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ABSTRACT. This paper investigates the properties of Choi polynomials and their
fundamental role in the theory of positive linear maps between matrix algebras.
By focusing on Hermitian symmetric biquadratic forms, we establish a connection
between the positivity of these forms and the structure of positive maps. We
specifically explore the construction of indecomposable positive maps in matrix
algebras, and their application as entanglement witnesses. Our analysis extends to
the detection of Positive Partial Transpose (PPT) entangled states and the clas-
sification of edge PPT states in M,,(C) ® M, (C). Our results provide a refined
framework for identifying non-separable states that escape the standard PPT cri-
terion, contributing to the broader understanding of entanglement distillation and

quantum information theory.

1. INTRODUCTION

The classification of positive linear maps ¢ : M,,(C) — M, (C) remains a central
challenge in operator theory and quantum information science. A map is called
completely positive if its Choi matrix, defined as Cy = >, s €i; ® ¢(e;5), where {e;;}
is the standard basis for M,,, is positive semi-definite. However, the structure of
maps that are positive but not completely positive is significantly more intricate.
These maps are essential for the detection of quantum entanglement, a task often
formulated through the construction of entanglement witnesses (see [7, 8]).

A density operator p in a bipartite Hilbert space H 4 ® Hp is separable if it can be
expressed as a convex combination of product states. If a state is not separable, it
is said to be entangled. The Positive Partial Transpose (PPT) criterion, introduced

by Peres ([14]) and the Horodeckis ([6]), serves as a powerful necessary condition
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for separability: every separable state must remain positive under the partial trans-
position operator I'. While this criterion is sufficient for dimensions 2 x 2 and 2 x 3,
the existence of PPT entangled states (PPTES) in higher dimensions necessitates
the use of indecomposable positive maps.

In this work, we focus on a specific class of homogeneous polynomials of degree
four, known as Hermitian symmetric biquadratic forms (see [3]). As demonstrated
in the seminal works of Choi and later refinements by Osaka, these forms are intrin-
sically linked to the range properties of positive maps. This class is a subclass of
real-valued homogeneous polynomials of degree four. The properties of Hermitian
symmetric biquadratic forms and establishes a rigorous mathematical framework
linking polynomial algebra with linear operator theory. The content particularly
emphasizes the role of biquadratic forms (hereafter called Choi polynomials) in
classifying positive linear maps.

One of the foundational results presented is the existence of a one-to-one corre-
spondence between a linear map ¢ : M,, — M, and its Choi polynomial, defined as
Py(z,y) = y*¢(xzz*)y. Through this correspondence, the properties of the map are
fully reflected by the polynomial: The map ¢ is positive if and only if its correspond-
ing Choi polynomial Py(x,y) is a positive semidefinite biquadratic form, meaning
P,(z,y) > 0 for all vectors x € C™ and y € C". The decomposability of a map is also
completely characterized through the structure of its Choi polynomial. Specifically,
a linear map ¢ is decomposable if and only if its Choi polynomial P,(z,y) can be ex-
panded as a sum of squares of the moduli of bilinear forms and sesquilinear forms. In
terms of matrices, this is equivalent to the Gram matrix W of the polynomial P, be-
longing to the decomposable Gram cone D(m,n) = {W =Q + R' : Q > 0, R > 0},
where I' denotes the partial transpose. The most crucial objective is to provide
a systematic method for constructing indecomposable biquadratic forms, which in
turn generate indecomposable positive maps. Specifically, we construct the family

of polynomials:
pe(x7y) = p(xvy) - 6||‘r ® y||2

and show that there exists a threshold 6 > 0 such that for all 0 < € < ¢, the
polynomial p.(z,y) remains positive semidefinite but its decomposable structure is
broken (it becomes an indecomposable form). This is particularly true when Q+ RY

and Q' + R are non-trivial projections. Due to the 1-1 correspondence, these newly
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constructed forms p.(x,y) are precisely the Choi polynomials of a new class of linear
maps. These maps inherit the exact properties of their generating polynomials: they
are positive maps but are indecomposable.

By applying the results established in Sections 2 and 3, we re-prove and extend
several classes of decomposable and indecomposable maps in Section 4. This section
demonstrates the practical application of biquadratic forms and Choi polynomials in
characterizing map indecomposability, specifically through the analysis of weighted
maps ®g.mne and the construction of maps from edge PPT entangled states.

The paper is organized as follows. Section 2 introduces the notation for bi-
quadratic forms and the Choi-Jamiotkowski isomorphism. Some sufficient and neces-
sary conditions for a biquadratic form to be decomposable/indecomposable. Section
3 discusses the properties of Choi polynomials and their spectral characteristics. In
Section 4, we apply these mathematical constructs to the problem of identifying
PPTES and classifying edge states in M;(C) @ My(C).

Notation: We denote by {e;} the standard basis for C™ (and similarly for C")
and set e;; = e;ej. We define the inner product (-,-) on C" by (r,y) = y*z. Let M,
(resp., M, (R)) denote the algebra of nxn matrices with complex (resp., real) entries.
Let S,, be the space of all symmetric matrices of order n with real coefficients. Let
B(M,,, M,) denote the space of all linear maps from M,, to M,. The Choi matrix
of a map ¢ : My, — M,, denoted by Cy, is defined by Cy = >, ;ei; ® d(eij).
The transpose of A is denoted by A!. The partial transpose is a linear operator
on M,, @ M, defined by (A ® B)' = A® B'. Let PPT[m,n] denote the set of all
positive matrices in M,, ® M, with a positive partial transpose. Finally, let 22 K

denote the set of all finite sums of squares of elements in K.

2. BIQUADRATIC FORMS

In this section, we investigate a subclass of real-valued homogeneous polynomi-
als of degree four, namely Hermitian symmetric biquadratic forms. Our aim is to

characterize the positivity and decomposability of this class of forms.

2.1. Real biquadratic forms. A real biquadratic form is a homogeneous polyno-

mial of the form:

F(z,y) =Y cynzmywy (i < gk <1, cij €R)
ikl
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with real indeterminates © = (x1,..., %), ¥ = (y1,-..,Yn). Such an F is said to be
positive semidefinite (or rnonnegative) if F'(x,y) > 0 for all x € R™y € R™.

An old question asks whether, if F' is positive semidefinite, there must exist real
bilinear forms f; such that F = Y, f2. Recall a real bilinear form f with real
indeterminates x,y is a homogeneous polynomial which can be written as f(z,y) =
y'Ax, where A is an n X m matrix with real coefficients. The well-known fact that a
positive semidefinite real biquadratic form must be a sum of squares of real bilinear
forms provided that either m = 2 or n = 2 (see [1, Theorem 1]). However, if m >3
and n > 3, Man D. Choi [2] gave an example to show that there exists a positive
semidefinite real biquadratic form which is not a sum of square of real bilinear forms.
As application, Choi also used this example to show that there exists a positive linear
map from S3 to &3 which is not completely positive map. Follow this idea, we try
to study the relation (and applications) of positive semidefinite biquadratic forms
and positive maps.

Let T : M,,(R) — M, (R) be a linear map. Then the Choi polynomial of 7" is
determined by

Pr(z,y) = y'T(zz')y, Ve € R™, y € R".

Then Pr is a real biquadratic form. If two linear maps ¢ and ¢ from M,, to M,
have the same Choi polynomial, then y'¢(zz*)y = y'(xat)y for all z € R™, y € R™.
Hence, ¢(za') = ¢p(xzt) for all . As a consequence, ¢(X) = (X)) for all symmetric
X € M,,(R). However, since ¢(e;; + €j;) = ¥(e;; + €j;), we have ¢(e;;) + d(ej;) =
Pleis) + ¥(eji)-

Conversely, given a real biquaratic form F(z,y) = Z Cijk1 ;T Yy in m-variable

i<jk<l
x and n-variable y. We can write F(z,y) = y'B(x)y, where B(z) is a symmetric

matrix whose coefficients are quadratic forms in x. Then we can get a linear operator
T from S, to S,, by T'(zx') = B(x). This implies that F(z,y) = y"T (zx")y. Hence,

we get the following remark (we can also see the proof of this remark in [2]).

Remark 1. The correspondence between operators 7' : §,, — &, and real bi-

quadratic forms Pr is one to one.
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A linear map T : M,,(R) — M, (R) is called a congruence map if there exist

m X n matrices with real coefficients V;,7 =1, ..., k such that
k
T(X) =) VIXV; VX € M, (R).
i=1

Proposition 2.1 ([2]). Let T : S,, — S, be a linear map.
(a) T is positive if and only if Pr(z,y) > 0 for all x,y.

(b) T is a congruence map if and only if Pr is a sum of square of real bilinear

forms.

Calderon [1] showed that every positive semidefinite real biquadratic form on
R™ x R™ must be sum of square of real bilinear forms, provided that m = 2 or

n = 2. Combine Proposition 2.1 and [1, Theorem 1], we get the following corollary.
Corollary 2.2. A positive linear map T : So — S,, must be a congruence one.
2.2. Biquaratic forms.

Definition 2.3. A complex polynomial p(z,y) in € C™ and y € C" is said to be

sesquilinear form (linear in y and anti-linear in x) if it has the form:

ple,y) =Y piTiy;, pi; € C.
47‘]’
A complex polynomial p is said to be bilinear form if it has the form:
p(z,y) = Zpijxiyja pi; € C.
1,J
A complex polynomial p is called biquadratic form if it has the form:
p(z,y) = Z PigklTi jYrYi, piju € C.
irj,ke,]

A biquadratic form p is said to be Hermitian symmetric (in the sense of [3]) if
p(z,y) € R for all z € C™, y € C". Such a biquadratic form is also called a real-

valued form.

Note that p(x,y) is sesquilinear, meaning it is linear in y and anti-linear in x. A
form p is called positive semidefinite (psd) if p(z,y) > 0 for all z,y. Sometimes, we

use the term nonnegative form to refer to a psd form.



6 MINH TOAN HO, THANH HIEU LE, CONG TRINH LE, AND HIROYUKI OSAKA

It is straightforward to see that p is a bilinear form if and only if there exists an

m X n matrix A such that

p(z,y) = 2" Ay = (Ay, ).
Analogously, p is a sesquilinear form if and only if there exists an m x n matrix A
such that

p(r,y) = 2" Ay = (Ay, z).
Let BLF(m,n) (resp., SLF(m,n)) denote the set of all bilinear forms (resp., sesquilin-
ear forms) in x € C™ and y € C™.

Remark 2. If p is a sesquilinear form and p(x,y) € R for every real vectors z and v,

then p(z,y) is a real bilinear form.

Proof. We can write

p(z,y) = sz’ji’iyja pi; € C.
V)

For all real vectors x € R™ and y € R" we have p(z,y) = Zpijxiyj € R. Thus,
2
p(x,y) = p(z,y). Hence p;; = p;; € R. This means that p(x,y) is a real bilinear form

when x,y are real. O
For x € C™ and y € C™,
T mn
2(z,y) =2 @y = (T1y1, 21Y2s- -, T1Yny T2Y1,-. -5 TmYn) € C™.

Any finite sum of squares of moduli of bilinear forms can be written as
Z}xtAryf = z(z,y)" Q z(z,y) for some Q = 0,

i.e., @ is the Gram matrix of the bilinear sum of squares.

For sesquilinear forms z* By, use the monomial vector
27 Yy —_ T mn
'll)(l',y) :x®y: (56'13/17 R xmyn) cC )
and similarly

Z|x*Bsy|2 = w(z,y)" Rw(z,y) for some R > 0.

Observe that both z(z,y)* @ z(x,y) and w(z,y)* Rw(x,y) are nonnegative Hermit-

ian symmetric biquadratic forms.
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Lemma 2.4. Let p be a biquadratic form given by:

p(z,y) = Z Pijrk1 i jYr Y, reCmyeC
igikd

There exist unique matrices QQ and R such that:

p(r,y) = 2(2,y)"Q2(r,y) = w(z,y) Rw(z, y),

where z(x,y) = r @y and w(r,y) = T ®y. The relationship between Q) and R is
a partial transpose on the first subsystem. Furthermore, p is Hermitian symmetric
if and only if Q@ = Q* (and a similar statement holds for R). In this case, the

relationship between Q) and R is also a partial transpose on the second subsystem.

Such a matrix ) in Lemma 2.4 is called a Gram matriz of p.

Proof. Let z(x,y) = x ® y. Its components are z;, = x;y;, and (2*); = z;4,. We
can rewrite the form as:

y) = Z Pijit (Z591) (Tiyk )

i7j7k7l

Define @ = >3, >0, Q 21 eief @ frff, where QE{Q) = pijr- Then we obtain

p(r,y) = 2*Qz. If p(x,y) = 2(x, y)*Pz(x y), then we get P((]’Z)) = Dijul = le:)

Similarly, we can show the existence and uniqueness of R. Since R(l (k) = Pijkt = Qg;i
we have R = Q”*, where T} denotes the transpose operation on the first Hilbert space
cm.

If p(x,y) € R, then 2*Qz = (2*Q2)* = z*Q*z. Since z(x,y) spans C"™", Q = Q*.
The converse follows from the property of Hermitian forms. In this case, QT = Q'

and so R is the partial transpose on the second subsystem of Q). O
2.3. Decomposable biquadratic forms.

Definition 2.5. A biquadratic form p is said to be decomposable if it can be written
as a finite sum of squares of the moduli of bilinear and sesquilinear forms. A positive
semidefinite biquadratic form p is said to be indecomposable if it is not decomposable.

Let us denote by S?|BLF|(m,n) (resp., .°|SLF|(m, n)) the set of all finite sums
of the squared moduli of bilinear (resp., sesquilinear) forms in the variables z € C™
and y € C".
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Denote
D(m,n) = {W=Q+R" : Q=0, R=0}.

Then D(m,n) is a cone and called the decomposable Gram cone.

Proposition 2.6. Let p(z,y) = (z@y)* W (x®vy) be a biquadratic form, where the
Gram matriz W = W* is a square matriz of order mn and x € C™,y € C". Then

(i) The polynomial p € 22|BLF(m, n)| if and only if W is positive semidefinite.

(i) The polynomialp € 3.*|SLF (m,n)| if and only if W is positive semidefinite.

(iii) p is decomposable if and only if its Gram matriz W belongs to the decompos-

able Gram cone D(m,n).

Proof. (i) If f(z,y) is a bilinear form, then we can write

flz,y) = Z fisray; = (x ®@ y,vec(f)) = (z @ y)*vec(f),

where vec(f) the vector of coefficients of f. Hence, if p € S_°|BLF(m,n)], then there

are bilinear forms fi,..., fr such that

p(r,y) = Z filz, )P = (z @ y)*vee(f;)vee(f;) (z @ y).

1=
By the uniqueness of the Gram matrix (Lemma 2.4), W = vec(f1)vec(f1)" + -+
vec( fy)vec(fx)" is positive semidefinite. Conversely, if W is positive semidefinite,
then there is a representation W = Ajvjv] + -+ - + Ayupvy, where each v; is a unit

eigenvector corresponding to the eigenvalue \; of W. Hence,

k k
p(r,y) =Y Nz @y) vl (z@y) =Y Mz @y)
i=1 i=1
The proof of (ii) is the same as that of (i), and (iii) follows from (i), (ii) and
Lemma 2.4. U
Let W = W* € M,,,,. Define
Viv={r®y | (r@y)W(x®y) =0}
We say Wy < Wy iff Vi, C Viy,. This define a partial order on D(m,n).

Definition 2.7. A decomposable matrix W € D(m,n) is said to be an minimal if
Viv = {0}. That is (x ® y)*Wz ® y > 0 for every nonzero z ® y, z € C™,y € C".
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Lemma 2.8. Let p(z,y) = (z®y)*W (z®y) be a decomposable form, where W = Q+
RY for some positive semidefinite matrices Q, R. Then the following are equivalent.
(1) W is minimal.
(2) minjg=,jyj=1 p(2,y) > 0.

(3) ker @ Nker R has no nonzero product vectors.

Proof. The equivalence of (1) and (2) follows from the fact that p(tz, sy) = t2s*p(z, y)
for any positive numbers s, t.

Now, we prove the equivalence of (1) and (3). We have

(2®y)Qr®y) = Q2(x ® y)|
Using Tr(X'Y) = Tr(XYT), we also have
(r@y) Rz ey) = Tr(R 2"z (y'y)7)) = Te(R («*z @ (7°9))) = |(R)* (z @ 5)|>
Hence,
ple.y) = Q2 (z @ ) + |(R)z (z @ §)||* > 0,

for all nonzero r ® y € C™ ® C™ if and only if ker () Nker R has no nonzero product
vectors z ® y. [

Denote H(M,, ® M,,) the space of Hermitian matrices in (M,, ® M,). We equip
H(M,, ® M,,) with the Hilbert-Schmidt inner product
(X,Y) = Te(XY), X =X"Y =Y"€ M, M,

T

Then partial transpose on the second subsystem ' is self-adjoint, that is, for all

X=X"Y=Y*"e M, ® M,, we have
(XU Y) =(X,Y").
Recall that for a cone K C H(M,, ® M,),
K ={X:Tr(XY)>0, VY € K}

denotes its dual cone. Then it is well-known that the cone of positive semidefinite

matrices is self-dual:
{X =0} ={X = 0}.

In addition, the partial transpose on the second subsystem is self-adjoint and invo-

lutive, we have the following lemma (see [8] for more detail).
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Lemma 2.9. D*={X e M, @ M, : X =0 & X" = 0}.

Clearly, a real valued polynomial can be written as a difference of sums of squares.
On the other hand, given a real valued biquadratic form f(z,y) = (z Q@ y) "Wz ® y
with Gram matrix W, there exist a real number § such that f(z,y) + 0]z ® y||?
is decomposable. Indeed, we choose § to be at least the minimal eigenvalue of W.
Then W + 61 is positive semidefinite.

In our attempt to construct positive indecomposable biquadratic forms, we usually

pay attention to a class of the forms:
Flz,y) —ellz@yl]  (zeC”yeC),

where F(x,y) is a decomposable biquadratic form.

Theorem 2.10. Let p be a decomposable biquadratic form

px,y)=(oy) (Q+R") (z®y) (zeC™yecC),

where Q) and R are positive semidefinite square matrices in M,, @ M,, Let ¢ > 0
and p.(z,y) = p(x,y) — ellz @ y||>. Then the followings hold.
(i) Q + R is minimal if and only if there exists a positive number & such that
the biquadratic form p. is positive semidefinite for every e < 6.
(i) p- is decomposable if and only if Q + RY — I is decomposable, where I is the

identity matriz of order mn.

Proof. Suppose that W = ) + R' is minimal. By Lemma 2.8, we have

0:= inf x,y) > 0.
Hl“||=1,Hy||=1p( v)

For every positive € < 9, and all nonzero product vector x ® vy,

pe(@,y) = Izl (P21, 91) — &) = l2l*[lylI*(0 — &) > 0,

where x = ||z||z; and y = ||y||y1-
Conversely, there exists a positive number ¢ such that the biquadratic form p. is

positive semidefinite for every ¢ < 4. Then

min ~ p(r,y) >§ min |z @yl =8> 0.
ll=[I=1,lly[|=1 llzll=1,[[yll=1

The proof of (ii) follows immediately from Proposition 2.6 and the fact that the
Gram matrix of p, is W — eI, where W = Q + R'. O
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Corollary 2.11. Let p and p. be given as in Theorem 2.10(i). Suppose further that
I1:= Q+R' is a projection and 11" a positive contraction. Then p, is indecomposable
for every 0 < e < 6.

Proof. Let M = I—1I, where [ is the identity matrix of order mn. By the hypothesis,

M and M?' are positive semidefinite. Moreover,
Tr((II—el)M) =Tr (Il —el)(I —1I)) = — Tr(M) < 0.

By Lemma 2.9, (Il — /) cannot lie in the decomposable Gram cone D(m,n). By
Proposition 2.6, p. is indecomposable for every 0 < € < 9. O

Ezxample 2.12. Let us consider the real symmetric matrix II € R*? satisfying

1 -7 2 2 2 2 2 2
-7 11 2 2 2 2 2 2
2 2 11 2 =7 2 2
2 2 2 1 2 2 =71 2 2
B8I=f(2 2 2 2 2 2 2
2 2 =7 2 2 11 2 2
2 2 2 =72 2 11 2 2
2 2 2 2 2 2 2 11 -7
2 2 2 2 2 2 2 =711

Then I1? = IT = IT* and rank(IT) = 5 and W = II satisfies the conditions of Corollary
2.11. Hence, the biquadratic form
Fo(r.y) = (r@y) Tz ey) -z @y’ (z,y € C°)
is indecomposable for every 0 < ¢ < minjg|=1,yj=1(z @ y)" Il(z @ y).
Next, we will show that W = II satisfies the hypothesis of Corollary 2.11.

Proof of Example 2.12. It is straightforward to check that W = II and W' are
projections and rank of IT is 5. Let N' = ker(IT) C C°. A direct computation yields
dim N = 4 and a basis of N consisting of the following four vectors (displayed as

3 x 3 matrices in the zy'-reshape):

-1 -1 0 -1 -1 1
Ki=10 1 0|, Koa=[0 0 1],
0 0 0 0 0 0
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-1 -1 0 -1 -1 0
Kis=11 0 0], Ka=]10 0 0
10 0 0 1 1

In other word,
ker(IT) = {vec(K) : K € spanc{ Ky, Ko, K3, K4}}.

Let z(z,y) = vec(zy') corresponds to the rank-one matrix zy’.

Claim 1. ker(IT) N {vec(zy’) : z,y # 0} = {0}.

If vec(zy') € ker(Il), then zy' € span{Kj, Ky, K3, K;} and has rank one. By
Claim 1, this forces zy" = 0, hence z = 0 or y = 0.

Now, we prove Claim 1. Suppose K = aK; + bKs + cK3 + dK, is a product
vector, then K has rank < 1. We will show that a = b= c=d = 0. Write

—%—b—c—d —%—b—c—d b
K= c a b
c d d

If rank(K') < 1, then all 2 x 2 minors of K vanish. We get
c(d—a) =0, c(d—b) =0, d(a—b) =0,

b(3a + 2b+ 2c + 2d) = 0, b(a+2b+ 4c+ 2d) = 0, d(a+4b+ 2c+ 2d) = 0.

We now eliminate the following cases.

Case 1: b # 0. Then

3a + 2b+ 2c+ 2d =0, a—+2b+4c+2d = 0.
Subtracting gives ¢ = a. Substituting into a + 2b + 4c¢ + 2d = 0 yields
(1) 5a+2b+2d = 0.

If d = 0, then d(a — b) = 0 is automatic, while ¢(d — a) = a(0 —a) = —a® = 0
forces a = 0 and then (1) gives b = 0, contradicting b # 0. Hence d # 0. Then
d(a+ 4b+ 2c¢ + 2d) = 0 implies

a-+4b 4 2¢c+2d = 0.
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With ¢ = a this becomes 3a + 4b + 2d = 0. Together with (1),

5a+ 2b+ 2d = 0,
3a + 4b + 2d = 0.

We have a = b.

Then 3a + 4b + 2d = 0 gives 7Tb+ 2d = 0, so d = —1b. Now use ¢(d — a) = 0 with
c=a=1b - 9
0=c(d— :b(——b—b):——b2,
c(d—a) 5 5
so b = 0, contradiction. Therefore b # 0 is impossible.

Case 2: b =10. Then K becomes
—5g—c—d —5—c—d 0
K= c a 0
c d d
Similar arguments above, we imply that d = 0.
With b = d = 0, we have

Repeated the similar arguments above, we imply that a =b=c=d = 0.
O

Theorem 2.13 ([9]). Let Ha, Hp be finite-dimensional complex Hilbert spaces and
letI'=1d ® T' denote the partial transpose with respect to a fixed product basis. Let
p € H(Hs ® Hp) satisfy the PPT conditions

p=0, pl=0.

For a product vector x @ y we write (r @ y)t == 2 ®7.

Consider the following statements:

(A) (Edge (subtraction) definition) There do not exist ¢ > 0 and a nonzero
product vector x ® y such that

p—c(@y)(z®y)* =0 and p' —c(z@y)(z®7)" = 0.

(B) (Range-intersection condition) There exists no nonzero product vector x ®y

such that x @ y belongs to both the ranges of p and p'.
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(C) (Kernel-orthogonality condition) There ezists no nonzero product vector x®

y such that
(u, r®y) =0 Yu € ker(p), (v, 7@7) =0 VYo € ker(p").

Then
(A) <= (B) < (O).

Here, (A) in the theorem is the standard definition of an edge PPT state as
introduced by Lewenstein—Kraus-Cirac-Horodecki [9, Sec. III].

Corollary 2.14. Let p be a PPT entangled edge. Let W = P + QV, where P,Q
be orthogonal projections on ker p, ker pt, respectively. Then § = min ;=1 |yj=1(z ®
Y)Wz ®y) > 0 and for every 0 < € < 9, the biquadratic form F.(z,y) = (z ®
y)*W(zr ®@y) —elr @ y|* is positive semidefinite but not decomposable.

Proof. Set

0:= min (r@y,W(ray)).
Jall=llyll=1

For Horodecki PPT entangled states, by Theorem 2.13, this ¢ is strictly positive.
For any 0 < ¢ < ¢, the operator A := W — el is block-positive (i.e., P.(z,y) =
(r®y)*A(r ® y) > 0 for all x € C?,y € C*) but detects p in the sense that:

Tr(Ap) = —8 <0,
because Pp = 0 and Qp" = 0, hence Tr(Pp) = 0 and Tr(Q"p) = Tr(Qp") = 0.

Hence, A ¢ D(m,n). Applying Proposition 2.6, we get the conclusion. O

3. CHOI POLYNOMIALS

Let ¢ : M, — M, be a linear map. Let P, denote the polynomial defined by:
Py(z,y) =y o(zz”)y  (z€C"yeC").

We call P, the Choi polynomial of ¢. (Note: M.D. Choi constructed a real bi-
quadratic form on R3 x R3 that is nonnegative everywhere but is not a sum of
squares of real bilinear forms [2]. This result demonstrated the existence of a posi-

tive linear map on Mj that is not decomposable.)
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Ezxample 3.1. Let F be a biquadratic form on C? x C? defined by
F(z,y) = 2la1 Plyi | — 2V =T aoZ:1 1 [ + 3V =121 22|11 [* + 3|a|*[y2].

Then there is a linear map ¢ : My — M, determined by

2 3\/—_1 0 0
925(611):(_2\/_—10 >, ¢(€22)=<03>

0 0 0 0
¢(€12):<0 0>7 ¢(€21):<0 0>7

such that the Choi polynomial is F'(x,y). It is clear that ¢ is not self-adjoint and

F((i),(é))zQ—l—\/—_lisnotreal.

Proposition 3.2. Let ¢, be linear maps from M,, to M,. Then the following

statements hold true.

(1) Prpipp(x,y) = APy(x,y)+1uPy(z,y) for allz € C™,y € C", and any complex
numbers \, 1.

(2) Py(x,y) =0 for allx € C™,y € C™ if and only if $(X) =0 for all X € M,y,.

(3) The correspondence that associates each linear map ¢ € B[M,,, M,] with
its Choi polynomial Py is one-to-one between B(M,,, M) and the set of all
biquadratic forms in x € C™ y € C™.

Proof. (1) is straightforward.

(2) Suppose Py = 0. Then y*¢(xx*)y = 0 for all z € C™, y € C". Hence, ¢p(xz*) =
0 for all z € C™. As a consequence, ¢(X) = 0 for all Hermitian X € M,,. Any
matrix X € M, can be decomposed as X = X; +1.X,, where the X; are Hermitian.
Hence ¢(X) = 0.

(3) Suppose p is a biquadratic forms. Then p can be written p(z, y) = > ¢;ju®:iT;YrY;-
We define a linear map ¢ : M, — M, such that the (I, k) entry of ¢(e;;) is ¢;ju-
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Then, for x € C™,y € C", we have
v (e )y =Y Tl wie) Y Te)] D yik
=1 i=1 j=1 k=1

Z Z Ty 1 o (eie}) f

i,j=1k,l=1
m n
= g E CijklTiTYrY; = p(z,y).
i,j=1k,l=1

By (2), the corresponding between ¢ and P, is one to one and onto.
Indeed, if ¢1,¢9 € B(M,,, M,) satisfies P, = Pp,, then, Py, _s, = 0. Hence,

o1 = ¢a. [

The Choi-Jamiotkowski isomorphism establishes a correspondence between a lin-
ear map ¢ : M,, — M, and its Choi matrix C, € M,, ® M, given by C, =
2?3':1 eij @ ¢(e;j). It is straightforward to compute that for all z € C™y € C"

Py(z,y) = (Cs(T®Y), T®Y),

where T = (T1,...,T,)" € C™.
Let us recall (see, e.g., [8, 11]) that

By(M,,®@M,) ={X=X"e M, M, | (z@y)X(z®y) >0, VreCm"yecC"}.

Theorem 3.3. Let ¢ be a linear map from M, to M,. Then the following statements
hold.

(1) ¢ is self-adjoint, if and only if Cy = C, if and only if Py is real-valued for
allx € C™, y € C™ (in other word, P, is Hermitian symmetric).

(2) ¢ is positive, if and only if Cy belongs to By(M,, ® M,), if and only if
Py(x,y) >0 for all x,y.

(3) ¢ is completely positive, if and only if Cy is positive, if and only if the Choi
polynomial P, of ¢ is a sum of squares of sesquilinear forms (of the form
z*Ay).

(4) ¢ 1s completely copositive, if and only if the partial tranpose C’g 1S positive,
if and only if the Choi polynomial Py of ¢ is a sum of squares of bilinear
forms (of the form z'*By).
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(5) ¢ is decomposable, if and only if C, € PPT|m,n], if and only if the Choi

polynomial Py of is a sum of squares of bilinear and sesquilinear forms.

Proof. The equivalence between these properties of ¢ and of the Choi matrix Cy
are well-known (e.g., see [11, Section 3.3]). Hence, we need to prove the equivalence
between ¢ and its Choi polynomial.

(1) If ¢ is self-adjoint (i.e., it maps a Hermitian matrix to a Hermitian one),then

Py(r,y) = (y*o(zx")y)" = y"(¢p(z2"))"y = y"p(wx")y € R.

Conversely, if Py(x,y) is real for all x,y then ¢(xz”) is Hermitian for every x. As
a consequence, ¢ maps a Hermitian matrix to a Hermitian matrix. Hence, it is
self-adjoint.

(2) This part follows from the definition of Choi polynomial and that ¢ is positive
iff p(zz*) > 0 for every z € C™.

(3) If (X ) = V*XV then

Py(x,y) = y*'V*(za")Vy = [2*Vy[*.

Conversely, if P,(x,y) is a sum of squares of sesquilinear forms, for simplicity, assume
Py(z,y) = |f(z,y)|?, where f is a sesquilinear form. We can write f(z,y) = 2*Ay,

where A is an m X n-matrix. Hence,
Py(z,y) = (2" Ay)" (2" Ay) = y"A"za" Ay = y"p(za")y, ¢(X) = A"XA.
(4) If ¢(X) = V*X'V then
Py(w,y) = y'V*(z2") Vy = [2'Vy|*.

The converse statement is the same argument as the one in (3).
(5) This part follows from (3) and (4). O

In 1963, Stgrmer [15] showed that every positive linear map ¢ from My to M, is
decomposable. By [15, Theorem 8.2] every unital extreme linear map from M, to

Mj is unitarily equivalent to the one of the form:

a b (@ ab + Be
c d ac+ b ya+eb+ec+dd )’
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where |e]* = 2v(§ — |a|*> — |3]?) in the case v # 0 and || =1 or |3| = 1 in the case
v = 0. We will consider the case where v =0 (so ¢ = 0) and |a| = 1. Let us denote

this map by ¢ (including the non-unital case). Then, let X = (x;;),

Go(X) = ( 11 aryp + B > 7

Qo1 + Br1a a2,
where |a| = 1 and v = |3| + 1.

Remark 3. ¢q is unital if and only if § = 0; that is, ¢ is extreme in the sense of

[15] if and only if = 0. In this case, ¢q is completely positive.

Proof. ¢o(1) = 1, if and only if, § = 1, if and only if, = 0. The Choi matrix C,
in this case is

o O O O
o O O O
— o o Q9

QL o O

The eigenvalues are {0, 2}. O

In the case 8 # 0, the map ¢, is not extreme. Using the Choi polynomial, we
have the following decomposition of ¢.

Corollary 3.4. The positive linear map ¢q is decomposable but is neither completely
positive nor copositive, provided that § # 0. In addition, ¢y can be decomposed

uniquely as
Po = ¢1 + Pa,

where ¢1 15 completely positive, ¢o 15 completely copositive and

x 52z 11T * R o
rr’) = ) Tr) = '
o1 (™) < T1Ts \/5|x2|2, Pa(w27) = |B] Tol1 \/6_5|$2|2,
Proof. We have

Py(x,y) = 21| |” + Q1T Yo + QT 12291y + BT122Y1 Y2 + BriTati Yy + 6| 22| |ys .
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Let A = (a;;) and B = (by) be two matrices in Ms. Let F(z,y) := |z* Ay|*+|2' By|*.
Then

2 2

F(z,y) = +

E ik Ti Yk E bikTiYk

= g ik G5 TT YRy, + E birbj17: T yiY;.
i7j’k7l i7j7k7l

Identify the coefficients of F'(x,y) and Py, we get ajp = a1 = big = by; = 0 and

1011’2 + ‘b11|2 =1,
|aga|” + boo|* = 0 = (1 +[8])?,

Q11022 = @, biibyy = 3.

Therefore,

a 0 \/W O
A= [ V118l and B = 2 | V1t
0 0 0 B+/1+8] ’
V18l

for any 6y, 65. However, the corresponding biquadratic forms of A and B:

Fi(x,y) = |2* Ay|* = y* A*xa* Ay = y*| A|lza*| Ay,
Fy(z,y) = |2'By|* = y*B*(2')*2' By = y*| B|(z2*)!|Bly

are independent of 6, and 6,. Hence, the resulting biquadratic forms F} and F; are
uniquely determined. As a consequence, by Lemma 3.2, we can get the CP (¢;)
and coCP (¢9) map uniquely. Recovery of the map ¢1,¢s from the biquadratic
forms is followed from the identity ¢;(xa*) = A*za*A = |Alzx*|A] and ¢g(xx*) =
| B|(zx*)!| B]. O

Let ¢ : M,, — M, be a linear map. Suppose that ¢(M,,(R)) C M,(R). Then
there exists the restriction of ¢ on M,,(R), denoted by ¢g which is a linear map
from M,,(R) to M,(R) by ¢r(X) = ¢(X) for X € M,,(R).

Proposition 3.5. Let ¢ : M,, — M, be a self-adjoint linear map with ¢(M,,(R)) C
M, (R). If ¢ is decomposable, then the restriction ¢r : S, — S, is a congruence.



20 MINH TOAN HO, THANH HIEU LE, CONG TRINH LE, AND HIROYUKI OSAKA

Proof. For an m x n matrix V = (v;;), we can write V = Re(V') + ilm(V'), where
Re(V) = (Re(vy)) the real part and Im(V') = (Im(vy)) the imaginary part (which

are matrices with real coefficients). Then for any x € R™ and y € R", we have
y Viza'Vy = 2" Vyl* = [2'Re(V)y[* + [z Tm(V)y[*.

Hence, y*V*zx*Vy is a sum of squares of real bilinear forms. Similarly, y*V*(zz*)'Vy
is also a sum of squares of real bilinear forms. Hence, the Choi polynomial Py, (x,y)
is the sum of squares of real bilinear forms and by Proposition 2.1, we get the

conclusion. O

Proposition 3.6. Let ¢ : My — M, be a linear map with ¢(M2(R)) C M, (R). If
¢ 1is positive then the restriction ¢r : So — S, s a congruence map. In addition,

there exists a completely positive map ¢y from My to M, such that ¢ = ¢1 on S
and (¢ — ¢1)(e12) = —(¢ — ¢1)(ea1) is anti-symmetric.

Proof. Since ¢ is positive, its restriction ¢r on M,,(R) is positive. By Proposition
2.1, the Choi polynomial of ¢g is nonnegative, that is Py, (z,y) > 0 for all z,y. By
[1, Theorem 1], Py, is a sum of squares of real bilinear forms. By Proposition 2.1,
the restriction ¢g from S, to S, is a congruence map. That is, there are m x 2 real

matrices V; such that

Gr(Y)=>_VIYV; VY =Y'e My(R).
J

Define ¢; from Ms to M,, by
S1(X) =D VIXV, VX €M,
J
Then ¢ = ¢ on Sy. Let A = (¢ — ¢1)(e12), then 0 = (¢ — ¢1)(e19 + €21) = A+ (¢ —
¢1)(e21). Hence —A = (¢ — ¢1)(ef,) = A* = A" O
Remark 4. Let ¢.: My — M, be a linear map whose Choi polynomial
Py, (,y) = F.(a,y) = (2@y) T(z®y)—¢cllz@y*  (reC’yeC'), 0<e<y,

where I1, 0 and F.(z,y) are defined in Example 2.12. As in Example 2.12; the Choi
polynomial is positive semidefinite and not decomposable. By Theorem 3.3, ¢. is
indecomposable. It is clear that ¢.(M(R)) C My(R).
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3.1. Application of optimization to checking positivity. A Choi polynomial
of a self-adjoint linear map is a real-valued biquadratic form. As the same aregument

in Lemma 2.8, we get the following corollary.

Corollary 3.7. Let ¢ : M,, — M, be a self-adjoint linear map. Then the following
statements are equivalent.
(i) ¢ is positive.

(ii) For every positive real number r,

min  Py(x,y) > 0.
|zl |=Ilyll=r

(iii) There is a real number r > 0 such that

min  Py(z,y) > 0.
|l=l|=llyll=r

Proof. (1)=>(ii). By Theorem 3.3(2), ¢ is positive if and only if Py(x,y) is nonnega-
tive for all x,y. Hence,

min  Py(z,y) > 0.

[z|[=r|lyl|=r

(iii)=(i) Suppose that there is a positive real number r such that

gy i, Folz,9) 20
z||=r||y||=r

There is a point (zg,yo) € C™ x C" such that ||xo|| = r = ||lyo|| and

Py(x,y) = Py(xo,y0) > 0.

zll=r[lyll=r

Since Py(z,y) is homogeneous, we have

ezl Pllll® o, r
P ("L‘/y) = P ( xz, y) > P, ($07y0) > 0.
’ A el
The implication (ii) = (iii) is immediate. O

The characterization of positive linear maps are also related to the problem of

determining whether a polynomial is bounded below or not.

Corollary 3.8. Let ¢ : M,, — M, be a self-adjoint linear map. Then ¢ is positive
if and only if Py 1s bounded below, i.e,

inf{Py(z,y) | € C",y € C"} > —o0.
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Note that if P, is Hermitian symmetric and if we replace z; = a; + bjv/—1,
y; = ¢; + dj/—1, where a,b € R™ and ¢,d € R" then the obtained polynomial
F(a,b,c,d) = Py(a+ by/—1,c+ dy/—1) is a real polynomial in a,b,c,d (with real
coefficients). There are some criteria on lower bounds of real polynomials, see [4]

and the references therein.

Proof of Corollary 3.8. If ¢ is positive, then Py(x,y) > 0 for all z,y (by Theorem
3.3). Thus, P, is bounded below. Conversely, suppose that P, is bounded below,
but assume for the sake of contradiction that there exists a point (xg, yo) € C™ x C"
such that Py(xo,yo) < 0. Consider the curve defined by z(t) = tzo and y(t) = tyo
for t € R. Then, we have

Py(tzo, tyo) = t*Py(z0,10) — —00 as t — oo.

This contradicts the assumption that P, is bounded below. 0

Proposition 3.9. Let ¢ : M,, — M, be a linear map. Suppose that the Choi

matriz Cy has a negative eigenvalue X < 0 with an eigenvector w.

(i) If the solution set (the algebraic set)
S:={(z,y) € C" X C" | [w1y1 -+ 1Y T2Y1 - TY1 - TeYn) = W'}
18 non-empty, then ¢ is not positive.
(ii) If w is a product vector, then ¢ is not positive.
Proof. (i) Suppose (zg,yo) € S. That is, ¢ ® yp = w. Then
Py(To,y0) = (0 @ y0)"Cyro @ yo = Alzo @ yol[* < 0.

Now, by Theorem 3.3, ¢ is not positive.

(ii) If w is a product vector, then w belongs to S mentioned in (i). O

3.2. Application of positive linear operators to sum of squares. It is clear
that a square of an element in |SLF (m,n)|U|BLF(m,n)| is a Hermitian biquadratic
form. On the other hand, if ¢ is self-adjoint, the Choi polynomial P, is Hermitian
symmetric. Denote by HBF (m,n) the set of all Hermitian symmetric biquadratic
forms in x € C™,y € C" and HBF(m,n), the subset of all F(x,y) € HBF(m,n)
satisfying F'(z,y) > 0 for all x,y. It is clear that

(2) S ISLE(m,n)| + Y [BLE(m, n)| € HBF(m,n),.
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An interesting problem is to classify the pairs (m,n) for which the reverse inclusion
of (2) holds. It is well known that in the real case, this reverse inclusion holds if
either n = 2 or m = 2, but fails if both m and n are at least 3 (see [2]). In the
complex case, we can apply well-known results from the theory of decomposable

maps.
Corollary 3.10. The equality
2 2
> CISLF(m,n)| + Y "|BLF(m,n)| = HBF(m,n)
holds if and only if n +m < 5.

Proof. This follows from Theorem 3.3 and the well-known fact that every positive
linear map ¢ : M,, — M, is decomposable if and only if m +n <5 (see [19]). O

We are interested in characterization of nonnegative biquadratic forms which do
(or do not) belong to 3°° |SLF(m,n)| 4+ 3.7 | BLF(m, n)|. However, by Theorem 3.3,
a real-valued biquadratic form p is decomposable if and only if its corresponding
self-adjoint linear map ¢ is decomposable, where Py = p. In Section 2, we study
some classes of decomposable/indecomposable biquadratic forms, in particular the
case where the Gram matrix of the biquadratic forms can be written as W — eI,
where W is minimal which is discussed before Lemma 2.8. The problem is still open

in general .

4. EXAMPLES

In this section, we present several classes of examples (either new or extending
previously well-known ones) of indecomposable linear maps. To achieve this, by
Theorem 3.3, we construct indecomposable biquadratic forms p(z,y). Then, the
corresponding indecomposable map ¢ is determined as follows: the (k,)-entry of
®(esj) is the coeflicient p;jp; of the monomial x;Z;v,yx in the polynomial p(z,y) (by
Proposition 3.2). For example, as in Example 2.12, the polynomial F; is indecompos-
able, so by Theorem 3.3, its corresponding map ®. : M3 — M3 is indecomposable
for every 0 < e < § =2 0.0284.

4.1. Indecomposable maps from a given edge PPT entangled state. We
now illustrate the main results of the previous sections by means of a concrete and

classical example, namely the 2 ® 4 Horodecki family of PPT entangled states. The
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point of this example is that Theorem 2.13 and Corollary 2.14 provide a systematic
way to construct positive semidefinite but indecomposable biquadratic forms from
an edge PPT entangled state, while Theorem 3.3 then converts such forms into
indecomposable linear maps. Thus the example below serves both as an application
of the abstract theory and as an explicit model for the general mechanism. See
Horodecki [6]. We consider the PPT entangled state p, € My(C) @ My (C) = Mg(C)

in the case of a = 1/2, as studied in [6], as follows:

$ 000 0 50 0
0§00 0 03 0
1

0040 0 00 3

0003 0 00 O
p= V3

0000 ¢ 00 ¥

1 1

§ 000 0 500

05 00 0 035 0

V3
004 0¥00 ;

Proposition 4.1. Let P and Q be the orthogonal projections onto ker p and ker p*,

respectively, and define
W:=P+Q".
Then the following assertions hold.
(i) p is an edge PPT entangled state.
(ii) The quantity

= min
lzll=]lyll=1

(z@y)W(Eey)

18 strictly positive.

(ili) For every 0 < e <4, the biquadratic form
Fe(z,y) = (z@y)W(rey) —clzoy|’, 2eC, yel

18 positive semidefinite but not decomposable.
(iv) Consequently, if . : My(C) — My(C) is the linear map whose Choi polyno-

mial is Py = F;, then ®. is indecomposable.

Proof. It follows from [6] that there exists no product vector x ® y € Ran(p,) such
that + @ ¥ € Ran(pl). Hence Theorem 2.13 applies, and therefore Corollary 2.14
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yields p is an edge PPT entangled state,

= min
llz][=(lyll=1

(z®@y)W(z®y) >0,
and shows that for every 0 < ¢ < ¢ the form
F(z,y) = (z®y) W oy) -z @yl

is positive semidefinite but not decomposable.
Now let ®. be the unique linear map associated with F. through the Choi-

polynomial correspondence. Since
Pp_(z,y) = F.(x,y) >0 for all x € C*, y € C*,

Theorem 3.3 (2) implies that ®. is positive. Since F. is not decomposable, Theorem
3.3 (5) implies that ®. is not decomposable. Therefore ®. is an indecomposable

positive map. [

4.2. Indecomposable maps P, .. Let m,n € N with n > m, and set r :=

n — m. For
<C’::(507"'787“)7 0<5a§17

define

Casmme : Mn(C) = My(C),  Poymne(X) = aTe(X)], — Y eaVaXVy,
a=0

where the isometries V,, : C™ — C" are given by
Vaep = fpta, p=1....m, a=0,...r

and {e,} (resp. {f,}) is the standard basis for C™ (resp. C").

If e, = 1 for every «, then the map @, 1 is the same as .y in [10]. As we
can see below, using sum of squares arguments and Theorem 3.3, we can reprove
some main results in [10] for the weighted maps @, » .. In some cases, we even give
necessary and sufficient condition when such a map is decomposable.

The Choi polynomial of ®,., . is determined as

2
, VeeCm" yeCn.

m
E $pyp+oz

p=1

Py (2,9) = ¥ B (127)y = allz)2[ly]*~ > ea

a=0
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Proposition 4.2. Let @, 1 : M,,(C) — M, (C) as above. Its Choi polynomial is
determined by

m n
P e (T, ) Zga Z % Yqta _qup+a|2+22(a_3j)|$pyj’27
1<p<q<m p=1 j=1

where
min(r,j—1)

In particular, if

a > max S,
1<j<n

then Py, .. is decomposable; hence ®,., ,, . is decomposable.

Proof. Let v = (z1,...,2,) € C™ and y = (y1,...,y,) € C*. We have

Poye(@.9) =y ( Te(aa') L, = 3 caVaa'V; Jy

a=0

= allz?lyl® = ) ealy Vazl.

a=0

Now, by the definition of V,,, we have

Yy Voxr = Z TpUpta-

p=1
Therefore
, m 2
Popn (:9) = allzPllyl® = D ea| D @lpra
p=1
For each aa =0, ...,r, define
u = (Yr4as -+ Ymra) € C™.
Then

(x u(a)>| ,

Z :Upprra
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SO
T

Popnne(@9) = D 2a (P12 = |z, u) )

a=0

+ 2 (allgll® = eallu]?).
a=0

By the Lagrange identity,

Pl = [z w)P = > oty — 2@ (we ™).

1<p<g<m

Applying this to v = u(® yields

||x||2||u(a)||2 - |<$7 u(a)>|2 = Z |xpyq+a - wqyp+a|2 .

1<p<g<m
This gives the first sum in the asserted decomposition.

It remains to rewrite the second term. Observe that

1% =" 1ypral”,
p=1

S0 T T m
D call®P =3 ca D lvpral”
a=0 a=0 p=1
Fix j € {1,...,n}. The term |y;|? appears in the inner sum exactly when
j=p+a forsomepe{l, ...,m},
that is,

j—m<a<j—1.

Since also 0 < a < r, the coefficient of |y;|? is precisely

min(r,j—1)

S = E Ea-

a=max(0,j—m)

Hence
n

Y ol = syl
a=0 j=1
and therefore

m n

Jall? (allyl = callu @) = D2 D" (a = )yl
a=0

p=1 j=1

27
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Combining the two parts proves the formula
r m n
P (TY) = Z5a Z |TpYgta — xqmﬁ + Z Z(a — s55)|zpy;]*.
a=0 1<p<g<m p=1 j=1
The first sum is a sum of squares of moduli of sesquilinear forms, while the second
is a sum of squares of moduli of bilinear forms. Thus, if @ > max; s;, all coefficients

a — s; are nonnegative and the form is decomposable. Consequently, ®g.p e is

decomposable. 0

Corollary 4.3 (The case r = 1). Let n = m + 1 and let
Bommire(X) = aTo(X) st — 2oVoX Vi — e VIXVY

Then
Popmrc @) =20 D | — Gl ver ) |worn — afpril’

1<p<g<m 1<p<q<m
m m m

+ Z(a —eo)lzpy|” + Z Z (a — o — 1) |zpy;|*
p=1 p=1 j=2
m

+ > (a—e)|pym
p=1

In particular, if a > €9 + €1, then @, 141, is decomposable.
Proof. This is a specialization of the proposition for » = 1. O

Corollary 4.4 (The case r = 2). Let n = m + 2 and
@a;m,m+27a(X) = CLTF(X)]m+2 — EOVE)X‘/()* — 51V1XV1* — 52‘/2X‘/2*~

Then
m
P‘:Dam ,m+2,e ‘/E y Zga Z |'Ipyq+0f - qup+04|2 + Z(a - 80)|‘pr1|2
1<p<q<m p=1
m m m
—1—2 a— ey —e1)|zpyal? —1—2 (a—eo— &1 — &2)|zpy;°
p=1 p=1 j=3
m m
+ Z(a — &1 = ) |TpYmra]* + Z(a — &) [wpYmaal.
p=1 p=1

Therefore, if a > ¢ 4 €1 + €2, then @ m12. is decomposable.
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Proof. Again this follows from Proposition 4.2 when r = 2. 0
Given a square matrix X = X*, let Apax(X) denote the largest eigenvalue of X.

Proposition 4.5. ®,., , . is positive if and only if

a > sup Armax (Z eSOJ/OzxiB*VOT> ’ Vr € Cmv HxH =1

llzll=1 a—0
Proof. ®4.p e is positive if and only if, for every unit vector z € C™,
(I)a;m,n,e(mx*) > 0.

By the definition of ®,., ,, ., we have
Dy (x™) = al, — Z eaVorax V.

a=0

Hence,

al, — Zaavam*v; >0<= a> \pax <Z €aVaiL‘l‘*V;) , for all [|z|| = 1.

a=0 a=0

OJ
Corollary 4.6 (The case r = 0). Suppose n = m, so that
DQpmme(X) =aTr(X)I,, — g0 X.
Then
Dyyme 1s decomposable <= ., 1, - 1s positive <= a > ¢.

Proof. By Proposition 4.2, a > ey implies decomposability. Conversely, suppose
that @, m . is decomposable, then the map is positive and by Proposition 4.5, we
have a > ¢. O

Corollary 4.7. Assume m = 2 and n = 24r. Then ®,.5 24, is positive if and only
if @ > Apax(Jz), where
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Proof. By the previous proposition, positivity is equivalent to
T
a > SUp Amax Z eaVoxax™ Vo | .
llzll=1 a0

Let x = (w1, 22) € C? with ||z|| = 1. Define

Vo = \/Ea Val, a=20,...,r

Then
T T
5 eqVoxax™ V> = E VU
a=0 a=0

The nonzero eigenvalues of this matrix coincide with the nonzero eigenvalues of the

Gram matrix

G(z) = (<Uﬁvva>);,5:o-
Since

VaZ = 21 fay1 + T2 fato,

the supports of V,z and Vsz are disjoint unless |a — | < 1. More precisely,

(

17 Oézﬁ,

I'_1132, 6:a+1,
<V5£E,Va:£> = <

x1$_27 Oézﬁ—i—l,

Therefore

o \/EQE1 T1X2 0 s 0

VE0E1 T1T2 €1 \/E1€2 T1L2 ' :

G(Jﬁ) = 0 \/E1E2 T1T2 0
: - T £r-1 VEr_1Er T1%2

0 T 0 VEr—1&r r1To Er

Now |z125| < & because ||z|] = 1. Thus the maximal possible largest eigenvalue is

attained when |zz,| = 3, that is, when 21| = |za| = 1/V/2. For such a choice, G(x)
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is J.:
€0 %\/50_51 0 0
Je = 0 IVae - 0
: 1 AEE
0 0 %\/m Er
Hence

llzll=1

SUP Amax <Z &?aVaxx*V;> = Amax(J2).

a=0

Thus positivity, and therefore decomposability, is equivalent to @ > Apax(J:). 0
Corollary 4.8 (The case m =2, r =1). For
(I)a;2,3,s(X) = aTr(X)]3 - 50‘/0XV0* — VI XV,

the following are equivalent:

(1) ®y03,. is positive;

@) a> 60+€1+\/€2%—€061+€%'

Proof. By the preceding proposition, it suffices to compute the largest eigenvalue of

1
J o 5\/6081
e = .
1
5\/8051 &1

The largest eigenvalue is

co+e1+ /€2 — ol + €2
)\max(Js) - 20 1‘

O

Remark 5. The inequality @ > maxi<j<, s; is an explicit sufficient condition for
decomposability for arbitrary m and r. In general it need not be necessary. However,

it becomes exact in some situations, notably when r = 0.
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4.2.1. Unweighted decomposability. In this subsection, we consider the unweighted
case Py (In the previous subsection) when ¢, = 1 for all a. In this case, we

write @ompn = Pomna1. Let m,n € N with n > m, and put r := n — m. Consider
P (X) = aTe(X)L, = Y VuXV}, X € My(C).

where
Vaep:prraa p=1,....,m, a=0,...,r
Then

n

Py,,...(T,y) Z Z |ZpYqra — qyp+a| +Z |xpyj ,
p=1 j=

a=0 1<p<g<m 1

where

=#{aec{0,....r}:1+a<j<m+a}l, j=1,...,n.
Equivalently,

¢; = min(r, j — 1) — max(0,5 —m) + 1, j=1,...,n.

In particular,

max ¢; =1 + 1,
1<j<n

and therefore, if
a>r+1=n—m+1,
then Pg,, . is a sum of squares of moduli of sesquilinear forms and bilinear forms.

Hence ®,., ,, is decomposable. Hence, we get the following corollary.

Corollary 4.9. Let m,n € N with n > m, and put r := n — m. Consider

Dinin : M (C) = My(C),  Pyynn(X) = aTe(X), = Y Vo XV
a=0
as above. Then the following hold.

(i) fa>r+1=n—m+1, then ®,,,, is decomposable.

(ii) The case r = 0. The following are equivalent:
(a) Pym.m is decomposable;
(b) @gim.m is positive;
(¢) a>1.

(iii) The case m = 2. The following are equivalent:
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(a) y204, is positive;

(b) a > 1+Cos<rj_2>.

Proof. Part (i) is exactly the unweighted decomposability criterion (Proposition

4.2)).
(ii) follows from Corollary 4.6.
(ili) (m=2) By Corollary 4.7, we have

DPy004r 18 positive <= ApadJ)),

where
1 5 0 0
3 13
J=10 % s 0| € M41(C).
o1
0 - 0 1 1

The eigenvalues of this Toeplitz tridiagonal matrix are well known:

Ai(J)=1 +cos< I

=1,... 1.
T+2)7 .] Y ,T+

Hence

Amax(J) = 1+ cos(r j: 2).

Therefore

P94, I8 positive <= a > 1+ COS(

)
r+2/

O

4.3. Indecomposable maps based on unextendible product bases. We next

show how the results of the previous sections apply to orthonormal unextendible

families of product vectors. This yields a concrete class of positive semidefinite but

indecomposable biquadratic forms, and therefore, via the Choi polynomial corre-

spondence, a class of indecomposable positive maps. The argument is an immediate

consequence of Corollary 2.11 together with the UPB construction in [17, Theo-

rem 3).

Proposition 4.10. Let

E={z,...,z} CC"oC"
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be an orthonormal unextendible family of product vectors, and let
k

P *
Py = 5 2;i2;

=1

be the orthogonal projection onto Hg := span E. Define

opi= min (z®y Ppr®y)).
z||=|lyll=

Then 6 > 0. Moreover, for every 0 < e < dg, the biquadratic form
Pe(z,y) = (z@y)(Pp—el)(x®y), 2eC” yel

18 positive semidefinite and indecomposable.
Consequently, if . : M,,,(C) — M,,(C) denotes the unique linear map whose Choi

polynomial 1s Py, = P., then ®. indecomposable.

Proof. The result follows directly from [17, Theorem 3], Corollary 2.11, and Theorem
3.3. U

4.4. Indecomposability of the Tanahashi-Tomiyama’s map 74;. In the fol-
lowing we reprove the indecomposability of the Tanahashi-Tomiyama’s map 741 by
sums of squares. The indecomposability of 7, was well-known for 1 < k <n —2
(see, e.g. [16, 12, 13, 18, 5]).

Recall that 74 : My(C) — M4(C) be the linear map

T11(X) = 3e(X) +e(SXS") — X,

where £(X) denotes the diagonal part of X, and S = [d; j4+1] is the cyclic shift matrix.
More explicitly,

2711 + Taa —T12 —T13 —T14
—T91 2w99 + x11 —T23 —To4
T11(X) = ; X = (w55) € My(C).
—Z31 —T32 2x33 + T2 —T34
—T4 —T42 —T43 2%44 + T33

The Choi polynomial of 74, is determined by
PT4,1 (Z‘, y) = y*T4,1(.Tl‘*)y, T,y & C4‘
Firstly, we show the positivity of P, .

Proposition 4.11. P, (z,y) >0 for all z,y € C*.
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Proof. Let
_ T _ T
T = (ZE17I’2,1’3,$4) ) Y= (ylﬂy27y3ay4) ;

and set

|2 = |y2|2 (Z: 172a374)‘

a; = |z
Indices are taken cyclically modulo 4, so ag = ay.
From the explicit formula for 741 (x2*), we have

4
Pr,(z,y) = (3ai+ai1)b; —

Thus it suffices to prove

Assume first that
3a; +a;_1 >0 (Z: 1,2,3,4).

Then
4
Zili_z‘yz‘ = Z % vV 3a; + a1 y;.

By the Cauchy-Schwarz inequality,

4 2 4 4
Zl‘_zyz‘ < (Z #) (Z(Sai +a;-1) bi) .
i=1 i=1 " =

i=1
Therefore it remains to prove that

4
Z3az+az 1

=1

| /\
—_

Assume now that all a; > 0, and define u; := il S (1 =1,2,3,4). Then
Q;

a; o 1
3CLZ‘ —|—ai_1 N 3—|—uz

U UouzUy = 1, and Hence it is enough to show that

4
E < whenever ujususuy = 1.
— 3 + uz
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Multiplying both sides by H?Zl(?) + u;), this is equivalent to

4

[[G+uw) =Y J[G+u) >0

i=1 i=1 j#i
Since ujususuy = 1, the left-hand side becomes
2 E uuug + 3 E uu; — 20.
1<i<j<k<4 1<i<j<4

Applying the arithmetic—geometric mean inequality, we obtain

1/6
1
5 2 Wj2< 11 U> = () V2 =1,

1<i<j<4 1<i<j<4
and
1/4
1
1 Z U > ( H uiujuk> = (u1u2u3u4)3/4 =1.
1<i<j<k<4 1<i<j<k<4
Therefore,
2 Z uujuy + 3 Z ugu; > 26,
1<i<j<k<4 1<i<j<4
! 1 ! a;
and hence Z < 1. It follows that Z —' < 1. Therefore
i1 3+ U; i1 3ai ;1
4 4 2
PT4,1 (l’,y) = Z(3az + ai*l) b’L - Zx_zyz Z 0.

i=1 i=1
This proves the claim when all a; > 0. If some a; = 0, the conclusion follows by

continuity. O

Proposition 4.12. The Choi polynomial P, (x,y) := y*741(x2*)y, where x and y

are vectors in C*, is indecomposable.

Proof. Let © = (x1,x2,x3,24), y = (Y1, Y2, Y3, Ys). We now restrict to real variables
x,y € R*, and consider the Choi polynomial (the real case):

p(z,y) = (227 + )i + (223 + 21)ys + (223 + 23)y3

+ (227 + 73)y; — 2 Z LT Yi Y5
1<i<j<4
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Equivalently,

4
(3)  plo,y) =2 afy? —2 > mayy; +23y; + a5 + 5y5 + 23y5
=1

1<i<j<4

Assume, for contradiction, that p is a sum of square of real bilinear forms

(4) ple,y) =Y |Fe(a,y)”

for some real bilinear forms
4
F.(z,y) = Z ag)xiyj ag) eR.
ij=1

Since each summand in (4) is nonnegative, every zero of p is a common zero of all
F,.
We first use eight sparse zeros. From (3), one checks directly that

pler,es) = pler, es) = plea, e1) = pleg, eq) =0,

ples, e1) = p(es, e2) = p(es, e2) = ples, e3) = 0,
where ey, €9, €3, e4 are the standard basis vectors of R*. Therefore every F, vanishes

at these eight points. Writing

4
Fr<x7 y) = Z a‘z(;)a:zy]u

ij=1
we obtain

F.(z,y) = aﬁ)wlyl + agg)ﬁl?ﬂ + aég)xgyg + a(zg)@y?)

(%) (r) (r) (r) (r)
+ 33 T3Y3 + A3/ T3Ys + Qy7 T4Y1 + A  TaYs.
Observe from (3), that for every sign vector
s = (81,59, 83, 84) € {£1}*
we have p(s, s) = 0. Substituting = y = s into (5), we obtain

Fo(s,s) = ¢ + a'y) s1s5 + aly) 253 + al) s3s4 + al 481,

where

coom )+l o)+ o)
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Since F.(s,s) =0 for all s € {+1}*, and the five functions

L, 5182, 5953, 5354, 5451

are linearly independent on {£1}*, it follows that

o+ 0l + o)

(7’) (T) (T) (T) O, + a22 _'_ 0/33 + &1(17;1) - O

(g = Qg3 = A3q = Ay =
Therefore every F,. is of the form
6)  Fo(z,y) = av1ys + Braye + Vexsys + 6:Tays, @+ Br + v + 0 = 0.
Thus each F, is a linear combination of the diagonal-difference forms
T2Y2 — T1Y1, T3Ys — T1Y1, TaYs — T1Y1-
Now every square |F,.(z,y)|> with F, of the form (6) expands only into monomials
R rivyiy; (8 F# ),

that is, only monomials involving matched pairs (i,4). In particular, no such square

can produce any of the shifted monomials
2 2 2 2 22 2.2
TaY1, 11Y2; L2Y35 L3Yy-

Hence no sum of such squares can contain those monomials. But the explicit formula

(3) shows that p contains all four of them, each with coefficient +1:
T3Y; + wiys + 135 + 13y5.

This contradicts (4). Therefore p is not a sum of squares of real bilinear forms. By

Propositions 3.5 and 2.1, P,,, is indecomposable. U

,1
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