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ON THE EXPONENTIAL DICHOTOMY OF
THE SOLUTIONS OF COUNTABLE SYSTEMS OF
LINEAR DIFFERENTIAL EQUATIONS

CAN VAN TUAT

1. Imtroduction

~ The problem on the exponential dichotomy of the solutions of systems of
differential equations was studied by many mathematicians. Some results for
equations in Banach spaces were obtained (see, for example, (2], [3], [4]). In
this paper, we study the exponential dichotomy of the solutions of countable
systems of differential equations.

In the space m, the set of bounded sequences of numbers with the norm
| z ||= sup|2x|, we consider a countable systen: of linear differential equations:

dzs _ as;(t)zj, s=1,2,... (1)
dt | |

=1

where z = (z1,22,...) € M, sup |z,| < oo, asi(t), 8,5 =1,2,..., are bounded
and continuous fuctions of variables ¢ € (—o0, +00) and R

o0 .
a(t)=) lag®) <alt), s=12.. (2
=1 S - .

It was shown in [1} that if the functions «y(¢) and a(t) are bounded and
continuous for ¢ € (—o0, +00), the system (1) has in m only one solution which
is bounded and equicontinuous for ¢+ € (—00, +00). We always assume this
hypothesis for the system (1) - (2). |
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DEFINITION 1. The solution of the system (1) is said to have the property of
exponential dichotomy in the interval (—oo, +00) if for some ¢y € (—o0,+00)
the space m can be represented by a direct sum of two closed subspaces

m=mt@emT 3

such that , L 7 ‘
1) For the solution () of the system (1) with z*(#g) € m* we have

[ &t (@) | < Nre™ 18 || aF(to) ||, ¢ > to, (41)
2) For the solution #7(t) of the system (1) with = (tp) € m™ we have

==@ s N, orali=to ") I, t<t | (42)

where Nl,Ng, 11, /g are some positive constants
: 3) : o o :
Sﬂ(7n+7m'—')‘2 v,y >0, ) - (5)

where S,(m™,m™) is the angle of the two spaces (see {4]).

_REMARK. Since the'exponentia.l dichotomy of the solutioﬁ'does'not depend
on the starting point £y, from now on we use the notations m* & m™ instead
of m* () ®m (tg) in (3) and Sn(m+ m™) instead of S, (m™(te),m™(%0)) in

(8}

. The exponential dichotomy of systems of differential equations was studied
by many authors (see, for- exa,mple, [2] for n-dimensional spaces, [3] for general
Banach spaces).

. In this paper, we will study the exponential dichotomy of the system (1)
by considering the exponential dichotomy of its shortened system (tha.t is the
system of a finite number of differential equations).

Explicitly, for the given system (1), we consider its shortened system for
some fixed n: |

d”” —Zasj(t):c(n), s<Tm ©)

Suppose that the system (6) has the exponentla.l dlchotomy for
t € (—o0,+00). The problem is that under which COIldlthIlS the system (1)
has the exponential dichotomy too.
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2. The expdne’ntial dichotomy depends on the shortened systems

Suppose that for some n, the system (6) (the shoretened system of system
(1)) has the property of exponential dichotomy in the interval (—oo, +00); that
is n-dimension space m, corresponding to (6) by a direct sum of two closed
subspaces .

ma, =ml dmy I (7)

and there exist two positive numbers V;(n) , Vén) such that

1)

n n) —pPl_y n
| 2™*() [|> NP9 | 2™y, t2>s, (81)
for some solution z(™*(¢), with z(™—(#,) € m.
2) :
| &™) |12 47D ), r 2, (82)

for some solution z(™=(t), with 2"}~ (t,) € m.

3)

Sa(myf,my) 2> 4™ (9)

where N 1("), NZ("), ~(") are positive constants.
Then, by [2], there exists a matrix U(“)(t) satisfying following conditions:

1T < B, (™)@ < k™, (10)
dU ™ |
< g

(K () is a positive constant),. such that the transformation
#'™ = UM pi™ (11)

transforms the system (6) into the system

(n) _

I = (e, (12)
di

where 7(™ = colon (g™, 7{”,...,n™), QM(2) = diag (QM*(t), QM ~(2)),

QM*(t) is a triangle matrix of order £, Q™ ~(¢) is a matrix of order n — k.

Hence, system (12) can be written in the following form which has two blocks

(n)
A = QUHE).EM,

(=) _ n
Lo = Q—(t).c™

(13)

where 5(”) = colon( §n),- Tty ;(:n)), C(") = colon (Cl(n):" o ?C'Ea,n)k)'
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THEOREM 1. Suppose that the system (1) satisfies the following conditions:

1) The functions a,j(t), s =1,2,..., 7 =1,2,..., are bounded and continuous

. fort € (—o0,+00). o o . o o '

- . - w - - - e . . N .

2) iThe series 3 |asj(t)], s =1,2,..., uniformly converge for t € (—o0,+00).
=1 _

Assume that the system (6) has the following properties for every n:
3) Its solution has the exponential dichotomy on (—00, +o0) (see Definition 1).
3:) The sequences of numbers {N,E”)}, k= 1,2, converge when n — co.
- 3,) inf{{™} =11 >0, sup{vé")} = vy < +00.
33) m Cm:_l_l, m, Cm, g forn=1,2,... 7
Then the system (1) has the exponential dichotomy on (—oo, +o0).
PROOF. First, it is not hard to see that with the assumptions 1) and 2), the
. - o0 .
system (1) satisfies condition (2). Since the series Yo lasi(t), s = 1,2,...,
] . . r—=1
uniformly converge for ¢ € (—oo,+00), there exists a sequence of positive
numbers €,(n) = 0, s =1,2,..., such that for large n and t € (—o0,400)
we have '

o0 i

Z sup [as;(t)] = Hes(n), s =1,2,...
j=n+1

where H is a positive contant.

Now we show that the strong Cauchy condition for z is satisfied. Indeed,
suppose that z = (z1,%2,..- a1y --) and @ = (21, T2, .- Tnt1,- ..) are two
arbitrary points of the space m which have the same first n coordinates. We
denote - |

Az = sup{|@at1 — Fnttl, [Tatz — Fnsal,- -} (14)

Put z; =z, j=12,...,n, for s=1,2,.... We have

' |Zasj(f-)$j ~ > ait)ei— Y as;’(‘»‘)wi\ < Y asi(®)lles — E5
j=1 =1 - j=atl j=n+1 '
(e s]

<A S suplag(t)|

. j=n+l
< Hes(n)Agpz,

for t € (—o0,+00) (where €.(n) — 0, when n — co).
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Let %(t) = =(t, tg, z¢) and (™ (#) = 2™ (¢, 45, 2{™) be the solutions of the
system (1) and (6), respectively, where x(ty, tp, o) = ®¢ and (B(n)(t(],tg,l‘(()n)) =
:l:f)“) z9 = (24,28,...) e m, :L"f,”) (29,29,...,2%).

By [1, pp. 13-19] we can conclude that

lim g,-gu)(f,, to, ;I!{)HJ) = a4(t, Lo, w0) (15)

uniformly converge for ¢ € (—oo,+00), s = 1,2,---; that is, .'L'(")(t,tg,ilfgu))
converge to z(t,ty, zg) uniformly.

We now consider the solution of the system (G). Suppose that there is given
() with 2+ (4) € mFE. We have

| 2™+ (8) 1< N{exp v (t = s) | () ||, > (16)

By Iétting n — oo, from the above proof and the Lypotheses 3,) and 32 ) we get

2 () I N1 et () |, 12 (17)

if Ny = th(n) > 0. f N, =0, we replace Ny by a positive number
Moreover, since 2(™*(ty) € m"’ v¥(ty) € m*, where

m* = U mn, m} C "”‘:4-.1' n=12...

Indeed, if we set :L+(t0) = (23,20, 2% ) then 2% (4) € m™. Moreover,

no

the limit in (17) is uniform fo1 t, so at(ty) € mt where ¥ (t,t0,28) =
lilna:(“)"'(t,tg,mf,n)+). '
Analogously, we have:

| 2= () || < Noe®2 2 | 27 () |, #< s, (18)

(0 < Ny > lim Nén), #~(tg) € m™). I is clear that m = m™* @ m~. Finally, we
consider S,(m™,m™) (see [4]):
Sp(mt,m™) = inf || 20 £ 20—,
I 200+ I =1 (:1:("'):[: e mt),
[ 2 ) =1 (19)
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Frorn the hypothesis of the theorem it follows that
f T A ds <M, (M >0. e (20)
t . : .
Indeed, we have

[ Mraee= [T S o) _d_s;[“ s <.

j=1

(M > 0, exists by the assumptions 1) and 2)). Then lby 4, p 237}, inequality
(5) is a consequence of inequalities (17) and (18). It implies that,

Salm*,m™) 2 7> 0.

And it is the limit of (19) when n — co. This 'compiétes'ﬁhé proof of the theorem.

THEOREM 2. Let the system (1) satisfy the following conditions: _

'1) The functions asi(t)y asi = 1,2,..., are bounded and continuous for t €

2) The series ), las;(®)], s =1,2,..., uniformly converge for t € (—00,400).
Assume moreover that for every n the shortened system (6) (of the system

(1)) satisfies the follwing conditions: el

3) Its solutions have the property of exponential dichotomy for t € (—00,+00).

4). The sequence of matrix U(n)(¢) in the transformation (11) and the sequence
of their inverse matrix (U(™)™! uniformly regularly converge (in the mea-
ning of [5]). _ o

Then the system (1) can be represented in the form - -

Boaem (21)

whete Q() = diag(Q+(£),Q~(®), or

€ _
Cdt

QT ()£,
dc PR ;
| E’ = Q | (t)'ga 7
where
V 6 = COIOH(€1,§2,'. . °)1
C = CO‘IOH(C17C21 R )7
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Q*(t) are triangle matrices.

PROOF. 1) Let z = a:(t,'tg,:cg) and z(™ = m(ﬂ)(t,tg,xf]n)) be the solutions of
the system (1) and the system (6), respectively, and
$(t, tD}a:O) = Ty, $(n)(t,t0, ml(]n)) = :Bgln):

) 0

where zp = (z9,29,...) € m and m("' = (2%,23,...,2%). From the proof of

Theorem 1 we get that
lim z{™(#, 20, z8™) = z4(, 20, 20), s =1,2,...,

uniformly converge for ¢ € (—co,+oo0). This means that m(")(t,tg,a:{()n)) uni-
formly converge by coordinate to 2(i, tg, zq).

2) From hypothesis 4) it is easy to see that the solution 7™ (%) of the system
(12) uniformly converge to n(t) by coordinate (see [5]), that is

n(t) =limn™(t), s=1,2,...,t € (00, +00);

where 7(t) = colon (1(£), n2(t), ... ), U™(#) uniformly converge for ¢ to U(t)
by coordinate, so (U{™)~1(¢) to U Y(t) and

1U®ISE U0 LK,
for t € (—o0, +00) such that z(t) = U(t)..n(t), or _
a(t) = U~ ($.a(t). (22)

3) On the other hand, the maftrix Q()(t) in the syst(.m (12) has a form of
triangle blocks

QU(¢t) = diag (@™, QM)
where - .

Q(“)(t) - UM() (A‘“’(t)U‘“’(t)f%m)-

It is clear that the sequence Q(*)(¢) uniformly regularly converge for ¢ to the
matrix Q(t), that is

lim Q(¢) = Q(¢), uniformly for t € (—oo0, +00).
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By the assumption 3) we ma;y assume that the system. (6) has-exponential
Vd1chotomy corresponding to m™ of k-dimensions and to m™ of (n - lo) dlmen- ._
sions. Then the system (12) has the followmg form S '

d’5 = QTH(E). 5“”
™ =gy
T = Q"™ 7(1).C

We consider the system )

df(n)( ) (n)+ (n) _ . |
— ; ‘ _(t)@ (t), 'S__%’Z"."’.‘..

Wherc, q( )+(t) f(u) 0 if § > i Smcc
M@ U@ ] () IS D < oo, £ € (~e0,+00),
qun)'l_(t) 5(")(t) “uniforinly - conver pe for t € (-od"—l'—oo) 4More'ove'r

{q("')+ (2). §(n)(t)} umfomly converge f01 7 when n — oo for eacht S ( 00 -I—oo)
We have

(n) '
= —hm§jm”+ﬂ£“%ﬂ

B L

= Z@(ﬂ-ﬁj(ﬂ"

_7)3

lim

I

uniformly for ¢ € (—oo, +oo) s=1,2,. that is

: :.dfst T .
—% =Zq;§(t).§j_(t), s=1,2,... | (23)
Aﬁaldgoﬁsly, R P
dé,(t X : .
) S GG, s =1 (24)
i>s
We denote

QY) =g @), i=2s, s=12,...,
Q™ (1) =lg;;(M, 725 s=12,...
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Then from (21) and (22) we obtain the desired result. The theorem js proved.

3. The stablllty of the exponential dlchotomy

We consider the system

dy > o
t-? = Zasj(t)-yj +E&(t1 y]ay‘;!:-"-) ( ]
i=1

73
l

—
[N

-
.
.
p—_

(25)

or

dt = A(t)y + F(t, y). | (26)

Besides the assumptions on the system ( 1), we assume that in the domain
Z={(60) : 1€ (o0, +o0), yem, [y < oo}
thc function F, satisfythe following (,ondltmnq

| Fo(t, y1,92,-..) — Fult, 41, Paseen) Dl < esupfiys — il ly2 = B2)s- .. },
' | (27)

where o is a positive constant, and
I Ftvnse IS DUV s=1200, (25)

where D is a positive constant, ¢ > 1.

LEMMA. If the system (1) has exponential dichotomy on (=00, +00), then there
exists a transformation

v =U(t).y ' | (29)

Whmh transforms (1} into a diagonal hlock system with
- -1 - dUv . S :
IO s K 10 @) IS K, | - IS K, (30)

where K is a positive constant.

PROOF. Since the system (1) has C\ponentml dichotomy, we may assume that
mt = {z}(t) : oF(t) = v F (2,1, zt) is the solution of the ‘;ystem (1)
_satisfying (4,), s =1,2,.. } :
o= {27 () : 27(t) = 2 $(t,to, 25 ) is the solution of the system (1)
satisfying (4,), r =1,2,... }.
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Denoting «. - . omt vl

HO_ e O = @GO OO
reoT 40T Ta0- EHOHOWOT

ut(f) e T
=y

and - ‘ ,
= ak) = 3 (sh @t @) uf (), 22 (31)

| j=1 -
we have - N )
| uk () = ” Z’; “,, n=23... (32)

Tt is clear that 1 u"'(t)”-— I, n=12,. Cand (u u',i') = 6Jk,j,k =1,2, . '.-','
where §;i is the Kronecker symbol

By the above mentioned ana.logous method for 'u, (t) = 1 2,..., where
wI(t) = —— | () o }'n—iiz B
| R AN " U]T- “'J v Um " o ” o R R AN ‘
{ve ellso get

” u;‘x(t) ||=1,(u;,uk_) = 6jk1 Jsk - 1$21- .-
We dendte S e R T Lu
U(t) = colon (u;",u;', ,uy ,u2 - ) . (33)

Then by the hypothesm of the lemma there emsts a p031t1ve constant K such
tha.t
|I U(t) Il< K, l| U~ 1(?5) |I< K.

On’ the othér’ ha,n_d ' Al
'i o (o, vE
() ('Una ns. .'n,.—_-l,Z,... (34)

R || Ao B e
- So we have '
o || H_ K.

P : U . @(t) . (:Cl 11:2 3" ‘7"_‘:3"1:2_} ) L et . (35)
It is: the funda,mental ma,trlx of solutlons of the system (1) We denote

UM) =6(). sm L e
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It is clear that S(%) is a diagonal block matrix of the form

SH5) 0 )

S(t)_;( 0 S-(1)

Where S*(¢) are the infinite matrix. Indeed, since u}, s = 1,2,...,u], r'=

1,2,... only depend on zF and 27, s,r = 1,2,:..} respectlvely By differen-
tiating (36) we get
- dU  de dS _,dS
E- ES @T—f{U-I-US dt',,_
Hence . 15
- _ _dUN
_ Q) = (AU dt ) S dt '
is a diagonal block form. If we put -
= U(t)y, ~ S - (37)
then the system (1) will be transformed into the diagonal block form
dr ' -
7—@(f) (33
or A |
& =0T,
@ - (39)
dt Q (t)C

where : : o -
' £ = colon (fl,ifg, ... ), ¢ = colon (¢4, (o, - - )

So the lemma is proved.

THEOREM 3. Suppose that '

1. The system (1) has the exponential dichotomy on (~o0,4c0).

2. The functions Fy in the region Z satisfy the conditions (27) and (28).
Then the system (25) also has the exponential dichotomy for t € (~o0, +00).

ProoF. Without loss of generality we can.write the system (1) in the form
(39) corresponding to two closed subspaces mT and m™ :

- =T

dv
a = (t).v. (40)
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That is, the matrix A(t) can be presented in the form

Alt) = (QJ;() (t))

o Flty) = colon(FH(5,), P~ (4,9),
then the system (25) can be written in the form

%‘- *Q“'(t)u-I—F*“(t %le,ug, .‘;‘U-l,‘vz,.:;.),
% —Q (f)'U-|—F (t Uy,U2,. 'Ul.z)vZ;:“)'

If we put

(41)

Let 2¥(t) = =1 (t, 0,27 ) be the solution of the system (25) correspondmg to
F(t, y) = 0 and satlsﬁes z¥(to,t, 28 ) = 2% € m*, s = 1,2,.... By [L, pp.
52-55] the solution z7F(t) of the system (41) is of the form - L

THE) = ot (b to, ) + / +(trF+(? A LB ()
WhereF"'-;colo‘n(Fl,F;', ) o o

.We will estimate the solution (42). By the exponential dichotomy of the
system (1) and the assumption on function F, we have

e @) | <l et te, ) |+ [ Nt FF )t () )y ) |

<l to) | Mae™ 40+ [ Dot o) et
<Ny | e (t0) || e

[ 4
+DN!I+1 ” m+(t0) “9 e_yl(t_tO)] yi(l—q)rd?" S

to o
| tet +1 . ‘ e—vi(t—to) -~
, < N1 I| $+(f0) |[ 6_”1( wto) +DNq ]I m"'(lﬁ ) II" ——
. = ‘ vlg = )’
R E Ol A |r%’%‘f“°%; ot 210, (52 1,2,00), (49
where - ) '

DNY || T (%) |7
=N LIt N
C, 1\1( ilg =1 +1)
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Hence we have

| =+ () IS Cu || 2 (B0) || 727", for ¢ > 1, (44)

where C; = sup{C;} > 0. Analogously, we also have

2= IS Co | 27 (to) || €207, fort < ¢, (45)

where (' is a positive constant. Now from (44) and (45) and the properties of
function F(t,y) we deduce the inequality S,(m*,m™) >y > 0.

[1].
[2]-
3.
4.
[5].
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