp(/tw(s)ds) vt > 0. (3.1.7)
0
(17) If 0 < a < 1 then

ol(t) < [vg—uu—a)/o w(s)ds] ™ (3.1.8)

Proof. Assertion (i) is only the Gronwall inequality. Let us prove asser-
tion (i7). For this we define

WY(t) = v +/O w(s)v(s)*ds.

Then we have

() = wt)o(t)* < w(t)p(t)



By [144, Theorem 1], ¥ is bounded by a maximal solution of the equation
r'(t) = wt)r(t)”, r(0) = vo.

This is a Bernouilli equation. To solve it we put z(t) = r17®. Then z
satisfies equation

2(t) = (1 - a)uw(t), 2(0) =vy

By formula of solutions of Bernouilli equations (see [142, Section 1.5, p.
27]), we have

P = 2(t) = [l + (1 — a)/o w(s)ds].

It follows that

v(t) <Pt) <r(t) < vy + (1 —a) /Otw(s)ds]l—la.

The proof of the lemma is complete. ]

We will make the following assumptions:

(A1) L : [0,1] x R" x R™ — R is a Carathéodory function and there
exist a function ¢y € L([0, 1], R), non-negative constants g, a1 and real
numbers ¢y, ¢; such that
do(t) + colx|™ 4 cr|ul™ < L(t,z,u) V(t,z,u) € [0,1] x R" x U.
(3.1.9)

Moreover, for each M > 0 there exists a number kr s > 0 such that

for a.e. t €10,1], || <M and u € U.
(A2) f :[0,1] x R" x U — R is continuous and there exist a function
r(-) € L>([0,1],R) and a number ks > 0 such that

|f(t,x,u)| <r(t)+ kfle|® (3.1.11)

for a.e. t € [0, 1], for all z € R" and u € U. Moreover, we require that if
a > 1, then a < ap and ¢y > 0 under which (3.1.9) is satisfied.

(A3) For each (t,z) € [0,1] x R", the mapping L(¢,z,-) and f(¢,x,-)
satisfy the convex condition: for any u,v € U and A € [0, 1], there exists
w € U such that

L(t,z,w) < AL(t,z,u) + (1 — \)L(t, z,v)
flt,x,w) =Af(t,x,u) + (1 = N) f(t, z,v).
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Among the above assumptions, (A3) is important for the existence of
optimal solutions to problem (3.1.1)-(3.1.5). A variant of (A3) was also
used by [51, Theorem 9.3.i | in order to establish optimality conditions. It
turn out that (A3) is equivalent to (H) by the following characterization.

Lemma 3.1.2. Suppose that U is compact. Then asumption (H) is
equivalent to assumption (A3).

Proof. Suppose that assumption (H) is valid. We take any uj,us € U
and put y; = f(¢,z,u;) with ¢ = 1,2. Since h(t,z,y) is convex in y, we
have

h(t,ZE, )‘yl + (1 _ )\)yQ) < )\h(t7x7y1) + (1 - )\)h(th:y?) VA € [07 1]

Since U is compact and f(t,x,-), L(t,x,-) are continuous, there exists
w € U such that f(t,z,w) = Af(t,x,u1) + (1 — \) f(t, z,us) and

L(t,x,w) = h(t,z, \y1 + (1 — Ny) < Ah(t,z,y1) + (1 — N)h(t, x, y2)
< AL(t,zyur) + (1 — AN)L(t, z, us).

Hence (A3) is followed.

Conversely, suppose that (A3) is valid. Take any 31, y, € R". By the
compactness of U and continuity of L(t,x,-) and f(¢,z,-), there exist
w; € U and f(t,x,u;) = y; such that h(t,z,y;) = L(t,x,u;) with i = 1, 2.
By (A3), there exists w € U such that

[t v, w) = Af(tz,ur) + (1= A f(t,2,u2) = Ay + (1 = A)ya

and
L(t,z,w) < AL(t,z,uq) + (1 — N)L(t, z, ug)

This implies that

h(t,z, Ayp + (1 — Nya) < L(t,z,w) < AL(t, z,ur) + (1 — A L(t, x, ug)
= Ah(t,z, 1) + (1 = Ah(t, z, y2).

Hence (H) is satisfied. The proof of the lemma is complete. O
Let us give an example for L and f satisfying (A3).
Example 3.1.3. (i) L(t,z,u) is convex w.r.t. u and
f(t,x,u) = A(t,z) + B(t,x)u

and U is convex. In this case for any u,v € U and X € [0, 1], we choose
w=Au+(1-M\)wv.
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(i) Let m =n =1 and L(t,z,u) = @(t,x) +ub, f(t,z,u) = A(t,z) +u?
and U = [a,b]. Then for any u,v € [a,b] and A € [0,1], we choose
w = (M + (1 — \)v?)'/3,

We now have the following result on the existence of optimal solutions.
The idea of its proof is to use measurable selections of set-valued maps
in order to build an optimal control function.

Theorem 3.1.4. Suppose that assumptions (Al)—(A3) are satisfied and
there is (xs,ux) € ® such that J(x.,uy) < +0o. Then problem (3.1.1)-
(3.1.5) has at least an optimal solution.

Proof. Let us set V = inf(, e J(z,u). By (Al) and (A2), we have
—o0 < V < J(xy,us) < +o0o. Let (xp,up) € ® be a sequence so that
V = limg o0 J(zk, v). By (3.1.9), there exists ky > 0 such that

1 1 1
/¢0(t)dt+co/ |azk(t)\0‘0dt+cl/ |t < V41 (3.1.12)
0 0 0

for all £ > ky. Hence if ¢y > 0, then there exists a number M; > 0 such
that

1
/ ()| dt < My k> ko, (3.1.13)
0

Let us show that {xj} is uniformly equicontinuous and x; — % in
norm of C([0,1],R") for some z € C([0,1],R). Since (zg,ur) € @, they
must satisfy equation (3.1.2), that is

t
() = 70 +/ F(5,20(s), wnls))ds. (3.1.14)
0
From this and (A2), we have
t t
) < ool + [ () + les(o) s < faul +o + iy [ L),
0 0
(3.1.15)

where ky = fol |7(s)|ds. We now consider three cases. If & = 1, then we
have from the Gronwall inequality that

k()] < (o] + ko) exp(ky).
If 0 < a <1 then form (3.1.8), we have

k()] < [(lzol + ko)™ + (1 — a)ky] ™=, (3.1.16)
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If & > 1then ¢y > 0and so (3.1.13) is valid. Since a < o, L*([0, 1], R") —
L*(]0,1],R™). Hence there exists M; > 0 such that

1
/ wR(O)|odt < My V> 1.
0

Combining this with (3.1.15), we have
()| < |xo| + ko + kg My VE > k. (3.1.17)
In a summary, we showed that there exists My > 0 such that
lzkllo < My,  VEk > 0.

Let us show that {x;} is uniformly equicontinuous. Taking any t1,ts €
[0,1] with t; < t9, we have from (3.1.14), (A2) and Holder inequality
that

on(t) = au(t)] = | [ Fsu(s), )|
< [ @)+ ka9l ds

< [ ()l + ksaig)ds

ty

< (ta = t)[I[(r ()] + Ky My oo

Hence {z} is uniformly equicontinuous. By the Arzela-Ascoli theorem,
{z1} is a relatively compact set in C([0,1],R™). Passing to a subse-
quence, we can assume that xp — Z uniformly in C([0,1],R"). The
claim is justified.

Since D and X are closed sets, we have (1) € D and Z(t) € X for
all t € [0,1]. By (3.1.10), there exists K, 5, > 0 such that

\L(t,xk(t),uk(t)ﬂ S KL,M2 = M4

for a.e. t €[0,1]. Also, from (3.1.11), there exist a number £} > 0 such
that

|f(t, w(t), u ()] < K (14 MY) == M;

for a.e. t € [0,1]. Let us define &, (t) = L(t, zi(t), ur(t)) and (ip(t) =
flt, xp(t), ur(t)). Then ||&klloe < My and ||(illoe < M5 for all & > 0. By

passing to subsequences, we may assume that & (-) converges weakly star
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to a function &y(-) € L™ and (i(-) converges weakly star to a function
Co(+) € L™ as k — oo. Then [|&]|le0 < My, [|¢olloc < M5 and

1

im [ e = [ o(De(t)dt

k—o00 0
1

lim [ ()G ()t = / Bttt

k—o00 0

for all ¢, h € L'. Particularly, for any measurable set £ C [0,1] and
o0, h € LY(E,R), we have

i | /E ()1t + [E B(t) G ()dt] = /E oD (1)t + /E h(t)Golt)dt.
(3.1.18)

Let us now define a set-valued map @ : [0,1] x B(0, My) — R"™! by
setting

Qt,z) ={(y,2)|My >y > L(t,z,u), z = f(t,z,u) for some wu e U},
(3.1.19)

where B(0, Ms) is a closed ball in R”.

By (A3) and the compactness of U, we can show that Q(t,z) is a
nonempty, compact and convex set. We now prove the following lemma.

Lemma 3.1.5. The set-valued map Q) is a Caratheodory multi-function,
that is, for each fized x € B(0, Ms), Q(-,x) is measurable in t, and for
a.e. t €10,1], Q(t,-) is continuous.

Proof. We mimic the proof of Lemma 3.1 in [135].
e Showing that Q(¢,z) is measurable in t.
In fact, let C be a closed set in R, we want to show that the set

Q(,2) H(C) = {t € [0,1)|Q(t,z) N C # 0}

is closed. Let t, € Q(-,2)"}(C) and t, — to. Then there exist (y,, z,) €
C and My > y, > L(t,,z,u,) and z, = f(t,,x,u,) for some u, € U.
We can assume that u, — ug € U. Hence z, — 2y = f(to,x,up),
L(tn, z,u,) — L(to,x,up) and so y, is bounded. By passing to a sub-
sequence, we may assume that y, — yo. By letting n — oo, we
get My > yo > L(to,x,up). Since C is closed, (yo,20) € C. Hence
(Y0, 20) € Q(tg,z) N C or ty € Q(-,2)"1(C). This means Q(-,z) *(C)
is a closed set and so it is a measurable set. By Theorem 8.1.4 in [11],
Q(-, ) is measurable.
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e Showing that Q(¢,x) is lower semicontinuous with respect to x.

On the contrary, suppose that there is x € B(0, Ms) such that Q(t,-)
is not lower semiconitunous at x. Then there exists an open set V' in
R? such that Q(¢t,2) NV # 0 and a sequence z,, € B(0, M), xz, —
satisfying Q(t,x,) NV = (. Then there exist (y,v) € V such that
My >y > L(t,z,u) and z = f(t,z,u) for some u € U. Choose a
sequence u, € U such that u, — u. If y = L(t,z,u), then we put y, =
L(t, x,,uy,) and z, = f(t, x,, u,). This implies that (y,, 2,) — (y, 2) and
SO (Yn, 2n) € Q(t, x,) NV which is absurd. If y > L(¢,x,u) then we have
y > L(t,z,,u,) for n large enough. Define y, =y and z, = f(¢, x,, uy,)
we have (Y, z,) — (y,u) and (y,, u,) € Q(t,x,) NV for n large enough.
It lead to a contradiction. By definition, (¢, -) is lower semicontinuous
at x.

e Showing that (¢, x) is upper semicontinuous with respect to x.

By a contradiction, we suppose that there is x € B(0, M) under
which Q(t,-) is not upper semiconitunous at xz. Then there exists an
open set W in R"™ such that Q(t,z) C W and a sequence x,, — x such
that Q(t, xz,) € W. Then there exists a sequence (yn, z,) € Q(t, x,) \ W.
Hence My > y, > L(t,z,,u,) and z, = f(t,x,,u,) for u, € U. By
passing to a subsequence, we can assume that u, — u € U. Hence
L(t,xn,uy) — L(t,z,u) and z, — z = f(t,z,u). It follows that {y,}
is bounded. So we may assume that vy, — y as n — oco. By letting
n — oo, we get My >y > L(t,x,u). Thus we have (y, z) € Q(t,x) C W.
Therefore (y,,, z,) C W for n large enough. This leads to a contradiction.
The lemma is proved.

Let us define a set-valued map Q : [0,1] — R by setting

Qt) = Q(t, z(t)) =
{(y,2) e R My >y > L(t,z(t),u), 2 = f(t,Z(t),u) for some u € U}.

Since () is a Caratheddory multi-function, Theorem 8.2.8 in [11] implies
that Q is a measurable set-valued map. Moreover, it has nonempty,
compact and convex values. It is clear that (&(t),(k(t)) € Q(t, zx(t))
for a.e. t € [0,1].

Lemma 3.1.6. (£(t),(o(t)) € Q(t) for a.e. t € [0,1].

Proof. On the contrary, suppose that there exists a measurable set £ C
[0, 1] with positive measure such that

w(t) = (&(t). Go(t) ¢ Q(t) Vi€ E.
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Then d(w(t),Q(t)) > 0 for all t € E because Q(t) are closed sets.
Here d(w(t),Q(t)) denotes the distance from w(t) to Q(t). Since Q(t)
is convex, for each t, there exists a unique w'(t) € Q(t) such that

lw(t) — w'(t)|le = d(w(t),Q(t)), where | - |, denotes the Euclid norm
in R, In other words, w’'(t) is the metric projection of w(t) on Q(t).
Let us show that w'(t) is measurable. Define function

g(t, w") = |w(t) — w"|..
Then ¢ is a Caratheddory function and
d(w(t), Q) = inf g(t,w").
w’eQ(t)
Define the set-valued map

P(t) = {w € R™*|g(t,w) = inf g(t,u")}.
w”eQ(t)

Since Q(t) is compact, P(t) has nonempty closed values. By Theorem
8.2.11 in [11], the mapping t — d(w(t), Q(t)) and P(t) are measurable.
By the measurable selection theorem ( see Theorem 8.1.3 in [11]), P has
a measurable selection, that is there exists a measurable function wy(t)
such that wy(t) € P(t). This implies that

[w(t) = wo(t)]e = d(w(t), Q(t)) = w(t) — w'(#)le.

By the uniqueness, we have w'(t) = wy(t). Hence w'(t) is measurable
too. Let w'(t) = (wi(t),wh(t)) € R x R". Then w] € L*(F,R) and
wy € L¥(E,R"). In fact, there exist u € U such that My > w/(t) >
L(t,z(t),u) and wh(t) = f(t,z(t),u). Let My := ||z]o. By (3.1.10) and
(3.1.11), there exist K pr, > 0 and Ky, > 0 such that

My > wi(t) > L(t, Z(t),u) > —Kp

and |wh(t)| = |f(t,z(t),u)| < Ky, for all ¢ € E. By a property of
metric projection (see Theorem 5.2 in [31]), we have

(w(t) —w'(t),v —w'(1)) <0 Vv e Q).
Here (-, ) denotes the scalar product in R, This implies that

0 < |w(t) = w'®)] = (w(t) - w'(t), wt) —w'(t)
"), w(t) —v) Yve Q).

w
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Hence
(w'(t) —w(t), w(t)) < (W'(t) —w(t),v) Yve Q).
Let us put w'(t) — w(t) = (o(t), h(t)) and v = (v1,v2). Then we have
p(t)€o(t) + h(t)Co(t) < p(t)or + h(t)va  Y(vi,v2) € Q(1).
By taking v, = L(t, #(t),u) and vs = f(¢, &(t), u) with u € U, we have
P(t)&(t) + h(t)Co(t) < p(@)L(¢, T(t), u) + h(t) f(¢,Z(t),v) VueU.

8

(3.1.20)
Hence
p(t)€o(t) + h(t)Co(t) < minlp(t) Lt 2(t), u) + h(t) (2, (), w)].
(3.1.21)

Note that ¢ € L*(E,R), h € L*¥(E,R)", x(t) — Z(t) as k — oo and
the mapping

x — min[p(t)L(t, z,u) + h(t) f(t, x,u)]

uclU

is continuous. It follows that
p()€o(t) + h(t)Co(t) < minlp(t)L(E, (), u) + h(t) f(t 2(1), u)]
= lim minlp(t)L(t, 24(0), ) + h{0) (1, 74(8), )] < o

k—o00

for some o > 0. This and the dominated convergence theorem imply
that

et + o
< [ (i il L0, mx(0), ) + b(e) (. 0), )

= lim [ (min[p(t)L(t, k(). w) + h(t) f(t, 2(t), u)])dt

k—oo Jp " uelU

< lim [ (@) L(t, 2k (), ug(t) + h(t) f(t, 21(t), up(t))) dt

k—o00 E
which contradicts (3.1.18). The lemma is proved.

According to Lemma 3.1.6, we have (&(t), (o(t)) € Q(t) for ae. t €
0, 1]. Therefore, for each ¢t € [0, 1] there exists u € U such that

My > &(t) > L(t,2(t),u), Got) = F(t,2(t), u). (3.1.22)
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Define set-valued maps @ : [0, 1] — 2R and Q : [0,1] — 2V by setting

Q1(t) = (—00,&(1)] x {Co(t)}
and
Qa(t) = {u € U|(L(t, 2(t), u), f(£,Z(t),u)) € Qi(t)}.
Then @Qo(t) has nonempty and closed values. Besides, () is measurable.
In fact, let O = (a,b) x [];(a;,b;) be a open set in R, Then

n

Q1(0) = {t € [0, 1|P(t) N O # 0} = & ((a, +00)) N G (] J(air 00))

1=1

(3.1.23)

which is a measurable set because &, and (; are measurable functions.
Hence () is a measurable set-valued map. By Theorem 8.2.9 in [11], Q-
is a measurable set-valued map with closed images. By Theorem 8.1.3
n [11], there exists a measurable function @(t) such that @(t) € Qo(t)
for a.e. t € [0,1]. It follows that @(t) € U for a.e. t € [0,1] and

§o(t) = L(t, 2(t), u(t)), Co(t) = f(t z(t), u(t)).

In a summary, we have shown that & = L(-,zx, ux) converges weakly
star to & with &y(t) > L(t,z(t),u(t)), and { = f(-, Tk, ux) converges
weakly star to (o = f(-,z, u).

Since (z, ux) € ¢, we have

2u(t) = 20+ /0 F(5,21(5), wn(s))ds = 2o + /0 Yo (8)Gu(s),

where xpo4(s) = 1if s € [0,¢] and xjo(s) = 0 if s ¢ [0,¢]. By letting
k — oo, we obtain

t
(1) = o + / F(s,2(s), a(s))ds. (3.1.24)
0
This implies that

j(t) - f(t,f(t),ﬂ(t)), i‘(O) = Xo-
It easy to show that f(-,z,u) € L>([0,1],R"). Hence T € W1>([0, 1], R").
Since z(1) € D and z(t) € X for all ¢ € [0,1], we have (z,u) € ®. Fi-
nally, we have

1
V = lim J(zp,up) = lim [ L(t, xx(t), ux(t))dt

k—o00 k—o0 0

/fo dt>/ L(t, 2 (1), a(t))dt.
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Hence (Z,u) is an optimal solution of problem (3.1.1)-(3.1.3). The proof
of the theorem is complete. ]

3.2 Optimality conditions for multiobjective opti-

mal control problems

3.2.1 First and second-order optimality conditions of KKT-
type for multiobjective optimal control problems with

free right endpoints
Let
Li:[0,]xR"xR' =R, j=1,2,...,m
0: [0,1] xR" xR - R", ¢g: [0,1] x R" x Rl = R

be given functions. Hereafter, we denote by R’ the nonnegative orthant
of R™, that is,

RY = {(a1, a9, ...,ap,) € R™ :a; > 0,i=1,2,...,m}.

The interior of R’ is denoted by int R’
We consider the multi-objective optimal control problem of finding

a control vector u € L>([0,1],R!) and the corresponding state x €
C(]0,1],R™) which solve

Mingn I(z,u) (3.2.1)
st x(t) = xg +/0 o(s,z(s),u(s))ds fora.e. te[0,1], (3.2.2)
g(t,z(t),u(t)) <0 for a.e. te]0,1]. (3.2.3)

Here z( is a given vector in R"™ and the multi-objective function I is
given by
I(x,u) = (Li(x,u), Ir(z,u),. .., Ly(z,u)),

where
I(x,u) = /0 L(t,2(t), u(t))dt.

We denote by (MCP1) the problem (3.2.1)—(3.2.3) and by & its feasible
set, that is, ® consists of couples (z,u) € C([0,1],R") x L>([0, 1], R)
which satisfy constraints (3.2.2)—(3.2.3).
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The multi-objective optimal control problems are important in me-
chanics and economics. For example, when we want to minimize en-
ergy and time of a system, we need to use two-objective optimal control
which has a form (3.2.1)—(3.2.3) (see for instance [117]). Recently, prob-
lem (MCP1) has been studied by several mathematicians. For papers
which have a close connection to the present work, we refer the readers
to [20], [27], [95], [117], [128], [170], [173], [174], [211], [240] and the ref-
erences therein. However, in these papers, the authors mainly studied
numerical methods and first-order necessary optimality conditions for
multi-objective optimal control problems. To the best of our knowledge,
so far there have been no papers investigating second-order optimality
conditions for multi-objective optimal control problems. The study of
second-order optimality conditions for optimization problems as well as
for multi-objective optimal control problems is a fundamental topic in
optimization theory. The second-order optimality conditions play an
important role in solution stability and numerical methods of finding
optimal solutions.

In this subsection, we shall establish second-order conditions of KKT-
type for locally Pareto solutions to the multi-objective optimal control
problem with free right endpoints. To do this, we first establish opti-
mality conditions for an abstract multi-objective optimal control prob-
lem under the Robinson constraint qualification. This can be done by
using Theorem 2.2.5. We then apply the obtained results to problem
(3.2.1)-(3.2.3).

e Abstract multi-objective optimal control problem

Let Ey, E, X and U be Banach spaces and () be a nonempty closed
convex set in F. Define Z := X x U and assume that

I: X xU — R™
F: X xU — E,
G:XxU—=FE

are given mappings. We consider the following multi-objective optimal
control problem of finding a control v € U and the corresponding state
x € X which solve

Mingr I(z,u),
(MP2) st. F(z,u) =0,
G(z,u) € Q.
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We denote by @ the feasible of the (MP2) and put
D :={(x,u) € Z | F(xz,u) = 0}.

Fix zg = (yo,u0) € ®. We denote by As(zp) the set of multipliers
(A, v, e*) € R x Ej x E* with |A\| = 1, which satisfies the following
conditions

V.Lo(z, \,v*,e") =0, e € N(Q,G(z,w)),
where Lo(z, A, v*, €*) is the Lagrangian given by
Loz, 07 €7) o= (A 1(2)) + (7, F(2)) + (€7, G(2)).
Let Coa(z) consist of directions d € Z satisfying conditions:
VI(z)d € —RT,

VF(ZO)d = 0,
VG(z)d € cone(Q — G(z).

Let Co(2p) be the closure of Cp2(2p) in Z. Then Co(z2p) is called the critical
cone of the (3.2.1) at z.

Let us introduce the following assumptions:

(A1) There exist positive numbers r1,7] such that the mapping I(-,-),
F(-,-) and G(-,-) are twice continuously Fréchet differentiable on
Bx(ﬁ()g, 7“1) X BU(U(), 7“/1);

(A2) The mapping F,(zy) is bijective;
(A3) E =VG(20)(T(D; z)) — cone(Q — G(z)).

From assumptions (Al) and (A3), we have that F(-,-) is continu-
ously differentiable on By (xg,71) X By(ug, ) and F,(z) is bijective.
By the implicit function theorem (see [?, Theorem 4.E]), there exist
balls Bx(zo,79), By(ug,r5) with 79 < 7,75 < r] such that for each
u € By(ug,r5), the equation

F(z,u) =0
has a unique solution x = ((u) € Bx(xg,r2). Moreover, the mapping

¢: By(ug,15) = Bx(z0,72)
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is of class C? and ((ug) = 7. Thus,
F(¢(u),u) =0 Yu € By(ug,r5). (3.2.4)
We now define the following mappings:
J:U—=R" Ju):=J((u),u),
H:U—FE, H(u):=G((u),u). (3.2.5)

Then we can show that (zg,ug) is a local weak Pareto solution of the
(3.2.1) if and only if ug is a local weak Pareto solution of the following
problem:

Min g J (u) (MP3)
s.t. H(u) € Q.

Problem (MP3) is associated with the Lagrangian
Ls(u, A, €)== AJ(u) + e H(u).
Given a feasible point g of the (MP3), we define
Coz(up) == {u e U | VJ(up)u € =R, VH (up)u € cone(Q) — H(up))}

and C3(ug) := Coz(ug) the interior critical cone and the critical cone at
ug, respectively.

The following theorem provides second-order necessary optimality
conditions for the (3.2.1).

Theorem 3.2.1. Suppose that zy is a feasible point of the (3.2.1) and
assumptions (Al)—(A3) are satisfied. If zy is a local weak Pareto solution
of the (3.2.1), then, for each d € Cy(zy), there exists a nonzero triple
(A, v*,e*) € Ao(z0) such that

V2L (20, €%, v*)(d, d) = [A.s(20) + 0" F..(20) + €* G2 (20)] (d, d) > 0.

Proof. Since zy = (xg, up) is a local weak Pareto solution to the (3.2.1),
ug is a local weak Pareto solution of the (MP3). By assumption (A2),
V F(z) is surjective. Indeed, for any v € Ej, there exists € X such
that F,(Z)x = v. Hence, (z,0) € X x U and VF(Z)(x,0) = v. This
means that VF(Z) is surjective. From this and Lemma 2.1.17, we have

T(D;z) = {(z,u) € Z | Fp(20)x + Fu(20)u = 0} = {({'(up)u,u) | u € U}.
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Combining this with (A3), we get

E C{V.G(20)¢ (up)u + V.G (20)u | v € U} — cone(Q — G(2))

C VH(up)(U) — cone(Q — H(up)),

where H is defined by (3.2.5). Hence the Robinson constraint qualifica-

tion for the (MP3) is satisfied at uy.

Fix any d = (x,u) € Cy(zp). Then there exists a sequence {d;} =
{(zg,ur)} C Co2(29) such that d, — d. Since F,(z2)xr + Fu(20)ur = 0,
we have zp = ("(ug)ugr and so uy, € Coz(ug). Consequently, u € Cs(uyp).
By Theorem 2.2.5, there exists a multipliers (A, e*) € A,(ug) such that

the following conditions hold:
(a) A\VJ(ug) + Ve *H(ug) =0, e* € N(Q, H(up)),
(b) (AV2J (ug)u, u) + (e*V2H (ugp)u, u) > 0.
Note that from (3.2.4), we have
F(¢(v),v) =0 Vv € By(ug,15).
Taking first-order derivative on both sides, we get
Fy(20)¢ (uo) + Fu(z0) = 0

and so
¢'(uo)" = —Fu(20)"(Fy (20)) "

From (a), we have

A (20)¢ (ug) + Moyu(20) + € Go(20) (ug) + €*Gu(20) = 0,

or, equivalently,

C(ug)* (Mo (20) + € Go(20)) = —( M (20) + € Gul20)).

Let us put

¢ = (M.(20) + €' G(20)), v* = —(F(20)) .
Then, from (3.2.7) and (3.2.8), we have

—Fu(z0)"(F(20)) & = —(Mu(20) + €' Gu(20))-

Consequently,

{ Fou(20) 0" + M(z0) + €*Gu(z) = 0
Fo(z0)v* = —(M(20) + €*G.(20))-
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This is equivalent to
V()N + VF (%) " + VG(2)*e* = 0.

Hence we have (A, v*, e*) € Ay(2p).
Given u € C3(uyg), we define the following function

Y(t) = Ls(uo + tu, A, e") = AJ (up + tu) + e H(up + tu), —1 <t < 1.
Then by (b), we have
Y"(0) = V2 L3 (up) (u, u) = (AV2J (ug)u, u) + (e*V2H (ug)u, u) > 0.

On the other hand, by simple calculation, we get

P"(0) = (M e (20)C (wo)u, ¢ (uo)u) + (A (20)¢ (wo)u, u) (3.2.10)
+ Moz (20)u, C'(ug)u) + (A (20)u, w) + (€*Gup(20)C (uo)u, ¢ (up)u)
+ (€ Gru(20)C (uo)u, u) + (€*Guz(20)u, ¢'(up)u) + (€*Guu(20)u, u)
+ (M (20) + €"Ga(20))¢" (uo)u, u)
= (M (20)x, ) + (Mpu(20) T, uw) + (M (20)u, ) + (Myu(20)u, uw)
+ (" Grz(20)x, ) + (" Gru(20) T, u) + (" Gus(20)u, )
+{€"Guulzo)u, u) + ((¢"(uo)u) (Ma(20) + € Ga(20)), u).

Taking second-order derivatives on both sides of (3.2.6) at uy and acting
on u € C"(up) and v € U, we obtain

(Fo(20)¢" (wo)u, v) + (Fra(20)¢" (o), ¢ (u0)v) + (Frulz0)¢ (uo)u, v)
+ Fuu(20)(u, ' (20)0) + Fuul(z0)(u,v) = 0.

This is equivalent to

(Fi(20)¢" (uo)u, v) = — [(Fru(20)2, ¢ (u0)v) + (Fru(20), v)

+ (Fua(z0)u, ¢'(20)0) + (Fuu(z0)u, v)].
It follows that
(¢"(uo)u)"
= —[Fur(20)2¢" (w0) + Fru(20)2 + Fuz(20)u¢’ (20) + Fuu(zo)u]*(Fx(ZO)*)_l-
Combining this with formula (3.2.9), we have

(¢"(uo)u)"(Mu(20) + €"Gu(20)) = —(¢"(uo)u) ¢
= —[Fra(20)2C (u0) + Fru(20)7 + Fuz(20)uC’ (20) + Fuu(20)u]"( x(ZO)*)_lﬁb

*

- _[Fxx(ZO)xC,(uO) + qu(ZO)x + FUCE(ZO)UC/(ZO) + FUU(ZO)U]* ’
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Hence,

((¢"(uo)u)" (M (20) + €"Ga(20)), u) =
= (v*Fpp(20), ¢ (uo)u) + (v* Fpu(20)m, u) + (Fu(20)u, ¢ (20)u)
+ (V" Fyu(z0)u, u)
= (V' Fpp(20)2, ) + (V" Fpy(20)x, u) + (Fuz(20)u, ) + (0" Fuu(20)u, u).
Inserting this term into (3.2.10), we obtain
AV J (ug)u, u) + (e*V?H (ug)u, u) =
= (A\V2I(%)d, d) + (v*V?F(20)d, d) + (e*V>G(z)d, d) > 0.

The proof is complete. ]
e Second-order optimality conditions for (MCP1)

In what follows, C'([0, 1], R") is the Banach space of continuous vector-
valued functions z: [0, 1] — R" with the norm ||z||p = tem[?)lc] |z(t)| and R"
is the Euclidean space of n-tuples £ = (&,...,&,) with the norm €| =
(>, f?)% For each 1 < p < oo, LP([0,1],R?) stands for the Lebesgue
spaces with the norms || - ||,. Let W12([0, 1], R") be Sobolev space which
consists of absolutely continuous functions z such that & € L?([0, 1], R").
Its norm is given by

[zlle = l[zfl2 + [1#]l2
For convenience, we put X := C([0,1],R") and U := L>([0,1],R!). In
the sequel, L and ¢ stand for (L1, ..., L;;) and (¢, g), respectively. Define
Q:={ve L™ (0,1,R) |v(t) <0, ae. t€[0,1]}.

Let us impose the following assumptions on L and ¢.

(H1) The function L is a Carathéodory function and ¢ is a continuous
mapping. For a.e. t € [0,1], L(t,-,-) is of class C? while ¢(t, -, ) is
of class C? for all t € [0,1] . Besides, for each M > 0, there exist
numbers kryr > 0 and kgps > 0 such that

|L(t7 Iy, ul) - L(tJ L2, U,2)| + ‘VL(t7 Iy, ul) - VL(t7 T2, u2)|+

+ [V2L(t, 21, u1) — VEL(t, w9, u9)| < krar(Jon — 2] + Jur — ua)
for a.e. t € [0,1] and for all x; € R", u; € R! satisfying |z;| < M,
lu;| < M with i = 1,2, and

|9(t, 21, u1) — @(t, T2, ua)| + [VO(t, 21, u1) — VP(t, 12, u2) |+

+ ‘Vng(t,xl,ul) — V2Q§(t, 332,'(//2)‘ < ]{¢M(‘QZ1 — ZL‘Q‘ + ’Ul — U2|)
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for all t € [0,1], z; € R”, u; € R satisfying |x;| < M, |u;] < M with
1 = 1,2. Moreover, we require that the functions

L(t,0,0), |[VL(t,0,0)], [V*L(t,0,0)| , ¢(¢,0,0), [V(t, 0,0)|, [V*¢(t, 0, 0)]
belong to L>([0, 1], R).

(H2) Given a couple (z,u) € @, there exist iy € {1,2,...,l} and a > 0
such that

|Gu,, (£, 2(t), u(t))] > a for ae. t€[0,1].

Hereafter, L[t], p[t], g[t], L.[t], u[t], gu[t] and so on, stand for
L(t, z(t), u(?), ¢, 2(t), ult)), g(t, 2(t), u(t)),
Ly (t, 2(t), a(t)), wu(t,2(t), ult)), gu(t, 2(1),u(t)), . ..

Definition 3.2.2. Assume that Z = (Z,u) is a feasible point of the
(MCP1). We say that:

(i) Z is a local weak Pareto solution of the (MCP1) if there exists € > 0
such that for all (x,u) € (B(Z,¢) x B(u,¢)) NP, one has

I(z,u) — I(Z,u) ¢ —int R
(ii) Z is a local Pareto solution of the (MCP1) if there exists € > 0 such
that for all (z,u) € (B(Z,€) x B(u,€)) N®, one has
I(z,u) — I(z,u) ¢ =R\ {0}.
Let us denote by Cy(Z) the set of vectors

z = (z,u) € C([0,1],R") x L>([0,1],R")

such that the following conditions hold:

(e) fo o (t) + Lu(t)ult)) dt € —R?;

fo ( polsln(s) + pulslu(s)) s
(03) gx[']fﬁ + gulu € COHe(Q —g( 7, u)).
Let C(2) be the closure of Cy(z) in C([0, 1], R™) x L>([0, 1], R!). We call
C(Z2) the critical cone of the (MCP1) at z. Each vector z € C(Z) is called
a critical direction to the (MCP1) at z. It is easily seen that C(2) is a
closed convex cone containing 0.

The following theorem gives necessary optimality conditions for the
(MCP1).
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Theorem 3.2.3. Suppose that assumptions (H1) and (H2) are valid
and Z is a local weak Pareto solution of the (MCP1). Then, for each z €
C(Z), there exist a vector A € R} with |A\| =1, an absolutely continuous
function p: [0,1] — R" and a function 6 € L'([0,1],R) such that the
following conditions are fulfilled:

(i) 0 € N(Q, g[']);
(1) (the adjoint equation)
{15(75) = — N Ly[t] — o, [tlp(t) — 0(t)gs[t] a.e. te[0,1],
p(1) =0;
(idi) (the stationary condition in u)

MLyt + 9 pult] +0(t)gult] = 0 ae. t€[0,1];

(1v) (the mon-negative condition)

/0 (ZAjVQLj[t]Z(t),z(t)) dt+/0 (B()TV[t]2(1), 2(t)) dt

+ [ 00"l 20) a2 0
0

Proof. For the proof, we first put

X :=C(0,1],R"), U := L>=([0,1],R"),
Ey:= C([0,1],R"), E := L>([0,1],R),

and define the following mappings

)
F: X xU— Ey, F(x,u) :=x —x —/O (s, z(s),u(s))ds,
G: X xU—=FE, G(z,u) :=g(-,z(-),u(-)).

The problem (MCP) can be formulated in the form of the problem
(MP3). Therefore, we can apply Theorem 3.2.1 for problem (MCP1)
in order to derive necessary optimality conditions.

Step 1. Verification of assumptions (A1)—(A3).
e Verification of (Al). From (H1) we see that the mapping I, F' and
G are of class C? around z. Hence, (A1) is valid. Here VI;(z), V*I(z),
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VF(z), V?F(2z), VG(2) and V2G(z) are defined by:
L(2)e = /0 Llsle(s)ds, Lu(Z)u = /O Lulslu(s)ds,

() ()
F.(2)x =x — /0 ooz (s)ds, Fu(Z)u = —/0 wuls]u(s)ds),
VG(E) - (Gx(z)a Gu(z)) - (gx[']ﬂgu['])a

(V21(2)2, 2) = / (V2L;[s)2(s), 2(s))ds,

()
(V2F(2)2,2) = — / (V2pls](s), 2(s))ds

for all z = (z,u) € Z, and
2=\ Gozl:] Grul']

e Verification of (A2). Taking any v € FEj, we consider equation
F,.(Z)x = v. This equation is equivalent to

()
T = /0 ou]slx(s)ds + v.

By assumption (H1), we have ¢,[-] € L>([0, 1], R"). By [108, Lemma 1,
p. 51], the equation has a unique solution x € X. Hence (A2) is valid.

e Verification of (A3). Let D := {(x,u) € Z | F(2) = 0}. Under
assumption (A2), the mapping VF(2Z): X x U — Ej is surjective. This
implies that

T(D;z2) ={(x,u) € Z | F,(2)x + Fu(2)u = 0}.

Therefore, assumption (A3) is satisfied if we can show that for each
v € E, there exists (z,u) € Z such that

F.(Z2)x+ F,(2)u = 0, (3.2.11)
v==G.(2)x+ Gu(Z)u — 0. (3.2.12)

We will find w in the form u = (0,0,...,u;,0,...,0). Consider the
following equation

F.(2)x + F,(2)
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This equation is equivalent to

T = /0(.) (9%[3] + puls] 9l ) x(s)ds + /00 ©uls] Y ds.

giouH giou[s]

By (H2), @12 and @[] belong to L¥([0,1].R"). By [108

Lemma 1, p. 51], the above equation has a unique solution z € X.
Choosing u = (0,0, ..., u;,0,...,0) with

_v— G (2)x
’ giouH .

Uj

We see that (z, u) satisfies equations (3.2.11)-(3.2.12). Hence assumption
(A3) is fulfilled.

Step 2. Deriving optimality conditions.

Let L(z,\,v*,¢e*) = M(x,u) + v'F(z,u) + ¢*G(z,u) be the La-
grangian associated with the (MCP). According to Theorem 3.2.1, for
each z = (Z,u) € C(Z), there exist multipliers A € R with |\ = 1,
v* € Ej and e* € E* such that the following conditions are valid:

e € N(Q,G(2)),

M (Z2) + v Fp(2) + 'G(2) =0,
My (Z2) + v Fy(2) + Gy (2) =0,

(AVZI(2)z,2) + (V'V?F(2)z, 2) + (e*V?G(Z)z, 2) > 0.

Here v* is a signed Radon measure and e* is a signed and finite addi-
tive measure on [0, 1] which is absolutely continuous w.r.t the Lebesgue
measure |- | on [0,1]. By Riesz’s Representation (see [108, Chapter 01,
p. 19] and [102, Theorem 3.8, p. 73]), there exists a vector function of
bounded variation v, which is continuous from the right and vanish at
zero such that

<Ww%jAEUMWﬂVyEEL

where fol y(t)dv(t) is the Riemann-Stieltjes integral.
Define p: [0, 1] — R" by setting

p(t) == v((t, 1)) = v(t) — v(1).

Clearly, p(1) = 0 and the function p is of bounded variation. By the
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Fubini Theorem, for each z € C' ([0, 1], R"), we have

0
(0 Fo(2), 7)) = <v x—/ 5] (s) s> (3.2.17)

:/0 //cpxs]a: Ydsdv(t)
= [ @aro) - [ pulslatsyis [ anty

= [ Oao + [ el

Similarly, for any v € L>=([0, 1], R"), we get

/ / puls]u(s)dsdu(t) = / 5(s)Tpulslu(s)ds (3.2.18)

and
(V*V?F(2)z,2) = / (1) V2p[s]2(s), 2(s)) ds. (3.2.19)

From (3.2.15) and (3.2.18), we have

1 1
/ AL, [s]u(s)ds —|—/ p(s)  pu[slu(s)ds + (e*, G, (2)u) =0 Yu € U.
0 0
(3.2.20)
Let us claim that e* can be represented by a density in L!([0, 1], R).
Indeed, take any e € E. By (H2), there exists u € U such that G, (Z)u =
e. Namely, u = G, (2)'e = (0,0, ..., u;,, 0, .., 0) with u;, =

ing G,(2)u = e into (3.2.20), we have

—H' Insert-

/ Z““ZO %[-]eds‘/ ZW”%[-]

Since A\;Lju;,[s ]g T and p;jp;u,, o H belong to L([0,1], R), we conclude
that, there exists a function 0 € Ll([O7 1],IR) such that

(e*,v) / O(t)v(t)dt Vv e E. (3.2.21)

Therefore, the claim is justified.
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Based on the representation of e*, (3.2.13), and (3.2.20), we obtain
assertions (i) and (iii). Also, from (3.2.21), (3.2.17) and (3.2.14), we get

/1 ML, [s]z(s)ds + /leT(t)dl/(t) + /Olp(t)Tgpx[s]x(s)ds
/ 0(s)T g, [s]z(s)ds = 0 Vz € X.

This is equivalent to

1 1
—/ o' (t)dv(t) :/ (N Ly [s]+0(s) pu[s]+0(s)" gu[s])z(s)ds Vz € X.
0 0
(3.2.22)
We now fix any vector { € R" and ¢ € [0,1]. Define x4(s) := {x(1.11(5),
where X(,1)(+) is the indicator function of (¢,1]. Let us define

I(s) := ML, [s] + p(t) ¢.[s] + 0(s)T g.[s].

Then, 9(-) € LY([0,1],R") and so are the functions ¥(s) and sd(s). By
the Lebesgue Differentiation Theorem (see [225, Theorem 7.15]), these
functions have Lebesgue points for a.e. on [0,1]. Let us denote by P
and P’ the sets of Lebesgue points of ¥(s) and si(s), respectively. Then
|P N P'| =1 and we have the following key lemma.

Lemma 3.2.4. For each t € PN P’, the following equality is valid:

_/0 wf (s)dv(s) = /O (N Lals] + p(s)" @als] + 0(s)" guls]) wi(s)ds.

Proof. Note that any function with bounded variation as well as any
signed Radon measure can be represented as the difference of two in-
creasing functions, and the difference of two positive Radon measures,
respectively (see [225, Corollary 2.7] and [215, Lemma 13.6]). Therefore,
we can assume that v is increasing, right continuous and of bounded
variation.

For each € with t < € < 1, we define a function z. as follows:

£ if s € [e, 1],

z(s) := g(jf_tt) if s € [t, €,

0 if s € [0,¢].
Then, z. € C([0,1],R"). By (3.2.22), we have

_/0 B /0 (N La[s] + (1) 0uls] + 0(s)" guls]) e(s)ds,
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or, equivalently,

568_—; J(s) — /61 Cdu(s) — /: f(es_—t / £9(s
(3.2.23)

By the Mean Value Theorem (see [225, Theorem 2.27, p. 33]), there is
a point t' € [t, €] such that

és—t _ St -1
€e—t €e—1

(v(e) = v(1)).

Hence
(v(e) — v(?))
(v(e) —v(t) < €l(v(e) —v(t)).

By letting € — t* and using the right continuity of v, we see that
f 5 — t

s—1) | €l 1)

€e—t €e—1
" lélle—1)
- e—t

(3.2.24)

Also, we have

s)ds— / ¢du(s

Consequently,

)| < €[ -v(1) = 0 as € = t*.

1 1
/ Edv(s)ds —>/ Edv(s) as e —t7.
€ t

For the first term of (3.2.23), we have from the Lebesgue Differentiation
Theorem (see [225, Theorem 7.16]) that

Sty ‘<|£|—/|s—t )|ds
< |§|—/ 1s9(s) — t0(t ]ds+|§|—/ 9(t) — 0(s)|ds — 0
as € — t1. Hence
5 s)ds| — 0 as e —t".
The convergence
/1§T19(s)ds — /tlfTﬁ(s)ds as € — " (3.2.25)
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is straightforward. Passing the limit both sides of (3.2.23) and using
(3.2.24)—(3.2.25), we obtain

/ hdy(s) / 19 (s)

The proof of the lemma is complete. ]

From Lemma 3.2.4, we have for a.e. ¢ € [0, 1] that

_l“gdm@::[(VIAﬂ+ﬂﬂ%%m+ﬂ@MAm&%a

or, equivalently,

€90 = [ € OTLI P ull] + 00,10 s
Since £ is arbitrary, we obtain

p(t) = =X'Lo[t] — p(t)" ¢.[t] — 0(t)g.[t] ae. tel0,1],
p(1) =0,

which is assertion (ii) of Theorem 3.2.3. Finally, from (3.2.19) and
(3.2.16), we have

/O (ZAjVQLj[ﬁ]Z(t),Z(t)) dt+/0 (B(t)"V2p[t]2(t), 2(t)) dt

+/°wwv%mamzwwﬁz&
0

which is assertion (iv) of the theorem. The proof of Theorem 3.2.3 is
complete. O

In multi-objective optimization problems, the critical cone for second-
order sufficient conditions is often required bigger than the one for second-
order necessary conditions. Therefore, we need to enlarge C(Z) to deal
with second-order sufficient conditions. We denote by C’'(Z) the set of
vectors (z,u) € C([0,1],R") x L2([0, 1], RY) which satisfy the following
conditions:

fo t) + Luftju(t)) dt € —RY;

fo ( polslz(s) + pulslu(s))ds;
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(c5) gu[tlx(t) + gult]u(t) € T((—o0,0]; g[t]) for a.e. t € [0,1].

Obviously, C'(2) is a closed convex cone and C(z) C C'(2).
We now introduce the concept of local strong Pareto solution for the
multi-objective optimal control problem (MCP1).

Definition 3.2.5. Let Z = (Z,u) € ® be a feasible point of the (MCP1).
We say that zZ is a local strong Pareto solution of the (MCP1) if there

exist a number € > 0 and a vector ¢ € int R such that for all (z,u) €
(Bx(Z,€) x By(u,€)) NP, one has
I(z,u) — I(z,0) — c||u — ul|5 ¢ —intR"".

By a standard argument, we can show that every local strong Pareto
solution of the (MCP1) is also a local Pareto solution of this problem.
Note that in (3.2.5) we use two norms to define local strong Pareto
solutions. Here By (i, €) is a ball in L>([0,1],R?) while ||u — u||; is the
norm in L2([0, 1], RY).

The following theorem provides sufficient conditions for local strong
Pareto solutions.

Theorem 3.2.6. Suppose that assumptions (H1) and (H2) are valid
and z € ®. Suppose that there exist a vector A\ € R with |\ = 1,
an absolutely continuous function p: [0,1] — R™ and a function 0 €

L*([0,1],R) satisfy conditions (i), (1) and (ii3) of (3.2.3) and the strict
second-order condition

[ O Liete) (0 di+ [ (o079l (0

1
-|—/ (0(t)V3glt]2(t), 2(t)) dt > 0, Vz = (z,u) € C'(2) \ {0}. (3.2.26)
0
Furthermore, there is a number vy > 0 such that
O Lult] + (0T ualt] + 00 )€, €) > noléP Ve € R (3.227)
Then, (Z,u) is a local strong Pareto solution of the (MCP1).

Proof. Let us define the Lagrangian L(z,\,p,0) associated with the
(MCP) by setting

L(z,\,5,0) = \1(2) +p  F(2) + 0G(2),

166



where

MI(z) ::/0 M L(s,2(s),u(s))ds,
PPE) = [ oa)ds+ [ pe)ps (), u)ds
0G(z) ::/0 0(s)g(s,z(s),u(s))ds.

Then, from conditions (ii) and (iii) of Theorem 3.2.3, we can show that
V.L(Z, A, p,0) = 0. (3.2.28)

We now return to the proof of the theorem. Suppose the theorem was
false. Then, we could find sequences {(zy,ux)} C ® and {c;} C int R}
such that (zy,ux) — (Z,a), ¢ — 0 and

Iz, u) — 1(Z,0) — cpl|lug — @l € —intR'}. (3.2.29)

Clearly, (xg,ug) # (%,u) for all k € Z,. By replacing the sequence
{(zk,ur)} by a subsequence we may assume that u; = @ or uy # u for
all k € Z,. If up, = u for all k € Z,, then we have

xp(t) = —I—/0 (s, x(s),u(s))ds

and

Hence,

wi(t) — 2(t) = /O (o(s, zi(s), u(s)) — @(s, 2(s), u(s)))ds.

From this and (H1), there exist numbers M > 0 and k,j; > 0 such that
for k large enough, we have

p(s,zi(s), uls)) — @(s, @(s), uls))| < konrlzi(t) — z(1)].
Hence,

1) = 301 < [ Karkon(s) = (6)lds,

Using the Gronwall Inequality (see [51, 18.1.i, p. 503]), we get x = Z,
a contradiction. Therefore, we have that u; # u for all £ € N.
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Define t := ||uy, — ul|o, Ty = x’}f and 1y 1= “"t;f‘ Then t;, — 01 and

|4x|l2 = 1. Since L%([0,1],R!) is reflexive, we may assume that @, — 4.
From the above, we have

MNI(z) — M 1(2) < BN e < B |N||ex| < ot7). (3.2.30)

We claim that Zj converges uniformly to some Z in C([0, 1], R"). In fact,
since (g, u) € @, we have

z(t) = xg +/0 o(s, (), ur(s))ds.

Since xp = T + 32, we have

tray(t) = /0 (p(s, z(s), up(s)) — @(s, z(s), u(s))ds. (3.2.31)

Since x; — Z uniformly and uz — @ in L>®([0,1],R"), there exists a
constant ¢ > 0 such that ||zx|lo < o, [|[uk||se < 0. By assumption (H1),
there exists k,, > 0 such that

(s, x1(s), ur(s)) = (s, 2(s), u(s))] < Ky p|z1(s) = ()| +[ur(s) —a(s)])
for a.e. s € [0,1]. Hence we have from (3.2.31) that

kmmslmmmwummm@

and
20 ()] < ko o(125(8)] + [0 (t)])- (3.2.32)

It follows that
1

t
rmwsékmm@m+ékmmwm

t 1 1/2
< [ hadintollds oo [ laso)Pas)
0 0

< [ hoolintds + ko linl=1)
Using the Gronwall Inequality, we have
|1 (8)] < Kp,pexp(kyp,p).
From this and (3.2.32), we see that
[2n () < 2%, (|26 + |an(t)?) < 262 (K, exp(2k,0) + [as]?).
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Hence,
/ Bp(t)Pdt < 262 (k2 exp(2k, ) + 1),

Consequently, {Z;} is bounded in W12([0,1],R"). By passing subse-
quence, we can assume that £ — & weakly in W12([0, 1], R"). By [31,
Theorem 8.8], the embedding W12([0, 1], R") < C([0, 1], R") is compact.
Hence we have that Z; — & uniformly on [0, 1]. The claim is justified.
The remains of the proof is divided into some steps.

Step 1. Showing that (z,1) € C'(2).
By the Taylor expansion, we have from (3.2.29) that

o(tr)

(7%

L.(2)Zr + L.(2)ug (3.2.33)

Note that L;,[-] € L=([0,1],R") and I;,(2): L*([0,1],R’) — R is a con-
tinuous linear mapping, where

(Lu(2), u) = /0 Lyfslu(s)ds Y € L2([0, 1], R).

By [31, Theorem 3.10], I;,(Z) is weakly continuous on L?([0, 1], R"). By
letting k — oo in (3.2.33), we get

L(Z2)z + 1,(z)u € =R (3.2.34)
Since F'(Z) = 0, F(xg,ux) = 0 and by the Taylor expansion, we have

o(tr)

78

= 0.

F.(2)z, + Fu(2)uy +
By the same arguments as the above and letting kK — 0o, we obtain
F.(2)t + F,(2)a = 0. (3.2.35)

Since G(xg,up) — G(Z,u) € Q — G(z,u) and by the Taylor expansion,
we have

Gl + GulZ)in + A2 € cone(Q - Gz, w) € T(Q: G(,1),

where T'(Q; G(z,u)) is the tangent cone to @ at G(z,u) in L>([0, 1], R).
It is easily seen that

QG E (€ L0181 40 Tl e
C{ve L*([0,1],R) | v(t) € T((—o0,0], g ) ae.}.
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Hence

o(t)

G2 (2)Tk+Gy(2) U+ "
k

e {ve L*[0,1],R) | v(t) € T((—o0,0],g[t]) a.e.}.

(3.2.36)
Note that

{v c L*([0,1],R) | v(t) € T((—o00,0], g[t]) a.e.} =Tr2(Q; G(z,u)),

where T72(Q,G(x,u)) is the tangent cone to the set @ at G(Z,u) in
L*([0,1],R). Since T72(Q; G(Z, 1)) is a closed convex set of L%([0, 1], R),
it is also a weakly closed set of L%([0,1],R). Since

G.(2): L*([0,1],RY — L*([0,1],R)

is a continuous linear mapping, [31, Theorem 3.10] implies that it is con-
tinuous from weak topology of L([0, 1], R?) to weak topology of L%([0, 1], R).
By passing the limit in (3.2.36) when & — 0o, we obtain

Go(2)i + Gu(@)i € {v € L*([0,1],R) | v(t) € T((—o00,0]; g[t]) ae.}.

Combining this with (3.2.34) and (3.2.35), we get (z,u) € C'(2).

Step 2. Showing that (z,a) = 0.
By the second-order Taylor expansion for £ and (3.2.28), we get

t2
L(zk, AP, 0) = L(2,0,5,0) = 5VEL(Z A, 0) (3, 24) + o(t),
where 2 := (2, ux)). On the other hand from (3.2.30), we have
Lz, A9, 0) = L(2, A, 5, 0) = N (1(21,) = 1(2)) + (0, G(21) = G(2)) < o(t).

Here we used the fact that § € N(Q,G(2)) and F(z;) = F(2) = 0.
Therefore, we have

t2
Ekvzzﬁ(za Aaﬁ? 6)(2167 ék) + O(t%) < O(ti)a

or, equivalently,

2 piey = oovs s o OR)
Ve LA D, 0) (2 2) < =9 (3.2.37)
k

By letting k£ — 0o, we obtain

V2 L(Z, N\ p,0)(2,2) <O0.
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By a simple calculation, we have

[ 0oLz, 20 e+ [ 07TVl 20) d
+ [ OO g120),20) = VLG ARG <0

Combining this with (3.2.26), we must have Z = 0.

Step 3. Showing a contradiction.
From (3.2.27) and (3.2.37), we have

o(ty)
£

_ /0 1 (N'V2L[E)24(E), 2 (t)) dt + /0 1 (P(t) V[t 2k (1), 24(t)) dt

+/O (0(t)V2g[t]2k(t), 2(t)) dt

1

> V2,L(2,\,p,0) (3, 2k)

1 1
N Lo [E2(8)dtE + 2 / N Ly i (1) (£)dt + / N Lo [032(1)di+
0 0

S

1

[ GOV, ) i+ [ (0070, a) d

0

>0 + / 1 2 (AT Ly [t)2e () an(t) + AT Ly [t)27(t)) dt+
0
+ /0 (20(t)" @rult)r(t)ar(t) + p(t)" @ [t]27(F)) dt

- /O (20(8)7 grult]dn (t) i (1) + 0(t) gralt] 22 (2)) dt.

By letting £ — oo and using the fact £ — 0 uniformly, we obtain 0 > ~,
which is impossible. The proof of Theorem 3.2.6 is complete. ]

Next, we give some examples to illustrate the main results. The first
example shows us how to use Theorem 3.2.3 and Theorem 3.2.6 to obtain
solutions of the (MCP1). The second one indicates the important role
of the second-order necessary optimality conditions in checking optimal
solutions.

171



Example 3.2.7. Consider the problem (MCP1), where

L(t, (1), u(t)) = (x7(t) + ui(t), 25(t) + u3(t)),
@(tv :L‘(t), u(t)) - (ul(t)a UQ(t))a

Ty — O, 0),
g(t,z(t),u(t)) = z1(t) + xo(t) — ur(t) — ua(t)

)
for all z(t) = (x1(t), z2(t)), u(t) = (u1(t),uz(t)) and t € [0, 1]. Then, the
feasible solution set of the (MCP) is

¢ = {(:L‘,u) c O([0,1],R?) x L>=([0,1],R?) | z(t) = /0 u(s)ds,
x1(t) + wo(t) — ur(t) —us(t) <0 ae. t e |0, 1]}

It is easy to see that conditions (H1) and (H2) are valid. We will
use conditions (i)—(iii) of Theorem 3.2.3 to find out KKT points of the
(MCP1) which are good candidates for optimal solutions. Assume that
zZ = (7, u) is a feasible solution of the (MCP1) and satisfies conditions (i)—
(iii) of Theorem 3.2.3 with respect to (A, p,8). By simple computations,
we have

le[t] = (2j170)T7L2$[t] = (0725%2)T7 Qplw[t] = 902$[t] = (070)T79$[t] = (17 1)T7
Llu[t] = (2ﬂ17 O)T7 L2U[t] = (07 ZQQ)Tv Splu[t] = (17 O)Tv 902U[t] = (07 1)T7
gu[t] - (_17 _1)T'

From conditions (ii) and (iii), we get

—2/\1.561 — 9
O

and
21U +p1— 0 = 0,

(3.2.39)
2 oty + Py — 0 = 0.
Combining (3.2.38) and (3.2.39) yields
D = —2MT1 — 2\ U1 — D
131 1551 11_L1 111; (3.2.40)
D2 = —2XaTy — 29U — Pa.
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By condition (3.1.2), one has
{?1 o (3.2.41)
Then inserting these equations into (3.2.40), we obtain

P = —2M7T1 — 2\ %1 — P, N D1+ 2\T = =P — 2\ T,
P2 = —2XoTo — 2X9T9 — Do, D2 + 2X\oTy = —Pa — 2X97o.

This implies that

{p1 + 2\1T1 = 1 exp (—t), (3.2.49)
P2 + 2XaT2 = cpexp (1),
where c1, co € R are constants. Hence,
P1— Do + 20171 — 209 = czexp (—t), (3.2.43)
where c3 := ¢; — ¢o. From (3.2.39) and (3.2.41), we have
P1— P2 = —2\121 + 2o,
Inserting this equation into (3.2.43), we get
—2M1T1 + 22T + 2\ T1 — 2X0T9 = czexp (—t), (3.2.44)
Let o« = 2A\1%1 — 2X2%2. Then equation (3.2.44) becomes
—& + a = cgexp(—t).
From this equation and «(0) = 0, it is easily seen that
alt) = %c?, exp(—t) — %c?, exp(t) Vi € [0, 1].
This and (3.2.41) imply that
2\ T — 2\oTo = Sczexp(—t) — ez exp(t
e s ot ety 020

We see that, for each A € R2 \ {0}, every solution (Z,u) of system
(3.2.45) is a KKT point of the (MCP1). To illustrate Theorem 3.2.3,
let us verify condition (iv) at a solution of the system (3.2.45). Let
T = (0,0),a = (0,0)T. By (3.2.42) and p(1) = (0,0), we have ¢; = 0,
co = 0, and p(t) = (0,0) for all £ € [0,1]. Consequently, c¢3 = 0 and
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6(t) = 0 for all t € [0,1]. Thus, (Z,u) is a solution of the system (3.2.45)
for every A € R2 \ {0}. By simple calculation, we get

/1 (i )\jVQLj[t]Z(t),Z(t)> dt =2\, /1 (z3(t) + ud(t)) dt

+ 2 /1 (22(t) + u(8)) dt > 0

for all z = (z,u) € X x U and A € R% \ {0}. Hence, condition (iv) is
satisfied.

We now use Theorem 3.2.6 to show that (Z, u) is a local strong Pareto
solution of the (MCP1). Let A = (1,1), p = (0,0) and 6 = 0. Then, we
have

/0 (SN0, 2 (1)

= [ a0+ e+ [ o o) a > o
0 0

for all z = (x,u) € X xU\{(0,0)}. Hence condition (3.2.26) is satisfied.
Furthermore, we see that

M Lut)(€,6) = ¢
for all £ € R?. This implies that condition (3.2.27) holds at z with

respect to 79 = 1. By Theorem 3.2.6, z is a local strong Pareto solution
of the (MCP1).

Example 3.2.8. Let ¢ and g be as in Example 3.2.7 and L be defined
by
L(t,x(t), u(t)) = (21(t) — ui(t), 23(t) — uz(t))

for all x(t) = (x1(t), z2(t)), u(t) = (ui(t),us(t)) and t € [0, 1]. Clearly,
(z,u) = ((0,0),(0,0)) is a feasible point of the (MCP1). We claim
that (Z,u) is not a local weak Paretosolution of the (MCP1). Indeed, if
otherwise, then due to Theorem 3.2.3, for each critical direction z € C(z2),
there exist multipliers A, p and € such that conditions (i)—(iv) are fulfilled.
Let 2(t) = (t,t)T and @(t) = (1,1)T for all t € [0,1]. It is easy to check
that z := (2, u) is a critical direction of the (MCP1) at z. By conditions
(ii) and (iii) of Theorem 2.1, we get

ﬁ = _0(17 1)T7 ﬁl - ﬁ2 - _97
p(1) =0, < 9p(l) =0,
p+0(-1,-1)T =0, P = Py = 0.
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This implies that pi1(t) = po(t) = 0(t) = 0 for all ¢ € [0,1]. Since
A eR2\ {0}, p=(0,0)T and 6 = 0, we have

/O (MV2Li[t]2(t) + Ao V2Lo[t]2(1), 2(1)) dt + /O ()" VP elt]=(1), =(1) dt
T / (0()Vglt)=(2), =(1)) dt
_ / | (MVZL1[t2(t) + AV Lot]2(1), (1)) dt

1
4
0

which does not satisfy condition (iv) of Theorem 3.2.3. Hence, (z,u) is
not a local weak Pareto solution of the (MCP1).

3.2.2 Second-order optimality conditions of KKT-type for mul-
tiobjective optimal control problems with endpoint and
mixed constraints

We investigate the following multiobjective optimal control problem:

find a control vector u € L*([0,1],R™) and the corresponding state
z € C([0,1],R") which solve

min J (z, u) (3.2.46)
ok,

2(t) = o + /O (s a(s) u(s)) ds, forallte (0.1, (3.247)
h(z(1)) <0, (3.2.48)
g(t o(t), u(t)) < 0, for almost all £ € [0, 1], (3.2.49)

where the objective function J(z,u) is defined component-wise as
J(z,u) = <J1(a:, w), Jo(, ), . .., Julz, u)),
with each component J;(x,u) given by
1
Ji(x, ) = G(x(1) +/ Lilt,2(8), u(t)) dt, i=1,2,.. .k,
0

where L;: [0,1] x R®" x Rl — R, 4;: R® — R, :[0,1] x R* x R™ —
R", h: R" — R”, g;: [0,1] x R" x R" — R, for i = 1,2,...,k and
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j = 1,2,...,r. The functions h(z(1)) and ¢(t,x,u) are also defined
component-wise as:

(1)) = (ha(x(1)),. .. hn(x(1))),

g(t,z,u) = (g1t z,u), ..., gt z,u)).

For vectors 4,z € R, the notation y < z implies that z — y € R‘i,
where

RE = {(&,6,...,&) €ER 1 & >0fori=1,2,...,d}.

We denote by (MCP2) the problem (3.2.46)-(3.2.49). Our primary ob-
jective is to determine a control vector function u € L*([0, 1], R™) that
steers the state € C([0,1],R") from an initial state x(0) = z( to a
terminal state z(1) optimally, in the sense of Pareto optimality.

Multi-objective optimal control problems (MOCPs) have garnered
significant attention due to their numerous applications in modern tech-
nology (see, for instance, [181]). As a result, MOCPs have been exten-
sively studied by various researchers in recent years. For works related
to the present study, we direct readers to [71,72,117,128,132, 133,136,
170,173-175,240] and the references therein. The main research topics in
optimal control encompass the existence of optimal solutions, optimality
conditions, and numerical methods for computing optimal solutions. In
particular, the study of optimality conditions for multi-objective optimal
control problems, as well as optimization problems in general, is a funda-
mental topic in optimization theory. First- and second-order optimality
conditions of KKT type play a crucial role in numerical methods and the
stability analysis of optimal solutions (see, for instance, [32] and [90]).

In previous section we established first- and second-order optimal-
ity conditions of KKT type for locally optimal solutions in the sense
of Pareto for a class of multi-objective time optimal problems with free
right endpoints (see [136] ). It is well-known that in optimal control
problems without endpoint constraints, the Robinson constraint qual-
ification is relatively easy to verify, allowing for the establishment of
KKT-type optimality conditions. However, when problems include end-
point constraints, the situation becomes more complex, and verifying the
Robinson constraint qualification becomes challenging. Consequently,
establishing KKT-type optimality conditions becomes more difficult.

In the scalar case, several papers have addressed the normality of
multipliers for problems with endpoint constraints. In [85, Theorem 2],
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H. Frankowska presented a constraint qualification under which the nec-
essary optimality conditions are normal. This constraint qualification is
significant and has been studied in [21, Theorem 9.3] for mathematical
programming problems. Additionally, V. Zeidan [235] provided suffi-
cient conditions for the normality of multipliers, demonstrating that if
the linearized equation is controllable, then normality of multipliers is
achieved.

The aim of this section is to derive first- and second-order necessary
optimality conditions of KKT type, as well as second-order sufficient con-
ditions for (MCP2) with endpoint constraints and mixed constraints. To
address this problem, we first reduce the problem into a specific vector
optimization problem (VOP2) in Chapter 2. We then derive optimal-
ity conditions for problem (MCP2) by utilizing the results obtained for
(VOP2). We demonstrate that if the linearized equation is controllable,
then the Robinson constraint qualification is valid, ensuring that the
multipliers are normal and the optimality conditions are of KKT type.

It is worth noting that although the abstract VOP serves as a good
model for establishing optimality conditions for MOCPs, we cannot
directly derive optimality conditions for MOCPs from those of VOP.
Specifically, in MOCPs, the control variables typically belong to L°°,
and consequently, the Lagrange multipliers corresponding to mixed con-
straints (3.1.4) belong to (L>°)*, which are additive measures rather than
functions. Therefore, we require specific techniques and conditions to
represent a functional on (L*) by an L'-function. In [71] and [72], A.V,
Dmitruk and N.P. Osmolovskii imposed so-called regularity conditions
on mixed constraints and employed the Yosida-Hewitt Theorem to rep-
resent a functional on (L>)* by an L!-function. However, in our opinion,
these conditions are not easily verifiable. In our paper, we impose alter-
native conditions on mixed constraints that are more readily checkable.
We then introduce a new technique to represent a functional on L*™ by
an L'-function and a novel method to derive adjoint equations.

Throughout this section, we assume that ®, is the feasible set of
(MCP2) and let

X = ([0, 1,R"), U = L*([0,1],R™), (3.2.50)
K = {v e L*([0,1], R")|v(t) < 0 aa. t € [0,1]}. (3.2.51)

Let v stands for L, and g, where L = (L1,...,Lg), g = (g1,---,9)
and ¢ = (p1,...,0n). Let Q be an open set in R" x R™ such that
(z(t),u(t)) € Q for all t € [0,1]. Given (Z,u) € o, the symbols

177



L[t], olt], g[t], L. [t], ©u[t], gu[t] and so on, stand for

L(t, 2(t), u(t), (t,z(t), ult)),g(t, (), ult)),

Ly(t, 2(t), a(t)), wu(t,2(t), ult)), gu(t, 2(1),u(t)), . ..
We shall denote by ¢'(z(1)) and h'(Z(1)) the first-order derivatives of ¢
and h at (1), respectively. Also, by ¢’(Z(1)) and h"(z(1)) the second-
order derivatives of £ and h at Z(1), respectively. We impose the following

assumptions.

(H1) The function % is a Carathéodory function on [0, 1] x Q and (¢, -, -)
is of class C? on  for a.e. t € [0,1]. Besides, for each M > 0, there
exist numbers kyx > 0 such that

[, 21, u1) — (E T2, u9)| + Vb (L, m1,wa) — Vaup(E, 2o, ug) |+

+ [V20(t, w1, u1) — V20 (E, 29, un)| < kpar(|71 — 22| + Jug — ua))
for all (z;,u;) € Q and t € [0, 1] satisfying |z;|, |u;| < M with i = 1,2
and z = (z,u) € Z.
Moreover, we require that the functions (¢, 0, 0), | V.4 (¢, 0, 0)],
belong to L>([0, 1], R).
[((H2)] The mappings h(-) and £(-) are of class C? around Z(1) and
det(h'(z(1)) # 0.
[(H3)] There exists a number v > 0 such that

|detR[t]| > v fora.a.te]0,1], (3.2.52)

V2y(t,0,0)]

where matrix R[t] is defined by setting
R[t] = gu[t]gult]". (3.2.53)

Among the above assumptions, (H1) and (H2) make sure that 1 is
of class C? around (Z, 1) while (H3) together with rank of g,[t] play an
important role for normality of multipliers. To derive KK'T optimality
conditions for (P), we will consider two cases: rank(g,[-]) < m and
rank(g,[t]) = m.

(H4) for a.a. t € [0,1], rank(g,[t]) < m and dim(T'[t]) = m, with the
basis {w1,...,wy,, } C L*(]0,1],R™), where the subspace T'[t] :=
{w € R"|g,[t]w = 0}.

Let us define matrices

S[t] = [wi, wa, ... w.], (3.2.54)
Alt] = ¢.[t] — eultlgult] B[t gult], (3.2.55)
B[t] = @u[t]S]t ] (3.2.56)
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and require that the linear equation @ = Alt]x + Blt]u is controllable.
Namely, we need the assumption

(H5) The mapping H : L*([0, 1], R™) — R" is surjective, where
1
H(v) = / (1, 5)Blslu(s)ds (3.2.57)
0
with €(¢,7) is the principal matrix solution to the equation & =
Alt]z (see [4, p.123)]).

When rank(g,[t]) = m, then T[t] = {0} and S = 0. Hence B[t] = 0
and the system @ = Al[t|x + Bl[t]u is not controllable. In this situation,
instead of (H4) and (H5) we need the following assumption.

(H4)" There exists (z,u) € X x U such that the following conditions are
fulfilled:

(a) & = J3(palsli + puls]i)ds
(b) hi(z(1)) + hi(z(1))z(1) <0 fori=1,2,..,n
(c) esssup(g;[t] + gjz[t]Z + gjult]n) <0 for j =1,2,..,r

Next we define a critical cone. For this we put I, = {i € {1,2,...,n} :
hi(z(1)) = 0} and denote by C.[Zz] the set of vectors (z,u) € X x U
satisfying the following conditions:

(1) £(@(1)2(1) + [} (Loltle(t) + Ly[tu(t)) dt € —RE;
(by) 2 = ﬁf( ([8)7 + pulslu(s))ds

(bs) hi(z(1))z(1) < 0 for i € L;

(bs) g

b

by

ul T + gul]u € cone(K — g]).

The closure of C,[z] in X x U is called a critical cone to the (P) at z
and denoted by Cy|[z]. Each vector (z,u) € Cy|Z] is called a critical
direction.

The following theorem gives first-and second-order necessary optimality
conditions of KKT-type for locally weak Pareto solutions to (P).

Theorem 3.2.9. Suppose that Z is a locally weak Pareto solution of
(P) under which assumptions (H1) — (Hb5) or (H1) — (H3) and (H4)'
are satisfied. Then for each vector (Z,u) € C|Z], there exist a vector
A € RE with |\| = 1, a vector | € R", an absolutely continuous function
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p: [0,1] = R™ and a vector function 0 = (01,0, ...,0,) € L>([0,1],R")
such that the following conditions are fulfilled:
() (the adjoint equation)

{mw:%m%ww44m)+%mm@,cm.temu
p(1) = —(\"0'(z(1)) + 1"W' (2(1)));

(i7) (the stationary condition in u)
L "N — ou[t]p(t) + g [t]70(t) =0 a.e. te]0,1];
(7i1) (complementary conditions)

l; >0, Lhi(z(1)) =0, i=1,2,..,n, (3.2.58)
0:(t) >0, 0:(O)g;[t] =0 aa. t€[0,1], j=1,2,...r;  (3.2.59)

(iv) (the nonnegative second-order condition)
M (z(1)7(1)* + /01 N[ Lpo[t)3% 4 2Ly0 [t)T0 + Ly [t)5?)dt
+ 1" (2(1))2(1)* — /OlpT(t)[%x[t]fi“Q + 20, [t]30 + pyu[t]a®)dt
b [ OOl + 20,0170+ gl 2 0

Proof. We first formulate (MCP2) in the form of (VOP). Put

Z=XxU, E=C(0,1,R"), W = L*(]0,1],R")
and define mappings F' : 7 - E, H : 7 —- R", H : 7 — R" and
G : Z — W by setting

F(x,u) =z —xy— /(.) (s, x(s),u(s))ds (3.2.60)

H(z,u) = h(z(1)) an(zi G(z,u) == g(-, x,u). (3.2.61)
Then (MCP2) can be written in the following form of (VOP):

J(x,u) — min,
F

P
() zr,u) =0, H(z,u) <0 and G(z,u) € K.

We shall show that (P) satisfies assumptions (A1), (A2) and (A4) or
(A1), (A2) and (A5) of Theorem 2.2.9. By (3.2.51), we have int(K') # ().
Hence (A1) is valid. By (H1) and (H2), J, F, G and H are of class C?
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around (Z,u) and Z(1), respectively. Hence (A2) is fulfilled. By a simple
calculation, we have

)
DF@ﬁW%UHzQPiA(%kh@%ﬂ%@%&ﬂﬁ, (3.2.62)
DH()[(x,w)] = (#(1))x(1) and DG(z, )[(x, )] = g.[{2(t) + gu[Ju(t).

(3.2.63)

The following lemma shows that (P) satisfies (A4).

Lemma 3.2.10. Under assumptions (H4) and (H5), (Z,u) satisfies con-
dition (A4).

Proof. To verify condition (2.2.13) we prove that for any e € F, £ € R"
and w € W, there exist (x,u) € Z, n € cone((—o0,0]" — H(2)) and
¢ € cone(K — g[-]) such that

DF(z,u)[(z,u)] = e, DH(z)|(z,u)l-n=¢, DG y)(z,u)]-(=w.

(3.2.64)
These equations is equivalent to the system:
()
- / (0uls)2(s) + puls]u(s))ds = e, (3.2.65)
0
R (2(1))x(1) —n =€ and g,[t]x + gu[tlu — = w. (3.2.66)

Note that g.[t] is a matrix with size r X n, g,[t] is a matrix with size r x m
and S[t] is a matrix with size m x m,, which is given by (3.2.54). We
take n = 0,¢ = 0 and find u in the form u = S[t]v + g,[t]T R~[t]a, where
u € L>([0,1],R") and v € L*>([0,1],R™). Then the system (3.2.65)-
(3.2.66) becomes

()
o= [ (el = plslands TR [Sa.ls])as) + pulsISIslo(s)) ds

()
+/0 ouls]guls] R~ [s]w(s)ds + e (3.2.67)
z(1) = K (2(1))"'¢ and 4 = w — g,[]z. (3.2.68)

Here we used the fact that g,[t]S[tjv = 0. The above system can be
written in the form

() ()
v= [ (Allet) + Blsluo)ds + [ aulslalsT B (s +o
(3.2.69)
z(1) = K (2(1)) '€ and @ = w — g, [z, (3.2.70)
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where A and B are defined by (3.2.55) and (3.2.56), respectively. By
setting y = = — e, the system becomes

()
Yy = /0 (Alsly(s) + Bls]u(s))ds

()
+/0 (Alsle(s) + wulslguls] R [s]w(s))ds, (3.2.71)
y(1) = h/(f(l))*lg —e(l) and u = w — g, [-]x. (3.2.72)

Let Q(t, 7) be the principal matrix solution of the system y = Ay. Then
for each v € L>([0, 1], R™*), the solution of equations (3.2.71) is given

y(t) =/0 (21, 5)Blslv(s) + Q(t, s)(Alsle(s) + @uls]guls]" R [s]w(s)))ds.
(3.2.73)

By (H4), the mapping

H@):/O Q(1, 5) B[s]v(s)ds

is surjective. Hence, there exists v € L>([0, 1], R™*) such that

h/(x(l))_ln—e(l):/o 9(1,5)3[5]@(5)ds+/0 Q(1, s)(A[s]e(s)
+ pulslguls)] R [s]w(s))ds.

Let us define
y(t) = /0 Q(t,s)B[s]@(s)ds—l—/O Q(t, s)(As]e(s)+puls]guls]t R sjw(s))ds.

Then ¢ is a solution of (3.2.71) and (3.2.72) corresponding to v. Let
T = ¢+ e Then 7 is a solution of (3.2.69)-(3.2.70) corresponding to
0. Set @4 = w — g,[]% and @ = S[t]o + g,[t]' M~'[t]a. Then (Z,4) and
(n,¢) = (0,0) satisfies (3.2.65)-(3.2.66). The lemma is proved.

Lemma 3.2.11. Under (H4)', (Z,u) satisfies (A5).

Proof. 1t is easy to show that DF(Z,u)[X x U] = E. By (a) of (H4)',
we have DF(z,u)[(Z,u)] = 0. By (b) of (H4)', we have

H;(z,u) + DH;(z,u)[(z,u)] <O0.
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By (3.2.51), we get
int(K) = {(v1,...,v,) € L>([0,1],R) : esssupv; < 0,7 =1,2,..,r.}
Therefore, from (c) in (H4)', we have
G(z,u) + DG(z,u)[(z,4)] € int(K).

Hence (A5) is valid. The lemma is proved.

We now derive first and second-order optimality conditions of KKT-
type for (P). Let

L(z, N Lv5w) = N J(z,u) + 0" F(2) + 1TH(2) + w*G(2)

be the Lagrangian associated with the (P), where z = (z,u) € Z. Ac-
cording to (b) of Theorem 2.2.9, for each critical direction z = (Z,u) €
Cso|Zz], there exist multipliers A € RY with |A\| = 1, 1 € R", v* €
C([0,1],R™)* and w* € L*(]0,1],R")* such that the following conditions
are valid:

NTo (2, 1) + 0" Fy(2) + 1T Ho(2) +w'g,[] = 0, (3.2.74)
M Ju(z,0) + v Fy(2) + wig[] = 0, ( )
I, >0, LH(2)=0,i=1,2,..n, (3.2.76)
w* € N(K,G(2)), ( )
MNV2J(2)[2, 2] + v'D*F(2)[2,2] + 1" D*H(%)[2, 2] + w*D*G(?)[%, 2] > 0.

(3.2.78)

Here v* is a signed Radon measure and w* is a signed and finite addi-
tive measure on [0, 1] which is absolutely continuous w.r.t the Lebesgue
measure | - | on [0, 1]. By Riesz’s Representation (see [108, Chapter 01,
p. 19] and [102, Theorem 3.8, p. 73]), there exists a vector function of
bounded variation v, which is continuous from the right and vanish at
zero such that

@m»:AEw%wvaua

where fo y(t)dv(t) is the Riemann-Stieltjes integral.
Define p: [0,1] — R" by setting

1
() = vi(t1) = [ dos) = v(1) = w(0)
t
Clearly, p(1) = 0 and the function p is of bounded variation.
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By [225, Theorem 2.21], for any a € C([0, 1], R"), we have

/0 a(s)Tdv(s) = a(1)Tw(1) — a(0)"(0) — /0 v(s)da(s)T.  (3.2.79)

Applying formula (3.2.79) for a(t) = fg ©.[s]x(s)ds, we get

e >=<v* /(')m]<>ds>
/ / / ©.[s]x(s)) dsdy(t)
= [ @) [ (ulshe(6) s ~ [ (eallat) v(s)as
= [0 - [ @ipor
= [0t - [ 7 @iiear (3.2.80)

Similarly, for any u € L*([0, 1], R™), we get

//gpu s)) dsdv(t) /Olu(s)Tgou[s]Tp(s)ds

(3.2.81)
and
(V*V2F(2)z,2) = _/0 (p(t)"'V2p[s]2(s), 2(s)) ds. (3.2.82)
From (3.2.75) and (3.2.81), we have
/ N Lus ds—/ () oulslu(s)ds + (", gulJu) = 0 Vu € U.
(3.2.83)

Let us claim that w* can be represented by a density in L*>([0, 1], R").
Indeed, by the formula of inverse matrix (see [145, Theorem 8.1, p. 176]),
we have (0
—1 €ij
B = (o Rjrp

where e;;(«) are cofactors. By (H3), |det R[t]| > 7y for a.a t € [0,1].
Hence R[] € L>([0,1],R™"). Taking any w € L>([0,1],R"), we put
u(t) = gu[t]T R~ tjw(t). Inserting u into (3.2.83), we have

/0 Lol R w(t)d — /0 () oultlgu TR (t)de
+(w*,w) = 0. (3.2.84)
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This implies that

') = [N LR+ 7 Ol R 0
Let us define a function
0(1) = N7 L[l 1T R+ 57 (1) g1 R
Then 6 € L(]0, 1], R) and
(w*, w) = /0 oyt Ve € L0, 1R (3.2.85)

The claim is justified. Combining this with (3.2.83), we get

/1 N Ly[t]u(t)dt — /115(t)T90u[t]U(t)dt + /1 0(t)" gultlu(t)dt = 0
0 0 0
for all u € L>(]0,1],R™). It follows that
MLt — () ut] +0(t) g t] =0 a.a. te0,1]. (3.2.86)

We obtain assertion (ii) of the theorem. Let us define

(L if tel0,1
p<t):{];i(rip(t) if ti[l | (3:2.87)

Note that although v is right continuous, it may not be continuous at 1
and so is p.
We now have from (3.2.74) and (3.2.80) that

AZH$W@%1[3W@%MMQ@+/?Va$p@us

0

-+A%@V%M%+awm@u»un+FMAﬂnnawﬂ)VxeX

This is equivalent to

/0 | v (s)dv(s) = /O 1Z5T(3)¢x[$]x(s)ds— / 1 AL, [s)x(s)dt

0

= [ 806" ulsJa(s)ds = N @(1)a(1) = b (#(D)a(1) Ve € X
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By definition of p, we have

[ pivts) = / "(w)pufla(e)ds — [ ALl

/9 T lslx(s)ds — N0, (3(1)a(1) — Thy (F(1))a(1) Va € X,
(3.2.88)

By Lemma 3.2.4, the above equality is also valid for x:(s) = {x,1(s)
with 0 < ¢ < 1, where § € R" and x(,1) is the indicator function of the
set (¢,1] C [0,1]. Inserting x;(s) into (3.2.88), we get

/ ETdu(s) / €7 T LJs] — 8(s) gu[s))ds
_§T >‘T€$1( ( )) lThml( ( )))

for all ¢ € [0,1). Since £ is arbitrary, we obtain

[ ) = [ 076l XL~ 606 ulshs
— (M, (2(1)) + 1T hy, (2(1)).
This means that
)= [ W )puls] ~ NTLLIs) - 070l
— (M, (z(1) + 1T hy, (2(1)) (3.2.89)
for all t € [0,1). It follows that
p(t) = —pt ()@ [t] + NTL[t] +0(t) g.[t] aa. te(0,1). (3.2.90)
Taking the limit both sides of (3.2.89) when ¢t — 17, we obtain
p(1) = lim 1) = —(XTL,, (#(1) + T, (2(1))
Hence assertion (i) is followed. Since H;(2) = hy(z(1)), condition (3.2.76)
implies that £;h:(#(1)) = 0. From condition (3.2.77), we have
/ 07 (1(t) — glf))dt = (w',w — G(2) <0 Vw € K.

This and [178, Corolary 4.4] imply that 0(t) € N((—o0,0]", g[t]) for a.e.
t €10,1]. Hence 6,(t)g;[t] =0 and 6;(t) > 0 for a.a. t € [0,1] and for all
j=1,2,...,r. We obtain (3.2.59) in assertion (7).

Finally, by combining (3.2.78), (3.2.82) and (3.2.85), we derive asser-
tion (iv). The proof of the theorem is complete. O
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To derive sufficient conditions, we need to enlarge the critical cone. For
this we define Cy[z] which consists of couples (z,u) € X x L?([0,1], R™)
such that

(b)) £(z(1)2(1) + fif (Lo[tla(t) + Ly[t]u(t)) dt € —RE;
(by) = Jy ( J[s]z + puls]u(s))ds
(05) hi(z(1)z(1) <0 for i€ I
(}) gul-]z + gu[]u € cone(K — g[]).

Clearly, Co[Z] C Co[Z].

Definition 3.2.12. Let z = (z,u) € ®y be a feasible point of (P). We
say that Z is a locally strong Pareto solution of (P) if there exist a number
¢ > 0 and a vector ¢ € intRY such that for all (v,u) € (Bx(Z,€) X
By (u,€)) N ®y, one has

J(2,u) — J(Z,0) — c|ju — a3 ¢ —int(RY).

It is easy to show that every locally strong Pareto solution of (P) is
also a locally Pareto solution of this problem. The following theorem
provides sufficient conditions for locally strong Pareto solutions to (P).

Theorem 3.2.13. Suppose (T, u) € o, assumptions (H1) — (H3), mul-
tipliers X € RY with |\ =1, 1 € R", the absolutely continuous function
p: [0,1] = R" and a function 6 € L>([0,1],R") such that conditions
(1) — (i13) of Theorem 3.1 are fulfilled. Furthermore, assume that

(iv)" (the strictly second-order condition)

M0 (2(1)2(1)% + /0 1 N[ Lo [t)3% 4 2L, [t)Z0 + Ly, [t]a?)dt

+ﬂmmu»ﬂn%1£pﬂwwmmﬁ+aﬁdww+wwmﬁut

+ /0 | 0 (1) (922 [t)7° + 290 [)70 + g [t]T°]dt > O

for all (z,u) € Cy[Z] \ {0};
(v)' there exists a number vy > 0 such that for a.a. t € [0, 1] one has

(AT Lyu[t] = () pualt] + 0(8) guult]) (v,0) > yolv]* Vo € R™.

Then (z,u) is a locally strong Pareto solution of (P).
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Proof. Suppose the conclusion of the theorem was false. Then, we could
find sequences {(z;,u;)} C ®; and {¢;} C intR% such that (z;,u;) —
(z,u) as j — o0, ¢; — 0 and

J(zj,u;) — J(2,4) — ¢jl|lu; — all; € —intRY . (3.2.91)

It follows that (z;,u;) # (z,u) for all j > 1. By a simple argument, we
can show that if u; = u then z; = z, which is absurd. Hence we must
have u; # u for all j > 1. Let

L(z,\,p,1,0) := N J(2) +p" F(2) + 1T H(2) + 07G(2)

be the Lagrange function associated with (P), where

M J(2) = ATe(2(1)) +/ M L(s, x(s),u(s))ds,

p'F(z) = —/0 pT(s)x(S)ds—/O P! (s)¢(s, x(s), u(s))ds +p' (1)z(1),
I"H(z) = [Th(z(1)),

01 G(2) / 07 (s)g(s ,u(s))ds.

Then, from conditions (i) (i) and (¢i7) of Theorem 3.1, we can show
that
V.L(Z,\p,1,0) = 0. (3.2.92)

Define t; = [|u; — ull2, T, = xjt_? and u; = ujt—_a Then t; — 07 and
@lls = 1. By reflexivity of L? '0,1 ,R™), we may assume that u; — .
i y Yy y J

Since A € RY | we have from (3.2.91) that

)\TJ(zj) ~MJz) < t?)\ch < t?\/\||cj| < o(ti). (3.2.93)
For clarification, we divide the remain of the proof into some steps.

Step 1. Showing hat Z; converges uniformly to some 2 in C([0, 1], R").
Indeed, since (z,u), (z;,u;) € P, we get

z;(t) = g +/0 (s, xj(s),uj(s))ds, z(t) =x +/ o(s,Z(s), u(s))ds.

0

Hence



Since x; — = uniformly and u; — @ in L*([0, 1], R™), there exists a
constant o > 0 such that ||z;]jo < o, ||uj|lec < 0. By assumption (H1),
there exists k,, > 0 such that

(s, 2j(s), uj(s)) = (s, 2(s), w(s))| < kg ollaj(s) —2(s)| +[u;(s) —u(s)])

for a.e. s € [0,1]. Hence we have from (3.2.94) that

t .
|2;(8)] < /0 Foo(2(s)| + | (s))ds and [2;(t)] < Ky (| 2;(8)] + |5 (2)])-
(3.2.95)
Since ||4;]]2 = 1, we get

OIS [ Raalelds + [ kofis(o)as

1/2
/ksﬂg‘% |d3+k390@(/ |2 (s \ds)

S/o %Q‘x]( )|d5+kso,9-

By the Gronwall Inequality (see [51, 18.1.i, p. 503]), we have
|25 (8)] < kyoexp(kiy,p)-
Combining this with (3.2.95) yields
25(0)* < 2k, (|20 + (1) P) < 2k (k2 , exp(2ky,) + i)
Hence

1
/0 35(0) Pt < 2K2 (K2, exp(2Kg) + 1).

Consequently, {z;} is bounded in W2([0,1],R"). By passing subse-
quence, we may assume that Z; — & weakly in W1'2([0,1],R"). As the
embedding W12([0, 1], R") — C([0, 1], R") is compact (see [31, Theorem
8.8]) we have &; — & in norm of C([0, 1], R").
Step 2. Showing that (z, 1) € CyZ].

Using the mean value theorem for the left hand side of (3.2.91) and
dividing both sides by ¢;, we get

C(2(1) + (x;(1) —f(l)))i‘j(l)ﬂL/O (T 4 &) — 1), uy) 3t
o(])

J

1
+/0 Lo (%, 0+ &§(uj — @)yt + —*= € —int(RY),
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where 0 < «; < 1 and 0 < ¢;(t) < 1. Letting j — oo and using the
dominated convergence theorem, we obtain

P(z(1)2(1) + /0 1(L$[t]§:(t) + Ly[t]a(t))dt € —RE. (3.2.96)

Hence (z, ) satisfies condition (b}). Also, from (3.2.94) we have

ﬁmw:A< T+ E5(x) — B),u))8; + oul@, @+ — 0))i) b,

where 0 < &;(s),n;(s) < 1. Letting j — oo and using the dominated
convergence theorem, we obtain

t
(0) = [ (palsli(s) + pulsli(s)ds.
Hence (z, ) satisfies condition (b). Obviously, we have

h(z;(1)) = h(2(1)) € (=00, 0" = h(z(1))).
By a Taylor’s expansion, we get
(1) + 7la(1) = 5(1)35(1) € 1 (=200 = (1)
C T (=00, 01", h(2(1))).
By letting j — oo, we obtain
W (2(1))&(1) € T((—00,0]", h(z(1))).
Hence (z,4) satisfies condition (b%). It remains to verify condition (b).
Since G(z;,u;) — G(Z,u) € K — G(Z,u), we have
%(G(azj, ;) — G(z, 1)) € cone(K — G(2)) C @ne(K — G(2)). (3.2.97)
Note that
cone(K — G(z)) = T(K;G(2))
= {v e L*([0,1],R") | v( ) € T((—00,0]", g[t]) ae.}.

Using the mean value theorem, we have from (3.2.97) that

),

gx(t,.f + nj(xj — f),l_b).fj + gu(t,xj,ﬂ + Cj(uj — ﬂ))ﬂj € T(K, G( )
(3.2.98)
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where 0 < n;(t),(j(t) < 1 a.a. t € [0,1]. Since T(K;G(2)) is a closed
convex set in L?([0, 1], R"), it is also a weakly closed set in L?([0, 1], R").
By (H1), we can show that

gx('v T+ 77j($j o j)? a)ij - ngQAZ
strongly in L?([0,1], R") and
Gult xj, u+ Gi(uj; — w)j — gul-Ju

weakly in L?([0,1],R"). Letting j — oo, we obtain from that (3.2.98)
that

92|12 + gul-Ju € T(K, g[-]).
Hence (z, ) satisfies condition (b)) and so (z,4) € ColZ].

Step 3. Showing that (z,4) = (0,0).
By (3.2.58), we have [T (h(x;(1)) — h(z(1))) < 0. By (3.2.59),

[ @0t 21.) — gl <o
Besides, we have
/01 (=o' (x; —2) = plo(t, zj,u5) — (t, T, 0)))dt + p' (1)(x;(1) — 2(1))
= [ ol =9 - @l ) — ot 70l =0
From the above, (3.2.93) and definition of £, we have
L(zj,u\p,l,0)—L(Z,a,\p,l,0)
T (Ua5(1)) — £(&(1))) + AT /Ol(L(t, v u) — L(t, 7, 0))dt
I = W) ~ [ (7= 7) 4 plt ) — o7, )
+ /O1 0T () (g(t, z;,u;) — g(t, 7, u))dt
(U (1)) = £(z(1))) + AT /O (Lt 2y 05) — Lt 2, 0))dE < oft2).

Using a second-order Taylor expansion for £ and (3.2.92), we get

o(t2) > L (21, \, 5, 1,0) — L(Z,\,5,1,0) =
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&[ATﬁ”(fo(l) + &5 (1) — 2(1)))2;(1)* + IR (T(1) + &g5(w(1) — 7(1)))5(1)7]

2

23 / ot T+ 10y — T), 032 + 2L (t, T+ oy — 7), )20, ]t

2

23 / oty 2,4 3y (u; — @)t

2

5 / p (t) [@xw(t T+ 7743( ac), ﬂ)f? + ngux(ta x+ 775j(xj - 3_3)7 a)i‘jaj]dt
2

e 2
;/p<w%umma+mmw—ammﬁ

1 EJ / 0" (1) [gaa(t, T + mrj(x; — T), W) 2T + 2900 (t, T + nsj(x; — T), 0)E;0,]dt
0

t2 i
3 [0 gty s — )i

where 0 < &;;,7;;(t) < 1. This implies that

ATE" Z(1) + &y(x;(1) — (1)) 25 (1) + IR (Z(1) + &;(;(1) — 2(1)))2;(1)
1
4 AT/ v (6, T+ 11y (x — 2), 0)32 + 2L (b, & + moj(y — ), W) 5015] dt
0
+ N[ Ly(t, 2y, 0+ n3j(uy — ) @5dt
0
1
/0 P () paa (b, T + iy () — T), W32 + 2000 (. T + 1755 (5 — T), 1) 5015)dt
1
/0 pT quu t y Lgs u+ 776]( ﬁ))ﬂ?]dt

/0 L) 9o (t, & 4 nrj(x; — T),0)E7 + 290 (t, T + nsj(x; — T), 0) 250, de

1
s [0 Ogualtszyn s — )i (3.2.99)
0
Since ||u; — @ljoc = 0, ||z; — Z|lo = 0 and (H1), we have
IN Lo (- 2, @+ 3 (wj — @))aF = AN L[le = 0 as j — oc.

By (v)’, the functional

U — /0 1 (AT Ly [t] — p() puu(t) + 0() guut]) u’dt
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is convex and sequentially lower semicontinuous. We now write
1
>\T/ Luu(ta Zy, u+ 773j(uj o ﬂ))”&?dt
0
D (t)gpuu(ta Lj, u + Uﬁj(uj - ﬁ))ﬁ?]dt

0T (1) Guu(t, 75, W 4 195 (u; — a))a?]dt.

1

ML, [t a2dt.

(A Luu(t, x5, 04 n3j(u; — @) — N Ly [t]) @5 dt + :

1
() uu [tjazdt

()" guult]a3(t)dt.

pT(t) (@uu(t, xj, 0+ ne(u; —u)) — gouu[thL?dt —

No\h

+ /0 QT(t) (guu(t,llfja u + 779j(uj — Z_L)) — guu[t])ﬂ?]dt +

From this and (v)’, we have

1
lim (/\T/O Luu(t, Tj, U+ 773]’(Uj — a))fbgdt

J—00
1
- /0 pT(t)SOuu(ta Ly, u + 776j(uj - ﬂ))ﬂi]dt
1
+ /0 QT(t)guu(t, Tj, U+ ngj(uj — u))ﬁ?]dt)

1
> max <%7 | 0T Ll = o0l + e(ngw[t])a?(t)dt) .
0
(3.2.100)
Using this fact and taking limits both sides of (3.2.99), we obtain

0> N¢"(z(1)2(1)* + 1R (z(1))2(1)?

1
+ / AT (L [t)3 + 2L, [1)20 + Loy [t 6% dt
0
1
- /O DL (1) [ [t] 2 + 200 [t] &0 + @uu[t] 02 dt

1
+ / 07 (1)[gre [t]2* + 2gua[t]20 + guu[t]0?]dL.
0

Combining this with (i)', yields (z,4) = (0, 0).
Finally, using (3.2.100) and taking limits both sides of (3.2.99) again,
we get

0> N (z(1)2(1)* + 17" (z(1))2(1)* + /01 N Lpo[t] 3% + 2L, [t]20]dt
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1
+ 7% — / P () [pra [t + 2000 [t 20 + puu[t] @] dt
0

1
+ / 07 (1)[g2a [t]2* + 29us[t]Z0 + guu[t]0?]dt.
0

Since (z,4) = (0,0), we get 0 > ¢ which is absurd. This finishes the
proof. [

We will now present an illustrative example that satisfies conditions
(H1)-(H5) or (H1)-(H3), (H4)’ of Theorem 3.2.9.

Example 3.2.14. Consider the problem of finding z € C([0, 1], R?) and
u € L>([0,1], R?) which solve

(

J(x,u) = (Ji(x,u), Jo(x,u), ..., Jp(x,u)) — min,
s.t.
x1(t) = x10 + fot(sxl + uy + u3)ds
S xo(t) = @ + fot(—%xl + swo + ug)ds
hi(z(1)) = 21(1) — 23(1) = 1 <0,
ho(z(1)) = z9(1) — 1 <0,
\ g(x,u) =x1 — 9+ U +us —uz — 1 <0,

where L; and /¢; are assumed to satisfy (H1) and (H2), respectively. In
this problem we have n =2, m =3 and r = 1.

Let (Z,u) be a feasible point of the problem. We show that the
problem satisfies conditions (H1) — (H5). Assumption (H1) is straight-
forward. For (H2), we have

wa) = (5 )

and deth’(Z(1)) = 1. We have g,[t] = [1,1, —1] and so R[t] = g, [t]g.[t] =
3. Hence detR[t] = 3 and R[t]"! = 1/3. Thus the problem satisfies
(H1) — (H3). For (H4), we have

T[t] = {(w1, wy, w3) € R?|wy 4wy — ws = 0} = { (w1, we, wy + wy)}
= span([1,0,1]",[0,1,1]")

Hence dimT'[t] = 2 and so (H4) is valid. It remains to check (H5). From
the above, we have

10
101 2 1
Sitl=(0 1], euft]) = and  B[t] = p,[t)S[t] =
(1 1) 4 (0 1 o) 7 (1 1)
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By (3.2.55), we have

Alt] = . [t] — pult]gult]” Rt g.[1]
t 0 101 1
- (—1/3 t> N <o 1 0) 111 5l =

_(t 0)
_ L)
0 t—3

Let (¢, 7) be the principal matrix solution to the system & = Ax, By
definition, each column of €) is a solution of # = Az and for ¢ = 7 these
columns become e; = [1,0] and ey = [0, 1]7. Hence we have

ap = (G- 0
’ 0 exp(5 —5— % +3)

and the mapping H : L>([0,1],R) — R? is given by
1
H(v):/ (1, 7) Blr]o(r)dr
0

iy /0 ()20 + v)dr, /0 ()1 + va)dr]T

where v = [vy, v5]T and (1) = eXp(% — %2) and 5(7) := exp(% — %2 +3).

Let ag = fol a(7)dr and By = folﬂ(T)dT. Then ag > 0 and Sy > 0. For
any £ = [&1,&]T € R?, we consider the equation

{ 040(22)1 + Ug) = 51
Bo(v1 + v2) = &.

Its solution is given by

L e 2 &
B2, (3.2.101)

B Bo Qo
which also satisfies the equation Hv = £. Hence H is onto. Consequently
(H5) is valid and Theorem 3.2.9 is applicable for the problem.

U1

3.2.3 Application to sustainable energy management in smart

grids

The transition to sustainable energy systems is a critical challenge
of our time, requiring a delicate balance between multiple, often con-
flicting objectives. Smart grids, with their integration of various energy
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sources and advanced control capabilities, offer a promising platform
for addressing these challenges [83]. However, the complexity of these
systems necessitates sophisticated optimization techniques [220]. In this
section, we present and analyze a multiobjective optimal control problem
for sustainable energy management in smart grids. Our model incorpo-
rates four key objectives: cost minimization, maximization of renewable
energy usage, minimization of environmental impact, and maintenance
of grid stability. By applying our theoretical results on KKT optimal-
ity conditions for multiobjective optimal control problems, we aim to
provide insights into the structure of Pareto optimal solutions for this
complex system. This application not only demonstrates the practical
relevance of our theoretical framework but also contributes to the de-
velopment of effective strategies for managing the intricate trade-offs in
sustainable energy systems.

We now consider the following multiobjective optimal control prob-
lem:

Ming: J(z,u) (3.2.102)

s.t. (3.2.103)

x(t) = xo + /tgp(s,x(s), u(s))ds for all te€0,1], (3.2.104)
0

h(z(1)) <0, (3.2.105)

g(t,z(t),u(t)) <0 fora.a. tel0,1]. (3.2.106)

Here, x(t) = (z1(t), z2(t), x3(t)) € R® represents the state variables:
energy stored in batteries (MWh), grid load (MW), and cumulative CO-
emissions (tons), respectively. The control variables

u(t) = (ur(t), us(t), us(t)) € R?

represent solar, wind, and conventional energy inputs (MW). The specific
components are defined as follows:
1. Objective functions:

() = /0 eni2(t) + exi(t) + esud(Ddt, (1) = — /0 un(t) + us(£)]dt,

Jy(z,0) = 25(1), Ja(x,u) = /0 o) — 220

where ¢, c9, and c3 are the unit costs of solar, wind, and conventional

energy, respectively, and z5*" is the target grid load.
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2. System dynamics:

n(ul + U9 + us — 1132)
o(t,z,u) = | @alt, z2,ur, ug, ug)
a3Us,

where > 0 is the energy storage efficiency, - is a function describ-
ing the grid load dynamics, and ag is the emission rate of conventional
energy. Here

gpg(t, T, U1, U, U3) = f(t, ZE’Q) + by (t)u1 + bQ(t)UQ + bg(t)Ug, (32107)

where f is a continuous function on [0,1] x R and f(¢,-) is of class C?
for each t € [0,1], and b;(-) € L*>([0,1],R) with ¢ = 1,2, 3.
3. Terminal constraints:

h(z(1)) = 21(1) — 27" <0,

where 21" is the maximum battery capacity.

4. Path constraints:

gl(t,a:,u) = Uy — urlnax < 0
gQ(t, .I',’U/) — u2 _ uI2HaX S 0
g3(t7 .I,U) =tuy + tu2 “+ usz — C(t) < 0

where u"™* and ug™* are the maximum production capacities for en-

ergy sources 1 and 2 respectively, and ¢(t) is a time-varying function
representing the upper bound of the combined energy input.

The objective functions, system dynamics, and constraints are defined
as in the problem formulation. We now verify that this problem satisfies
the necessary assumptions for our main theorem.

Verification of the Assumptions:

(H1) Smoothness and Lipschitz Continuity: The functions L, ¢, and
g are Carathéodory functions and C? in x and u. The cost functions, sys-
tem dynamics, and constraints are well-behaved, satisfying the Lipschitz
condition and boundedness of derivatives.

(H2) Smoothness of Terminal Conditions: The function h(x(1)) in-
cludes battery capacity constraints, which are linear and thus C?. The
terminal cost ¢(x(1)) is linear in x3(1) and thus C?. Moreover,

det h'(z(1)) # 0
is satisfied as h is a linear function of z(1).
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100
(H3) Determinant Condition: Define g,[t] = |0 1 0].
it t 1
1+t t ]
Then, R[t] = gu[tlgu[t]F = | t* 1+t* t |. We have det(R[t]) =
t t 1+t

1+t2+2t* > 1 for all real t. Thus, (H3) is satisfied with v = 1.

(H4) Rank Condition: With the given g,[t], we have rank(g,[t]) =
3 =m, so (H4) is not applicable in this case.

(H4) Alternative Condition: Since (H3) is satisfied and (H4) is not
applicable, we verify (H4)". To check (H4)" we need to show that, there
exist (21, T, 23) and (U1, U9, U3) satisfying the following conditions:

t
By () = / n(in + s + fig — d2)ds (3.2.108)
0
t
.@Q(t) = / (fajz [S]i‘g + blfbl + b2'&2 + bgﬁg)dé’ (32109)
0
t
Ba(t) = / s, (3.2.110)
0

h(z1(1)) + B (21(1))x(1) = T1(1) — 2™ + 21(1) < 0 (3.2.111)

and
U — U™+ Uy < —es, (3.2.112)
Uy — uy ™ + Uy < —€g, (3.2.113)
gs[t] + tiy + tis + 3 < —e3 (3.2.114)

for some ¢; > 0 with ¢ =1, 2, 3.

Since f,,[-] is continuous on [0, 1], there exists a number a > 0 such
that |f.,[t]| < a for all ¢ € [0,1]. This is equivalent to —a < —f,,[t] < a
for all ¢ € [0, 1].

Let us take u; = —%e% with v; > 0 for ¢ = 1,2,3 and assume that
(Z1, Z9, T3) is a solution of (3.2.108)-(3.2.110) corresponding to (ty, Us, Ug).

Put & = 3%, b;tt; and u(t) := exp(— fg fou,[s]ds). Then we have

e " <e < put) <e™<eVte|o,1]. (3.2.115)
From equation (3.2.109), we have
By — fo,[t]E2 = .

198



Multiplying both sides by u(t), we get

p(B)29(8) = fo,[ElE2(E)u(t) = a(t)pa(t).

This implies that ;
5 (()2a(t)) = at) ().

Integrating on [0, ¢] with ¢ € [0, 1], we obtain

L a(s)u(s)ds
p(t)
Inserting 25 into (3.2.108) and using (3.2.115), we have

3 1 rt ~
, p(s)u(s)ds
)=-n =1 —n/o Jy
i=1
3 LS biyse ip(s)ds
— S A — 1) JH]/ 0 2i= ne "
i=1
3 = Pl
—n > (e - / 0 dt
i=1
3
= _772%2(61/% ) + ne’ / Z 15:]| sy (e — 1)dt
=1

:—772% (e —1 +ne2“2\|bz-\!ow?[%(e”%—1)—1]

1=1

To(t) =

3

= —?72%2(61/” = 1)(1 = ®|[billocys) — e Y [1bill-
i=1

1=1

By choosing v; > 0 small enough such that 1 — e2*||b;||ov; > 0, we see
that 1(1) < 0. Hence (3.2.111) is valid. Since en > 1 for all t € [0, 1],
we have 4; < —;. This implies that 3.2.112-(3.2.114) are valid with
€; = ;. Consequently, (H4)' is fulfilled.

Thus our problem satisfies assumptions (H1)—(H3) and (H4)". There-
fore, we can apply our main theorem to derive necessary optimality con-
ditions for Pareto optimal solutions.

Theorem 3.2.15 (KKT Conditions for Sustainable Energy Manage-
ment). Let Z = (T,u) be a locally weak Pareto optimal solution of the
sustainable energy management problem.
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Then there exist a vector A € R with |\ = 1, a number | € R,
an absolutely continuous function p : [0,1] — R3, and a vector function

0 = (01,09,03) € L>(]0,1],R3), such that the following conditions are
satisfied:

(i) Adjoint equation:

Pr(t) =0, po(t) = npi(t) — fu, [tlp2(t) + 2M4(Z2(t) — 25™), p3(t) =0,
pi(1) = =1, p2(1 )= 0, p3(1) = —A3

(ii) Stationary condition in u:

2X\ic1ty — Ay —np1 — bipa + 01 +t03 =0
2X\1coUy — Ay — np1 — bapa + 02 4+ t03 = 0
2\ 1c3tz — np1 — bapy — azpz + 03 =0

(iii) Complementary conditions:

[1>0, (z:(1) —aP™) =0

0.1(t) 20,  61(t)(ui(t) —ur™) =0

02(t) 2 0,  b(t)(ua(t) — uy™) =0

O5(t) >0, 03(t)(tui(t) + tus(t) + us(t) — c(t)) =0

(iv) Nonnegative second-order condition:

1 1 1
Al / (cr@i] + colis + c3t3)dt + 2X\y / F3dt — / D2 fsws [H]T2dE >0
0 0 0

Proof. The proof follows directly from Theorem 3.2.9. ]
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CHAPTER 4
OPTIMAL CONTROL PROBLEMS GOVERNED BY PDE

This chapter provides some results of optimal control problems gov-
erned by partial differential equations. Its content is based on our pub-
lished papers [130], [118] and [136].

4.1 Pontryagin’s principle for optimal control prob-

lem governed by 3D Navier-Stokes equations

4.1.1 Introduction

Better understanding of optimality conditions of optimal control prob-
lems governed by Navier-Stokes equations is an ongoing topic of re-
search. This question is of great importance in theory and in applica-
tions. It has been studied by many mathematicians recently. For the
papers which have a close connection to the topic, we refer the read-
ers to [16]- [223] and references given therein. Let us give some short
view on these papers. Among them, [16] studied necessary optimal-
ity conditions for the problem with 2D Navier—Stokes equation without
control constraints, [24] established the existence and uniqueness of so-
lutions for optimal control problems for the 2D Navier—Stokes equations
in a 2D domain, [43,62,63] gave optimality conditions for the problems
governed by stationary Navier—Stokes equations, [217] established the
existence of a weak solution of a free boundary problem for a 3D non-
stationary Navier—Stokes equations with measure data, and [223] gave
necessary optimality conditions for optimal control problems governed
by 3D Navier—Stokes equations with some types of state constraints but
without pointwise control constraint. Particularly, Casas [38] gave a
result on the existence of solution and first-order necessary optimality
conditions for the problem with a special cost function. Besides, the
proof of [38] is also applicable to functionals that assert strong solutions.

To the best of our knowledge, the establishment of Pontryagin’s maxi-
mum principle for optimal control problems governed by 3D Navier—Stokes
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equations has been an open problem so far. In this section we will ad-
dress this problem.

As usual we use the diffuse variation method (see for examples [44]-
[189]), techniques from optimal control theory and partial differential
equations in order to establish the Pontryagin maximum principle. How-
ever, in the case of optimal control problems governed by the 3D Navier—
Stokes equations we will meet some difficulties. One of the difficulties is
to expand the control-to-state mapping in the first-order form of Taylor’s
expansion with respect to variation of optimal control. To overcome this
obstacle, we have to use results on compact imbeddings, prove the exis-
tence of global strong solutions to the linearized Navier—Stokes equations
and give some bounds for these solutions (see Lemma 2.4).

Let € be a bounded domain in R? with boundary I' of class C?. We
consider the problem of finding a control u € L2*(0,T;L*(Q2)?) and a
state y € WL2(0,T; W, H) which minimize the cost function

J(y,u) = / L(z,t,y(x,t), u(z,t)) dxdt (4.1.1)
Q
with the state equations
d
%—umﬁwva+v¢:Eunmy:mej% (4.1.2)
y=0 onX:=1x(0,7), (4.1.3)
divy=0 in @, (4.1.4)
y(0) =yo in Q, (4.1.5)
and the pointwise constraint
u(z,t) e M aa. (z,t) € Q. (4.1.6)

Here, v is a positive constant, yy € V', M is a closed set in R?,
L:QxR*xR*—=R
is a given function, and
E: L*0,T; L*(Q)*) — L*(0,T; H)

is a linear bounded operator. Hereafter, we shall use the following func-
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tion spaces:
L*(Q) := (LX(Q))° = L*(Q) x L*(Q) x L*(9),
H;(2) := (Hy())° = Hy () x Hy () x Hy(9),
H™(Q) = (H"(Q))°, W (Q) = (W (),
V:={y € D(Q)’ | divy = 0},
V := the closure of V in H}(Q) = {y € Hy(Q) | divy = 0},
H the closure of V in L*(Q) = {y € L*(Q) | divy =0,y - i = 0 on T'},
={¢ecL*Q)|¢=Vp, pecH(Q)},
W:=VNH*Q), L}Q) :=L*Q)/%R={pec L*(Q)] /Qp(x) dz = 0},
V* and W™ are the dual spaces of V and W, respectively,

d

WY2(0, T, W, H) == {y € L*0,T; W) | d—i € L*(0,T; H)}.
d

WY2(0,T; H,W*) == {y € L*(0,T; H) | d—i e L2(0,T; W)},

Here, 7 is the unit outward normal vector on T'.

Problem (4.1.1)—(4.1.6) comes from fluid mechanics, which minimizes
the flow in a 3D channel €2. A standard example for the choice of L is
the quadratic function

1 1
L. ty.u) = 3 /Q (e, ) — e, ) ddt + /Q u(z, £)|? dudt,

where y4 € L*(0,T; L*(Q2)3) is given.

4.1.2 Linearized and adjoint equations

Throughout this section, we shall denote by (+,-) and | - | the scalar
product and the norm in H, respectively. Also, we denote by ((-,-)) and
| - || the scalar product and the norm in V', respectively, where

(v,w)) = Z(Div,Diw), Yo, w e V.

i=1
It is well known that the embeddings
We—V—H

are compact and each space is dense in the following one. Let us denote
by P : L?(Q) — H the Leray projection on H, and by A : W — H,
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A = —PA the Stokes operator. Define
B:W xW — H, B(v,w)=P((v-V)w).

By applying the Leray projection on both sides of (4.1.2), we obtain
the following equivalent equation of state Eqs. (4.1.2)—(4.1.5):

d
d_?; +vAy + B(y,y) = Eu, y(0) = yo. (4.1.7)

Recall that given a vector function v € L?(0,T; L?(Q2)?), the vector
function y € Wh2(0, T; W, H) satisfying Eq. (4.1.7) for a.e. (z,t) € Q, is
said to be a strong solution of the Navier—Stokes equations. It is known
that under smallness conditions of yy and Eu, Eq (4.1.7) has a unique
strong solution (see [59, Theorem 9.3]).

Let us define a trilinear mapping

b: H () x Hy(Q) x H{(Q) - R

by setting

3
b(y, z,w) = Z /QyiDizjwj dr, Y(y,zw) € Hy(Q) x H{(Q) x Hy ().

i.j=1

According to Lemma 1.2 and Lemma 1.3 in Chapter II of [216], b is
a trilinear continuous mapping, and there exists an absolute constant
Cp > 0 such that the following properties are satisfied:

Ib(y, z,w)| < Collyllmy oy lzlm@ lwllm@), Yy, 2w e Hy(Q),
b(y,v,v) =0, Yy V,vcHQ),
b(y,v,w) = —b(y,w,v), Yy € V,v,w € H(l)(Q)

From [59, Theorem 4.4], the operator A=t : H — W is self-adjoint,
injective, and compact. By a well-known theorem of Hilbert (see [31,
Theorem 6.11]), there exists a sequence of positive numbers p; > 0 with
tj+1 < pj and an orthogonal basis of H, (w;) such that A~ (w;) = pjw;.
We denote by A\; = ,uj_l. Since A~! has range in W, we obtain that

ij:Ajwj, wj e W,
O< A<l

lim \; = +o0,
J—0

(wj);=1,... are forms an orthogonal basis of H.
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Let a > 0 be a real number. We define the operator A® by

A% =Y " N&Guw;, v=> &uw;, yeE DA (4.1.8)
J=1 j=1
D(A%) = {v e H|v=> &uj, > A< +oo} . (41.9)
j=1 j=1

The space D(A®) carries a natural scalar product
(u, v)q Z )\Qo‘fmj, if u= Z@w], v = Z njw.
Jj=1 j=1

In particular, for oo = , we have D(A1/2) =V and (u,v)1/2 = ((u,v)).
Moreover, the vectors v; := )\j_l/ ij form a complete orthogonal system
in V. When a = 1, we also have

DA) =W, ||} = ZA%& forw—Z@wj

Hence, from [155, Proposition 2.1], we have
[D(A), H]1ja = [W,H]yjp =V.

where [D(A), H]y/; is an interpolation space. By [155, Theorem 3.1],
the embedding

W0, T, W, H) < C(0,T;[W, H]*?*) = C(0,T;V) (4.1.10)
is continuous. Based on this embedding, we have

Lemma 4.1.1. If y € WbY(0,T;W, H) then y; + vAy + B(y,y) €
L*(0,T; H).

Proof. Since |Ay| = |[PAy| < ||y|lw, we have fOT | Ay|?dt < fOT |y||Z-dt <
+00. Hence Ay € L*(0,T; H). From the embedding H{(Q) — L°(Q)?,
there exists a constant C' > 0 such that

B(y,y)]* < ZS;/Q(yiDiy)de < 23; </Q y?daf> h (/Q(Dz'y)gdflf> 2/3-

Combining this with embedding (4.1.10) yields

T T
| 1B Pt < Wl | ol <o

We obtain the conclusion. ]
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Let us define a mapping
®: Wh0,T; W, H) x L*(0,T; L*(Q)*) — L*(0,T; H) x V
by setting

Oy, u) = (2—? +vAy + By, y) — Eu,y(0) — yo) :
The following proposition gives us some properties of ®.
Proposition 4.1.2. The mapping ® is of class C1 and for each (4,1) €
Wh2(0,T; W, H) x L*(0,T; L*(Q2)?),
vV, ®(g,a) : W20, T; W, H) — L*(0,T; H) x V
1$ an isomorphism.

Proof. It is easy to see that the mapping ® is of class C! and its deriva-
tives are given by
G +vA+ By, ) +B(y) —E]

Vo(y,u) = 5 0

(4.1.11)

where Jy is a continuous linear mapping which is defined by (dy,y) =
y(0). To prove that V,®(y, u) is bijective, we show that for each (f,vy) €
L*(0,T; H) x V, the equation

V@5, w)y = (f,vo)

has a unique solution. This equation is equivalent to

d
o vy By + Blyg) = [, y(0) =,

By Lemma 4.1.3, we obtain the desired conclusion. ]

Lemma 4.1.3. Let § € WY2(0,T; W, H). Then there exists a unique
solution y € W12(0, T; W, H) of the equation

d . )
d—i+vAy+B(y7y)+B(y,y) =f, y(0) = vo. (4.1.12)

Moreover, there exist positive constants C,Cy,Cy, and C3 depending on
v, ) such that

HyH%Q(O,T;W) + HQH%Q(O,T;H)

20 sCC
(exp(Kl)K2K1+K2)< 3H ¥ C0.T) +81/)
T
+4C’3exp(K1)K2/ Hg||%,vdt+4/ 2t (4.1.13)
0 0
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where K1 and Ky are given by

. R 2 [T
Ky = Cillillzz 000 + CoT N0l o), Kz=||voll2+;/0 1 f1ds.

Proof. The proof of the lemma proceeds analogously to the proof of
Lemma 4.1.7 with p = 0, where the proof is based on the Galerkin
method. Estimation (4.1.13) is standard in the theory of Navier—Stokes
equations. []

Remark 4.1.4. It is possible to define a linear, coercive, and continuous
mapping A(t) = vA+ B(y,y) + B(y,y) : V — V* and reduce the linear
equation (4.1.12) to the Cauchy problem

dy

pris Aty = f,  y(0) = o,

where f € L*(0,T;V*) and V C H C V*. Then, by a classical existence
result of J.L. Lions (see Theorem 10.9 of [31]), there exists a unique weak
solution y satisfying y € L*(0,T;V)n C([0,T), H), % e L*0,T;V™).
However, by this way, we shall meet some difficulty in showing that vy is
a strong solution, i.e., y € WY2(0,T; W, H).

Let § € WbY2(0,T; W, H) and f, € L*(0,T;W*). We consider the
adjoint equation

—) + VA9 + B, )0+ B(-, )" = f., 9T)=0. (4.1.14)
Here, A* denotes the adjoint mapping of A.

Definition 4.1.5. A vector function 9 € WH2(0,T; H, W*) is said to be
a solution of the adjoint equation if (4.1.14) is satisfied for almost every
te|0,7].

Lemma 4.1.6. For each f. € L*(0,T;W*), Eq. (4.1.14) has a unique
solution ¥ € W12(0,T; H W*). Moreover, the following integration by
parts formula 1s valid:

/O (1), 2(8))dt = — /O (W), 2(8))dt—(9(0), 2(0)), V= € W2(0, T: W, H).
(4.1.15)

Proof. Since V,®(g,4) : W2(0,T; W, H) — L*(0,T; H) x V is an iso-
morphism, its adjoint mapping

V,®(g,a)" : L*(0,T; H) x V* — W0, T; W, H)*
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is also an isomorphism. From (4.1.11), we have
d

By some standard arguments, we find that

V0000 (e0) = (&) e+ B+ B+
(4.1.16)
for (p,v*) € L*(0,T; H) x V*. Note that the embedding L*(0, T; W*) —
Wh2(0,T; W, H)* is continuous. Hence, if f, € L?(0,T; W*), then f, €
W2(0,T; W, H)*. Since V,®(§,4)* is an isomorphism, there exists a
unique (9,v*) € L*(0,T; H) x V* such that
d

<£> 9+ vA D + B(i,-)*0 + B(-, §)"0 + 550" = f..

This means that for any z € W12(0, T; W, H), one has
[ w20+ [ 00420 + B, 20) + Ble(0). 5(0)de
+ (0", 2(0)) = /0 Fu(t), 2(8))dt. (4.1.17)

Taking any w € W, ¢ € C3°(0,T) and substituting z = ¢w into (4.1.17),
we have

/0 (ﬁ(t),w)sb(t)dtJr/o (I(t), vAw + B(y(t), w) + B(w,(t)))p(t)dt

T
_ /0 (1), w)o(t)dt. (4.1.18)
Note that pw € WH(0, T; W, H). Tt follows that
L0, w)i = (9(2),w) = (A" + B(G. 0+ B, 5)"0.w)— (. (), ).

(4.1.19)
Since vA*Y + B(§,-)*0 + B(-,4)*¥ and f, belong to L*(0,T;W*), we
have ¥ € L2(0,T; W*) and the first equation of (4.1.14) is valid. We now
take a continuously differentiable ¢ satisfying ¢(0) = 0 and ¢(7T") = 1.
Substituting z = ¢(t)w into (4.1.17) and integrating by parts, we get

- [ GO0+ 0T, 0+ [ 00).vAw B0,
+ Bl g)eOd = [ (0. w)pl0d
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Combining this with (4.1.19) yields (J(T"), w) = (J(T'),w) = 0. Since W
is dense in H, we have (J(T),h) = 0 for all h € H. Hence, ¢(T) = 0.
Thus, ¥ € W12(0,T; H,W*), which is a unique solution of (4.1.14).
It remains to show that (4.1.15) is fulfilled. Take any w € W and a
continuously differentiable function ¢ on [0, 7] satisfying (7") = 0 and
1 (0) = 1. Substituting ¥ (¢)w into (4.1.17) and integrating by parts, we
get

- (), w) eyt — (9(0), w) + | 0t vdw+ B w)
+ Bl g el + (' w) = [ (0. 0w

Combining this with (4.1.19) yields (v* — ¥(0),w) = 0. Since W is
dense in V| we get (v* — 9(0),v) = 0 for all v € V. Hence, v* = 9(0).
Substituting this into (4.1.17) and using (4.1.14), we obtain

/0 (9(2), 2(t))dt +/0 (0(2), 2(1))dt + (9(0), 2(0)) = 0,
which yields formula (4.1.15). O

Lemma 4.1.7. Let § € WY2(0,T;W,H) and f € L*(0,T;H). Then
there exist constants C', Cy, and Cy > 0 depending on v and €2 such that
for any p > 0 satisfying
V3/2)\1 X X
P’ (HfH%Q(O,T;H) + 1) < WGXP (—01“?/”%2(0,7’;14/) - C2T”9Hé’(0,T;V)) :
2

(4.1.20)
the equation

d ) .
d—i+vAy+pB(y,y)+B(y,y)+B(y,y)Zf, y(0)=0 (4.1.21)

has a unique solution y € W2(0,T; W, H), which satisfies the following
estimation:

HyH%Q(O,T;W) + H:‘)H%?(O,T;H) <

A 20p*C . 5C
Moo 1) (205 expO @) + 1)+ -

20, . .
+ 7Hy||%2(07T;W) eXp(Ml(y))(HfH%Q(O,T;H) +1) + 5”f”%2(0,T;H)7

(4.1.22)

) C
|yH?J(O,T;V) + ” + 5V>
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where

M(9) = ClHZ)”%%o,T;W) + C2TH?)HZ({*(0,T;V)7

X LA 3
Malp,§, f) i= CoTp exp(3M(5)— (I 30 + 1)

4 4

+ TMi(§) exp(My(9)) = (1 f 120, + 1) + ;Hf”%?(O,T;H)'

v

Proof. We first show that there exists a constant C' > 0 depending on 2
such that

b(z,9, Az)| < Cl2||||9llw|Az], VzeW, (4.1.23)
b(v, z, Az)| < C||v||||z||Y?|Az|*2, YveV,zeW. (4.1.24)

In fact, using the embedding H'(Q2) — L°(Q2), we have

3 3
b(z, 9, Az)| = > A(ZiDiﬁj(Az)j)df <> 2Dl o (A2)jll 20

i.j=1 i.j=1

3
< Z 12ill o | Didijl| (@)l (A2) | 2 (o)

ij=1
< Cllz|[|9]lw|Az],

which proves (4.1.23). For (4.1.24), we notice that C°°(Q2)3 is dense in
HY(Q)? and H?(Q2)? (see [79, Theorem 3, p. 252]). Therefore, from
inequality (61) with s; =1, s = 1/2, and s3 = 0, we obtain

b(v, 2 A2)| < Clolll= 2l 0y [Az], Vo V,z e W
By [59, Proposition 4.7], we have
2|2 < C|Az|, Vze W. (4.1.25)
It follows that
Ib(v, z, Az)| < C||v||||z||7?|Az[>2, YveV,zeW,
for some constant C' > 0. We obtain (4.1.24). Let us put

4C? 108C*
Cl - T 02 -

v v3
and fix any p > 0 satisfying (4.1.20).
Existence. Since C([0,T]; H) is dense in L*(0,T; H) (see [237, Proposi-
tion 23.2, p. 407]), we can assume that f € C([0,T]; H). Let {wy,ws,...}

(4.1.26)
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be an orthogonal basis of H, where w; is the j'th eigenvector of A cor-
responding to eigenvalue A; for j = 1,2,.... Consider the subspace
H,, = span{wy, ws, ..., w,}, which is spanned by the first m eigenvec-
tors of A. Let P,, : H — H,, be the orthogonal projection onto H,,. We
consider the Galerkin system

dYm
. T VAYm A+ PEnB YY) + PrB(, Ym) + P B(ym: §) = G
(4.1.27)
ym(0) =0, (4.1.28)
where y,,, € H,, with y,, = > 7", &;(t)w; and
gm = mf - an(t)wj
j=1
Then (4.1.27) and (4.1.28) are equivalent to
dgtj + A& +p Z b(wg, wi, w;)Ex&) + Z (9, wi, w;)
k=1 I=1
+b(wl7§7wj))£l :77]7 5](0) :OJ ]: 1,2,...,’]77,,
or equivalently,
&) = Fi(t,€), &(0)=0, j=12,...,m, (4.1.29)
where £ = (&1,...,&y) and
F;(t,§) = nj—

VA +pz b(wg, wi, w; 5kfl‘|‘z (4, wr, w) + b(wi, §,w;))
k=1

Since f € C([0,T]; H), n;(t) is a continuous function. Let {t;} C [0,T]
be a sequence such that ¢; — t¢. Using inequality (61) with s; = 1,
sy =1/2, s3 =0 and a property of b, we have:

[b(wi, §(tk), ws) — blwi, §(t), wy)| = [blwr, §(tr) — z?(t) )\
= | = b, wj, §(te) — §0)] < Cllewr] [ [ e 7|9 (t) —

for some constant C' > 0. Since y € C([0,T];V) — C([O,T];H), we
obtain |y(tx) — y(t)| = 0 as kK — oo. Hence,

|b(wy, 9(tr), w;) — b(wy, g(t),w;)] =0 as k — oo.
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Thus the function ¢ — b(w;, 9(t),w,) is continuous. Similarly, the func-
tion b(y(t),w;, w;) is continuous. Consequently, Fj(t,{) is a continu-
ous function of (¢,&) in [0,7] x R™. By [100, Corollary 3.1, p.14], sys-
tem (4.1.29) has a maximal solution defined on some interval [0, t,,]. If
tm < T then |£(t)] = |ym(t)| must tend to +oo as t — t,,. However, the
a priori estimate we shall prove later shows that this does not happen
and therefore t,,, = T'. In fact, taking the scalar product of (4.1.27) with
Ay, yields

1d
57 —Nymll* + V| Aym > + DY, Ys AYm) + DG, Yy AYm) + DYy U5 A

= (f, Aym). (4.1.30)
Using (4.1.23), we have

b Wm, J, Aym)| < Cllym[|7]lw | Aym] (4.1.31)

for some constant C' > 0. Also, using (4.1.24), we get

DG, Yons Ay < Cllgl Iy | Ay

and

DY, Y AYn)| < Cllylllnll | Ay = Cllynl|*2| A2
(4.1.32)
for some constant C' > 0. Combining (4.1.30) with (4.1.31)—(4.1.32), we
have

1d
5 7 lmll* + v Ayn|* < Cpllymll* 2| Ay + Clym || 1911w | Ayin| +

+ Cllg Nyl Ay > + [ (f. Ayin)

v 24\° [ pC 207
< a4 (22) (29 ol + £l + 2 il

v 24\ ro\* %
_Am2 = ~ ~ 114 m2 _AmZ “ 2.
+8| Ynm| +<V> <4) 91 1yl +8\ Yim| +V|f|
It follows that

1d v 24 202
gl + 3l < (2 )( )Hymuﬁ+—uy\|w||ym||2

v

= ((5) v + 215
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or equivalently,

d
d—\l:lm\l2 + | Ayp|?

10804 o (A 10804
< Py |1° + —Hwa

uhaty|r4) Iyl + 2117

< czpmmuﬁ + (Crllglly + czlmuaom) gl + 2177, (4.1.33)

where C} and Cy are defined by (4.1.26).
Claim: For all ¢ € [0, 7] one has

4
v

lym®I? < exp (Cullilzzam + CoTNT 00 ) = (1F 2 0zm +1)

Indeed, obviously we have

. . 4
lym O = 0 < exp (Cullilaoram) + CoT N0z ) = (120 +1) -

By the continuity of ||y,,(-)||, there exists ¢; > 0 such that

. . 4
lym(®)112 < exp (CullgllEo v + CoTNFNE 0w ) = (1 W0y + 1)
for all t € [0,¢1]. Since |Ay,,| > M|ym|| and the choice of p, we have

v Ayl = Cop*lymll® = lym O (AT = Cop*llym()]")

> [lym (1) (V)\% — Cop*exp (201|@|%2(0,T;W)+

16
2051 |91 0TV> (HfHL2 OTH)+1) ) > ()

for all t € [0,¢1]. Hence from (4.1.33), we get

d . . 4
gl < (Gl + Collaléio ) Ngmll® + I

for all ¢ € [0,¢;]. The Gronwall inequality implies that
t 4 [t
lom @I < exp ([ (@l + Calliltra i) 5 [ IroFa
OT \ 0 .
<o ([ (@lilky + Calliltiorait) 5 [ 150
< exp (Cullilaar + OTlilld0ar) o (11 soan +1)
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for all £ € [0, t1]. Let us denote by T the least upper bound of the set of
t. € [0,T] such that

) R 4
lym (8)11> < exp (CullgllEo v + CoTl3NE ) = (1 W0y + 1)
for all t € [0,¢,]. By definition of T, we have
2 ~112 ~114 4 2
lym @) < exp (Cullilo ) + CoT 310 rn) — (10 + 1)

for all t € |0, T] If7T = T, then the claim is proved. Let us assume that
T < T. Then from the choice of p, we get from (4.1.33) that

d . . 4
—all? < (o3l + Colliléio ) Nymll® + 117

A~

for all ¢ € [0,7T]. Using the Gronwall inequality again, we get
T T
P 112 ~112 ~114 4 2
DI < exo ([ (Cullille + Callilorny) at ) [ 1r0Pa
g 2 1 4 1t 2
<o ([ (Colilhy + Callilern) ) s [ 170
0 vJo
4
‘é(O,T;V)) > (HfH%Q(O,T;H) + 1) -
By the continuity of y,,, there exists T} > T such that

. . 4
lym (8112 < exp (CullgllEo v + CoTlFNE 0w ) = (1 W0y + 1)

for all ¢ € [0, T1]. This contradicts to the definition of 7. We obtain the
claim.
Let us define
M (9) = Cl”@”%?(o,T;W) + C2TH3)||40(0,T;V)-
By the claim, the sequence {y,,} is bounded in L>(0,7; V') and we have
W4
im0y < expaa(@)= (I +1) . (41.39)

Integrating two sides of (4.1.33) yields

< exp (ClquH%Q(o,T;W) + CoT'ly

43

VS

9 3
(I1£1320.10) + 1)

N N 4

T
(T + / Ay [2dt < CoT p exp(3Mi(5))
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Let us denote by Mas(p,y, f) the left-hand side of (4.1.35). Combining
(4.1.35) with (4.1.25), we get

, [T , T , )
& Nl <v [ Ay it < Moo, 1),

Hence

C .
HymH%Q(QT;W) S ;M2(,07§% f) (4136)

Consequently, the sequence y,, is bounded in L?(0,T; W). From (4.1.27)
we get,

Ay ||
H 2\Aymlzﬂ) | P B(Ym, Ym)|* + [P B(G, ym)|”

+ \PmB(ym,y)\2 + IngQ)
<5 1/2|A 2 2 v 2 ~ \V4 2 \V4 ~12 2
> ym‘ +p |(ym )ym‘ +|(y )yml +‘(ym‘ )y| +‘f‘
<5 (121 Ayl + gl 2y + 1912 gl + N 2303 + 1£12)
<5 (121 Ayl + 2yl 9 + 190 0 0 il
gm0z 1910 + 1£17).

Combining this with (4.1.35) and (4.1.36) yields

T
: C
/0 |G (t )’2dt < 5<VM2(07?J f)+p HymHLOO 0.13V)7, —Ms(p, 9, f)

C
+”3/HC 0,T3V) M2(P>?J f)+ Hym”LOO 0,T;V) ||?JHL2 0,1;w) T 1£1172 OTH)>

(4.1.37)
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Moreover, adding (4.1.36) and (4.1.37) and using (4.1.34), we obtain

HymH%Q(O,T;W) + H?JmH%?(o,T;H)

C

<5 VMQ(pvi% f) + p2HymH%‘X’(O,T;V);M2(IO7g’ f)

R C X R
+ HyHQC’Q(O,T;V);M2(pvya f)+ HymH%OO(O,T;V)HyH%Q(O,T;W) + |f2L2(O,T;H)]

C .
+ ;MQ(pvya f)

14

. 5C 5C, . C
= Ma(p, ) |5+ 2 N o + Nl +
+ 5‘@“%2(0,T;W)||ym||%oo(o,T;V) + 5HfH2L2(O,T;H)

| 20p°C A
< MQ(pJ Y, f) [ 2 eXp<M1(y))(HfH%z(O,T,H) + 1)

50, C
+ THyHCQ(O,T;V) + o

20, . .
+ 191 z20230) PO @) (L 220,00 + 1) + 51 20,00

(4.1.38)
Thus

sequence ¥, is bounded in W0, T; W, H). (4.1.39)

From (4.1.34) and (4.1.39), by passing subsequences, we can find an
element y € L>=(0,T;V)NWY(0, T; W, H) such that

Y — vy in W0, T; W, H) weakly,
Y — 1y in L>®(0,T;V) weakly star.
Since W < V is compact, we have compactness of the embedding
Wh2(0,T; W, H) — L*(0,T;V) by the Aubin theorem. Hence, we get
Y —y in L*(0,T;V) strongly.
Note that since 3, converges weakly to y in W12(0, T; W, H), we have

dym _ dy
dt dt
By using the procedure as in the proof of [216, Theorem 3.1, p. 282] and
passing the limit when m — oo, we see that y € W12(0,T; W, H) is a

in L*(0,T; H) weakly.
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strong solution of Eq. (4.1.21). Also, by letting m — oo in estimation
(4.1.38), we obtain estimation (4.1.22).

Uniqueness For this, we use the Gronwall inequality and standard argu-
ments as in [59]. We obtain the desired conclusion. O

4.1.3 Pontryagin’s Maximum Principle

In this subsection, we shall establish the Pontryagin maximum prin-
ciple for problem (4.1.1)—(4.1.6). Let us denote by A the feasible set of
problem (4.1.1)—(4.1.6), that is, A consists of (y,u) € WH(0,T; W, H) x
L*(0,T; L*(2)?) satisfying constraints (4.1.2)—(4.1.6). We denote by (-, -)
and | - |, the scalar product and Euclidean norm in R?, respectively. Let
us define

U={uec L*(Q,R? |u(zx,t) € M ae.} (4.1.40)

and impose the following assumptions on function L.

(A1) L is a Carathéodory function, and L,(x,t, -, u(x,t)) is differentiable
around g(z,t) for a.e. (z,t) € Q and u € U.

(A2) The mapping |L,(-, -, 4(-, ), a(-, )| belongs to L*(Q;R), and there
exists a function [ € L>(Q;R) such that

’Ly(x7t7y17ul)_Ly(ajvt7927UQ)‘C < l(xat)(kyl_92‘6_‘_‘“1_“2‘6) (4'1'41)

for a.e. (x,t) € @ and for all (yi,u1), (Y2, us) in a neighborhood of
(9(z,t), a(z, ).
Definition 4.1.8. A couple (g,1) € A is said to be an optimal solution

of (4.1.1)—(4.1.6) if there exists € > 0 such that the following implication
holds:

(v, u) € A, Nly=9llr20mv)+llu—dll 20, 02002) < €= J(y,u) = J(§,4).
Remark 4.1.9. In Definition 4.1.8, the requirement
(9,0) € WH(0, T; W, H) x L*(0,T; L*(2)°)

ensures that ¢ is a global strong solution to the Navier—Stokes equa-
tion corresponding to @. It is known that under a smallness condition
on 4, such a solution ¢ always exists (see Theorem 9.3 in [59]). How-
ever, proving the existence of a global strong/smooth solution to the
Navier—Stokes equation without a smallness condition on 4 remains a
challenge for mathematicians.
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The following lemmas play an important role in establishing Pontrya-
gin’s principles.

Lemma 4.1.10 (Cf. [189, Lemma 4.2]). Let v € U and (y,u) € A. Then
for every 0 < p < 1, there exists a sequence of Lebesque measurable sets
{E;f} of Q such that

B = 0lQl, (11.42)
1

—xgr = 1 in L>(Q;R) weakly star as k — oo, (4.1.43)
p P

/ (L(x,t,9,v) — L(z,t,9,4)) dedt
E

k
_ / (L(z,t,9,v) — L(z, .9, @) ddt, (4.1.44)
Q
where | - | denotes the Lebesgue measure, and X Bk 18 the characteristic
function of Eﬁ.

Lemma 4.1.11. Suppose (y,0) is an admissible pair and v € U. Then
there exists py € (0,1) such that for each p € (0,py), there exists a
measurable set E, C Q with |E,| = p|Q| and if

v(z,t), (z,t) € E,
u(z,t), (z,t) e Q\E,

and let y, be the state corresponding to u,, then (y,,u,) € A and the
following formulae hold:

uy(z,t) = (i + xg,(v—10))(z,t) = { (4.1.45)

. ol
Yp =Y + pz+ 1), plg(l){r # =0, (4.1.46)
J(Yp, up) = J(§,0) + pAJ + o(p), (4.1.47)

where z is a solution of the equation

dy R . .
o tvAy+ B(y,y) + B(y,y) = E(v—u), y(0)=0.

and

AJ = /Q (L, (o i, 1), i, 1)) 21

o+ Llw,t (o, 1), v(w, 1) = L, (e, 1), e, 1)) | dedt.
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Proof. Let v be given in U. We put

V3/2>\1 A2 14
3e = m exp ( — ClHyHLQ(O,T;W) - CQTHyHC(O,T;V))’
2

where C, C, are constants as in Lemma 4.1.7. Since |E(v — @)(-, )!i €
LY(Q;R), there exists § > 0 such that for all measurable subsets O of Q
with |O] < 4, one has

/ﬂE@—amum@Mﬁ<a.
o
Let us choose 5

PO = min {@7 \/gv 1}

By Lemma 4.1.10, for each p € (0, py), there exists a sequence of mea-
surable sets Ef of Q such that (4.1.42)-(4.1.44) are valid. By the choice
of po, we have |EF| = p|Q| < po|Q| < 4. Hence,

2 T
=/ /XEk\E(U—zl)|gdxdt
L2(0,T;H) o Ja 7

= [ |E(v—1)|?dvdt < e. (4.1.48)
B}

1

2 ~
—xgrE(v — 1)
p P

P

This implies that

1 2
P’ ('—XE;;E(U — ) + 1) < 2e. (4.1.49)
p L2(0,T;H)
Hence,
1 2
P’ ( —XE;;E(U — ) + 1)
p L2(0,T:H)
V3/2)\1 R R
< L exp (= Cullgll 720 2wy — C2TH?JH%(0,T;V)). (4.1.50)

Let us define u’; =U+x Eg(U — 1), and let y’[f be the state corresponding
to the control u’;. By (4.1.43), we have

. 1 . .
[ =220 = p /Q gl (0= ). O dudt = /Q (v—a)(a, ) dads
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as k — oo. Hence for p > 0 small enough and k big enough, u’pC belongs to
a neighborhood of @ in L*(Q,R). Consequently, y* € W'(0,T; W, H).
Also, since |E(v —4)(-,-)|, € L*(Q,R) and by (4.1.43), we have

1
“xpr|E(v —0)(z,t)|e = |E(v —0)(z,t)]. in L*(Q,R) as k — oo.
p P

Hence, there is a constant M, > 0 such that for all £ > 1 one has

1 ? 1\
H—XEkE(U — ) = / <—XEk> |E(v — @) (z,t)|* dedt < Mg.
pr orH)  JQ\P T
(4.1.51)
Put z;f = %(y’; —y) and fr = %XEEE("U —u). Then sz e WhH20,T; W, H)

and satisfies the equation

At vAZL 4+ pB(2h, 28 + B(9,28) + B(2h,9) = fr, 25(0) =0. (4.1.52)

From (4.1.50) and Lemma 4.1.7, there exist constants M;(9) and Ma(p, 7, f)
such that

AN

HZ];H%Q(O,T;W) + “Zlg“iQ(O,T;H) =

X 20p*C A
Moo £) (= expL (@) (1l + 1)

+ — 2 . + — 4 ov
> Yliczo,rv) iy

20, . .
+ 7“3/“%2(0,T;W) eXp(Ml(y))(ka”%Q((),T;H) +1) + 5ka|‘%2(0,T;H)v
(4.1.53)
where
My(9) = Cullglzz 0wy + CoT il o0 1), (4.1.54)

) A 3
Ms(p, 9, f) = CoTp* exp (3M1(9)) ;(ka“%?(o,T;H) +1)

) 4 4
+ TM;(§) exp(Ml(y));(kaH%Q(O’T;H) +1) + ;kauizmﬂ). (4.1.55)

Combining (4.1.51) with (4.1.53)—(4.1.55), we conclude that z/]; is bounded
in Wh2(0,T; W, H). Without loss of generality, we can assume that
z/’; — z, weakly in W'2(0,T; W, H). Since W — V is compact, the
Aubin theorem (see [216, Theorem 2.1, p. 271]) implies that the embed-
ding

W20, T; W, H) < L*(0,T;V)
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is compact. Consequently, since z’pC — %z, strongly in L0, T;V), it

follows that there exists k(p) > 0 such that
st(p) — ZpHLQ(O,T;V) < p. (4.1.56)

Passing the limit as £ — oo and using similar arguments as in the proof
of Lemma 4.1.7, we obtain from (4.1.52) that

2, +VAz,+ pB(2,,2,) + B(y, 2,) + B(2,,9) = E(v—1), 2,(0)=0.
(4.1.57)
Also, from (4.1.49) we get
2

T 1)
L2(0,T;H)

k—o0

N . 1 .
P (1B (v~ U)”%%O,T;H) +1) < liminf PQ( H;XEL“E(U — )
< 3e.

This implies that
2 N V32 1 A112 14
P (HE(U_U)HL2(0,T;H)+1) < Wexp (_ClHy”L2(O,T;W)_CQTHyHC(O,T;V))'
2
Hence, Lemma 4.1.7 is applicable to Eq. (4.1.57). According to Lemma 4.1.7,
there exist constants M;(9) and Ms(p, 7, f) with f = E(v—a) such that

2
HZPH%Q(O,T;W) + HZPHLQ(O,T;H) <

2

MZ(p7 Qa f) (20520
20 ~112 ~ 2 2

+ 7”:‘/”L2(0,T;W) eXp(Ml(y)>(HfHLz(o,T;H) +1) + S Iz 0,70
where M;(y) and Ms(p,y, f) are given by (4.1.54) and (4.1.55) with
fr replaced by f. Tt follows that {z,} is bounded in W2(0,T; W, H).
Therefore, we can assume that z, — z in W2(0,T;W, H). Since the
embedding W12(0,T; W, H) — L*0,T;V) is compact, it follows that
z, — z strongly in L*(0,T;V). Letting p — 0" and using similar argu-
ments as in the proof of Lemma 4.1.7, we obtain from (4.1.57) that

24+ vAz+ B(y,2) + B(z,9) = E(v—1u), 2(0)=0. (4.1.58)

. 5C . C
eX]D(Ml(y))(HfH%Q(O,T;H) +1) + THyHQC’(O,T;V) + ” + 5u)

Let us now define
EP:Es(p)7 uP:u];(p) :f&’—i_XEp(U_ﬁ)a yp:y/lj(p)

It is clear that (y,,u,) € A. From (4.1.56), we have

125 — 2|l 20,7y < 1259 = 2l 20y + 1125 — 2llz2075v)
<p+llz—zllz0rv) =+ 0 asp—0.
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Putting r, = p(z,l.f(p) — 2), we get y, = y + pz + r,, which is formula
(4.1.46). It remains to show that (4.1.47) is valid. Define

1
L(o,t) = /O Ly (st 3, 0) + Oy (2 £) — (. ), uy (. ) 6.

Then from Lemma 4.1.10, we have

J(ym U’P) T ‘](:&7 QAL) _

P
L(.I’, ta yp(xu t)? U’p(x7 t)) - L(xu ta Q(ZL’, t)? a(xu t))
p
Lz, t,y,(x,t),up(x,t) — L(z, t,y(z,t), uy(x, b))

P
L(z,t,9(x,t),uy(z,t)) — Lz, t,9(x, 1), 0(x,t))

p

dxdt

dxdt

dxdt

_|_

oz, t)2,(z, t)dadt

+
| =

xe,(x,t) [ L(z,t,9(zx, t),v(z,t) — L(z,t,§(z,t), 4(x,t))] dedt

p

~

I
T — 55— 55— 5
b‘

oz, t)2,(z, t)dadt

_|_

From (4.1.41) and the dominated convergence theorem, we have

/ L (x, t)2)(x, )dudt — / Ly (. t, 3, 1), e, £))2(x, £)dudt.
Q Q

Consequently,

‘](yp: up) B ‘](ga
0

[ [0t 0, v0,00) = Lot 0, a0,
Q

) —>/Ly(x,t,Q(:U,t),a(x,t))z(a:,t)d;vdtJr
Q

as p — 0. Hence (4.1.47) is valid. O

We are now ready to state and prove the Pontryagin principle for
optimal solution to problem (4.1.1)-(4.1.6).

Theorem 4.1.12. Suppose that assumptions (A1) and (A2) are fulfilled
and (g,0) is an optimal solution of problem (4.1.1)—(4.1.6). Then there

222



exists a vector function 9 € WY2(0,T; H,W*) such that the following
conditions are satisfied:
(a1) (the adjoint equation)

(ag) (the mazximum principle)

(Ba)(x,t),0(x,t)) — Lz, t, gz, 1), i(z, 1))
= max ((Ew)(x,t),9(z,t)) — L(z,t,§(z,t),w) (4.1.59)

weM

for a.e. (x,t) € Q.

Proof. Fix any v € U. By Lemma 4.1.11, there exists py € (0,1) such
that for each p € (0,pp), there exists a measurable set E, C ) with
|E,| = p|Q|, which has a property that if

uy(z,t) == 0+ xg, (v —10)

and y, is the corresponding state to u,, then (4.1.46) and (4.1.47) hold.
Since (y,,u,) € A, (yp,u,) = (9,4), and (y,4) is an optimal solution,
we have
J(Yp, up) > J(g, ).
It follows that
0<

(J(yp,u,) — J(G, 1) — AJ.

e

Hence,

0 < /Q Ly 0.t 4a, 1) i, 1) 2, 1)+
L(z,t,y(x,t),v(x,t)) — L(m,t,gj(a:,t),ﬁ(x,t))]dxdt (4.1.60)
for all v € U, where z is a solution of the equation
24+ vAz+ B(y,2) + B(z,9) = E(v—1u), 2(0)=0. (4.1.61)

Since Ly(-,-,9,4) € L*(0,T; L*(Q)3) — L*(0,T;W*), Lemma 4.1.6 im-
plies that the equation

has a unique solution ¥ € Wh2(0,T; H, W*), in which formula (4.1.15)
is valid. Hence, assertion (a;) is obtained. Taking the scalar product
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of (4.1.61) with ¢, of (4.1.62) with z, integrating, and using (4.1.15), we
get

/OT (2,9)dt + /OT(VAZ + B(y,2) + B(z,9),0)dt = /OT(E(U — @), 9)dt

and

/OT(ﬁ,Z)dt+/() (9, vAz+ B(y,2) + B(z,9))dt = —/0 (L,(t,9,4), z)dt.

It follows that [ (E(v — ) — [ (Ly(t, 9, 1), 2)dt. Substituting
this into (4.1.60), we get

0< /Q [ — (B0 — @) (2, 1), 9(z, )+
L(z,t,g(z,t),v(x,t)) — L(x,t,§(z,t), d(z, )] dzdt,

or equivalently,

o< [ (B w,0). 060.0) = Lt o) i 0) = ((E0) o,8). 9.0
— L(z,t,9(z,t),v(z,t)))]dedt, Vv eU. (4.1.63)

Since M is closed in R?, we see that M is a separable metric subspace
(see [70, Proposition 3.10.9]). Hence, there exists a countable dense set
My = {v;,i > 1} C M. For each v; € M, we define

Hy,(xz,t) =((Bd)(z, 1), 9(z, 1)) — L(x,t, §(x, 1), iz, 1))
- (<(Evi)(x7t)7fl9($7t)> - L(xatvy(xat)v Z))

By the Lebesgue differentiation theorem, for each ¢, there exists a subset
O; C Q with |O;| = ]Q| such that for all zg = (zg, ) € O;, we have

ll_r% Blaor ’/ . (x,t)dzdt = Hy,(20).

Define
oy (t) = {vi, if (z,t) € B(zp,7),

u(x,t), otherwise.

Then v, € M. Substituting v, into (4.1.63), we get
0 S/ H,, (z,t)dxdt.
B(z,r)
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Hence

(x,t)dxdt.
‘B 20, T |/ (20,7)

Letting 7 — 07, we obtain 0 < H,,(xg,t)). We now put O = (-, O
Then |O| = |Q|. Fix a (z0,t) € O and take any w € M. Then there
exists a subsequence v;, — w. From the above, we have 0 < H,, (to).
Letting n — oo, we obtain 0 < H,,(xg,ty). Thus, we have shown that
for a.e. (z,t) € Q,

0 <{((Fu)(x,t),Hx,t)) — L(z,t,y(x,t),u(z,t))
- (((Ew)(w,t),ﬁ(w,t)) - L(xvtay(xat)a ))7

for all w € M. Therefore, assertion (as) is established. The proof of the
theorem is complete. ]

4.2 Regularity of multipliers and second-order op-
timality conditions for semilinear parabolic op-

timal control problems

4.2.1 Introduction

Let © be a bounded domain in RY with N = 2 or 3 and its boundary
[ = 09 is regular enough. Let D = H?*(Q) N H} () and H = L*(N).
We consider the problem of finding control function v € L>*(Q) and the
corresponding state y € L>(Q) N W;’l(o, T; D, H) which solve

J(y,u) ;== /QL(x,t,y(x,t),u(x,t))dxdt — inf (4.2.1)
S.t.

at+Ay+f() in Q=0Qx(0,T)

(4.2.2)
y(x,t) =0 on X =Tx[0,7], wy(x,0)=yy(z) on Q (4.2.3)
gl t,y(x,t)) +eu(z,t) <0 aa. (x,t)€ ( )
a<u(x,t)<b aa. (r,t)€qQ (4.2.5

where yo € Hi () N L®(Q), e > 0, a,b € R with a < b, A denotes a
second-order elliptic operator of the form

N
— " Dj(aij(z)Dyy),
i,j=1
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L:QxRxR—->R, f:R—->Randg: Q2 x[0,7T] xR — R are of
class C?. In problem (4.2.1)-(4.2.5), constraint (4.2.4) may be seen as a
regularization of the constraint g(z,t,y(x,t)) < 0 which never satisfies
regular conditions. Throughout this section, we denote by ®3 the feasible
set to problem (4.2.1)-(4.2.5).

The theory of optimal control governed by parabolic equations has
been interested by many mathematicians so far. The mainly research
topics in this area consist of the existence of optimal solutions, optimal-
ity conditions and numerical methods of computing optimal solutions.
In order to compute optimal solutions, we need optimality conditions
of KKT type. Based on first-order optimality conditions and regularity
of multipliers we can find approximate solutions while the second-order
sufficient conditions help us to give error estimates between approximate
solutions and exact solutions. Therefore, the optimality conditions, reg-
ularity of multipliers and optimal solutions play an important role in
numerical methods such as the finite element method (FEM).

In the theory of optimal control problems governed by partial differen-
tial equations, we often require that the control variables belong to L>.
This requirement make the objective functional and constraint mappings
easily to be differentiable with respect to u. However, in this situation,
the Lagrange multipliers corresponding to constraints are finitely addi-
tive measures rather than LP— functions. This motivates us to study
the regularity of Lagrange multipliers, that is to find conditions under
which Lagrange multipliers are functions in LP-spaces.

Recently, there have been many papers dealing with optimality condi-
tions and regularity of multipliers for parabolic optimal control problems.
For this we refer the reader to [5], [6], [7], [39], [163], [168], [191], [203],
[204] and [218] and many references given therein. Among these pa-
pers, Arada and Raymond [5]- [7] and Rosch and Troltzsch [204] focused
on first-order optimality conditions and regularity of multipliers as well
as optimal solutions for semilinear parabolic optimal control problems
with mixed pointwise constraints. As usual, in order to derive optimal-
ity conditions of KKT-type, the authors need a condition of Mangasar-
ian—Fromowitz type. Meanwhile, to obtain the regularity of multipliers,
they required that the so-called separation conditions are satisfied. The
separation conditions make sure that the Lagrange multipliers corre-
sponding to mixed constraints can be represented by densities in L.
However, it is not easy to verify the Mangasarian-Fromowitz condition
for the class of problems.
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In this subsection we continue develop results in [5] and [204] to derive
first-and second order optimality conditions of KKT-type and to study
regularity of multipliers and optimal solutions to problem (4.2.1)-(4.2.5).
We will give simple conditions under which the Mangasarian-Fromowitz
condition and the separation conditions are satisfied. This condition is
a form of generalized separation condition (see assumption (H4)), which
is a key assumption for the existence of regular Lagrange multipliers and
second-order optimality conditions of KKT-type.

In order to establish such results, we first embed problem (4.2.1)-
(4.2.5) into a specific mathematical programming problem in Banach
spaces. We then show that under the generalized separation condition,
the Robinson constraint qualification is satisfied. From this we can derive
first and second-order optimality conditions of KKT-type. Also, from the
generalized separation condition, some techniques in [204] and results of
Yosida-Hewitt in [234], we obtain the regularity of Lagrange multipliers.

4.2.2 A specific mathematical programming problem

Let E, W and Z be Banach spaces with the dual spaces E*, W* and
Z*. Let @@ be a nonempty and closed subset in Z and z € (). Let
V.4 >R F:Z— Eand G:Z — W be given mappings and K be a
nonempty closed convex subset in W. We now consider the optimization
problem

¥(z) — inf (4.2.6)
s.t.

F(z) =0, (4.2.7)
G(z) € K. (4.2.8)

By defining K; = {0} x K and G; = (F,G), we can formulate the
problem (4.2.6)—(4.2.8) in the following form

Y(z) — inf
s.t.
Gl(Z) - Kl.

Given a feasible point zy of (4.2.6)-(4.2.8). Then z; is said to satisfy the
Robinson constraint qualification if

0e iIlt{Gl(Zo) —+ DGl(Zo)Z — Kl} (429)
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According to [26, condition (2.190), page 71], if int(K) # () then (4.2.9)
is equivalent to

(1) Jz € KerDF(zy) such that G(zp) + DG(2)z € int(K).
(4.2.10)

{(z) DF(z) is surjective

Note that the second condition in (4.2.10) is of Mangasarian-Fromowitz
type. It was used in [5] and [218, (3.6), p. 20] to deal with first-order
optimality conditions.

Let us impose the following assumptions.
(A¥) The mappings ¢, F and G are of class C* around z; with k = 1,2;
(Ag) K is a closed convex set with nonempty interior;
(As) DF(z)Z is a closed subspace.

The Lagrange function associated with the problem is given by the
formula

L(z, A\ e",w*) = p(2) + (e¥, F(2)) + (w", G(z)),

where z € Z, A € R, ¢* € E* and w* € W*. We say that a triple
(A, e*, w*) are Lagrange multipliers at z if

DL(zp, N, €*,w*) = ADY(29) + DF(29)"e" + DG (zp)"w" =0, (4.2.11)
A>0, w'e N(K,G(2)). (4.2.12)

We denote by A[zg] the set of Lagrange multipliers (A, e*, w*) at 2z, and
by A1[zo] the set of Lagrange multipliers (e*, w*) corresponding to A = 1.
We have the following result on the first-order optimality conditions.

Its proof follows from Theorem 2.2.9 for the scalar case k = 1 (see
also [136]).

Proposition 4.2.1. Suppose that 2z is a locally optimal solution to under
which (A7), (A3) and (A3) are satisfied. Then the set A(zy) is nonempty.
In addition, if the Robinson constraint qualification (4.2.10) is fulfilled,
then A1(z0) is nonempty and weakly star compact.

To deal with the second-order optimality conditions, we need to define
the critical cone. Let us denote by Cy[zg] the set of vectors d € Z
satisfying the following conditions:

(a1) D(z0)d <0,
(CLQ) DF(Z())d = 0,
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(a3) DG(zp)d € cone(K — G(z))

and by C|z] the closure of Cy[z] in Z, which is called the critical cone
at z9. Each vector d' € C|z] is called a critical direction.

We have the following result on first and second-order optimality con-
ditions.

Proposition 4.2.2. Suppose that (A?)—(As) are satisfied and the Robin-
son constraint qualification (4.2.10) is valid. Then if zy is a locally opti-
mal solution, then Aq[zg] is nonempty and

max  D?L(z, ", w*)[d, d] =

(e*,w*)eA1[20]

max  (D*(z0)d* + " D*F(z9)d* + w*D*G(20)d*) > 0 Vd € C|z).

(6*,11}*)61\1 [Z()}

Proof. The proof follows from assertion (b) in Theorem 2.2.9 with m = 1
and A1[zg] is a weakly star compact set. O

4.2.3 State equation and linearized equation

We assume that 02 is of class C?. Let H := L*(Q), V = H}(Q)
and D := H*(Q) N Hj(2). The norm and the scalar product in H are
denoted by |- | and (-, ), respectively. It is known that the embeddings

D—V—H

are compact and each space is dense in the following one.

Given 0 < a < 1, we denote by C%%(Q) and C**(Q) the space of
Hoélder continuous functions of order o, on Q and Q, respectively.

Let H1(Q2) be the dual of H(€2). We define the following function
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spaces

H'(Q) = W@ -y e 12Q): 5o P e

Va(Q) = L™(0,T; H) N L*(0,T; V),
W(0,T)={y € L*(0,T; H;(Q)) : y; € L*(0,T; H'(Q))},

L*(Q)},

Wy (0, 75V, H) = {y € L*([0,T],V) : % e L*([0,T], H)},
Wi, 7D, H) = {y € 1(0.7], D) - 2
U=L*Q)

Ko ={ueU:u(zx,t) <0aa. (z,t) € Q},

€ L*([0, 7], H)},

Y = {y e Wy'(0,T;D,H) N L¥(Q) : 9y + Ay e LP(0,T; H)},

ot
where
TN <P< 4 whenever N =2 (4.2.13)
4 2N
h N = 3. 4.2.14
1N <P<7—5 Whenever 3 ( )

Y is endowed with the graph norm

ylly = Nyl 0,7:D,H 1yl @) Ay
5 ( )
LP(0,T;H)

Under the graph norm Y is a Banach space. Besides, we have the fol-
lowing embedding:
Y < Wy'(0,T; D, H) — C(0,T;V), (4.2.15)
W(0,T) — C([0,T], H), (4.2.16)
where C'([0,7], X) stands for the space of continuous mappings v :
[0,1] — X with X is a Banach space. Moreover, for all v,w € W(0,T),

we have the following integration by part formula (see Proposition 23.23,
p.422 in [237]) :

(v(tl),w(tl))H—(v(O),w(O))Hzfol(vt,w)dt—l—/ol(wt,wdt, (4.2.17)

where t; € [0,7]. Recall that given yo € H and u € L?(0,T; H), a
function y € W(0,T) is said to be a weak solution of the semilinear
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parabolic equation (4.2.2)-(4.2.3) if
t1
/y(:c,tl)n(:c,tl)da:—/ /y(:c,t)nt(x,t)dxdt
Q 0 Jo
N tl tl
+ 3 [ | aiDitet)Dmte,tsdt + [ [ plte e, dude
0 Jo 0 Jo

:/yo(x)n(x,O)da:—l—/1u(x,t)77(x,t)dxdt (4.2.18)
0 0

for all test functions n € W, (0,T;V, H) and t; € [0,T]. By standard
arguments and formular (4.2.17), we can show that if f(y) € L*(0,T; H)

whenever y € L?(0,T;V) then y is a weak solution of equations (4.2.2)-
(4.2.3) if and only if for a.a. ¢ € [0,7T] one has

(Y, v) + D00 = A a;;DiyDyvdx + (f(y),v)g = (u,v)g Vv € Hy(),
y(0) = yo.
(4.2.19)

If a weak solution y such that y € W, (0, T; D, H) and f(y) € L*(0,T; H)
then we have y; + Ay + f(y) € L*(0,T; H) and

(e v) + (Ay,v) + (f(y),v) = (w,v) Vv € Hy(Q).
Since H{ () is dense in H = L*(f2), we have
(41, v) + (Ay,v) + (f(y),v) = (w,v) Vv e H.
Hence

u+Ay+ fly) =u a.a. tel0,T], y(0)=y.

In this case we say y is a strong solution of (4.2.2)-(4.2.3). From now on
a solution to (4.2.2)-(4.2.3) is understood a strong solution.

Let us make the following assumptions which are related to the state
equation.
(H1) Coefficients a;; = a;; € L™ () for every 1 <i,j < N, satisfy the
uniform ellipticity conditions, i.e., there exists a number a > 0 such that

N
alé)? < Z a; () &€ VEERY for aa. x €. (4.2.20)

1,7=1
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(H2) The mapping f : R — R is of class C? such that f(0) = 0 and
f'(y) > 0. Furthermore, for each M > 0, there exists kj; > 0 such that

') < ke, (4.2.21)
|f(yi) = fy)| + 1 () = f )| + 1 f(y1) — [ (y2)] < karlyr — v
(4.2.22)

for all y,y1,ys satistying [yl, [y, [y2| < M.

Lemma 4.2.3. Suppose that (H1) and (H2) are satisfied and y, €

L>(Q) N HY(Q). Then for each w € LP(0,T;H) with p > ., the

state equation (4.2.2)-(4.2.3) has a unique solution y € Y and there
exist positive constants Cy > 0 and Cy > 0 such that

Nyl zo=@) + IIf W) 200,000 < CrJJullzoqo.r,m) + w0l ze))  (4.2.23)

and

H ||L 0,78 + 1Yl z2om,0) < CZ(H“HL?([O,T],H) + |lvoll L) + HyoHv)
(4.2.24)

Proof. By [49, Theorem 2.1] and [49, Lemma 2.2.III], for each u €

LP(0,T; H) with p > ﬁ, the state equation has a unique solution

y € L=(Q)NW,"(0,T;V, H) such that f(y) € L?(0,T; H) and inequal-
ities (4.2.23) is fulfilled. By (H2), we have f(y) € L>(Q). Let us claim
that y € W, (0,T; D, H). In fact, we have

ye + Ay = u — f(y), y(0) = wo.

Since u — f(y) € L*(0,T; H), [79, Theorem 5, p. 360], implies that
Yy € WQI’I(O,T;D,H) N L>(0,7T;V) and there exists a constant C' > 0
such that

H HL o,77,8) Yl z2(0,m,0 <C(HU||L2 o.1,m)+ || f (Y )|‘L2(O,T;H)+HyOHV)-

Combining this with (4.2.23), we obtain (4.2.24). O

Let us consider the linearized equation
ye+ Ay +c(z,t)y =u,  y(0) = yo. (4.2.25)

Lemma 4.2.4. Suppose that uw € LP(0,T;H) with p > ﬁ, Yo €
L®(Q) N H(Q) and ¢ € L®(Q). Then equation (4.2.25) has a unique
solution y € Y.

232



Proof. Since ¢ € L*(Q), there exists a constant ¢y > 0 such that
le(x,t)] < ¢ for a.a. (z,t) € Q. By Theorem 5 in [79, Chapter 7], equa-
tion (4.2.25) has a unique solution y € W, (0,7 D, H)NL>(0, T; H} ().
It follows that c(x,t)y € LP(0,T; H). Let us consider the equation

2+ Az+cz=u+ (co —c)y, 2(0)=yo. (4.2.26)

By [79, Theorem 5, Chapter 7] and Lemma 4.2.3, the equation has a
unique solution z € Y. From (4.2.25) and (4.2.26), we have

ze—yr+ Az —y) +eo(z—y) =0, (z—y)(0) =0. (4.2.27)
Taking the scalar product both side with z — y and using (H1), we get
1d
a7 — Ul +alVi =y +olz -y <0.

Integrating on [0, 7], we obtain
sup |z — 3/‘2 +allz - yH%Q(O,T;D) + collz — yH%Q(O,T;H) < 0.
t€[0,7]

This implies that z = y a.a. in ). The conclusion is followed. ]

4.2.4 Existence of regular multipliers and second-order opti-

mality conditions

Let ¢ : 2 x[0,7] x R x R — R be a mapping which stands for L and
g. We impose the following hypotheses.
(H3) ¢ is a Carathéodory function and for each (x,t) € Q x [0,7T],
é(x,t,-,-) is of class C? and satisfies the following property: for each
M > 0, there exists {4 s > 0 such that

[O(z. t,y1, 1) — @(z, 8,42, u2)| + |dy (2, 91, ur) — @yl T, Yo, un)]
+|Pu(, 8, y1, ur) — dul®, €, Y2, u2)| + |dyy (2,8, Y1, ur) — dyy (2,8, Y2, ua))
+|Pyu(, b, y1,w1) — Syu(@, T, Y2, w)| + [Puu(, t, Y1, ur) — duu(@, T, Yo, us)]
<lpm(|y1 — y2| + |ur — usl)

for all (x,t,y;,u;) € Q x [0,T] x R x R satisfying |y;|, |u;| < M with i =
1,2. Furthermore, we require that the functions ¢,(-,-,0,0), ¢u.(-,-,0,0),
Gyy(+,+,0,0), dyu(-,+,0,0) and ¢y, (-, -, 0,0) belong to L>(Q).

(H4) fylz,t] > —Lg,[z,t] > 0 for a.a. (z,t) € Q and there exists v > 0
such that

a—u(x,t)+eu(x,t) + glr, t] < —v aa. (z,t) € Q. (4.2.28)
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Hereafter, given z = (y,u) € s,

Oz, 1] = ¢(x, 1, y(x, 1), u(z,1)).

Note that hypothesis (H3) makes sure that J and g are of class C* on
Y x U. Hypothesis (H4) is a generalized separation condition which
guarantees that the Robinson constraint qualification is satisfied and
the Lagrange multipliers belong to L'(2). Namely, the first part of
(H4) makes sure that fy[z,t] + 1gy[z,t] > 0. Under this condition, the
maximum principle (see [143, Theorem 7.2, p. 188]) is applicable for the
linearized equation

2+ Az + (fylz, t] + %gy[x, t])z =wv.

This fact is important for the Robinson constraint qualification and
the existence of the normalized Lagrange multipliers (see Lemma 2.5
in [130]). Meanwhile the second part of (H4) guarantees the regularity
of Lagrange multipliers. We will see the significant role of (H4) in the
proof of Lemma 4.2.7 and Theorem 4.2.8. Let us give an example under
which (H4) is satisfied.

Example 4.2.5. Let e =1, a =0, f(z,t,y) = v’ +v, g(z, t,y) = —y—7
and yo(x) > 0 for a.a. # € Q. Then we have f,(z,t,y) = 3y* + 1 and
gy(z,t,y) = —1. Hence f,(x,t,y) > —g,(z,t,y) > 0. Let u € [0,0].
Then 0 < u € L>®(Q). The maximum principle implies that the solution
y of the state equation corresponding to u satisfies the property that
y(x,t) >0 for a.a. (z,t) € Q. It follows that

a — u(:v,t) —|—g(:€,t,y) +u(x7t) < g(x,t,y) = —y(.r,t) -7 < —7.

(4.2.29)
Let us define Banach spaces
Z=YxU W=W; xW,, E=L*Q),
Wi =LP(0,T; H), Wy =L>®(Q)N Hy(Q) with p> Y
and
Ko ={v e L>®Q):v(zx,t) <0aa. (z,t) € Q} (4.2.30)
K=K, x Ky x K. (4.2.31)
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Define mappings F' : Y XU — W and G : Y XU — E x E x E by
setting

F.0) = (R ), Faly ) = (G0 + Av-+ £0) = . 9(0) = o)

(4.2.32)
and

G(y,u) = (Gi(y, u), Go(y, u), Gs(y, u)), (4.2.33)

where
G1(y,u) = u — b, (4.2.34)
Go(y,u) = —u+a (4.2.35)
Gs(y,u) = eu+ g(y). (4.2.36)
By definition of space Y, if (y,u) € Y x U then 8y + Ay € LP(0,T; H),

(
fly) € L™(Q) C LP(0,T;H) (since y € LOO(Q)) and u € L>®(Q) C
LP(0,T; H). Hence
o +Ay+f( )—ue LP0,T;H) =W
and Fj is well defined. Let us show that Fj is also well defined. In
fact, take any y € Y. By (4.2.15), we have y € C([0,7],V). Hence
y(0) € H}(Q). Since y € L™(Q), there exists a constant M > 0 such
that |y(¢t,z)| < M for a.a. (t,z) € Q. Particularly, if ¢, € [0,T] such
that ¢, — 0, we have |y(t,,x)| < M for all n and a.a. x € {2 and

y(0,-) = lim y(ty,) in V.

This implies that [[y(0,-) — y(tn, )|l z2(@) = 0 as n — oco. By passing to
a subsequence, we may assume that y(tn, z) — y(0,z) for a.a. x € . It
follows that

‘9(0737” < ‘y(07$) o y(tna$)| + ‘y(tmx)l < |y(0,x) - y(tnax)‘ + M.

By passing to the limit when n — oo, we get |y(0,z)] < M. Hence
y(0,-) € L>®(Q). Consequently, y € H}(2) N L>(Q). Hence F; is well
defined. Consequently, F' is well defined.

Then problem (4.2.1)-(4.2.5) can be formulated in the form

J(y,u) — min, (4.2.37)
s.t.

F(y,u) =0, (4.2.38)
G(y,u) € K. (4.2.39)
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Therefore, we can apply Proposition 4.2.2 for the problem (4.2.1)-(4.2.5)
to derive necessary optimality conditions.

Let Co[z] be a set of all z = (y,u) € Y x U such that the following
conditions hold:

(c1) /Q (L, y(x, t) + Lofir, flu(z, £))dzdt < 0:

0y
(c2) ot
(c3) (u, —u, gyl -]y + eu) € cone[(Ks — (@ — b)) x (Ko — (a — @) X
(Koo — (g[-, ] + €u)].
We denote by C|Z] the closure of Cy[z] in Y x U. The set C|Z] is called a

critical cone to problem (4.2.1)-(4.2.5) at z. Each vector (y,u) € C[z] is
called a critical direction.

S Ay + f/(5)y = 1, y(0) = 0;

Firstly, we have:
Lemma 4.2.6. For each zZ € ®3, the operator DF(Z) is surjective.

Proof. 1t is sufficient to show that F,(Z) is bijective. In fact, under
assumptions (H1) and (H2), the linear mapping F,(z) : Y — W, defined
by

FEy = (B2 Fal2) = (G0 + Avt F@ho 0)).

Taking any v = (u,y9) € W, u € LP(0,T; H) and yo € L>(2) N H}(Q),
we consider equation F,(Z)y = v. This equation is equivalent to

8t+Ay+f( Yy =u, y(0)=yo.

Since u € LP(0,T; H) with p > =5, Lemma 4.2.4 implies that the above
parabolic equation has a unique solution y € Y. Thus F),(Z) is bijective,
and so, DF(Z) is surjective. O

Lemma 4.2.7. Suppose that z € ®3 and (H4) is satisfied. Then the
Robinson constraint qualification is fulfilled at Z.

Proof. Tt is easy to see that
int Ko, = {v € L>(Q) and essupv < 0}

and
int K = (intK) X (intK) X (intK ).
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By Lemma 4.2.6, condition (7) of (4.2.10) is satisfied. It remains to show
that the condition (i7) of (4.2.10) is satisfied, that is

i—b+u< -0, (4.2.40)
0 — 17— <3, (4.2.41)
glz,t] + et + gy, tly + eu < —6 (4.2.42)

for some 6 > 0 and for some z = (y,u) € Y x U satisfying the equation

oy

at—|—Ay—|—f()y—u in Q, y=0 onX, y(0) =0 1in Q.

(4.2.43)

To show the existence of z, we do this as follows. For 0 < p < 1, we
define

a=az,t):= %gy[a:,t] <0 aa (x,t)eq

W, = uU— p+ azg.

Here we denote by z; the solution of equation Dy, F'(Z)(y,u) = 0 with
u = ¢. Namely, z; is a solution of the equation

2+ Az + f(9)z =, 2(0) =

By Lemma 4.2.4, the equation

0
8§+A§+[f()—|—oz]§ w, in @, =0 on, £0)=0 1in .
(4.2.44)
has a unique solution §,. This implies that
%oy A+ F(5)E = 0y~ ok,

Therefore, if we set
u, =w, —al,=u—p— o, — za) (4.2.45)
then £, = z,,. Subtracting the equation satisfied by 23 from the equation
satisfied by z,,, we get
Wewp2t) 4 Az — 2a) + (@) (20, — 22) = up— T in Q,
Zy,— 2 =0 on, (4.2.46)
(2u, — 2a)(0) =0 in Q.
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On the other hand, from (4.2.45) we have

Uy — U= —p—a(§,—2z) = —p— a2y, — 2a) (4.2.47)
Inserting (4.2.47) into (4.2.46), we obtain

Wors=0) | A(z, — 20) + [F5) + a2, ))(2, — 22) = —p 0 Q,

Zy, — 2z =0 on 2,
(24, — 2a)(0) =0 in Q.

(4.2.48)

In this equation, we have —p < 0 and f'(y)+a(z,t) = f’(gj)+%gy[x,t] >0
because of (H4). Then the maximum principle (see [143, Theorem 7.2,
p. 188]) implies that

§p =24, < 2 and |20, — zall=(q) < Chp. (4.2.49)
Combining this and (4.2.47), we get
Hup — EHLOO(Q) < Cyp (4250)

for some constant Cy > 0. Define

Qo ={(x,t) € Q:ulx,t) =a},
Q,={(z,t) € Q:a < u(z,t) <a+20y}.

Obviously, we have Q, N Q, = 0. Set

ap - (CL + p)Xa + (ﬂ + p)Xp + Up(l — Xa — Xp)7 (4251)

where X, is a characteristic function of the set (), and x, is a char-
acteristic function of ),. We now claim that for p small enough, the
couple

Z:=(za, —za, U,—u)€Y xU (4.2.52)

satisfies (4.2.40)-(4.2.43). Indeed, the definition of Z in (4.2.52) implies
that (4.2.43) is satisfied. We now have

U, =a+pon Qg

and
U,=u+p=>a+pon Q.
Since (4.2.50),

Uy =1, >u—|u, —ul >a+200—Cop=a+Csyp onQ\(QysUQ,)
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. Hence, we obtain
u, > min(a + p,a + Cop) = a + pmin(1,Cy) a.a. (z,t) € Q. (4.2.53)
e Verification of (4.2.40). Firstly, on @,, we have

b_
T <0

(4.2.54)

u—b+(u,—u)=u,—b=a+p—b=p—(b—a) < —

for p small enough. Secondly, on @Q,, we have
u—b+(Uu,—u)=u,—-b=u+p—-0<a+20,p+p—0>
h—
— p(1+20y) — (b—a) < —Ta <0 (4.2.55)

for p small enough. Thirdly, on Q\(Q,UQ,), we have from the definition
of o and (4.2.49) that
o(zy, — za) > 0.

Hence

U—b+ (U, —u)=u,—b=u,—b=(u—0b) —alz, —2) —p< —p.
(4.2.56)

Thus, (4.2.40) is satisfied with Z defined by (4.2.52) for p small enough.
e Verification of (4.2.41). From (4.2.53) we have

a—u—(u,—u)=a—1u,<a-—[a+ pmin(1l,Cs)] = —pmin(1, Cy) < 0.
(4.2.57)

This implies that (4.2.41) is satisfied with 2 defined in (4.2.52) and for
p small enough.
e Verification of (4.2.42). Use (4.2.49) and (4.2.50), we get

Hzap o ZQHLOO(Q) < Hzﬁp o ZUpHLOO(Q) + ||zup o ZQHLOO(Q)
< Gty — upl|=(g) + Chp
= Cs|(@ — uy + p)(Xa + Xo) lzo(@) + Crp < Cap. (4.2.58)

On the other hand, on ), U @Q),, we have the following estimations

u<a+ 20y, U,—u=p, gylz,t] <0,
— (23, — 2a) < ||z, — 2zallL=(@) < Cap.
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Combining these facts with (H4), we obtain the following estimations

on Q, UQ,:
glz, t] + et + gy, t](2a, — za) + (U, — )
< —y+ (u —a) — Cugylz,tlp+ ep
< =y + 209 — Cugylz, t]p + €p

=7 + p(2Cy — Cygy[w,t] +¢) < _77 (4.2.59)

IA

for p small enough. It remains to show that the condition is satisfied on
Q\(Q. U Q,). Indeed, since g,[-,-] <0, a = %gy[:c,t] < 0. Hence

1
oz(zup —2g) = —gy[x,t](zup — zz) > 0.
€

On the other hand
. {2p +a(zy, —2zz) >0 on Q,UQ,,
U, —u, =
0 on Q\(Q.UQ,).

This implies that %, — u, > 0. The maximum principle implies that
zu, = 2y, Hence

(4.2.60)

gy[x,t](zap —2,) < 0.
Combining these facts with (4.2.47), we have on Q\(Q, U @Q,) that

(glx,t] + eu) + gy[z,t](za, — 2a) + €(u, — u)

= (glz,t] + eu) + gy[z, t](2a, — za) + €(u, — )

< gylz,t)(za, — za) + €(u, — )

= gyl, 1)z, — 2u,) + gyl2,t] (20, — za) + €(uy — u)

= gylw, t)(za, — 2u,) + gylz, t)(20, — za) — €p — gylz, 1)(20, — 2a)

= gy[x,t](zgp — zup) —ep < —ep.
Hence (4.2.42) is satisfied with Z defined in (4.2.52) and for p small
enough. The lemma is proved. ]

In the sequel, we will use the following sets:

Qo = A{(z,t) € Q : u(x,t) = a}, (4.2.61)
Qp = {(z,t) € Q: u(x,t) = b}, (4.2.62)
Qu = {(x,t) € Q:a<u(zx,t) <b}, (4.2.63)
Qo :={(x,t) € Q : g[x,t] + eu(x,t) = 0}. (4.2.64)

The following theorem gives first and second-order necessary optimal-
ity conditions and the regularity of multipliers.
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Theorem 4.2.8. Suppose that (y,u) € ®3 is a locally optimal solution
of the problem (4.2.1)-(4.2.5) under which assumptions (H1) — (H4) are
satisfied. Then there exist a function ¢ € L°(Q)NW,"'(0,T; D, H) and
functions e,e € L>*(Q) such that the following conditions are fulfilled:
() (the adjoint equation)

Mot o= Ll el ] 9(T) =0, (4265)

where A* 1s the adjoint operator of A, which is defined by
N
A= — Z Di(ai;(z)Djp);
ij=1
(i7) (the stationary condition in u)
L[z, t] — ¢p(x,t) + ee(x,t) + e(z,t) =0 a.a. (z,t)€Q; (4.2.66)

(¢4i) (the complimentary condition) e(x,t) > 0 and e(x,t)(g|x, t]+eu(z,t)) =
0 a.a. (x,t) € Q. e(x,t) has the property that

<0 aa. (z,t) € Qq,
e(r,t)s >0 aa. (x,t) € Qy, (4.2.67)
0 a.a. (z,t) € Qup.

(iv) (the non-negative second-order condition)

max (/ (Lyylz, t]CQ + 2Ly, [z, t]Cv + Ly [z, t]vg)dzpdt
(p,e,€)EN[Z] Q

+ /Q e(,t)gyy |7, t|CPddt + /Q gpf”(@)@da:dt) >0 V(¢ )€z
(4.2.68)

Here Ny|Z] is the set of Lagrange multipliers (p, e, €) satisfying conditions
(4), (i3) and ().

Proof. Let K, F and G be defined by (4.2.31), (4.2.32) and (4.2.33),
respectively. Then problem (4.2.1)-(4.2.5) is formulated in the form of
problem (4.2.37)-(4.2.39). From (H2) and (H3) we see that the map-

pings J, F and G are of class C? around z = (,u). Here Dy J(2),

D(QW)J(Z), Dy F(2), D(QW)F(Z), DG (2) and D(Qy’u)G(Z) are given
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by

Dy J(2) (s ) = /Q (L[, ]y + Lalz, Ju)dud, (4.2.69)

D2, J(2)(y,u)? = /Q (Lol (2 + 2L o[, e + Lo, () decdt,
(4.2.70)

D(y7u)F(Z)(yau) = (D(y,u)Fl(Z)(y:u)v D(y,U)F2(2)(y7u)) (4.2.71)

D, F )00 = (DY B, D P ). (42:72)

where

Dl (D)) = 2 4 Ay + F()y —

Dy Fo(2) (y, w) = y(0),

D}, yF(2)(y,u)? = f"()y®

D, . Fa(2)(y, u)® = 0.
Also
DG (2)(y, u) = (Dyu)G1(2) (Y, u), DiyuyGa(Z) (Y, ), Dy G3(2) (y, u))
= (u, —u, gy[z, tly + eu), (4.2.73)
D, G (2)(y,u)? = (0,0, gyylz, t]y*) forall (y,u) € Z. (4.2.74)

Let ¢ be a conjugate number of p with p > = N, that is, %"‘% = 1. Since
H = L[*(Q), H= H*. Hence dual of LP(0,T; H) is L4(0,T; H). We recall
that £* = (L>*(Q))" and W* = W} x W5, where W} = LP(0,T; H)* =
LU0, T;H) € LY0,T;H) and W5 = (L>(Q) N H}(Q))". Then the
Lagrange function which is associated with the problem is defined as
follows

L:Y x U x LY0,T; H) x (L=(Q) N HH ()" x (LX(Q)))’ = R,
‘C(yaua qf)l,qﬁé,ef,e;,e;) =

/QL(a:,t,y,u)dxdtJr/ [¢1( + Ay + f(y) — u) |dxedt+

<¢27 ( W2 Wao + Z Z’ (Q)*vLOO(Q)

By Lemma 4.2.6, DF(Z) is surjective. By Lemma 4.2.7 the Robinson
constraint qualification is valid at z. Hence Proposition 4.2.2 is applica-
ble. According to Proposition 4.2.2, there exist ¢, € L4(0,T; H), ¢5 €
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(L(9) N HY(Q)" and e = (e, e3,¢5) € L(Q) x L(Q)" x L*(Q)"
such that the following conditions hold:
E(Z,gbl,(b;,e*) =0 ( )

e;] € N(Ky,u—0), ( )
es € N(Ky, —u + a), (4.2.77)
es € N(Ky, g[-, | + €u), ( )
( )

(¢ ¢£n*a)}éA 2] D(Qy,u)[’(za ¢17¢;7 6*)[d7 d] >0 Vd= (C,U) < C[Z]

The condition (4.2.75) is equivalent to the two following relations

/ Lz, tlydzdt + [¢1 + Ay + f'(y)y | dedt+
Q

<¢27 ( )>W2 Wy + <€§79y ]y>LOO<Q)*7Loo(Q) = O, Vy € Y (4280)

and
/ L[z, tludzdt — / prudxdt + (e] — €5 + €e3, u) () 1) = 0, Yu € U.
Q Q

(4.2.81)

From (4.2.76)-(4.2.78), we see that e are non-negative functional. By
Theorem 2.3 in [234], ef with ¢ = 1,2, 3 are finitely additive measures
on (). Let us claim that each e’ can be represented by densities in
LY(Q). This can be done as follows. From Theorem 1.23 in [234], we

have representations

e; = €.t e, €.2>0, e, >0, (4.2.82)

Zp’
where ;. is countably additive and ej, is purely finitely additive. Our
goal is to show that e, = 0. Then e is countably additive which can
be represented by densities in L'(Q). According to [234, Theorem 1.22],
there exists a sequence (@, )nen Of Lebesgue measurable sets such that

QDOQ1DQ2D..DQ,D. .., limy14|Qn] = 0and e],(Qn) = €},(Q)
for all n € N. This means, that |Q),| = meas(Q,) — 0 as n — 400, but
]|efp|\Lw(Q)* = /Qde’{p = / delp <€1p,XQn>Loo(Q)*’Loo(Q) for all n € N.
n (4.2.83)

We now define

A1(6) ={(z,t) € Q : u(x,t) — b > =6},
Ay(6) ={(z,t) € Q : a —u(x,t) > =6},

{(z,t) € Q : g[x,t] + eu(x,t) > —6}.
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2
Moreover, condition (H4) guarantees that As(d) N A3(d) = 0 for § small

enough. Hence, we can choose § = §* € (0,%%) such that 4;(6*) N
Ay (0%) = A3(6*) N Ay (6*) = (). Also, we have

Then it is easy to check that A;(6) N Ay(8) = () for all 6 € (0,%2).
3

/ de; =0, 1=1,2,3 (4.2.84)
Q\Ai(5%)
because the support of ef is a subset of A;(6*). Next, we define

max(2, 1) on Ai(0%) U A3(0%)
u(z,t) = ¢ —1 on A (0%) (4.2.85)

0 otherwise.

Then the function v, := xg,u € L>*(Q) for n = 1,2,.... Without loss of
generality, we can assume @, C A;(0*). Inserting u = v, into (4.2.81),
we get,

_/ Lu[x,t]ﬂda:dt—l—/ prudxdt = (e} + €es, Vy) poo(Q)r,1(Q)- (4.2.86)
Qn @n

Here we use the fact that supp(e;) C Q\A;(0*) which implies that
(€3, Un) (Q)*,1=(q) = 0. Moreover, since e5 > 0 and v,, > 0 on supp(e3),
() > 0 and v, = xg,max(:,1) > xg, on supp(ej), deduce from
(4.2.86), we have

— / Lu[ilf, t]’/LL\dSCdt + / gblﬂda:dt > <€>1k, /Un>Loo(Q)*’Loo<Q)
Q’ﬂ

:\/Undeic+/vnd€>{p2/vndeip
Q Q @
Z/ deip:/QdeikpZ letpllz=(q)

n

By letting n — +o0, we get 0 > |[le],||~(qg)-- Hence ej, = 0. By the
same arguments, we can show that €3, = 0 and €3, = 0. Therefore, the
measures ej, e; and ej are countably additive. By the Radon-Nikodym
theorem (see Theorem 1.47 in [1]), € can be represented by L'—density,
that is, there exists e; € L1(Q) such that

/v(:v,t)de;k = / ei(x,t)v(z, t)dedt Yv € L>(Q), i =1,2,3.
Q Q
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For simplification, we can identify e by e; with ¢ = 1,2,3. Then from
(4.2.76), (4.2.77) and (4.2.78), we have

/Qel(:c,t)[n(a:,t) (e, £) — b)]dadt <0 V€ K.
/Qeg(:(:,t)[n(x,t) —(—a(a,t) + a)ldadt <0 V€ Ko
/Qeg(x,t)[n(x,t) (elw ) + gla )]dadt <0 Vi € K.

By [178, Corollary 4], we have

ei(r,t) € N((—o0,0],u(x,t) —b) aa (x,t)€Q;
es(x,t) € N((—00,0], —u(x,t) +a) aa (z,t) € Q;
es(x,t) € N((—o00,0], g[x, t] + eu(z,t)) aa (z,t) € Q.

This implies that e;(z,t) > 0 with ¢ = 1,2,3, e;(x,t)(u(z,t) —b) = 0,
es(z,t)(—u(x,t) + a) = 0 and e3(z, t)(g[x,t] + eu(x,t)) = 0 for a.a.
(x,t) € Q. By setting

e:=e3 and €:= e — e, (4.2.87)

we see that e, € L'(Q) and satisfy the complementary condition (i74)
of the theorem. Next we derive the assertion (i7) of the theorem. For
this we rewrite (4.2.80) and (4.2.81) in the following equivalent forms:

/Ly[x,t]ydxdt—l—/ [¢1( + Ay + f'(9)y )] dxdt+
Q
(65, y(0) ) wsar, + /Q cq lr,ydudt =0, YyeY — (4.2.89)

and

/ L[z, tludzdt — / prudxdt + / (ee + €)udxdt =0, Yu € U.
Q Q Q
(4.2.89)

The latter implies that
L ]—¢1+ee+e=0 aa. (z,t) €. (4.2.90)
Define ¢ = ¢1 — Ly]-,-]. Then we have ¢ € L%(0,T; H) and
ce +e= (.
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Let us show that e € L1(0,T; H). In fact, for (z,t) € Qyp, we have
0 <ée(x,t)=((x,t) —ee(x,t) < ((z,t);
for (x,t) € Qq4, we have from (H4) that
eu(x,t) + glx, t] < —.

The condition e(x,t)[eu(x,t) + glz,t]] = 0 implies that e(x,t) = 0 on
Q). and so e(z,t) = ((z,t) on Q,. Note that e(x,t) = 0 for (z,t) €
Q\ (Q.UQyp). For each t € [0,T], we define

Qu={r € Q:(x,t) € Q.},
Qe ={x € Q: (x,t) € Qp}.

Then we have
T P T i
/ (/6(x,t)2dx)q dt:/ (/ €(x,t)2dx+/ e(w,t)*dx)" "dt
0 Q 0 Qat th
T
g/ (/ C(x,t)?de + C(az,t)2dx)q/2dt
0 Qa,t th
T .
g/ (/Q(:z:,t)zdx)q dt < +00
0 )

Hencee € L4(0,7T; H) and so is e. This implies that eg,[-,-] € L(0,T; H).
Let us consider the following equation

) . )
—ZE L Ao+ f )

ot
==Lyl ] =egl], o(T) =0, (4.2.91)
where —L,[-,-] — egy[,-] € L9(0,T; H). By changing variable p(t) =
(T —t), the equation (4.2.91) becomes
WD | wg) + £ T - 0)3(0)
= —Ly[z, T —t] —e(x,T —t)gylz, T —t],
o(-,0) =0.
Let us choose r > 0 such that
LA LA
r  2q 4
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Then for N = 2, we have from (4.2.13) that ¢ € (%,
When N = 3, we have from (4.2.13) that ¢ € (£, 3
r € (£,2). It follows that

L9(0,T; H) < LU0, T; L"(Q)).

Hence —L,[-,-] — egyl-,-] € L9(0,T;L"(2)). By Theorem 4.1 in [143]
(page 153, Chapter 3), the above equation has a unique weak solution
@ € Vo(Q) = L>(0,T; HYNL*(0,T; V). Hence p(t) = (T —t) is a weak
solution to the equation (4.2.91), that is

/gp(:v,tl)n(:r:,tl)da:—/ap(x,O)n(az,O)der/gomda:dt—l—
Q Q Q

2). Hence r € (3,2).
)

= (]\2,—%, %) Hence

N
+ / (Z a;;DinDjp + f’(g)mp)dxdt = — /Q(Ly[.7 ]+ egy[_7 Dndadt

i,j=1

for all test functions € W, (0,T;V,H) and t; € [0,7]. By taking
n=y €Y with y(0) =0 and ¢t; = T, we have

N
/Q (yo + Y aijDiyDjp + f'(§)yp)dudt =
ij=1

‘é(—Lﬂ%ﬂ—d%ﬂ%MﬂMMMt

Using the integration by part formula (see Theorem 1.5.3.1 in [96]), we
get

/Q (yt + Ay + f’(g)y)godazdt = /Q ( — L[z, t] — e(x, t)gy[:c,t])ydxdt.
(4.2.92)
Subtracting (4.2.88) from (4.2.92), we get

/(90 — ¢1) (yt + Ay + f’(g)y> dedt =0, forallyeY, y(0)=0.
Q
(4.2.93)

On the other hand, as it was shown that for every ¥ € LP(0,T; H), the
parabolic equation

vt Ay+ fyy =7,  y0)=0
has a unique solution y € Y. From this and (4.2.93), we deduce that

/(g@—qﬁl)ﬁd:ﬁdt:() for all ¢ € LP(0,T; H).
Q
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This implies that
o1 = € L>(0,T; H) N L*(0,T;V).
Then (4.2.90) becomes
Lz, t]—p+ee+e=0, aa (x,t)€qQ. (4.2.94)

Hence assertion (i7) of the theorem is derived. Repeating the procedure
in the proof of claim e,e € LP(0,T; H) and using the fact L,[x,t] — ¢ €
L>(0,T; H) and equality (4.2.94), we can show that e,e € L*>(0,T; H).
Hence —L,[-,-] — g,]-,]e € L>=(0,T,H). By the Lemma 4.2.4, the so-
lution ¢ of the adjoint equation belongs to L*>(Q) N ng’l(O,T; D, H).
Again, we obtain from (4.2.94) that e,e € L>*(Q). Hence assertion ()
of the theorem is established. Asertion (iv) of the theorem follows from
condition (4.2.79) and formulae (4.2.70), (4.2.72) and (4.2.74). The proof
of the theorem is complete. ]

To deal with second-order sufficient optimality conditions, we need to
enlarge the critical cone C[z] by the cone Cy|z] which consists of couples
(y,u) € Wy (0,T; D, H) x L*(Q) satisfying the following conditions:

(c}) /Q(Ly[x,t]y(x,t) + Lz, tlu(z, t))dzdt < 0;

0
(&) 57+ Ay + f'(5)y = u,y(0) = 0

(cs) u(z,t) € T([a,b],u(z,t)) for a.a. (z,t) € Q;

(ch) gylz, tly(z,t)+eu(x,t)) € T((—o0,0], gz, t]+eu(x,t)) for a.a. (z,t) €
Q.

It easy to see that conditions (¢;) and (c¢}) can be written in the
following form:

(c;:) (w(z,t), —u(z,t), gylz, tly(z, t) + eu(z, t)) € T((—o0, 0], u(x,t) — b)x
T((—00,0],a —u(x,t)) x T((—o0,0], g[z, t] + eu(x,t))

for a.a. (z,t) € Q. Hence C3[Z] contains the closure of Co[z] in W, (0, T, D, H) %
L2(0,T; H).
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Let us rewrite the Lagrange function in the form

L(y,u,p,e,€) =
dp
/QL(x,t,y,u)d:L'dt + /Q [y(—a + A%p) + (f(y) — u)cp] dxdt
— / ©(0)yodx —I—/ elg(y) + eu|dzdt + / eudxdt. (4.2.95)
0 Q Q

Then conditions (i) and (i7) of Theorem 4.2.8 is equivalent to condition
Dy L£(y,u,,e,e) =0 and condition (iv) is of the form

. e%z}jio[é] D?y,u)ﬁ(g, u,p,e,e)ld,d] >0 VdeC[z].

The following theorem gives second-order sufficient conditions for lo-
cally optimal solutions to problem (4.2.1)—(4.2.5).

Theorem 4.2.9. Suppose that (H1),(H2),(H3) and (H4) are valid,
there exist the multipliers ¢ € W,'(0,T;D,H) N L®(Q) and ¢,& €
L>(Q) corresponding to (y,u) € ®3 satisfies conclusions (i), (ii) and
(7i1) of Theorem 4.2.8 and the following strictly second-order condition:
/ [2Lyu[a:, t]¢v + (Lyy[az, t] + egyylz, t] + gof”(y)){z + L[z, t]v2] dxdt > 0
Q

(4.2.96)

for all (¢,v) € Co[(y,u)] \ {(0,0)}. Furthermore, there exists a number
A > 0 such that

Lz, t] > A ae. (x,t) € Q. (4.2.97)
Then there exist number e > 0 and k > 0 such that

J(y,u) > J(y,a) + K||u — ﬂ||%2(Q) V(y,u) € ®3N [By (7, €) x By(u,e).
(4.2.98)

Here By (y,¢€) and By(u,€) are balls in Y and L*(Q), respectively.

Proof. Suppose to the contrary that the conclusion were false. Then, we
could find sequences {(y,,u,)} C ®3 and {v,} C R, such that y, — ¥
inY, u, — ain L>®(Q), v, — 07 and

T (Yny tn) < J(G, @) + Yolltn — 6|72()- (4.2.99)

If u,, = w then by the uniqueness we have y,, = 3. This leads to J(y,u) <
J(g,u) + 0 which is absurd. Therefore, we can assume that u, # u for
alln > 1.
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Define t, = ||u, — 1l[z2(q), (o = = Y and v, = ot Y Then t, — 0t
and |lvy|z2) = 1. By the reﬂexwlty of L*(Q), we may assume that
Uy — v in LQ(Q). From the above, we have

J (Y, un) — J(§, 1) < 2, < o(t?). (4.2.100)

Now we split the proof into several steps.
Step 1. Showing that (,, converges weakly to some ( in W21’1(0, T:D,H).
Since (Yp, u,) € 3 and (y,u) € P3, we have

Oy,
§;+A%+f@m—um%ﬂn—m
m++w+f(r—mgamzy@
This implies that
a(yn -

D 4 Ay —9) + Fn) — F(3) = w0 — @ (g — )(0) = 0.
(4.2.101)

ot

By Taylor’s expansion, we have

) = f@) = @+ 0u(yn —9)n — 7), 0<0,(z,t) < 1.

Such a function 6,, does exist and it is measurable. Indeed, we consider
the set-valued map H,, : Q — 2% by setting

H,(x,t) = {0 € [0,1] : f(yn(z,1)) — f(5(x,1))
= [z, t) + 0(yn(2,t) — 52, 1)) (Yn(x, 1) — Y(=,1))}.

By [11, Theorem 8.2.9], H,, is measurable and has a measurable selection,
that is, there exists a measurable mapping 6, : @ — [0,1] such that
O.(x,t) € Hy(z,t) for a.a. (x,t) € Q.

Note that y, — 7 in L>®(Q) so there exists M > 0 such that ||y +
On(Yn — U)llz=(@) < M. By (H2), there exists ky; > 0 such that

G+ 0n(yn = 9| < karlg + 0y — 9)] + | (0)].
Hence (g + 0, (y, — y)) € L*(Q). From (4.2.101), we get

%Ctn FAG + (T 4+ 0u(yn — §))Cn = Uny Ca0) = 0. (4.2.102)

By [79, Theorem 5, p.360], there exists a constant C' > 0 such that
‘|CnHW21’1(O,T;D,H) < CHUnHLQ(Q) =C.
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Hence {(,} is bounded in W, (0,T; D, H). Without loss of generality,
we may assume that ¢, — ( in W;’I(O, T,D,H).
Step 2. Showing that ({,v) € Co[(y, u)].

By Aubin’s lemma, the embedding W, (0,T; D, H) — L2([0,T],V)
is compact. Therefore, we may assume that ¢, — ¢ in norm of L([0, T], V).
Particularly, ¢, — ¢ in norm of L?(Q)). We now use the procedure in
the proof of [79, Theorem 3, p. 356]. By passing to the limit, we obtain
from (4.2.102) that

0
a—g +AC+ f'(§)C = v, ¢(0) =0. (4.2.103)
By a Taylor expansion, we have from (4.2.100) that
/2
/ Ly(xa t> g"_e(yn_g)a un)Cndxdy+/ Lu(l'a t7 ?77 a"’f(un_ﬂ))vndxdt S O(t n) )
Q Q n
(4.2.104)

where 0 < 0,¢ < 1. Since y,, — y and u, — @ in norm of L*(Q) and
(H3), we have

HLy('v Y+ Q(yn - g)a Un) - Ly('a Y, ﬂ)HLoo(Q) —0 as n— o
and

[Lu( 7,0+ E(up — 1) = Lu( 7, 0) Iz~ = 0 as n — oo
Letting n — oo we deduce from (4.2.104) that

/ (L[, (¢ (2, €) + Luf, o(x, €))dadt < 0. (4.2.105)
Q

Hence conditions (¢}) and (c)) of C3[(y, w)] are valid. It remains to verify
(c) and (c}). Let

6(0.0(.0) = (1 0) (0.8, Galy )t ),
where G1(y,u) = v and Go(y,u) = g(-, -, y) + eu. Since (y,, u,) € P3, we
have G;(yn, u,) € K; with i = 1,2 and
K ={vel*Q):a<v(z,t)<b aa. (zr,t)€Q},
Ky :={ve Ll*Q):v(xt) <0 aa. (z,t) €Q}.

By the Taylor expansion and the definitions of (,, v,, we have

o(tn) c l(Kz — Gi(y,u)) C cone(K; — G;(y,u))

n tn

C Tr20) (K Gi(y, w))

Gzy(z)gn + Giu(é)vn +
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where Tz2(q)(K;; Gi(y, @) is the tangent cone to K; at G;(, @) in L*(Q).
Since T2 (K;; Gi(, 1)) is a closed convex subset of L2(Q), it is a weakly
closed set of L*(Q) and so Tr2(K;; G;(7,)) is sequentially weakly closed.
By a simple argument, we can show that G;,,(2)(,+Giu(2)v, — Giy(2)(+
Gi(Z)v in L*(Q). Letting n — oo, we obtain from the above that

Giy(2)¢ + Giu(Z)v € Tr2(Ki; Gi(y, 1)) (4.2.106)
By Lemma 2.4 in [130], we have
Tr2 (K1, Gi(g,1)) = {v € L*(Q) : v(x,t) € T([a,b],u(z, 1)) a.a. (z,1) € Q}.

and

TLQ(KQ,GQ(g ﬂ))
{ve LX(Q): v(,

t) € T((—00,0]; glz, t] + eu(x,t)) a.a. (z,t) € Q}.
It follows that

v(z,t) € T([a,b];u(z,t)) aa. (z,t)€Q
and

gylz, t]¢(x,t) + ev(x,t) € T((—o0,0]; gz, t] + €u(z,t)) aa. (x,t)€qQ

Hence ((,v) satisfies (c¢5) and (c}). Consequently, (¢,v) € Cy[(y,u)] and
the claim is justified.
Step 3. Proving that (¢,v) = (0,0).

By assertion (#i7) of Theorem 4.2.8, we get

/ e(g(yn) + eup, — g(y) — eu)dxdt <0 and / e(u, —u)dzdt < 0.
Q Q
From this and definition of £ in (4.2.95), we have

E(ynauna(vpaeaé\) - E(y, u, P, e, e)
S J(ynaun) _ J(ya )

- J(ym un) - J(ﬂ, ﬂ)
" /Q <W + Alyn = 9) + Flyn) = ) = (un — ) ddt
= J(Yn, un) — J(7,7) < o(t3).
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Using a Taylor expansion for £ and noting that D, ., L(7, 4, ¢, e,€) = 0,
we get

o(t2) > L (Y, tn, @, €) — L(, U, p, €) =

/ (tnLy[x, 1)Co + 2 Lyu(2,t, 7, + Os(up — a))gnun) ddt
Q

tr _ _
+ /Q (ELyy(x, t, g+ 03(yn — ), un)gg) dadt
t2
+ / (tLule, ton + 5 Luul@, 8,4, 0+ & (un — 0))v} ) dadt
Q

+ /Q [tn< — g+ Ao+ f’(@)w) Gn + %wf”(ﬂ +0u(yn — 9))Ci — tnwn} ddt
2

tr, _ _
+ /Q e(tngy[a:, tJGn + Egyy(xa 6,9+ 05(yn — 7), Un)@%) dxdt

+ / (tneevn + tné\vn)d:ﬁdt

/2
5” / 2L, (2, t, 9, 0+ Oa(uy — @) Gon + Lyy(x,t, 5 + 05(yn — 9), un)Q%) dxdt
/2
5 | (et 65l =) ) 08”5+ 0 — 90) ) Gt
+ En/ Luu(xa by, u+ g?(“n - ﬂ))“?zdl"dta
Q

where 0 < 6;,&; < 1. This implies that

Q\

<2Lyu 2, G, 1+ Os(up — ﬂ))(nvn> drdt (4.2.107)

+
S—

(%thy+%@w—mw@@ymﬁ

_I_
S—

eGyy(x, 6,5+ 05(yn — 1), un) + " (G + O4(yn — y‘))){idxdt

/ Lu(2,t, 7,0 + & (u, — @))vdrdt. (4.2.108)

Q

Since ||u, — || ~Q) = 0, [|[Yn — Fl|z@) — 0 and (H3), we get
||Luu('7 Y, U+ 52(un - a)) - Luu['? ']HLO"(Q) — 0.
From this and (4.2.97), we see that there exists ny > 0 such that

A
Loz, t,y, 0+ &(u, —u)) > ) (4.2.109)
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for all n > ng and a.a. (z,t) € Q. Also, by (4.2.97), the functional
£ — / L[z, t)€%dxdt
Q

is convex and so it is sequentially lower semicontinous. Therefore, we
have

lim [ Lu(x,t, 7,0+ & (u, — 0))videdt
= lim [ (Luu(z,t,9, 0+ &(u, — @) — Lyy[z, ) v dadt

+ lim [ Lyl tjvidedt > / L[z, tlv*dadt.

From this and letting n — oo, we obtain from (4.2.107) that
0> / (2Lyu[x,t]gv + [Lyy[a:,t] + egyylx, t] + gof”(y)}CQ + Luu[a:,t]v2)dxdt.
Q

Combining this with (4.2.96), we conclude that (¢,v) = (0, 0).
Step 4. Showing a contradiction.
From (4.2.107), (4.2.109) and ||v,|[z2(g) = 1, we have

(t)

6

/ (2Lyu(:c, t, 7,0+ Oa(uy, — 0))Gvn + Lyy(x,t, 5 + 05(yn — 4), un)gﬁ) dzdt
Q

o

>

N | >

+ /Q (egyy(xa t, g4 0s(yn — ), un) + 0" (7 + Oa(yn — @)))Cﬁdfﬂdt + -

By letting n — oo and using the equality (¢,v) = (0,0), we get 0 > %
which is impossible. The proof of theorem is complete. [

4.2.5 Holder continuity of multipliers and optimal solutions

In this section we show that under strengthen hypotheses on vy, L, g
and 0, then the multipliers and optimal solution are Holder continuous.
We require the following assumptions.

(H3") L is a continuous function and for each (x,t) € Qx[0,T], L(x,t,-,-)
is of class C? and satisfies the following property: for each M > 0, there
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exists kr ar > 0 such that

| Lz, 1, y1, un) — L(w2, ta, Yo, u)| + | Ly(21, tr, yr, un) — Ly(2a, b2, yo, ua))
+ [Lu(z1, t1, Y1, ur) — Lu(w2, t2, ya, u2)|

< kpav(|or — oo + [t — to| + [y — | + |u1r — ugl),

and

| Lyy(@, t,y1,u1) — Lyy (@, 8, y2, u2)| + | Lyu(, £, g1, u1) — Lyu(, £, Y2, un)|
+ [Luu(, b y1,u1) — Luu(, 8, y2, u2)| < krar(Jyn — vl + [ur — ugl)

for all (z,t), (z;,t;) € @ and (y;,u;) € R x R satistying |y, |ui] < M
with ¢ = 1,2. ¢ is a continuous function and for each (z,t) €  x [0,T],

g(z,t,-) is of class C? and satisfies the following property: for each M >
0, there exists k, 3 > 0 such that

\g(@1,t1, 1) — g(@a, t2, y2)| + |gy (@1, t1, y1) — gy(22, T2, y2) [+
+ g1, t1,y1) — gulw2,t2, y2)| < kgar(|z1 — 22| + [t1 — 2| + |y1 — 12]),
and

‘gyy(xvtvyl) - gyy(af>t:y2)‘ + |gyU(377t7?Jl> - gyu(a:,t,yz)\—k
+ |guu(x7tayl) _ QUU(x7t7y2)| S kg,M‘yl _ y2|

for all (x,t), (x;,t;) € Q and y; € R satistying |y;| < M with i = 1, 2.
(HY) fylz,t] > —1g,z,t] > 0 for a.a. (z,t) € Q and there exists a
number vy > 0 such that

a—u(x,t)+ gl t] + eu(x, t) < —v aa. (r,t) € Q. (4.2.110)
Moreover, the following condition is satisfied
glr,t]+eb<0 on {(z,t) € Q:u(x,t) =0} (4.2.111)
(H5') There exists a number 77 > 0 such that
Lyu(z,t,y,u) > 7 V(z,t,y,u) € Q x R x R. (4.2.112)

Recall that the boundary 0f2 satisfies the property of positive geo-
metric density, that is, there exist number o* € (0,1) and Ry > 0 such
that for all o € 02 and all R < Ry, one has

€20 B(zo, R)| < (1 = a7)[B(wo, R)|,

where |C| denote Lebesgue measure of a measurable set C' in RY. It
is known that if 0Q is of class C*! or Q is convex, then this property
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is valid. The property of positive geometric density is important for
the Holder continuity of solutions to the semilinear parabolic equations
(see [65]).

The following theorem gives Holder continuity of (y, %) and multipli-
ers.

Theorem 4.2.10. Suppose yo € H*(Q)NH(Q), hypotheses (H1), H(2),
(H3), (H4), (HY), (,u) € ®3, and 09 is of class CY or Q is convex.
Assume that there exist a function ¢ € L™(Q) N Wy (0,T; D, H) and
functions e,e € L*(Q) which satisfy conditions (i) — (iv) of Theorem
4.2.8. Then 7,4, p,e and € are Holder continuous on Q.

Proof. By the Sobolev inequality (see [79, Theorem 6, p. 270]) we have
yo € CO(Q) N H(Q) for some a € (0,1]. Since implications (H3') =
(H3) and (H4') = (H4) are valid, the existence of multipliers ¢ and e
follows from Theorem 4.2.8. It remains to show that y,u, p and e are
Holder continuous.
Step 1. Showing that  and ¢ are Holder continuous functions.
We have y € L*>(Q), hence, 3 is as a bounded solution of the parabolic
(1.2)-(1.3). Since 0f2 satisfies the property of positive geometric density,
according to [65, Corollary 0.1], § is a—Holder continuous on @ with
exponent o € (0,1). By setting @(t) = (T — t), then ¢ is unique
solution of equation

o3 (1)

5 TARW (G, T = 1))e(t) =

— Lylx, T —t] —e(z, T —t)gylz, T —t], &(.,0)=0. (4.2.113)

By the same argument, we have from [65, Corollary 0.1] that @ is also
a—Holder continuous on Q. It follows that ¢ is a—Hoélder continuous.
Step 2. Showing that e and € are Holder continuous.

Let Q., @y and Qy be defined by (4.2.61), (4.2.62) and (4.2.64), re-
spectively. Since e(x,t) = e(z,t) = 0 on Q \ (Q, U Qp U Qy), we only
prove that e and € are Holder continuous on @Q,, @, and Q.

e On @, we have u(z,t) = a. By (4.2.110), we have g[z,t] + eu(z,t) <
—~ < 0. Hence e(x,t) = 0 and so e is Holder continuous on @),. From
(77) of Theorem 4.2.8 we have

e=p—LJ,] (4.2.114)

By Step 1, ¢ is Holder continuous function on (). Let us claim that
L,[.,.] is Holder continuous function on @Q,. Indeed, by (H3'), for any
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(x1,t1), (22, t2) € Qy, we have

| L1, 81, (@1, 11), (w1, 1)) — Lu(@2, b, (22, b2), U(22, t2))]

- |LU(I17 t1, y<x17 tl): ) - LU(I% t2, g(x% tQ)? )|

< k?L’M(|ZL‘1 — :132‘ + ‘tl — t2| + ‘g(ﬂjl,tl) — g(afg,tg)‘). (42115)
Therefore, L,[., .| is Holder continuous function on @), because g is Hélder
continuous function on (). The claim is justified. Consequently, Thus e
is Holder continuous function on @),,.
e On @, we have u(x,t) = b. By (4.2.111), we have g[x,t] + eu(z,t) <0
on Q. Hence e(x,t) = 0 on @ and so e is Holder continuous on Q.
Again, we have from (i7) of Theorem 4.2.8 that e(x,t) = p(x,t)— L[z, t]
on (Qp. This implies that e is Holder continuous function on .
e On Qo we have eu(z,t) + g[z,t] = 0. This and (4.2.110) imply that
u(z,t) > a. By (4.2.111), we get @(z,t) < b. Hence e(x,t) = 0 on @y
and so it is Holder continuous on Qy. Again, from (iz) of Theorem 4.2.8
we have

e(z,t) = 2(o(w, 1) — Lol 1]). (4.2.116)

€
It follows that e is Holder continuous on ().
Step 3. Showing that @ is Holder continuous on Q.

Put ¥(z,t) := ee(x,t) + e(x,t), (x,t) € Q, then from the step 2,
U € C%(Q). Fixing any (z;,t;) € Q with i = 1,2 and using a Taylor’
expansion, we have
| L@, b1, gz, t), (@, 1)) — La(@y, 0, G, ), U@, t2)| =
| Luw(21, 01, Y21, 1), ulze, t2) + 0(u(21, tr) — ulxe, t2))|[(ulz1, 1) — (22, t2))]
> |z, t1) — (w2, t2))],
where 6 € [0,1] and the last inequality follows from (H6’). Combining
this with equality L,[-,:] = ¢ — ¥, we get

Tl (@(21, t1) — u(xe, t2))]

< |Ly(z1,t1, (1, t1), @(z1, t1)) — Lu(z1, 1, 9(21, t1), (22, t2))]

< |[Lu(z1, 41, G(w1, 1), U1, 81)) — Lu(@a, o, G2, 1), U(w2, ta)]

+ [Lu(29, ta, (22, t2), U2, ta) — Lu(z1, 11, §(21, t1), U2, t2)))|

= |p(x1,t1) — @(xa, ta) — U(x1,t1) + V(2o to)]

+ |Lu(2, ta, §xa, ta), (w2, t2) — Ly(x1, t1, G201, t1), U(xa, t2))|

< |p(x1,t1) — @(a2, )| + [V (21, t1) — U(12,12)]

+ kp i (Jzr — 2| + [t — to| + |y(z1, 1) — (22, t2)]). (4.2.117)

lem

~—r
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Since ¢, ¥ and gy are Holder continuous function on (), the estimation
(4.2.117) shows that @ is Holder continuous on Q. The proof of the
theorem is complete. [

4.3 Numerical solutions for semilinear elliptic op-
timal control with nonlinear and mixed con-

straints

4.3.1 Introduction

In this section we study a numerical method for the following optimal
control problem governed by semilinear elliptic equations with nonlinear
and mixed pointwise constraints. Let {2 be a convex and bounded domain
in RY with N = 2,3 with a polygonal or polyhedral boundary I'. We
determine a control function u € L?(Q) and the corresponding state
function y € H?(2) N H}(2) which solve

J(y,u) = [o (6(x,y(x)) + 3u*(x))dz — min,
s.t.

Ay+ f(z,y) =uinQ, y=0 onl,
gy(x)) + eu(r) <0 a.e. x € Q,

.

(P) \

\

where ¢, f,g : 2 Xx R — R are Carathéodory functions with g is a non-
convex function and € is a positive constant, and the operator A is defined

by

N
Ay == Dj(ai(x)Dyy)
ij=1
with functions a;; € C(Q) and D; denotes the partial derivative with
respective to x;. We call (P) the original problem and denote by &4 the
feasible set of (P).

We are going to discretize the original problem by the finite element
method (FEM for short) in order to get a sequence of mathematical pro-
gramming problems (F},) in finite dimensional spaces, which are called
approximate optimal problems. The aim of this paper is to study the
convergence of optimal solutions of (P},) to the optimal solution of prob-
lem (P) and to give their error estimates. This topic has been interested
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by some mathematicians recently. For papers which have close connec-
tions to our work, we refer the readers to [8], [40], [41], [45], [130], [161],
[169], [206] and many references therein. In these papers the authors
mainly considered problems with pure state constraints or with pure
control constraints. Among these papers, Casas and Mateos [40] stud-
ied convergence for semilinear elliptic optimal control with pure state
constraint; Casas and Troltzsch [45] proved the convergence of optimal
control problem governed by quasilinear elliptic equations with the con-
trol constraint of box form; Meyer and Rosch [18] gave superconvergence
properties of approximation solutions for linear elliptic optimal control
problems with control constraint of box form.

It is natural to ask whether these results are still true for problem
(P) with the appearance of nonlinear, non-convex and mixed pointwise
constraints. One of the motivations for considering optimal control prob-
lems with mixed control-state constraints is the Lavrentiev regulariza-
tion which frequently is used to relax pure state constraints. In [104],
M. Hinze and Meyer showed that under certain conditions, the locally
optimal solutions to the Lavrentiev regularized problems converge to a
optimal solution of the original problem.

There have been some papers working with optimal control prob-
lems with mixed constraints so far. Indeed, in [54], Cherednichenko and
Rosch gave error estimates for the discretization of linear elliptic opti-
mal control problems with mixed pointwise constraints in the form of
linear inequalities. in [104], Hinze and Meyer considered linear elliptic
optimal control problem with constraints of linear inequalities and gave
error estimates for approximate solution.

Rosch and Wachsmuth [205] considered a class of optimal control
problems for a linear parabolic partial differential equation with control
and mixed control-state constraints in the form of linear inequalities.
Also, Hoppe and Kieweg [106] studied adaptive finite element methods
for optimal control problems governed by linear elliptic equations with
mixed control-state constraints of linear inequalities. In a summary,
the problems considered by [54], [104], [106] and [205] have the follow-
ing common features: the cost functions are of quadratic forms which
are strongly convex functions; the state equations are linear and the
mixed constraints are of linear inequalities. In such settings, they are
strongly convex optimization problems. Therefore, they have a unique
solution. Moreover, when the constraints are linear, the approximate
optimal problems have finitely many constraints.
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In this subsection we shall develop the results obtained in [54] for
problem (P) which is more general. We shall prove that under certain
conditions, the optimal solutions of discrete problems converge to an
optimal solution of the original problem. In particular, we show that if
problem (P) satisfies the so-called no-gap second-order conditions, then
some error estimates of approximate solutions are obtained.

Unlike optimal control problem with pure control constraints, the op-
timal control problem with nonlinear mixed control-state constraints is
more complicated. The reason is that the discrete optimal problems
may have infinitely many constraints. Besides, it is difficult to build a
sequence of admissible points of discrete optimal problems, which con-
verges strongly to an optimal solution of the original problem. To over-
come these difficulties, we choose piecewise linear functions in order to
approximate both control variable and state variable. We first transform
(P) to problem (P’) with pure control constraint by changing variable
v = g(y) + eu. We then discretize (P') by (FP). After that, we establish
error estimates between solutions of state equations as well as solutions
of adjoint equations to (P’) and (P]). Based on the the results and some
techniques from [46], [54] and [104], we show that the sequence of opti-
mal solutions (yn, v5) of (P}) converges strongly to an optimal solution
(,0) of (P') which implies that (s, +((0, — g(¥)) converges strongly to
an optimal solution (7, £(v— g()) of (P). Moreover, we show that if (P)
satisfies the strictly second-order condition, then some error estimates
are obtained.

Thus the novelty of the subsection consists of results on the conver-
gence and error estimates of approximate optimal solutions of approx-
imate optimal problems which are generated by the semilinear elliptic
optimal control problem with non-convex cost function and nonlinear
inequality constraints via FEM.

4.3.2 Discrete problems and optimality conditions

Let E be a Banach space with the dual E*. The notation Bg(e,r)
stands for an open ball with center e € E and radius r > 0. Let K be a
closed set in F.

In the sequel, we define U = L*(Q), Y = H*(Q) N H}(Q) and Z =
Y x U. The norm in LP(§2) with 1 < p < 400 will be denoted by || - ||,.
Meanwhile || - ||2.2 and || - |12 denote norms in H?(Q) and H{ (), respec-
tively. The norm || - ||z in Z is defined by ||(y, w)||z = ||yll22 + [|u]]2. The
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notations ¢,¢yy, fy, fyy are used to denote 9,¢, 8§yq§, oy f, 6§y f, respec-
tively. Given an admissible couple (7, u) € @4, symbols ¢[z], ¢,[x], f[],
etc., stand respectively for ¢(x, y(z)), ¢, (z,y(x)), f(-,9(-)), etc. We now
make the following assumptions for (P).

(A1) ¢ : QxR — R is a Carathéodory function of class C? with respect to
the second variable and satisfies the property that for each M > 0,
there exist positive numbers kg 3r and Ly such that

|¢y($:y)‘ < L(b,Ma
0z, 1) — oz, y2)| + |by(2, 1) — Dy (@, y2) |+
+ [dyy(z,11) — Dy, 92)| < Fgarlyr — vo|

for a.e. x € Q, all y,y; € R satisfying |y|, |v;| < M with ¢ = 1, 2.
Moreover, ¢(-,0) € L'(Q) and there exits a function ¢ € L(Q) such
that

o(z,y) =2 ((x) V(z,y) € A xR

(A2) a;; = a;; € C%1(Q) and there exists a number @ > 0 such that

N
Z a;j(2)&&; > alg]? VE = (&, ... &) € RY.

i.j=1

(A3) f: QxR — Ris a Carathéodory functions of class C* with respect
to the second variable and satisfies the property that for each M >
0, there exist positive numbers ks and Ly s such that

|fy(@,9)| < Ly,
|f(x,y1) - f(xqu)l + ‘fy(x>y1) - fy(xayQ)‘—i_
+ [ fyy(z.y1) — fyy(z,92)| < Kparlyr — oo

for a.e. x € Q, all y,y; € R satisfying |y|, |y;| < M with ¢ = 1, 2.
Besides, we require that f,(z,y) > 0 for all (z,y) € Q@ x R and
f(z,0) =0 for a.e. x €.

(A4) g : R — R is a function of class C? and satisfies the property that
for each M > 0, there exist a positive number k, 5; such that

l9(y1) — g(y2)| + 19" (y1) — ' (W)l + 19" (1) — 9" ()| < kg arlyr — 2|

for all y,y; € R satisfying |y|, |y;| < M with ¢ = 1,2. Furthermore,
we require that ¢(0) < 0 and ¢'(y) > 0 for all y € R.
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Among the above conditions, (A3) assures that the state equation
has a unique solution for each u € U. Meanwhile (A4) makes sure that
the so-called Robinson constraint qualification is valid and the Lagrange
function corresponding to (P) is normal. Moreover, (A4) implies that for
each M > 0 there exist a positive number L, s such that |g(y)|+]g' (v)| <
L, for all y € R satisfying |y| < M.

Recall that a couple zZ = (g, u) € @4 is said to be a local minimizer of
(P) if there exist a ball Bz(z,r) C Z such that

J(y,u) > J(y,u) Y(y,u) € ®yN By(z,r).

When
J(y,u) > J(y,u) V(y,u) € Py

we say (7, u) is a global minimizer or a minimizer to (P).

Proposition 4.3.1. Suppose that assumptions (A2) and (As) are valid.
Then for each u € L*(Q), there exists a unique solution y = y(u) €
H}(Q) N H?(Q) of the equation

Ay+ f(z,y) =uin Q, y=0 onT (4.3.1)
and there exists a constant Co = C(N,Q) > 0 such that
[yll2.2 < Collulla- (4.3.2)

Moreover, if ||ui|l2+ [|uzlle < M and y(u1) and y(uz) are solutions corre-
sponding to uy and us, then there ezists a constant C = C(M, N,Q) >0
such that

[y (u1) — y(uz)ll22 < Cllur — uzlf2. (4.3.3)

Proof. The proof of the proposition can be found in [204] and Theorem
4.7 in [219]. []

Remark 4.3.2. If f(x,0) # 0, then we can replace f(z,y) by f(z,y) —
f(z,0) and (4.3.2) becomes

yll22 < Collu — f(-,0)][2

By a standard argument, we have the following result on the existence
of optimal solutions to (P).

Proposition 4.3.3. Suppose that (A1)—(A4) are fulfilled. Then problem
(P) has at least an optimal solution (g, u).

262



Let us define mappings F' : Y xU — U and G : Y xU — U by
setting

Fy,u) = Ay + f(-,y) —u, G(y,u) = g(y) + eu.

Then (P) can reformulated in the form

[ J(y,u) — min,

S.t.
F(y,u) =0,
| G(y,u) € K,

where K := {v € L*(Q)|v(z) <0 a.e. x € Q}. Let
Ly, u,p,e) = J(y,u) + (¢, Fy, u)) + (e, Gy, u))

be the Lagrange function associated to (P), where ¢,e € U. Under
assumptions (A1) — (A4), J F and G are of class C? around (7, 1) € @4
and so is L(+, -, p, e).

(P) <

Recall that given a vector (g,u) € ®4, the critical cone to (P) at
(g,u) is denoted by C|[(y,u)] which consists of vectors (z,v) satisfying
the following conditions:

(1) (VJ(@, 1), (2,0)) = Jo(dylalz(z) + a(z)o(z))dz < 0;
(c2) Az+ fylz]z =vin Q and 2 =0 on I}
(e3) ¢'(y(x))z(x) + ev(x) < 0 whenever g(y(x)) + eu(x) = 0.
Each vector (z,v) € C[(y,u)] is called a critical direction. Note that (c3)
is equivalent to saying that
9 (y(x))2(x) + ev(z) € T((—00, 0], g(y(x)) + €t(z)).

By a simple calculation, we have T'((—00,0],§) = R if £ < 0 and
T((—00,0],€) = R_ if £ = 0.

The following proposition gives first- and second-order optimality con-
ditions for locally optimal solutions to (P).

Proposition 4.3.4. Suppose that (A1) — (A4) are satisfied and (y,u) is
a local minimizer of (P). Then there exist a unique function @ € Y and
a unique function € € U such that the following conditions are fulfilled:
() (the adjoint equation)

{A*go + £, 9)e = —¢,(,5) — ¢ (F)é inQ

(4.3.4)
o =20 on I';
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(i7) (the stationary condition in u)
i — @+ ee=0; (4.3.5)
(iii) (the complementarity condition) For a.e. x €  one has

() {> 0 if g(y(x)) + et(z)) = 0,
=0 if g(y(x)) + eu(z)) < 0;

(iv) (the non-negative second-order condition)
D*L(7, 1, 3,€)[(%,v), (2,v)]
= /Q[(cbyy[l’] + f[2]6(2) + é(2)g" (5(x)))2* () + v(@)*]dr > 0 (4.3.7)

(4.3.6)

for all (z,v) € C[(y,u)]. Moreover, §,p,e and @ are of class C" with
v=2—N/2, and i € H(Q).

Conversely, suppose that there exist p € Y and e € U such that
conditions (i) — (iii) are fulfilled and the strictly second-order condition

(SSC):
D*L(y,u, ¢, e)[(2,0), (z,0)] >0 ¥(z,0) € C[(g, )]\ {(0,0)}, (4.3.8)

then (y,u) satisfies the quadratic growth condition in the sense that there
exit a number oy > 0, a ball B(y,r) C HI(Q) N H*(Q) and a ball
B(u,r") C L*(Q) such that

J(y,u) > J(g,u) + aollu —all3 ¥(y,u) € (B(y,r) x B(a,r')) N Py.
(4.3.9)

In this case we say (y,u) is a locally strong solution to (P).

Proof. The optimality conditions follow from Theorem 2.1 and Theorem

3.1 in [130]. Let us show that 4,é € C*(Q) with v = 2 — £ Since

y,p € H?*(Q) and the embedding theorem, we have 7,5 € C%(Q).
From (4.3.5) and (4.3.6) we get
o(z) —u(x) € N((—00,0],9(g(x)) + eu(x)) a.e. x € Q.
It follows that
(ep(z)+9(y(2)))—(9(y(x))+eu(z)) € N((—o0,0], g(y(x))+eu(z)) ae. z € Q,

which is equivalent to
9(5(2)) + €ii(z) = P (e3(x) + g(i(z)) ae.z€Q  (4310)
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or

u(r) = %[P(OO,O](E@(I) +9(y(x) —g(y(x)] ae ze€Q,  (4311)

where Pg/(a) denotes the metric projection of a onto a closed convex set
K' in a finite-dimensional space. Here K’ = (—00,0] and P_g(a) =
min{0, a}. Since g is of class C' and locally Lipschitz continuous, and
y € H*Q), we have g(y) € H'(Q) (see Theorem 3.1 in [171] ). Also,
the metric projection is Lipschitz continuous (see Theorem 5.2 in [31]).
Hence we conclude that @ € H(2). We now choose M > 0 such that
[7llc@@) < M. By assumption (A4), there is a number kg > 0 such
that

19(F(1)) — 9(G(x2))| < kgar|G(w1) — G(a2)] for all ap, 25 € Q.

Using non-expansive property of the metric projection and the fact 0 =
P(_000)(0), we have from (4.3.11) that

ela(zr) — a(z2)] < lg(y(21)) — 9(H(x2))l

+ | Plosci(€p(21) + 9(5(21)) — Plosco1(€p(22) + 9(4(2))|
< 2[g(g(1)) — 9(G(22))| + €lp(21) — @(a2)]
< 2kgar(|5(21) — y(22)]) + €l @(w1) — P(2)]
This implies that @ € C*(Q). Since € = (¢ — @), we also have € €
Cov(Q). O

Next we will set up approximate optimal control problems to problem
(P) by using the finite element method for semilinear elliptic equation.
Let T}, = { K1, Ko, ..., K, } be a triangulation of €2, i.e.,

qdn

() = U Ki)
=1

where

K; N K; = (), one point, one common side or one common face Vi # j.

For each K € T}, we shall denote by p(K) the diameter of K and o(K) by
the diameter of the largest ball contained in K. Let h = maxger, p(K).
Throughout of this paper, we assume that there exist positive numbers
~v1 and 7y, such that

K h
PUE) <7, =<7 VKEeT,.

p(K)




Figure 4.1: Finite element triangulation

We define finite element spaces

Yy = {yn € C(Q) : yul|r is affine for all T € Ty, y, = 0 on '}, (4.3.12)
Uy, = {u, € C(Q) : up|r is affine for all T € T} }. (4.3.13)

Here we choose the type of piecewise linear control approximation be-
cause it is frequently used in numerical computations and its implemen-
tation is fairly easy. For the other control approximations, we refer the
readers to [46], [103] and [104].

Fix h > 0 and let T, = { K1, Ko, ..., K,;} be a triangulation of €. Let
N1, Noy ..oy Ny s Ny 15 -+, Ni, be nodes of Ty, where { Ny, Ny, ..., N;p,, } C
Q and {Np,+1, ..., Nk, } CT. Let ¢; € Y}, be functions which are defined
by

1 if i=y
©i(Nj) = 65 = {0 i (4.3.14)
where i,7 € {1,2,....,k,}. Then {1, ..., on,} forms a basis of Y}, and

{1, ooy Ompy P15 -, Py, } forms a basis of Uj. Under theses bases, each
yn € Yy, and vy, € U, can be represented by

yn(z) = a1 (z) + aspa(a) + -+ - + am, Pm, (T),
Uh(x) - Bl@pl(x) + 52902(1') + e+ Bmh@mh(x) +oet ﬁkhspk‘h(x)'

We can verify that oy = y,(N;) with ¢ = 1,2,...,m;, and 5; = up(N;)
with j = 1,2, ..., k;. Therefore, we can write y, = (v, g, ..., ayy, ) and

vn = (B1, B2, - Br)-
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Figure 4.2: The basis functions ¢,

We first consider the following discrete version (F},) of (P).

(

T (ynsun) = [o (6(, yn(2)) + %U%(x))dx — min,
s.t. (yn,un) € Yi x Uy,

y Jo (222:1 a;j(x)DiynDjzp + f(x,yn)zn(x))da
= [qun(z)zp(x)de Yz, € V),

g(yn(x)) + eup(x) <0 forall =€

\

Obviously, (P,) is a mathematical programming problem in finite di-
mensional space Y;, x Up. The following proposition showing that the
pointwise constraint of (P},) is actually equivalent to finitely many con-
straints.

Proposition 4.3.5. If g is convex, then the constraint

g(yn(z)) + eup(x) <0 for all x € (4.3.15)
18 equivalent to the constraints

glag) +€B; <0 for i=1,2, .. kp, (4.3.16)
where a; =0 fori=mp+ 1, ... k.

Proof. By taking z € {Ny, No, ..., Ni, }, we see that that (4.3.15) implies
(4.3.16). Conversely, for simplification, we consider the case Q C R
Then each triangle is a convex hull of its three vertices. Take any z €
). Then there exists T € T}, such that x € T. We can assume that
T = N1N1N3. Then x = )\1N1 + )\2N2 + )\3N3 with )\1 + )\2 + )\3 =1 and
A; > 0 with ¢ = 1,2,3. Since vy, and uy, are affine on 1" and g is convex,
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we have

g(yn(z)) + eun(z) = g(Ayn(N1) + Aoyn(No)+
+ Asyh(Ns)) + € (Mup(Ny) + AQUh(N2) + Asup(N3))

<Z>\ ) + eup(N, Z)\ () + €6; < 0.

The proposition is proved. ]

From the above result, we see that if g is convex, then (P,) is a re-
ally mathematical programming with finitely many constraints on finite
dimensional spaces Y3, x U,. However, when ¢ is not convex, the point-
wise constraint of (P,) may have infinitely many constraints. This cons
causes some difficulties in obtaining error estimates for solutions of (P)
and (P,). To overcome the difficulties, we need to transform (P) to
problem (P’) with pure control constraint and then discreterize it by
(P). In the sequel, instead of working directly with problems (P) and
(Pp), we shall concentrate on (P') and (P)) and give error estimate for
solutions of (P') and (F)).

Let us change the control variable by setting v = g(y) +eu. Then (P)
is transformed to the following problem.

[ Doy, v) = fo [z, y(@) + 5(E(v(x) — g(y(x))))*]dz — min,
(P') < s.t. 1 o
Ay+ f(z,y)+ c9(y) =vinQ, y=0 onT,

v(z) <0ae x €,

\

Let us define

L(z,y,v) = o(z,y) + %( (v—g(y))) (4.3.17)

and denote by ®’ the feasible set of (P’). Then we have
1

oA | =

Lla) = dylr] ~ (0~ glel)g'le), (4318)
Lult] = dyle) + 5 (oo + olelg’le] o)) (43.19)
Lula) = (0~ gla]), Lulr) = 5 (4.3.20)
Ly = Ly = —ég'm. (4.3.21)
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By the monotonicity of g and f(z,-), and Proposition 4.3.1, for each
v € L*(Q), the equation

Ay + f(z,y) + %g(y) = %v inQ, y=0 onT (4.3.22)
has a unique solution y = y(v) € H*(Q) N H}(Q) such that
902 < Cllw — Zg(0)] (4.3.23)
and
ly(v1) = y(v2)ll22 < Cllor — val (4.3.24)

for all vy,v9 € L*(). Let us define S(v) = y(v). Then we can show
that S(v) is of class C?. By Lemma 2.2 in [106] for each vg,v € L*(),
Zyw = S'(vp)v is a unique solution of the equation

1 1

Azyyw + (fy('ay(UO)) + Eg’(y(vo)))sz = Ev in Q, z,,=0 onl.
(4.3.25)
Moreover, for all vi,v2 € L*(Q), 2y, := S (v0)[v1,v2] is the unique

solution of the equation

szoyvl,vz + (fy(7 y(UO)) + %g,(y(vo)))zvmm,w + (fyy(a y(Uo))+
+29"(y(v0))) 2o 01 Zop0, = 0 1n 2
Zugyv, = 0 on T,
(4.3.26)
By using the mapping S(v), problem (P’) can be formulated in the
following simple form:

A

J(v) = Jo(y(v),v) = Jo L(z, y(v)(x), v(z))dz — min,
(P") st.veU,
v(z) <0 ae x el

We shall denote by ®” the feasible set of (P”), that is,
" ={ve L*(Qv(r) <0 ae.l}.

Proposition 4.3.6. If (y,u) € ®4 is a local minimizer to (P), then (g, v)
with v := g(y)+eu is a local minimizer to (P') and v is a local minimizer
to (P"). Conversely, if v is a local minimizer to (P"), then (y,v) with
y = S(v) is a local minimizer to (P') and (y,u) with @ := (v — g(y)) is
a local minimizer to (P).
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Proof. Assume that (g, @) is a local minimizer to (P). Then there exists
0 > 0 such that for all (y,u) € ®, satisfying ||(y,u) — (y,u)|| < 0 one
has J(y,u) > J(y,u). Putting v = ¢g(y) + €u, we see that (y,0) € ¢’
Let C be the constant so that ||y|le < C||y|l22 for all y € H*(Q). Put
M = C(||gll22 + 1). Then (A4) implies that there exists k, ps > 0 such
that

9(y(x)) — 9(9(2))] < kg nly(x) = G()| < kgarlly — o
for all y € H*(Q) satisfying ||y — ¢|la.2 < &' < 1. This is because
[Ylloe < Cllyllz2 < Clly = gllzz + 17ll22) < C" + [|7ll22) < M.

Let 0" < min(¢', 17—). Taking any (y,v) € ®' N Bz((3,0),6") and

putting u = (v — g(y)), we have (y,u) € &, and

Iy, w) = @ D = lly = Fll22 + llu—all

_ 1 _ _
= |ly — gll22 + EIIU —g(y) — v+ g9(®))l2

_ kg v _ 1 _
<y = ilz2 + 222y = g+ Lo — ol
kgt _ 1 ~
<+ M1y g+ Lo~ o),
e+ k ,M—I—l N N
< (— J(ly = gll22 + [lv — v]l2) < 4.

Hence Jy(y,v) = J(y,u) > J(y,u) = Jo(y,v). Hence (y,v) is a local
minimizer to (P’). Let us choose r < 14%07 where C' > 0 is a constant
which is given by (4.3.24). Then for all v € By(v,r) N ®”, we have
(y(v),v) € " and

I(y(v),v) = (y(@),0)] = lly(v) = y(©)ll22 + lv = Vll2 < (C + DJv — |2
< (C+1r<d"

Hence

A

J(v) = Jo(y(v),v) = Jo(5,v) = J (o)
and so v is a local minimizer to (P").

By the same argument, we can show that if v is a local minimizer to
(P"), then (y(v),v) € @ is a local minimizer to (P’) and then (g, u) with
i = 1(v— g(y)) is a local minimizer to (P). O

Corollary 4.3.7. Problems (P') and (P") have at least one minimizer.
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Let (g,v) € ®'. Then the critical cone to (P) at (y,v) is denoted by
C'[(y,v)] which consists of vectors (y,v) satisfying the following condi-
tions:

(1) (VJo(y,v) = Jo(Lylz]y(z) + Ly[z]v(z))dz < 0;
(ch) Ay + (fy[a:] + %g’[az])y =lvin Qandy=0onT;
(c4) v(z) < 0 whenever v(z) = 0.

Also, we denote by C;; the set of critical directions v € U satisfying the
following conditions:

(cf) J'(vo)v = JalLy(z, yo, v0)S"(vo)v + Lo(@, o, vo)v)dz < 0;
(h) v(x) <0 whenever vy(z) = 0. Here yo = S(vp).

It is easy to show that if v € CJ, then (y,v) € C'[(y,v)] with y =
S'(v)v and § = S(v), and (y,u) € C[(y, )] with u = L(v — ¢'[7]y) and
u=1(v—-9(y)) Let

Loly, v, w) = Jo(y. ) + (6, Ay + F0) + (gl) =)+ (w,)

be the Lagrange function corresponding to (P’), where ¢, w € L*(Q).
Along with Proposition 4.3.4, we have the following proposition on the

first- and second-order optimality conditions for locally optimal solutions
o (P").

Proposition 4.3.8. Suppose that (Al) — (A4) are satisfied and (g, v) is
a local minimizer of (P'). Then there exist a unique function ¥ € Y and
a unique function w € U such that the following conditions are fulfilled:
() (the adjoint equation)

{%+U%wﬂ%ﬂww—%HinQ -
=20 on I';
(i7) (the stationary condition in v)

1- 1 1-

0=+ 5(9(7) —0) = —¥ — L[]; (4.3.28)

(iii) (the complementarity condition) For a.e. x € Q one has

_ >0 ifo(zr) =

w(x) { 0 i) < (4.3.29)
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(iv) (the non-negative second-order condition)

D%y’U)EO(g7 @7 _7 w)[(ya U)? (y7 U)] -

| [Lalali @) + 2L laly@)o(e) + Lunfale?(@)) dos

+ [ Tfnl) + <o D @)]de = 0 V(g ) € C[(3.0)

Moreover, §,%,w and v belong to C*(Q) with v =2 — %
Conversely, suppose that there exists ¥ € Y and w € U such that
conditions (1) — (ii1) are fulfilled and the strictly second-order condition

(SSC):

D}, ) Lo(, 0,4, @) (y, v), (y,v)] > 0 Y(y,v) € C'[(7,9)] \ {(0,0)},
(4.3.30)

then (y,v) is a locally strong minimizer to (P'), that is, there exit a
number vy > 0, a ball B(y,r) C H}(Q) N H*(Q) and a ball B(v,r") C
L*(Q) such that

JO(?/) U/) Z JO(gJ 77) + fYOHUI _ TJH% V(yla ’U/) € (B(gv T) X B(l_), T,)) M (I)/'
(4.3.31)

Let vy € ®” and 3y = S(vg). Then there exists a unique 1y € H*(Q)N
H{ () which solves

Ao + (fy (s 90) + %9/(90))% = —Ly(-,y0,v0) in Q, ¢Yog=0 on TI.
(4.3.32)

By a simple calculation, we have
J'(vo)v = /Q(Ly(a:, Y0, 00)S" (vo)v(z) + Ly(x, yo, vo)v(x))dx
1
— /Q (Ly(, yo, vo) — ES’(UO)(—eLy(x,yO,vo)))v(x)dx

= /Q(Lu(l‘,yo,?}o) — %wo)v(x)dx, (4.3.33)

where 1) satisfies the adjoint equation (4.3.32). By Lemma 2.3 in [16],
we have

j//<U0)U2 - /Q(Lyy(xa Yo, UO)Z’[%O,’U + 2Lyv(x7 Yo, UO)ZUO,UU + va(x; Yo, UO)U2

o, 10, 00) + 29" ()23, () i, (4.3.34)
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where z,,, is a solution of (4.3.25) corresponding to v and yy = S(vp).
The following proposition gives optimality conditions for (P”).

Proposition 4.3.9. If vy € ®” is a local minimizer of (P"), then there
exists a function vy € H*(2) N HL(Q) such that the following conditions
hold:

(i) (The adjoint equation)
Ay + (fy(2,90) + +9' (@, 90) )10 = —Ly(x, y0,v0) in  Q,
Yo=0 on T, where yy=S(vp);
(¢7) (Variational inequality)

F(u0) (v — vy) = /Q (Lo, 40, 1) — %%)@(g;) —up(z))dz > 0 Vo€ O,

This 1s equivalent to saying that

1
~(Lu(@, y0(2), v0(2)) = —¥o(x)) € N((=00,0], vo(w)) a.e. z €
(4.3.35)
(ii1) J"(vo)d® > 0 for all d € Cl. Moreover, vy, € C"™ with v =
2 N/2.
Conversely, if (i), (it) and the strictly second-order sufficient condi-
tion
J"(v)d® >0 vd e\ {0} (4.3.36)
are fulfilled, then there exist numbers ro > 0 and o > 0 such that
J(v) > J(vo) + ol|v — w5 Vv € By(vg,ro) N,

Proof. The first part of the proposition follows from Theorem 5.1 in [44].
The second part of the proposition is proved by contradiction. It is
similar to the proof of Theorem 3.1 in [130]. ]

Remark 4.3.10. From the proof of Proposition 4.3.9, we have
C = T(®",v0) N (J'(w0))"
T(®" vy) = {w € L*(Q)|w(z) € T((—o0,0],v(x)) a.e. z € Q}

= {w € L*(Q)|w(xz) <0 whenever wy(x) = 0}.

Since N((—00,0],&) = 0 if & < 0 and N((—00,0],&) = [0, +00) if

& = 0, we have

=0 if wy(z) <0,
= 0.

<0 i o) (4.3.37)

Lol ), v0(2)) — <o(z) {
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The following result give a relation between strictly second-order suf-
ficient conditions.

Proposition 4.3.11. If the strictly second-order sufficient condition
(4.3.8) is valid at (y,w) with multiplier (¢, €), then (4.3.30) is fulfilled at
(g, v) with multiplier (@, €) and v = g(y) + eu; and (4.3.36) is satisfied
at v corresponding to the multiplier p.

Proof. Assume that (4.3.8) is valid at (g, @) with the corresponding mul-
tiplier (¢,€). Let ¥ = g(jj) + eu and (¢, w) be the Lagrange multipliers
corresponding to (g, v). Take any (y,v) € C'[(y,7)]\{(0,0)}. By putting
u = (v — g (y)y), we see that (y,u) € C[(y,u)] \ {(0,0)}. From (4.3.5),

€

we have € = %¢+€%(g(g) —7v). By the uniqueness of Lagrange multipliers,
we obtain ¢ = 1 and € = w. It follows that

D2, Lo, 5,9, 0)[(y, ), (y,0)]
— / [(¢yy[$] + %g [.%'] -+ U_J(a:)g”[x] + ﬁ(x)fyy[x])yQ(x)]daj—i—

= D2, L5, 4,9, ©)[(y. ), (y,u)] > 0.

Hence (4.3.30) is fulfilled at (y,v) with © = g(y) + eu. Finally, suppose
that there exists 1) such that

AV + (fla] +—dle)w=—Lfa] i 9 $=0 on T,
where § = S(v) and
J(0) (v — ) = /Q (L[] — %@b)(v(m) —(x))de >0 Vo e D
Define w = —(Lufe] — %). Then we have w € N(&”,7). Hence
w(z) € N((—o0,0],5(x)). This implies that w(z) > 0 when (z)) = 0

and w(z) = 0 whenever v(x)) < 0. By the uniqueness of Lagrange
multipliers, we have w = @ = & and ¢ = ¢ = ¢. Let v € C/. Then
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(y,v) € C'[(y,v)] with y = 25,. By (4.3.34), we have
j//(@)UQ =
/Q (Lyy ngv + 2Ly[2] 2500 + Ly [x]vz + P (fyylx] + %g”[x])zav(x))dx

- 1
— [ (Lalele? + 2Llalyo + Lulel* + 3 fls] + - la))do
= D{,.) £(5, 9,9, 0)[(y,v), (y,v)] > 0.
The proof of the proposition is complete. ]

In the sequel, we will discretize problem (P’) into a sequence of ap-
proximately optimization problems (P;). This can be done by the vari-
ational discretization method in [103] and [104], which discretizes the
state variable alone. Then the convergence and error estimates of ap-
proximate solutions to (P}) can be proved. However, the problem (FP])
which is obtained by the method in [103] and [104] is a mathematical
programming problem in the infinite dimensional space with respect to
control variable u € U,;. Here we want to discretize problem (P’) for
both state variable and control variable in order to obtain mathemati-
cal programming problems in the finite dimensional spaces. Namely, we
consider the following discrete version (P}) for (P'):

p

Jo(yn, vn) =
Jo (@@, yn(2)) + 229(un(2))? — Zon(@)g(yn(x)) + 520} (x))dr — min,
s.t. (yh,vh) eY), x Uy,
Jo (32 zg 1%( )DiynDi&n + (f (@, yn) + 2g(yn))én(x))dz =
fQ cop(2)&p(x)da V&, € Yy,
vp(x )SO forall x € (.

\

Obviously, (FP)) is a mathematical programming problem with finitely
many constraints in the finite dimensional space Y} x Up,. Let us denote
by @) the feasible sets of (P]). By techniques of fixed point theorem (see
Lemma 1.4 and the proof of Theorem 1.2 in [216]), we can show that for
each v € U, there exists a unique y;, = yn(v) € Y}, such that

X Zaw D Dyt (F o)+ o)) (w))d = [ Zo(a)éy(o)da

Q0

for all &, € V). Let us define the solution map S, by setting Sy(v) =
yn(v). Then S, is of class C' on U and &, 5, := S, (0)v is a solution of
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the equation

/ Z CM] zth En + (fy((L' yh) + 1g (y ( )))fh(gj))dx =

1,j=1
/Q-—v<x>5h<x>darvzﬁ £V
Then the mapping Jj(v = [o L(z, Sp(v),v)dz is of class C* on U. It is

easy to show that (gp, vh) € d)isa local minimizer to (P}) if and only
if vy, is a local minimizer of the following problem (FP}):

Jn(on) = [y Lz, Sp(vp)(z), vp(z))dx — min,
(P;/L/) s.t. vy € Uy, (4.3.38)
vp(z) <0 forall =z €.

We denote by @} the feasible set of (P}'), that is,
= {Uh € Uh\vh(:v) < O}.

Proposition 4.3.12. Suppose that (A1) — (A4) are valid. Then for each
h > 0, problem (P}) has at least one minimizer (gn,vp) € Y x Uy, and
so (P)) has a minimizer vy,.

Proof. By (A4), we see that (0, g(0)) € @} for all A > 0. Besides, by (A1),
we have Jo(yn, vn) > [, ((@)d. It follows that v, := inf(y, ,,)ear Jo(yn, vn)
is finite. Then there is a sequence {(y},v})};>1 C @), such that

Yh = lim JO(y;wU;L)
=00
Since (0, ¢(0)) € @}, we have
7(0.9(0)) = [ 6la,0)ds > im (s} v}

By setting u}, = 1(v}, — g(y},)) and using (A1), there exists Iy > 0 such
that for all [ > [, one has
V[ o 0o > [ (¢la) + Jul () do
Q Q
This implies that there is a number M > 0 such that [Jul|; < M for
all [ > 0. Tt holds that {y}} is also bounded in H{(Q2). In fact, since
(yh,vl) € @), we have

/ Z ai;j(x thD zn + f(x, yh)zh)dx = / u%zhdx Vz, € Y).
1,j=1 Q

(4.3.39)
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Taking 2, = vy} and using (A2), (A3), we get
lyhll ) < Cllug @) < CM (4.3.40)

for some constant C' > 0 which is independent of [. Let

Y = a1 + abpa + - Al o,

By Lemma 2.4.1 in [141], there exist constant ¢; > 0 such that
ar(lad| + lagl + -+ +lag, ) < gl < OM.

Hence {al} are bounded. Let

vk = Bipr + Bhos + -+ + Bh O

Since vl = g(y!)+eul and (A4), we can show that there exists a constant
M' > 0 such that
[vh]ls < M VI > 0.

Using Lemma 2.4.1 in [130] again, there exist constant ¢y > 0 such that

co(|BY] + 1B + -+ + |8t

Hence {83!} are bounded. By passing to subsequences, we may assume
that ol — o) and ﬁf — 8% as | — oo. Put v, = S B, and g, =
S V. Then o) — ), strongly in L*(Q) and y, — @, strongly in
H(Q). Since (y},v}) € ), we have

) < uplla < M.

/ Z CLZ] zth Zn + (f(:]?, yé) + %g(y%))zh)dx

i,j=1

1
= / —vhzhda: Vz, € Y),. (4.3.41)
)

€

By letting [ — oo in both sides of (4.3.41), we obtain

[ (3 as@ Dy + (1) + Lotam)a)de

1
= / —opzpdx Vz, €Y.
O €

Since vl (x) < 0 and v} (x) — vj,(z) uniformly when | — oo, we have

@h(x) <0, Vreq.
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Consequently, (yn, v5) € ®},. It is easy to show that

: 1 _ 1_
= Jim [ (6. gh(a)) + ub(o)do = [ [ola,ma(e)) + jun(@))da,
=00 Jq 2 9] 2
where @, := (7, — g(y)). Hence (5, 03) is an optimal solution of (Fy).
The proof of the proposition is complete.
O

To end this section, we present optimality conditions for discrete prob-
lems (P}) and (FP)). Their proofs are similar to the case of continuous
problems.

Proposition 4.3.13. Suppose that (Al)—(A4) are satisfied and (gp, Up) €
Q' is a local minimizer of (P)). Then there exist a unique function

Y € Yy and a unique function wy, € Uy, such that the following condi-
tions are fulfilled:

(i) (The adjoint equation)

N

/Q (> aij(@)DibnD;én + (fy (=, 4n) + %g'(ﬂh(ﬂﬁ)))%(@fh(w))dw =
ij=1
- /Q Ly, 5i(), T () )& () V&, € Vi (4.3.42)
(i7) (The stationary condition in vy,)
B = T Lo ) = n— 50— () (4349

(7i7) (The complementarity condition) For a.e. x € Q one has

B4(@) {> 0 if op(z)

—0,
| (4.3.44)
=0 if op(z) <O.

Proposition 4.3.14. Suppose that (Al) — (A4) are satisfied. If vy, € D}
is a local minimizer of (P}'), then there exist a unique function ¥y, €Y,
such that the following conditions are fulfilled:

(7) (The adjoint equation)

/Q (2_ ai(@)DinDin + (fy (. 5n) + %g’(%(w)))%(r)&(w))dw =

.

t~

y (2, Gn (), O (2))Ep () d (4.3.45)
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for all &, € Y}, where g, = yp(0n);

(17) (Variational inequality)

T =) = [ (L ua),50(0) = 200D ) — (o)) > O
(4.3.46)

for all vy, € Y.

4.3.3 Numerical analysis for state equations and adjoint equa-

tions

In this subsection, we shall need the following important lemma. It
is a particular case of Theorem 3.1.5 in [55] when s = 0.

Lemma 4.3.15. Letk > 0,m > 0, and p, q € [1,+0o0]. If the embeddings
WH(T) — C(T)
WHEHLP(TY s W™9(T)
hold, then there exists a constant C' > 0 independent of h such that
ly = Tyyllwmagry < CRNV VDT gy, (4.3.47)

where 11, : C(Q) — Uy, denotes the nodal interpolation operator, that is,
I,y (N;) = y(N;) for any node N; of a triangulation.

In the sequel we shall use the following inequality. Its proof can be
found in [11, Theorem 17.2].

1
[ynlwmao) < Cthax(O,l/p—l/q)hm—l lynllwir@)y  Yyn € Ya, I <m,

(4.3.48)

where C' > 0 being independent of A.
e Error estimates for solutions of state equations

Given v € L*(Q), we shall denote by y(v) and y(v) the solutions of

the state equations of (P') and (F;) corresponding to v, respectively.
Namely, y(v) = S(v) € Y, yn(v) = Sp(v) € Y}, such that

X S o) D)DsE + (o y(e) + Lolu)e)de = | toee

€ €
1,j=1

(4.3.49)
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for all ¢ € H}(2), and and

/ Z CLlj zyh D gh + (f(SU, yh(v)) + %g(yh(v)))fh)d:z: = /Qévfhdx

1,j=1
(4.3.50)

for all £, € Y),.

Proposition 4.3.16. (C.f. [5, Theorem 2|) Suppose assumptions (A2)
and (A3) are satisfied. Then for each v with ||v||s < M, there exist
Cy > 0 and hys > 0 which are depend on € such that

ly(v) = yn(v)[l12 < Curhlly(v)|l22, (4.3.51)
ly(v) — yn(v)[|l2 < Crrh?|ly(v) |22, (4.3.52)
ly(v) = 1 (0)[loe < Carh® 2 [ly(v)]22 (4.3.53)

for 0 < h < hyy.
Below, we shall assume that 0 < h < hjy.

Proposition 4.3.17. Suppose that ||vp||2 + ||[v|l2 < M, y(v) and yu(vs)
are solutions of (4.3.49) and (4.3.50) corresponding to v and vy,. Then
there exists a constant C' = C(M, N,€2, €) such that the following esti-
mations are valid.

lyn(vn) = y(W)ll12 < C(Rlly(on)ll22 + llvn — vll2), (4.3.54)
lyn(vn) = y()ll2 < C(h*|ly(va) n—0ll2), (4.3.55)
lyn(on) = y(®)lloe < C*[ly(vn) 22 + lon — v]l2)- (4.3.56)

Proof. By (4.3.3) and Proposition 4.3.16, we have

lyn(vn) — y(0)[l1.2 < llyn(vn) — y(on)
< C(hlly(vn)

12+ lly(vn) — y(v) |12

2).

We obtain inequality (4.3.54). The other estimates are proved similarly.
O

e Error estimates for solutions of adjoint equations

Given v € U and vy, € Uy, we consider the following adjoint equations
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for (P') and (P)):

a(,€) + Uy 9(0) + —g ()i, €) =

(=600 5(0)) — 50((0))g (4(0)) + 0 (y(0))o, €), V€ € HY(9),

(4.3.57)

aln, ) + (U on(en) + = on(en)) e, €)=

(=y (-, yn(vn)) — é(g(yh(vh))g'(yh(vh)) + g (yn(vn))vn), €n), Vén € Ya,

(4.3.58)

where
0= [(3 (o) Dyp(a) D)
1,j=1
y(v) is the solution to (4.3.49) corresponding to v and y,(vy) is the

solution to (4.3.50) corresponding to v,. For convenience, we shall put

1) = 6 9) + 59l () (13.59)

By (A2), a has symmetric property, that is, a(y,£) = a(&, y) for all y, £ €
H}(2). In this subsection, we shall give error estimates of |1y (vs) —
¥(v)]|. Since

[on(vn) = )| < lon(vn) = P on)ll + [l (vn) = (@),
we need to estimate the terms |1, (vy) — ¥ (vp)|| and || (vy) — Y (v)]|-

Proposition 4.3.18. Suppose that there exists M > 0 such that ||v||2 +
|lvnlle < M, then there exists a constant Cyy = Chy(€) > 0 such that

[bn(vn) — (on)ll12 < Curh, (4.3.60)
[4n(vn) — ¢ (vn)ll2 < Carh?, (4.3.61)
ln(vn) — ¥ (vn) [l < Carh®2. (4.3.62)

Proof. (i). Since ||v]|2 + ||vn||e < M and Proposition 4.3.16, there exists
M, > 0 such that

1y(0)lloo + llyn(vn)lloe < M.

Hence

[ (un)llee < Clltb(un)llae < Cll = C(y(vn)) + ég’(y(vh))vh\lz < M,
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for constant My which is independent of A. Inserting v = v, and £ = &,
into (4.3.57), and subtracting from (4.3.58), we obtain

a(w - ¢h,€h) + <fy(x, y(vh))w _ fy(x, yh(vh))¢h+
%(9'@(%))@& — o (yn(vn))) 0, )

= (v(yn(on)) = 7y (on)) + 5 (9 (u(on)) = (s (0))), &) V& € Vi
(4.3.63)

From this, (A2) and the fact

(ol () + <o ) = 1), 0 = on) 20,
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we have

ally —nllis < a(y — n, ¥ — bn)
= a( —Yn, ¥ = &) +alY —n, &, —vn) =
= a(Y — Y, ¥ — &) + (y(yn(vn)) — v(y(vn))+

+ S0/ (o) = o (n(0n))): € — )

— ((fylz, y(on)¥ — fy(@, yn(vn))bn + %(9’(y(vh))¢ = ¢ (yn(vn))¥n), & — n)
= a(t) — dn, = &) + ((yn(vn)) = y(y(on))+
+ =59 (y(on)) = g (g (01)). € — vn)

(ol o) = fyesyn (o) + (5 (o) = (o (on)) i, € — )

—((fy(x, y(on)) — fy(@, yn(vn))n + %(gl(y(vh))w — 9" (yn(vn))n, b — Un)
<Y = dnlliall = Eullie + Loan ke y(vn) — yn(vi)llsollE), — ¥nllat

k() — unon) s — vl
(e won) — fyl (o) (6 ) — o Conon) o, € — )
— (e (o)) = Fylasun (o)) + = g () = o)), & = )

< (W — 2l — &ullve + Lgan ko an [[y(vn) — yn(vn) 2116, — nllo+
M
+ g’fg,MlHy(Uh) — yn(vn) ||l — %/Jh||2>

+ (kf,Mlly(vh) = Yn(vn)llool[¥ll2 + Lpan, 19 = nll2+

k L
+ =y (on) = n(on) ol llz + =20 = dnll2) 1€ — ¢2)

+ ((kf,Ml + @)Hy(%) — yn(vn)[l2]| V][It — ¢h|2>

=T+ 15+ T3, (4364)
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where & = II,7. Using Lemma 4.3.15 and Proposition 4.3.16, we have

T = <||@/; — &2l — nllie + Loankoan [ly(vn) — yn(vn) 211§, — nllo+

M !/
+ gkg,MlHy(uh) — yn(un) oo | — ¢h|2>

< Chllv(un)llz2ll = ¥nll 2 + Lgan ko ar, CR2[|y(vn) 12207 [ (vn) |22+

+ 2y 2O a2t ) e

< Cy(hlY = Pnlle + 7). (4.3.65)
Here we used the fact that ||y(vy)

92 and |[t)(vp)]|2.2 are bounded and

165 — Unlla < 1€, — (on)ll2 + v (vn) — Pn(vn) |2
< CR?|[Y(vn)ll22 + [0 — Wnlle < CR* || (vn) |22 + 1|00 — tnll2).

Similarly, we have

T = (kf,Mlly(vh) = Yn(Un)llcollWll2 + Lyan |9 — ¥l

kg.n
i g’eM ly(vn) — yn(vn) sl ]2

12+ 1A% (4.3.66)

+ %\w — ull2) 1 — wz) < Co([lv =

and

kgle

T3 = (kg + -

My (wr) = yn(vn) ll2l|®]loc | — Ynlle < Cshllth — ¥u||12.
(4.3.67)

Plugging estimates of T, Ty and T5 into (4.3.64), we get

ally — @DhHiz < Ci1(h[Y — Yullie + B2) + Cal||t) — tnll12 + 1)R?
+ C3hllY — ¥ull2 < Cu(llr — ¥nlli2h + 1)
Hence [[¢) — ¢n]|1.2 < Carh for constant Cpy > 0 which is independent of

h. We obtain estimate (4.3.60).
(7). To prove (4.3.61), we put

o(x) = £y, y(o) (@) + 29 (y(w) (1)

8a) = e, () (@) + /(o (o) ().
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Then a(x) > 0 and S(z) > 0 and so for each v € L*(Q), there exists
w € H*(Q) N H} () such that

a(w, &) + (Bw,§) = (v,§) V€ € Hy(Q)
and ||w||22 < C||v]2. Also, there exists wy, € Y}, such that
a(wn, &) + (Bwn, &) = (v, &) YV € V),

and ||wp|l12 < C||v||2. Let us claim that

lw = wpll12 < Chljwlla2 < Chjo]2 (4.3.68)
lw — wylls < Ch?|[wllas < Ch?|v])s. (4.3.69)

In fact, (4.3.68) follows from Cea’s lemma in [55] and (4.3.69) follows
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from Theorem 3.2.5 in [55]. Using (4.3.63), we have

(v, = hp) = a(w, ¥ — ¥p) + (Bw, ¢ — Uy)

= a(w — wp, ¥ — ¥y) + alwp, ¥ — ¥p) + (Bw, ¢ — Y)

= a(w — wp, Y — n) — (b — Bbn, wp) + {¥(yn(vn)) — v(y(on))+

+ %(9’(3;(%)) = g'(yn(on)), wn) + (B¢ — n), w)
= a(w — wp, Y — Yp) + (B — @), wn) — (Bn, w — wp) — (BY, wy, — w)
F (run(en)) — 1w (0)) + 5 (w(en) — o (o)) on, i)

kgaMl
€

Mnllzllw — wpll2 4+ (Lgar +

kg7M1
62

+ 5o (yon)) — o (om0 )

< ||lw —wp|l12]1¥ = ¥nll12 + (Efarn +

)b (un) lloolly(vn) = yn(vn)ll2llwall2

L M L M
o ) 1 l|2llw — wall2

€

+ (Lf,M1 +

+ M (Lg ko, +

My (wn) = yn(on)ll2llwll2+

k
< Chllwlagh + (kg + 22 |ib(0n) | CR2 ||y (vn)

€

2.2||v]l2
LgaMl

€

L
+ (Lyag, + —220

)OR? w22 + (Lyar, +

JOR?||w||2

kg nr kg nr
+ M (Lg ar ko ar, + iQ1)Ch2|\y(vh)\|2,2\|v\\2+ g’e ~[Jwlloo |y (un) — ynll2llvall2

k L
< OB ollz + (kpar, + =) OB ollz + (Lya, + =25 O o]+

L
+ (L, + =25 C2 o],

By, by
+ M (Ko, + =25 )CR y (on) 22 loll2=25 C2 [y (un) 122 o112

< C”h2HUH2.
Here C” > 0 is independent of h and v. This implies that [[{) — i]l2 <

C"h%. Hence (4.3.61) is established.

(7i1) To prove (4.3.62) we mimic the proof of Theorem 1 in [4] as follows.
We first have that

[ (o) = Un(on)lloe < 190 (0n) = ptb(vn) oo + 1Tt (vr) — ¥n(vn)]oc-
(4.3.70)

Due to Lemma 4.3.15, taking £ = 1,m = 0,q = 1 and p = 2, we have
that

1 (on) = b (vn) [l < CR* 2o (wn) |2, (4.3.71)
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Using (4.3.48), we have
T (0n) = n(on)lloe < CRN2Mgp(vn) = dn(on)ll2. (4.3.72)
Applying Lemma 4.3.15 for k=1,m =0,q = 2,p = 2, we get
T30 (vn) — (o) [l2 < CR2 || (wn) [12,2-
It follows that
Tt (vn) = n(vn) o < CRN2([ Tt (on) — o (on) || + [[¢(on) — nlon) )
< Ch*N2(CR* |9 (vp) |22 + Ch?) < C"R2N/2,
Combining this with (4.3.70) and (4.3.71), we get

19 (vn) = n(vn)lloe < CR*N2|[(0p) |20 + C"R*NZ < Cpgh* N2,
(4.3.73)
The proof is complete. -

Proposition 4.3.19. Suppose that there exists M > 0 such that ||v||2 +
|lvnlla < M, then there exists constant Cy, = C'y;(€) > 0 such that

1o (vn) = ¥ (V)[l2 < Cor(h A+ [lon = vll2), (4.3.74)
Ion(vn) — (V)2 < Cly(h* + [lon — v]l2), (4.3.75)
[n(on) = $(@)]loe < Chr(B*~% + [[on = v]l2). (4.3.76)

Proof. We first estimate [[1)(vs) — 9 (v)||22. Note that ¢ (v,) and ¢ (v)
are solutions of

A9(m) + (o uon)) + < (ylon))Dplun) = (o) + 50 en)en

(4.3.77)
and
A9(0) + (- y(0) + g (0)(e) = —1(y(0) + 59 (o),
(4.3.78)

respectively, where v is defined by (4.3.59). Recall that y(uy) and y =
y(u) are unique solutions of equation (4.3.49) corresponding to v, and
v, respectively. By subtracting both sides of the equations, we have

1

A*(W(0n) = 9(0) + (o) + o) () — 9(0)) =
(£ w0) = o uen) + 6 () — —g' () () + 1)) 2w+
+ (o e — o yw))
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Since ||v||2 + ||vn|l2 < M, Propositions 4.3.1 implies that

ly(wn)lloo + Iy (V)22 < My

for some constant M; > 0 independent of h. By (A3) and (A44), we
see that f,(-,y(vn)) + £¢'(y(vp)) is non-negative and belongs to L> ().
Hence, there exists a constant C' > 0 such that

o (en) — () <
Iy~ fyle (o)) + -6/ 6(0) ~ g (o)D)l
1 5(0)) — ) s+ g ey — g @)l (4379

By (A3) and (A4), we have

1(Fou0)) — Fye (o)) + 0 6(0) — 4 ) w(0)l

<N w0) = o u) + g W) — =0 W) D)
< (hpan, + )l (v) — y(un) o]

< OM (kg + ko0 (o) = y(un)lz

< My(hgan, +chgan) o = vl

By (A1) and (A4), we have

() = @) < Lo + 25 ly(w) - y(on)

kg ar
< C(Lyar koar, + ‘1’2 D)o — vplf2.

Also, we get

ElgHg’(y(vh)vh — g (y())vllz = E—lgl\(g’(y(vh)) — ' (y(v))vr + ¢ (y(v)) (vn — v)|l2
< é(kg,MHy(vh) — y()llcollvnlla + Lgarllv — vall2) < Cllv —valf2.

Combining these with (4.3.79), yields

1
[ (vn) — P (v)]l22 < C(Ma(kyar, + gkg,Ml)HU — nlle + C(Lgar kg ar+

kg7M1

5o = wnllz + Cllo = will2 < o — will2

+
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for some constant C’ > 0 independent of hA. From this and Proposition
4.3.18, we have

[on(vn) — ()ll12 < |[¥n(vn) — P(vr)ll12 + ¢ (vr) — ¥ (v)
< Cy(h+||Jv = vrll2),
[on(vn) = Y(V)ll2 < [¥n(vn) — Y(on)ll2 + [P (vn) — P (v)|l2

(
(
(
< Cy(h? + [[o = wall2),
(
Cn(

1on(vn) — (v )Hoo < H% vn) = Y (0n)[loo + [[(vn) = ¥ (v) |22
W2 o — wgl2),

which are estimations (4.3.74), (4.3.75) and (4.3.76). The proof of the
proposition is completed. H

4.3.4 Convergence and error estimates

The following theorem shows that the solutions of (P}) converge to a
solution of (P’) and (P).
Theorem 4.3.20. Suppose (Al) — (A4) are satisfied, {(yn,vn)} is a se-
quence of optimal solutions to (P)). Then there exists a subsequence
(yp,,v1,) of {(Yn, Un)} converging strongly to an optimal solution (g,v) of
(P') in (Hg(2) N L>®(Q)) x L>(2). Consequently, (y,+(v — g(y)) is an

optimal solution to (P) and the sequence (y, (v}, — g(y},))) converges

strongly to (5,10 — g(5)) in (H3(Q) 0 L¥(2)) X L*(Q).

In addition, if (P) has a unique optimal solution (y,u), then the to-
tal sequence (Gn, 2(0, — g(yn)) converges strongly to (y,w) in (H(Q2) N
L>(02)) x L>(9).

Proof. Since (yn, U) is an optimal solution to (P;) and (0, g(0)) € @) for
all h, we have

%umm:/@mmmz%mwwzﬁwmmﬂggwwwm%m
By putting @, = (0, — 9(¥)) and using (AL), we get

/ o(, 0)dz > / (Cla) + unle))ir

This implies that ||@y||2 is bounded. Since (gp, vy) € ), we have

/ Z aij(r) DiygnDi&n + (f (2, 9n) + %g(gh))éh(a:))da:

Z/lvh( Ven(x)dx V&, € Y,
Q€
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This is equivalent to

/Q (> aij(@)Digh Di&n + f (2, gn)én(x)) da = /Qah(:c)fh(as)dx Ve, € Y.

ij=1

It follows that
|Fnll12 < Cllanlls Yh >0,
where C' > 0 is independent of h. Hence {7} is bounded in H}(f).
Therefore, there exists a subsequence {(y;,u})} of {(yn,ur)} such that
Y, — ¢ in H}(Q) and u) — @ in L*(Q). Let y = y(u) be a solution of
the equation
Ay + f(z,y) =1

and y;, (uj,) be a solution of the equation

<Ay;z + f(7y;z)7€h> - <u;w£h> vgh €Y.

By Proposition 4.3.17, we have

Iy (@) = g ()l oo
< O M2 ly(up)llzz + 1@ — ujllz) < CORZ Y2l + (| — ujl2).

This implies that {y;} is bounded in L>(Q2). Thus, there exists M > 0
such that ||y} |l + [|up]l2 < M. By (A3), one has

o (@)] = l9(y (@) + eup,(x)] < Mg ar +[9(0)] + elup(z)] ae. x €.

Hence ||v}||2 < M; for all A > 0. Consequently, {(y,v;)} is bounded in
(H3 () N L>®(Q2)) x L*(Q). Without loss of generality, we may assume
that yj converges weakly to a function § € H}(2) N L>*(Q) and v},
converges weakly to v € L*(Q).

By the compact embedding H'(2) < L*(Q), we have y, — ¥ in
L*(2). By (A3) and (A4), we can show that f(-,y;) + £g(y}) converges
strongly to f(-,7) + +g(y) in L*().

We now take any z € C§°(2). By Lemma 4.3.15 (see also [164,
Theorem 9.10]), there exists 2, € Y, such that z;, — 2z in Hj(Q). Tt
follows that

L@ bt + Coth@a@ds [ (5 + col@@))s(a)da

when i — 0. Since (y;,,v;,) € ®j, we have

1 1
a(yy, zn) + (f(@, yp,) + Eg(yé)a zp) = (z% zn) Vo €Y
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and
vy (z) < 0ae. z €.

Note that Vy, — Vg in L*(Q2), Vz, — Vz in L*(Q) and the set {v €
L*(Q) : v(x) < 0} is weakly closed. Passing to the limit the above when
h — 0, we obtain

o7 2) + (2,9 + <o@)e = (20,2) V2 € CF(@), (43:50)
a(y,z) + f(z,9)z = (u,2) Vz € C(Q), (4.3.81)

and
(x) <0 ae. x el

Since C5°(R2) is dense in H}(Q2), we see that (4.3.81) is valid for all
z € H}(Q2). Hence we have (7,0) € ®. The remain of the proof is
divided into some steps.

Step 1. Showing that (7,?) is a minimizer of (FP’).

By Proposition 4.3.3, (P) has an optimal solution (¥, ug). By Propo-
sition 4.3.4, we have ug € H*(Q) N C(Q) and yo € H*(Q) N HY(Q). Let
vo = g(yo) + eug. Then vy € H(Q) because g is of class C! and locally
Lipschitz continuous (see Theorem 3.1 in [171]). By Proposition 4.3.6,
(Yo, v0) is a minimizer to (P'). Let vy, = vy and y, = yp(v) = Si(vp).
Then vy(z) = S v(Ny)G(z) < 0 and so (yu,vn) € ®,. Applying
Lemma 4.3.15 for k =0,m = 0,p = ¢ = 2, we have

[on = voll2 < Chlvollr.z-
By Proposition 4.3.17, we have

lyn(vn) = Yo(vo)|lee < C(R* N2 ||y(vp) |22 + |lvn — volfo-

Hence (y,,v5) converges strongly to (yo, vo) in L®(2) x L*(Q).

Using (A1), y), — §, v, — v in L*(2), the weakly lower continuity of
the mapping v — [ %UQ(x)dx and g(y},) — g(y) strongly in L*(Q), we
can show that

Jo(y,0) < liminf Jo(yy,, v;,) < lim Jo(yn, vn) = Jo(yo, vo)-
h—0 h—0

Hence (y,v) is a minimizer of (P’).
Step 2. Showing that limy_,o ||v;, — ?|]2 = 0.
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By the same argument as Step 1, we can show that there exists a
sequence {(yn, o)} C P}, such that (g, 0n) — (¢,0) strongly in L>(€2) x
L*(Q). Tt follows that
Jo(g,7) < lim mf Jo(yh, vy,) < limsup J(yy,, v;,) < limsup Jo(9n, 0n) = Jo(

h— h—0 h—0
Hence
Jo(y,0) = lim Jo(yy,, vy,).-
h—0
This implies that |[v}]|3 — |73 Combining this with the fact that
vj, — v, we conclude that ||v, — v||3 — 0 as h — 0T.
Step 3. Showing that ||v), — 9]l — 0 and ||y}, — §|/cc — 0.

Let (¢5,, ;) be the Lagrange multiplier corresponding to (y}, v},) and
(¢, w) be the Lagrange multiplier corresponding to (i,7). By Propo-
sition 4.3.17, we see that y;(v;) converges strongly to § = y(?) in
HE(Q) N L>(Q). Since y, is bounded in C(Q) and v} is bounded in
L*(92), there exists a constant M; > 0 such that ||v}]|s + [|9]]2 < M for
all h > 0. Combining this with Propositions 4.3.1, 4.3.18 and 4.3.19, we
find out a positive constant M, and hj such that

1Yhlloos 1 lloos [¥nllocs ¥ lloe < Mo
for all h < hy. This implies that

lev + 9@ llsc, lletn + g(yh)lloo < Mz Vh < h, (4.3.82)
where Ms := eMs + kg ar, M + ||g(0)||oc. By (4.3.44), we have
2wy, (x) € N((—o0,0], v}, (z)).
From this and (4.3.43) and we get
evn(@) + g(yi(2)) — vh(x) € N((—00,0], v (7)) ae. z€Q.

Hence

vy (@) = P (€n(z) + g(yn(z)) ae. z € Q. (4.3.83)
Similarly, from (4.3.28) and (4.3.29), we have
U(z) = P_sog(et(z) + 9(y(z)) ae. ze€ (4.3.84)

Since the metric projections are non-expansive, we have from (4.3.83)
and (4.3.84) that

[vh (%) = 0(2)] = [ Pl-ca)(€tn(®) + 9(yn(x)) = Ploco (et (z) + g(5(x))]
< eln(@) — ()] + lg(ys () - (y(ﬂi))l
< etn(x) — V(@)| + kganlyn(x) — ()]
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for a.e. x € ) and for all h < hy. Hence
[0}, = 0| oo < EH@Zh - @ZHOO + kg7M2Hy;L — Ylloos
for all h < hy. From this, Propositions 4.3.17 and 4.3.19, we get

[}, = 0llae < Ce(R*% + [0}, — 0l|2) + kg, C (B2 2|y (v})

2.2 + [lvy, — 0l2).
(4.3.85)

Since limy,_,¢ [|v}, — 0]|2 = 0, we obtain

lim [0}, — 0|0 = 0.
limn [0}, —

It is clear that (v, — g(y},)) — (0 — g(y) strongly in L>(Q). By
Proposition 4.3.6, (3, 2(v — ¢g(y)) is a minimizer of (P).

Finally, if (g, ) is a unique solution of (P) then Proposition 4.3.6 im-
plies that (7, g(¢)+e€u) is a unique solution to (P’) and v = g(y)+eu. By a
contradiction argument, we can show that the total sequence (¥, U),) con-
verges strongly to (7, ) in (Hj(Q)NL>*(Q)) x L>®(2). Consequently, the
total sequence (gn, 2(0r, — g(gn)) — (7, ) in (HF(Q) N L>(Q)) x L>=(9Q).
The theorem is proved. [

To obtain error estimates, we need the following lemma which is a
version of Theorem 2.14 in [46] for problems (P") and (P]). Note that
Theorem 2.14 in [46] was established under assumptions (A2), (A3) (A7)
and the constraint set is bounded. However, problems (P") and (P}) do
not satisfy assumptions (A2) and (A7) in [46] because the constraint set
®” is unbounded.

Lemma 4.3.21. Suppose that (Al) — (A4) are satisfied, {vp} is a se-
quence of local minimizers of (P}'), which converges strongly in L*(Q) to
a local minimizer v of (P") under which the strictly second-order con-
dition (4.3.36) is wvalid. Then there exists constants M > 0, Cy =
Cru(e) >0, C >0 and hg > 0 such that

en = sup | Ji(v)—=J )| < Cuh® (4.3.86)
’UGBU(O,M)

and

lon = 0ll2 < Clej, + o = wnll3 + J' (@) (on — 0)]V* Vo, € &, h < hy.
(4.3.87)
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Proof. We mimic the proof of Theorem 2.14 in [46]. Since 7, — ©
strongly, there exists M > 0 and hg such that ||o]|s < M for all h < hy.
Let €n := sup,ep,(o,m) I (v) — J'(v)||. Fix any v € By(0,M). Let
yn(v) and y(v) are solutions of (4.3.49) and (4.3.50) corresponding to
v, respectively; ¢(v) and i, (v) are solutions of (4.3.57) and (4.3.58)
corresponding to v, respectively. By Proposition 4.3.16, we have

lyn(v) = y()lloe < Carh® 721y (v)

Hence y(v) and yp,(v) are bounded in L>°(£2). This implies that there is
a number M, > 0 such that ||y(v)|~ + |yn(v)|le < My. By (A3), we
have

22 < Ok 20|,

9(y(v) (@) = g(yn(v)(@)] < kgan|y(W) (@) = ya(v)(2)].

Hence

lg(y(v) = g(yn()ll2 < Kgprlly () = yn(v)ll2 < Ckga, [y (v)

(4.3.88)

By Proposition 4.3.18, we have

[4(v) = n(v) |l < Cy . (4.3.89)

Besides, for any w € L?(2), we have

(40) = J'(0))u

—w/ o un(0),0) = T 0) — Lo, y(0). v) + (o))
glgggyhv—gwuw»+§wmo—wmmﬂmwa

< (llgtn (o) = gl + 16) — )l

Combining this with (4.3.88) and (4.3.89) yields

e < glloln(v) — gl + () — ()]l < Carh®  (43.90)

for some constant Cy; = Cys(€) > 0 which is independent of h. We
obtain (4.3.86).

From (4.3.24) and (4.3.57), we can show that, the map v — ¥ (v) is
Lipschitz continuous. Hence there exists a constant C' > 0 such that

' (@n) = J'(@)])(on = 0)| < Cllon — llzf|on — ll2.
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Let 1 and 1, be Lagrange multipliers corresponding to © and @j. Since
vy, is a local minimizer, we have

Jr(0p) (v — 0p) =0 Vo, € D (4.3.91)

This implies that

/\

J(00)(0 = B) + [T (@n) = J'(0n))(0 = 0a)+
+ [Jp(@n) = J'(0)](vn — B) + J'(0) (04 — 0) > (4.3.92)
Since v is a local minimizer of (P"), we have
J'(0) (v, — ©) > 0. (4.3.93)

Adding (4.3.92) and (4.3.93) yields

This implies that
[J' (@) = J'(0)) (1 — 0)
< ello — Tullz + enllon — Bll2 + Cllon — Bllaflon — 0]l + J'(2) (v, — 0)
Since J is of class C?, there exists 0), € [0p, 7] such that
[J' (@) = J'(@)] (00 — 0) = J"(84) (0 — 0)*.

Since ||v, — vl|s — 0, we have |05, — v]|]s — 0 and so ||0,]ls < M for all
h < hgy. Consequently,

J" (0n) (o, — )’
< enl|o = Bnlla + enllon — Bll2 + Cllon — 0llallon = lla + J'(8) (v, — D).
(4.3.94)

Let us claim that, there exists C' > 0 such that (4.3.87) is fulfilled.
By contradiction, there exists a subsequence {h;} converging to 0 and
vy, € @) such that

19, — vllz > Klen, + 10— vn 3 + J'(2) (v, — 0]
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or equivalently,

2 _ . _
l > Ehk Hv — /Uth% J/(U)(Uhk _ U) (4 3 95)
B lon = ol llon, =013 o —wnll3 -
U, V1|2 Uh, Vl|3 v Uh 112
Put wy, = ”;}:ﬂ—_v_ﬁb Then ||wy, |l = 1. We may assume that wy, con-

verges weakly to w. We want to show that w € C. Since
wp, € cone(d” — v),

we have w € T(®", 7). It remain to show that J'(7)w = 0. Since 7 is a
local minimizer, we have J'(v)w > 0. On the other hand,

j/(l_))w = lim j/(@)whk =
k—o00

lim J; (on)wp, + lim [ (0p,) — T}, (0n,)]wn, + lim [J'(0) — J' (0, ], -
k—00 k—00 k—00

The first limits exists because wp, — w. The second limit and the third
limit equal to zero as follows.

lim ‘[j/(z_)hk> - jf/Lk(z_)hk)]whkl < lim EthwthQ =0
k—o0 k—oo

and

lim |[J'(2) = J'(0,)Jwn,| < lim M ||[0 — 0y, [|2]|wh,[l2 = 0.
k—o00 k—o00

Thus we have shown that j’(t‘))w < limi_yo0 j,gk(ﬂhk)whk. Using

T Up, — U
vl = ol
(4.3.91) and (4.3.95), we have
J(0)w < lim Jj, (05, )wn,
k—o0
: 1 . -
= lim H@}Lk—_q_jﬂz[%k(vhk)(“hk —0) + Jp, (On) (O, — vi,)]
: 1 S5 _
< lim \————[Jj, (0n,) (0n, — )

k—00 H@hk — Z_JHQ
)thk - EHQ 0.

< lim (Ms + €5, — — =
R ) T B

Here we used the fact that

14, @Il < 15, (Tn) = ' @)l + 1 @) < en, + M.
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In a summary, we have shown that w € C. We now have

lim inf J” (5, )w;, —lllggglf[J/'( oywi + (J"(on,) — J"(0))wi |

k—o00

> liminf J”(0)wi, > J"(0)w?

k—00

Combining this with (4.3.94) and (4.3.95), we obtain

J"(0)w? <l1]£n1an"(vhk)w,% < limsup J" (O, )wy, <
k—o0
— % J(v %
lim {—" (14 lome = Ollay o ollom = Olla | T () (on, - 2@)} _o
koo~ [on, =2l o, — 02 [on, = 0lla— [one — 2l
(4.3.96)

Here we used the fact that the map v — J”(v) is continuous and the
map w — J”(0)w? is weakly lower semicontinuous.

By the strictly second-order condition (4.3.36), we must have w = 0.
By (4.3.34), we get

3@y, = [ (LwleleE, + 2Lyl 0 + Lo, + dolffel+
b 2g[a])22, (@) ) dr
— [ (@) + (P + glalg ), — 9ol wn+

1 1
+ 5w, + ol fla] + =g'[e])22,, (@) )de,
where Z5,0n, is a solution of the equation:

1 1
Aza’whk + [fy[l'] + Eg/[x]]zz’),whk - Ewhk'

Since ||z, l22 < Cllwp,ll2, we may assume that 2., — zin H*(Q).

It is easy to see that z = z;,,. Since w = 0, z = 0. By the compact
embedding H*(Q) — C(Q), zpu,, — 0 strongly in C(Q). Thus we have

- 1
1- I~ 2 -
Jim J" (0)wy, =

However, by using the fact ||05, — 0|2 — 0 and (4.3.96), we get
1 A A .
— = lim J"(0)w;, = lim J"(,)w;, + lim [J"(7) — J" (0, ]wi,

62 k—o0 k—o00 k—o0

= lim j"(@hk,)whk =0

k—o00

which is impossible. The lemma is proved. [
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Theorem 4.3.22. Suppose that {(yn,vn)} is a sequence of local mini-
mizers to (P}) and @, := (v, — g(yn)) such that (§n, W) converges to a
local minimizer (g,u) to (P) in (H}(Q) N L¥()) x L>(Q) under which
the strictly second-order condition (4.3.8) is satisfied. Then there exist
positive constants CL and Cf and h* which are independent of h such
that

iy, — | < CLR*7F, (4.3.97)
15 — Glloo < Ch* = (4.3.98)

for all0 < h < h*.

Proof. Put v = ¢(y) + eu. Then v, = g(yn) + eup, — v in L*(§2). By
Proposition 4.3.6, (y,7) is a minimizer to (P') and v is a minimizer
of (P"). Besides, {v,} are minimizers to (P]). Let (¢,€) be the La-
grange multipliesr corresponding to (y, ) under which (4.3.8) is satisfied.
By Proposition 4.3.11, (P’) satisfies the strictly second-order condition
(4.3.30) at (i,9) corresponding to (¢, w) = (, &) and (P") satisfies the
strictly second-order condition (4.3.36) at © corresponding to (1, ).
By Lemma 4.3.21, there exists hg > 0, Cj; > 0 and C' > 0 such that

H’t_)h — 1_)||2 < C[CM}ZQ + H@ — Uh”% + jl(@)(?)h — ?7)]1/2 Yy, € Z, h < hy.
(4.3.99)

Let v, = II,0. Then for any x € 2, there exists a triangle/tetrahedron
N1Ny...N,, containing z, where m = N + 1. So z = Y ", \;N; with
Yoty =1and A\; > 0 for i = 1,...,m. . Since vy, interpolates v, we
have

= Z )\ivh(Ni) = Z )\ﬂ_)(Ni)'

Since v is Holder continuous, we have

|up () i | < ks Z\N—x\”<mk h”,

=1

where v = 2—N/2. This implies that ||v, — || < mkzh” and ||vy,—0]|2 <
mk;|QhY. Inserting vy, = 11,0 into (4.3.99), we get

1T — B2 < C[Carh® + Ch¥ + J'(0) (11,5 — )]Y% Yh < hy. (4.3.100)
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Let us estimate J'(0)(IT,o — ©). Recall that

J @ 9) = [ (L) = o)) - 5)(2)ds
— [150 = glx) ~ Lola))Mho(o) - o(a))da
Let us put
1 1 1

d(x) = Lufa] = (@) = (0(x) - gla]) = ~5(2).

Then d is Hoélder continuous with order v = 2 — N/2. Let 1), =
{K1, Ky, ..., K, } be a triangulation of 2 and

T) ={T € Tyld(z) #0 Vr €T}

Take T' € TY. By Remark 4.3.10, we see that d(z) < 0 for all z € T.
Hence v(x) = 0 for all z € T'. Consequently, II,0(x) = 0 for all z € T
Let z7 € T such that d(z7) = 0 for T € T, \ T}). Then we have

J @) -0) =Y /T d(2)(T,5(x) — 5(x))da

TeT),
S / d(2) (5 (x) — () da
Ter,\10 7T
= Y [ dla) - dar) i) - o)z
Ter,\T0 7 T
< ¥ kth/ T0,5(x) — 5()|dz < keh” |0 — 35
TET\T? T
< kgh"mkzh? < Ch*. (4.3.101)

Plugging this into (4.3.100), we obtain
1T, — 0|2 < C[Cah? + Ch¥ + Ch¥ V2 < ChY, Vh < hy. (4.3.102)
By Proposition 4.3.17, one gets

[9n(©n) = 5(0) o0 < CR* 2§ (@n)ll22 + 1150 — T]12)
< CR* NP ||oy]|y + CRZN? < Cgn* N2,

From (4.3.28) and (4.3.29), we have
0(7) = P (€(z) + g(5())).
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From (4.3.43) and (4.3.44), we have

On(2) = Pl o) (€ (x) + g(gn(x)).
It follows that
o0(x) — 0(a)| < elide) — (o) + la(x) — (i)
< el — il + kgar|5(T) — Gn(0n) || 0 < C"HPN2,
Hence ||7), — 0||oe < C"Rh*N/2. This implies that

o L. _ _ _
Jn — e = ~ 01— 9() — -+ 9(5)

< ~(Ion = 0lloo + kyarllgn — Fllo) < C5h> 2.

a |

The proof of the theorem is complete. ]

Remark 4.3.23. When N =2, g = 0, ¢(z,y) = |y—yo(z)|? and the state
equation is linear, (P’) is a strongly convex problem. In this case Meyer
and Résch [162] showed that ||, — @||; = O(h?). To do this they choose
finite element space U}, consists of piecewise constant functions uy,. After
solving a fully discretized optimal control problem, an optimal control
uy, is calculated by the projection of the adjoint state p; (see Lemma
3.5 in [162] and Section 3.1 in [104]). However, in the present setting,
problem (P’) is non-convex and has a nonlinear state equation. Besides,
the space U}, is different from the finite element space in [162]. Therefore,
uy, is not calculated by the projection of the adjoint state. Consequently,
we do not know whether or not ||i, — ulls = O(h?). Nevertheless, we
hope that ||ii;, — il = O(h?) as in the following numerical example.

4.3.5 Numerical example

In this section, we give a numerical example that illustrates our re-
sults. Let Q := (0,1)? = {(x1,72) : 0 < 21,79 < 1} be a unit square in
R?. Consider the following optimal control problem

J(y,u) = 3 Jo ((@) — ya(x))? + u(x)?) dz — min,
s.t.

—Ay+y=uinQ, y=0 onl,

y?(x) + eu(z) <0 ae x € Q,

(

(P) \
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where y,(z) := —10sin(wzy) sin(rzy). It is easy to check that the prob-
lem satisfies assumptions (A1)—(A4) and so it has at least one minimizer.
By changing variable v = y3 + eu, we obtain the problem

[ Doy ) = 5 foly(@) —ya(2)? + S(v(2) — v (2))*]de — min,
t.
CONR I 1
—Ay+y+iyP=vinQ, y=0 onT,
\ ()SOa.e.er.

Then the discrete version of (P’) has the following form:
( Jo(yn,un) = 3 [o [(yn(@) — va(2))? + 5 (va(z) — yi(x))?] dv — min
s.t.

(Yn, vn) € Yi X Uy,

JolVun V& + (un + Lyd)énlde = 1 [yup&pdr V&, € V),
vp(z) <0 for all = € Q.

Let (yn,vn) be an optimal solution to (F)). By Theorem 4.3.20, the
approximate solution to (P) is (g, 2(0r — 7})).

VS

v}

SN—
/N

We now create a uniform triangular Friedrich-Keller triangulation
with nj, X nj, vertices which is the basis for a finite element discretization
of the discrete optimal control problem (P}) and its optimality system.
By virtue of Proposition 4.3.12 and 4.3.13, for each h > 0, v;, € L*(Q),
Un €Yy, ¥y €Y}, and wy, € L?(€) exist and satisfy

" 1 1
/ Vi - Vé, + (Gn + =53 Endr = = / onépdee,
0 € € JO

Tjh(x) < 07

_ 1 3
\ / Vb, - V& + (1 + Egi%)@hfhdx = - / [Un — Ya — —Q?szz( — i)léndx,

= —¢h+ ! — (7 — Tn),

(W ( ) S N((—OO,O],@}L(.I?))

(4.3.103)
for all £, € Y}, and for all x € Q. The two last conditions in (4.3.103)
imply that

0 > wn(x)(s — wn(z))) = 6—12(6%(96) +Ja(x) — (@) (s — Tn(x)))

for a.e. x € Q and for all s < 0. This, together with the projection
theorem, yields

(1) = Ploo)(€2n() + T () = Liegy(a)4a0)20) (4.3.104)
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and so

_ 1- 1_ 1
wp(x) = Elbh(@ + 6—292(1‘) ~ 2 Hepn()+ 5201 (4.3.105)

Here 1), denotes the characteristic function of a set M, i.e., Iy(z) =1
ifxe Mand 1y(x)=0ifc ¢ M; {f >0} :={xec Q] f(z) >0} for a
function f defined on 2. Inserting (4.3.104) and (4.3.105) into (4.3.103),
we derive the system

( 1
/QVgh - V& + gpépdr = - /Q Len(a)+53 () >0y ERAT,

- 1
$ [ ViV (L e = (1.3.10)

_ 3. 3
|- /Q [9n = Ya + 6—292 - E—zyiﬂ{emu)wz(w)zoﬂ5hd~”€a

for all &, € Y}, and for a.e. x € Q0.

Since the coefficients of the above system are semi-smooth, it is rea-
sonable to solve this system via a semi-smooth Newton method (SSN).
The SSN is terminated when the L?-norm of the difference between of
two consecutive iterations (ynk, Pnix) and (Yng+1, Phi+1) i not greater
than 1074, We used the Python implementation using DOLFIN to gen-
erate the numerical results. In all cases of different values of h, the
parameter ¢ = 1072 and the SSN solving (4.3.106) was started with the
starting guess (yn.0,¥no) := (0,0). Since we do not know the exact op-
timal control v and u, we will take as reference control the numerical
solution vy« calculated on the grid with mesh size h* = W\/%' Therefore,
instead of estimating the error ||, — 9|y with X = L*(Q) or X = L>®()
as h — 0, we study the error ||v, — Up+||x. Note that ||v, — v||x = O(h)
and ||y — ul|x = O(h). Therefore, we only to estimate ||v, — v||x. The
numerical values of this error for different values of n; are displayed in
Table 4.1, where we list the L?- and L*>-error estimates for the computed
discrete control u; as well as the number of SSN iterations. Setting the
mesh sizes h, = - with 1 < n < 7, we denote by EOC(n) the L>-
experimental order of convergence (EOC) for the numerical control -

with respect to two consecutive mesh sizes h,, and h, 1, that is,

_ log([|un — an,,[lL=~(2)) —log(llan- — un,[|L~(2))
log(hp+1) — log(hy)
Table 4.2 represents the EOC for the control .

According to Theorem 4.2, we expect that the convergence rate of
optimal controls in the L*-norms is of O(h). However, a close look

FEOC(n) :
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o ||Un = Upellr2) |G — Une||pee)  #SSN
100 5.62x 107° 1.11 x 10~* 5
200 1.34x107° 2.65 x 107° 5
300  4.89 x 1076 1.08 x 107° 5
400  2.68 x 107° 5.31 x 1076 5
500  8.41x 1077 2.76 x 1076 5
600  3.96 x 1077 1.65 x 107© 5
700 5.34 x 1077 1.82 x 1076 5

Table 4.1: numerical results: L?- and L>-errors for control % in dependence of ny, and

the number of SSN iterations

hn = han EOC(n)
141 x 1072 — 7.07x 107% 2.07
707 x 1078 — 471x 1073 221
471 x 1073 — 354 x 1073 247
354% 107 — 2.83x 1073 2.93
283 %1073 — 2.36x 1073 281
236 x 1073 — 2.02x 1073 —6.29 x 10~

Table 4.2: numerical results of EOC (n)

at Table 2 reveals that the convergence rate in the L>— norms is Ch?
which is much better than the predicted conclusion in Theorem 4.2. This
also shows that the error estimate stated in Theorem 4.2 might not be
optimal and it should be Ch?. The problem of finding the optimal rate
of convergence for optimal control with mixed pointwise constraints is
an interesting open question.
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