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Abstract. This paper investigates the properties of Choi polynomials and their

fundamental role in the theory of positive linear maps between matrix algebras.

By focusing on Hermitian symmetric biquadratic forms, we establish a connection

between the positivity of these forms and the structure of positive maps. We

specifically explore the construction of indecomposable positive maps in matrix

algebras, and their application as entanglement witnesses. Our analysis extends to

the detection of Positive Partial Transpose (PPT) entangled states and the clas-

sification of edge PPT states in Mm(C) ⊗ Mn(C). Our results provide a refined

framework for identifying non-separable states that escape the standard PPT cri-

terion, contributing to the broader understanding of entanglement distillation and

quantum information theory.

1. Introduction

The classification of positive linear maps ϕ : Mm(C) → Mn(C) remains a central

challenge in operator theory and quantum information science. A map is called

completely positive if its Choi matrix, defined as Cϕ =
∑

i,j eij ⊗ϕ(eij), where {eij}
is the standard basis for Mm, is positive semi-definite. However, the structure of

maps that are positive but not completely positive is significantly more intricate.

These maps are essential for the detection of quantum entanglement, a task often

formulated through the construction of entanglement witnesses (see [7, 8]).

A density operator ρ in a bipartite Hilbert space HA⊗HB is separable if it can be

expressed as a convex combination of product states. If a state is not separable, it

is said to be entangled. The Positive Partial Transpose (PPT) criterion, introduced

by Peres ([14]) and the Horodeckis ([6]), serves as a powerful necessary condition
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for separability: every separable state must remain positive under the partial trans-

position operator Γ. While this criterion is sufficient for dimensions 2× 2 and 2× 3,

the existence of PPT entangled states (PPTES) in higher dimensions necessitates

the use of indecomposable positive maps.

In this work, we focus on a specific class of homogeneous polynomials of degree

four, known as Hermitian symmetric biquadratic forms (see [3]). As demonstrated

in the seminal works of Choi and later refinements by Osaka, these forms are intrin-

sically linked to the range properties of positive maps. This class is a subclass of

real-valued homogeneous polynomials of degree four. The properties of Hermitian

symmetric biquadratic forms and establishes a rigorous mathematical framework

linking polynomial algebra with linear operator theory. The content particularly

emphasizes the role of biquadratic forms (hereafter called Choi polynomials) in

classifying positive linear maps.

One of the foundational results presented is the existence of a one-to-one corre-

spondence between a linear map ϕ : Mm →Mn and its Choi polynomial, defined as

Pϕ(x, y) = y∗ϕ(xx∗)y. Through this correspondence, the properties of the map are

fully reflected by the polynomial: The map ϕ is positive if and only if its correspond-

ing Choi polynomial Pϕ(x, y) is a positive semidefinite biquadratic form, meaning

Pϕ(x, y) ≥ 0 for all vectors x ∈ Cm and y ∈ Cn. The decomposability of a map is also

completely characterized through the structure of its Choi polynomial. Specifically,

a linear map ϕ is decomposable if and only if its Choi polynomial Pϕ(x, y) can be ex-

panded as a sum of squares of the moduli of bilinear forms and sesquilinear forms. In

terms of matrices, this is equivalent to the Gram matrix W of the polynomial Pϕ be-

longing to the decomposable Gram cone D(m,n) = {W = Q+RΓ : Q ≥ 0, R ≥ 0},

where Γ denotes the partial transpose. The most crucial objective is to provide

a systematic method for constructing indecomposable biquadratic forms, which in

turn generate indecomposable positive maps. Specifically, we construct the family

of polynomials:

pϵ(x, y) = p(x, y) − ϵ||x⊗ y||2

and show that there exists a threshold δ > 0 such that for all 0 < ϵ ≤ δ, the

polynomial pϵ(x, y) remains positive semidefinite but its decomposable structure is

broken (it becomes an indecomposable form). This is particularly true when Q+RΓ

and QΓ +R are non-trivial projections. Due to the 1-1 correspondence, these newly
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constructed forms pϵ(x, y) are precisely the Choi polynomials of a new class of linear

maps. These maps inherit the exact properties of their generating polynomials: they

are positive maps but are indecomposable.

By applying the results established in Sections 2 and 3, we re-prove and extend

several classes of decomposable and indecomposable maps in Section 4. This section

demonstrates the practical application of biquadratic forms and Choi polynomials in

characterizing map indecomposability, specifically through the analysis of weighted

maps Φa;m,n,ϵ and the construction of maps from edge PPT entangled states.

The paper is organized as follows. Section 2 introduces the notation for bi-

quadratic forms and the Choi-Jamio lkowski isomorphism. Some sufficient and neces-

sary conditions for a biquadratic form to be decomposable/indecomposable. Section

3 discusses the properties of Choi polynomials and their spectral characteristics. In

Section 4, we apply these mathematical constructs to the problem of identifying

PPTES and classifying edge states in M4(C) ⊗M4(C).

Notation: We denote by {ei} the standard basis for Cm (and similarly for Cn)

and set eij = eie
∗
j . We define the inner product ⟨·, ·⟩ on Cn by ⟨x, y⟩ = y∗x. Let Mn

(resp., Mn(R)) denote the algebra of n×n matrices with complex (resp., real) entries.

Let Sn be the space of all symmetric matrices of order n with real coefficients. Let

B(Mm,Mn) denote the space of all linear maps from Mm to Mn. The Choi matrix

of a map ϕ : Mm → Mn, denoted by Cϕ, is defined by Cϕ =
∑

i,j eij ⊗ ϕ(eij).

The transpose of A is denoted by At. The partial transpose is a linear operator

on Mm ⊗Mn defined by (A ⊗ B)Γ = A ⊗ Bt. Let PPT [m,n] denote the set of all

positive matrices in Mm ⊗Mn with a positive partial transpose. Finally, let
∑2K

denote the set of all finite sums of squares of elements in K.

2. Biquadratic forms

In this section, we investigate a subclass of real-valued homogeneous polynomi-

als of degree four, namely Hermitian symmetric biquadratic forms. Our aim is to

characterize the positivity and decomposability of this class of forms.

2.1. Real biquadratic forms. A real biquadratic form is a homogeneous polyno-

mial of the form:

F (x, y) =
∑
i,j,k,l

cijklxixjykyl (i ≤ j, k ≤ l, cijkl ∈ R)
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with real indeterminates x = (x1, . . . , xm), y = (y1, . . . , yn). Such an F is said to be

positive semidefinite (or rnonnegative) if F (x, y) ≥ 0 for all x ∈ Rm,y ∈ Rn.

An old question asks whether, if F is positive semidefinite, there must exist real

bilinear forms fi such that F =
∑

i f
2
i . Recall a real bilinear form f with real

indeterminates x, y is a homogeneous polynomial which can be written as f(x, y) =

ytAx, where A is an n×m matrix with real coefficients. The well-known fact that a

positive semidefinite real biquadratic form must be a sum of squares of real bilinear

forms provided that either m = 2 or n = 2 (see [1, Theorem 1]). However, if m ≥ 3

and n ≥ 3, Man D. Choi [2] gave an example to show that there exists a positive

semidefinite real biquadratic form which is not a sum of square of real bilinear forms.

As application, Choi also used this example to show that there exists a positive linear

map from S3 to S3 which is not completely positive map. Follow this idea, we try

to study the relation (and applications) of positive semidefinite biquadratic forms

and positive maps.

Let T : Mm(R) −→ Mn(R) be a linear map. Then the Choi polynomial of T is

determined by

PT (x, y) = ytT (xxt)y, ∀x ∈ Rm, y ∈ Rn.

Then PT is a real biquadratic form. If two linear maps ϕ and ψ from Mm to Mn

have the same Choi polynomial, then ytϕ(xxt)y = ytψ(xxt)y for all x ∈ Rm, y ∈ Rn.

Hence, ϕ(xxt) = ψ(xxt) for all x. As a consequence, ϕ(X) = ψ(X) for all symmetric

X ∈ Mm(R). However, since ϕ(eij + eji) = ψ(eij + eji), we have ϕ(eij) + ϕ(eji) =

ψ(eij) + ψ(eji).

Conversely, given a real biquaratic form F (x, y) =
∑

i≤j,k≤l

cijklxixjykyl inm-variable

x and n-variable y. We can write F (x, y) = ytB(x)y, where B(x) is a symmetric

matrix whose coefficients are quadratic forms in x. Then we can get a linear operator

T from Sm to Sn by T (xxt) = B(x). This implies that F (x, y) = ytT (xxt)y. Hence,

we get the following remark (we can also see the proof of this remark in [2]).

Remark 1. The correspondence between operators T : Sm → Sn and real bi-

quadratic forms PT is one to one.
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A linear map T : Mm(R) −→ Mn(R) is called a congruence map if there exist

m× n matrices with real coefficients Vi, i = 1, . . . , k such that

T (X) =
k∑
i=1

V t
i XVi ∀X ∈Mm(R).

Proposition 2.1 ([2]). Let T : Sm −→ Sn be a linear map.

(a) T is positive if and only if PT (x, y) ≥ 0 for all x, y.

(b) T is a congruence map if and only if PT is a sum of square of real bilinear

forms.

Calderon [1] showed that every positive semidefinite real biquadratic form on

Rm × Rn must be sum of square of real bilinear forms, provided that m = 2 or

n = 2. Combine Proposition 2.1 and [1, Theorem 1], we get the following corollary.

Corollary 2.2. A positive linear map T : S2 −→ Sn must be a congruence one.

2.2. Biquaratic forms.

Definition 2.3. A complex polynomial p(x, y) in x ∈ Cm and y ∈ Cn is said to be

sesquilinear form (linear in y and anti-linear in x) if it has the form:

p(x, y) =
∑
i,j

pijx̄iyj, pij ∈ C.

A complex polynomial p is said to be bilinear form if it has the form:

p(x, y) =
∑
i,j

pijxiyj, pij ∈ C.

A complex polynomial p is called biquadratic form if it has the form:

p(x, y) =
∑
i,j,k,l

pijklxix̄jykȳl, pijkl ∈ C.

A biquadratic form p is said to be Hermitian symmetric (in the sense of [3]) if

p(x, y) ∈ R for all x ∈ Cm, y ∈ Cn. Such a biquadratic form is also called a real-

valued form.

Note that p(x, y) is sesquilinear, meaning it is linear in y and anti-linear in x. A

form p is called positive semidefinite (psd) if p(x, y) ≥ 0 for all x, y. Sometimes, we

use the term nonnegative form to refer to a psd form.
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It is straightforward to see that p is a bilinear form if and only if there exists an

m× n matrix A such that

p(x, y) = xTAy = ⟨Ay, x̄⟩.

Analogously, p is a sesquilinear form if and only if there exists an m × n matrix A

such that

p(x, y) = x∗Ay = ⟨Ay, x⟩.

Let BLF(m,n) (resp., SLF(m,n)) denote the set of all bilinear forms (resp., sesquilin-

ear forms) in x ∈ Cm and y ∈ Cn.

Remark 2. If p is a sesquilinear form and p(x, y) ∈ R for every real vectors x and y,

then p(x, y) is a real bilinear form.

Proof. We can write

p(x, y) =
∑
i,j

pijx̄iyj, pij ∈ C.

For all real vectors x ∈ Rm and y ∈ Rn we have p(x, y) =
∑
i,j

pijxiyj ∈ R. Thus,

p(x, y) = p(x, y). Hence pij = p̄ij ∈ R. This means that p(x, y) is a real bilinear form

when x, y are real. □

For x ∈ Cm and y ∈ Cn,

z(x, y) := x⊗ y =
(
x1y1, x1y2, . . . , x1yn, x2y1, . . . , xmyn

)T ∈ Cmn.

Any finite sum of squares of moduli of bilinear forms can be written as∑
r

∣∣xtAry∣∣2 = z(x, y)∗Qz(x, y) for some Q ⪰ 0,

i.e., Q is the Gram matrix of the bilinear sum of squares.

For sesquilinear forms x∗By, use the monomial vector

w(x, y) := x⊗ ȳ =
(
x1y1, . . . , xmyn

)T ∈ Cmn,

and similarly ∑
s

∣∣x∗Bsy
∣∣2 = w(x, y)∗Rw(x, y) for some R ⪰ 0.

Observe that both z(x, y)∗Qz(x, y) and w(x, y)∗Rw(x, y) are nonnegative Hermit-

ian symmetric biquadratic forms.
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Lemma 2.4. Let p be a biquadratic form given by:

p(x, y) =
∑
i,j,k,l

pijklxix̄jykȳl, x ∈ Cm, y ∈ Cn.

There exist unique matrices Q and R such that:

p(x, y) = z(x, y)∗Qz(x, y) = w(x, y)∗Rw(x, y),

where z(x, y) = x ⊗ y and w(x, y) = x̄ ⊗ y. The relationship between Q and R is

a partial transpose on the first subsystem. Furthermore, p is Hermitian symmetric

if and only if Q = Q∗ (and a similar statement holds for R). In this case, the

relationship between Q and R is also a partial transpose on the second subsystem.

Such a matrix Q in Lemma 2.4 is called a Gram matrix of p.

Proof. Let z(x, y) = x ⊗ y. Its components are zik = xiyk, and (z∗)jl = x̄j ȳl. We

can rewrite the form as:

p(x, y) =
∑
i,j,k,l

pijkl(x̄j ȳl)(xiyk)

Define Q =
∑m

i,j=1

∑n
k,l=1Q

(i,j)
(k,l)eie

∗
j ⊗ fkf

∗
l , where Q

(j,i)
(l,k) = pijkl. Then we obtain

p(x, y) = z∗Qz. If p(x, y) = z(x, y)∗Pz(x, y), then we get P
(l,k)
(j,i) = pijkl = Q

(l,k)
(j,i) .

Similarly, we can show the existence and uniqueness ofR. SinceR
(i,j)
(l,k) = pijkl = Q

(j,i)
(l,k),

we have R = QT1 , where T1 denotes the transpose operation on the first Hilbert space

Cm.

If p(x, y) ∈ R, then z∗Qz = (z∗Qz)∗ = z∗Q∗z. Since z(x, y) spans Cmn, Q = Q∗.

The converse follows from the property of Hermitian forms. In this case, QT1 = QΓ

and so R is the partial transpose on the second subsystem of Q. □

2.3. Decomposable biquadratic forms.

Definition 2.5. A biquadratic form p is said to be decomposable if it can be written

as a finite sum of squares of the moduli of bilinear and sesquilinear forms. A positive

semidefinite biquadratic form p is said to be indecomposable if it is not decomposable.

Let us denote by
∑2|BLF|(m,n) (resp.,

∑2|SLF|(m,n)) the set of all finite sums

of the squared moduli of bilinear (resp., sesquilinear) forms in the variables x ∈ Cm

and y ∈ Cn.
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Denote

D(m,n) =
{
W = Q+RΓ : Q ⪰ 0, R ⪰ 0

}
.

Then D(m,n) is a cone and called the decomposable Gram cone.

Proposition 2.6. Let p(x, y) = (x⊗ y)∗W (x⊗ y) be a biquadratic form, where the

Gram matrix W = W ∗ is a square matrix of order mn and x ∈ Cm, y ∈ Cn. Then

(i) The polynomial p ∈
∑2|BLF(m,n)| if and only if W is positive semidefinite.

(ii) The polynomial p ∈
∑2|SLF(m,n)| if and only ifW Γ is positive semidefinite.

(iii) p is decomposable if and only if its Gram matrix W belongs to the decompos-

able Gram cone D(m,n).

Proof. (i) If f(x, y) is a bilinear form, then we can write

f(x, y) =
∑
i,j

fijxiyj = ⟨x⊗ y, vec(f)⟩ = (x⊗ y)∗vec(f),

where vec(f) the vector of coefficients of f. Hence, if p ∈
∑2|BLF(m,n)|, then there

are bilinear forms f1, . . . , fk such that

p(x, y) =
k∑
i=1

|fi(x, y)|2 =
k∑
i=1

(x⊗ y)∗vec(fi)vec(fi)
∗(x⊗ y).

By the uniqueness of the Gram matrix (Lemma 2.4), W = vec(f1)vec(f1)
∗ + · · · +

vec(fk)vec(fk)
∗ is positive semidefinite. Conversely, if W is positive semidefinite,

then there is a representation W = λ1v1v
∗
1 + · · · + λkvkv

∗
k, where each vi is a unit

eigenvector corresponding to the eigenvalue λi of W. Hence,

p(x, y) =
k∑
i=1

λi(x⊗ y)∗ viv
∗
i (x⊗ y) =

k∑
i=1

λi|v∗i (x⊗ y)|2.

The proof of (ii) is the same as that of (i), and (iii) follows from (i), (ii) and

Lemma 2.4. □

Let W = W ∗ ∈Mmn. Define

VW = {x⊗ y | (x⊗ y)∗W (x⊗ y) = 0}.

We say W1 ≤ W2 iff VW1 ⊂ VW2 . This define a partial order on D(m,n).

Definition 2.7. A decomposable matrix W ∈ D(m,n) is said to be an minimal if

VW = {0}. That is (x⊗ y)∗Wx⊗ y > 0 for every nonzero x⊗ y, x ∈ Cm, y ∈ Cn.
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Lemma 2.8. Let p(x, y) = (x⊗y)∗W (x⊗y) be a decomposable form, whereW = Q+

RΓ for some positive semidefinite matrices Q,R. Then the following are equivalent.

(1) W is minimal.

(2) min∥x∥=1,∥y∥=1 p(x, y) > 0.

(3) kerQ ∩ kerR has no nonzero product vectors.

Proof. The equivalence of (1) and (2) follows from the fact that p(tx, sy) = t2s2p(x, y)

for any positive numbers s, t.

Now, we prove the equivalence of (1) and (3). We have

(x⊗ y)∗Q(x⊗ y) = ∥Q
1
2 (x⊗ y)∥2.

Using Tr(XΓY ) = Tr(XY Γ), we also have

(x⊗ y)∗R(x⊗ y) = Tr(RΓ(x∗x⊗ (y∗y)T )) = Tr(RΓ(x∗x⊗ (ȳ∗ȳ))) = ∥(R)
1
2 (x⊗ ȳ)∥2.

Hence,

p(x, y) = ∥Q
1
2 (x⊗ y)∥2 + ∥(R)

1
2 (x⊗ ȳ)∥2 > 0,

for all nonzero x⊗ y ∈ Cm⊗Cn if and only if kerQ∩ kerR has no nonzero product

vectors x⊗ y. □

Denote H(Mm ⊗Mn) the space of Hermitian matrices in (Mm ⊗Mn). We equip

H(Mm ⊗Mn) with the Hilbert-Schmidt inner product

⟨X, Y ⟩ := Tr(XY ), X = X∗, Y = Y ∗ ∈Mm ⊗Mn.

Then partial transpose on the second subsystem Γ is self-adjoint, that is, for all

X = X∗, Y = Y ∗ ∈Mm ⊗Mn, we have

⟨XΓ, Y ⟩ = ⟨X, Y Γ⟩.

Recall that for a cone K ⊂ H(Mm ⊗Mn),

K∗ := {X : Tr(XY ) ≥ 0, ∀Y ∈ K }

denotes its dual cone. Then it is well-known that the cone of positive semidefinite

matrices is self-dual:

{X ⪰ 0}∗ = {X ⪰ 0}.

In addition, the partial transpose on the second subsystem is self-adjoint and invo-

lutive, we have the following lemma (see [8] for more detail).
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Lemma 2.9. D∗ = {X ∈Mm ⊗Mn : X ⪰ 0 & XΓ ⪰ 0}.

Clearly, a real valued polynomial can be written as a difference of sums of squares.

On the other hand, given a real valued biquadratic form f(x, y) = (x⊗ y)∗Wx⊗ y

with Gram matrix W , there exist a real number δ such that f(x, y) + δ∥x ⊗ y∥2

is decomposable. Indeed, we choose δ to be at least the minimal eigenvalue of W.

Then W + δI is positive semidefinite.

In our attempt to construct positive indecomposable biquadratic forms, we usually

pay attention to a class of the forms:

F (x, y) − ε||x⊗ y|| (x ∈ Cm, y ∈ Cn),

where F (x, y) is a decomposable biquadratic form.

Theorem 2.10. Let p be a decomposable biquadratic form

p(x, y) = (x⊗ y)∗
(
Q+RΓ

)
(x⊗ y) (x ∈ Cm, y ∈ Cn),

where Q and R are positive semidefinite square matrices in Mm ⊗Mn, Let ε > 0

and pε(x, y) := p(x, y) − ε∥x⊗ y∥2. Then the followings hold.

(i) Q + RΓ is minimal if and only if there exists a positive number δ such that

the biquadratic form pε is positive semidefinite for every ε ≤ δ.

(ii) pε is decomposable if and only if Q+RΓ− εI is decomposable, where I is the

identity matrix of order mn.

Proof. Suppose that W = Q+RΓ is minimal. By Lemma 2.8, we have

δ := inf
∥x∥=1,∥y∥=1

p(x, y) > 0.

For every positive ε ≤ δ, and all nonzero product vector x⊗ y,

pε(x, y) = ∥x∥2∥y∥2 (p(x1, y1) − ε) ≥ ∥x∥2∥y∥2(δ − ε) > 0,

where x = ∥x∥x1 and y = ∥y∥y1.
Conversely, there exists a positive number δ such that the biquadratic form pε is

positive semidefinite for every ε ≤ δ. Then

min
∥x∥=1,∥y∥=1

p(x, y) ≥ δ min
∥x∥=1,∥y∥=1

∥x⊗ y∥2 = δ > 0.

The proof of (ii) follows immediately from Proposition 2.6 and the fact that the

Gram matrix of pε is W − εI, where W = Q+RΓ. □
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Corollary 2.11. Let p and pε be given as in Theorem 2.10(i). Suppose further that

Π := Q+RΓ is a projection and ΠΓ a positive contraction. Then pε is indecomposable

for every 0 < ε < δ.

Proof. Let M = I−Π, where I is the identity matrix of order mn. By the hypothesis,

M and MΓ are positive semidefinite. Moreover,

Tr((Π − εI)M) = Tr ((Π − εI)(I − Π)) = −εTr(M) < 0.

By Lemma 2.9, (Π − εI) cannot lie in the decomposable Gram cone D(m,n). By

Proposition 2.6, pε is indecomposable for every 0 < ε < δ. □

Example 2.12. Let us consider the real symmetric matrix Π ∈ R9×9 satisfying

18Π =



11 −7 2 2 2 2 2 2 2

−7 11 2 2 2 2 2 2 2

2 2 11 2 2 −7 2 2 2

2 2 2 11 2 2 −7 2 2

2 2 2 2 2 2 2 2 2

2 2 −7 2 2 11 2 2 2

2 2 2 −7 2 2 11 2 2

2 2 2 2 2 2 2 11 −7

2 2 2 2 2 2 2 −7 11


.

Then Π2 = Π = Π∗ and rank(Π) = 5 and W = Π satisfies the conditions of Corollary

2.11. Hence, the biquadratic form

Fε(x, y) = (x⊗ y)∗Π(x⊗ y) − ε∥x⊗ y∥2 (x, y ∈ C3)

is indecomposable for every 0 < ε ≤ min∥x∥=1,∥y∥=1(x⊗ y)∗Π(x⊗ y).

Next, we will show that W = Π satisfies the hypothesis of Corollary 2.11.

Proof of Example 2.12. It is straightforward to check that W = Π and W Γ are

projections and rank of Π is 5. Let N = ker(Π) ⊂ C9. A direct computation yields

dimN = 4 and a basis of N consisting of the following four vectors (displayed as

3 × 3 matrices in the xyt-reshape):

K1 =

−1
2

−1
2

0

0 1 0

0 0 0

 , K2 =

−1 −1 1

0 0 1

0 0 0

 ,
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K3 =

−1 −1 0

1 0 0

1 0 0

 , K4 =

−1 −1 0

0 0 0

0 1 1

 .

In other word,

ker(Π) = {vec(K) : K ∈ spanC{K1, K2, K3, K4}}.

Let z(x, y) = vec(xyt) corresponds to the rank-one matrix xyt.

Claim 1. ker(Π) ∩ {vec(xyt) : x, y ̸= 0} = {0}.
If vec(xyt) ∈ ker(Π), then xyt ∈ span{K1, K2, K3, K4} and has rank one. By

Claim 1, this forces xyt = 0, hence x = 0 or y = 0.

Now, we prove Claim 1. Suppose K = aK1 + bK2 + cK3 + dK4 is a product

vector, then K has rank ≤ 1. We will show that a = b = c = d = 0. Write

K =

−a
2
− b− c− d −a

2
− b− c− d b

c a b

c d d

 .

If rank(K) ≤ 1, then all 2 × 2 minors of K vanish. We get

c(d− a) = 0, c(d− b) = 0, d(a− b) = 0,

b(3a+ 2b+ 2c+ 2d) = 0, b(a+ 2b+ 4c+ 2d) = 0, d(a+ 4b+ 2c+ 2d) = 0.

We now eliminate the following cases.

Case 1: b ̸= 0. Then

3a+ 2b+ 2c+ 2d = 0, a+ 2b+ 4c+ 2d = 0.

Subtracting gives c = a. Substituting into a+ 2b+ 4c+ 2d = 0 yields

5a+ 2b+ 2d = 0.(1)

If d = 0, then d(a − b) = 0 is automatic, while c(d − a) = a(0 − a) = −a2 = 0

forces a = 0 and then (1) gives b = 0, contradicting b ̸= 0. Hence d ̸= 0. Then

d(a+ 4b+ 2c+ 2d) = 0 implies

a+ 4b+ 2c+ 2d = 0.



SOME APPLICATIONS OF CHOI POLYNOMIALS OF LINEAR MAPS 13

With c = a this becomes 3a+ 4b+ 2d = 0. Together with (1),5a+ 2b+ 2d = 0,

3a+ 4b+ 2d = 0.
We have a = b.

Then 3a + 4b + 2d = 0 gives 7b + 2d = 0, so d = −7
2
b. Now use c(d − a) = 0 with

c = a = b:

0 = c(d− a) = b
(
− 7

2
b− b

)
= −9

2
b2,

so b = 0, contradiction. Therefore b ̸= 0 is impossible.

Case 2: b = 0. Then K becomes

K =

−a
2
− c− d −a

2
− c− d 0

c a 0

c d d

 .

Similar arguments above, we imply that d = 0.

With b = d = 0, we have

K =

−a
2
− c −a

2
− c 0

c a 0

c 0 0

 .

Repeated the similar arguments above, we imply that a = b = c = d = 0.

□

Theorem 2.13 ([9]). Let HA, HB be finite-dimensional complex Hilbert spaces and

let Γ = id ⊗ T denote the partial transpose with respect to a fixed product basis. Let

ρ ∈ H(HA ⊗HB) satisfy the PPT conditions

ρ ⪰ 0, ρΓ ⪰ 0.

For a product vector x⊗ y we write (x⊗ y)Γ := x⊗ y.

Consider the following statements:

(A) (Edge (subtraction) definition) There do not exist ε > 0 and a nonzero

product vector x⊗ y such that

ρ− ε (x⊗ y)(x⊗ y)∗ ⪰ 0 and ρΓ − ε (x⊗ y)(x⊗ y)∗ ⪰ 0.

(B) (Range-intersection condition) There exists no nonzero product vector x⊗ y

such that x⊗ y belongs to both the ranges of ρ and ρΓ.
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(C) (Kernel-orthogonality condition) There exists no nonzero product vector x⊗
y such that

⟨u, x⊗ y⟩ = 0 ∀u ∈ ker(ρ), ⟨v, x⊗ y⟩ = 0 ∀v ∈ ker(ρΓ).

Then

(A) ⇐⇒ (B) ⇐⇒ (C).

Here, (A) in the theorem is the standard definition of an edge PPT state as

introduced by Lewenstein–Kraus–Cirac–Horodecki [9, Sec. III].

Corollary 2.14. Let ρ be a PPT entangled edge. Let W = P + QΓ, where P,Q

be orthogonal projections on ker ρ, ker ρΓ, respectively. Then δ = min|x|=1,|y|=1(x ⊗
y)∗W (x ⊗ y) > 0 and for every 0 < ε ≤ δ, the biquadratic form Fε(x, y) = (x ⊗
y)∗W (x⊗ y) − ε|x⊗ y|2 is positive semidefinite but not decomposable.

Proof. Set

δ := min
∥x∥=∥y∥=1

⟨x⊗ y,W (x⊗ y)⟩.

For Horodecki PPT entangled states, by Theorem 2.13, this δ is strictly positive.

For any 0 < ε ≤ δ, the operator A := W − εI8 is block-positive (i.e., Pε(x, y) =

(x⊗ y)∗A(x⊗ y) ≥ 0 for all x ∈ C2, y ∈ C4) but detects ρ in the sense that:

Tr(Aρ) = −8ε < 0,

because Pρ = 0 and QρΓ = 0, hence Tr(Pρ) = 0 and Tr(QΓρ) = Tr(QρΓ) = 0.

Hence, A /∈ D(m,n). Applying Proposition 2.6, we get the conclusion. □

3. Choi Polynomials

Let ϕ : Mm →Mn be a linear map. Let Pϕ denote the polynomial defined by:

Pϕ(x, y) = y∗ϕ(xx∗)y (x ∈ Cm, y ∈ Cn).

We call Pϕ the Choi polynomial of ϕ. (Note: M.D. Choi constructed a real bi-

quadratic form on R3 × R3 that is nonnegative everywhere but is not a sum of

squares of real bilinear forms [2]. This result demonstrated the existence of a posi-

tive linear map on M3 that is not decomposable.)
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Example 3.1. Let F be a biquadratic form on C2 × C2 defined by

F (x, y) = 2|x1|2|y1|2 − 2
√
−1x2x̄1|y1|2 + 3

√
−1x1x̄2|y1|2 + 3|x2|2|y2|2.

Then there is a linear map ϕ : M2 →M2 determined by

ϕ(e11) =

(
2 3

√
−1

−2
√
−1 0

)
, ϕ(e22) =

(
0 0

0 3

)

ϕ(e12) =

(
0 0

0 0

)
, ϕ(e21) =

(
0 0

0 0

)
,

such that the Choi polynomial is F (x, y). It is clear that ϕ is not self-adjoint and

F

((
1

1

)
,

(
1

0

))
= 2 +

√
−1 is not real.

Proposition 3.2. Let ϕ, ψ be linear maps from Mm to Mn. Then the following

statements hold true.

(1) Pλϕ+µψ(x, y) = λPϕ(x, y)+µPψ(x, y) for all x ∈ Cm, y ∈ Cn, and any complex

numbers λ, µ.

(2) Pϕ(x, y) = 0 for all x ∈ Cm, y ∈ Cn if and only if ϕ(X) = 0 for all X ∈Mm.

(3) The correspondence that associates each linear map ϕ ∈ B[Mm,Mn] with

its Choi polynomial Pϕ is one-to-one between B(Mm,Mn) and the set of all

biquadratic forms in x ∈ Cm, y ∈ Cn.

Proof. (1) is straightforward.

(2) Suppose Pϕ = 0. Then y∗ϕ(xx∗)y = 0 for all x ∈ Cm, y ∈ Cn. Hence, ϕ(xx∗) =

0 for all x ∈ Cm. As a consequence, ϕ(X) = 0 for all Hermitian X ∈ Mm. Any

matrix X ∈Mm can be decomposed as X = X1 + iX2, where the Xj are Hermitian.

Hence ϕ(X) = 0.

(3) Suppose p is a biquadratic forms. Then p can be written p(x, y) =
∑
cijklxix̄jykyl.

We define a linear map ϕ : Mm → Mn such that the (l, k) entry of ϕ(eij) is cijkl.



16 MINH TOAN HO, THANH HIEU LE, CONG TRINH LE, AND HIROYUKI OSAKA

Then, for x ∈ Cm, y ∈ Cn, we have

y∗ϕ(xx∗)y =
n∑
l=1

ylf
∗
l ϕ[(

m∑
i=1

xiei)(
m∑
j=1

xje
∗
j)]

n∑
k=1

ykfk

=
m∑

i,j=1

n∑
k,l=1

xixjykyl[f
∗
l ϕ(eie

∗
j)fk]

=
m∑

i,j=1

n∑
k,l=1

cijklxixjykyl = p(x, y).

By (2), the corresponding between ϕ and Pϕ is one to one and onto.

Indeed, if ϕ1, ϕ2 ∈ B(Mm,Mn) satisfies Pϕ1 = Pϕ2 , then, Pϕ1−ϕ2 = 0. Hence,

ϕ1 = ϕ2. □

The Choi–Jamio lkowski isomorphism establishes a correspondence between a lin-

ear map ϕ : Mm → Mn and its Choi matrix Cϕ ∈ Mm ⊗ Mn, given by Cϕ =∑m
i,j=1 eij ⊗ ϕ(eij). It is straightforward to compute that for all x ∈ Cm,y ∈ Cn

Pϕ(x, y) = ⟨Cϕ(x⊗ y), x⊗ y⟩,

where x = (x1, . . . , xm)t ∈ Cm.

Let us recall (see, e.g., [8, 11]) that

B1(Mm⊗Mn) = {X = X∗ ∈Mm⊗Mn | (x⊗y)∗X(x⊗y) ≥ 0, ∀x ∈ Cm, y ∈ Cn}.

Theorem 3.3. Let ϕ be a linear map fromMm toMn. Then the following statements

hold.

(1) ϕ is self-adjoint, if and only if Cϕ = C∗
ϕ, if and only if Pϕ is real-valued for

all x ∈ Cm, y ∈ Cn (in other word, Pϕ is Hermitian symmetric).

(2) ϕ is positive, if and only if Cϕ belongs to B1(Mm ⊗ Mn), if and only if

Pϕ(x, y) ≥ 0 for all x, y.

(3) ϕ is completely positive, if and only if Cϕ is positive, if and only if the Choi

polynomial Pϕ of ϕ is a sum of squares of sesquilinear forms (of the form

x∗Ay).

(4) ϕ is completely copositive, if and only if the partial tranpose CΓ
ϕ is positive,

if and only if the Choi polynomial Pϕ of ϕ is a sum of squares of bilinear

forms (of the form xtBy).
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(5) ϕ is decomposable, if and only if Cϕ ∈ PPT [m,n], if and only if the Choi

polynomial Pϕ of is a sum of squares of bilinear and sesquilinear forms.

Proof. The equivalence between these properties of ϕ and of the Choi matrix Cϕ

are well-known (e.g., see [11, Section 3.3]). Hence, we need to prove the equivalence

between ϕ and its Choi polynomial.

(1) If ϕ is self-adjoint (i.e., it maps a Hermitian matrix to a Hermitian one),then

Pϕ(x, y) = (y∗ϕ(xx∗)y)∗ = y∗(ϕ(xx∗))∗y = y∗ϕ(xx∗)y ∈ R.

Conversely, if Pϕ(x, y) is real for all x, y then ϕ(xxx) is Hermitian for every x. As

a consequence, ϕ maps a Hermitian matrix to a Hermitian matrix. Hence, it is

self-adjoint.

(2) This part follows from the definition of Choi polynomial and that ϕ is positive

iff ϕ(xx∗) ≥ 0 for every x ∈ Cm.

(3) If ϕ(X) = V ∗XV then

Pϕ(x, y) = y∗V ∗(xx∗)V y = |x∗V y|2.

Conversely, if Pϕ(x, y) is a sum of squares of sesquilinear forms, for simplicity, assume

Pϕ(x, y) = |f(x, y)|2, where f is a sesquilinear form. We can write f(x, y) = x∗Ay,

where A is an m× n-matrix. Hence,

Pϕ(x, y) = (x∗Ay)∗(x∗Ay) = y∗A∗xx∗Ay = y∗ϕ(xx∗)y, ϕ(X) = A∗XA.

(4) If ϕ(X) = V ∗X tV then

Pϕ(x, y) = y∗V ∗(xx∗)tV y = |xtV y|2.

The converse statement is the same argument as the one in (3).

(5) This part follows from (3) and (4). □

In 1963, Størmer [15] showed that every positive linear map ϕ from M2 to M2 is

decomposable. By [15, Theorem 8.2] every unital extreme linear map from M2 to

M2 is unitarily equivalent to the one of the form:(
a b

c d

)
→

(
a αb+ βc

αc+ βb γa+ ϵb+ ϵc+ δd

)
,
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where |ϵ|2 = 2γ(δ − |α|2 − |β|2) in the case γ ̸= 0 and |α| = 1 or |β| = 1 in the case

γ = 0. We will consider the case where γ = 0 (so ϵ = 0) and |α| = 1. Let us denote

this map by ϕ0 (including the non-unital case). Then, let X = (xij),

ϕ0(X) =

(
x11 αx12 + βx21

αx21 + βx12 δx22,

)
,

where |α| = 1 and
√
δ = |β| + 1.

Remark 3. ϕ0 is unital if and only if β = 0; that is, ϕ0 is extreme in the sense of

[15] if and only if β = 0. In this case, ϕ0 is completely positive.

Proof. ϕ0(1) = 1, if and only if, δ = 1, if and only if, β = 0. The Choi matrix Cϕ0
in this case is

Cϕ0 =


1 0 0 α

0 0 0 0

0 0 0 0

ᾱ 0 0 1

 .

The eigenvalues are {0, 2}. □

In the case β ̸= 0, the map ϕ0 is not extreme. Using the Choi polynomial, we

have the following decomposition of ϕ0.

Corollary 3.4. The positive linear map ϕ0 is decomposable but is neither completely

positive nor copositive, provided that β ̸= 0. In addition, ϕ0 can be decomposed

uniquely as

ϕ0 = ϕ1 + ϕ2,

where ϕ1 is completely positive, ϕ2 is completely copositive and

ϕ1(xx
∗) =

(
δ−1/2|x1|2 x1x2

x1x2
√
δ|x2|2,

)
, ϕ2(xx

∗) = |β|

(
δ−1/2|x1|2 x2x1

x2x1
√
δ|x2|2,

)
.

Proof. We have

Pϕ(x, y) = |x1|2|y1|2 + αx1x2y1y2 + αx1x2y1y2 + βx1x2y1y2 + βx1x2y1y2 + δ|x2|2|y2|2.
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Let A = (aij) and B = (bkl) be two matrices in M2. Let F (x, y) := |x∗Ay|2+|xtBy|2.
Then

F (x, y) =

∣∣∣∣∣∑
i,k

aikxiyk

∣∣∣∣∣
2

+

∣∣∣∣∣∑
i,k

bikxiyk

∣∣∣∣∣
2

=
∑
i,j,k,l

aikajlxixjykyl +
∑
i,j,k,l

bikbjlxixjykyl.

Identify the coefficients of F (x, y) and Pϕ0 we get a12 = a21 = b12 = b21 = 0 and

|a11|2 + |b11|2 = 1,

|a22|2 + |b22|2 = δ = (1 + |β|)2,

a11a22 = α, b11b22 = β.

Therefore,

A = eiθ1

(
α√
1+|β|

0

0 0

)
and B = eiθ2


√

|β|√
1+|β|

0

0
β
√

1+|β|√
|β|

 ,

for any θ1, θ2. However, the corresponding biquadratic forms of A and B:

F1(x, y) = |x∗Ay|2 = y∗A∗xx∗Ay = y∗|A|xx∗|A|y,

F2(x, y) = |xtBy|2 = y∗B∗(xt)∗xtBy = y∗|B|(xx∗)t|B|y

are independent of θ1 and θ2. Hence, the resulting biquadratic forms F1 and F2 are

uniquely determined. As a consequence, by Lemma 3.2, we can get the CP (ϕ1)

and coCP (ϕ2) map uniquely. Recovery of the map ϕ1, ϕ2 from the biquadratic

forms is followed from the identity ϕ1(xx
∗) = A∗xx∗A = |A|xx∗|A| and ϕ2(xx

∗) =

|B|(xx∗)t|B|. □

Let ϕ : Mm −→ Mn be a linear map. Suppose that ϕ(Mm(R)) ⊂ Mn(R). Then

there exists the restriction of ϕ on Mm(R), denoted by ϕR which is a linear map

from Mm(R) to Mn(R) by ϕR(X) = ϕ(X) for X ∈Mm(R).

Proposition 3.5. Let ϕ : Mm −→Mn be a self-adjoint linear map with ϕ(Mm(R)) ⊂
Mn(R). If ϕ is decomposable, then the restriction ϕR : Sm → Sn is a congruence.
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Proof. For an m × n matrix V = (vij), we can write V = Re(V ) + iIm(V ), where

Re(V ) = (Re(vkl)) the real part and Im(V ) = (Im(vkl)) the imaginary part (which

are matrices with real coefficients). Then for any x ∈ Rm and y ∈ Rn, we have

y∗V ∗xx∗V y = |x∗V y|2 = |xtRe(V )y|2 + |xtIm(V )y|2.

Hence, y∗V ∗xx∗V y is a sum of squares of real bilinear forms. Similarly, y∗V ∗(xx∗)tV y

is also a sum of squares of real bilinear forms. Hence, the Choi polynomial PϕR(x, y)

is the sum of squares of real bilinear forms and by Proposition 2.1, we get the

conclusion. □

Proposition 3.6. Let ϕ : M2 −→Mn be a linear map with ϕ(M2(R)) ⊂Mn(R). If

ϕ is positive then the restriction ϕR : S2 → Sn is a congruence map. In addition,

there exists a completely positive map ϕ1 from M2 to Mn such that ϕ = ϕ1 on S2

and (ϕ− ϕ1)(e12) = −(ϕ− ϕ1)(e21) is anti-symmetric.

Proof. Since ϕ is positive, its restriction ϕR on Mm(R) is positive. By Proposition

2.1, the Choi polynomial of ϕR is nonnegative, that is PϕR(x, y) ≥ 0 for all x, y. By

[1, Theorem 1], PϕR is a sum of squares of real bilinear forms. By Proposition 2.1,

the restriction ϕR from S2 to Sn is a congruence map. That is, there are m× 2 real

matrices Vj such that

ϕR(Y ) =
∑
j

V t
j Y Vj ∀Y = Y t ∈M2(R).

Define ϕ1 from M2 to Mn by

ϕ1(X) =
∑
j

V t
jXVj ∀X ∈M2.

Then ϕ1 = ϕ on S2. Let A = (ϕ− ϕ1)(e12), then 0 = (ϕ− ϕ1)(e12 + e21) = A+ (ϕ−
ϕ1)(e21). Hence −A = (ϕ− ϕ1)(e

∗
12) = A∗ = At. □

Remark 4. Let ϕε : M2 −→M4 be a linear map whose Choi polynomial

Pϕε(x, y) = Fε(x, y) = (x⊗y)∗Π(x⊗y)−ε∥x⊗y∥2 (x ∈ C2, y ∈ C4), 0 < ε ≤ δ,

where Π, δ and Fε(x, y) are defined in Example 2.12. As in Example 2.12, the Choi

polynomial is positive semidefinite and not decomposable. By Theorem 3.3, ϕε is

indecomposable. It is clear that ϕε(M2(R)) ⊂M4(R).
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3.1. Application of optimization to checking positivity. A Choi polynomial

of a self-adjoint linear map is a real-valued biquadratic form. As the same aregument

in Lemma 2.8, we get the following corollary.

Corollary 3.7. Let ϕ : Mm −→Mn be a self-adjoint linear map. Then the following

statements are equivalent.

(i) ϕ is positive.

(ii) For every positive real number r,

min
||x||=||y||=r

Pϕ(x, y) ≥ 0.

(iii) There is a real number r > 0 such that

min
||x||=||y||=r

Pϕ(x, y) ≥ 0.

Proof. (i)⇒(ii). By Theorem 3.3(2), ϕ is positive if and only if Pϕ(x, y) is nonnega-

tive for all x, y. Hence,

min
||x||=r,||y||=r

Pϕ(x, y) ≥ 0.

(iii)⇒(i) Suppose that there is a positive real number r such that

min
||x||=r,||y||=r

Pϕ(x, y) ≥ 0.

There is a point (x0, y0) ∈ Cm × Cn such that ∥x0∥ = r = ∥y0∥ and

min
∥x∥=r,∥y∥=r

Pϕ(x, y) = Pϕ(x0, y0) ≥ 0.

Since Pϕ(x, y) is homogeneous, we have

Pϕ(x, y) =
||x||2||y||2

r4
Pϕ(

r

||x||
x,

r

||y||
y) ≥ Pϕ(x0, y0) ≥ 0.

The implication (ii) ⇒ (iii) is immediate. □

The characterization of positive linear maps are also related to the problem of

determining whether a polynomial is bounded below or not.

Corollary 3.8. Let ϕ : Mm −→Mn be a self-adjoint linear map. Then ϕ is positive

if and only if Pϕ is bounded below, i.e,

inf{Pϕ(x, y) | x ∈ Cm, y ∈ Cn} > −∞.
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Note that if Pϕ is Hermitian symmetric and if we replace xi = ai + bi
√
−1,

yj = cj + dj
√
−1, where a, b ∈ Rm and c, d ∈ Rn then the obtained polynomial

F (a, b, c, d) = Pϕ(a + b
√
−1, c + d

√
−1) is a real polynomial in a, b, c, d (with real

coefficients). There are some criteria on lower bounds of real polynomials, see [4]

and the references therein.

Proof of Corollary 3.8. If ϕ is positive, then Pϕ(x, y) ≥ 0 for all x, y (by Theorem

3.3). Thus, Pϕ is bounded below. Conversely, suppose that Pϕ is bounded below,

but assume for the sake of contradiction that there exists a point (x0, y0) ∈ Cm×Cn

such that Pϕ(x0, y0) < 0. Consider the curve defined by x(t) = tx0 and y(t) = ty0

for t ∈ R. Then, we have

Pϕ(tx0, ty0) = t4Pϕ(x0, y0) → −∞ as t→ ∞.

This contradicts the assumption that Pϕ is bounded below. □

Proposition 3.9. Let ϕ : Mm −→ Mn be a linear map. Suppose that the Choi

matrix Cϕ has a negative eigenvalue λ < 0 with an eigenvector ω.

(i) If the solution set (the algebraic set)

S := {(x, y) ∈ Cm × Cn | [x1y1 · · ·x1yn x2y1 · · · xmy1 · · ·xmyn] = ωt}

is non-empty, then ϕ is not positive.

(ii) If ω is a product vector, then ϕ is not positive.

Proof. (i) Suppose (x0, y0) ∈ S. That is, x0 ⊗ y0 = ω. Then

Pϕ(x0, y0) = (x0 ⊗ y0)
∗Cϕx0 ⊗ y0 = λ||x0 ⊗ y0||2 < 0.

Now, by Theorem 3.3, ϕ is not positive.

(ii) If ω is a product vector, then ω belongs to S mentioned in (i). □

3.2. Application of positive linear operators to sum of squares. It is clear

that a square of an element in |SLF(m,n)|∪ |BLF(m,n)| is a Hermitian biquadratic

form. On the other hand, if ϕ is self-adjoint, the Choi polynomial Pϕ is Hermitian

symmetric. Denote by HBF (m,n) the set of all Hermitian symmetric biquadratic

forms in x ∈ Cm, y ∈ Cn and HBF (m,n)+ the subset of all F (x, y) ∈ HBF (m,n)

satisfying F (x, y) ≥ 0 for all x, y. It is clear that

(2)
∑2

|SLF(m,n)| +
∑2

|BLF(m,n)| ⊂ HBF (m,n)+.
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An interesting problem is to classify the pairs (m,n) for which the reverse inclusion

of (2) holds. It is well known that in the real case, this reverse inclusion holds if

either n = 2 or m = 2, but fails if both m and n are at least 3 (see [2]). In the

complex case, we can apply well-known results from the theory of decomposable

maps.

Corollary 3.10. The equality∑2
|SLF(m,n)| +

∑2
|BLF(m,n)| = HBF (m,n)+

holds if and only if n+m ≤ 5.

Proof. This follows from Theorem 3.3 and the well-known fact that every positive

linear map ϕ : Mm →Mn is decomposable if and only if m+ n ≤ 5 (see [19]). □

We are interested in characterization of nonnegative biquadratic forms which do

(or do not) belong to
∑2 |SLF(m,n)| +

∑2 |BLF(m,n)|. However, by Theorem 3.3,

a real-valued biquadratic form p is decomposable if and only if its corresponding

self-adjoint linear map ϕ is decomposable, where Pϕ = p. In Section 2, we study

some classes of decomposable/indecomposable biquadratic forms, in particular the

case where the Gram matrix of the biquadratic forms can be written as W − εI,

where W is minimal which is discussed before Lemma 2.8. The problem is still open

in general .

4. Examples

In this section, we present several classes of examples (either new or extending

previously well-known ones) of indecomposable linear maps. To achieve this, by

Theorem 3.3, we construct indecomposable biquadratic forms p(x, y). Then, the

corresponding indecomposable map ϕ is determined as follows: the (k, l)-entry of

ϕ(eij) is the coefficient pijkl of the monomial xix̄jylȳk in the polynomial p(x, y) (by

Proposition 3.2). For example, as in Example 2.12, the polynomial Fε is indecompos-

able, so by Theorem 3.3, its corresponding map Φε : M3 → M3 is indecomposable

for every 0 < ε ≤ δ ∼= 0.0284.

4.1. Indecomposable maps from a given edge PPT entangled state. We

now illustrate the main results of the previous sections by means of a concrete and

classical example, namely the 2⊗ 4 Horodecki family of PPT entangled states. The
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point of this example is that Theorem 2.13 and Corollary 2.14 provide a systematic

way to construct positive semidefinite but indecomposable biquadratic forms from

an edge PPT entangled state, while Theorem 3.3 then converts such forms into

indecomposable linear maps. Thus the example below serves both as an application

of the abstract theory and as an explicit model for the general mechanism. See

Horodecki [6]. We consider the PPT entangled state ρa ∈M2(C)⊗M4(C) ∼= M8(C)

in the case of a = 1/2, as studied in [6], as follows:

ρ =



1
9

0 0 0 0 1
9

0 0

0 1
9

0 0 0 0 1
9

0

0 0 1
9

0 0 0 0 1
9

0 0 0 1
9

0 0 0 0

0 0 0 0 1
6

0 0
√
3

18
1
9

0 0 0 0 1
9

0 0

0 1
9

0 0 0 0 1
9

0

0 0 1
9

0
√
3

18
0 0 1

6


.

Proposition 4.1. Let P and Q be the orthogonal projections onto ker ρ and ker ρΓ,

respectively, and define

W := P +QΓ.

Then the following assertions hold.

(i) ρ is an edge PPT entangled state.

(ii) The quantity

δ := min
∥x∥=∥y∥=1

(x⊗ y)∗W (x⊗ y)

is strictly positive.

(iii) For every 0 < ε ≤ δ, the biquadratic form

Fε(x, y) := (x⊗ y)∗W (x⊗ y) − ε∥x⊗ y∥2, x ∈ C2, y ∈ C4,

is positive semidefinite but not decomposable.

(iv) Consequently, if Φε : M2(C) →M4(C) is the linear map whose Choi polyno-

mial is PΦε = Fε, then Φε is indecomposable.

Proof. It follows from [6] that there exists no product vector x⊗ y ∈ Ran(ρa) such

that x ⊗ y ∈ Ran(ρΓa). Hence Theorem 2.13 applies, and therefore Corollary 2.14
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yields ρ is an edge PPT entangled state,

δ = min
∥x∥=∥y∥=1

(x⊗ y)∗W (x⊗ y) > 0,

and shows that for every 0 < ε ≤ δ the form

Fε(x, y) = (x⊗ y)∗W (x⊗ y) − ε∥x⊗ y∥2

is positive semidefinite but not decomposable.

Now let Φε be the unique linear map associated with Fε through the Choi-

polynomial correspondence. Since

PΦε(x, y) = Fε(x, y) ≥ 0 for all x ∈ C2, y ∈ C4,

Theorem 3.3 (2) implies that Φε is positive. Since Fε is not decomposable, Theorem

3.3 (5) implies that Φε is not decomposable. Therefore Φε is an indecomposable

positive map. □

4.2. Indecomposable maps Φa;m,n,ε. Let m,n ∈ N with n ≥ m, and set r :=

n−m. For

ε = (ε0, . . . , εr), 0 < εα ≤ 1,

define

Φa;m,n,ε : Mm(C) →Mn(C), Φa;m,n,ε(X) = aTr(X)In −
r∑

α=0

εαVαXV
∗
α ,

where the isometries Vα : Cm → Cn are given by

Vαep = fp+α, p = 1, . . . ,m, α = 0, . . . , r,

and {ep} (resp. {fq}) is the standard basis for Cm (resp. Cn).

If εα = 1 for every α, then the map Φa;m,n,1 is the same as Φa;m,n in [10]. As we

can see below, using sum of squares arguments and Theorem 3.3, we can reprove

some main results in [10] for the weighted maps Φa;m,n,ε. In some cases, we even give

necessary and sufficient condition when such a map is decomposable.

The Choi polynomial of Φa;m,n,ε is determined as

PΦa;m,n,ε(x, y) = y∗Φa;m,n,ε(xx
∗)y = a∥x∥2∥y∥2−

r∑
α=0

εα

∣∣∣∣∣
m∑
p=1

xpyp+α

∣∣∣∣∣
2

, ∀x ∈ Cm, y ∈ Cn.
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Proposition 4.2. Let Φa;m,n,ε : Mm(C) →Mn(C) as above. Its Choi polynomial is

determined by

PΦa;m,n,ε(x, y) =
r∑

α=0

εα
∑

1≤p<q≤m

|xpyq+α − xqyp+α|2 +
m∑
p=1

n∑
j=1

(a− sj)|xpyj|2,

where

sj :=

min(r,j−1)∑
α=max(0,j−m)

εα, j = 1, . . . , n.

In particular, if

a ≥ max
1≤j≤n

sj,

then PΦa;m,n,ε is decomposable; hence Φa;m,n,ε is decomposable.

Proof. Let x = (x1, . . . , xm) ∈ Cm and y = (y1, . . . , yn) ∈ Cn. We have

PΦa;m,n,ε(x, y) = y∗
(
aTr(xx∗)In −

r∑
α=0

εαVαxx
∗V ∗

α

)
y

= a∥x∥2∥y∥2 −
r∑

α=0

εα |y∗Vαx|2.

Now, by the definition of Vα, we have

y∗Vαx =
m∑
p=1

xpyp+α.

Therefore

PΦa;m,n,ε(x, y) = a∥x∥2∥y∥2 −
r∑

α=0

εα

∣∣∣∣∣
m∑
p=1

xpyp+α

∣∣∣∣∣
2

.

For each α = 0, . . . , r, define

u(α) := (y1+α, . . . , ym+α) ∈ Cm.

Then ∣∣∣∣∣
m∑
p=1

xpyp+α

∣∣∣∣∣
2

= |⟨x, u(α)⟩|2,
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so

PΦa;m,n,ε(x, y) =
r∑

α=0

εα

(
∥x∥2∥u(α)∥2 − |⟨x, u(α)⟩|2

)
+ ∥x∥2

(
a∥y∥2 −

r∑
α=0

εα∥u(α)∥2
)
.

By the Lagrange identity,

∥x∥2∥u∥2 − |⟨x, u⟩|2 =
∑

1≤p<q≤m

|xpuq − xqup|2 (u ∈ Cm).

Applying this to u = u(α) yields

∥x∥2∥u(α)∥2 − |⟨x, u(α)⟩|2 =
∑

1≤p<q≤m

|xpyq+α − xqyp+α|2 .

This gives the first sum in the asserted decomposition.

It remains to rewrite the second term. Observe that

∥u(α)∥2 =
m∑
p=1

|yp+α|2,

so
r∑

α=0

εα∥u(α)∥2 =
r∑

α=0

εα

m∑
p=1

|yp+α|2.

Fix j ∈ {1, . . . , n}. The term |yj|2 appears in the inner sum exactly when

j = p+ α for some p ∈ {1, . . . ,m},

that is,

j −m ≤ α ≤ j − 1.

Since also 0 ≤ α ≤ r, the coefficient of |yj|2 is precisely

sj =

min(r,j−1)∑
α=max(0,j−m)

εα.

Hence
r∑

α=0

εα∥u(α)∥2 =
n∑
j=1

sj|yj|2,

and therefore

∥x∥2
(
a∥y∥2 −

r∑
α=0

εα∥u(α)∥2
)

=
m∑
p=1

n∑
j=1

(a− sj)|xpyj|2.
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Combining the two parts proves the formula

PΦa;m,n,ε(x, y) =
r∑

α=0

εα
∑

1≤p<q≤m

|xpyq+α − xqyp+α|2 +
m∑
p=1

n∑
j=1

(a− sj)|xpyj|2.

The first sum is a sum of squares of moduli of sesquilinear forms, while the second

is a sum of squares of moduli of bilinear forms. Thus, if a ≥ maxj sj, all coefficients

a − sj are nonnegative and the form is decomposable. Consequently, Φa;m,n,ε is

decomposable. □

Corollary 4.3 (The case r = 1). Let n = m+ 1 and let

Φa;m,m+1,ε(X) = aTr(X)Im+1 − ε0V0XV
∗
0 − ε1V1XV

∗
1 .

Then

PΦa;m,m+1,ε(x, y) = ε0
∑

1≤p<q≤m

|xpyq − xqyp|2 + ε1
∑

1≤p<q≤m

|xpyq+1 − xqyp+1|2

+
m∑
p=1

(a− ε0)|xpy1|2 +
m∑
p=1

m∑
j=2

(a− ε0 − ε1)|xpyj|2

+
m∑
p=1

(a− ε1)|xpym+1|2.

In particular, if a ≥ ε0 + ε1, then Φa;m,m+1,ε is decomposable.

Proof. This is a specialization of the proposition for r = 1. □

Corollary 4.4 (The case r = 2). Let n = m+ 2 and

Φa;m,m+2,ε(X) = aTr(X)Im+2 − ε0V0XV
∗
0 − ε1V1XV

∗
1 − ε2V2XV

∗
2 .

Then

PΦa;m,m+2,ε(x, y) =
2∑

α=0

εα
∑

1≤p<q≤m

|xpyq+α − xqyp+α|2 +
m∑
p=1

(a− ε0)|xpy1|2

+
m∑
p=1

(a− ε0 − ε1)|xpy2|2 +
m∑
p=1

m∑
j=3

(a− ε0 − ε1 − ε2)|xpyj|2

+
m∑
p=1

(a− ε1 − ε2)|xpym+1|2 +
m∑
p=1

(a− ε2)|xpym+2|2.

Therefore, if a ≥ ε0 + ε1 + ε2, then Φa;m,m+2,ε is decomposable.
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Proof. Again this follows from Proposition 4.2 when r = 2. □

Given a square matrix X = X∗, let λmax(X) denote the largest eigenvalue of X.

Proposition 4.5. Φa;m,n,ε is positive if and only if

a ≥ sup
∥x∥=1

λmax

(
r∑

α=0

εαVαxx
∗V ∗

α

)
, ∀x ∈ Cm, ∥x∥ = 1.

Proof. Φa;m,n,ε is positive if and only if, for every unit vector x ∈ Cm,

Φa;m,n,ε(xx
∗) ≥ 0.

By the definition of Φa;m,n,ε, we have

Φa;m,n,ε(xx
∗) = aIn −

r∑
α=0

εαVαxx
∗V ∗

α .

Hence,

aIn −
r∑

α=0

εαVαxx
∗V ∗

α ≥ 0 ⇐⇒ a ≥ λmax

(
r∑

α=0

εαVαxx
∗V ∗

α

)
, for all ∥x∥ = 1.

□

Corollary 4.6 (The case r = 0). Suppose n = m, so that

Φa;m,m,ε(X) = aTr(X)Im − ε0X.

Then

Φa;m,m,ε is decomposable ⇐⇒ Φa;m,m,ε is positive ⇐⇒ a ≥ ε0.

Proof. By Proposition 4.2, a ≥ ε0 implies decomposability. Conversely, suppose

that Φa;m,m,ε is decomposable, then the map is positive and by Proposition 4.5, we

have a ≥ ε0. □

Corollary 4.7. Assume m = 2 and n = 2+ r. Then Φa;2,2+r,ε is positive if and only

if a ≥ λmax(Jε), where

Jε =



ε0
1
2

√
ε0ε1 0 · · · 0

1
2

√
ε0ε1 ε1

1
2

√
ε1ε2

. . .
...

0 1
2

√
ε1ε2

. . . . . . 0
...

. . . . . . εr−1
1
2

√
εr−1εr

0 · · · 0 1
2

√
εr−1εr εr


.
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Proof. By the previous proposition, positivity is equivalent to

a ≥ sup
∥x∥=1

λmax

(
r∑

α=0

εαVαxx
∗V ∗

α

)
.

Let x = (x1, x2) ∈ C2 with ∥x∥ = 1. Define

vα :=
√
εα Vαx, α = 0, . . . , r.

Then
r∑

α=0

εαVαxx
∗V ∗

α =
r∑

α=0

vαv
∗
α.

The nonzero eigenvalues of this matrix coincide with the nonzero eigenvalues of the

Gram matrix

G(x) :=
(
⟨vβ, vα⟩

)r
α,β=0

.

Since

Vαx = x1fα+1 + x2fα+2,

the supports of Vαx and Vβx are disjoint unless |α− β| ≤ 1. More precisely,

⟨Vβx, Vαx⟩ =



1, α = β,

x1x2, β = α + 1,

x1x2, α = β + 1,

0, |α− β| ≥ 2.

Therefore

G(x) =



ε0
√
ε0ε1 x1x2 0 · · · 0

√
ε0ε1 x1x2 ε1

√
ε1ε2 x1x2

. . .
...

0
√
ε1ε2 x1x2

. . . . . . 0
...

. . . . . . εr−1
√
εr−1εr x1x2

0 · · · 0
√
εr−1εr x1x2 εr


.

Now |x1x2| ≤ 1
2

because ∥x∥ = 1. Thus the maximal possible largest eigenvalue is

attained when |x1x2| = 1
2
, that is, when |x1| = |x2| = 1/

√
2. For such a choice, G(x)
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is Jε:

Jε =



ε0
1
2

√
ε0ε1 0 · · · 0

1
2

√
ε0ε1 ε1

1
2

√
ε1ε2

. . .
...

0 1
2

√
ε1ε2

. . . . . . 0
...

. . . . . . εr−1
1
2

√
εr−1εr

0 · · · 0 1
2

√
εr−1εr εr


.

Hence

sup
∥x∥=1

λmax

(
r∑

α=0

εαVαxx
∗V ∗

α

)
= λmax(Jε).

Thus positivity, and therefore decomposability, is equivalent to a ≥ λmax(Jε). □

Corollary 4.8 (The case m = 2, r = 1). For

Φa;2,3,ε(X) = aTr(X)I3 − ε0V0XV
∗
0 − ε1V1XV

∗
1 ,

the following are equivalent:

(1) Φa;2,3,ε is positive;

(2) a ≥ ε0 + ε1 +
√
ε20 − ε0ε1 + ε21
2

.

Proof. By the preceding proposition, it suffices to compute the largest eigenvalue of

Jε =

(
ε0

1
2

√
ε0ε1

1
2

√
ε0ε1 ε1

)
.

The largest eigenvalue is

λmax(Jε) =
ε0 + ε1 +

√
ε20 − ε0ε1 + ε21
2

.

□

Remark 5. The inequality a ≥ max1≤j≤n sj is an explicit sufficient condition for

decomposability for arbitrary m and r. In general it need not be necessary. However,

it becomes exact in some situations, notably when r = 0.
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4.2.1. Unweighted decomposability. In this subsection, we consider the unweighted

case Φa;m,n,ε (in the previous subsection) when εα = 1 for all α. In this case, we

write Φa;m,n := Φa;m,n,1. Let m,n ∈ N with n ≥ m, and put r := n−m. Consider

Φa;m,n(X) = aTr(X)In −
r∑

α=0

VαXV
∗
α , X ∈Mm(C).

where

Vαep = fp+α, p = 1, . . . ,m, α = 0, . . . , r.

Then

PΦa;m,n(x, y) =
r∑

α=0

∑
1≤p<q≤m

|xpyq+α − xqyp+α|2 +
m∑
p=1

n∑
j=1

(a− cj)|xpyj|2,

where

cj := #{α ∈ {0, . . . , r} : 1 + α ≤ j ≤ m+ α}, j = 1, . . . , n.

Equivalently,

cj = min(r, j − 1) − max(0, j −m) + 1, j = 1, . . . , n.

In particular,

max
1≤j≤n

cj = r + 1,

and therefore, if

a ≥ r + 1 = n−m+ 1,

then PΦa;m,n is a sum of squares of moduli of sesquilinear forms and bilinear forms.

Hence Φa;m,n is decomposable. Hence, we get the following corollary.

Corollary 4.9. Let m,n ∈ N with n ≥ m, and put r := n−m. Consider

Φa;m,n : Mm(C) →Mn(C), Φa;m,n(X) = aTr(X)In −
r∑

α=0

VαXV
∗
α

as above. Then the following hold.

(i) If a ≥ r + 1 = n−m+ 1, then Φa;m,n is decomposable.

(ii) The case r = 0. The following are equivalent:

(a) Φa;m,m is decomposable;

(b) Φa;m,m is positive;

(c) a ≥ 1.

(iii) The case m = 2. The following are equivalent:
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(a) Φa;2,2+r is positive;

(b) a ≥ 1 + cos
( π

r + 2

)
.

Proof. Part (i) is exactly the unweighted decomposability criterion (Proposition

4.2)).

(ii) follows from Corollary 4.6.

(iii) (m=2) By Corollary 4.7, we have

Φa;2,2+r is positive ⇐⇒ λmax(J)),

where

J =



1 1
2

0 · · · 0

1
2

1 1
2

. . .
...

0 1
2

. . . . . . 0
...

. . . . . . 1 1
2

0 · · · 0 1
2

1


∈Mr+1(C).

The eigenvalues of this Toeplitz tridiagonal matrix are well known:

λj(J) = 1 + cos
( jπ

r + 2

)
, j = 1, . . . , r + 1.

Hence

λmax(J) = 1 + cos
( π

r + 2

)
.

Therefore

Φa;2,2+r is positive ⇐⇒ a ≥ 1 + cos
( π

r + 2

)
.

□

4.3. Indecomposable maps based on unextendible product bases. We next

show how the results of the previous sections apply to orthonormal unextendible

families of product vectors. This yields a concrete class of positive semidefinite but

indecomposable biquadratic forms, and therefore, via the Choi polynomial corre-

spondence, a class of indecomposable positive maps. The argument is an immediate

consequence of Corollary 2.11 together with the UPB construction in [17, Theo-

rem 3].

Proposition 4.10. Let

E = {z1, . . . , zk} ⊆ Cm ⊗ Cn
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be an orthonormal unextendible family of product vectors, and let

PE :=
k∑
i=1

ziz
∗
i

be the orthogonal projection onto HE := spanE. Define

δE := min
∥x∥=∥y∥=1

⟨x⊗ y, PE(x⊗ y)⟩.

Then δE > 0. Moreover, for every 0 < ε ≤ δE, the biquadratic form

Pε(x, y) := (x⊗ y)∗(PE − εI)(x⊗ y), x ∈ Cm, y ∈ Cn,

is positive semidefinite and indecomposable.

Consequently, if Φε : Mm(C) →Mn(C) denotes the unique linear map whose Choi

polynomial is PΦε = Pε, then Φε indecomposable.

Proof. The result follows directly from [17, Theorem 3], Corollary 2.11, and Theorem

3.3. □

4.4. Indecomposability of the Tanahashi-Tomiyama’s map τ4,1. In the fol-

lowing we reprove the indecomposability of the Tanahashi-Tomiyama’s map τ4,1 by

sums of squares. The indecomposability of τn,k was well-known for 1 ≤ k ≤ n − 2

(see, e.g. [16, 12, 13, 18, 5]).

Recall that τ4,1 : M4(C) →M4(C) be the linear map

τ4,1(X) = 3 ε(X) + ε(SXS∗) −X,

where ε(X) denotes the diagonal part of X, and S = [δi,j+1] is the cyclic shift matrix.

More explicitly,

τ4,1(X) =


2x11 + x44 −x12 −x13 −x14

−x21 2x22 + x11 −x23 −x24
−x31 −x32 2x33 + x22 −x34
−x41 −x42 −x43 2x44 + x33

 , X = (xij) ∈M4(C).

The Choi polynomial of τ4,1 is determined by

Pτ4,1(x, y) = y∗τ4,1(xx
∗)y, x, y ∈ C4.

Firstly, we show the positivity of Pτ4,1 .

Proposition 4.11. Pτ4,1(x, y) ≥ 0 for all x, y ∈ C4.
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Proof. Let

x = (x1, x2, x3, x4)
T , y = (y1, y2, y3, y4)

T ,

and set

ai := |xi|2, bi := |yi|2 (i = 1, 2, 3, 4).

Indices are taken cyclically modulo 4, so a0 = a4.

From the explicit formula for τ4,1(xx
∗), we have

Pτ4,1(x, y) =
4∑
i=1

(3ai + ai−1) bi −

∣∣∣∣∣
4∑
i=1

xiyi

∣∣∣∣∣
2

.

Thus it suffices to prove ∣∣∣∣∣
4∑
i=1

xiyi

∣∣∣∣∣
2

≤
4∑
i=1

(3ai + ai−1) bi.

Assume first that

3ai + ai−1 > 0 (i = 1, 2, 3, 4).

Then
4∑
i=1

xiyi =
4∑
i=1

xi√
3ai + ai−1

√
3ai + ai−1 yi.

By the Cauchy–Schwarz inequality,∣∣∣∣∣
4∑
i=1

xiyi

∣∣∣∣∣
2

≤

(
4∑
i=1

ai
3ai + ai−1

)(
4∑
i=1

(3ai + ai−1) bi

)
.

Therefore it remains to prove that

4∑
i=1

ai
3ai + ai−1

≤ 1.

Assume now that all ai > 0, and define ui :=
ai−1

ai
> 0 (i = 1, 2, 3, 4). Then

u1u2u3u4 = 1, and
ai

3ai + ai−1

=
1

3 + ui
. Hence it is enough to show that

4∑
i=1

1

3 + ui
≤ 1, whenever u1u2u3u4 = 1.
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Multiplying both sides by
∏4

i=1(3 + ui), this is equivalent to

4∏
i=1

(3 + ui) −
4∑
i=1

∏
j ̸=i

(3 + uj) ≥ 0.

Since u1u2u3u4 = 1, the left-hand side becomes

2
∑

1≤i<j<k≤4

uiujuk + 3
∑

1≤i<j≤4

uiuj − 26.

Applying the arithmetic–geometric mean inequality, we obtain

1

6

∑
1≤i<j≤4

uiuj ≥

( ∏
1≤i<j≤4

uiuj

)1/6

= (u1u2u3u4)
1/2 = 1,

and

1

4

∑
1≤i<j<k≤4

uiujuk ≥

( ∏
1≤i<j<k≤4

uiujuk

)1/4

= (u1u2u3u4)
3/4 = 1.

Therefore,

2
∑

1≤i<j<k≤4

uiujuk + 3
∑

1≤i<j≤4

uiuj ≥ 26,

and hence
4∑
i=1

1

3 + ui
≤ 1. It follows that

4∑
i=1

ai
3ai + ai−1

≤ 1. Therefore

Pτ4,1(x, y) =
4∑
i=1

(3ai + ai−1) bi −

∣∣∣∣∣
4∑
i=1

xiyi

∣∣∣∣∣
2

≥ 0.

This proves the claim when all ai > 0. If some ai = 0, the conclusion follows by

continuity. □

Proposition 4.12. The Choi polynomial Pτ4,1(x, y) := y∗τ4,1(xx
∗)y, where x and y

are vectors in C4, is indecomposable.

Proof. Let x = (x1, x2, x3, x4), y = (y1, y2, y3, y4). We now restrict to real variables

x, y ∈ R4, and consider the Choi polynomial (the real case):

p(x, y) = (2x21 + x24)y
2
1 + (2x22 + x21)y

2
2 + (2x23 + x22)y

2
3

+ (2x24 + x23)y
2
4 − 2

∑
1≤i<j≤4

xixjyiyj.
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Equivalently,

(3) p(x, y) = 2
4∑
i=1

x2i y
2
i − 2

∑
1≤i<j≤4

xixjyiyj + x24y
2
1 + x21y

2
2 + x22y

2
3 + x23y

2
4.

Assume, for contradiction, that p is a sum of square of real bilinear forms

(4) p(x, y) =
L∑
r=1

|Fr(x, y)|2

for some real bilinear forms

Fr(x, y) =
4∑

i,j=1

a
(r)
ij xiyj a

(r)
ij ∈ R.

Since each summand in (4) is nonnegative, every zero of p is a common zero of all

Fr.

We first use eight sparse zeros. From (3), one checks directly that

p(e1, e3) = p(e1, e4) = p(e2, e1) = p(e2, e4) = 0,

p(e3, e1) = p(e3, e2) = p(e4, e2) = p(e4, e3) = 0,

where e1, e2, e3, e4 are the standard basis vectors of R4. Therefore every Fr vanishes

at these eight points. Writing

Fr(x, y) =
4∑

i,j=1

a
(r)
ij xiyj,

we obtain

(5)
Fr(x, y) = a

(r)
11 x1y1 + a

(r)
12 x1y2 + a

(r)
22 x2y2 + a

(r)
23 x2y3

+ a
(r)
33 x3y3 + a

(r)
34 x3y4 + a

(r)
41 x4y1 + a

(r)
44 x4y4.

Observe from (3), that for every sign vector

s = (s1, s2, s3, s4) ∈ {±1}4

we have p(s, s) = 0. Substituting x = y = s into (5), we obtain

Fr(s, s) = cr + a
(r)
12 s1s2 + a

(r)
23 s2s3 + a

(r)
34 s3s4 + a

(r)
41 s4s1,

where

cr := a
(r)
11 + a

(r)
22 + a

(r)
33 + a

(r)
44 .
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Since Fr(s, s) = 0 for all s ∈ {±1}4, and the five functions

1, s1s2, s2s3, s3s4, s4s1

are linearly independent on {±1}4, it follows that

a
(r)
12 = a

(r)
23 = a

(r)
34 = a

(r)
41 = 0, a

(r)
11 + a

(r)
22 + a

(r)
33 + a

(r)
44 = 0.

Therefore every Fr is of the form

(6) Fr(x, y) = αrx1y1 + βrx2y2 + γrx3y3 + δrx4y4, αr + βr + γr + δr = 0.

Thus each Fr is a linear combination of the diagonal-difference forms

x2y2 − x1y1, x3y3 − x1y1, x4y4 − x1y1.

Now every square |Fr(x, y)|2 with Fr of the form (6) expands only into monomials

x2i y
2
i , xixjyiyj (i ̸= j),

that is, only monomials involving matched pairs (i, i). In particular, no such square

can produce any of the shifted monomials

x24y
2
1, x21y

2
2, x22y

2
3, x23y

2
4.

Hence no sum of such squares can contain those monomials. But the explicit formula

(3) shows that p contains all four of them, each with coefficient +1:

x24y
2
1 + x21y

2
2 + x22y

2
3 + x23y

2
4.

This contradicts (4). Therefore p is not a sum of squares of real bilinear forms. By

Propositions 3.5 and 2.1, Pτ4,1 is indecomposable. □
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