PLANAR EXTENSIONS IN O-MINIMAL STRUCTURES
SI TIEP DINH AND NHAN NGUYEN

ABSTRACT. Let X C R? be a closed definable set of dimension at most 1, and let A : X — R?
be a definable continuous injective map. In this paper, we establish necessary and sufficient
combinatorial conditions, formulated in terms of cyclic orders at topological singular points
and orientations of Jordan curves, for i to admit a definable homeomorphic extension to
the whole plane.

INTRODUCTION

The classical Jordan curve theorem states that every simple closed curve (Jordan curve)
in the plane R? separates the plane into exactly two connected components: a bounded
interior and an unbounded exterior. The Schoenflies theorem strengthens this statement by
asserting that any homeomorphism from the unit circle onto a Jordan curve extends to a
homeomorphism of the entire plane, mapping the interior to the interior and the exterior to
the exterior. Consequently, any two embeddings of a Jordan curve in the plane are ambiently
homeomorphic.

A natural question is whether a similar extension property remains valid for more general
subsets of the plane. More precisely, given an embedding (i.e., a continuous injective map)

h: X < R?,
where X C R?, one may ask:
When does h extend to a homeomorphism of the whole plane?

In general, even embeddings of simple sets need not admit such extensions. For instance,
let X be the union of a circle and its center, and let h be the identity on the circle while
mapping the center to a point outside the circle. Then h cannot extend to a homeomorphism
of the plane. Thus, any positive extension theorem must impose additional conditions on
the embedding h.

This question is closely related to classical problems in topological graph theory. Two
embeddings of a graph G into a surface S are said to be equivalent if there exists a home-
omorphism of S mapping one embedding to the other. Whitney [I1] proved that every
3-connected planar graph has a unique embedding in the sphere up to equivalence. Many
further results in this direction can be found in the book of Mohar and Thomassen [9].

In [12], Young gave a partial answer to the extension problem: if M and N are 2-
dimensional manifolds whose boundaries are unions of pairwise disjoint Jordan curves, then
a homeomorphism h : OM — ON extends to a homeomorphism M — N if and only if it
carries a concordant orientation on dM to a concordant orientation on dN. In the planar
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case, this generalizes the Schoenflies theorem from a single Jordan curve to finitely many
pairwise disjoint Jordan curves.

A much more general extension theorem was proved by Gehman [4] for continuous one-
to-one correspondences between plane continuous curves. He proved that if M, M’ C R?
are plane continuous curves and T : M — M’ is a homeomorphism such that every simple
closed curve v C R? containing an arc AB C M, there exists a simple closed curve +' C R?
containing h(AB) and satisfying

h(M N Int(y)) = M' N Int(v")

and symmetrically with the role of M and M’ reversed, then T" extends to a homeomorphism
U : R? — R?. Here, Int(y) denotes the interior of +.

Later, in [5], Gehman extended his result to E-sets, which may have infinitely many con-
nected components, by imposing compatible side-preserving and interior-preserving condi-
tions. While Gehman’s theorems are topologically natural and very general, their hypotheses
are often difficult to verify in practice, even for tame embeddings.

In this paper, we study the extension problem in the o-minimal setting, which provides a
rich framework for tame geometry. Let X C R? be a closed definable set of dimension at most
1, and let h: X — R? be a definable embedding. When X is unbounded, we additionally
assume that h is coercive, i.e.,

2] =00 = |A(x)]| = oc.

This growth condition is necessary for the existence of a homeomorphic extension to R2.
Our main result provides necessary and sufficient combinatorial conditions for the existence

of a definable ambient extension. In the compact case, Theorem shows that h admits a

definable homeomorphic extension to R? if and only if there exists ¢ € {#1} such that

(1) ord(h,p) = ¢ for every topological singular point p € X of degree at least 3;
(2) w(h,v) = c for every facial Jordan curve 7 of X;
(3) for every facial Jordan curve v of X and every x € X \ 7,

z €lnt(y) <= h(z) € Int(h(y)).

Here, a facial Jordan curve is a Jordan curve contained in the boundary of a bounded face
of X and enclosing that face; Lemma (viii) shows that such a curve exists and is unique
for each bounded face. The notation ord(h, p) indicates whether the local cyclic order of the
branches of X at the singular point p is preserved or reversed: ord(h,p) = 1 means that h
preserves this cyclic order, while ord(h, p) = —1 means that it reverses it. Similarly, w(h, )
indicates whether h preserves or reverses the orientation of the Jordan curve ~.

The proof overcomes the main difficulty that the complementary faces of X need not have
Jordan curve boundaries, preventing a direct face-by-face application of the Schoenflies the-
orem. We resolve this issue by adding finitely many suitable definable arcs to X, chosen so
that the enlarged set decomposes the plane into regions bounded by Jordan curves. Condi-
tions (1)—(3) guarantee that each added arc in the source corresponds to an admissible arc in
the target, allowing h to extend to a definable embedding of the enlarged sets. The enlarged
source and target then admit compatible Jordan decompositions to which a definable version
of the Schoenflies theorem can be applied region by region.

The unbounded case is reduced to the compact one via a compactification argument using
inversions. We introduce the notion of cyclic orders at infinity for the unbounded branches
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of X. After choosing points p and ¢ near infinity (outside X and h(X), respectively), we
consider the compactified map g, , : ¢,(X) U {0} — R? given by

ohoo¢ Yx), ©#0
Ipa(T) = { g % ( ()): x i 0:
where ©—p
) =
(and similarly for ¢,). Theorem shows that h extends if and only if g, , does.

From the perspective of topological graph theory, our results give an ambient equivalence
criterion for finite plane graphs. Here a plane graph means a graph embedded in R%2. We
allow loops, multiple edges and unbounded edges, and we assume that all edges are simple
polygonal arcs. It is known that every planar graph admits a realization in R? whose edges
are simple polygonal arcs; see, for example, [9, Lemma 2.1.1].

More precisely, let f : G; — G5 be a homeomorphism between finite plane graphs. Then
f extends to a homeomorphism of the whole plane R? if and only if Conditions (1)-(3) hold.
Moreover, if f is definable then the extension can also be chosen to be definable.

The paper is organized as follows. Section (1] recalls the necessary notions of orientation,
local cyclic order, and definable Jordan curves. Section [2| develops some elementary prop-
erties of plane graphs and facial Jordan curves. Section |3| proves the extension theorem
in the compact case. Section 4| treats the unbounded case by introducing cyclic orders at
infinity and reducing the problem to the compact case via inversion. Section [5| presents some
examples showing that Conditions (1)—(3) cannot be omitted.

Throughout this paper, we fix an o-minimal structure on (R, +, ), and all definability is
understood with respect to this structure. We assume some familiarity with the basic notions
of o-minimality. However, the arguments in this paper use only elementary properties of o-
minimal structures and do not require any advanced machinery. For further background, we
refer the reader to [2] 10, [7].

Notations.

e For X C R?, we denote by 0X and X respectively the topological boundary and the
closure of X in R2.

e Given p € R?, we denote by B,(p) and S,(p) the open ball and the circle of radius r
centered at p, respectively. When p = 0, we write S, instead of S,(0).
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Vietnam Institute for Advanced Study in Mathematics (VIASM). The authors gratefully
acknowledge VIASM for its warm hospitality and generous support. The second author was
supported by the Vietnam Ministry of Education and Training (MOET) under grant number
B2025-CTT-01.

1. AUXILIARY RESULTS

1.1. Orientations of arcs and Jordan curves. We first fix some notation. By an arc we
mean the image of an injective continuous map « : [0,1] — R?. If the endpoints of the arc
are p and ¢, we denote the arc by [p, q], and its relative interior by & = (p, q). If the arc is
contained in a set X, we may write [p, ¢]y.

Let Y C R2. An arc « is said to be internally contained in Y if & C Y.
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A Jordan curve is the image of a continuous map ~ : [0,1] — R? such that v(0) = (1)
and v|p1) is injective. By the Jordan curve theorem, R? \ v has exactly two connected
components. We denote the bounded component by Int(v) and the unbounded component
by Ext(7).

If X C R? is a definable set of dimension at most 1, we denote by J(X) the set of Jordan
curves contained in X.

An orientation of an arc is obtained by choosing one endpoint as the initial point and the
other as the terminal point. Thus an arc has two possible orientations, corresponding to its
two directions. A Jordan curve also has two possible orientations. We say that an oriented
Jordan curve is counterclockwise if its interior lies locally on the left-hand side as the curve
is traversed, and clockwise if its interior lies locally on the right-hand side.

Let « be an oriented arc or a Jordan curve, and let p € 4. Then p divides a neighborhood
of p in v into two oriented subarcs having p as a common endpoint. The subarc for which
p is the terminal point is called the incoming arc of v at p, while the other subarc is called
the outgoing arc of v at p. When the arc v and the point p are clear from the context, we
simply call them the incoming and outgoing arcs.

Let vy be an oriented Jordan curve, and let p, ¢ € v be distinct points. We denote by [p, q];r
the subarc of v from p to ¢ with respect to the counterclockwise orientation of v. We denote
by | ,q]; the other subarc of v from p to ¢. We use the analogous notation for open and
half-open subarcs.

Finally, let h : v — R? be a continuous injective map, where ~ is a Jordan curve. Then
h(7) is again a Jordan curve. We define

w(h, ) = 1, if h preserves the orientation of ~,
V)= —1, if h reverses the orientation of 7.

Lemma 1.1. Let H : R? — R? be a homeomorphism. Then either H preserves the orien-

tation of every Jordan curve in R?, or H reverses the orientation of every Jordan curve in
R2.

A standard topological result guarantees the global consistency of this factor.
To compare two distinct oriented Jordan curves 71,7, € J(R?), we define the relative
orientation operator

( ) = 1, if 4 and 7, possess the same orientation,
oL 2) = —1, otherwise.

The following lemma characterizes how local intersections determine the global behavior
of overlapping Jordan curves.

Lemma 1.2. Let 1,7 C R? be oriented definable Jordan curves such that 1 N7y, contains
an arc o. Then exactly one of the following holds:

(i) o C Int(vyq) N Int(72);
(11) aNInt(y) NInt(yr) = 2.

Moreover, in case (i), the curves v1 and 7y induce the same orientation on « if and only if
o(71,72) = 1; in case (i), they induce the same orientation on « if and only if o(y1,v2) = —1.
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Proof. Let p € &. Since « is a common embedded arc of both curves, there exists a small
open ball B,.(p) centered at p such that

B.(p) Ny =B.(p) Ny

is a single open arc, say 5. This arc § divides the ball B,(p) into two open connected
components, which we denote by B* and B~. For each i = 1,2, exactly one of the two
components Bt or B~ lies in Int(7;). Since the curves are continuous and « is connected,
the choice of which side contains the interior cannot suddenly switch along «. Therefore,
there are exactly two global possibilities along the whole arc a:

(i) The interiors of 71 and -, lie on the same side of a. In this case, we have

a C Int(vy) N Int(7ys).

(ii) The interiors of y; and v, lie on opposite sides of «. In this case,

aNInt(yy) NInt(ye) = @.

This shows that exactly one of the two cases holds. It remains to relate these cases to the
orientations induced on «. Recall that a curve is oriented counterclockwise if and only if its
interior lies locally on the left-hand side when traversing the curve.

Case (i): The interiors lie on the same side of . Since both curves have their interior on
the same side, they must be traversed in the same direction along « in order for the interior
to remain on the left for both. Therefore, v; and v, induce the same orientation on « if and
only if they have the same global orientation, that is, o(v;,v,) = 1.

Case (ii): The interiors lie on opposite sides of a. For the interior to stay on the left of each
curve, the two curves must now be traversed in opposite directions along «. Hence, ~; and
~9 induce the same orientation on « if and only if they have opposite global orientations,
that is, o(y1,72) = —1. O

Let v be a Jordan curve and let P = {py,...,p,} C v (n > 3) be a set of pairwise distinct
points. We define a cyclic relation <, on P as follows: for i # j, we write

Di <'y pj
if p; is the first point among P\ {p;} encountered when traversing  counterclockwise starting

from p;. Equivalently, the open counterclockwise subarc (p;, pj);r contains no points in P.

Now, let h : v — R? be a definable embedding. By the Schoenflies theorem, h extends to
a global homeomorphism of R?. Applying Lemma to this extension, we obtain:

Lemma 1.3. The map h either preserves the cyclic order of any finite set of pointspy,...,p, €
v or reverses it.

Let X be a definable set of dimension 1. A point p € X is called a topological reqular point
if there exists a definable open neighborhood U, of p in R? such that X N U, is definably
homeomorphic to an open interval in R.

Fix a point p € X. By Hardt’s triviality theorem [2] [6, 0], for sufficiently small r > 0,
the topological type of X NB,.(p) \ {p} is constant. We denote by deg(p, X) the number of
connected components of X NB,.(p) \ {p} for such r and call it the degree of p with respect
to X. Clearly,

deg(p, X) =2 <= pis a topological regular point of X.
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Assume now that n := deg(p, X) > 3, and let
{X7,..., X"}
be the connected components of X N B,(p) \ {p}. For each i = 1,...,n, the intersection

Sr(p) N X? consists of exactly one point, which we denote by p;.
To define the local cyclic order at p, we need the following lemma.

Lemma 1.4. Let v,0 C B,(p) be definable Jordan curves such that p € Int(y) NInt(o) and,
for each i = 1,...,n, each of the intersections X! N~ and X! N o consists of exactly one
point, denoted by p; and q;, respectively. Then, for all 1 < i # j <mn,

Pi <yDj <~ 4 <o G-
Proof. Tt is enough to prove one implication, since the converse follows by interchanging the
roles of v and o.
Assume that p; <, p;. By the definition of p; <, p;, the open arc (p;, p;)7 contains no
point of X. Hence
(pivpj):— NX=0a.
Thus
(pi»pj)y CBr(p) \ X.
Since (p;,p;)7 is connected, it is contained in a connected component U of B, (p) \ X.
We first claim that if
(Qz’» Qj);_ ¢ Uv
then
(qi, qj): N U = .

Indeed, the component U is the local sector determined by the two branches X? and Xf
and containing the arc (p;, p;)7. Since (p;, p;)7 contains no point py with k # i, j, no branch
X7, k # 1,7, lies on the boundary of this sector. Therefore the relative boundary of U in
B, (p) is contained in

X7 UX?U{p}.
Since o meets X} and X7 exactly at ¢; and g;, respectively, and since p ¢ o, we get
U No = {gi,q;}

Suppose that
(qi, Qj): NnU 7é .
Since U is open, the set
(i, g )j nu
is open in the arc (g;, ¢;)F. Moreover, the only possible boundary points of this intersection
on o are points of
oUunNno ={q,q;}
It follows that
(@ 45) VU = (4i,45)5
which contradicts the assumption that (g;, ¢;); ¢ U. This proves the claim.
We now prove that
(¢i,q5)5 CU.
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Suppose, by contradiction, that
(%7 QJ);’F ¢ U.
By the claim,
(qi, qj');.r NnNU = @.
Choose the orientations on v and ¢ to be counterclockwise and define
= [ pilxr U pi, psly U [py, plxer,
and
o1 = [p, alxr Ulai, 4;15 U lg5. plxr-
We orient v; and oy so that their orientations agree, respectively, with those of
i, vl and g, q5]5
By construction, the Jordan domain bounded by 7, is the sector U. Thus
Int(y) C U.
On the other hand, since
(QUQJ): NU = Qa
the Jordan domain bounded by o lies on the opposite side of the common branches X! and
X7. Hence
IHt(O’l) NU =@.

Consequently,
Int(v,) NInt(oy) = @.

Moreover, the common arc [p;, pj]fy“ lies on the common boundary of v and ~;, and the
interiors of 7 and ~; are locally on the same side of this arc. Hence

[pi,pj]f; C Int(y) N Int(y).

Similarly,

(¢, ;14 C Int(o) N Int(oy).
By Lemma it follows that
o(y,m) =1, o(o,01) = 1.
Since v and o are both oriented counterclockwise, we also have
o(y,0) = 1.
Therefore
o(y1,01) = 1.
Now let o be a nontrivial common initial subarc of
[papi]Xf and [p, Qz‘]xf-
The curves v; and o7 induce the same orientation on «. However, since
Int(v,) NInt(oy) = @,

we have

a N Int(yy) NInt(oy) = @.
Applying Lemma [1.2| again gives
o(y1,01) = —1.
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This contradicts the previous equality o(~y;,01) = 1. Therefore our assumption was false and
we have

(q7l7 qj);_ cU.
In particular, the arc [g;, ¢;]; contains no point g with k # 4, j. Hence, by definition,
q; <5 Qj'

The lemma is proved. O

Let v C B,(p) be a definable Jordan curve such that p € Int(y) and each intersection
X? N~ consists of exactly one point, denoted by p;. Such a curve will be called a Jordan
curve around p.

We define the local cyclic order at p on the set of branches {X7,..., XP} by stating that
XP < Xf if and only if p; <, p; for a Jordan curve v around p. Lemma ensures this
order is independent of the choice of 7.

Let h: X — R? be a definable continuous injective map, and let p € X with deg(p, X) =
n > 3. We say that h preserves the local cyclic order at p if

X7 < X] = h(X7) < MX]) forall 1 < #j <n,
and reverses the local cyclic order at p if

X7 < X7 = h(X]) <MXD) forall 1 <i#j<n.
Accordingly, we define

1, if h preserves the local cyclic order at p,
ord(h,p) = ¢ —1, if h reverses the local cyclic order at p,
0, if otherwise.

The following result follows directly from the definition of local cyclic order.

Lemma 1.5. Let Y C X be a definable subset such that deg(p,Y) > 3. If ord(h,p) € {1},
then

ord(hly,p) = ord(h, p).

Let v € J(X) be an oriented definable Jordan curve, let p € «, and let « be a definable
arc with endpoint p such that a Ny = {p}. Let 4} and 4 be the two local branches of v at
p, where 47 is the incoming branch and 4% is the outgoing branch with respect to the given
orientation of 7. Let o denote the local branch of « at p.

Lemma 1.6. The curve v is counterclockwise if and only if one of the following two condi-
tions holds:

(1) if o\ {p} C Ext(y), then
N <o’ <y <
(1) if o\ {p} C Int(v), then
W< <ol <A
Proof. Choose r > 0 sufficiently small so that the circle
C = S,(p)
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meets each of the three local branches 4, v5, o in exactly one point. Denote these points
by
pr=CnNa,  p=CN%,  g=CnNa’
We orient C' counterclockwise.
Since 74 is the incoming branch and ~4 is the outgoing branch, the curve 7 passes through
p locally from p; to ps. If 4 is counterclockwise, then the interior of ~ lies locally on the
left-hand side of this oriented passage through p. Therefore, on the small circle C', the points
of C lying in Int(7) are exactly the points of the open counterclockwise arc
(P2, 1)
Equivalently,
C NInt(y) = (po,p1)s  and CNExt(y) = (p1,p2)¢-
If o\ {p} C Ext(y), then ¢ € (p1, p2)&. Therefore
P11 <c q <c p2 <c D1,
which means
N <l < <A
If o\ {p} C Int(y), then q € (p2, p1)&, hence
P <c P2 <c q <c D,
which means
m < <a’ <.

Conversely, if one of the two cyclic orders in (i) or (ii) holds, then the point ¢ lies respec-
tively on the exterior arc (pi,p2)& or on the interior arc (pa,p;)5. This determines which
side of + is the interior near p, and therefore shows that ~ is counterclockwise. O

Remark 1.1. (a) From the proof of Lemma [L.6] it is clear that the induced orientation
on 7 does not depend on the choice of the point p € v or of the auxiliary arc a.
(b) Similarly, one can prove that 7 is clockwise if and only if one of the following holds:
e aNInt(y) = @ and the cyclic order at p in y U « is

N <z <ol <A
e o\ {p} C Int() and the cyclic order at p in y U « is
N <af <9y <.

The next lemma relates the local cyclic order at a point to the orientation of a Jordan
curve passing through that point.

Lemma 1.7. Let vy € J(X), let p € v, and let &« C X be a definable arc such that aNy = {p}.
Assume that ord(h,p) € {£1}. Then

ord(h, p) = w(h,~)
if and only if one of the following holds:

(1) anlnt(y) = & and h(a) NInt(h(y)) = F;
(2) a\{p} C Int(y) and h(e) \ {h(p)} C Int(h(7)).
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Proof. By Lemma [1.5
ord(h|yua, p) = ord(h, p),

so we may assume X =y U a.
Assume that v is counterclockwise. We consider the case o N Int(y) = &; the other case
is analogous. By Lemma the cyclic order at p is

7 <al < <Y
If ord(h, p) = 1, then the cyclic order at h(p) on h(y U «) is
h(71) < h(a”) < h(v3) < h(71).
Hence, by Lemma [1.6]
w(h,7) =1 <= h(y) is counterclockwise <= h(a)NInt(h(y)) = 2.

Thus ord(h, p) = w(h,v) if and only if h(a) NInt(h(y)) = 2.
If ord(h,p) = —1, then the cyclic order at h(p) becomes

B(2¥) < () < h(a®) < h(:d).
By Remark [L.1}(b),
w(h,y) =—1 <= h(y)is clockwise <= h(a)NInt(h(y)) = 2.
Again we obtain ord(h,p) = w(h,~) if and only if h(a) N Int(h(y)) = @. This proves the

lemma. [l

Lemma 1.8. Let o, 3,0 be pairwise internally disjoint definable arcs with the same endpoints
p,q. Assume that

y=aUp
is the outer Jordan curve, i.e., 5 C Int(y), so
v =aUjd, Yo =0Up
are the two Jordan curves contained in m Equivalently,
Int(v) = Int(y1) U U Int(y,).
Let h: aUBUGS — R? be a definable embedding. Suppose that for some ¢ € {&1},
ord(h,p) = ¢, ord(h,q) = ¢,
and
w(h,11) = ¢, w(h,y2) = c.
Then
w(h,vy) = c.

Proof. Orient all three curves 7, 71, 2 counterclockwise.

The curves 7, and 7, share the arc §. Since v; and 7, are the two smaller Jordan curves
inside v, their interiors lie on opposite sides of 4. Hence, by Lemma 1.2, the orientations
induced by v, and 72 on ¢ are opposite. Therefore, the orientations induced by h(vy;) and
h(2) on h(d) are also opposite.

Since

w(h, 1) = w(h,72) =c,
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the map h either preserves both orientations or reverses both orientations, so

o(h(m), h(12)) = o(71,72) = 1.

Again by Lemma 1.2, the interiors of h(7y;) and h(72) lie on opposite sides of h(d). Thus
the two image curves h(7y;) and h(~,) bound the two small regions separated by the common
arc h(d). Consequently,

o

h(6) C Int(h(7)).
This, together with the assumption 6 C Int(y) and Lemma 1.7, gives
ord(h,p) = w(h,~).
By assumption, ord(h, p) = c¢. Therefore w(h,v) = c. O
Given two Jordan curves 7y, 72, we write vy, < 7o, if

Int(y1) C Int(yz);
and, write 7, < 7o if and only if 73 < 75 and 1 # 7s.

Lemma 1.9. Let v, # 2 be Jordan curves. Then
71 CInt(ye) = 7 <
Proof. If v1 < 9, then Int(y;) C Int(v2) and hence

71 C Int(vy) C Int(7s).

Conversely, assume that v; C Int(y2) and 71 # 7e.

Since vy, C Int(7s), we have

Ext(72) = R*\ Int(y2) € R*\ 71 = Int(y;) U Ext(71).

As Ext(72) is connected, either Ext(y2) C Int(y;) or Ext(y2) C Ext(v1). The first possibility
is impossible, since Ext(7) is unbounded whereas Int(+;) is bounded. Therefore Ext(~,) C
Ext(71), which implies

Int(y1) C Int(ye).
It follows that Int(y;) C Int(vs), i.e. 11 < 2. But 41 # 72, hence vy < 7s. O

1.2. The Definable Schoenflies Theorem.

Theorem 1.10 (Definable Schoenflies theorem). Let v C R? be a definable Jordan curve,
and let h : v — R? be a definable embedding. Then there exists a definable homeomorphism
H :R? — R? such that

H|, = h.

Proof. Set 4" := h(y). Since h is a definable embedding, +' is again a definable Jordan curve.

By the definable triangulation theorem, there exist polygonal Jordan curves P and P’ in
R? and definable homeomorphisms

H17 H2 : R2 — RQ
such that
Hi(P)=~ and Hy(P')=+"
Consider the composition
h :=Hy'ohoH : P — P.
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Then A’ is a definable homeomorphism between polygonal Jordan curves.
By similar arguments as in the proof of polygonal Schoenflies theorem [1, Theorem III.1.C],
we obtain a definable homeomorphism

H' :R? - R?
such that
H'|p="n.
Therefore,
H::Hon’oHl_1
is a desired definable extension of h. 0

2. TOPOLOGICAL PLANE GRAPHS

Definition 2.1. A definable plane graph (or simply a plane graph) is a pair G = (V, E)
embedded in R? satisfying the following conditions:
(a) V C R? is a finite set, whose elements are called vertices;
(b) each edge e € FE is either
e a definable arc whose endpoints are two distinct vertices of V', or
e a definable loop with endpoint in V;
(c) edges intersect only at common endpoints, that is, for any two distinct edges e, ¢’ € E,

ene =
(d) apart from its endpoints, an edge contains no vertices.

Remark 2.1. By a slight abuse of notation, when no confusion arises, we identify the plane
graph G = (V, E) with the subset of R? given by the union of its vertices and edges. A
Jordan curve in G is precisely a circuit in G. We denote by J(G) the set of all Jordan curves
contained in G.

The connected components of R?\ G are called the faces of G. There is a unique unbounded
face, called the outer face; all others are called inner faces. We denote §o(G) the outer face
of G.

Lemma 2.2. Let G = (V, E) be a plane graph and let v € J(G). Let e € E be an arbitrary
edge. Then

YNée#9 =— eCr. (1)
Consequently, v is a finite union of edges of G.

Proof. Indeed, suppose that v N é # @ and set a := vy N é. Since € contains no vertices and
does not intersect the interior of any other edge, each point of é has a neighborhood in G
homeomorphic to an open interval. Hence, for any x € «a, a small neighborhood of x in ~
coincides with a subarc of €, which shows that « is open in é.

On the other hand, since 7 is a closed subset of R?, the set a is closed in é. As é is
connected, it follows that o = é.

Therefore, for each edge e € E, either yNé = @ or € C 7. Since v C GG and G has finitely
many edges, v is the union of finitely many edges of G. O
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Let G = (V, E) be a plane graph. A graph G’ = (V', E) is called a subgraph of G it V! C 'V
and £/ C E. If V! =V and G’ contains no Jordan curves, then G’ is called a spanning forest
of G. When G is connected, any connected spanning forest of G is called a spanning tree.

A vertex v € V is called a leaf if it is incident to exactly one edge which is not a loop. By
convention, an isolated vertex is also called a leaf.

Lemma 2.3. Let G be a plane graph, e be an edge of G, and F be a face of G. Then the
following statements hold:

(i) Either e C OF, or ¢ N OF = &, where OF denotes the boundary of F.

(ii) If e lies on a Jordan curve in G, then e is contained in the boundary of exactly two
faces of G.

(i) If e lies on no Jordan curve, then e is contained in the boundary of exactly one face
of G.

() If G' is a subgraph of G, then every face of G is contained in a face of G'. In particular,
the outer face of G is contained in the outer face of G'.

(v) Let G and G' be disjoint plane graphs, and let e be an arc joining G to G' such that
¢ CR?*\ (GUG"). Then

JGUGE) =3(GUG Ue).

(vi) If G is connected and a spanning tree of G consists of a single vertex p, then G is
either the point p or a union of loops based at p.

(vii) Let v1,7v2 € J(G) with v1 < ¥2, and assume that there exists an edge e C vy N~yy. Let
F' be the face of G such that e C OF and F C Int(7s). Then F C Int(vy).

(viii) If F' is an inner face of G, then there exists a unique v € J(OF) such that F' C Int(7).
In particular, v = OF N 0(Foo(OF)).

(ix) For any two distinct faces of G, there ezists a Jordan curve v € J(G) separating them:
one face lies in Int(y), while the other lies in Ext(y). Moreover, v may be chosen to lie in
the boundary of the face contained in Int(~).

(x) A point of G is not on the boundary of the outer face of G if and only if it lies in the
interior of some Jordan curve in G.

Proof. Items (i)—(iii) follow from [3, Lemma 4.2.2], and (iv) from [3, Lemma 4.2.1].

(v) The inclusion J(G U G’) C J(G U G’ Ue) is immediate. For the reverse inclusion, let
7€ JGUG Ue). If e C 7, then v\ é C GUG is a path joining an endpoint in G to an
endpoint in G’. This contradicts the assumption that G and G’ are disjoint. Hence e ¢ ~,
soyCGUG and v € J(GUG).

(vi) If G has no edges, then G = {p}. We may assume that G has edges. Since a spanning
tree of GG has only one vertex p, every edge of G' has both endpoints equal to p. Thus, every
edge is a loop based at p, and G is a union of such loops.

(vii) Pick a point € ¢ and a disk D centered at « such that DN~; = DNy, is an open arc
contained in é. Then D\ 73 = D \ 72 and this set has exactly two connected components,
one contained in Int(y;) and the other contained in Ext(+;) for i = 1,2. We have

DnlInt(y;) € DNint(ye) C F,

where the first inclusion follows from the assumption v, < 7,; while the second one is a
consequence of the assumptions e C OF and F C Int(v). Thus F NInt(y;) # @. On the
other hand, since F is connected and disjoint from ~;, it follows that F' C Int(y,).
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(viil) Note that OF is also a graph with F' as an inner face. Let O = §(0F)-the outer face
of OF, let e be a common edge of OF and 0O, let p € é, and let D be a small disk centered
at p such that DN é is an open arc. Then D \ e has exactly two connected components, say
Dy and D,, one of which is contained in F' and the other in O. Without loss of generality,
we may assume that Dy C F and Dy C O. By (iii), there exists a Jordan curve v € J(OF)
containing e. Since D \ e = D \ 7, the sets D; and D, lie on different sides of v. We
may regard 7 as a subgraph of F, so by (iv), O C Ext(y). Since Dy C O, it follows that
Dy C Ext(v). Hence Dy C Int(7), and therefore F' C Int(y). We now show that ~ is unique.

Indeed, if o € J(OF) is such that F' C Int(o), then we have F' C Int(y) NInt(o). It follows
that OF C Int(v) N Int(o), which implies v U o C Int(y) N Int(o). In particular, this yields

v CInt(o) and o C Int(y).

Therefore, ¢ = . By the construction, every common edge of 0F and JO is contained in 7.
Hence v = 00 N OF.

(ix) If one of the faces is the outer face F(G), let F' be the other (inner) face. By (viii),
there exists v € J(OF) C J(G) with F' C Int(7), s0 F(G) lies in the unbounded component
of R?\ v and ~ separates the two faces.

Now assume that both F} and F, are inner faces. Pick 7; € J(OF;) such that F; C Int(y;)
for i = 1,2 (in view of Item (viii)). If Int(y;) N F» = @, then v := 7, separates F; and
F,. Otherwise, F» C Int(v;). Hence 75 C 0F; C Int(y;), and therefore Int(vs) C Int(~).
If vy = 7, then both F; and F; are inner faces bounded by the same Jordan curve. Let
e C v be an edge of G. Then clearly e C 0F; and e C 0F,. On the other hand, since v,
is a Jordan curve, e lies on the boundary of exactly two faces: one contained in Int(+;) and
the other in Ext(~;). Since both F} and F, are contained in Int(y;), we must have F} = Fj,
a contradiction. Therefore, 75 < ;. Choose an edge e C 7, such that é C Ext(;). Since
e C 0F1, the face Fy lies in Ext(7,), while Fy C Int(72). Hence vy := v, separates F; and Fy,
and v C OF;.

(x) (=) Assume that p € G\ 0F(G). Let eq,...,e, be the edges of G containing p (set
n = 0 if no edge contains p). By item (i), we have

€iNIF(G) =2 foralli=1,...,n.

Remove the set .
{p}u U €
i=1

from GG, and denote the resulting graph by G’. Then G’ has the same outer face as GG, and
the point p lies in an inner face of G, say F'. By item (viii), there exists v € J(G') C J(G)
such that F" C Int(y). In particular, p € Int(7).

(<) Conversely, if ¢ € Int(y) for some v € J(G), then every face whose boundary contains
g must be contained in Int(7). In particular, ¢ cannot lie on the boundary of the outer face

Fso(G). 0
Let us denote by Int(G) the union of all inner faces of G and set
B(G) == GUInt(G).

Remark 2.2. Observe that B(G) is the complement of the outer face of G. Since the outer
face is open, it follows that B(G) is a closed subset of R2.
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Lemma 2.4. We have 0B(G) C G.

Proof. By definition B(G) = G U Int(G) which is closed subset of R?. Thus any point of
0B(G) belongs either to G or to Int(G). However, every point of Int(G) is a topological
interior point of B(G), and hence cannot lie in 0B(G). Therefore 0B(G) C G. O

By Lemma we have 0B(G) C G. We now endow 0B(G) with a plane graph structure
as follows. First we specify the vertices:

e Every topological singular point of 0B(G) (i.e. a point at which 0B(G) is not locally
homeomorphic to an open interval) is defined to be a vertex of 0B(G).
e If a connected component of dB(G) is a Jordan curve, we choose a vertex of G lying
on this component and define it to be a vertex of IB(G).
Next we specify the edges:

e An arc in 0B(G) whose endpoints are vertices of 0B(G) is defined to be an edge of
0B(G) if its relative interior contains no other vertices of dB(G).

e A Jordan curve contained in 0B(G) is defined to be an edge of 0B(G) if it contains
exactly one vertex of 0B(G); in this case it is a loop.

In this way, 0B(G) becomes a plane graph in the sense defined above. Note, however, that
with this graph structure, 0B(G) is not, in general, a subgraph of G.

.

C

G 9B(G)

FIGURE 1. G and 0B(G)

Remark 2.3. A vertex of 0B(G) has the degree 2 if and only if the connected component
of 0B(G) containing this vertex is a loop.

Proposition 2.5. Let G be a plane graph and consider 0B(G) endowed with the plane graph
structure defined above. Then the following hold:

(i) V(0B(G)) C V(G).
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(i1) For every Jordan curve v € J(0B(G)), we have
Int(y) NOB(G) = @.

(iii) Assume that O0B(G) is connected and contains at least one edge. Then every leaf of
any spanning tree of 0B(QG) is either a leaf of 0B(G) or the endpoint of a loop of 0B(G).

Proof. (i) By Lemma [2.4] we have 9B(G) C G. Let p € V(IB(G)). By construction, either
p is a topological singular point of 0B(G), or p is a vertex of G chosen on a connected
component of dB(G) which is a Jordan curve.

In the first case, p is also a topological singular point of G. Hence p € V(G). In the second
case, p € V(G) by definition. Therefore V(0B(G)) C V(G).

(ii) Let v € J(OB(G)). Since v C dB(G) C G, the interior Int(vy) is disjoint from the
outer face of G, and hence Int(y) C B(G). Every point of Int(y) is a topological interior
point of B(G), and in particular does not belong to 0B(G). Hence

Int(v) NOB(G) = 2.

(iii) Assume that 0B(G) is connected and contains at least one edge, and let T" be a
spanning tree of 0B(G). Let p be a leaf of T

If p is a leaf of OB(G), then there is nothing to prove. Assume that p is not a leaf of
OB(G) and that p is not the endpoint of a loop of B(G). Then deg(p, 0B(G)) > 3 (indeed,
deg(p, B(G)) = 2 would imply, by Remark [2.3] that the connected component of dB(G)
containing p is a loop).

Let e be the unique edge of T incident to p. Since deg(p,0B(G)) > 3 and p is not the
endpoint of a loop of 0B(G), there exist two distinct edges ey, e2 € E(OB(G))\ E(T') incident
to p. Let u; and uy be the other endpoints of e; and eg, respectively.

For i = 1,2, let P; be the unique path in T joining p and u;. Let w be the first vertex
(starting from p) at which the paths P; and P, diverge; equivalently, P, and P, share an
initial subpath P from p to w, and after w they are edge-disjoint. Write P, = PyUQ);, where
Q; is the subpath from w to u,.

Now consider the following three paths joining p and w:

P, Ry =1 UQ, Ry == e2 U Qs.

These paths are internally disjoint (they meet only at the endpoints p and w), and their
union

H = Po U Rl U RQ
is a subgraph of 0B(G).

Let U be the unbounded component of R*\ H, and let v := OU. Then v is a Jordan curve
contained in H C 0B(G). Moreover, v is the union of exactly two of the three paths joining
p and w, so the remaining third path lies in Int(~y). In particular, Int(y) NOB(G) # @. This
contradicts (ii), which asserts that Int(y) N 0B(G) = @ for every v € J(0B(G)).

Therefore p must be either a leaf of 0B(G) or the endpoint of a loop of dB(G). O

Definition 2.6. Let X C R? be a compact definable set of dimension 1. We can (and will)
regard X as a plane graph by choosing a finite set of vertices on each connected component
of X as follows:

(i) Every topological singular point of X is taken to be a vertex.

(ii) Every connected component of X of dimension 0 is a vertex.
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(iii) For each connected component of X which is a Jordan curve, we choose one point on
this component and declare it to be a vertex (so this component consists of a single
vertex and one loop edge).

Once the set of vertices is fixed, the edges of the associated plane graph are the closures of
the connected components of X \ V(X). Note that a non-smooth point of X need not be a
vertex if it is not a topological singular point.

With these remarks, for the remainder of this part, let X C R? be a connected compact
definable set of dimension 1, considered as a plane graph.

Definition 2.7. A Jordan curve v C X is called special if the following conditions are
satisfied:

e ~visaloop of X \Int() (the plane graph structure of X\ Int(y) is defined as Definition
2.6

e there exists a unique point p € v such that there is an edge of X containing p and
not contained in Int(7);

e there exists f € J(X) such that v < [ (equivalently, v is not contained in the
boundary of the outer face of X).

Example 2.1. In Figure |2| below, there are two special Jordan curves, namely the two red
Jordan curves 7, and 7.

FIGURE 2. Special Jordan curves

Lemma 2.8. Let Y C R? be a compact, connected definable set of dimension 1. Then'Y is
a Jordan curve if and only if it has no topological singular points.

Proof. If Y is a Jordan curve, then Y is (locally) a simple arc: every point of Y has a
neighborhood in Y homeomorphic to an open interval. Hence Y has no topological singular
points.

Conversely, assume that Y has no topological singular points. By definition, for every
y € Y there exists a neighborhood U of y in R? such that U N'Y is homeomorphic to an
open interval. Therefore Y is a 1-dimensional topological manifold without boundary. Since
Y is compact and connected, the classification of connected 1-manifolds (e.g. [8, Appendix,
Theorem]) implies that Y is homeomorphic to the unit circle. Consequently, Y is a Jordan
curve. U
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Theorem 2.9. Let X C R? be a connected, compact, 1-dimensional definable set, viewed
as a plane graph. If X has no leaves in Int(B(X)) and has no special Jordan curves, then
Int(X) is a disjoint union of Jordan regions.

Proof. Let U be a bounded face of X. By Lemma [2.8] it suffices to show that OU has no
topological singular points. Indeed, suppose on the contrary that p € OU is a topological
singular point. We consider two cases:

Case 1. deg(p,0U) = 1.

Let e be the unique edge of OU incident to p. Choose a sufficiently small closed disk D
centered at p such that D N X is a subarc of e. Since U is a face and e C JU, and e lies on
no Jordan curve, by Lemma (iii), D \ e is contained in U.

We claim that p is incident to no edge of X other than e. Indeed, if there were another edge
e/ C X with ¢ # e and p € €, then ¢ N D would contain a subarc leaving p and contained in
D\ e. This subarc must be contained in U, and this is impossible since ¢ NU = &. Thus, e
is the only edge of X incident to p, and hence deg(p, X) = 1. This contradicts the fact that
X has no leaves.

Case 2: deg(p,0U) > 3 for some p € OU.

Since OU C X, we have d := deg(p, X) > 3. Let Uy, ..., U, be the connected components
of the germ (R?\ X, p).

We claim that the face U contains at least two distinct components U; and U;. Indeed,
if U contained only one component U;, then locally near p the boundary 0U would agree
with 9U;, which is bounded by exactly two local branches of X. Hence deg(p,0U) = 2, a
contradiction.

Choose two distinct components U;, U; C U. Let X}, X}, (resp. X7, X7,) be the two local
branches of (X \ {p},p) bounding U; (resp. U;). Up to relabeling, assume that the local
cyclic order at p satisfies

Xj <X <X < X5, < X3

Pick points p; € U; and p; € U; close to p. Choose definable arcs o, o; from p to p;, p;

such that

a\{p} CU; a;\{p} CU; and «a;Na;={p}.
Since U is connected, we can choose a definable arc a« C U joining p; to p; and disjoint from
a; U except at p;, p;. Set
vi=o, UaUa;.
Then ~ is a Jordan curve satisfying

Y\{p} CU and X nNInt(y)# @

(by the cyclic order, two of the branches among X7, Xj5, X7}, X7, lie in Int(7)).
Let 4y be the Jordan curve in OU such that U C Int(7y) obtained from Lemma [2.3] (viii).
It is clear that v < yy. Let Z be the closure of a connected component of X NInt(y). Then

0B(Z) C X and 0B(Z) < 7.

First, assume that 0B(Z) is a Jordan curve. Since 0B(Z) C X, it lies strictly inside
v, and hence inside vy. Moreover, X meets v only at p, and since X is connected and
contains points outside B(Z), there exists an edge of X incident to p that is not contained
in Int(0B(Z)). Therefore, 0B(Z) is a special Jordan curve, contradicting the hypothesis.

Thus, 0B(Z) is not a Jordan curve. Let T' be a spanning tree of the plane graph 0B(Z7).
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If T has only one vertex, then by Lemma (vi), the graph 0B(Z) is a union of (at
least two) loops with a common endpoint p. In particular, 9B(Z) contains a loop ¢ with
¢ < v < ~yy; such a loop yields a special Jordan curve of X, again a contradiction.

Hence T' has at least one edge and therefore has a leaf x # p. By Proposition (iii), the
point x is either a leaf of dB(Z) or the endpoint of a loop of 9B(Z). In the former case, x is
a leaf of X, and since = € Int(y), we have z € Int(B(X)), contradicting the assumption that
X has no leaves in Int(B(X)). In the latter case, the loop at z is a special Jordan curve of
X, which is also excluded by hypothesis.

In all cases we obtain a contradiction. Therefore, QU has no topological singular points
of degree > 3. This ends the proof of the theorem. O

3. TOPOLOGICAL EXTENSION: THE BOUNDED CASE

Let X C R? be a definable compact set of dimension < 1. We regard X as a plane graph
endowed with the graph structure introduced in Definition By Lemma (viii), for
each inner face F' of X there exists a unique Jordan curve vz such that

F C Int(yr) and vy C OF.

We call such a curve a facial Jordan curve, and denote by Jfaciar(X) the set of all facial
Jordan curves of X.

Given ¢ € {£1}, consider the following conditions:
(E1) ord(h,p) = ¢ for every p € X with deg(p, X) > 3;
2) w(h,~) = c for every v € J(X);

(E
(E2F) (h 7v) = c for every v € Jtaciat(X);
(E3) for every v € J(X) and every point z € X \ v, we have

x € Int(y) <= h(z) € Int(h(y));
(E3p) for every v € Jfaciat(X) and every point x € X \ v, we have
x € Int(y) < h(z) € Int(h(y));
It is obvious that (E2) = (E2F) and (E3) = (E3F).

Lemma 3.1. The following statements hold:

(1) (E1) + (E2p) = (E2)
(ii) (E1) + (E2F) + (E3p) = (£3)
(i11) If X is connected then

(E1) + (E2p) = (E3).
Proof. (i) Let v € J(X). We prove that
w(h,vy) = c.
We argue by induction on the number
N(vy):=#{F: Fisaface of X and F' C Int(y)}.

If N(y) = 1 (or equivalently, v is a facial Jordan curve) then the conclusion follows
immediately from Condition (E2p).
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Now suppose that N(y) > 2. Choose an edge e C 7. Let F' be the face contained in Int(~)
whose boundary contains e. Let yr be the facial Jordan curve associated with F'. Thus

F CInt(yrp) and ~p COF.
Since F' C Int(7y), we have

If vg = v, then the result again follows by Condition (E2r). So we may assume that vp < .
Because a neighborhood of a point in e meets both F and Ext(y) C Foo(9F), by Lemma [2.3]
(viii),

e COFNI(F(0F)) = vF.
Hence v and vp share an arc e. Note that e is not a loop edge since, otherwise, vp = 7, a
contradiction. Let 8 be the maximal common arc of v and vz containing e. Again, 3 is not
a loop edge so let p, g be the endpoints of 3. Write

VZBUTL rYF:ﬂUOév
where 7 =7\ Band a = vE \ 3 are arcs with endpoints p and ¢g. Then
oc:=aUn

is also a Jordan curve contained in X. Thus, the three arcs «, 5,7 form three Jordan curves
containing p and ¢g. The largest curve is 7 and the two smaller curves are yr and o.
By construction, o < «, and Int(o) contains strictly fewer faces of X than Int(v). Indeed,

F ¢ Int(o). Hence,

N(o) < N(7).
By the induction hypothesis,

w(h,o) = c.
On the other hand, «p is facial, so by (E2p),

w(h,vr) = c.

At the endpoints p and ¢, the graph X has at least three local branches, namely the
branches coming from «, 3,7. Hence p and ¢ are topological singular points of X. By (F1),
ord(h,p) = ord(h, q) = c.

By Lemmall.5
ord(haupuy, p) = ord(h|ausun, @) = c.

Applying Lemma [1.§| to the three arcs «, 5,7 gives w(h,~y) = c¢. This proves (E2).

(ii) By Item (i), both Conditions (E1) and (E2) hold. It remains to show that Condi-
tions (£3) also hold.

Fix v € J(X) and let x € X \ v be such that = € Int(y). We will prove that

h(z) € Int(h(7)).

The converse implication follows by applying the same argument to h~1.

Before proceeding, let us introduce some notation. Let A, B C R? be compact definable
sets of dimension 1 such that AN B = &. Then A is contained in a face of B. We write

A< B

if A is contained in an inner face of B.
We distinguish two cases.
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Case 1. x and v are contained in the same connected component of X.
By assumption, there exists an arc &« C X joining x to a point p € v such that any = {p}.
We may assume that
& C Int(7).

By Conditions (£1) and (E2),
ord(h, p) = ¢ = w(h,7).
Hence, by Lemma [I.7],
h(a) C Int(h(7)).

In particular,
h(z) € Int(h(7)).

Case 2. x and v are not contained in the same connected component of X.
Set

Y = X NlInt(y).
Let Y] be the connected component of Y containing x, and choose a maximal chain

}/1<"'<Yk

of connected components of Y, where Y} is the connected component containing . Since x
and v do not lie in the same connected component of X, we have k > 2.
Since Yj,_1 < Y}, there exists an inner face F' of Y}, such that

Y1 CF.
Note that F is not a face of X. Let vz be the Jordan curve associated with F' by Lemma [2.3
(viii). Then
F C Int(yp) and .
In particular,
r €Y CF CInt(yp).
We claim that vg is a facial Jordan curve of X. Indeed, as F' is a face of Y}, we have
FNY,=2.
Since X N F' is compact and disjoint from OF,
d:=dist(0F, X N F) > 0.
Set
U:={y e F :dist(y,0F) < d/2}.
Then U N X = &. Hence U is contained in a face F’ of X. Since U C F C Int(yg),
F' C Int(yr) which is bounded, it is an inner face of X. Moreover, by definition, every point
of OF is a limit point of U, hence a limit point of F’. Thus, 0F C OF’. Since v C OF, it
follows that vz C OF'. This, together with the fact F’ C Int(yr) and Lemma [2.3] (viii) (the
uniqueness) yields vp = vpr. Hence vp € Jraciar(X), proving the claim.
Now, since
Yr C Yk,

the curve v lies in the same connected component of X as . Applying Case 1 to the Jordan
curve v and any point of vz, we obtain

h(yr) C Int(h(7)).
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Consequently,
nt(h(r)) © nt(h(7)).
Since = € Int(yp) and p is a facial Jordan curve of X, Condition (EF3r) implies that

h(z) € Int(h(7r)).
Therefore
h(z) € Int(h(yr)) C Int(h(v)),
In both cases, we have shown that

x € Int(y) = h(z) € Int(h(y)).

Applying the same argument to h~!, we obtain the converse implication. Hence Condition
(E3) holds.

(iii) By Item (i), we can assume that the condition (E2) holds. Let v € J(X). If X\y =@
then the conclusion is trivial. We may assume that X \ v # @ and let x € X \ v. Since
X is connected, there exist a point p € 7 and a definable arc @« C X joining = to p such
that a Ny = {p}. Then a \ {p} is contained in exactly one of the two components Int(vy) or
Ext(v); in particular,

x € Int(y) <= o\ {p} C Int(y).
Choose a definable subset Y C X such that the germ of Y at p has the following three
branches: one is the germ of a at p, and the other two are the germs at p of the connected
components of v\ {p}. Then deg(p,Y) = 3. By Condition (E1), we have ord(h,p) = ¢, and
therefore ord(hly, p) = ¢ by Lemma [L.5

From Condition (E2) we have w(h, ) = c. Therefore, by Lemma [1.7] the branch « \ {p}
lies in Int(7) if and only if h(a) \ {h(p)} lies in Int(h(7)). Hence

x € Int(y) <= h(x) € Int(h(y)),
which is Condition (E3). O

Lemma 3.2. Let X be a compact definable set of dimension at most 1, and let h : X — R?
be a definable embedding satisfying conditions (E1)—(E3). Then, for every face F of X,
there exists a unique face F' of h(X) such that

OF" = h(OF).
In particular:

(i) F is the outer face of X if and only if F' is the outer face of h(X);
(i1) F is an inner face of X if and only if F' is an inner face of h(X).

Proof. (i) Let F be the outer face of X and let F” be the outer face of hA(X). We prove
OF" = h(OF).

Let p € OF. By Lemma (x), if h(p) ¢ OF’, there exists a Jordan curve o € J(h(X))
such that h(p) € Int(c). By Condition (E3), p € Int(h~'(c)). Hence, By Lemma (x),
p € OF, a contradiction. Therefore, h(p) € OF', and h(OF) C OF".

Conversely, by applying the same argument to h~', we obtain OF’ C h(OF). Hence,
OF" = h(0F). The uniqueness of F” follows from the uniqueness of the outer face.

(ii) Now let F' be an inner face of X. By Lemmal[2.3)(viii), there exists a unique y € J(OF)
such that F' C Int(y). Choose an edge e of X contained in 7. Then h(e) is an edge of h(X)
contained in the Jordan curve h(7y).
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Let F' be the face of h(X) such that h(e) C OF" and F' C Int(h(7)). We will show that
OF" = h(OF). Let v € J(OF") be the (unique) Jordan curve such that F’' C Int(v') in view

of Lemma (viii).
Claim 3.3. We have v = h(v). In particular, h(y) C OF" and F" C Int(h(v)).

Proof. Note that 0F’" C Int(h(7)), and hence 4" C Int(h(7y)). By Lemma , this implies
that v < h(7).

We now show that ' = h(y). Suppose, for contradiction, that v < h(v). Then, by
Condition (E3) we obtain h™'(y') < v. Since v C JF, it follows that F' C Ext(h~'(y)).
On the other hand, we have h(e) C OF" C Int(y'), and therefore either h(e) C 4’ or
h(é) C Int(v').

If the former holds, then e C h~!(v); together with A~'(7/) < v and Lemmal[2.3| (vii), this
implies F' C Int(h~!(v/)), contradicting the fact that F C Ext(h~1(v/)).

If the latter holds, then é C Int(h~1(+)). Since e C OF, this again yields F' C Int(h~1(v")),
leading to the same contradiction.

Therefore, v/ = h(7y) and the claim follows. O

Inclusion h(OF) C OF'. Suppose for contradiction that there exists p € OF with h(p) ¢

OF'. Then h(p) ¢ h(v), and since p € OF C Int(7), we get h(p) € Int(h(y)).
Let {e;}icr be the edges of h(X) containing h(p), and let

Y = h(O\ ({rm)uJé).
i€l
Then h(p) lies in an inner face F” of Y. Since h(p) ¢ OF", it follows that ¢; ¢ OF’. Therefore,
removing é; from X does not affect the boundary 0F’. Consequently, F’ remains an inner
face of Y. Hence, F" and F" are different inner faces of Y. By Lemma (ix), there exists
o€ JY) CJ(h(X)) separating F’ and F”. Thus, either:
(*) F' C Int(o) and h(p) € Ext(o), or

(**) F' C Ext(o) and h(p) € Int(o).

Assume that (*) holds. It follows that OF’" C Int(o), which yields h(y) < o. By Condi-
tion (E3) we get v < h™!(0). Therefore,

p € OF C Int(y) C Int(h=1(0)).

Since h(p) € Ext(o), by Condition (E3), p € Ext(h™'(0)), which is a contradiction.

If (**) holds, then by Condition (E3), we have p € Int(h™'(0)). Since p € OF, it follows
that F C Int(h'(0)), and hence v < h™'(s). Applying Condition (E3) again, we obtain
h(7) < 0. By Claim 8.3 we have F” C Int(h(7)) C Int(c), which contradicts the assumption
that F' C Ext(o).

Consequently h(OF) C OF".

Inclusion OF' C h(OF). Applying the previous argument to h~! (which satisfies the
same assumptions), we get h™'(OF') C OF, i.e., OF" C h(OF).

Combining both inclusions gives 0F" = h(0F).

Uniqueness of F’. Suppose that there is another inner face F* of h(X) such that

OF* = 0F'. By Claim we have h(y) =" C OF’. Choose an edge e C 7. Since e lies on
a Jordan curve, Lemma (ii) implies that e is contained in the boundary of exactly two




24 SI TIEP DINH AND NHAN NGUYEN

faces of X, one on each side of 4/. Both F’ and F* are contained in Int(v'), so both must
be the unique face adjacent to e on the inner side of vr. Hence F* = F’. Therefore, F’ is
unique. 0

Proposition 3.4. Let X C R? be a compact definable set of dimension <1 and h : X — R?
be a definable embedding. Assume that Conditions (E1)—(E3) hold. Then, there exist a
compact, connected definable set X C R? withdim X = 1, X C X and a definable embedding
h: X — R? extending h such that the following conditions are satisfied:

(i) There exists R > 0 such that:
e Sp C X NAh(X);
e X Uh(X) C Bx.
o X Uh(X) C Int(Sg);
e [or (xy,x2) € S

Mang) = { ook o2t

(ii) Conditions (E1) — (E3) hold for h;

Proof. Choose R > 0 such that both X and h(X) are contained in Int(Sg). Set Xy := X USk.
We define an extension hg : Xo — R? of h by setting hg|x = h and, for (z1,xs) € Sg,

ho(z1,x9) = { (

It is clear that hg is a definable embedding satisfying Conditions (E1)—(E3).

We now iteratively connect the connected components of X, (and of ho(Xy)) by adding
definable arcs internally contained in Int(Sg) and extending hg along these arcs. At each
step, the number of connected components is reduced by one. The process stops once the
resulting sets are connected.

Let n be the number of connected components of X;. We will prove by induction the
following statement: for each ¢ =0,...,n — 1 there is a definable set X; such that :

e X; 1CX;

® X,L C Int(SR)

L 3(Xz‘—1) = 3(Xz')

e X; has (n — i) connected components

e there is a definable embedding h; : X; — R? extending h;_; such that Conditions

(E1)—(E3) are satisfied.

(x1,29), ifec=1
—.CEl,.’ﬂQ), if c=—1.

Then X = X,_; is connected, and h := h,_; is the desired extension of h. Here, by
convention, we set X_; = Xy and h_; = hyg.

For i = 0, the construction is trivial. Assume that X; and h; : X; — R?, with 0 < i < n—1,
have been constructed. We now show how to construct X;;; and h; ;.

Let F; be a face of X; whose boundary intersects at least two different connected compo-
nents of X;, say X;; and X, . Set

Zm‘ = Xm‘ NoF; (j =1, 2).
For each j € {1,2}, choose a point p; ; € Z; ; as follows:
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e if Z; ; contains a leaf, choose p; ; to be such a leaf. Recall that a leaf means either a
vertex of degree 0 (isolated point) or a vertex of degree 1.

e otherwise, choose p; ; to be a point lying on a Jordan curve contained in Z; ; at which
X, is topologically regular.

Let o, be a definable arc internally contained in F; joining p;; and p;». Let F] be the
unique face of h;(X;) corresponding to F; obtained by Lemma . Then

Hence there exists a definable arc §; internally contained in F} connecting h;(p;1) and h;(p; 2).

Define Xi+1 = Xz U a; and define hi+1 : Xi+1 — R? by setting hi+1 X; = hz and lettlng
hit1]a; be a definable homeomorphism from «; onto ;. By construction, X;;; has exactly
one fewer connected component than X;. We now verify that Conditions (E1)-(E3) still
hold for X;,; and h;,;.

Note that Condition (£2) holds automatically since J(X;11) = J(X;) in view of Lemma
)

For Condition (E3), since no new Jordan curve is created, it suffices to check points lying
on &;. Let p € &;, and let 7 € J(X;41) be such that p € Int(y). We need to show that

hiv1(p) € Int(hi1 (7))

Since F; is a face and &; C F;, we have F; C Int(y). Let v be the facial Jordan curve
associated to Fj, in light of Lemma (viii). We have v, < 7, and therefore h; i (vr,) <
hiv1(y) (since vg, and 7 are both contained in Xy, and h;y1|x, = holx, satisfies Condition
(E3)). Now, by Claim h(vr,) = vF/. Therefore, B C Fl C Int(yg) C Int(hiy1(7)), and
hence h(p) € 3; C Int(hi11(7)). This proves Condition (E3).

[t remains to show that Condition (£1) holds. The only points at which new topological
singularities may arise after adding «; are the endpoints p;; and p; 5. Fix j € {1,2} and
suppose that p; ; is a topological singular point of X;,; with degree at least 3. By construc-
tion, p; ; is a topologically regular point of X; lying on a Jordan curve v C Z, ;, and hence
deg(pi,j, Xi+1> =3. By Condition (EB),

&; C Int(y) < § C Int(h(7)).
Combining this with Lemma [I.7, we obtain

Ord(hi—f—lapi,j) = w(hit1,7) = w(hi”Y) = C.
O

Theorem 3.5. Let X C R? be a compact definable set of dimension < 1 and let h : X — R?
be a definable embedding. Then, h has a definable homeomorphic extension on the whole
of R% if and only if there is a constant ¢ € {—1,1} such that Conditions (E1), (E2r) and
(E3F) hold.

Proof. The necessity is clear. We now prove the sufficiency. By Lemma [3.1] it is enough to
assume that Conditions (£1)—(FE3) hold. Moreover, by Proposition we may assume that
X and h(X) are connected, and that there exists R > 0 such that

e SpC XN h(X );

e X and h(X) both are contained in Int(Sg);
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e For (z1,22) € Sg

Wz, 23) = { (21, 72), ¥fc =1

(—x1,29), ifec=—1;

Claim 3.6. There exist a compact connected definable set X C Int(Sg), with X C 55, and
a definable embedding

h:X — R?
extending h, with the following properties:

(i) every inner face ofX and of h( ) is a Jordan region;
(i1) h maps the boundary of each face of X onto the boundary of a face of h( )

Let us first explain why Claim [3.6]implies that h extends to the whole plane. By Claim [3.6]
the map h sends, inside Int(SR) the boundary of each face of X homeomorphically onto the
boundary of a face of h(X). Since these faces are Jordan regions, the definable Schoen-

10

flies theorem (Theorem [1.10) provides an extension of I from each inner face of X to the

corresponding inner face of h(X). We denote the resulting extension by A'.
Outside Int(Sg), we define

o=

Then A’ : R? — R? is clearly a definable homeomorphism extending h.
It remains to prove Claim [3.6]

(x1,29), ifec=1
—$1,$2), if c=—1.

Proof of Claim [3.6. If X has no leaves and has no special Jordan curves, we take X=X
and h = h. Ttem (i) then follows from Theorem 2.9 and Item (ii) follows from Lemma
Hence, we may assume that X has at least one 1eaf in Int(Sg) or at least one special J ordan
curve.

We will modify X (and simultaneously h(X)) by adding pairwise disjoint definable arcs to
eliminate all leaves and all special Jordan curves, thus partitioning Int(X) (and Int(h(X)))
into Jordan regions. We argue by induction on

k = #{leaves of X} + #{special Jordan curves of X}.

The case k = 0 is clear from the previous paragraph. Assume that the statement holds if
k < n, and consider the case k = n.

If X has a leaf in Int(Sg), choose such a leaf and denote it by p. Let F' (resp. F’) be the
inner face of X (resp. h(X)) whose boundary contains p (resp. h(p)). Otherwise, X has a
special Jordan curve, then choose a special Jordan curve S of X and pick a topologically
regular point p € S. Then h(p) is a topologically regular point of h(X) lying on the special
Jordan curve h(S). Let F' (resp. F') be the face of X (resp. h(X)) which is not contained
in Int(S) (resp. Int(h(S))) and whose boundary contains p (resp. h(p)). By the definition of
special Jordan curves, both F' and F’ are bounded.

Let vr be the facial Jordan curve associated to F'. Choose a topologically regular point
p € X N~vp. Note that p # p. Pick a definable arc « joining p to p with & C F. Similarly,
pick a definable arc ¢ joining h(p) to h(p) with ¢ C F’. Define

hi: XUa — h(X)Uo
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by setting hi|x = h and choosing hi|,: @ — o to be a definable homeomorphism.

To apply the induction hypothesis, it suffices to verify that Conditions (E1) and (E2) still
hold for the pair (X U«, hy).

Let us show that the number of leaves and special Jordan curves of X U« is at most n— 1.
Indeed, if p is a leaf of X, then p becomes a topologically regular point of X U «, and hence
the number of leaves decreases by one. If p lies on a special Jordan curve S, then adding
a creates at least two points on S at which an incident edge is not contained in Int(S).
Consequently, S is no longer a special Jordan curve in X U a. It remains to show that no
new special Jordan curve is created. Indeed, let 5 C X U« be a Jordan curve containing
a. Then f must meet X at p and p. Moreover, at each of these points, the germ of X \ {-}
has a component not contained in Int(3). Therefore, by definition, J is not a special Jordan
curve.

To apply the induction hypothesm and obtain Item (ii), it suffices to show that Conditions
(E1) and (E25) hold for X and &, then apply Lemma

Adding « can create topological singularities of degree 2 3 only at p and possibly at p (in
the case where p lies on a special Jordan curve). Since

a\{p} CInt(yr) and o\ {m(p)} C Int(h(yr)) = Int(hi(vr)),
Lemma [I.7] gives

ord(hy,p) = w(hi,vr) = w(h,yr) = c.
If p becomes singular, then p lies on a special Jordan curve S and the arcs o \ {p} and
o\ {h1(p)} lie outside Int(S) and Int(h(S)), respectively. Hence, Lemma again yields
ord(hy,p) = c¢. Thus, Condition (F1) holds.

It remains to show that (E2f) holds. By construction, « (resp., 0 = h(«)) separates F'
(resp., F’) into two new inner faces, each of which shares a common arc with vz. Let 5 be
the facial Jordan curve associated with one of these inner faces. Then § < vyr. Let n be a
common arc of § and vp. It follows that

n C Int(yp) U Int(5).

Fix an orientation on (3, and choose an orientation on v so that both curves induce the
same orientation on 7. By Lemma|l.2] we have

o(vr, B) = 1. (2)
Since h; is an embedding, it preserves the orientation of arcs. Therefore, the induced orien-
tations on hy(yr) and hy (/) agree on the arc hy(n). Since hy(8) < hi(yr), we obtain

hi(n) € Int(hi(B)) U Int(h1(yr)).
Applying Lemma again, we get

o(hi(vr), i (B)) = L. (3)
Note that,
w(hy, yr) = w(h, yr) = c
It then follows that
w(hy, B) = c.
This, together with (2)) and (3), implies that (E2f) holds. O

This ends the proof of the theorem. O
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The following results are immediate from Lemma [3.1] and Theorem [3.5]

Corollary 3.7. Let X C R? be a compact connected definable set of dimension <1 and let
h: X — R? be a definable embedding. Then, h has a definable homeomorphic extension on
the whole of R? if and only if there is a constant ¢ € {—1,1} such that Conditions (E1) and
(E2F) hold.

4. TOPOLOGICAL EXTENSION: THE UNBOUNDED CASE

Let a € R?, we call the following map
r—a
bo R\ {a} = R? 2+
[ — alf?

the compactification with respect to a.

Let X C R? be an unbounded definable set of dimension 1. As before, we denote by J(X)
the set of Jordan curves contained in X. A bounded face, or inner face, of X is a bounded
connected component of R? \ X. Similarly to Lemma (viii), for each inner face F of X,
there exists a unique Jordan curve, denoted by g, such that

vr C OF and F C Int(vyr).

We still denote by J faciar(X) the set of all such Jordan curves. Thus Conditions (E1), (E2),
(E3), (F2F) and (E3F) are well-defined for X.

By Hardt’s triviality theorem [6l [10], there exists Rg > 0 such that for every R > Ry the
homeomorphism type of X \ Bg is constant. In particular,

deg(oo, X) := the number of connected components of X \ Bg

is independent of R > Ry. We call deg(co, X) the degree of X at infinity.
Fix R > Ry, set m := deg(oo, X) and denote by

{X, .., X0}

the connected components of X \ Bg. We refer to this collection as the germ of X at infinity.
A Jordan curve around oo (with respect to X ) is a definable Jordan curve

Y C R2 \ BR
such that for each 7 = 1,...,m, the intersection X ° N~ consists of exactly one point. Let
pi =y NXX.
First, we suppose that m > 3. Then, the counterclockwise orientation of + induces a
cyclic order on the set {p1,...,pm}, hence on {X7°,..., X} as follows. For distinct indices

i,7 €{1,...,m}, we write
X< X7 ifand only if  p; <, p;.

It can be shown (as in the local case) that this cyclic order on {X°, ..., X>°} does not
depend on the choice of the Jordan curve v around co. We call it the cyclic order of X at
infinity.

Let h: X — R? be a definable, continuous, injective and coercive map. Then, h induces a
well-defined map on germs at infinity

hoo : {X2°, . X2} — {R(X), ... R(X2)),
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We say that h preserves the cyclic order at infinity if
X< X7 = MX?) <WX5?) foralll<i#j<m,
and h reverses the cyclic order at infinity if
X2 < X7 = MXJ®) <hX®) foralll<i#j<m,
In the former case, we set ord(h,00) = 1, and in the latter case, we set ord(h,oc0) = —1;
otherwise, we set ord(h, c0) := 0.
In what follows, we explain how to choose points p € R*\ X and ¢ € R?\ h(X) so that the

extension problem for A on the unbounded set X can be reduced to the extension problem
for the definable embedding

oho¢ ! ]
pa(T) = { Pachody <CC()): iii ig
on the compact definable set ¢,(X) U {0}, which can be solved by applying Theorem [3.5]
Case 1: deg(oco, X) = 1.

In this case, R? \ X has only one connected component at infinity, we denote this by Uj.
We denote V; the connected component at infinity of R? \ h(X). Pick p € U; and ¢ € V;.
Case 2: deg(oo, X) = 2.

In this case, the germ of R? \ X has two connected components at infinity, we denote
these germs by U; and U,. Similarly, we will denote by V4 and V; respectively the connected
components of the germ of R? \ /(X)) at infinity. We will consider two possibilities of the
pair (p, q), first p € Uy and q € V, second p € U; and ¢ € V5.

Case 3: deg(oo, X) > 3.
By reindexing, we can arrange the sets X/ in cyclic order as follows:
XP << X))

Let U; denote a connected component at infinity bounded by X; and X, ;.

If w(h,oc0) = ¢ € {£1}, then either h(X°) < h(XF,) or h(XF,) < h(X?°), so a connected
component at infinity bounded by h(X°) and h(X7¥,) is well-defined. In this case, we denote

i+1
such a connected component by V.
Pick i € {1,...,m} and choose

p e U; and qeV.

Remark 4.1. By definition and Lemma [I.1] if h admits a homeomorphic extension to the
whole plane, say Hy : R? — R? then w(h,00) = ¢ for some ¢ € {+1}. Moreover, if m # 2,
then Hy(U;) =V, for every ¢ = 1,...,m. If m = 2, then either Hy(U;) = V; or Hy(U;) = V5.

Now, for the points p and ¢ chosen as above, we consider the following definable embedding

Ip.q © p(X) U {0} — R? defined by

| ¢gohog N (z), ifx#0
Ipa(®) = { 0, ifx=0
The main theorem in this section is as follows:
Theorem 4.1 (Reduction to the bounded case). Let X C R? be a closed unbounded definable

set of dimension at most 1 and let
h:X —R?
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be a coercive definable embedding. Then, h extends to a definable homeomorphism of R? if
and only if

ord(h,00) € {£1}
and gy, extends to a definable homeomorphism of R%. In the case deg(oo, X) = 2, this means
that one of the two choices of the pair (p,q) described above gives such an extension.

Lemma 4.2. Let h : X — R? be as in Theorem and suppose that h extends to a
definable homeomorphism of R2. For the points p and q chosen as above, there exists such
an extension

H:R?* — R?
with H(p) = q.

Proof. Let Hy : R? — R? be a definable homeomorphic extension of h. Then, Hy maps the
connected component containing p to the connected component containing q. Without loss
of generality, we may assume p € U; and ¢ € V.

Choose py € Uy \ {p} such that qo := Ho(po) # ¢. Set

Yoo 1= o (X) U{0}.
Define
go : Yy — R?
by 1
= { ey o2t
Since Ho(po) = qo, the map

-1 .
Gt = { oo O T

is a definable homeomorphism of R? extending go.

Now set

ﬁ:: ¢p0(p) and a:: quo(‘J)'

Since p, py are in the same connected component of R?\ X the point p lies on the outer face
of Y,,. Similarly, since ¢, go lie in the same connected component of R? \ h(X), the point ¢
lies on the outer face of go(Y},).

Define

Got Y U {3} — B2
by
:670|YpO =go and ﬁo(@ =q.

We claim that gy satisfies the bounded extension criterion required in Theorem [3.5

Note that, since Gy is a definable homeomorphism extending gy on the whole of R?, in light
of Theorem it follows that go satisfies Conditions (F1), (E2r) and (E3f) in Section
. Now, adding the isolated point p in the outer face of Y, creates no new Jordan curves
and no new topological singular points of degree at least 3. Therefore, Condition (E1) and
(E2F) are automatically satisfied for go.

[t remains to check Condition (E3f) for go. Let

7 € Jraciat (Yoo U {D})-
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Since p is isolated and lies in the outer face of Y}, every facial Jordan curve of Y, U {p} is
already a facial Jordan curve of Y,,. Moreover, because p lies in the outer face of Y, we

have
p & Int(7).
Similarly, because ¢ lies in the outer face of go(Y,,), we have

q & nt(go(7))-

This, together with the fact that gy satisfies Condition (E3f) implies that gy also satisfies
Condition (E3p).
By Theorem [3.5 go admits a definable homeomorphic extension
Go : R? — R2
Define _
H(z) = { w © G000, 2710
o0, if = po.
Then H is a definable homeomorphism R? — R2.
For every x € X, we have

H(x) = ¢, © Go © ¢y () = ' © go © By (1) = hi(x).
Thus H extends h.
Finally,

H(p) = &y, (Go(dpo (1)) = 0y, (Go(D)) = &y, (@) = ¢

Therefore H is a desired definable homeomorphic extension of h. O
Now we are ready to prove Theorem [4.1]

Proof of Theorem[{.1 Set
Yy = ¢p(X) U {0}
Since h is coercive, the map
Opg: Yp — R?
defined by
[ beohody (@), a0

IpalT) = { 0, ifz=0
is a definable embedding of the compact definable set Y,.

Assume first that h admits a definable homeomorphic extension to R?. Then we have
necessarily ord(h,o0) € {£1}. By Lemma 4.2, we may choose a definable homeomorphic
extension

H:R?> - R?
of h such that H(p) = q. Define

_ ¢qoHop N (z), ifx#0
G() '_{ 0, ifz=0

Then G is a definable homeomorphism of R?. Moreover, for every = € ¢,(X), we have

G(z) = ¢goho gb;l(x) = gp,q<x> and  G(0) =0 = gp#](o)'

Therefore GG is a definable homeomorphic extension of g, ,.
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Conversely, suppose that ord(h,c0) € {£1} and that g,, extends to a definable homeo-
morphism

G:R* — R
Since G extends g, ,, we have G(0) = 0. Define
H::{ ¢, oG oy, %fx;ép
q, if x=p.
Then H is a definable homeomorphism of R2. Finally, for every z € X,
H(z) = gzﬁq_l oGo¢,(r) = (bq_l O Gpgq © Pp(x) = h(z).

Thus H is a definable homeomorphic extension of A. O

5. EXAMPLES

In this section, we give examples showing that none of the conditions (E1), (F2f), and
(E3F) in Theorem (3.5 can be omitted.

Example 5.1. Let X and h(X) be as in Figure |3| where X is the black curve with six
topological singular points pi,...,ps and h : X — R? is an embedding sending X onto the
black curve with singular points h(p), ..., h(ps).

P1 b2 p3
B2
h
@ —
D6 Ps P4 h(ps)  h(ps

FIGURE 3.

Observe that in X, p, and ps are singular points of degree 3, and
ord(h,p;) =1 and ord(h,ps) = —1,

so Condition (E1) fails.

We claim that A admits no homeomorphic extension to R2. Indeed, suppose for contra-

diction that such an extension _

h: R* — R?
exists. Let a be an arc joining p; and pg in R? \ X (the blue arc in Figure . Then E(a) is
an arc joining h(p;) and h(pg) in R? \ h(X).

There are exactly two possible configurations for E(a) (the red arc (3 or the green arc (3,
in Figure [3). Note that p3 and p4 are contained in the exterior of Jordan curve pipspspep:-
However, for either choice of h(a), one of the points i (ps) or h(ps) is contained in the interior
of the Jordan curve

h(p1)h(p2)h(ps)h(pe)h(p1) = h(p1papspepr)-
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This contradicts the fact that & is a homeomorphism of R?. Hence h does not admit a
homeomorphic extension to R2.

Example 5.2. Let X and h(X) be as in Figure 4| where X consists of two circles v, < 7,
together with an arc joining them at points p; € v, and py € 75, and the definable embedding
h : X — R? restricted to 7; is the identity map and, h maps -, onto a circle lying in the

exterior of h(y;) with the opposite orientation.
h(w)

—> h(7y1)

P1
§é!

X h(X)

FIGURE 4.

It is clear that
ord(h,p1) = ord(h, p2) = w(h,v2) = —1,
whereas
w(h,y1) = 1.
Thus Condition (£1) holds, while Condition (E2) fails.

We claim that h cannot be extended to a homeomorphism of the whole plane R?. Indeed,
if such an extension existed, then it would have to map the interior of 7; onto the interior
of h(7;). Since 73 lies in the interior of v;, this would imply that A(~;) lies in the interior of
h(v1), contradicting the assumption that h(vs) lies in the exterior of ().

Example 5.3. Let X and h(X) be as in Figure |5 where X = =3 U 75 is the union of two
disjoint definable Jordan curves such that v, < ~;, and h : X — R? is a definable embedding
sending X onto two disjoint definable Jordan curves satisfying h(y2) < h(7y1) and

w(h,y1) =1 and w(h,y)=—1.

It is obvious that Condition (£3r) holds while Condition (E2p) fails. We will show that h
admits no homeomorphic extension to R?. Assume for contradiction that such an extension

h: R? - R?
exists.

Choose distinct points p;,ps € 71 and ¢1,q2 € v2. Let «;, i = 1,2 be definable arcs
internally contained in R?\ X joining p; to ¢;. Consider the Jordan curve

B = pip2G2qip1,
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A P h(pl)

h(y1)

h(PQ)
P2

FIGURE 5.

where pyps is the counterclockwise arc from p; to ps along v; and ¢2q; is the clockwise arc
from ¢ to ¢; along 7s.
We have

h(B) = h(p1)h(p2)h(g2)h(qr)h(py),

where h(p;)h(ps) is the counterclockwise arc on h(v;) and h(gz)h(q1) is the counterclockwise
arc on h(7s).

Let a € [q1,q]5,- Since w(h,v2) = —1, h(a) € [h(ql),h(qQ)]Z(W). Consequently, a is
contained in the exterior of the Jordan curve § whereas h(g) is contained in the interior

of the Jordan curve E(ﬁ) This contradicts the fact that % is a homeomorphism of RZ.
Therefore, h does not admit a homeomorphic extension to R2.

Example 5.4. Let X and h(X) be as in Figure[6] where X is a union of a definable Jordan
curve v and a definable one-dimensional set Y C Int(y) consisting three topological singular

points p1, pa, p3 of degree 1 and one topological singular point p of degree 3, and h: X — R?
is a definable embedding with A(Y") C Int(h(7)) and

w(h,v) =1 and ord(h,p)=—1.

h(v)

FIGURE 6.
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Note that Conditions (E3) is satisfied while (E1) and (E2p) hold with different constants
c. We claim that i does not allow a homeomorphic extension to the whole of R2.

Indeed, assume for contradiction that h admits a homeomorphic extension to R?. Let X7
denote the germ at p of the arc [p, p;], for i = 1,2,3. We see that

X7 < XP < X¥ < X7.

Let oy, i = 1,2, 3, be disjoint definable arcs internally contained in R?\ X joining p; to points
¢; € . By construction, we have

q <'y q2 <'y qs <'y qi1-

Hence g3 is not contained in [g1¢o]7.

Since w(h,v) = 1, the image h([q1q2]7) = [h(ql)h(qz)];(w). On the other hand, the as-

sumption ord(h,p) = —1 implies that
h(X?) < h(XE) < h(XE) < h(XD).
Consequently,

haq1) <ney) P(@3) <ny) 7(q2) <ney) Mq).

Thus the arc h([q1g2]7) contains h(gs). This contradicts the fact that g3 ¢ [q1g2]F. Conse-
quently, h cannot admit a homeomorphic extension to R2.
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