ACTA MATHEMATICA VIETNAMICA
Volume 19, Number 2, 1994, pp. 19-30

‘ON SUBGROUPS OF THE GENERAL LINEAR GROUP
OVER A COMMUTATIVE VON NEUMANN REGULAR RING

BUI XUAN HAT AND TRAN NGOC HOI

Abstract. Let R be a commutative von Neumann regular ring. In this paper we
study the lattice of subgroups of the general inear group G = G Ly, (R) containing
the group D = Dy (R) of diagonal matrices. We show that if R satisfies some

_ conditions (see Definition 2.4 in the text), then for every such subgroup H there
is a uniquely determined D-net o of ideals such that G{c) < H < N(c), where
N(e) is the normalizer of a D-net subgroup G(o).

1. Introduction

~ Let R be an associative ring with identity, G = GL,(R) the general linear
group of matrices of order n > 2 over R, and D = D,(R) the subgroup of all
invertible diagonal matrices of G. We are interested in intermediate subgroups

H between D and G. H R is a field which has at least seven elements, then

the lattice of all such subgroups H is described in {2]. Later, this result was

extended to semilocal rings (even non:commutative) in [3]. In this paper we
consider some other generalizations of the results in [2]. In fact, we study the
" analogous problem for commutative von Neumann regular rings.

~ Note that a commutafivg_r_egular ring R contains only a finite number of
idempotents if and only if it is isomorphic to a direct product of a finite number
of fields. Therefore, such rings are semilocal and the problem was solved V(se_e
[3], Theorem 4). -+ . | _
- It is clear that the si;,ructure of the lattice of intermediate suiagroups H
depénds essentially on properties of R. Therefore, in this paper we also establish
some special properties of commutative von -Neuxﬁann-régula,r rings which are

userful for our purpose.
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As in [2]-[4], the classification of intermediate subgroups H between D and
G we are interested in is given in term of the concepts of nets and net subgroups.
Namely, under some assumptions, for every such subgroup H there is a umquely
,determmed D net of ideals o of order: n- such that G(o) < H <N (o), where
N (a) is the normahzer of &' D-net’ subgroup G(a) in G.
 In this paper we use the followmg notaions: R is an associative ring with
identity 1; R* the group of units of Ry T the unit ma,tnx (Whose order is clear
from the context), €ij the matrix thh a smgle nonzero 1 m the (1,3) pos1t1ou
t;j(z) the elementary. tra.nsvectxon Z ¥ :z:e,J, z € R, P 76 j, d, (u) the d1agonal
ma,trlxl'—l—(u—l)err,uER* 1<r<n. C ‘

2. Some results on commutative von Neumann regular rings

The purpose of thlS sectlon is to mtroduce von Neumann umt—regular rings,
espe(:lally, commutative ones. We glve a necessary and sufficient condition for
subrings of a dlrect product of fields to be regular We also introduce a specml

class of commuta.twe von Neuma,nn regula.r rmgs Wthh we need: later

DEFINITION_ 2.1, A _ring:R With _jdentity is von ‘Neuma.nn regular (resp. unit-

regular) if for every = € R.there exists y € R (resp. y € R*) such that ayz = z.
For von Neuma.‘nu;':egula{ rings we have the following result.

THEOREM 2.1(see [6 Corollary 4. 2]) Any commutatwe von Neumann regu]aa

rmg is umt-mgula.r '

DEFINITION 2.2. A ring R is Dedekind finite if every one- smled 1nvert1bIe

e]ement in R is two-s1ded mvert:ble

-1t is. clear that a.ny:v.on Neumann unit’—regula,ri.iiug is Dedekind finite. -

DEFINITION 2.3. A ring R sat1sﬁes the first stable range condltzon 1f the . ,7
following holds: for every T a.nd y.in R W1t11 Ra: + Ry =R there exlsts t 1n R
such that z + ty is left invertible (i. e. R(z +ty)=R).
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Note that in Definition 2.3 the requirement that z + ty must be two-sided
invertible is not really strong (see [8, Theorem 2.6]). For brevity, -

L. N. Vaserstein calls such a ring B-ring [8]. For our use we note the following:

THEOREM 2.2(see [8, Theorem 5.3]). A von Neumann regular ring R is von
Neumann unit-regular if and only if it is a B-ring.

Now let R be a commutatwe vor, Neumann regular r1ng Since Jacabson
radical of R is zero, R is a subrmg of some dJrect product of fields. Here we
make some remarks on von Neumann regular rings which are subrings of some
direct product of fields.

Let R be a subring of a direct product of fields

P= H Ka,
)WherelK‘a a;ré fields for zﬂ.l o€ Q Ther'lie\.fel.'y. element z in P can be written in
the form z = (z4), T4 € Ko for all a € Q. Let 1 = (a,) be the identity of R.

it is clear that aq =0 or ao = 1 for every @ € Q. Put =~
Qo——{aeﬂaa——[}} Ql—{aeﬂaa—l}
ThenQ QOUQI andforanym_(m )ER wehavexa—Ofora,llaeQU

THEOREM 2.3. Let R be a subring with identity of a direct product of fields
P= H Ka.
7=t .

Then R is von Neumann reg,u]ar:f a.nd on]y if for any T = (:cc,) in R there exists
a unit y = (ya) in R such that ya = zq4 for aﬂ xo, -,é 0 '

PROOF. Suppose that R is von Neumann regular and z = (z) is an arbitrary
element in R. Since R is commutative, it-is unit-regular (Theorem 2.1). We
may write z in the form z = ye, where e is an idempotent and y = (yo) is a
unit in R. It is cIea;,thaﬁ & = (eq) is an idempotent, if and only if eq = 0 or

¢a = 1 for every « € Q. Hence z, = yo, for all z,, # 0.
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. Conversely, suppose that for any = = (24) in R, there.exists a unit y = (Yo )
in R such that yo = 7o for all zq % 0. Put e = _my.‘.l € R. Tt is obvious that

N lfor :r:a;‘éO
€a =
) ) Ofor xa—O

Therefore, € is an 1dempot(,nt in R and z = ye is a product of & unit and an

e = {eq), Where . .

1dempotent in R. ThlS proves that R is von Neumann regula,r -
Next we sta.te an 1nte1cst1ng, corolla.ly of Theorem 2. 3 wlnch plays an

1mp01ta.nt role in the proof of Plopomhon 2 1 and Lemma 2 1

COROLLARY 2.1. Let R be a von Neumann subring with identity of a direct

product of fields SRS S
| P=]] K

gAY
Then an element r = (ta) in R is invértible if a.n_d' onl_y ifxy # 0 for erI a € 8.

DEFINITION 2.4. Lét R be a von Neunjann regular ring. "We say that R satwﬁes
the condition (@) if every sum of squares of units in R is also a unit.

Note that there are ma,ny rings satlsfylng the cond1t1on (@) For example
any von Neumann subring: of an arbitrary direct: product - - ©

P= ][] Kas

::Gﬂ .
where K, = R (the field of real numbers) for all o € Q, satisfies the condition
®. S S

For commutatwe von Neumann regular rings satnsfylng the condltzon (@)

we have the following results which are useful for our problem

PROPOSITION 2.1. Let R be a commutatlve vori Neumann regu]a.r ung Then
the following conditions are equwalent -

(i) R satisfies the condition (@),

(ii) Every residue class field of R satisfies the condition (@)
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(iii) R is a subring of some direct product.
P=T] k.,
TEQ

where K, are fields satisfying the condition (®) for all & € .

PROOF. ()= (ii).- Evéry commutative von N eumann regular ring is considered
as a subring of the direct product |
P =[] Ko
. zeQ
where K, are residue class fields 6f R.. Furthermore, R contains the identity
1p and all projections py : R — K, are projective.
- Suppose tha.t there exists § € 2 such that Kz does not sa,t1sﬁes the cond1t1011

(‘I’), L.e. there are nonzero elements a4, Gag,--» ng in Kg such that .
Cdiptetals=0. . (1)
We will prove that R does not satisfy the condition (®). Since the projection
pp is surjective, there exist 2; = (zjo) in R (1 < j < n) such that
zjg =ajp foralll <j<n. (2)
Moreover, by Theorem 2.3 we can find units y; = (yja) in R (1 < j < n) such
that
Yia = Zjo for all m_.,a # 0. (3)
Put y = (yo) =y2 4 --- + y2. It follows from (1) - (3) that
g =dptrtaly =0,

Therefore y'is.not a unit in R by Corollaxy 2.1. This proves that R does not
" satisfy the condition (®). ' ' g

(i) = (iii). It is obvious.

(iii) = (i). Let z; = (zja) (1 < j < n) be arbitrary units in B. Put
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According to Corollary 2.1, zjo # O for all 1 < § < n and « € Q1. Hence
Ty 7# 0 for all @ € Q; by the condition (®). In view of Corollary 2.1 z € R -
which proves the propostion.

LEMMA 2.1. Let R be a commutative von Neumann regular ring satisfying the
condition (®). Then for any element z,,...,z, in R, there exists an unit « in R

such that 1 + u, 3 +u, ..., 2y + ¢ are also units.

PrOOF. By Proposition 2.1 R is a subring of some direct product

P= H K.,

111

where K, are fields satisfying the condition (®) for all @ € Q. On the other
hand, note'that elements m1 (m are nonzéro integers} are always invertible in

any von Neumann regular ring satisfying the condition (®). Put
u=(21+ 1) + (o2 + 1)+ +(za +1)° + (3/2).
Then u = {(u,}, where ,
= (mia + 1) + (224 + 1)"" -+ (a:,m + 1)2 + (3/2)2

for all & € Q. Hence, by the condition (&) for Ixa, we have uq, 75 Dforall a € Q
According to Corollary 2.1 u-is unit. We have

CTitus= (Tjo + va),
where
Tiat+ua = (T1a+1)* + (226 + 1)+ -+ (2ja+3/2)7 +- - +(Tna +1)2 +12 £ 0,

for all @ € . Therefore, all elements @1 + u, 23 + u,...; T, + u are invertible in

R. This completes the proof of the lemma.
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-3. Nets and net subgroups

- ‘over a commutative von Neumann regular ring
Let R be an arb1trary associated rmg with- 1dent1ty 1

DEFINITION 3 1 For a na,tural number n we conmder a square array ¢ =
(0', J), 1 < 1,7 < n, of ordern Whose elements are two- szded ideals o;; of R. We

call this array a net of 1deals in R of order n if
o-irarj - o-ij.a (4)

for all Values of mdmes 2,7 a.nd T. Ifm add:t:on gii = R for aﬂ i =12,
then a net is called a D-net.

For each net o we denote by M(¢) the following collection -
M(c) = {a = (aij); aij € oy; for all « and j}.

Note that in view of (4) M(o) is a subring of M,(R).. It is clear that the
identity mafrix I is contained in M(es) if and only if & is a D-net. The set
I+ M(o) = {I+a;a € M)} is a multiplicative system. For a D-net o,
M(o)=1+M(o). - |

DEF_I\NITI_ON»;_3._2. _Let a‘: be an arbitrary net of ideals in.R. of order n..  The
maximal subgroup of G = GL.(R) contained in I + M(c) is called the net
subgroup of G corresponding to the net o and is denoted by G(o). Ifo isa
D-net, then G(c) is called a D-net subgroup.

LEMMA 3.1. Let R be a unit-regular ring and ¢ be an a.rb1tra.ty net of ideals
of order n in R. Then '

Gla)=6n@+ ().

PROOF Suppose that R-is unit- regular It is clear that R/A is unit-regular for-
every ideal A of R. Then R/A is'a B-ring (Theorem 2.2) and hence for every
n 21, M,(R/A) is a B-ring (see [8, Theorem 2.4]). Moreover, it is well-known
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that M,(R/A) is regular. Hence M, (R/A) is unit-regular (Theorem 2.2) and
it is Dedekind finite. The proof is now completed by Theorem 1 of [4].

LEMMA 3.2. Let R be a commutative regular ring whose residue class- fields

all have charactenst;c dxﬂ'erent from Suppose that o is an aertraa ¥ net of

airarsa_qj g.. Tiiy (5)

for all possible values of the subcripts t,J,7 and s (here al; are the elements of

the inversé matrix a~! = = (d! i)

PROOF. Suppose that the inclusions (5) hold for a matrix a = (ai;). Let us

consider an arbitrary matrix'b = (b;;) from G(o). Then -
'b,‘j ._—..'..6,'3; +'b=:3," b* E J,J
Put ¢ = aba™!. Sin'ce- g

ij = § azrarsa” = 6:] + E a.". ra _._,J E 6:3 +0ij,

we have ¢ € I+ M(c). Therefore ¢ € G(o) which implies a eN (o).
Conversely, suppose that'e € N (0') We have to- prove the mdus:on (5) for
all 4,7,r and 5. © - Lo - o : =

If r # s:and z» € o, then tr,,(z) € G(a) By our assumptlon :

atrg(2)a™! = e+ Z a".za”c,] € G(U’)
i,

Hence a,,-,.za:,j € oij. N

If r = s, then o, = R. By our assumption and Corollary 2.1 the element
2 is invertible in K. Then, by Theorem 7 of [5] every clement of R may be
represented as a sum of two units.- Now, let us consider an arbitrary element z
1n .. Then the element z + 2 may be written in the form z + 2 = z' + ¥y with-
z',y' € R%. Therefore |

z=z+4+y, withl+4+z,1+4+yc R, (6)
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where ¢ =z’ —1 and y = y' — 1. By (6) it is sufficient to prove that a;;za/, ; € 045
for every z € R with 142 '€ R*. It is clear that d;(1+z).€ GN{e+ M(c)). By
Theorem 2.1 and Lemma 3.1 d,(1+2) € G(c): Therefore ad,.(1+z)a™? € G(7).

Hence a;rzal,; € 0;;. The proof of the lemma is now completed.
&7 7 p. = ! S

4. Lemmas on transvections

Let R be a unit regular ring, in which the element 2 is invertible. According
to Theorem 7 of [5] every element of R is a sum of two units. Let H be
a subgroup of G = GL.(R), containing the group D = D,(R) of diagonal

matrices. For each pair of distinct subcripts 7 and j we put
. oij ={z € Riti(z) e H}.

Using the above property for elements in'R we can show that all o;j ‘are ideals
in I. Next, it is easy to check that by setting, ih'addition, 01-,-- = R for all
1=1,2,...,n, we obtain a D-net o = (g;;) of ideals of order n in B. We call it
the D-net associated to H. the that the condition = € oy; is equivalent to the
condition that the transvection t;;(z) is contained in H. In the following we
ﬁrbve two lemmas on transvections which play an important role in the proof
of Theorem 5.1. ' ‘ '

LEMMA 4.1. Let R be a u'ﬁi.t‘—regulﬁ ring in which the element 2 is invertible
and H- a subgroup of G containing D. If for somer (1 < r < n) in the matrix

a = (a;j) from H all elements a,; withr # j are zeros, then ti.(a;;) € H for all

PROOF. In the inverse matrix ¢t = (ai;) we also have a.; = 0 for j # r and
arply, = 1. Write the identity 1 in the form 1 =.u 4+ v, with u,v € R*. It is

easy to verify the following formula
S [di(u)s‘ la; d“;(v_.l )]]’:-tir(_vairua;r)'

Since a € H, it follows —va;rual,. € oyr. Hence t;-(a;r) € H.



28 I .. B.X. HAI and T.N: HOI

. Now, let z1,23,...;Zn and ¥1,¥2,...,Yn be elements in R such that y12:1 +
Yoy + -+ ynzn = 1. If for z € R the element 1+ z is invertible, then so is

the inatrix a(z) = (§;; + z;2y;), and.its inverse is
a(4z(1 —I-z)—l) = ‘(6,-3- Zmiz(1 4+ 2)7ly;).

LEMMA 4.2. Let R be a commutative regﬁr]ar'f)iﬁg satisfying the condition (®).
If for all z € R for which 14 2z € R* the matrices a(z) are. contained in a
subgroup H, D < H < G, then t;;(z; zyj) €-H (ie. zmizy; € o0y;) for all
1<, <n.

ProoF. Let us fix a natural number r between 1 a,nd n and set for brevity
z =z, and y = Y. Similar to the proof of Lemma 4 of [3), it is sufficient to
show: that for any z (with 142z € R*) R contains elements u,v and:w such that

the following elements are invertible:

u, 1—1—uz,1+uzzy,' ' (7)

| v, 1+vz 1+va:zy,u——v, - ._ A (8)

» 1- xvz(l +v2)7! _ | (9)

w, 1+ wZ,1+wzzy,l —w; - (10)

v —uw(l+ ‘u;r:zy)_—lr(l +zzy)(1 + wazy) (1 + vzzy), (11)

where Z = —vz{1 4 vz)~!. Applying Lemma 2.1 to eléments 2 and zzy, we find

w'. € R*such that u' 4+ z € R* and &' + zzy € R*. ‘Putting v = (u")™! we see
that elements (7) are invertible. o

Similarly, we may apply Lemma 2.1 to elements z,22y,—u"t, z — zzy in
order to find v' € R* such that v' 4 z,v' + zzy,v' = u~l o' + z — T2y are
invertible. If we set v = (v')™!, then elements (8) are invertible. On the other

hand, since
1—zvz(l4+vz) ly =21+ vz) 7 (v + z — z2y),

the element (9) is also invertible. -
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- Finally, ‘'by. Lemma 2,1 there" exists ‘an.element w' €. R% such. that.the:

following clements are invertible: e T A e s
Gt 4 B 4 zEy,w’ — 1wl ey — we T (1 wazy) L+ 23y)(1 + vzzy).

Set w = (w')™!, then elements-(lﬂ) are invertible. Since the element (11) may:

be represc,nted in the form of a ploduct of umts in R
vw(l + w:z:zy) (w + :Lzy —uv 1(1 + ’U.’LZJ) (1 + a:zy)(l -I— 'vxzy))

it is also invertible. The proof of thei lemma, is:1iow completed. a

5. Inclusion in the normalizer
Now we arelea.dy to state the main 1'eéul{: of this paﬁéx‘;
THEOREM 5.1. Let R be a commutative von Neumann regular ring .satisfyinff
the condition (®). Let H be:a sungoup of GLn(R) ‘n.2. 2, containing . the
group Dn(R) of d1agona1 matnces If o is the D- net assocw,ted to H, then
Glo) < <H< N(a) o (12)

where N (0') is the normalizer of the D-net subgroup G(O') Convemely, 1f ( 12)

hoIds for‘some-Dfnet o, then o is the D-net associated to H.

PROOF Let a= (aU) €-H. By Lemma 3. 2 we have to venfy that awarsa 5 C

0‘” “for all r;s and 4 ' j. 'Fist, we consider the case r = s. Since R is

commutative, it is sufficient” to prove that a,,.a J €0;;. For"”a,nyz € :'ﬁ'foiv

which 1+ z € R* the matrix b = ad,(1 + z)e™" is contained in H, and its
rj- Note that R is

unit- regular (Theorem 2.1). Hence we may apply Lemma 4.2 to-z; = a,, and

elements are determined by the formula bij = 6i5 + agrzo’

y; = al; (1 <i < n)in order to obtain what is needed.

Now let r» # s and z be an arbitrary element in o5, The ma,tn\ |

, b= (b,‘j) = atrs(z)a_l = (5,‘1' -+ aifza;j)
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is:contained.in H; and its inverseis b~! = = (b}; ) = (5,3 airzay; ) As above we

can show that b,_?b‘TJ € o5, 1. e. S VNS USROS PR P ST

LT agzagy(1—agrzagy €0 0 (18)
Changing z by:—z we also -obtain .
alrza”(l -l—a,,.zas_,) € J,J R ¢ 1Y)

From (13) ‘and (14) we have Qa".za € a,-, Since 2 € I’* it follows that

8j
Gzrza . € 0;;. The first: assertion is proved.. B L A E SR T ENLFTRE R

Fmaﬂy, note that the indentity 1 in any commutative von Neumann regular
ring satisfying the condition (@) is always represented as a sum of two units.

Therefore the last assertion of the theorem is obvious by Proposition 6 of [2].
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