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ON CONJUGATE MAPS AND DIRECTIONAL
DERIVATIVES OF CONVEX VECTOR FUNCTIONS

NGUYEN XUAN TAN AND PHAN NHAT TINH

ABSTRACT. In this paper, the concepts and the properties of conjugate
maps and directional derivatives of convex vector functions from a subset of
R™ to R™ with respect to a convex, closed and pointed cone are presented
on the base of the notions of Pareto-supremum and Pareto-infimum. Some
well-known results in the scalar case are generalized to the vector case. An
application of conjugate maps to the dual problem is shown.

1. INTRODUCTION

The directional derivative and the conjugate function of a scalar convex
function are basic concepts of convex analysis. They play an important
role in the optimization theory. In the vector case, different approaches
to conjugate maps were proposed by several authors. They can be cate-
gorized in three types:

(i) approach based on efficiency [4],

(ii) approach based on weak efficiency [5], [6],

(iii) approach based on strong supremum [7],
where the order in the spaces under consideration is assumed to be gen-
erated by the positive orthant.

In this paper, we shall consider the space R with the order generated
by a convex, closed and pointed cone. The Pareto-supremum of a subset
is defined as the Pareto-minimum of the set of the upper bounds. We
will obtain necessary and sufficient conditions for the Pareto-supremum
of a subset to be nonempty. By this, we define the notion of conjugate
maps of set-valued maps from R" to R™, which is an extension of (iii),
and obtain some results concerning the conjugate maps of convex vector
functions similar to the scalar case. In addition, based on the notions of
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Pareto-supremum and Pareto-infimum we define the notion of directional
derivative of a convex vector function and prove several results extending
those in the scalar case.

The paper is organized as follows. In the next section, we introduce
the concept of Pareto-supremum and Pareto-infimum of subsets of R™
with respect to an order generated by a convex cone. Necessary and suf-
ficient conditions for the existence of supremum and infimum are estab-
lished. Some basic properties of the supremum and infimum sets, which
are needed in the sequel, are also presented. Section 3 is devoted to con-
jugate maps of convex vector functions. We define conjugate maps in a
standard way and investigate their properties, especially the extension of
the Fenchel-Moreau Theorem to the vector case. Section 4 deals with
directional derivatives of convex vector functions. As in the scalar case,
we show that the directional derivative of a convex vector function f at
x € ri(domf) coincides with the support map of the set 0f(x). The last
section is intended to give an application of the conjugate maps to the dual
problems of vector optimization problems. We establish a weak duality
theorem for the dual problem by using the conjugate maps.

2. SUPREMUM AND INFIMUM

Let C' C R™ be a convex cone. Define a partial order ' =, on R™ as
follows.
r,yeR", x-cysrz—yeC.

Sometimes we write ' =’ instead of ' >, if it is clear which cone is under
consideration. We recall the following definition.

Definition 2.1 ([1, Chapter 2, Definition 2.1]). Let A C R™ be nonempty.
We say that

i) x € A is an ideal minimal point of A with respect to C if x <¢ v,
for every y € A. The set of all ideal minimal points of A is denoted by
IMin(A|C).

ii) z € A is a Pareto-minimal point of A with respect to C if y <¢ z,
for some y € A, then x <¢ y. The set of all Pareto-minimal points of A
is denoted by Min(A|C).

The concepts of IMax and Max are defined dually.

The cone C is said to be pointed if C' N (—C) = {0}. The following
result from [1] will be needed in the sequel.

Lemma 2.2 [1, Chapter 2, Definition 2.2]. If IMin(A|C) # 0, then
IMin(A|C)= Min(A|C) and it is a point whenever C is pointed.
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Let A C R™ be nonempty. We say that x € R" is an upper bound
of A with respect to C if z >¢ y, for every y € A. The set of all upper
bounds of A is denoted by Ub(A|C).

The concept of lower bound is defined dually. The set of all lower
bounds of A with respect to C' is denoted by Lb(A|C). We say that A is
bounded above (below) with respect to C if Ub(A|C) # 0 (Lb(A|C) # 0).

The concept of supremum is defined as follows.

Definition 2.3. Let A C R™ be nonempty. We say that

i) x € R™ is an ideal supremal point of A with respect to C if z €
Ub(A|C) and = =¢ y, for every y € Ub(A|C). The set of all ideal supremal
points of A is denoted by ISup(A|C).

ii) x € R™ is a Pareto-supremal point of A with respect to C' if x €
Ub(A|C) and y <¢ z for some y € Ub(A|C) implies z <¢ y. The set of
all Pareto-supremal points of A is denoted by Sup(A|C).

The concepts of IInf and Inf are defined dually. Sometimes we write
IMinA, MinA, ISupA, SupA,... instead of IMin(A|C), Min(A|C), ISup(A|C),
Sup(A|C),... if it is clear which cone is under consideration.

Remark 2.4. i) From definition we have

ISupA = IMin(UbA).
SupA = Min(UbA).
[InfA = IMax(LbA).

InfA = Max(LbA).

ii) When m = 1 and C = Ry, the concepts of ISup (IInf) and Sup
(Inf) are equivalent and they are precisely the usual concept of supremum
(infimum) in R.

The following simple result will be needed in the sequel

Lemma 2.5. Let A be a nonempty subset of R™. Then
i) LbA = —Ub(—A).
ii) InfA = —Sup(—A4).
iii) IInfA = —ISup(—A).

Proof. This is immediate from definition. [J

Lemma 2.6. Let A be a nonempty subset of R™. If ISupA # (), then
ISupA= SupA and it is a point whenever C' is pointed.

Proof. This is immediate from Remark 2.4 and Lemma 2.2. [J
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From now on, the cone C' is assumed to be convex, closed and pointed.
As usual, we shall write x > y whenever x > y and x # y, for every
z,y € R™. When intC # ), we write z > y if z — y €intC. To simplify
the presentation, sometimes a set which has only one element is identified
with that element.

Now, we shall establish necessary and sufficient conditions for the ex-
istence of supremum and infimum.

A sequence (xx) € R™ is said to be increasing if

Th+1 = Tk, (Vk € N)

A sequence () € R™ is said to be bounded from above if the set
{zk : k € N} is bounded from above.

Lemma 2.7. If a sequence (x) C R™ is convergent and bounded above
by a € R™, then limx, =< a.

Proof. Since (zx) € a — C and C is closed, limzy, € a — C. Hence

limz;, < a. O

Lemma 2.8. If a sequence (x) C R™ is increasing and bounded from
above then it is convergent and

limzy, = ISup{zy : k € N}.
Proof. Let a be an arbitrary upper bound of {zj : k € N}. Then
(k) C (1 +C)N(a—O).

By [1, Chapter 1, Proposition 1.8], (1 + C) N (a — C) is compact. Then
there exists a convergent subsequence (zy,) C (xg). Put z = llim Th, -
—00

Since (z,); is increasing then, for every [,p € N, we have
Thyyp € Tk, + C.
Let p — o0. Since C' is closed,

x €xy, + C.
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Hence,
(1) rex,+C, (VkeN).

Let € > 0 be given. Since xy, — x, by [1, Chapter 1, Proposition 1.8],
there exists L € N such that

(g, +C)N(z—C) C B(z,e).
Set K = kr. Then for every k > K, one has
z € (xg +C)N(x — C) C B(x,e).

Hence, limz; = .
Finally, from (1) and Lemma 2.7 it implies © = ISup{zy : £ € N}. The
proof is complete. [

Proposition 2.9. Let A be a nonempty and linearly ordered subset of
R™. Then ISupA # 0 if and only if A is bounded from above.

Proof. The ‘only if’ part is obvious. For the ‘if’ part, since C' is convex,
closed and pointed, by [1, Chapter 1, Proposition 1.10], intC" # (). Let
¢ € intC’. One has

(2) £(c) >0, (Vee C\{0}).

Pick any a € UbA. Then &(x) < £(a), for every = € A. Hence Supé(A) <
+00. Therefore, we can find a sequence (zj) C A such that ({(zy)) is in-
creasing and lim & (zx) = Sup{(A). Since A is linearly ordered, by (2), (zx)
is increasing. From Lemma 2.8, (xj) converges and limz; = ISup{zy}.
By Lemma 2.7, ISup{zy} < a. We shall show ISup{x;} € UbA and this
will complete the proof. Indeed, let x € A be arbitrary. Since A is linearly
ordered, one of the following two cases holds.

i) There exists k such that x < x;. In this case, obviously = =
ISup{xy}.

ii) © > xp, for every k € N. By Lemma 2.7, ISup{zx} < z. Observe
that {(z) = Sup&(A) = {(ISup{z}). Then by (2), x = ISup{zy}.

Thus x < ISup{z} for every x € A. The Proposition is proved. [

Remark 2.10. From the proof of Proposition 2.9, we see that if a
nonempty, linearly ordered subset A of R™ is bounded from above then
there exists an increasing sequence (x) C A converging to ISupA.
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Corollary 2.11. Let A be a nonempty and linearly ordered subset of R™.
Then IInfA # 0 if and only if A is bounded below.

Proof. This is immediate from Proposition 2.9 and Lemma 2.5. [J

The following lemma characterizes ISup and IInf of linearly ordered
subsets.

Proposition 2.12. Let A be a nonempty, linearly ordered subset of R™.
Then

i)
a € UbA.

a:ISUpA@{ AﬂB(a,E)%& (V6>0).

ii)
b e LbA.

b=1nfd & { ANBb,e) #£0, (Ye>0).

Proof. i) The ‘only if’ part is immediate from Remark 2.10. For the ‘if’
part, let x € UbA be arbitrary. From the hypothesis, there is a sequence
(ar) € A converging to a. Since (ay) C x —C and since C is closed, a < x.
Hence, a = ISupA.

ii) This is immediate from i) and Lemma 2.5.

The proof is complete. [

When intC # () Proposition 2.12 can be rewritten as follows.

Proposition 2.13. Assume that intC # () and A is a nonempty, linearly
ordered subset of R™. Then

i)
a € UbA.

a = ISupA <
Ve >0, dx € A such that x > a — c.

ii)
b e LbA.

bzIIan@{
Ve > 0, dxr € A such that x < b+ c.

Proof. 1) For the ‘only if’ part, pick any ¢ > 0. Then a € int(a — ¢+ C).
Hence, by Proposition 2.12, there exists € A such that = € int(a—c+C),
lLe. x> a—c.

For the ‘if’ part, let € > 0 be arbitrary. From [1, Chapter 1, Proposition
1.8], there exists ¢ > 0 such that

(a—c+C)N(a—C)C Bla,e).
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By the hypothesis, AN[(a —c+C)N(a—C)] # 0. Hence, AN B(a,e€) # 0.
Then by Proposition 2.12, a = ISupA.

ii) This is immediate from i) and Lemma 2.5.

The proof is complete. [J

Corollary 2.14. Let S C R be nonemty and bounded from above. Then
for every c € C, we have

ISup(Sec) = (SupS)e.

Proof. This is immediate from Proposition 2.12. [

Now, let g be a function from («,3) C R to R"™. We say that g is
increasing on («, f3) if for every t,t' € («, 3), one has

t<t' = g(t) < g(t).

Corollary 2.15. Let g : (a,3) € R — R™ be increasing and bounded.
Then the limits ltlfn g(t), ltlTrg g(t) exist and

limg(t) = IInf g(¢).

tla te(a,B)
limg(t) = ISup g(t).
lim g(1) Sup (t)

Proof. The set {g(t) : t € (a,3)} is linearly ordered and bounded below

then by Corollary 2.11, there exists IInf g(¢). Put a = IInf g(¢). Let
te(a,B) te(a,p)

e > 0 be given. From [1, Chapter 1, Proposition 1.8|, there is ¢’ > 0 such
that
(B(a,€e') +C)n(B(a,€e') — C) C Bla,e).

By Proposition 2.12, there exists tg € (a, 3) such that g(tg) € B(a,&’).
Then for every t € (a,ty), one has

g(t) € (a+C)N(g(ty) — C) C (B(a,e") + C) N (B(a,e’') — C) C B(a,e).

Thus, limg(¢) = IInf g(¢).
tla te(a,B)
Similarly, we have ltlTrEl g(t) = ISup g(t). The proof is complete. []
te(a,B)

The following theorem is the main result of this section.
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Theorem 2.16. Let A be a nonempty subset of R™. Then SupA # 0 if
and only if A is bounded from above.

Proof. The ‘only if’ part is obvious. For the ‘if’ part, let b € UbA be
arbitrary. Put B = UbAN (b — C). Since MinB C Min(UbA) then to
complete the proof it remains to show MinB # (). Indeed, let S be a
nonempty and linearly ordered subset of B. Pick any x € A, one has

SC(z+C)n(b-C).

Then by Corollary 2.11, there exists IInfS. Since C is closed then by
Proposition 2.12, IInfS € (z+C)N(b—C), for every x € A, i.e., IInfS € B.
Hence, by Zorn’s lemma, MinB # (). The theorem is proved. [

Corollary 2.17. Let A be a nonempty subset of R™. Then IInfA # () if
and only if A is bounded below.

Proof. This is immediate from Theorem 2.16 and Lemma 2.5. [

Remark 2.18. From the proof of Theorem 2.16 and Lemma 2.5, for every
nonempty subset A of R™, one has

(3) UbA = SupA + C.
(4) LbA = InfA — C.

Corollary 2.19. Let A be a nonempty subset of R™. Then
i) If SupA # () and has only one element then SupA = ISupA.
ii) If InfA # 0 and has only one element then InfA = TInfA.

Proof. This is immediate from (3) and (4). O

The rest of this section is intended to establish some basic properties
of supremum and infimum which will be needed in the sequel.

Proposition 2.20. Let A be a nonempty subset of R™. Then
i) UbA is closed and convex.
ii) UbA = Ub(coA).
iii) SupA = Sup(coA).
iv) ISupA = ISup(coA).
(Here coA denotes the closure of the convex hull of A.)

Proof. i) This is immediate from definitions and from the fact C' is closed.
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ii) It is clear that Ub(coA) C UbA. For the converse inclusion, let
a € UbA be arbitrary. Then A C (a — C). Since C'is closed and convex,

coA C (a— C), i.e. a € Ub(coA).
iii) This is immediate from the definition of Sup and ii).
iv) This is immediate from iii) and Corollary 2.19. [J

Corollary 2.21. Let A C R™. If UbAN coA is nonempty then
UbA N coA = ISupA.
Proof. From Proposition 2.20, one has
UbA N coA = Ub(coA) N coA.
Since C' is pointed and UbA N coA # (),
Ub(coA) N coA = ISupcoA
Hence, by Proposition 2.20,
UbA N coA = ISupA.
The proposition is proved. []
Proposition 2.22. Let A, B be nonempty subsets of R™. Then
i) Sup(tA) = tSupA, for everyt > 0.
ii) If A C B then SupB C SupA + C.
iii) SupA+SupB C Sup(A+B)+C. If in addition, ISupAUISupB # (),

then
SupA + SupB = Sup(A + B).

Proof. i) Let a € SupA be arbitrary. Then ta € Ub(tA). Pick b € Ub(tA)
with b < ta. Then %) € UbA and %) < a. Since a € SupA, %) = a. Hence,

1
ta € Sup(tA). Thus, tSupA C Sup(tA). Replace A,t by tA, - one has

%Sup(tA) C SupA.

Hence, Sup(tA) C tSupA.
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ii) This is immediate from the fact SupB C UbB C UbA and from the
equality UbA = SupA + C.

iii) The inclusion follows from the facts SupA + SupB C Ub(A + B)
and Ub(A+ B) C Sup(A+ B) + C. To prove the equality, without loss of
generality we may assume that ISupA # (). By Lemma 2.6, SupA = ISupA
and it is a point. Let b € SupB be arbitrary. Then SupA+b € Ub(A+ B).
Pick z € Ub(A + B) such that

(5) x <X SupA + b.

One has = > y+ z, for every y € A,z € B. Hence, x — z € UbA, for every
z € B. Since UbA = SupA + C, x — z = SupA, for every z € B. Hence,
we have x — SupA € UbB. b € SupB. This and (5) imply z = SupA + b.
Therefore, SupA + b € Sup(A + B).

Conversely, let = € Sup(A + B) be arbitrary. By a similar proof, one
has x — SupA € UbB. Pick b € UbB such that

b <z — SupA.

Then SupA + b € Ub(A + B) and SupA + b < x. Since z € Sup(A + B)
then © = SupA +b. Hence, x — SupA € SupB. The proposition is proved.
O

Proposition 2.23. Let A be a nonempty subset of R™ and a € R™. If
&(a) = Supt(A), for every & € C’, then

a = ISupA.

Proof. For every £ € C',x € A, one has £(a) > &(x). Hence, a > x.
This means that a € UbA. Now, let b € UbA be arbitrary. Then b > x,
for every x € A. Hence, £(b) > Sup{(A) = £(a), for every & € C’. This
implies that b > a. Hence, a = ISupA. The proof is complete. [

Remark 2.24. We note that the duals to Proposition 2.20 to Proposition
2.23 for Infimum are also true.

3. CONJUGATE MAPS

Let F': R = R™ be a set-valued map. We recall that the C-epigraph
of F' is defined as the set

epiF := {(x,y) € R" x R™ :y € F(x) + C}.
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The domain of F' is defined as the set
domF := {zx € R" : F(x) # 0}.

F is said to be convex (closed) with respect to C'if epiF is convex (closed).
It is easy to see that F' is convex if and only if for every z,y € R™, \ €
[0, 1], one has

AE(2) + (1= N)F(y) € FQz + (1 — \)y) + C.

If f is a vector function from a subset D C R"™ to R™ then we shall identify
f with the following set-valued map

{f(x)}, =ze€D,
Fla) = { 0, x ¢ D.

Definition 3.1. Let F' : R" = R™ be a set-valued map with domF # ().
The conjugate map of F' is a set-valued map from L(R", R™) to R™ defined

F*(A):=Sup | J [A(z) - F(z)], A€ L(R",R™),

where L(R™, R"™) denotes the space of linear maps from R™ to R™.

Definition 3.2. Let F': R" = R™ be a set-valued map with domF™* # ().
The biconjugate map of F'is a set-valued map from R™ to R™ defined by

F*(z):=Sup |J [A(@)—-F*(A)], z€R"
A€L(R",R™)

Example 3.3. i) Let S C R"™. The indicator map of S is a set-valued
map from R" to R™ defined by

R I

The support map of S is a set-valued map from L(R™, R™) to R™ defined
by
Supp(S|A) := Sup{A(x) : x € S}, A€ L(R",R™).
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One has
(Is)" = Supp(S].).
ii) Let B € L(R",R™), a € R™. Consider the affine function

F(z) = B(z) +a.

We have
{—-a}, A=B0B,

Fo={y " s

The following proposition presents some calculus rules for conjugate
maps.

Proposition 3.4. Let F': R = R™ be a set-valued map with domEF # ().
Then
i) (F4+a)*(A) = ( )—a, (YVa€e R™, Ae L(R",R™)).
ii) (tF)*(A )—tF*( ), (Vt>0,A€ L(R",R™)).
iii) (F(.4+0)*(A) = F*(A) — A(b), (Vb e R™, A e L(R",R™)).

Proof. i) Let a € R™, A € L(R", R™) be arbitrary. From the definition
and Proposition 2.22, one has

= Sup(( | [A(x) - F(2)]) - a)
TER"

= (Swp |J [Alz) - F(@)]) —a

=F*(A)—a

ii) Let t > 0,A € L(R™, R™) be arbitrary. From the definition and
Proposition 2.22, one has
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iii) Let b € R",A € L(R",R™) be arbitrary. From definition and
Proposition 2.22, one has

(F(-+b))"(4) = Sup | [A(x) - F(z +b)]

TER™
=Sup | J [A(z +b) — F(z+b) — A(D)]
reER™
- (sup U (A +b) - F(z + b)]) — A(D)
rER™
= F*(A) — A(b).

The proof is complete. [

Now, we shall establish some basic properties of conjugate maps.

Proposition 3.5. Let F': R" = R™ be a set-valued map with domF # ().
Then
i) F* is convex and closed.

ii) If domF* # () then
F(z) C F*(x)+C, (Vxe R").

Proof. i) For every A,B € L(R",R™),\ € [0,1], from the definiton and
Proposition 2.22, one has

AF*(A) + (1 — \)F*(B)
= asup | [A(x) = F(@)] + (1= NSup | [B(z) - F(a)

rER™ rER™
=Sup | J M(2) = AF(2)] + Sup | [(1 - N)B(z) — (1 = ) F()]
rER"™ zER™
C sup( | DM@) = AF@)]+ | (1= NB) - (1 - A)F(m)]) +C.
rER™ reR™

Since

C |J PA@) - AF@)]+ | (1= N)B(z) - (1 - AN)F(z)]

rER™ reER™
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then by Proposition 2.22, we have

sup( U M) - AF(@)] + | (1 - NB(z) - (1—)\)F(a:)]) +C

C Sup | J [(AM+ (1= N)B)(z) - F(z)] +C
TER™

= F*(AA+ (1 - \)B) +C.

Hence, F'* is convex.

Now, assume that a sequence (Ag,yr) C epiF™ converges to some
(A,y) € L(R™",R"™) x R™. For every x € domF,z € F(x), from the
definition of conjugates, one has

yp = Ag(z) — 2, (Vk € N).
Let k — oo, since C is closed, y = A(x) — z. Hence,

yeSup | [A(x) - F(z)]+ C =F*(4) + C.
rER™

This means that (A,y) € epiF™*.

ii) Let € R™ be arbitrary. If ¢ domF then the inclusion is obvious.
Now, assume that x € domF'. Pick any A € domF*. From Lemma 2.5
and Remark 2.24, we have

Alz) = F*(A) = A(z) = Sup | [A(2) = F(2)]

zER™

= Inf(A(z) — | [A(z) = F())).

zeR"™

Since F'(z) C A(z) — U [A(z) — F(2)],

zER™
F(x) CUb(A(x) — F*(A)).
Since this is true for every A € domF™* then

Fz)CUb |J [A@)—F*(A)]
AedomF'*
=Sup [J [A(x)-F*(4)] +C
AedomF'*
= F**(z) + C.
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The proposition is proved. [J

Let f be a convex vector function from a nonempty subset D C R™ to
R™. The subdifferential of f at x € D is defined as the set

Of(x):={Ae€ L(R",R™): f(y) — f(x) = A(y — x), for every y € D}.

Proposition 3.6. Let f be a conver vector function from a monempty
subset D C R™ to R™ and let x € D, A € L(R",R™). Then A € 0f(x) if

and only if f*(A) = A(z) — f(x).
Proof. From the definition of subdifferential and Corollary 2.21, one has
A€ df(z) = Alx) — f(z) = A(y) — f(y), (Vy€ D)
& Ax) — f(z) =1Sup | J {A(y) — f(v)}

yeD

& A(x) — fz) = f7(A).
The proof is complete. [

Lemma 3.7. Let F be a set-valued map from R™ to R™ such that there
exists IInfF (x) for every x € domF. If F is convex then IInfF is convex
on domF'.

Proof. For every x,y € domF, A € [0,1], by Remark 2.24 and Corollary
2.19, one has

MInfF (z) + (1 — M)IInf F(y) = Inf [AF(z)] + Inf [(1 — X\) F(y)]
= IInf[\F(z) + (1 — \)F(y)].

By the convexity of F', AF(z) + (1 — M)F(y) € F(Az + (1 — \)y) + C.
Hence,

IInf F(Ax + (1 — N)y) € Lb[AF(z) + (1 — A\)F(y)]
=TIInf[AF(x) + (1 — N\ F(y)] — C.

Therefore, AlInf F'(z)+ (1 —\)IInf F'(y) > Inf F(Ax+(1—\)y). The proof
is complete. O

Lemma 3.8. Let F' : R = R™ be a set-valued map with domF # () such
that there exists IInfF (x) for every x € domF. Then

F* = (IInfF)*.
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Proof. Let A € L(R™, R™) be arbitrary. By Lemma 2.5, Lemma 2.6 and
Proposition 2.22, for every x € domF', one has

A(z) — IInfF(z) = ISup[A(z) — F(z)].

Hence,

yeUb( g [A(x)—IIan(x)])

zedomF
<y € Ub(A(z) — IInfF(z)), (Vz € domF)

<y € Ub(ISup[A(x) — F(z)]), (Vx € domF)
<y € Ub(A(x) — F(x)), (V€ domF)
(U M@ -F@)).

re€domF

<y e Ub

Therefore

Ub( U [A(a:)—IIan(a:)]) :Ub( U [A(@-F(@]).
redomF redomF
This implies that

(IIan)*(A)zSup( U [A(x)—IIan(x)])
rEdomF

— Min <Ub( U [A(x) — IIan(x)]>>

redomF

= Min <Ub( U @) - F(ﬂf)]))
redomF

=sw( |J [A@) - F@))

— F*(Ag;.e b

The proof is complete. [J

Corollary 3.9. Let F' be a convex set-valued map from R™ to R™ such
that there exists IInfF(x) for every x € domF and let x € domF, A €
L(R™ R™). Then A € OlInfF(z) if and only if F*(A) = A(x) —IInfF(x).
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Proof. This is immediate from Proposition 3.6, Lemma 3.7 and Lemma
3.8. O

Proposition 3.10. Let f be a vector function from a nonempty subset
D C R™ to R™. Then f*(A) is bounded below for every A € domf* and,
if f is convez, domf* # ().

Proof. Let A € domf* be arbitrary. Pick any x € D, one has

Ax) = f(z) € Lb(Sup | {A(y) - f(1)}) = Lb(f*(4).

yeD

This means that f*(A) is bounded below.

Now, assume that f is convex. Let x € riD. By Theorem 4.12 in [2],
Of(z) # (. Pick any A € 9f(x). By Proposition 3.6, f*(A) = A(z)— f(z).
Hence, domf* # (). The proof is complete. [J

Corollary 3.11. Let F be a set-valued map from R™ to R™ with domF' #
() such that there exists IInfF(x) for every x € domF. Then F*(A) is
bounded below for every A € domF* and domF* # () whenever F is
convez.

Proof. This is immediate from Proposition 3.10 , Lemma 3.7 and Lemma
3.8. O

Proposition 3.12. Let f be a convexr vector function from a nonempty

subset D C R™ to R™. If D is closed then
domf** = D.

Proof. By Proposition 3.5, D C domf**. Assume in the contrary that
domf** # D. Then there exists xg € domf** such that z¢o ¢ D. By the
separation theorem, one can find a functional £ € L(R™, R) such that

(6) &(zo) > Supé(z)

rED

Let yo € riD, by Theorem 4.12 in [2], 0f(yo) # 0. Pick any point Aj €
Of(yo). By Proposition 3.6, f*(Ap) reduces to a singleton. For every
c € C, define a linear map (. : R — R™ as follows.

Bu(t) = te, (Vt€ R).
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From Corollary 2.19 and Proposition 2.22, one has

£ (Ao) + Sup(B8)(x) = Sup |_J {Ao(z) — f(2)} + Sup(5:£) ()

= sup( | {40() — 7@} + [ {8:9)(x)})

C Sup | {Ao(2) = f(z) + B:£)()} + C

xeD

= (Ao + B:€) + C.

Observe that

Sup(B:€)(x) = Be(Supé(x))

reD xzeD

= (Sup¢()).c.

€D

Hence, there exists y. € f*(Ag + 5:£) such that

[ (Ao) + (Sélgé(:v))-c > Ye-

Let z € f**(xp). From the definition of f**, one has

(Ao + B&)(20) — Ye
[Ao(zo) — [ (Ao)] + [€(z0) — Supé(z)].c,

xeD

for all ¢ € C. By (6), this is impossible. Thus, domf** = D. The proof is
complete. [J

Corollary 3.13. Let F be a convex set-valued map from R™ to R™ with
domF # () such that there exists IInfF(z) for every x € domF. If domF
1s closed then

domF** = domF.

Proof. This is immediate from Proposition 3.12, Lemma 3.7 and Lemma
3.8. O

The rest of this section is intended to generalize the Fenchel-Moreau
Theorem to the vector case.
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Let f be a convex vector function from a nonempty subset D C R"
to R™. We say that f satisfies condition (H) at « € D if there is some
zo € riD such that

fz) = lki%lf(m + (1 = A)xo).

Obviously, if f is continuous at = € D then f satisfies the condition (H)
at x. We note that the converse conclusion is not true in general. When
m = 1 and f is closed then by [3, Chapter 2, Corollary 7.5.1|, f satisfies
the condition (H) at every x € D. Furthermore, we have

Proposition 3.14. Let f be a convex vector function from a nonempty

subset D C R™ to R™. If f is subdifferentiable at x € D, then f satisfies
the condition (H) at x.

We need the following lemma.

Lemma 3.15. Let g : [0,1] — R be convez. If g is subdifferentiable at 1
then

li =g(1).

img(t) = 9(1)
Proof. By the convexity of g, the limit ltiTI{lg(t) exists. Pick any A € dg(1).
Then for every t € [0, 1], one has g(t) — g(1) > A(t — 1). Hence,

ltiglg(t) > g(1).

By the convexity of g, this implies that

limg(t) = g(1).

The proof is complete. [

Proof of Proposition 3.14. Let x¢ € riD. For every £ € C’, we define a
function f¢ : [0,1] — R as follows.

fe(t) = &f(te + (1 = t)zo).
Obviously, fe is convex on [0, 1]. Pick any A € 0f(x) and put

Ae(t) = tEA(x — x), (Vt € R).
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A direct verification shows that As € 0f¢(1), i.e. fe is subdifferentiable at
1. By Lemma 3.15, one has

ling f(t2 + (1 = t)z0) = m fe(t

= fe(1)
={f(x).

Since C' is closed, convex and pointed, intC’ # (). Hence,

ltl%?gf(ta: + (1 —t)xo) =&f(x), forall £ € L(R™, R).

This implies that

lim (ko + (1= thao) = f(z).

The proof is complete. [J
Lemma 3.16. Let f be a convex vector function from a subset D C R"

to R™ and let x € D. Assume that there exists g € riD such that
flx) = ltiTI{lf(tx + (1 —t)xg), (i.e., f satisfies condition (H) at x.). Then
for every sequence ((Ag,xr))r € L(R™, R™) X [xo,x] such that z) — x
and Ay, € 0f(xy), one has

lim Ag(x — x) = 0.

k— o0

Proof. For every £ € C’, we define a function fe from [0,1] to R as follows.

fe(t) = &f(tw + (1 = t)o).

Obviously, f¢ is convex on [0,1].

For every k > 1, represent xy as xx = Apx + (1 — Ag)zo, for some
A € ]0,1]. Since xr — z, Ay — 1. Without loss of generality, we may
assume A\p T 1. Put

Akjg(t) = thk({E - CL'()), (Vt S R)
A direct verification shows that Ay ¢ € 0fe(Ax). We claim that Ay ¢(1 —

Ar) — 0. Indeed, since f¢ is convex on [0,1] then one of two following
cases holds.
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i) There exists ¢y € [0, 1) such that f¢ increases on [tg, 1). Without loss
of generality, we may assume tg = 0. From the definition of subdifferential,
for every k > 1, one has

Are(1 =) < fe(1) = fe(n),
Ak (=) < fe(0) = fe(Ar) <0.

Hence,
0< Ape(l =) < fe(1) = fe(Mn)-

Since fe(1) = fe(Ae) = &[f(z) — f(Aez + (1 — Ax)zo)] — O then
Ape(1—Xg) — 0as k— oo.

ii) fe decreases on [0,1). Since 1}}% fe(A) = fe(1) then f¢ decreases

on [0,1]. From the definition of subdifferential and the monotonicity of
subdifferential, one has

{ (Ak+1,6 — Are) Aeg1 — M) 2 0,
Ape(l = A) < fe(1) = fe(A) <0,

Hence, (Ag,¢)r is an increasing and bounded from above sequence. There-
fore klim A ¢ € R. Consequently,
—00

lim Aké(l - )\k) = 0.

k— o0

We have seen that, in both cases, our claim is true. Thus, for every £ € C’,
we have

kllngoﬁAk(x —xE) = klirgofAk((l — Ap)(z — x0))
= khm Ak,g(l — /\k)
=0.

Since C' is closed, convex and pointed, intC” # (). Hence, klim EAR(x —
x) = 0, for every & € L(R™, R). This implies that

lim Ag(z —xy) = 0.

k—o0
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The proof is complete. [J

The following theorem is the main result of this section.

Theorem 3.17. Let f be a convex vector function from a nonempty subset
D C R"™ to R™. If f satisfies the condition (H) at x € D then

[ (@) = f(=).

Proof. First, we consider the case x € riD. By Proposition 4.12 in [2],
Of(xz) # 0. Pick any Ay € 9f(x). By Proposition 3.6, f(z) = Ag(z) —
f*(Ap). This and Proposition 3.5 implies

f@ewn( U [A@- @)

AeL(R™,R™)

mcz(co( U [A) - f*(A)])).

AEL(R™,R™)

Hence, by Corollary 2.21,

fla)y=Isuwp (J  [A@) - " (A)]

AEL(R",R™)

= /().

Now, assume that x is a relative boundary point of D. From the hypoth-
esis, there exists xg € riD such that

(7) f(@) = limf(t + (1 = ).

Let (tx) € (0,1) be an increasing sequence converging to 1. Put xp =
trx + (1 — tg)zo. Obviously, (zx) C riD N [zg, z] and z — z. For every

k, pick any Ay € 0f(x). By Proposition 3.6, f(xr) = Ax(xx) — f*(Ag).
Hence,

1/ () = [Ar(x) = [ (AR < 11 () = )l + | Ar(z — 2]

Letting k — oo, by (7) and Lemma 3.16, we obtain

1/ () = [Ar(z) = f*(AR)][| — 0.
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By this and by Proposition 3.5, one has

f@eus( U [A@-r@))n

AEL(R™,R™)

mcz(co< U [A@) - f*(A)])).

AEL(R",R™)

Hence, by Corollary 2.21,

f@y=1sup | [Ax) - f(4)]

AcL(R™,R™)

= f" ().
The proof is complete. [

Corollary 3.18. Let F': R®" = R™ be a convex set-valued map such that
there exists IInfF(x), for every x € domF'. If IInfF satisfies the condition
(H) at z € dom F then

F**(x) = IInfF(x).

Proof. This is immediate from Theorem 3.17, Lemma 3.7 and Lemma 3.8.
O

4. DIRECTIONAL DERIVATIVE

Let D be a nonempty convex subset of R™ and let x € D. The direction
v € R™ is said to be a feasible direction of D at z if there exists ¢ > 0 such
that x +tv € D. The set of the feasible directions of D at x is denoted by
T(D;z).

We recall that the contingent cone of D at x € R™ is defined as the set

K(D;z) :={ve R":Jv; — v,3t; | 0 such that = + t;v; € D}.
The following results describe the structure of the set T(D;z).
Proposition 4.1. For every x € D, one has

i) T(D;x) is a convexr cone.
ii) T(D;z) C K(D;x).
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The equality holds if x € riD. In this case,
T(D;x) = K(D;x) = spanD,
where spanD denotes the subspace which is parallel to the affine hull of D.

Proof. 1) It is not difficult to see that T(D;x) is a cone. Let u,v €
T(D;xz),\ € [0,1] be arbitrary. Then there exist s,t > 0 such that z +
su,x +tv € T(D;x). Since D is convex then x + psu + (1 — p)tv € D, for
every p € [0,1]. If we choose

B At

S VIR FR
_ st

A VN R

then
4+t (Au+ (1 = ANv) =2+ psu + (1 — p)to.

Hence, \u+ (1 — X\)v € T(D;z).

ii) The inclusion is obvious from definition. To prove the last assertion,
without loss of generality, we assume that z = 0. Then we can find € > 0
such that Bspenp(0,€) € D. For every v € K(D;0) \ {0}, there exists
v; — v,t; | 0, such that t;u; € D. Then 8ﬁ € Bspanp(0,€). Hence,

V5

v oy _
e—— = lime—— € Bspanp(0,¢) C D.
o] o] :
This implies that v € T(D;x). The equality T(D;z) = spanD is trivial.
The proof is complete. [

We note that, the inclusion in Proposition 4.1 is strict in general. For
instance, let D = B((0,1),1) C R?, z = (0,0). Then

K(D;x) = {(y,2) € R*: z > 0},

and

T(D;z) = {(y,z) € R* : z > 0}.

Definition 4.2. Let f be a convex vector function from a nonempty
subset D C R™ to R"™. The directional derivative of f at z € D in the
direction v € T(D;x) is the following limit if such exists

Flaso) = =1
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Proposition 4.3. Let f be a convexr vector function from a monempty
subset D C R™ to R™ and let x € D,v € T(D;x). If the set

{f(af+tv)—f($)
t

:t>0,:1:+tv€D}

is bounded below then there exists the directional derivative of f at x in
the direction v and

fz 4 tv) = f(2)
t

f’(m;v):IInf{ :t>0,x+tv€D}.

Furthermore, f'(x;.) is positively homogeneous and if domf'(x;.) is conver
then f'(x;.) is convex.

Proof. Put tyg = Sup{t > 0: x +tv € D}. It is clear tyx > 0. Then the

function .
gy o= L2 ) 1)

is defined on (0,%p) and takes value in R™. From the hypothesis, g is
bounded below on (0,%y). Let t,t' € (0,t9),t < ¢’. By [1, Chapter 1,
Proposition 6.2], {f is convex, for every & € C’, hence

§f(x+tv) = §f(x) < {f(x+tv) = Ef(2)
t - t/ '

ie.
Eg(t) < &g(t), (Ve ).
This implies g(t) < g(t'), i.e. ¢ is increasing on (0,¢y). Then by Corollary
2.15, one has
!/ . -
J (i v) = limg(t)

= IInf ¢g(¢
tE(OI,lto)g( )

z +tv) - f(x)

:IInf{f( :t> 0,2 +tv e D}

From the definition it follows that f’(x;.) is positively homogeneous.
Now, assume that domf’(x;.) is convex. Let u,v € domf’(z;.),\ €

(0,1) be arbitrary. Then for every t > 0, by the convexity of f, one has

F+t0u+ (L= No) = [(2) | [+ ) — ()
t - t
WIS ]
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Letting ¢ | 0, by the closedness of C', we have

F(@ 2w+ (1= Nv) 2 Af' (z5u) + (1= M) f'(@30).
The proof is complete. [

Proposition 4.4. Let f be a convex vector function from a nonempty
subset D C R™ to R™. If [ is subdifferentiable at x € D then

domf’(z;.) = T(D;x).

Proof. Obviously, domf’(x;.) C T(D;x). Let v € T(D;z) be arbitrary.
Pick any A € 0f(z). For every t > 0 such that x + tv € D, one has

flx+tv) — f(x) = tA(v).

Hence,

{f(xﬂv)—f(w‘)
t

is bounded below by A(v). Then by Proposition 4.3, v € domf’(x;.). The
proof is complete. [J

We note that if = € riD then by Proposition 4.1, T(D; x) = spanD and
by Theorem 4.12 in [2], f is subdifferentiable at x. Hence, domf’(x;.) =
spanD.

:t>0,x+tv€D}

The following proposition is the most remarkable result of this section.

Proposition 4.5. Let f be a convex vector function from a nonempty
subset D C R™ to R™ and let x € riD. Then for every v € T(D;zx), one
has

f/(x;v) =ISup{A(v) : A € 0f(x)}.

Proof. For every & € C"\ {0}, by [1, Chapter 1, Proposition 6.2], £f is
convex and by Theorem 4.6 in [2],

(& f) (@) = €0 (x).
Then by [3, Chapter 5, Theorem 23.4], for every v € T(D;x), we have
(&f) (z;v) = Sup{B(v) : B € 9({f)(x)}

— Sup{€A(v) : A € Of(x))
= Supé{A(v) : A e of(x)}.
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On the other hand, one has

§f(x+tv) —Ef(x)

(&) (z30) =lim

t10 t
_ g [+ 1) — f(@)
t10 t
= ¢f'(z;0).

Hence,

£f'(z30) = Sup§{A(v) : A € 9f(2)}.
Then by Proposition 2.23,

f/(x;v) =ISup{A(v) : A € 9f(x)}.
The proof is complete. [J

Proposition 4.6. Let f be a convex vector function from a mnonempty
subset D C R"™ to R™ and let x € D, A € L(R".R™). Then A € 0f(x) if
and only if A(v) X f'(z;v), for every v € T(D;x).

Proof. The ‘only if’ part is immediate from Proposition 4.3 and from the
proof of Proposition 4.4.

For the ‘if’ part, let y € D be arbitrary. Set v := y — x. Then v €
T(D;x). From the hypothesis and from Proposition 4.3, one has

Av) =X fi(z0) 2 flz +v) = f(2).
Hence, A € 9f(x). The proof is complete. [J

Lemma 4.7. Leta € R™. Ifa ¢ —C then {ta : t > 0} is unbounded from
above.

Proof. Since C'is convex and closed then, by the separation theorem, there
exists £ € C" \ {0} such that

&(a) > Sup{&(z) : xz € —C} =0.

Assume the contrary that {ta : ¢ > 0} is bounded from above by some
be R™. Then —b+ta € —C, for every t > 0. Hence,

§(a) > —¢£(b) + t&(a),
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for every t > 0. Letting t — oo, we arrive at a contradiction. The proof
is complete. [

Corollary 4.8. Let f be a convex vector function from a nonempty subset
D C R™ to R™ and let x € D with domf'(x;.) = T(D;x). Then

Of (x) = doml[f'(x;.)]".

Proof. Let A € 0f(z) be arbitrary. By Proposition 4.6, A(v) =< f/(z;v),
for every v € T(D;z). Hence,

U {Aw) — fz0)

vedom f/(x;.)

is bounded from above by 0. This implies that A € dom[f'(z;.)]*.
Conversely, let A € dom[f’(x;.)]* be arbitrary. From the definition of
conjugate functions, the set

U {4@) (@)

vedom f/(x;.)
is bounded from above. We shall show that
A(v) — f'(z;0) 20,

for every v € domf’(z;.). Then by Proposition 4.6, A € df(x), which
completes the proof. Indeed, assume in the contrary that there is a point
v € domf’(x;.) such that A(v) — f'(z;v) ¢ —C. Since f’(x;.) is posi-
tively homogeneous, by Lemma 4.7, the set {A(tv) — f'(x;tv) : t > 0} is
unbounded from above. We arrive at a contradiction. [J

5. CONJUGATE DUALITY

We conclude this paper by giving an application of conjugate maps to
the dual problems of vector optimization problems.

Let C C R™ and K C R* be closed, convex and pointed cones. Let F
and G be set-valued maps from R™ to R™ and R* respectively, and let X
be a nonempty subset of R™ such that

X C domF N domG.
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Let us consider the vector optimization problem (VP) with set-valued
data:

minF'(x)
st.xe X, Glx)N—K # 0.

Put
Xo:={z € X| G(z)N—K # 0}.

Assume that Xy # (). We recall that o € Xj is said to be an optimal
solution of (VP) if F(xz¢) N Min(F(X)|C) # 0. 2o € X, is said to be an
ideal optimal solution of (V P) if F(xo) NIMin(F(Xo)|C) # 0.

Define a perturbation for (V P) as a map from R" x R¥ to R™ by the
rule

O(z,b) = F(x), z € X, G(x) N —(K + b) # 0;
®(x,b) = (), otherwise.

Observe that dom® is nonempty since Xy is nonempty. The perturbed
problem corresponding to a vector b € R* will be of the form

(PV) min ®(x, b)
s.t. x € R".

It is clear that problem (V' P) is the same as (Fp).
The conjugate map ®* of ® is a set-valued map from L(R™ x R*, R™)
to R™ defined by

¢ (z,y) =Sw( |J  [e(2) +y(b) - @(x,0)]| O),

(z,b)ER™X RF
y € L(R*,R™), z € L(R",R™).

For every fixed z € L(R"™, R™), we then have a vector problem

max —P*(z,y)
s.t. y € L(R*, R™).

Let us denote this latter problem by (D*) in the special case where z = 0
and call it the conjugate dual of (V P).
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We note that by [1, Chapter 5, Proposition 2.1], ® is C-convex in both
variables on R™ x RF if X is convex, F is C-convex, G is K-convex on X.
By Proposition 3.5 above, ®* is C-convex.

Recall from [1] that a triple (z,a,b) € R™ x R™ x RF is said to be
feasible if z € X, a € F(z) and b € G(x) N —K. For the dual problem a
feasible couple (y,a’) € L(R*, R™) x R™ means that a’ € —®*(0,y).

Theorem 5.1 (Weak duality). For every feasible triple (z¢,ao,bp) of
(VP) and feasible couple (yo, ay) of (D*), one has

af) =c ag.
Proof. We have

a’6 S _CD*(O,:UO)
——sw( U o) - o))

(z,b)ER™ X Rk

—mi( {J [@@b) —w).

(z,b)ER™ x R¥

Hence, aj € Lb®(xo,0) = LbF(z¢). Thus, aj =¢ ag. The proof is
complete. [

Theorem 5.2. If there are xg € X, yo € L(RF, R™) such that
0 € ®(x0,0) + 27(0,0)

then xq is an ideal optimal solution of (V P), yo is an ideal optimal solution
of (D*) and the ideal optimal values of these problems are equal.

Proof. Let ag € ®(x0,0)N—P*(0,y0). Then (yo, ap) is a feasible couple of
(D*). For every feasible triple (z,a,b) of (VP), by Theorem 5.1, one has

ap =c a.
Then ag = IMin (F(X()| C) and x( is an ideal optimal solution of (V P).
Now, let by € G(xzo)N—K. Then (z0, ag, by) is a feasible triple of (V P).
For every feasible couple (y,a’) of (D*), by Theorem 5.1, one has

a <c ap.
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Then ag = IMax (—®*(0, L(R*, R™))| C) and yo is an ideal optimal solu-
tion of (D*). The proof is complete. [J
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