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Abstract In this paper we prove that under mild conditions a nonautonomous Young differ-
ential equation possesses a unique solution which depends continuously on initial conditions.
The proofs use estimates in p-variation norms, the construction of greedy sequence of times,
and Gronwall-type lemma with the help of Shauder theorem of fixed points.

Keywords Stochastic differential equations (SDE) - Fractional Brownian motion (fBm) -
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1 Introduction

This paper deals with the Young differential equation of the form
dx, = f(t, x)dt + g(t, x))dw;, t 2 0 (1.1

where f : R x RY - R and g : R x RY — R4*™ are continuous functions,  is a
R™-valued function of finite p-variation norm for some 1 < p < 2. Such type of system
is generated from stochastic differential equations driven by fractional Brownian noises, as
seen e.g. in [20]. Equation (1.1) is understood in the integral form

t t
X =x0+/ f(S,xs)der/ g(s, xy)dwy, 1= 0, (12)
0 0
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where the first integral is of Riemannian type, meanwhile the second integral can be defined
in the Young sense [23]. The existence and uniqueness of the solution of (1.2) are studied
by several authors. When f, g are time-independent, system (1.2) is proved in [23] and [22]
and [18] to have a unique solution in a certain space of continuous functions with bounded
p-variation.

The result is then generalized for the case 2 < p < 3 in Lyons’ seminal paper [19] in
which rough path theory is introduced to define the second integral in (1.2) and also the
integration equation (see [8], [16] and [17]). An alternative theory of controlled paths in
Gubinelli’s work [10] simplifies and generalizes the concept of integration and differential
equations, leading to the concept of rough differential equations (see recent works in [3] and
[2]for2 < p < 3, or[14] for controlled differential equations as Young integrals). According
to their settings, f, g are time independent and g is often assumed to be differentiable upto
a certain order and bounded in its derivatives.

A different approach following Zihle [24] by using fractional derivatives can be seen in
[21] which derives very weak conditions for time varying f and g in (1.1), in particular
g need to be only C! with bounded and Holder continuous first derivative, to ensure the
existence and uniqueness of the solution in the space of Holder continuous functions. Later,
one finds that there is a connection between the rough path approach and the techniques in
fractional calculus, see e.g. [11] and [12].

Our aim in this paper is to close the gap between the two methods for nonautonomous
Young equations by proving that, under similar assumptions to those of Nualart and Ras-
canu [21], the existence and uniqueness theorem for system (1.1) still holds in the space of
continuous functions with bounded p-variation norm. For that to work, we construct the so-
called greedy sequence of times (see [4, Definition 4.7]) such that the solution can be proved
to exists uniquely in each interval of the consecutive times of the greedy sequence, and is
then concatenated to form a global solution. It is important to note that since we are using
estimates for p-variation norms, we do not apply the classical arguments of contraction map-
pings, but use Shauder-Tychonoff fixed point theorem as seen in [18] and a Gronwall-type
lemma.

Another issue is the generation of flow which was asserted in [17] for the autonomous
systems. The idea is to construct the shift dynamical system in the extended space of finite
p-variation norm for the whole real line time, and to prove that the system generates a
nonautonomous dynamical system satisfying the cocycle property (see [3]). When applying
to stochastic differential equations driven by fractional Brownian motions, by considering an
appropriate probability space, one can prove that the system generates a random dynamical
system (see [3,5,9]). However in the nonautonomous situation, one only expects a generation
of a two-parameter flow on the phase space.

The paper is organized as follows. In Sect. 2, the Young integral is introduced and a version
of greedy sequence of times is presented. In Sect. 3, we prove the existence and uniqueness of
the global solution of system (1.2) in Theorem 3.6, for this we need to formulate a Gronwall-
type lemma. Proposition 3.7 gives an estimate of g-var norm of solution via p-var norm of the
driver w. We also prove the existence and uniqueness of the solution of the backward equation
(3.23) in Theorem 3.8. In Sect. 4, the fact in Theorem 4.1 that two trajectories do not intersect
helps to conclude that the Cauchy operator or the Ito map of (1.2) generates a continuous two
parameter flow. In the autonomous case it generates a continuous nonautonomous dynamical
system which helps to form a topological skew product flow.
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2 Preliminaries
2.1 Young Integral

In this section we recall some facts about Young integral, more details can be seen in [8]. Let
C([a, b], R?) denote the space of all continuous paths x : [a, b] — R? equipped with sup
norm || - [loo,[4,5] given by [[X |l (a.5] = SUPe(q.p) [%:], Where | - | is the Euclidean norm in
R4, For p > land [a, b] C R, a continuous path x : [a, b] — R is of finite p-variation if

1/p
16 p-var, a1 = ( sup Zmﬂ ml’) < oo, @.1)

(”b)z 1

\Xhere the supremum is taken over the whole class of finite partition of [a, b]. The subspace
CP(la, b], R4 ) C C([a, b], R?) of all paths x with finite p-variation and equipped with the
p-var norm

”x”p —var,[a,b] ‘= |Xa| + |||x|”17 var,[a,b] »

is a nonseparable Banach space [8, Theorem 5.25, p. 92]. Notice that if x € 61’([a, b], Rd)
then the mapping (s, 1) = I/l p-var, s,/ 1S continuous on the simplex Ala, b] := {(s, t)|a <
s <t < b}, see [8, Proposition 5.8, p. 80].

Furthermore, the closure of C*®([a, b], R?) in cr ([a, b],RY) isa separable Banach space
denoted by C%7([a, b], R?) which can be defined as the space of all continuous paths x such
that

lim sup Z %401 — X417 = 0.
8=>011(q,b),|11| <6

It is easy to prove (see [8, Corollary 5.33, p. 98]) that for 1 < p < p’ we have
CP([a, b1, RY) € CO'(la, b1, RY).

Also, for 0 < « < 1 denote by C ""HOI([a, b], ]Rd) the Banach space of all Holder contin-
uous paths x : [a, b] — R? with exponential «, equipped with the norm

[1% |l -Ho, [a,b] = |xql + llxle- Hol,[a,b]
Xr — X
= |x4|+ sup u < 0. 2.2)
(s.0)eA[a,b] (& — )¢
Clearly, if x € C""HO]([a, b1, R9) then for all s, 7 € [a, b] we have
Ixe = x| < lxNlo-Hol fa.p It — s1%
Hence, for all p such that pa > 1 we have
W p-var,ja,61 < WX lla-tiol, [a,51 (B — @) < oo. (2.3)

Therefore, C!/PHl([q, b], RY) C CP([a, b], RY).
As introduced in [21], the Besov space Wb1 /p *([a, b], R?) of measurable functions g:
la, b] — R? such that

lgr — /
Su < 0
u<s<II)<b < r— S)l/p - )1+1/P

is a subspace of cV/rHol([g, b], R?). Hence W, l/p (la, b], R?) C Cp([a b], RY).
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Lemma 2.1 Let x € 61’([a,b],Rd), p>1lIlfa=ay <ay <---<ax =Db, then

k—1 k—1
p p Y p

Z "|x”|17‘var![ai,ai+l] = mx”lp-var,[al,ak] =k-1D Z ”lx"lp-var,[ﬂi,aiﬁ-l] :

i=1 i=1

Proof The proof is similar to the one in [8, p. 84], by using triangle inequality and power

means inequality
n

n 1/r
1 1<
,E i< | =) z , Vz; > 0,r > 1.
- -

[m}

Definition 2.2 A continuous map @ : A[a, b] — R is called a control if it is zero on the
diagonal and superadditive, i.e

(i), Forallt € [a, b], w;; =0,
(ii), Foralls <t <wuin[a, b], ws; + ©ry < @s,u.

The functions (s, 1) —> (¢ — s)? with 0 1, and (s,1) — |||x|||"1,_var,[s!t], where x is of

>
bounded p-variation norm on [a, b] and g > p are some examples of control function. The
following lemma gives a useful property of controls in relation with variations of a path (see
[8] for more properties of control functions).

Lemma 2.3 Let @’ be a finite sequence of control functions on [0, T], C i >0, j=
1,k p > 1 and x : [0,T] — RY be a continuous path satisfying |x; — xs| <
i Ciwl (s.0)/P, Vs <t €[0.T], then

k
Il povar s < D, €@ (5,07, ¥s <t €0, T]. (2.4)
j=1

Proof Consider an arbitrary finite partition IT = (s;),i = 0..., n+1,0f[s, ¢]. By assumption
and Minskowski inequality we have

1
% pl/p

n 1/p n
(Z |xs,»+1 — X |p> = Z Z Cjaj (S,', S,'+1)1/p
i=0

i=0 \ j=1

A

IA

k n 1/p k
Z ( Cfaj (Si,Si+1)) < ZC]@](S, nle.
=

j=1 \i=0

This implies the conclusion of the lemma. O
Now, consider x € C4([a, b], R"™) and w € CP([a, b],R™), p,q > 1, if Riemann-

Stieltjes sums for finite partition I1 = {a = 1o < t; < --- < t, = b} of [a, b] and any
& €t tiv1]

n
SH = ZXE,' (wl‘,ur] - a)t[)’ (25)
i=0
converges as the mesh |IT| := maxo<j<,—1 |ti+1 — #;| tends to zero, we call the limit is the

Young integral of x w.r.t w on [a, b] denoted by fab xrdw;. Itis well known thatif p, g > 1 and
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% + % > 1, the Young integral fah xrdwy exists (see [23, pp. 264-265]). Moreover, if x" and
" are of bounded variation, uniformly bounded in c4 ([a, b], Rdxm), cr ([a, b], R™) and
converges uniformly to x, w respectively, then the sequence of the Riemann-Stieljes integral
/ ab x/'dw approach [ ab xidw; as n — oo (see [8]). This integral satisfies additive property
by the construction, and the so-called Young-Loeve estimate [8, Theorem 6.8, p. 116]

t
/ xydwy — xs[or — ws]| < K 1xlgovar, 15,1 N0l povar, 15,1 » (2.6)
N
where | |
Ki=(1-2""" 6=—4->1 @)
P q

Lemma 24 For 1 < p,1 < q such that 6 = %-}— é > land x € 6q([a,b],Rdxm),
w € 61)([61, b], R™), the following estimate holds

‘ v/.xudwu
a

where K is determined by (2.7).

= |||w”|p-var,[a,b] (|xa| + (K + 1) |||x|”q-var,[a,b]) ’ (28)
p-var,[a,b]

Proof The conclusion is a direct sequence of (2.6) and [8, Proposition 5.10(i), p. 83]. ]

Due to Lemma 2.4, the integral # — far xsdws is a continuous bounded p-variation path.
Note that the definition of Young integral does depend on the direction of integration in a
simple way like the Riemann-Stieltjes integral. Namely, it is easy to see that

n

a
dw, = lim (w;, — wy,
A‘ Xy dwy H(a,b),‘n|—>0;x&(wtl th—l)
n h
- lim ngl. (w5, — ) = —/ xydw,. 2.9)
a

M(a.b). |0 ~—
i=

2.2 The Greedy Sequence of Times

The original idea of a greedy sequence was introduced in [4, Definition 4.7]. Given o > 0, a
compact interval / € R and a control @ : A(I) — R, the construction of such a sequence
aims to have a “greedy” approximation to the supremum in the definition of the so-called
accummulated a-local w-variation (see [4, Definition 4.1])

Mo (@) = sup E Dt 141+
(D@10 = g e(r)

In particular, w;,; is chosen to be |||-|||£_Var,[5,ﬂ in [4].
A similar version for stopping times was developed before in [9] and then has been studied
further recently by [7] for stability of the system. Here we propose another version of greedy
sequence of times which matches with the nonautonomous setting.

Denote by ol (R, R™) the space of all continuous functions w : R — R such that for
any T > 0 the restrictions of w to [T, T'] is of 5P([—T, T1, R™). Equip 5”(]1%, R™) with
the metric

I - w? ”p—va.r,[fn,n]

00

e

do', o*) = 27" .
nX:‘: I+ ”a)l - C‘)z”p—var,[fn,n]
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Let n € N, observe that metric d satisfies

d@', 0?) < llor — &l pvar,[=n.n) + 27"

2"d(w,0? (2.10)
”wl - wzup-var,[—n,n] = %»

where the second inequality holds for any fixed n and !, ? close enough such

that 2"d(w!, ®*) < 1. Hence every Cauchy sequence (@") w.rt. metric d is also a
Cauchy sequence when restricted to cr ([—n, n], R™), thus converges to a limit w* €
cr ([—n, n], R™) which is uniquely defined pointwise, so w* € cr (R, R™). Therefore,
(51’ (R, R™), d) is a complete metric space.

Remark 2.5 ~(i) Truncation: Another consequence of (2.10) is that the truncated version
of w € CP(R,R™) in any C?([—n, n], R™) differs very little w.r.t. metric d from the
original w if we choose n large enough. Moreover, if a function is continuous w.r.t. » on
any restriction in C”([—n, n], R™) for any n > 0 then it is also continuous w.r.t. w in
CP (R, R™) with respect to metric d.

(ii) Concatenation: Let a < b < c¢. Suppose that w! € CP([a,b],R™), * €
CP([b, c],R™) and w} = ;. Then w'.1(4 ) + @?.1pp ¢ belongs to CP ([a, c], R™).

For any given A, u > 0 we construct a strict increasing sequence of times {z,},
7, : CP(R,R™) — R,
such that 7g = 0 and
I%i1(@) = T@)* 4+ ol povar 7, (@), 741 (@2 = M- 2.11)
To do so, first define 7 : cr (R, R™) — R such that
() = sup{t = 0: 1" + |0l pvar,j0.0) < 1}-

Observe that the function « (1) := * + [|w|| p-var,[0,1] 18 continuous and stricly increasing
w.r.t. t with ¥ (0) = 0 and « (0c0) = oo, therefore due to the continuity there exists a unique
T = t(w) > 0 such that

™+ ol povar, 10,0 = 1 (2.12)

Thus 7 is well defined. Next, we construct the time sequence inductively as follows. Set
70 := 0, 71(w) := t(w). Suppose that we have defined t,(w) for n > 1, looking at the
following equality as an equation of §,(w) € R™, like above we find an unique 8, (w) such
that

1= 85(@) + lloC + Ta (@)l p—var. (0.5, @)] -

hence we can set
Tn+1 (w) = Tp—1 (w) + 8y (w)a (213)

where §, (w) is determined above. Thus we have defined a time sequence {t,} for all n =
0, 1,2, .... Such a sequence then satisfies (2.11).

Now, we fix w € Ccr (R, R™) and consider the number of times of the greedy sequence
inside an arbitrary finite interval of R™. We write t,, for 7, () to simplify the notation. For
given T > 0, we introduce the notation

N(T,w) :=sup{n: 1, <T} < o0. (2.14)
or more generally, forany 0 < a < b < oo,

N(a,b, ) :==sup{n: 1, < b} —inf{n: 1, > a}. (2.15)
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Lemma 2.6 Let p’ > max{p, %} be arbitrary, the following estimate holds

A
(TP 1l 0,71 ) (2.16)
More generally,
2r' -1 A
N@.bo) = == + 101}y 10 | 2.17)
Proof We have for all n € N*
n—1 n—1 ,
np? =1 =3 [t = Gl + ol povar .11
i=0 i=0
[(n—1 n—1 p'/p
<277 Y g - w?t (Z |||w|||,’;_mh,.,,,.+1])
_i=0 i=0
r p'/p
<271 (5, — )P + (Z Nl e . ])
< 27 " 00 e 0,00 ] (2.18)

Consequently, we obtain

20!
N(T,w) < T[T”* + |||w|||§ var.[0. T]].

Similarly, (2.17) holds. ]

Remark 2.7 (i) Since the left-hand side of (2.18) tends to infinity as n goes to oo its right
hand side can not be bounded. This implies that t, — oo asn — oo.

(i) We can construct a time sequence starts at tgp = fp, an arbitrary point in R, and on
(—00, tp] in a similar manner.

3 Existence and Uniqueness Theorem

In this section, we are working with the restriction of any trajectory  in a given time
interval [0, T'] by considering it as an element in cr ([0, T1,R™), for a certain p € (1,2)
(see Remark 2.5 for the relation between w € cP (R, R™) and its restrictions). Consider the
Young differential equation in the integral form as:

t t
Xp=x0+ | f(s,x5)ds +/ g(s, xs)dws, t€[0,T]. (3.1)
0 0

We recall here a result in [21] on existence and uniqueness of solution of (3.1), which was
proved using contraction mapping arguments with w in a Besov-type space. In this paper
we however would like to derive a proof in ol applying Shauder fixed point theorem and
greedy sequence of times tool. First we need to formulate some assumptions on the coefficient
functions f and g of (3.1).
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(Hy) g(t, x) is differentiable in x and there exist some constants 0 < 8,5 < 1, a control
function & (s, t) defined on A[0, T] and for every N > 0 there exists My > 0O such that the
following properties hold:

(i) Lipschitz continuity
lg(t.x) = g(t. Y| < Lglx —yl. Vx,y eRY Vi el[0,T],
(ii) Local Holder continuity
|0x,8(2, x) — 0y, (1, )| < My|x — y/°,
Vx,y € R, x|, [yl <N, Vrel0,T],
(iii) Generalized Holder continuity in time
(1, x) — (s, X)| + 05,8 (1, x) — By, g(5, x)| < h(s,1)P
Vx e R, Vs, te€[0,T],s <t.

(Hy) :

(Hy) There exists a > 0 and b € Lﬁ([o, T], Rd), where % < a < 1, and for every
N > 0 there exists Ly > 0 such that the following properties hold:

(i) Local Lipschitz continuity

|f(t.x) = ft. )| < Lylx—yl, Vx,y €eR? |x|,[y| <N, Viel0,T],
(ii) Boundedness

|f(t,0)| <alx]+b(t), VxeR? Vrel0,T]

(Hy) :

1
(H3) The parameters in H; and H statisfy the inequalities§ > p—1, > 1——, Sa >
4

1
1——.
p
We would like to study the existence and uniqueness of the solution of (3.1) under the
given conditions that x € C7([0, T'], R?) with appropriate constant g > 0.

1 § 1
By the assumption p € (1, 2) and the condition H3, I — — < min {,3, Sa, —, 5} we
p p

can choose consecutively constants ¢g, g such that

1 1 . 5 1
1—— < — <m1n{,3,80¢,—,7}, (3.2)
P 9o p 2
1 1 1
— < — < min {a,—}. 3.3)
q08 ~ ¢ I4
Then, we have
1 1
—+—=>1 qpf>1 q>q8>qg>p, gau>1 (3.4)
P 9

We now consider x € CY ([to, 1], R?) with some [zg, #;] C [0, T]. Define the mapping
given by

Fx) = x40 +1(x) + J(x);

t t
= Xy +/ S (s, xg)ds +/ g(s, xs)dwy, Vt € [ty, 1]. (3.5)
1o 1

0

Note that a fixed point of F is a solution of (3.1) on [fg, #;] with the boundary condition
x(fy) = X4, (the initial condition x;, of (3.1) is then not given).
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Introduce the notations
M:=rmm{LyaT“ﬂ,maxm|+h«LTW,mng,}, (3.6)
My := max{Ly, My, M}, VN > 0. 3.7

It can be seen from the above assumptions that [g(z, x)| < |g(t, 0)| + Lg|x| and [g(t, 0)] <
1g(0,0)| + A (0, T)P, hence

lg(t, )| < 12(0,0)] + 1 (0, T)P + Lglx| < M(1 + |x]). (3.8)
For the next proposition we need the following auxiliary lemma.
Lemma 3.1 Assume that H) — H3 are satisfied.
(i) If x € C4([tg, 1], RY) then g(-, x.) € C([19, 11], R¥*™) and
gy ) lgomvar. .01 < ML+ 150y var. 0.0 (3.9)

(ii) Foralls <t and for all x; € R9 such that |x;] < N,i=1,2,3,4, then

lg(s, x1) — g(s, x3) — g(t, x2) + g(t, x4)| < Lglxy —xp — x3 + x4] + |x2 — x4/h(s, 0P
+ Mylxa — xal(1x1 — x21% + x5 — x41%).

(iii) Foranyx,y € C4([to, 1], R?) such that x,, = ys, and ||x||oo 11,01 < N, ¥ lloc, 10,011 <
N we have

”lg(’ xA) - g(a y.)|||q0.va17[t0’[|] = M;\l |||x - qu-var,[[(),t]]

$ 8
(2 I 00 + I v )
(3.10)

Proof (i) Fors < t in [tg, t1], we have

|g(t7xt) - g(s,xs)| = |g(t7-xt) - g(tv-xs)| + |g(taxs) - g(svx&‘)|
< Lglx, — x5| + h(s, )P,

Let IT = (si)'f“ be an arbitrary finite partition of [, #1], 1 = t9, Sp+1 = #1. Since qo > ¢
and goB > 1 we have

n 1/q0 n 1/q0
(}:msﬁhmﬂo—guuam%> slﬁ(Ejum.—xﬂ%)

i=1 i=1

n 1/q0
+ (Z h(si, Si+1)q°’3>

i=1
< Ly 15 llgovar 10,17 + A t0. 11)P
< Lg Ixllyvar. 19,001 + 100, T)”
< M+ 1xllyvar f19.01) < 00-

Take the superemum over the set of all finite partition IT we get g(-, x) € C4o ([to, 11], RE>xm)
and

N8 G x M go-var, 10,101 = M A+ WXy var, (10,0,
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(ii) This part is similar to [21, Lemma 7.1] with our function k(s, 1)? playing the role of
|t —s|# in [21, Lemma 7.1].
(iii) Note that go8 > 1 and god > g hence

|||g(a x.) - g(’ y.)”'qo-var,[z‘o,tlj

1/q0
:=< sup Zlg(sl+1 Xsip1) — &(Sit1,s Vsipy) — g(s,,xs,)+g(st,ys,)|"°>
([70,011)

1/q0
<L, sup (Z [Xsipp = Vsipgg — X5 + )’s;|q0)

(70,011

1/q0
+ 1% = Yoot sup | Y Alsissig)®P
(70,111

1/q0
+ My lx = oot SUp (Z s —xs,.|q°8>

M0 | \5

1/q0
+ (Z |)’s,'+1 - ys[ |q06>
i

= Lg "|-x - y”'q»var [t0,11] + ||X - Y||oo,[t0,t1J
x [0, 1) + My (I8 a1 + IV Wvar) |

§ §
= M 1% = Yllgmvargio.n (2 + W8 varioun) I3 War .01) -

The lemma is proved. O

For a proof of our main theorem on existence and uniqueness of solutions of an Young
differential equation, we need the following proposition.

Proposition 3.2 Assume that Hy — H3 are satisfied. Let 0 <ty < t; < T be /grbitmry, q be
chosen as above sgtisfying (3.3) and F be defined by (3.5). Then for any x € C4([tg, t1], R%)
we have F(x) € C1([t9, 1], RY), thus

F: C([to, ], R — CY(l19, 0], RY).
Moreover, the following statements hold
(i) The g-variation of F (x) satisfies
E N gmvar. 0.1 < MK +2) (14 1xllg-var, 1r0.111)
x ((tr = 10)* + lloll p-var, (10,11) - (3.11)

(ii) Let N > 0 be arbitrary but fixed. Suppose that x,y € 6q([to, 11, RY) be such that
X loo.10.11 < N, 1Y lloo.[t0.01] < N and x4y = yz,, then we have

| F(x) — F(y)”q—var,[to,tl]
< Ix = Ylgvar, .01 (1 = 10) + Nl pvar.10.117)

XM (K 4 1) (24 0 01 + I ,01) (3.12)
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Proof (i) Since % + q]—o > 1, by virtue of (3.9), the Young integral fot g(s, xg)dwy exists for
all 7 € [0, 11]. Using (2.8), (3.5) and (3.8) we get

|||J(x)”|q—val',[t(),t1] = ”|w|"p—var,[t0,t1] [|g(t07 xto)' + (K + 1) ”|g(7 x.)”lqo-var,[toytlj]
< Nl povar,trg,011 [M (1 + |xig D) + MK + DL+ W%l govar, (10,17 ]
< Mol a0y M [(K +2) + 1] + (K + 1) Ixllyvar 1] -

Now, by Holder inequality and the assumption H, we have

t t l—« t o
/ [b(u)|du < (/ |b(u)|ﬁdu> </ ldu) < ||b||Ll%(t —)* <Mt —s)“.

Therefore, for s < ¢ in [tg, t1] using the assumption H, we have

!
/ fu, x,)du

< allxlloo,s.1(r — ) + ”b”Lﬁ(t —5)*

< (@ —s)* (aTl_aHx”oo,[to,ll] + ”b”Lﬁ>
< (t ="M (14 iyl + Il var.pi0.01) -
This implies

<Mt —10)* (1+ x|+ 15 -var.f10.117)

q-var,[to,t1]

by [8, Proposition 5.10(i), p. 83] and the fact that the function (s, 1) — (t — )% defined on
Alto, t1] is a control function for g > 1. Since

17 GOy .11 = ‘ / F s x0)du
o

”lF(x)mq—var,[lo,t]] = |”I(-x)|”q—var,[to,z‘]] + "|J(x)|||q-var,[to,t1]

(3.11) holds.
(ii) By virtue of (2.8), (3.10) and the condition x;, = y;,, we have

TG = T psar. frg.e11 < Mol povar 110,011 [18 01 X19) — (0. ¥i)|
+ (K + D lIgCx) — 8 ¥ lggvariio.n1)
< Ml povar 5,01 (K + D gL x) = 8 ) g var. .17
< (K + DMy Mool povar .01 15 = ¥llg-var.fio.41

8 8
X (2 168 a1 + 1Mo ) -
Similarly,
t
) = T = x)s = I(y)s]l = / Lf Qu, ) = f (u, yu)ldu
s
< Lyllx — y”q—var,[to,tl](t — ),
hence
) = Tl govar 1,1 < M 1% = llgvar, 119,11 (F1 — To0)-
Inequality (3.12) is a direct consequence of these estimates for 7 (x) and J(x). O
Before proving the existence and uniqueness theorem, we need the following lemma of

Gronwall type.
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Lemma 3.3 (Gronwall-type Lemma) Let 1 < p < g be arbitrary and satisfy % +1s

Y - q
Assume that € CP([0,T],R) and y € C1([0, T1], R%) satisfy

t t
f Yudu / Yudwy

for some fixed control function A on A[O, T] and some constants ay, ay > 0. Then there
exists a constant C independent of T such that for every s,t € [0,T], s < t,

+ap , Vs,t €0, T], s<t, (3.13)

1
[ye — ys| < As,/f’ +a

I3l gvar, 5.1 < (9s] + Ag)e €U H MMy sanger), (3.14)
where Ay = A(l)/g
Proof Put
c :=max{aj, ay(K + 1)},
in which K is defined in (2.7). We have

1
lyr — ys| < As,/,q +atllylloo,is, 1t = 5) + a2 loll poyar, 15,1 (Yoo, 15,1 + K Wy lg-var, 5,1

1
< AT+ max {arl1ylloo, 5.1, @2 (1Y oo, 5.1
+ K WYl var g} @ = 5+ Dol povar,fs.01)-

Fix the interval [s,¢] C [0, T] and apply the above inequality for arbitrary subinterval
[u, v] C [s, t] we obtain

1
v — yul < AWL + max{a; |y loo.s.01» @2 (1Y oo, f5.11

+ K ”ly'"q-var,[s,t])}(v —u+ |||a)"|p-var,[u,v])
1
< A8+ max{ar, ax(K + DY) + 15 g-varfs.) @ = 1+ B0l pvar. o))
1
< AL+ Qs+ 1Y Ngovar 5.0 @ = 6 A+ NN pyar f.00)-

Therefore, by virtue of Lemma 2.3, we get

1
Iy lyg-var,is.1 < A+ e(lys| + Iy Myg-var, 15, D& = 5 + Nl p-var, 5.1
< Ao+ clys| + 1Y Ngovar 5.0 & = 5 + Ml povar 5,01 (3.15)

Now we construct the time sequence #; with parameter {1, %} according to Sect. 2.2, that is

1
it = ti Mol povar 11,11411) = 5

Then, by (3.15) for all 5,7 € [#;,ti41], s < £, we have lIyllyvar (s,ip < Ao + %(|y5| +

|||y|||q_\,ar’[”]), which implies |||y|||q_var’[u‘v] < 2A¢ + |y, forall u,v € [t;, ti+1], u < v.
Therefore, [y, | < | Vlloo.[s.1211 < 2(Ao+1ys|) foralls € [#, t;+1]. By induction we obtain
forany s € [tx, tx+1]1,0 <k <i,i € {0, ..., N(T, w)}, where N(T, ) is defined by (2.14),
the sequence of inequalities

240 + 1V | <2QA0+ ys]) < - < 277FQ2A0 + vy, 1) < 27751240 + 1ys ).
Hence,

I3y 011 < 240 + |y | < 2775 QA0 + Iyl Vs € [, fi1], 0 <k <.
(3.16)
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Now, we estimate the g-var norm of y in an arbitrary but fixed interval [s, t] C [0, T]. Recall
the time sequence defined in (2.11). If there exists i such that s < #; < ¢, put

N:=sup{n:t, <t}, N:=inf{n:t,>s}), N:=N—N=N(,t, o),
where N (s, t, ) is defined in (2.15). We have s <ty <ty <--- <tz <tand
1Y Wg-var, 5.0y < 240 + 151
I Mg-var fi s inaiant < 2 QA0+ 1yshyi =0, . N =1,
19 lgvar. (1) < 240 + g < 2V 240 + Lys ).

By Lemma 2.1 we have

1/q
L
19 lgvar. ey < (N +1) @ (mymqur |+ Z WP e i1 + IIIyIIIZ.var,UN,,]>

N 1/q
< (N4 DT Ao+ Iy [ D27
j=0
< (N +1DQ2Ag + 32",
In the case [s, ] C [t;, t;+1] withsome i € {0, 1, ..., N(T, )}, we already have

I lg-var (5. < 240 + 15 -
To sum up, for any [s, t] C [0, T] we have the estimate
9y var. 5. < (240 + ysD2*N.
Combining with (2.17), we conclude that
4rcP (jr—s|P+lloll?

p-var,[s,t] )

Iy Ng-var (5.7 < (A0 + 1ys)2

P
< (2A0 + |yS|)€C(|t_S‘p+”|w|"p

—var,[:,l])’
where C = 47¢? In 2. The proof is complete. O

Remark 3.4 (i) Gronwall Lemma is an important tool in the theory of ordinary differential
equations, and the theory of Young differential equations as well. Some versions of
Gronwall-type lemma can be seen in [21] and [6].

(ii) The conclusion of Lemma 3.3 is still true if one replaces Ag by Al/ 9.

(iii) It can be seen from the proof that in the conditions of Lemma 3.3 we have

I¥lloa.to.71 < A0 + [yo2VT*! < 2A¢ + yp 24D kel arts)”,
Corollary 3.5 If in Lemma 3.3 we replace the condition (3.13) by the condition
1
Iy lly-var,is.01 < AT+ ar(ys| + Iy lg-var, s, (¢ = s + lloll pvar,[s5.17) (3.17)

foralls < tin[0, T), a positive constant a; > 0 and w € 61’([0, T1, R™). Then there exists
a constant C independent of T such that for every s < t in [0, T]

1 c P P
”|y|”q—var,[s,t] < (|y5| +AS,/tq) (lt=s| +|||w”|pvqr st])' (3.18)

We are now at the position to state and prove the main theorem of this section.
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Theorem 3.6 (Existence and uniqueness of global solution) Consider the Young differential
equation (3.1), starting from an arbitrary initial time ty € [0, T),

t t
X = Xy +/ f(s, x5)ds +/ g(s, x)dws, telt,T], x, R
1o )

with T being an arbitrary fixed positive number and xo € R? being an arbitrary initial
condition. Assume that the conditions Hy — H3 hold. Then, this equation has a unique solution
X in the space C' 4([ty, T1, RY), where g is chosen as above satisfying (3.3). Moreover, the
solution is in 61’/([t0, T1,RY), where p = max{p, é}.

Proof The proof proceeds in several steps.
Step 1: In this step we will show the local existence and uniqueness of solution. Set

. 1

T 2M(K +2)

where M is defined in (3.6) and K is defined in (2.7). Let so € [t9, T') be arbitrary but fixed.
We recall here the time sequence 7, with the parameters «, i, i.e

w: (3.19)

70 =0, |tit1 =Tl + ol povar, 7,701 = 1
Put 7o = min{n : 7, > 5o} and define s; = min{z,,, T'}. Then,

Is1 = 50" + Nl povar,1sg.s17 < K- (3.20)
We will show that the Eq. (3.1) restricted to [so, s1] has a unique solution.

Existence of local solutions.

Recall the mapping F defined by the formula (3.5) with 7y, #; replaced by so, s1,
respectively. By Proposition 3.2 and (3.19)—(3.20), for sg, s; determined above we have
F : Ci([s0, 511, RY) —> C4([s0, 511, RY) and

1
”F(x)”q—var,[so,sl] = |F(x)g| + |||F(x)”|q—var,[s0,s1] < |xsl + B (1 + ||x||q—var,[so,s1])~

We show furthermore that if x € 6‘1([s0, 511, RY) then F(x) € CU—9Var ([, s1], RY) with
small enough €. Indeed, since ¢ > p, ga > 1, we can choose € > O suchthatg —e > p
and (¢ — €)a > 1. Forall s < t in [so, 1], using (3.11) we have

[F(x)e — F)s| < NF N g-var, 15,11
<MK +2) (1 + ”x”q—var,[xo,xl]) ((t -5+ |||w”|p-var,[s,t])
< M(K +2) (1 + ”x”q—var,[so,sl])

e 1
(=) + (o)™

hence

|||F(x)"l(q—e)—var,[so,sl] <M(K +2) (l + ||x||q—var,[so,s1]) ((S] - SO)a + |||w|"p—var,[s0,sl])

and the assertion follows by an application of Lemma 2.3. Consider the set

By i= {x € C1(0s0, 511, RN x(50) = sy, [Xllgrvantsn. < 2| + 1]
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Taking into account (3.12), F : By — Bj is continuous. We show that Bj is a closed convex
set in the Banach space C?([so, s1], R4 ), and F is a compact operator on Bj. Indeed, for the
former observation, note that if z = Ax + (1 — A1)y for some x, y € By, A € [0, 1] then

Zsg = )"-XS() + (1 - )")ySo = )\x‘vo + (1 - )\)st = Xsg
and

||Z||q—var,[so,sl] = |lAx + (1 — )\)y”q—va_r,[so,x]]
= )‘-”x”q—var,[so,sl] + (1 - )\)”ynq—va.r,[so,sl] < 2|xxo| + 1.

Now, we prove that for any sequence y”" € F(Bj), there exists an subsequence converges in

p-var norm to an element y € By, i.e. F(By) is relatively compact in Bj. To do that, we will

show that (y") are equicontinuous, bounded in (¢ — €)-var norm. Namely, take the sequence
" = F(x") € F(S), x" € By. Then, by virtue of Lemma 2.3 we have

sup ”yn”(qfe)—var,[xo,s]] =< |xso| +2M (K +2)(1 + |xso|)((sl - SO)a + |||a)|”p-var,[so,s1])~
n

It means that y” are bounded in C([sg, s1], RY) with sup norm, as well as bounded in
Ca=9var (50, 511, Rd). Moreover, foralln, so <s <t < s,

! = w51 < 2M(K +2)(1 + |x5, ) (¢ = )% + Nl pvar.[5.11) »

which implies that (y™) is equicontinuous. Applymg Proposition 5.28 of [8], we conclude that
y" converges to some y along a subsequence in C1 ([so, 51 1, R). This proves the compactness
of F(By). Hence, F(By) is a relative compact set in C cd ([0, 511, RY). We conclude that F
is a compact operator from B into itself. Therefore, by the Schauder-Tychonoft fixed point
theorem (see e.g [25, Theorem 2.A, p. 56]), there exists a function X € Bj suchthat F(x) = %,
thus there exists a solution x € By of (3.1) on the interval [sg, s1].

Uniqueness of local solutions. R
Now, we assume that x, y are two solutions in C?([so, s1], R9) of the Eq. (3.1) such that
5o = Vso- 1t follows that F'(x) = x and F(y) = y. Put

No = max{||xlg-var,s,511> 1Y llg-var, (50,511}
and z = x — y, we have z;y = 0 and
1%l oo, 50,5115 13 oo, 50,511 < No-
By virtue of Proposition 3.2(ii), we obtain

|||Z|||q—var,[x,t] = ”lX - qu-var,[&ﬂ = ”lF(X) - F(y)”lq-var,[s,[]
< M (K + 1)(1+2N9) (1251 + Bellgmsars.1) ¢ — 5 + N0l povar s 43-21)

Applying Corollary 3.5 to the function z, since z5, = 0 we conclude that ||zl ,-var,[s,517 = ©-
That implies z = 0 on [so, s1]. The uniqueness of the local solution is proved.

Step 2: Next, by virtue of the additivity of the Riemann and Young integrals, the solution can
be concatenated. Namely, let 0 < t; < f, < 13 < T. Let x; be a solution of the Eq. (3.1) on
[#1, t2] and y, be a solution of the Eq. (3.1) on [#2, 13] with y(#2) = x (7). Define a continuous
function z(-) : [t1, 3] — R4 by setting z(t) = x(¢) on [t1, t2] and z(¢) = y(¢) on [z, 13].
Then z(-) is the solution of the Young differential equation (3.1) on [#1, t3]. Conversely, if
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z; 18 a solution on [¢#1, #3] then its restrictions on [f1, 2] and on [#,, #3] are solutions of the
corresponding equation with the corresponding initial values.

Step 3: Finally, apply the estimates (2.17) to the case of  being defined by (3.19), we can
easily get the unique global solution to the Eq. (3.1) on [y, T'].

Put nop = min{n : 7, > f}. The interval [tp, T] can be covered by N(T, w) — ng +
I intervals [f;,#;11], 1 = 0, N(T, w) — no + 1, determined by times t; = Tyy4i—1, i =
1,..., N(T, w) — ng, with parameter p being defined by (3.19) and ty(7,w)+1 := T. The
arguments in Step 1 are applicable to each of intervals [, #;+1], i = 0, N(T, w), implying
the existence and uniqueness of solutions on those intervals. Then, starting at x(fo) = x, the
unique solution of (3.1) on [fy, #1] is extended uniquely to [#1, 2], then further by induction
up o [#N(7,w)—1, IN(T, )] and lastly to [tx(r,w), T]. The solution x of (3.1) on [y, T'] then
exists uniquely.

Furthermore, for all € such that g — e > p’ the solution x belongs to ca— ([t tis1], Rd),
foralli =0, N(T, w). Hence, x € 6P/([t0, T], ]Rd). ]

Proposition 3.7 Assume that the conditions Hy — H3 are satisfied. Let 0 < ty < T. Denote
by x(-) = x(to, -, , xo) the solution of the Eq. (3.1) on [ty, T]. Then there exist positive
constants C1 = C(T), Cy = Co(T) such that

/
Calloll?

1l g-var, 10,71 < CLII+H(T = t0)*1(A+1x0 ) 1+ Neoll povar 110, 77)e 7 l0 T, (3.22)

where p' = max{p, é}.
Proof Since x is a solution, x = Fx, hence by (3.11) we have
|||x|”q—var,[s,t] = M(K + 2) (1 + ”x”q—var,[s,t]) ((t - S)a + "|w|"p—var,[s,t])
< M(K + 2) (([ - S)a + |||w|"p—var,[s,t])
+ MK +2)(Ixs] 4 1%l govar 50D (¢ = 9% + Nl povar 5.07) -

Use the arguments similar to that of the proof of Lemma 3.3 we conclude that there exist
C; = C|(T) and Cr = C»(T) such that (3.22) is satisfied. O

In order to study the flow generated by the solution of system (3.1) in the next section, we
need also to consider the backward version of (3.1) in the following form

T T
= x1 + / Fs.x)ds + f ¢G5, x)das, 1 €0, T, (3.23)
t t

where x7 € R is the initial value of the backward equation (3.23), the coefficient functions
f:[0,TIxRY - RY g : [0, T] x R‘L—) R4 x R™ are continuous functions, and the
driven force w : [0, T] — R™ belongs to C? ([0, T], R™).

Theorem 3.8 (Existence and uniqueness of solutions of backward equation) Consider the
backward equation (3.23) on [0, T]. Assume that the conditions Hy — H3z hold. Then the
backward equation (3.23) has a unique solution x € éq([O, T1, RY), where q is chosen as
above satisfying (3.3).

Proof We make a change of variables

fa,x) = f(T —u,x), g, x):=gT —ux), &) :=w( —u), Y =Xxr—4
uel0,T].
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Then x7 = yg, and by puttingv =T —ft andu = T — s we have
0

T T v
/ f(s,xs)dszf F(T —u, x7—y)ds = — f(u,mdu:f fu, ydu.
t t T—t 0

Furthermore, by virtue of the property (2.9) of the Young integral we have

T T v
/ 8(s, xy)dws = / gl —u,x7—y)dowr_, = /0 gu, y)do,.
t t

Therefore, the backward equation (3.23) is equivalent to the forward equation
v v
Yo =0 +/ f(u, yu)du +/ g, y)déy,, vel0,T], (3.24)
0 0

where yo = x7 € R?. Now, we verify the conditions of Theorem 3.6 for the forward equation
(3.24). First note that if o € CP([0, T], R") then & € CP([0, T], R™). Furthermore, the
condition (H;) obviously holds for ¢ and the condition (i) of (H,) holds for f . For the
condition (ii) of (H;) we note that if it holds for f then

|f (0, )] = | £(T —v,%)| <alx| +b(T —v) = alx| +b(w), vel0,T],

where IS(v) =b(T —v) e Lﬁ (0, T; RY) because (H»)(ii) is satisfied for f. Thus, (Hy)(ii)
is satisfied for f . Consequently, Theorem 3.6 is applicable to the forward equation (3.24)
implying that (3.24) has unique solution y € C' a([0, T1, RY). Since (3.24) is equivalent to
the backward equation (3.23) we have the theorem proved. O

Theorem 3.9 Suppose that the assumptions of Theorem 3.6 are satisfied. Denote by
X (19, -, w, x0) the solution of (3.1) starting from xo at time to, i.e. X (ty, to, @, X9) = Xo.
Then the solution mapping

X :[0,T] x [0, T] x CP([0, T], R™) x RY — R?,
(s,t,w,2) = X(s,t,w, 2),
s continuous.

Proof First observe that, fixing (w, xg) € ol ([0, T1, R™) x R4 and looking at forward and
backward equations (3.1) and (3.23), we can extend the solution X (19, -, ®, x¢) of (3.1), with
the initial value xq at 7o to the whole [0, T']. The proof is divided into several steps.

Step 1 (Continuity w.r.t xo):
By Proposition 3.7, we can choose Ny (depending on xg, @) such that

X (o, - w/, x6)||q-var,[O,T] < No

forall g € [0, T], |x0 — x6| <1, |ow-— a)’llp_var,[o,n < 1. We use here, for short, notation
y. = X(t,-, @, x0), ¥y = X(tg, -, @', x(,). Using arguments similar to that of the proof of
Proposition 3.2(ii), we have

[y =) — (& — ¥l
t
- / s y) — f G, ) ldu +

t
/ g, yu) — gu, y,)dw,
S

< Mgt = )11y = ¥ llse5.1
o+ Mgy K 4D 10 (195 = 50+ 15 = ) @+ 289

< My, (K + D@ +289) (v = 31+ 1 = o) (0= 5+ 1 psan o) -
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Due to Corollary 3.5, there exist constants C3, C4 depending on parameters of the equation
(3.1) and Ny, such that

C 71| P ) Ca(l g P
|||y _ y/|||q—var,[0,T] <lyo — y6|C3e 4l “lp-vdr.[O,T] <lyo — y6|C3€ a(+ll@ll p-var,j0.71)”
Therefore,
Cq(1 ve P
[xr = yel < |xrg — Yiol + llx — y|||q—var,[t0,t] <lxo— x6| (CSe 4+ 0l povar fo.71) + 1) .

Consequently, we find a positive constants C1 (T, @, xo) such that for all 7y, ¢ € [0, T], all '
such that [|@" — || p-var,j0,7] < 1, we have

X (to, 1, &, x) — X (to, 1, &, x0)| < C1(T, w, x0)|x0 — xg]. (3.25)
Step 2 (Continuity w.r.t. ®):

Let o' € CP([0, T], R™) be such that o' — wll p-var,jo,71 < 1. We use here, for short,
notation x, = X (9, -, w, x0), X' = X(to, -, @', x9). For all s < ¢ in [0, T'], we have

e T
t t t
/ Lf G, x,) = f (u, x)]du +/ [g(u. x,) — g(u, xu)ldwy +/ g, x,)d(@ — w)y

< Lyt = )X = xlloo.fs. + MK 4+ D1+ ¥ [l gvar1s.01) | — |

p-var,[s,t]

11 . M K + D (167 =051+ 15 = 5l o)
X (24 1%l a0,y + I Wi g0,
= Cs[Jof = ll e + Co (£ =5+ 10 g gs.1) (167 = 001+ 15" = 5[]y 1)
= Cs |0 = ll par oy + Co (1 =5+ 1y er) (167 = 0051+ 115 = 5]y on)
where Cs, Cg depend on Ng. Consequently, by virtue of Lemma 2.3 we get

”|x/ - x|”q-var,[s,l] =G ”|w/ B wml"vafv[svt]

X <|(X/ —x)s| + |||x/ - x”|q-var,[5,t]> :

+Ca (t = 5 + ol pvar 15.11)

Now, since xl/o — x4, = 0, using Collorary 3.5 on [, ] (or [¢, fy] and use backward equation
if t < t9) we find positive constant C> (7', w, xo) such that

< (T, w, xO)”w/ - CU||p—var,[0,TJ~

|||x/ - xmq—var,[to,t] = (T, w, xo) |Hw/ o me'VaIv[tU”] -

Therefore, for all 1y, t € [0, T'],
X (to, 1, @', x0) — X (t0, 1, @, x0)| < Co(T, @, x0) || = @l p-var[0.7]- (3.26)
Step 3 (Continuity in all variables):

Now we fix (t1, 12, w, xo) and let (7{, 15, @, x{)) be in a neighborhood of (t1, 12, w, x0)
such that

Ity — 111, 1t — B3], Nl — &' || pvar,[0, 77, | X0 — x| < 1.
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By triangle inequality and (3.25), (3.26), we have

|X(t{, té, o, x(/)) — X(t1, 12, w, x0)|
<|X(t1,th, &, x) — X (1], 1, ', x0)| + | X (1], 15, &, x0) — X (1], 5, @, X0)|
+ |X(t;, té, w, x9) — X (11, té, w, x0)| + | X (11, l‘é, w, x0) — X (11, 1, w, x0)|
< (C\(T, @, x0) + Co(T, w, x0))(|xg — X0| + [|0" — @Il p-var.0.71)
FIX (] 1500, x0) = X (. the @0, X (11, 1], 0, xo)] + DX (11 0, %0) gy 1.1

It is obvious that when the triple (lx; — xol, @' — @l p-var,[0,7], [t3 — 2]) tends to
0 we have (Ci(T,w, x0) + Ca(T, w, x0))(Ix — xo| + [[@" — @llpvar,jo.r]) — 0 and
X, ., o, x0)|||q-var,[tz.z£] — 0. As for the remaining term, let 7] — 1| be small enough so
that | X (71, ti, , X0) — xo| < 1, using (3.25) again we obtain

X1, 1, 0, X(t1, 1], ®, x0)) — X(1], 1, 0, X0)|
< Ci(T,w,x0)|X (11,1}, ®, x0)) — X0

= CUT, w, x0) 1 X (21, - @, X0) N gvar,[1y.1]1 »

hence |X (1], 1}, w, X (11, 1], @, x0)) — X (1], 15, w, x0)| = O as |t{ — 11| — 0. Summing up
the above arguments, we conclude that X is continuous. O

Remark 3.10 Thetime interval in Theorems 3.6to 3.9 needsnotbe [0, T']. Itcanbe [g, to+T]
foranyfp e R, T > 0.

4 Topological Flow Generated by Young Differential Equations

In this section we show that the solution of a nonautonomous Young differential equation
generates a two-parameter flow on the phase space R4, thus we can study the long term
behavior of the solution flow using the tools of the theory of dynamical systems. We also
discuss the autonomous situation, in which we show that the solution then satisfies the cocycle
property, thus generates a topological skew product flow. The reader is referred to the work
[15] and [18], [17] for the smoothness and diffeomorphism property of the flow.

For simplicity of the presentation, we will assume from now on that for any given 7 > 0
all hypotheses H; — H3 hold on [0, T'].

4.1 Topological Two-Parameter Flows for Nonautonomous Systems

Theorem 4.1 (Different trajectories do not intersect) Assume that the conditions Hy — H3
hold. Let x; and X; be two solutions of the Young differential equation (3.1) on [0, T). If
Xq = X4 for some a € [0, T then x; = % forall t € [0, T]. In other words, two solutions of
the differential equation (3.1) either coincide or do not intersect.

Proof Suppose that x, = X, for some a € [0, T]. If a = 0 then by the uniqueness of the
solution provided by Theorem 3.6, x;, = x; for all + € [0, T]. Let a € (0, T]. Since the
restrictions of the functions x; and x; on [a, T] are solutions of the Eq. (3.1) starting from
a, Theorem 3.6 implies that x, = X, for all # € [a, T]. Now, consider the restrictions of the
functions x; and X; on [0, a]. They are solutions of the equations

t t
xz=x0+/ [, x5)ds + / g(s, xs)dws, te][0,al,
0 0
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with the initial values xo and X( respectively. Since x, = X,, the two functions x; and X, are
solutions of the same backward equation

X = Xq — /'a f(s,x5)ds — /a g(s, xg)dwg, t€l0,al, “4.1)
t t

with the same initial value x,. Theorem 3.8 asserts the uniqueness of solution of (4.1) on
[0, a], hence x; must coincide with X, on [0, a] and the theorem is proved. ]

Remark 4.2 (Locality of Young differential equations) By virtue of Theorems 3.6,3.8 and 4.1,
under the assumptions of Theorem 3.6, the Eq. (3.1) has locality properties like ODE: we can
solve it locally and extend the solution both forward and backward, and any two solutions
meeting each other at some time should coincide in the common interval of definitions.

Now, in analog with the theory of ordinary differential equation we give a definition of
the Cauchy operator of the Eq. (1.1), which is an operator in R? acting along trajectoties of

(1.1).

Definition 4.3 (Cauchy operator) Suppose that on any compact interval of R the conditions
H; — Hj hold. For any —co < 1] < 1 < 400, any w € CP(R, R™) the Cauchy operator
X (1, th, w, -) of the Eq. (1.1) is defined as follows:

X(t,t, w,-) : R > R4

is the mapping along trajectories of (1.1) from time moment #; to time moment #, i.e., for
any vector x;, € R? we define X (t1, 12, w, x;,) to be the vector x;, € R4 which is the value
of the solution x of the equation

t t
Xp = Xy +/ f(s,xs)der/ g(s, xy)dwg, telt, ],
1 1

evaluated at time 1;.

Theorem 4.4 Assume that the conditions Hy — H3 hold on any compact interval of R. For
any —o0o < t] <ty < 400 the Cauchy operator X (t1, t2, o, -) of (1.1) is a homeomorphism.
Moreover, X (t1,t, w, -) = id.

Proof By Theorem 4.1 the Cauchy operator X (t1, f2, @, -) is an injection. Using arguments
of the proof of Theorem 4.1 we get that the equation

t t
Xp = Xy +/ S (s, x5)ds +[ g(s, xy)dws, t €[t 2], (4.2)
1 1

with the terminal value x;, € R? and unknown initial value x;,, is equivalent to the following
initial value problem for the backward equation on [t1, 2]

n 15
Xt = Xt — / f(S,.XS)dS _/ g(S, xs)dw_\'s t €[n, nl, (43)
t t

with initial value x,, € RY, hence Theorem 3.8 is applicable and provides existence of
solution for any terminal value x;, of the forward equation on [t1, ©2]. Consequently, the
Cauchy operator X (1, f, @, -) is a surjection, thus a bijection.

Itis clear from the proof of Theorems 3.6 and 3.9 that the solutions of (1.1) depend contin-
uously on the initial values. Therefore, the Cauchy operator X (1, f2, w, -) acts continuously
onR?. Similar conclusion holds for the inverse X ~! (11, 12, w, -) by using backward equation.
Hence X(t1, 12, ®, -) is a homeomorphism and trivially X (¢, t;, @, ) = id. O
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Following [13, p. 114], below we introduce the concept of two parameter flows.

Definition 4.5 (Two-parameter flow) A family of mappings X, ; : R¢ — R¢ depending on
two real variables s, t € [a, b] C R is call a two-parameter flow of homeomorphisms of R?
on [a, b] if it satisfies the following conditions:

(i) For any s, € [a, b] the mapping X ; is a homeomorphism of R4,
(i) X =id foranys € [a, b];
(iii) X;tl = X, forany s, t € [a, b];
(v) X5 = Xyr0 Xy foranys, t,u € [a, b].

Theorem 4.6 (Two-parameter flow generated by Young differential equations) Assume that
the conditions Hy — H3 hold on any compact interval of R. The family of Cauchy operators
of (1.1) generates a two parameter flow of homeomorphisms of RY. Namely, for —oo <
<t <+ooandw € cr (R, R™) we define X (t1, tr, w, -) according to Definition 4.3 and
setting X (t, t, w, -) 1= x-! (t1, 12, w, -), then the family X (t1, t, w, *), t1,tr € [0, T], isa
two parameter flow of homeomorphisms of R¢ on [0, T1. Furthermore, the flow is continuous.

Proof Conditions (i)—(ii) of Definition 4.5 follow from Theorem 4.4.

Condition (iii) of Definition 4.5 follows from the definition X (%;,t,w, ) :=
x-! (t1, 1, w, -) for t; < tp. Actually, it is seen from the proof of Theorem 4.4 that the
inverse X (12, 11, @, -) satisfies the backward equation (4.3).

Condition (iv) of Definition 4.5 follows from the definition of the Cauchy operators and
Theorem 4.1.

The continuity of the flow follows directly from Theorem 3.9. m}

4.2 Topological Skew Product Flows for Autonomous Systems

In this subsection we restrict the discussion to the autonomous system
dx; = f(x)dt + g(x)dw; (4.4)

where f, g are time independent and sastisfy the assumptions H; — H3. We consider o in
the space Cp (R, R™) := {w € Cy cP R, R™), w(0) = 0} and introduce the shift operator
0 :R x CO(R R™) — CO(R Rm)by

b)) i=w+)— o).

It is easy to check that 6,30 = 6; o Oy for all 1,5 € R and w € CP(JR R™). Moreover,
it is followed from [3, Theorem 5] that 0 is continuous w.r.t. (¢, ), thus (Cp R, R™),d, 0)
is a continuous dynamical system. On the other hand, it follows from definition of Young
integral that

I+t t
/ yudw(u) = f YutrdOrw(u), Vs, t, 7 € R
S+T K

(see [5] for a version using fractional derivatives). Hence from the existence and uniqueness
theorem, the solution X (¢, s, w, xo) of the Young equation (4.4) satisfies

X(t,s,w,x0) =X —35,0,6,w, x9), Vt,s € R,

therefore the mapping ¢ : R x 55(]1%, R™) x R — R? defined by ¢(f, w)xg =
X (1,0, w, xo) possesses a cocycle property

ot + 5, w)x0 = @(t, b5w) 0 ¢(s, w)x0, Yxo € RY, w € CJ(R,R™), 1,5 € R.
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The problem of generation of the random dynamical systems [1] from stochastic differential
equations driven by fractional Brownian noise has been discussed in [3,5,9], to name a few,
where they solve the stochastic equation in the path-wise sense as in (4.4) for each realization
o of the fractional Brownian motion. Here in our deterministic setting, due to the fact that
the shift dynamical system 6 and the solution Cauchy operator are continuous, it follows that
the skew product flow defined by

©:Rx CJ(R,R™) x R — CF(R,R™) x RY
O, (w, x0) = (Yo, X(t, w, X0)) 4.5)

is a continuous mapping which satisfies the group property, i.e. ®,4; = ©; o Oy, for all
t, s € R. Therefore it is a topological skew-product dynamical system.
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