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Course Description:

The course introduces theory and numerical methods for continuous optimization problems
(constrained and unconstrained). The goal is to provide the basics of numerical optimization
methods and to enable the students to apply and adapt these methods to optimization
problems that arise in multiple areas of science, engineering and business.

Learning outcomes:

e Define and use optimization terminology and concepts, and understand how to classify

an optimization problem.

e Apply optimization methods to problems, including developing a model, defining an
optimization problem, applying optimization methods, exploring the solution, and in-
terpreting results. Students will demonstrate the ability to choose and justify opti-

mization techniques that are appropriate for solving realistic problems.

e Understand and apply unconstrained optimization theory for continuous problems,



including the necessary and sufficient optimality conditions and algorithms such as:

gradient, Newton’s method, and quasi-Newton methods.

e Understand and apply constrained optimization theory for continuous problems, in-
cluding the Karush-Kuhn-Tucker conditions and algorithms such as: gradient projec-

tion, sequential quadratic programming, and interior-point methods.

Prerequisites: Linear algebra, Calculus, Programming.

Main references:

1. A. Beck: Introduction to Nonlinear Optimization: Theory, Algorithms, and Applica-

tions with MATLAB, STAM, 2014.

2. J. Nocedal and S.J. Wright: Numerical Optimization, 2"¢ edition, Springer-Verlag,

2006.

3. A. Ruszczynski, Nonlinear Optimization, Princeton University Press, 2006.



Nothing in the world takes place without optimization, and there is no doubt that all
aspects of the world that have a rational basis can be explained by optimization methods.

(Leonhard Euler , 1744).

Introduction

What is optimization?
Optimization is an important branch of applied mathematics. Its applications appear
in every area of life and science. Optimization can be applied to design cars, airplanes,

cellphones, laptop, ..., it can also be used in image reconstruction, portfolio optimization,



signal processing, classification, ...
There are three important elements in an optimization problem: decision variables, ob-
jective function, and constraints. Our goal is to find values of the variables that satisfy all

the constraints and optimize the objective.

Some application problems

Classification: Given a set of data points (x1,41), ..., (Tm, Ym) where the vector z; € R”
and y; € {0,1}. The vector x;, may be, for example measurements of test performed on
patients or features extracted from emails, ... And y; = 1 or 0 means a patient diagnosed
with a disease or not, an email is 'spam’ or 'non-spam’, ...

Our goal is to find a linear classifier ¢(x) = a’z + b such that

o(x;) =a’z; +b>0if y; = 1,

and

d(z;) =a’xz; +b < 0if y; = 0.
This problems can be formulated as

Minimize Y ", 2

subject to a’z+b+ 2z >0 ify; =1,
alz +b—2>0 ify =0,
z >0,

lall = 1.



Matriz completion (The Netflit problem):  There are about 10° users and 2500 movies
on Netflix. The database of Netflix contains a matrix A € R™*" where each entry A;; is
the rating of user ¢ to the movie j. Most of the users have only seen a small part of the
movies, and they only rates the movies that they have seen. So, many entries of the matrix
A are unknown. The goal is to predict which movies a particular user might like. This
means that we would like to complete matrix A based on the given entries. This problem
is called matrix completion problem. Clearly, without additional assumptions we cannot
recover all the entries of A. So, we assume that matrix A is low-rank. This problem is often
encountered in the analysis of incomplete data sets exhibiting an underlying factor model
with applications in collaborative filtering, computer vision, control.

Suppose that we are presented with a set of triples (I(i), J(i), S(i)) for i = 1,...,k and
wish to find a matrix with S(7) in the entry corresponding to row (i) and column J(i) for

all 7. The matrix completion can be formulated as follows

Minimize rank A

subject to AI(i),J(i) = S(Z) Vi = 1, ce ,k‘.



Convex analysis

This chapter contains some basic notions and results in convex analysis, a part of optimiza-
tion theory that studies properties of convex set and convex function and their applications

in convex optimization problem. Futher results on this topic can be found in [1, 2, 6].



Figure 2.1: Convex and nonconvex sets

1 Convex Sets

Definition and Examples

Definition 2.1. A set C' C R" is said to be convex if it contains all of its line-segments,

that is for all x,y € C and X € [0, 1]

A+ (1— Ny e C.

The point Az + (1 — A\)y is called a convex combination of z and y. Consequently, two
arbitrary points in C' can be linked by a continuous path. Examples of convex and non-convex
sets in R? are illustrated in Figure 2.1.

We will now show some basic examples of convex sets.

Example 2.2. (Hyperplanes and half-spaces) Let a € R",b € R and a # 0. Then the

following sets are convez:



e the hyperplane H = {x € R"| a'x = b},
e the closed half-space HS = {x € R"| a’x < b},
e the open half-space H< = {zx € R"| o’z < b}.

Example 2.3. (Balls). Let c € R" and r > 0. Let ||.|| be an arbitrary norm defined on R™.
Then the open ball

B(e,r)={x €eR"| |z —¢| <r}

and closed ball

Ble,r| ={z € R"| |z —c|| <r}

are convez.
Note that the above result is true for any norm defined on R™. The ly,ls, and lo unit

balls are illustrated in Figure 2.2.

Example 2.4. (Ellipsoids) Let Q € R™ ™ be a positive semi-definite matriz, b € R™, and

c € R. An ellipsoid E, defined by
E:={zeR" 27Qx+2b"x+c<0},
1S convex.
Example 2.5. (Simplices) The unit simplex in R™ defined by
ANy, ={z € R"| zn::pizl, ;>0 Vi=1,...,n}.
i=1

1S convez.

10



0E

-5

Figure 2.2: Different unit-balls

(Source: https://de.wikipedia.org/wiki/P-Norm)

Example 2.6. (Convex cones) A set K C R" is a cone if for anyx € K anda > 0, ax € K.
A convex cone is a cone which is convex. It is easy to see that the set

{zr eR"| (s;,z)=0 Vj=1,...m, (Sptj,z) <0 Vj=1,..,p}

where the s;’s are given in R", is a convex cone in R".

Convexity-Preserving Operations on Sets

Proposition 2.7. Let {C;},c; be an arbitrary family (possibly infinite) of convex sets. Then

C:=()C

jeJ
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18 convez.

Proof. Let z,y € C'and 0 < A < 1. Since C} is convex for any j € J, we have Az +(1—\)y €

C;. Therefore, \x + (1 — ANy € C. O]
Example 2.8. (Convez polytopes). Consequently, a set defined by linear inequalities, i.e.
P={xeR"l Az <b},

where A € R™"™ and b € R™ is convex. The convexity of P follows from the fact that it is

an intersection of half-spaces:

P=({zeR" ax<b},
i=1
where a; is the i-th row of A.

Convexity is stable under Cartesian product, just as it is under intersection.

Proposition 2.9. Fori = 1,...,k, let C; C R™ be convex sets. Then Cy X --- X C} is a

conver set of R™ x -+« x R",
Note that the converse is also true; C X - - - X C}, is convex if and only if each C; is convex.
We recall that A : R — R™ is called affine if
Az + (1 = Ny) = MA(z) + (1 — VM) A(y)

for all z and y in R™ and all A\ € R.

12



Proposition 2.10. Let A : R™ — R™ be an affine mapping and C' a convez set of R™. The

image A(C) of C under A is convex in R™. If D is a convez set in R™, the inverse image
AYD):={r €R" A(x) € D}
15 convex in R™.

Proof. First, we will prove that A(C) is convex. Indeed, let X = A(x), Y = A(y) where

x,y € C'and 0 < A < 1. Then
AX +(1=XNY =XM(z)+ (1 - MNA>y) = Az + (1 = N)y) € AC).

Now, let D be a convex set in in R™. If z,y € A7}(D) and 0 < A < 1, then A(z), A(y) € D.
Therefore,

Adz+ (1= N)y) = MA(x) + (1 — V) A(y) € D.
It means that Az + (1 — \)y € A~1(D). O

Proposition 2.11. For i = 1,...,k, let C; C R™ be conver sets. and let \,..., \x € R.

Then the set
k
)\101—|——|—>\ka:{2>\%$2| l’iECi,izl,Q,...,k}}
i=1

18 convez.

Proof. Let X = Zle ANz;and Y = Zle A\iy; where z;,y, € Ci,i=1,2,.. . k. f0 < a <1,

we have
k

aX + (1—-a)Y = Nlaz; + (1 — a)y;) € MCy + -+ + MCh.

=1
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Proposition 2.12. If C is convex, so are its interior intC' and its closure clC'.

Proof. First, we will prove that intC' is convex. Let x,y € intC' and0 < A < 1. There exists
€1, €2 > 0 such that

B(ZZ" 61) - Cu

and

B(y,e) C C.

Set € = min(ey, €2). Take an arbitrary point z € B(Axz+(1—N)y, €), let d = z—(Az+(1—N)y).

We have ||d|| <€, hence x +d € B(z,¢1) and y +d € B(y,€); So v +d,y +d € C and
z=MNz+d) +(1-N(y+d)eC.

It means that B(Az + (1 — )y, €) C C. We can conclude that Az + (1 — \)y € intC. O

Convex Combinations and Convex Hulls

Definition 2.13. A convex combination of elements x1,...,x in R™ is an element of the

form

k
g NiT;
i=1

where Zle)\izl and \; >0 foralli=1,... k.

Proposition 2.14. A set C' C R" is convex if and only if it contains every convex combi-

nation of its elements.

14



Proof. (<) Assume that C' contains every convex combinations of its elements. Clearly, for
any z,y € Cand 0 <A< 1, e+ (1 - Ny e C.

(=) Assume that C is convex. We prove this by induction on k. Clearly, for & = 2, for
two arbitrary elements x,y of C, any convex combination of z and y belongs to C. If for

k arbitray elements xy,...,x; and Aq,..., A\ such that Zle A = 1 and A\, > 0 for all

1=1,...,k, we have
k
i=1
Now for k+ 1 arbitrary elements x1, ..., g, g1 and Ay, ..., Ag, Agr1 such that Zf:ll ANi=1

and \; >0 foralli=1,...,k+ 1, we have

k+1

k
Z i = Z Aiti + Mpr1Tpgp1 = (L= Meg1)2 + M1 T,
=1

=1

where z = Zle ﬁxz € C. Therefore Zfill Az € C.

Definition 2.15. (Convez hulls)
Let C C R™. The convex hull of C, denoted by conv(C'), is the set comprising all the

convex combinations of vectors from C':

k k
conv(C) := {ZAM z; € C. A\ >0 Wzl,...,k,z/\izl,keN}.

i=1 i=1

Note that in the definition of the convex hull, the number of vectors k in the convex
combination representation can be any positive integer. The convex hull conv(C) is the
“smallest” convex set containing C' meaning that if another convex set T' contains C, then

conv(C') C T . This property is stated and proved in the following lemma.

15
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Figure 2.3: Convex hull

(Source: https://medium.com/@harshitsikchi/convex-hulls-explained-baab662c4e94)

Lemma 2.16. Let C C R™. If C C T for some convez set T, then conv(C) C T' .
An example of a convex hull of a nonconvex set is given in Figure 2.3.

Theorem 2.17. (Carathéodory theorem)
Let C C R" and let © € conv(C). Then there exist x1,...,xn41 € C such that x €

conv({xy,...,Tny1}); that is, there exist X\ € A, 11 such that

n+1

i=1

Proof. Let x be a convex combination of m points x1,...,z,, in C' with m > n + 1, that is

m
xr = g Ny,
i=1

where \; > 0, > A\; = 1. We will show that m can be reduced by one. It is easy to see

that if A\; = 0 for some 7. So, we assume that \; > 0 for all . Since m > n + 1, there exists

16



1, - .., Ym Dot all equal 0 such that

Hence, 71 + - - - 4+ 7, = 0 and they not all equal 0. Therefore, there exist ¢ such that v; > 0.

Let 7 = min{% :v; >0} and \; = \; — 7; for any 4. From (2.1), it implies that

and

In addition, we have ); > 0 and by the definition of 7, there exists i, such that Xio =0. So

we can delete x;, in the convex combination. ]

Projection onto closed convex sets
Let C' be a nonempty closed convex set of R™. For fixed x € R", we consider the following
problem:
inf flz — oI, (2.2)
i.e. we are interested in those points (if any) of C that are closest to x for the Euclidean
distance.

Proposition 2.18. The minimization problem (2.2) has a unique solution.

Proof. Set inf cc ||z — y||* = p. Let {yx} be a sequence in C' such that

Jim [z =y = p.
—00

17



There exists kg such that for any k > ko,
2 — el <p+1,
or equivalently
yp € B(x,u+1).
Hence, the sequence {y;} is bounded. So there exists a subsequence {ys,} of {yx} that is

convergent. Let us denote by z the limit of {y, }. We have z € C' (because C is closed) and
le = 2l = lim flo =y, || = p.
This proves that the problem (2.2) has at least one solution.
Now, assume that z; and zy are two different solutions of (2.2), that means 21,29 € C
and
|z =zl = [l = 2l = p.
Let z = £(21 + 22). Since C is convex, z € C. And

1 1 1 1
o= 2l = o = 52+ 2)IP = 5lle = 2l + Sl = 2l = 7l — 2 < .

This contradicts with the definition of pu. O

Definition 2.19. The projection of x on a nonempty closed convex set C' in R™ is the closest
point to x in C':

Pe(z) := argmin,co ||z — y|*. (2.3)

Example 2.20. e Let us consider the projection of x € R™ onto the standard Fuclidean

ball defined as B := {x € R"| ||z|| < 1}. We can easily see that

18



o The projection of v € R" to a hyperplane H := {x € R*| wTz + b= 0} is given by

Py(x) =2 —
Theorem 2.21. Let x € R". Then z = Po(x) if and only if z € C' and

(x—z,y—2)<0 VyeclC.

Proof. (=) Let y be an arbitrary point in C. For 0 < A < 1, we have
lz = lay + (1= a)z] I* = |z — 2| = 2Mz — 2,y — 2) + X[ly — 2|*.

Since z = Po(x),

Iz — oy + (1 —a)2] |* = |z — 2"

Equivalently, for 0 < A <1
“o\ (= 2,y — =) + Xy — 22 > 0.

This implies

(x —2z,y —2z) <0.

(<) Suppose that (2.4) is satisfied for z € C. By choosing y = Po(x), we obtain
(x — 2z, Po(z) — 2) <0.

We also have
(x — Po(z),y — Po(z)) <0 VYyeC.

19
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By taking y = z, we obtain

(x — Po(x),z — Po(z)) <0.

Combining (2.5) and (2.6), we get
Iz = Pe(2)]* <0,

which means z = Po(x).

Theorem 2.22. For any x,y € R", we have
(i) (Po(x) = Po(y),x —y) = ||[Pe(x) — Pe(y)l?,
(ii) |Pe(x) = Pe()ll < [l —yl|.
Proof. (i) By Theorem 2.21,
(z — Pe(x), Foly) — Pe(x)) <0,

and
(y — Pc(y), Po(x) — Pe(y)) < 0.

Adding the above inequalities, we get

(Po(z) = Pely), = —y) > |[Po(z) — Pe(y)|*.

(ii) Obviously,

| Po(z) — Po(y) +y —z||* > 0
& ||[Po(x) = Po(y)ll? — 2(Po(x) — Po(y),z —y) + |lz — ylI* > 0.

20
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Combining this with part (i), we obtain

1Pe (@) = Pe()* < llo -yl

Seperation theorems

Theorem 2.23. Let C' C R™ be nonempty closed convex, and let x & C. Then there exists

s € R"™ such that

(s,x) > sup(s,y).
yeC

Proof. Let z = Po(x). By Theorem 2.21, for any y € C,
(x —z,y—2) <0.
Set s = x — 2. Note that z # 0 because x ¢ C. So, for y € C,
(5,9) < (s,2) = (s,2) — [Is]|".
Therefore,

(s, ) > sup(s,y).
yeC

Corollary 2.24. (Strict Separation of Convez Sets)

21



Let Cy, Cy be two nonempty closed convex sets with C; N Cy = (. If Cy is bounded, there

exists s € R™ such that

sup (s, y) < min(s, y).
Sup (s, y) < min(s, y)

Proof. The set C' = C} — (Y is closed and 0 ¢ C. Thanks to Theorem 2.23, we can prove

that there exists s € R™ such that

sup (s, y) < min(s, y).
yecl yECQ

Theorem 2.25. (Proper Separation of Convex Sets)
If the two nonempty convex sets Cy and Cy satisfy riCy NriCy = (), they can be properly

separated.

Proof. Proof of this theorem can be found in [1, 2]. O

22



2 Convex Functions

Definitions and Examples

Definition 2.26. Let C' be a nonempty convez set in R™. A function f: C — RU{+o0} is

said to be convex when, for all x,y € C' and all X € [0,1], there holds

fAz+ (1= Ny) <Af(z)+ (1= AN f(y) (2.7)

We say that f is strictly convex on C' if (2.7) holds as a strict inequality if = # y and
0 < A < 1. The function f is said to be strongly convex on C' if there exists ¢ > 0 such

that
FO+ (1= X)) S M) + (1= X)F () = 5A1 = Yz — |

for all z,y € C and all A € [0, 1].

Example 2.27. 1. The affine function f(z) = a’x + b, where a € R™ and b € R s

convet.
2. The norm function f(x) = ||z| is convez.

Proposition 2.28. The function f s strongly convex with modulus c if and only if the

function f — £||.||* is convex .

In a more modern definition, a convex function f is considered as defined on the whole

of R™ | but possibly taking infinite values:

23



Definition 2.29. A function f : R" — RU{+o0} is said to be convex when, for all z,y € R"

and all X € [0, 1], there holds

fz+ (1 =Ny) <Af(x)+ (1 =N f(y)

The class of such functions is denoted by ConvR"™ .To realize the equivalence between

our two definitions, extend an f from Definition 2.26 by

f(z) =400 Vz&C.

thus obtaining a new f, which is now in ConvR".

Definition 2.30. Let f : R" — RU {4+00}. The domain (or effective domain) of f is the
nonempty set

domf = {z € R"|f(x) < +00}.

Definition 2.31. Given f: R" — RU {400}, not identically equal to +oo, the epigraph of
f is the nonempty set

epif :={(z,7r) e R" xR| r > f(z)}.

Proposition 2.32. Let f: R" - RU {400} be not identically equal to +oc,. The following

properties are equivalent:

(i) [ is convex;

(i) its epigraph is a convez set in R™ X R;

24



Proof. (=) Assume that f is convex. Take (x1,r1), (22,72) in epif, we have f(z1) <7, and

f(x2) < re. For A € [0,1],
Oz + (1= Nag) < Af(z1) + (1= N f(xe) < Arp+ (1 — AN)ra.

Therefore, (Axy + (1 — A)xg, Arp + (1 — A)rg) belongs to epif. So, epif is convex.
(<) Now assume that epif is convex. Take xy, x5 arbitrary in R™. It is clear that (z1, f(x1))

and (xq, f(z2) are in epif. So, for A € [0, 1],

Ay, f(a1)) + (1= A) (g, f(22)) € epif.

It means that
fzg + (1= Nza) < Af(z1) + (1= N) f(x).

]

The basic property characterizing a convex function is that the function value of a convex
combination of two points x and y is smaller than or equal to the corresponding convex
combination of the function values f(x) and f(y). An interesting result is that convexity
implies that this property can be generalized to convex combinations of any number of

vectors. This is the so-called Jensen’s inequality.

Theorem 2.33. Let f: C — R be a convex function where C' C R™ is a convex set. Then

for any x1,...,x, € C and X € A\ , the following inequality holds:
k

f(z Aixi) < Z Aif (). (2.8)

i=1

25



Proof. We prove this theorem by induction in k. It is true for £ = 2. Assume that (2.8) is

true for k. Then for any x,...,2p1 € C' and A € Agyq , by setting

k \
y:Z kl Zi,
i=1 Zz 1 Ai

we obtain
k+1

Z Aiti = (1 = X))y + M1 Ty -
i—1

Since f is convex,

k41
f(z i) < (1= A1) f(Y) + Arr f(@11)- (2.9)
i=1
Moreover, let \; = Al then A, >0 and

- Zf:1 A
k
dXN=1
i=1
In the other words, N = (A],...,\,) € Ag. Note that (2.8) is true for k so
k
Fly) < Xif (). (2.10)
i=1

From (2.9) and (2.10),
k1 k1

FO Niw) < Nif ().
i=1 i=1
First Order Characterizations of Convex Functions
Convex functions are not necessarily differentiable, but in case they are, we can replace

the Jensen’s inequality definition with other characterizations which utilize the gradient

26



of the function. An important characterizing inequality is the gradient inequality, which
essentially states that the tangent hyperplanes of convex functions are always underestimates

of the function.

Theorem 2.34. Let f : C' — R be a continuously differentiable function defined on a convex

set C' C R™. Then fis convex over C' if and only if

f@)+ V@) (y—=z) < fly) Va,yeC. (2.11)

Proof. (=) Assume that f is convex. Let z,y be two arbitrary points in C. If z =y, (2.11)

is satisfied. If z # y, then for \ € [0, 1],

fOy+ (1 =Nz) <Af(y) + (1= A)f(z)

It is equivalent with

Let A — 0%, it becomes

(<) Now assume that (2.11) is true for all z,y € C. Let A € [0, 1], we set u = Az + (1 — \)y.

From (2.11),

fu) + V) (z—u) < f(z),
and

Fw) + V) (y—u) < fy).

27



Multiplying these inequalities by A and (1 — \), we get

flu) <Af(y) + (1 = A)f(x).

]

Theorem 2.35. Let f : C — R be a continuously differentiable function defined on a convex

set C' C R™. Then f is strictly convex over C' if and only if

f@) + V@) (y—a) < fly) Ve#yel. (2.12)

Theorem 2.36. Let f : R® — R be the quadratic function given by f(x) = 2T Az +2b7x +¢,
where A € R™™ is symmetric, b € R", and ¢ € R. Then f is (strictly) convex if and only if

A 0(A>0).
Proof. For f = a7 Ax + 2b7x + ¢ with A is symmetric, we have
Vf(z)=2Ax + 2b.
By Theorem 2.34, f is convex if and only if
vTAr + 2672 + ¢4+ 2(Ax + b)) (y —z) < yTAy + 20"y + ¢ Va,y € R™

This equivalents to

which means A > 0.

By the same arguments, we can proof the second part of this theorem. O
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Figure 2.4: Source: https://www.quora.com/Are-all-quadratic-programming-problems-

convex

Examples of convex and nonconvex quadratic functions are illustrated in Figure 2.4.

The next theorem is about the monotonicity of the gradient of a convex function.

Theorem 2.37. Suppose that f is a continuously differentiable function over a convex set

C CR™ Then f is convex over C if and only if

(Vf(@) = V) (z—y) =0 Va,yeC. (2.13)

Second Order Characterization of Convex Functions

Theorem 2.38. (Second order characterization of convexity)
Let f be a twice continuously differentiable function over an open convex set C' C R™.

Then f is convex if and only if V2 f(x) = 0 for any xz € C.

Theorem 2.39. (Sufficient second order condition for strict convezity)

29



Let f be a twice continuously differentiable function over a convex set C' C R"™, and

suppose that V2f(z) = 0 for any x € C. Then f is strictly convezx over C.

Example 2.40. e The log-sum-exp function f(x) = In(e™ + €™ + --- + €™) is convex

on R™.

e The quadratic-over-linear function f(x) = i—i is convex on {(x1,x2)| 2 > 0}.

Operations Preserving Convexity

Theorem 2.41. (Preservation of convezity under summation and multiplication by nonneg-

ative scalars).

(i) Let f be a convex function defined over a convex set C C R™ and let a« > 0. Then af

is a convex function over C.

(i1) Let f1, fo, ..., fp be convex functions over a convexr set C' C R™. Then the sum function

fi+ fot+ ... + [, is convex over C.

Theorem 2.42. (Preservation of convezity under linear change of variables) Let f : C'— R
be a convex function defined on a convexr set C' CR™ . Let A € R™™ and b € R". Then the

function g defined by
9(y) = f(Ay +b)

is convez over the convex set D = {y € R™| Ay +be C}.
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Example 2.43. (Generalized quadratic-over-linear)
Let Ae R™™ b e R™ ceR" and d € R. We assume that ¢ # 0. We will show that

the quadratic-over-linear function

o) = 1Az +bIP
Ty 4+d

is conver over D ={z € R":| Tz +d> 0}.

Theorem 2.44. (Preservation of convexity under composition with a nondecreasing convex
function)

Let f: C — R be a convex function over the conver set C C R™. Let g : I — R be a
one-dimensional nondecreasing convex function over the interval I C R. Assume that the

image of C under fis contained in I : f(C) C I . Then the composition of g with f defined

by

1s a conver function over C.

Example 2.45. e The function h(x) = el=l” is conver since it can be represented as
h(z) = g(f(x)), where g(t) = €' is a nondecreasing convex function and f(z) = ||z||?

1 a convex function.

o The function h(x) = (||z]|*+1)? is a convez function over R™ since it can be represented

as h(x) = g(f(x)), where g(t) = t* and f(x) = ||z|* + 1.

Another important operation that preserves convexity is the pointwise maximum of con-

vex functions.
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Theorem 2.46. (Pointwise mazimum of convex functions)
Let f1,...,f, : C" = R be p convex functions over the convexr set C' C R". Then the

maximum, function

1s a conver function over C.

Example 2.47. (i) f(x) = max{xy,...,z,} is convex.

(ii) Given a vector x = (x1,...,x,)". Let x[i] denote the ith largest value in x. The sum

of the k largest components

e[+ 4k,

18 convez.

Theorem 2.48. Let f : C'x D — R be a convex function defined over the set C' X D where

C CR™ and D C R"™ are convex sets. Let

g(z) = min f(z,y) Yz e,

where we assume that the minimum in the above definition is finite. Then g is convexr over

C.

Example 2.49. Let C' C R" be a convex set. The distance function defined by

d(z,C) = min{|lz —y[| : y € C}

1S convez.
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Definition 2.50. (Level sets). Let f : C — R be a convex function over the convex set

C C R".. Then the level set of f with level « is given by
Lf ={zeC| f(z)<a}.
A fundamental property of convex functions is that their level sets are necessarily convex.

Theorem 2.51. (Convexity of level sets of convex functions). Let f : C — R be a convex

function over the convex set C' C R"™. Then for any o € R the level set L, f is conver.

Continuity and Differentiability of Convex Functions

Theorem 2.52. (local Lipschitz continuity of convex functions). Let f : C'— R be a convex
function over the conver set C' C R™. Let x¢ € int(C). Then there exist ¢ > 0 and L > 0

such that B(xg,e) C C and
|f(z) = f(zo)| < Lz — o
for all x € B(x,€).
Theorem 2.53. (existence of directional derivatives for convex functions). Let f :C — R

be a convex function over the convexr set C C R"™. Let x € int(C). Then for any d # 0, the

directional derivative f'(x;d) exists.

Exercises

1. For each of the following sets determine whether they are convex or not.
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(i) Cr={z eR" |[=]*=1}.
(ll) CQ = {CL’ - Rn‘ max;—q

(iii) C3 = {z € R"| min;—;
(iv) Co={zeR} | II-, @ >1}
2. Prove that
(i) The function f(x1,2z9) = 2% + 22175 + 323 + 221 — 313 + €™ is convex on R
(i) The function f(xy, s, 73) = €' — Ty + x5 + €**2 + 2 is convex on R?.
(iii) The function f(x1,x2) = —log(x1z2) is convex on R? .
3. Show that the log-sum-exp function f(x) = log(>_;, €*) is not strictly convex over
R™.
4. Show that the following functions are convex over the specified domain C"
(1) f(x1,29,23) = —/T122 + 207 + 223 + 323 — 22122 — 27223 over R3 .
(i) f(z) = ||z||* over R™
(ill) f(z) = X2 wilog(ay) — (X212, @) log(R27 @:) over RY ..
(iv) f(z) = 27Qz + 1 over R", where Q = 0 is an n x n matrix.
(v) flz1,22) = (2% + 323) (527 + 323.
5. Let A € R™*" and let f: R"™ — R be defined by
oy
i=1
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where A; is the ith row of A. Prove that f is convex over R".
6. Show that the function f(xq,x2,23) = —e(~#1H22-223)" §g not convex over R™.

7. (i) Show that the function f(x) = /1 + ||z||? is strictly convex over R™ but is not

strongly convex over R".

(ii) Show that the quadratic function f(x) = 27 Az + 2b%x + ¢ with A = AT € R™*",
b € R", ¢ € R is strongly convex if and only if A > 0, and in that case the strong

convexity parameter is 2y (A4).

8. Prove that for any z1,...,x, > 0, the following inequality holds:

More generally, for any A\ € /\,, one has

i=1 i=1
9. For any s,t > 0 and p, q > 1 satisfying % + % = 1, prove that
st

st < —+ —.
p q

10. (Holder’s inequality). For any z,y € R™ and p,q > 1 satisfying % + é =1, prove that
|2 y| < |zl ]yl
11. (Minkowski’s inequality). Let p > 1. Then for any z,y € R", prove that

12+ yllp < [l + [[yllp-
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Unconstrained Optimization

In this chapter, we study the unconstrained optimization problem:

min f(z), (3.1)

where f : R” — R is a smooth function.
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This problem is intensively studied in many works ([1, 4, 5] and the references therein). In
the first section of this chapter, we present the optimality conditions of (3.1). An important
class of unconstrained problem, the least square problems, is studied in Section 3.2. Then
in the last sections, the gradient, Newton and quasi-Newton methods are introduced.

Some examples of unconstrained optimization problem:

Example 3.1. (Linear least-square problem) Suppose that we are given a linear system of
the form

Ax = b,

where A € R™™ and b € R™. Assume that m > n and A has a full column rank; that is,
rank(A) = n. Under these assumptions, the system is usually inconsistent (has no solution)
and a common approach for finding an approximate solution is to take the optimal solution

of the following minimization problem
(LS) min ||Ax — b||.
TzeR™
Problem (LS) is a problem of minimizing a quadratic function over the entire space.

Example 3.2. (Non-linear least square problem ) Suppose that we are trying to find a curve
of form y = f(z, ) with f € R"™ that fits some experimental data: (z1,vy1),. .., (Tm,Ym). In
order to find the vector of parameters 3 such that the curve fits best the given data in the

least squares sense, we solve the unconstrained minimization problem

(NLS) min Y (f(x,8) —ui)*



Ground +ru1h Curve —
Observations X
Least Squares Fitted Curve O

Figure 3.1: Nonlinear least square

(Source: http://ceres-solver.org/nnls_tutorial.html)

This is a nonlinear least-squares problem, a special case of unconstrained optimization. It
illustrates that some objective functions can be expensive to evaluate even when the number
of variables is small. If the number of given datas is large then the evaluation of f(z, ) for

a given parameter vector x is a significant computation.

1 Optimality Conditions

Definition 3.3. (local and global minimum,).

Let f: C — R be defined on a set C' C R"™. We consider the problem

min f(z),
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Then

1. x* € C is called a local minimizer (maximizer) of this problem if there exists € > 0

such that f(x) > f(z*) (f(x) < f(x*)) for any x € C such that ||z — z*|| <.

2. x* € C is called a strict local minimizer (mazimizer) of this problem if there exists

€ > 0 such that f(x) > f(x*) (f(x) < f(x*)) for any x # x* € C such that ||z—x*|| < e.

3. a* € C is called a global minimaizer (mazimizer) of this problem if f(x) > f(x*)

(f(x) < f(x*)) for any x € C.

4. x* € C is called a strict global minimizer (maximizer) of this problem if f(x) >
f@) (f(x) < f(a*)) for any x # x* € C.
The first question is about the existence: whether a function actually has a global mini-

mizer or maximizer on a set or not. Answer to this question, the Weierstrass theorem state

that a continuous function attains its minimum and maximum over a compact set.

Theorem 3.4. (Weierstrass theorem) Let f be a continuous function defined on a nonempty
and compact set C C R"™. Then there exists a global minimizert of f on C and a global

maximizer of f on C.

When the underlying set is not compact, we can not apply the Weierstrass theorem.

Fortunately, some properties of f can guarantee the existence of the solution.

Definition 3.5. Let f : R™ — R be a continuous function defined over R™. The function f
is called coercive if

| lﬁm f(z) = occ.
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Theorem 3.6. ([1]) Let f : R" — R be a continuous and coercive function and let C' C R™

be a nonempty closed set. Then f has a global minimum point over C.

Our main task will usually be to find and study global minimum (or maximum points);
however, most of the theoretical results only characterize local minima and maxima which

are optimal points with respect to a neighborhood of the point of interest.
Example 3.7. e [or the constant function f(x) = 5, every point x is a global minimizer.
e The function f(z) = (x — 3)* has a strict global minimizer at x = 3.

Example 3.8. Consider the two-dimensional function

r+y

f(xuy):m‘

Figure 3.2 shows the plot of this function. This function has a global maximizer (x,y) =

(\/Li’ \/Li) and a global minimizer (x,y) = (—\/ii, —\/Li)
Example 3.9. The function

zlcos(1/x) + 22 ifx#0
flz) =
0 ifex=20
has a global minimizer at x* = 0 and many local minimizers (see Figure 3.3). For the

functions that has many local minimizers like this function, it is usually difficult to find the

global minimizer , because algorithms can be "trapped” at local minimizers.

The Fermat’s theorem states that for a one-dimensional function f defined and differ-
entiable on an interval (a,b), if a point z* € (a,b) is a local minimizer or maximizer, then
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Figure 3.2: Plot of function f in Example 3.8
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Figure 3.3: Function with many local minimizers

41



f'(x*) = 0. This result can be extended to the multidimensional case: the gradient is zero
at local optimum points. We refer to such an optimality condition as a first order optimal-
ity condition, as it is expressed in terms of the first order derivatives. In what follows, we
will also discuss second order optimality conditions that use in addition information on the

second order (partial) derivatives.

Theorem 3.10. Assume that f : C' — R is differentiable at a point T € int(C). If f attains
its local minimum at T then

V(@) =0. (3.2)

Proof. Since 7T is a local minimizer of f and T € int(C'), there exists € > 0 such that for any
y € B(7,e),
fy) > f(@).

For an arbitrary direction d € R", for ¢t > 0 small enough, 7 + td € B(T,¢),

f@+td) = f(),

hence
[+ 1)~ JE)
; >
Let t — 0T, we obtain
(Vf(T),d) >0. (3.3)

Note that (3.3) is true for any d € R". By applying (3.3) for —d,

(Vf(@),d) <0.
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This means
(Vf(T),d) =0 VdeR",
or Vf(z) =0.

O

Definition 3.11. Assume that f : C' — R is differentiable at a point T € int(C). Then T is

called a stationary point of f if

Vf(@)=0.

Theorem 3.12. (/1))
Let C' be a convex set in R™ and f be a continuously differentiable function which is
convez on C. Suppose that V f(ZT) = 0 for some T € C. Then T is a global minimizer of f

on C.
When C' = R"”, then the condition in Theorem 3.12 is also a necessary condition.

Example 3.13. Consider the function

f(z) = 32" — 202 + 422* — 36z.

We have f'(x) =0 if and only if x =1 or x = 3. © = 3 is a global minimizer while x = 1 is

not a local minimizer or mazximaizer.

Theorem 3.14. ([1])
Let f : C — R be a function defined on an open set C C R". Suppose that f is twice

continuously differentiable on C and that T is a stationary point. Then the following hold:
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(1) If T is a local minimum point of f on C, then V2 f(x) > 0.
(ii) If V2f(T) > 0, then T is a strict local minimum point of f on C.

Proof. (i) Since 7 is a stationary point, V f(Z) = 0. If T is a local minimum point of f on

C, for any d € R™ and ¢ > 0 small enough, we have
0< S 1)~ 7) = S (T I @)+ o),
S0
(V2f(@)d,d) >0 VvdeR"
This means

V2f(T) = 0.

(i) If V2f(T) > 0, there exists A > 0 (may be taken as the smallest eigenvalue of V2 f(T))
such that

(V2f(@)d,d) > \||d||* Vd e R"

Since Vf(z) =0,

f(T+td) = f(@) + §<V2f(f)d, d) + o(t?)

Therefore,

f(@+td) - f(7)
t2 -

%+0(1).

So, for ¢ small enough, we have f(z + td) > f(x).
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Definition 3.15. A stationary point T is called a saddle point if it is neither a local minimizer

nor a local maximizer.

Example 3.16. We consider the function
fzy,m5) = (27 + 23 — 1)* + (23 — 1)
The gradient of f is given by
422 + 22— Dy

Vfz) =
423+ 23 — 1)ag + 4(a3 — 1)z,

To find stationary points, we solve the following equation
Vfix)=0
4(x3 + 23— 1)z, =0

4(z2 422 — Dy +4(x2 — 1oy =0

There are 5 stationary points: (0,0),(1,0),(—1,0),(0,1),(0,—1). The Hessian of f is

4323 + 22 — 1) 8x119
Vif(z) =
811y 4(x3 + 623 — 1)
We have
0 0
V2£(0,1) = V2f(0,—1) = > 0.
0 16

The Hessian matrices of f at (0,1) and (0, —1) are only positive semidefinite so they may be
saddle points. But it is easy to see that the function f is bounded below by 0 and f(0,1) =
f(0,—1) =0, so (0,1) and (0,—1) are global minimizers. Since
-1 0
V?£(0,0) = <0,
0 -2
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then (0,0) is a local mazimizer. And lim|,) - f(x) = 00 so (0,0) is not a global mazimizer.

The points (1,0) and (—1,0) are saddle points.

2 Least Squares Problem

Linear least square problem

Given a linear system

Axr =0,

where A € R™*" b € R™, m > n. In addition, A has a full column rank, i.e. rankA = n.
In this setting, the system usually has no solution, so instead of solving this system, we can

find a point that minimize the square norm of Ax — b:

min || Az — b||*. (3.4)

z€eR™

The problem (3.4) is an unconstrained optimization problem with the objective function
f(z) = 2T AT Az — 26" Az + ||b]|.

Since rankA = n, we have V2f(x) = ATA = 0. It means that the objective function f is

strictly convex. Hence, the unique stationary point
¥ = (ATA)TATh

is the solution of (3.4). The point z* is called the least square solution of system Ax = b.
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Example 3.17. ([1]) Consider the inconsistent linear system

I1+2I2 = 0
< 21’1+Z’2 = 1
X1+ Ty = 1.

\

Let A and b be the coefficients matrix and right-hand-side vector of the system. The least

square solution is

2o

v = (ATA) AT =

In Octave (Matlab), the least squares solution of an overdetermined linear system Az = b
can be found by using the following command
Octave code

A =[1,2;2,1;1,1];
b=[0;1;1];
format rat;

zsol=4\b

Another application of linear least square problem is linear fitting: Given m data points

(x;,y;) for i = 1,...,m where x; € R" and y; € R. Suppose that there is a linear relation
yi = a’ z;

approximately holds. Our task is to find the parameter a € R™ that minimize the distance

between y; and a’x; for i = 1,...,m. This problem can be formulated as
m
3 ¢ — T . 2
min (yi —a ;)"

=1
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It can be rewritten as

acR™
where
T
Ty n
X = , Y=
T
L Ym

L L L L
0 0.2 04 06 08 1

Figure 3.4: Data points

To generate these points, we take the x-coordinate from [0,1] and y = 3x — 2 + € where €
is a random variable with normal distribution N(0,1). Find the lines best fits these points.
Octave code

L 2z=(0:0.02:1) ’;
2 y=3%x-2+0.1*random("normal”, 0,1, [size(xz)]);

3 plot(z,y,"*")
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a=[z,ones (stze(z))]\y

5 figure

6

8

9

plot(m,y, ll*ll);

r yapproz=[xz,ones (size(z))]*a;

hold on

plot (z,yapproz, "-")

L L L L
0 02 0.4 0.6 0.8 1

Figure 3.5: Linear fitting

Regularized Least Squares

There are several situations in which the least squares solution does not give rise to a good
estimate of the “true” vector x. For example, we consider the linear system Az = b when
A € R™™ is underdetermined: m < n. The system usually has many solutions and we don’t
know which solution should be considered. In these cases, some type of prior information on

x should be used in the model. One way to do it is to add a regularization funtion R(z) to
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the objective function. The regularized least squares (RLS) problem has the form
m%{n |Az — b||> + AR(x). (3.5)
TeR™

The positive constant A is the regularization parameter. As \ gets larger, more weight is
given to the regularization function.
One application area in which regularization is commonly used is denoising. Suppose

that a noisy measurement of a signal z € R" is given:
b=z+w.

Here x is an unknown signal, w is an unknown noise vector, and b is the known measurements
vector. The denoising problem is the following: Given b, find a “good” estimate of x. The

least squares problem associated with the approximate equations x & b is

min ||z — b||*.
z€R"

However, the optimal solution of this problem is obviously x = b, which is meaningless. To
find a more relevant problem, we will add a regularization term. For that, we need to exploit
some a priori information on the signal. For example, we might know in advance that the
signal is smooth in some sense. In that case, it is very natural to add a quadratic penalty,
which is the sum of the squares of the differences of consecutive components of the vector;

that is, the regularization function is
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By letting

1 -1 0 0 0
0O 1 -1 0 0
L= ,
0 O 0 1 -1
we can write
R(x) = || Lz|*.

And the regularized least square problem is reformulated as
min [l = b[* + A L], (3.6)
The objective function of (3.6) is
=o' (I + \L"L)x — 2b"x + ||b]|.
Since this function is strictly convex, the unique solution of (3.6) is
v = (I +\L"L)"'b.

Example 3.19. (/1))
Consider the noisy signal constructed by the following code (illustrated by Figure 3.6)
Octave code

1 t=(0:0.01:5) ’;

2> g=sin (t)+t.*(cos(t). 2);
3 b=z+0.05*random("normal", 0,1, [size(z)]);
1 figure

5 plot (0:500,b, "LineWidth",2);
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Figure 3.6: Noisy signal

To denoise the signal, we solve the reqularized least square problem (8.6) with different values
of the regularization parameter A = 1;10;100; 1000.
Octave code

n=length (t);

L=zeros(n-1,n);

3 for i1=1:n-1

10

L(i,4)=1;

L(i,i+1)=-1;
end
z_rls=(eye(n)+1*L°*L)\b;
z_rls=[z_rls, (eye(n)+10*%L’*L)\b];
z_rls=[z_rls, (eye(n)+100*L’*L)\b];
z_rls=[z_rls, (eye(n)+1000*%L°’*L)\b];
figure (2)

for g=1:4
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18

19

subplot (2,2,7);

plot(1:n,z_rls(:,7),"linewidth",2);

hold on

plot(1:n,z,":r","linewidth",2);

hold off

title(["\lambda=",num2str (10~(5-1))]);

end

The signals that we obtained are illustrated in Figure 3.7

lambda=1 lambda=10
4 4
8 3
2
2
1
1
0
1 0
-2 -1
0 100 200 300 400 500 600 0 100 200 300 400 500 600
lambda=100 lambda=1000
4 4
3
2
1
0
a i o
0 100 200 300 400 500 600 0 100 200 300 400 500 600

Figure 3.7: Denoising signals
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3 The Gradient Method

We consider the unconstrained optimization problem

min f(z). (3.7)

zeR™

where f : R” — R is continuously differentiable function.

In reality, the analytic form of the function f is unknown. We only have a process to
compute the values of f and maybe its derivatives at certain points. We need to design
algorithms that identifies a solution reliably and without using too much computer time or
storage with these information.

Recall that in Therem 3.10, we prove that if 7 is a local minimum of (3.7) then

V(@) = 0.

Also in Section 3.1, several examples were presented in which the optimal solution of the
problem can be obtained by finding among all the stationary points. But in general, such

an approach is not implementable because

(i) it might be a very difficult task to solve the set of (usually nonlinear) equations V f (z) =

0;

(ii) even if it is possible to find all the stationary points, it might be that there are infinite
number of stationary points and the task of finding the one corresponding to the
minimal function value is an optimization problem which by itself might be as difficult

as the original problem.
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More over, in applications, the function f may be defined algorithmically, that is we only

have some procedure to calculate f or Vf at each point, but we do not have the analytic
form of f.

The iterative algorithms that we will consider in this lecture take the form

Tpy1 = Tp +tpdy  for k=0,1,...,

where dj, is the so-called direction and ¢, > 0 is the stepsize.

There are several questions arised:

What is the starting point z(?

e How can we choose the direction dj and step size t;.

Is the sequence {x} convergent to a solution? In which sense?

What is the speed of convergence?

Stopping criterias?

Definition 3.20. (descent direction). Let f : R™ — R be a continuously differentiable
function over R™. A wvector 0 # d € R" 1is called a descent direction of f at x if the

directional derivative f'(x;d) is negative, meaning that
f'(z;d) =V f(z)'d <0.

The most important property of descent directions is that taking small enough steps along
these directions lead to a decrease of the objective function.
A descent direction method can be described as follow
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Algorithm 1: Descent Directions Method
Initialization: Take an arbitrary point xq € R"™.

Step k: For any £k =0,1,2, ...

e Pick a descent direction dj, .

e Find a stepsize t such that f(xp + trdy) < f(xg).

e Compute xp1 = xp + tpdy .

e [f a stopping criterion is satisfied, then STOP.

The process of finding the stepsize t;, is called line search. We look for a minimum of the
one-dimensional function ¢(t) = f(zy + tdy). There are many choices for stepsize selection

rules. We describe here three popular choices:

e Constant stepsize t;, = t for any k. The constant stepsize strategy is very simple
but it is hard to choose the constant. A large constant might cause the algorithm to

be nondecreasing, and a small constant can cause slow convergence of the method.

e Exact line search:
te € argming f(zy + tdy).
Finding the exact minimum can be very expensive and is not necessary because the
real goal is to find the minimum of f.
e Backtracking line search The method requires three parameters: s > 0,a €

(0,1),5 € (0,1). The choice of t; is done by the following procedure: starting at
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t = s, repeat t := St until
flxp +tdy) < flog) + atVf(x)'dy. (3.8)
The condition (3.8) is called the Armijo-Goldstein condition.

In the next lemma, we will show that it is always possible to find ¢ satisfying the Armijo-

Goldstein condition.

Lemma 3.21. ([1])
Let f be a continuously differentiable function over R™, and let x € R™. Suppose that
0 # d € R™ is a descent direction of f at x and let o € (0,1). Then there exists € > 0 such

that the inequality
flz+td) — f(x) < atVf(x)'d

holds for all t € [0, €].

Gradient method

In the gradient method, the descent direction is choosen by

dy = =V f ().
It is clear that if V f(zx) # 0 then
f (g, =V () = =V f(z)]* < 0.

The gradient method is also called the steepest descent method.

o7



Lemma 3.22. ([1]) Let f be a continuously differentiable function, and let x € R™. Assume
that V f(zx) #0 . Then

Vi)

d= ——7— € argmin”dnzlf/(l‘, d)

IV ()]

Algorithm 2: The Gradient Method
Let € be a positive number.

Initialization: Take xy € R™ arbitrarily.

Step k: For any k =0,1,...,

e Pick a stepsize t; by a line search procedure.

e Compute

Tpp1 = xp — 4V f(z).

o If Vf(z41) <e¢, then STOP.

Implementation
Octave code for the gradient method with constant step-size.

. function [x,fun_vall=gradientconstant(f,g,x0,t,epsilon)

2 % Gradient method with constant stepsize

3 %

+ % INPUT

5 R R B e e e e e e e e e e S BB

6 h T ... objective function

Th 8 e gradient of the objective function
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13

16

18

19

20

23

26

w

Hhox0. ... initial point

h ® cococoocoooo constant stepsize

%» epsilon ... tolerance parameter

% OUTPUT

[ R

Y/ S optimal solution (up to a tolerance)

% of min f(x)
% fun_val ... optimal function value
x=x0;
grad=g(x) ;
iter=0;
while (norm(grad)>epsilon)
iter=iter+1;
x=x-t*grad;
fun_val=f(x);

grad=g(x) ;

fprintf ("iter_number = %3d norm_grad = %2.6f fun_val = %2.6f \n",

iter ,norm(grad) ,fun_val);

end

Octave code for the gradient method with exact line search.

function [x,fun_vall=gradientexactlinesearch(f,g,x0,t,epsilon)

% INPUT

Y ======================

% INPUT
Y=======================================
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10

11

13

16

18

19

20

21

23

24

V)
o

26

3

Y/ objective function

h 8 . gradient of the objective function

hox0. ... initial point

hot oo exact line search stepsize

% epsilon ... tolerance parameter

% OUTPUT

T

A S an optimal solution (up to a tolerance) of

% fun_val . the optimal function value up to a tolerance

iter=0;

grad=g(x) ;

while (norm(grad)>epsilon)
iter=iter+1;
x=x-t(x)*grad;

grad=g(x);

fun_val=f(x);

fprintf ("iter_number = %3d norm_grad = %2.6f fun_val = %2.6f\n",...

iter ,norm(grad),fun_val);

end

Octave code for the gradient method with backtracking line search.

function [x,fun_vall=gradientbacktracking(f,g,x0,s,alpha,...
beta,epsilon)

%» Gradient method with backtracking stepsize rule

60



11

14

16

19

21

22

23

24

26

29

% INPUT

Y=======================================

hfooooo. objective function

h g o gradient of the objective function

hox0O. ... initial point

h ® cocoocoooo initial choice of stepsize

% alpha ..... tolerance parameter for the stepsize selection

h beta ...... the constant in which the stepsize is multiplied

% at each backtracking step (O<beta<1)

% epsilon ... tolerance parameter for stopping rule
% OUTPUT

Y=======================================

/A S optimal solution (up to a tolerance)

% of min f(x)

% fun_val ... optimal function value
x=x0;
grad=g(x) ;

fun_val=f(x);

iter=0;

while (norm(grad)>epsilon)

iter=iter+i1;

t=s;

while (fun_val-f(x-txgrad)<alpha*t*norm(grad) ~2)
t=betax*t;

end
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30 Xx=x-t*grad;

31 fun_val=f(x);

32 grad=g(x);

33 fprintf ("iter_number = %3d norm_grad = %2.6f fun_val = %2.6f \n",...
31 iter ,norm(grad) ,fun_val);

35 end
To test the gradient method we consider the minimization of a quadratic function.

Example 3.23. ([1]) Consider the following optimization problem

min =7 Az + 207z,
zeR?

The gradient of the objective function is

Vf(z) =2(Az +0).

A= b= (0,0).
0 4

For the gradient method with constant stepsize, we take

zo = (5,5),e =10"% ¢, = 0.1

Octave code

1 A=[1,0;0,41;
2 f=@(z)z’*A*z;
3 g=0(z)2%A*z;

rx_0=[5;5];
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5 t=0.1;
6 eps=le-3;

7 [z, fun_val]=gradientconstant (f,g,z_0,t,eps);

For the exact line search, the stepsize is given by

v 2
ty = argmingo f(zy — tV f(2g)) = 2Vf|ixk])£;ﬁglf<xk)

Octave code

1 A=[1,0;0,4]1;

N

f=e(z)z’*A*z;

3 g=0(z)2*A*z;

t=0@(z) (norm(g(z),"fro")) "2/(2%g(z) **A*xg(z));

z_0=[5;5];

o

6 eps=le-3;

7 [z, fun_val]=gradientezactlinesearch(f,g,z_0,t,eps);

For the backtracking line search, we take

s=2,a=0.2,08=0.5.

Octave code

1 A=[1,0;0,2];

V]

f=e(z)x’*A*x;
3 g=0(z)2*xA*x;

z_0=[5;5];

5 s=2;alpha=0.2; beta=0.5;
6 eps=le-3;

7 [z, fun_vall=gradientbacktracking (f,g,z_0,s,alpha,beta,eps);
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Example 3.24. Consider the problem of minimizing Rosenbrock’s function

fzy, 20) = 100(zy — 22)? + (1 — 21)2

Rosenbrock’s function is a standard test function in optimization. It has a unique minimum

value of 0 attained at the point (1,1).

Figure 3.8: Rosenbrock’s function (Source: Wikipedia)

Convergence analysis
Assume that the objective function f is continuously differentiable and its gradient V f

is Lipschitz continuous with constant L on R™.

Lemma 3.25. ([1]) For any z,y € R,
F(w) < F@) + V) =)+ 5l — ol
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Lemma 3.26. ([1]) Let {x;} be the sequence generated by the gradient method for solving

min f(z)

with one of the following stepsize strategies:

e constant stepsize ty =t € (0, %)}

e cxact line search,

e backtracking procedure with parameters s >0, a € (0,1), and 5 € (0,1).

Then
flar) = f(@rer) = MV f ()|, (3.9)
where )
t(1— %) constant stepsize,
= 1 :
M 5f exact line search,
amin{s, 22298} packtracking li h
, =7 g line search.
\

Theorem 3.27. (/1))

Assume that f is bounded from below, then
(i) The sequence {f(xy)} is nonincreasing.
(i) limy o0 [V f ()] = 0.
Theorem 3.28. ([1]) Let

Jr=hn s
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Then for anyn =20,1,...,

: f(zo) — f*
\% <\ =
min [V Fl < G
where )
t(1-14) constant stepsize,
M = i exact line search,
amin{s, M} backtracking line search.
\
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4 Newton’s Method

Newton’s method was first published in 1685 in A Treatise of Algebra both Historical and
Practical by John Wallis. At first, it is a method for approximating solutions to equations.
In optimization, Newton’s method is applied to find the roots of the equation Vf(z) = 0
(stationary point of f).

Consider the unconstrained minimization problem

min f(z),

where f : R® — R. In this section, we assume that the objective function f is twice
continuously differentiable.
The main idea of Newton’s method is following: Given an iterate xj, the second-order

Taylor expansion of f around zy is
T 1 T2

The next iterate zj,; is choosen as a minimizer of this quadratic approximation in x,

that is
Ty € argmin, { f(zy,) + Vf(zp) " (z — 24) + %(m —23) V2 f () (2 — 7)) (3.10)
We also need to assume that V2 f(z}) is positive definite. Then the unique solution of
(3.10) is the solution of
Vf(zy) + V2f(xp)(x — 2) = 0.
Hence

Ty =z, — (V2 f (1)) 'V f ().
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The vector (V2f(z)) 'V f(zy) is called Newton direction.

Algorithm 3: Newton’s Method

Let € be a positive number

Initialization: Take xy € R™ arbitrarily.

Step k: For any £k =0,1,...

e Compute the Newton direction d by solving

e Set xpy1 = xp + dy. .

V2 f(wr)de = =V f(x).

o If |V f(zrs1)] <€, then STOP.

Implementation

Octave code for Newton’s method

i function x=newton(f,g,h,x0,epsilon)

N

objective function

gradient of the objective function

Hessian of the obj

initial point

ective function
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% epsilon ..... tolerance parameter

% x - solution obtained by Newton’s method (up to some tolerance)

x=x0;

gval=g(x);

hval=h(x) ;

iter=0;

while ((norm(gval)>epsilon)&&(iter<10000))
iter=iter+i1;

x=x-hvall\gval;

fprintf ("iter= %2d f(x)=%10.10f\n",iter,f(x))
gval=g(x);

hval=h(x) ;

end

if (iter==10000)

fprintf ("did not converge")

end

Octave code for Newton’s method with backtracking line search

function x=newtonbacktracking(f,g,h,x0,alpha,beta,epsilon)

% Newton’s method with backtracking
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30

31

Y/ objective function

hg .. gradient of the objective function

Y/ R hessian of the objective function

/A J initial point

% alpha ..... tolerance parameter for the stepsize selection strategy
% beta ...... the proportion in which the stepsize is multiplied

% at each backtracking step (O<beta<l)

% epsilon ... tolerance parameter for stopping rule
% QUTPUT

Y=======================================

h X o optimal solution (up to a tolerance)

% of min f(x)

%» fun_val ... optimal function value
x=x0;

gval=g(x);

hval=h(x) ;

d=hvall\gval;

iter=0;

while ((norm(gval)>epsilon)&&(iter<10000))
iter=iter+1;

t=1;

while (f (x-t*d)>f (x)-alphax*xt*gval ’*d)
t=betax*t;

end

x=x-t*d;

fprintf ("iter= %2d f(x)=%10.10f\n",iter,f(x))
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gval=g(x);

hval=h(x) ;

d

=hvallgval;

end

if (iter==10000)

fprintf ("did not converge\n")

end

Octave code for Newton-gradient method with backtracking line search

function x=hybridnewton(f,g,h,x0,alpha,beta,epsilon)

h

Hybrid Newton’s method

INPUT

i ocoocoooao objective function

2 coooooooo gradient of the objective function

i 500000000 hessian of the objective function

0 oooo0o0000o0 initial point

alpha ..... tolerance parameter for the stepsize selection strategy
beta ...... the proportion in which the stepsize is multiplied
at each backtracking step (O<beta<1)

epsilon ... tolerance parameter for stopping rule

0UTPUT

b S optimal solution (up to a tolerance)

of min f(x)
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% fun_val ... optimal function value
x=x0;

gval=g(x);

hval=h(x) ;

[L,pl=chol (hval,"lower");

if (p==0)

d=L’\(L\gval);

else

d=gval;

end

iter=0;

while ((norm(gval)>epsilon)&&(iter<10000))
iter=iter+1;

t=1;

while (f (x-t*d)>f (x)-alphaxt*xgval ’>*d)
t=betax*t;

end

x=x-t*d;

fprintf ("iter= %2d f(x)=%10.10f\n",iter,f(x))

7 gval=g(x);

hval=h(x);
[L,pl=chol(hval,"lower");
if (p==0)

d=L’\(L\gval);

else

d=gval;
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14 end

15 end

16 if (iter==10000)

7 fprintf ("did not converge\n")

15 end

Example 3.29. We test these methods with the optimization problems given in Examples

3.23 and 3.24.

Convergence analysis
Theorem 3.30. ([1]) Assume that
e there exists m > 0 for which V?f(z) = mI for any x € R",
e there exists L > 0 for which ||V2f(x) — V2f(y)|| < L||lz — yl|| for any x,y € R™.

Let {x1} be the sequence generated by Newton’s method, and let =* be the unique minimizer

of f. Then for any k, we have
L
2o = 2%l < = ok — 2°|

In addition, if ||xo — z*|| < 2, then

L
fop— 2 < 27 (1)
T — T —_— — .
k =7 \2
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5 Quasi-Newton methods

Quasi-Newton methods are based on Newton’s method but it requires only the gradient of
the objective function at each iterate. It does not require to compute the Hessian matrix.
Instead, the Hessian matrix is approximated using updates specified by gradient evaluations.

The first quasi-Newton method was developed by a physicist, Davidon in 1959. After
that, in 1963, Fletcher and Powell proved that this algorithm is much faster and more reliable
than the other existing methods. Nowadays, the most popular Quasi-Newton method is the
BFGS method that is suggested independently by Broyden, Fletcher, Goldfarb, and Shanno,
in 1970.

In the BFGS method, at the iteration k, the direction dj, is choosen as a solution of
Bkdk == —Vf(xk),

where By is an approximation of the Hessian matrix which is update iteratively at each step.
The next iterate is

Thy1 = Tk + tkdk,

where the step length ¢ is chosen by a line search procedure.

By 1 is choosen such that
Bi1(p1 — ) = Vf(2pg1) — Vf(2p).
Set sp = Tpr1 — xk and yp = Vf(xpe1) — Vf(zr). We obtain

Biy15r = Y.
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We also want that By is symmetric and positive definite. Let us denote by Hy.; the inverse
of Biy1. In the BFGS method, at the iterate k, Hy . is choosen such that it is symmetric

and positive definite, closet to the current Hj and

Hiyr = si.

In the other word, to find Hy,,, we solve the following optimization problem

min ||H — Hg|
s.t. Hyk = Sk,
H=HT, H>Do.

The unique solution of the above problem is

Hir = (I — pisiyp ) He(I = pryesy) + pusksy (3.11)

1
where pp = —7—.
Pk ykTSk
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Algorithm 4: BFGS method

Given € > 0.

Initial: Given starting point g, inverse Hessian approximation H.

Step k:

e Compute

Pick a stepsize t; by a line search procedure.

Compute

Tha1 = Tk + tkdk.

Set sy = w41 — oy and yp = V f(xp11) — Vf(x) and compute

Hy1 = (I — prsiyp ) Hi(I — prywsy ) + prsesy -

If Vf(zgs1) <€, then STOP.
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Exercises

1. Compute the gradient V f(z) and Hessian V2f(x) of the Rosenbrock function

f(z) =100(zy — 23)* + (1 — 7).

Show that (1,1)7 is the only local minimizer of this function, and that the Hessian

matrix at that point is positive definite.

2. Find the global minimum and maximum points of the function f(z,y) = z*+y*+2z—3y

over the unit ball B[0,1] = {(z,y) : 2* + y* < 1}.

3. Let a € R™ be a nonzero vector. Show that the maximum of a’z over BJ0,1] is

attained at 2* = 27 and that the maximal value is llal|.

4. Find the global minimum and maximum points of the function f(x,y) = 2z — 3y over

the set S = {(z,y) : 222 + 5y* < 1}.

5. For each of the following functions, find all the stationary points and classify them
according to whether they are saddle points, strict/nonstrict local/global minimum/-

maximum points:
[ f(Il,ZEQ) = (41’% - .%'2)2.
o f(z1,m9,73) = 2] — 223 + 23 + 2wow3 + 222
o f(x1,12) = 2a3 — 623 + 3xizs.

o f(x1,29) = x] + 223wy + 23 — 42? — 811 — 8o,
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6. Let f be twice continuously differentiable function over R™. Suppose that V2 f(x) = 0
for any x. Prove that a stationary point of f is necessarily a strict global minimum

point.

7. Prove that all isolated local minimizers are strict.

8. Generates points by the following Octave code

x=0:0.02:1;

2 y=x.72-2%x+1+0.05*xrandom ("normal", -1,1, [size(x)]);
3 plot(x,y, "*")
14
12
1+
x5 ¥
0.8 |-
* *
0.6 * **
* .
0.4 ¥ **
**
*
* **
02 * *
* * %
* * *
*
0 * * % wx Fxoy o
* * * k¥
*
-0.2 L
0 0.2 0.4 0.6 0.8 1

Find the quadratic function y = az? + bx + ¢ that best fits the points in the least
squares sense. Indicate what are the parameters a, b , ¢ found by the least squares

solution, and plot the points along with the derived quadratic function.

9. Write a function circle_fit whose input is an n X m matrix A; the columns of A are

78



10.

11.

the m vectors in R™ to which a circle should be fitted. The call to the function will be

of the form [z,r] = circle_fit(A). The output (x,r) is the optimal solution of

m

i — a;]|? = r?)2. 12
in > e P =) (3.12)

Use the code in order to find the best circle fit in this sense of the 5 points

Consider the quadratic minimization problem
min{z’ Az : z € R%},
where A is the 5 x 5 Hilbert matrix defined by

1
Qjj =~ -
Run the following methods and compare the number of iterations required by each of

the methods when the initial vector is zy = (1,2, 3,4,5)? to obtain a solution x with

Vf(z) <107
e gradient methodwith backtracking stepsize rule and parameters a = 0.5, 8 = 0.5,
s=1;
e gradient methodwith backtracking stepsize rule and parameters a = 0.1, § = 0.5,
s =1;
e gradient method with exact line search.
Use the gradient method and Newton’s method to minimize the Rosenbrock function

with the initial point oy = (1.5, 1.5).
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Constrained Optimization

In this chapter, we consider the constrained optimization problem

where C' C R" and f : R" — R.
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1 Convex Optimization problem

In this section, we assume that the constrained set C'is convex and the objective function f
is convex on C'.

Linear programming

A linear programming problem is an optimization problem consisting of minimizing a

linear objective function subject to linear equalities and inequalities:

min cl'r

sit. Ax <b

Clearly, a linear programming problem is a convex optimization problem.
Convex Quadratic Problems
Convex quadratic problems are problems consisting of minimizing a convex quadratic
function subject to affine constraints:
min z7Qx + 207 x
s.t. Ax <b.

Theorem 4.1. Let f : C' — R be a convex function defined on the convex set C' . Let x* € C

be a local minimum of f on C . Then x* is a global minimum of f on C .

Theorem 4.2. The solution set X* of the problem (4.1) is convex. If, in addition, f is

strictly convex on C, then (4.1) has at most one solution.

Theorem 4.3. Let f be a continuously differentiable function over a closed convex set C,

and let x* be a local minimum of (4.1). Then

Vi) (z—2*)>0 VreCl. (4.2)
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More over, if f is conver on C then z* € C is a global minimum of (4.1) if and only if it

statisfies condition (4.2).

2 The Gradient Projection Method

Assume that the constrained set C' is closed and convex. In Theorem 4.3, we prove that if

x* is a local minimum of (4.1) then it satisfies condition (4.2), that is
Vi) (z—2*)>0 Vel
Let A be a positive number. By Theorem 2.21, the above inequality equivalents with
x* = Po(x® — AV f(z")). (4.3)

The gradient projection method is built based on this condition.

Algorithm 5: The Gradient Projection Method
Let € be a positive number.

Initialization: Take zy € C arbitrarily.

Step k: For any k =0,1,...

e Pick a stepsize t; by a line search procedure.

e Compute

Le+1 = Pc(l’k - thf<J/’k))

o If ||[zx — x41|| < € then STOP.
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Implementation

Example 4.4. ([1]) Consider the following optimization problem

min 2T Ax + 2b7x
such that b <z < ub.

Octave code for the projection gradient method with constant stepsize:

function [z, fun_val]=progradientconstant (f,g,lb,ub,z0,t,epsilon)
% Gradient method with constant stepsize

A

% INPUT

e e

A f . objective function

A g e gradient of the objective function
4 lb o lower bound

Zoub oL upper bound

A oxO. ... initial point

At ... constant stepsize

/% epsilon ... tolerance parameter

%4 OUTPUT

e e e e e

B B cooocoocooc optimal solution (up to a tolerance)
% of min f(z)

% fun_val ... optimal function wvalue

z=z0;

grad=g (z) ;

iter=0;er=1;
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while (norm(er)>epsilon)
tter=iter+1;
y=r-t*grad;
for i=1:length (y)
if y(i)<ib (i)
y(i)=1b(%);
end
if y(i)>ub (i)
y(i)=udb(3);
end

end

fun_val=f(z);

grad=g (z);

fprintf("iter_number = J3d norm(zk+l-zk) = J2.6f fun_val = J2.6f \n",...

iter,norm(er), fun_val) ;

end

Octave code for the projection gradient method with backtracking linesearch:

function [z, fun_vall=progradientbacktracking (f,g,lb,ub,z0,s,alpha,...
beta, epsilon)

/% Gradient method with backtracking stepsize rule

/% INPUT
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30

Ji cocoooaoc objective function

@ ococooocoooc gradient of the objective function

b coccoococ lower bound

WO oo0o0o0o0oo0c upper bound

0o 00000000 initial point

5 50000000 C tnitial choice of stepstize

alpha ..... tolerance parameter for the stepsize selection
PBE® cooooa the constant in which the stepsize 7s multiplied
at each backtracking step (0O<beta<1)

epsilon ... tolerance parameter for stopping rule

OUTPUT

B ocoocoooooc optimal solution (up to a tolerance)
of min f(z)

fun_val ... optimal function value

z=z0;

f
9
i

w

un_val=f(z);
rad=g(z);

ter=0;er=1;
hile (norm(er)>epsilon)

iter=iter+1;

t=s;

while (fun_val-f(z-t*grad)<alpha*t*norm(grad) "2)

t=betax*t;
end

y=z—-t*grad;
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for i=1:length (y)
if y(i)<lb (i)
y(2)=1b(3);
end
if y(i)>ub (i)
y(i)=ub (i) ;
end

end

fun_val=f(z);
grad=g (z);
fprintf("iter_number = }3d norm(zk+l-zk)= }2.6f fun_val

iter,norm(er), fun_val) ;

7 end

Let

A= b= (0,0),
0 4

b= (1,1); ub=(55).

For the gradient method with constant stepsize, we take
zo = (5,5),e =107, = 0.1

A=[1;0;0,4];
f=@(z)z’*A*z;

g=0(z)2*A*z;
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L lb=[1;17;
5 ub=[5;5];

6 ¢_0=[5;5];

8 eps=le-3;

o [z, fun_val]=progradientconstant (f,g,lb,ub,xz_0,t,eps);

For the backtracking line search, we take

s=2,a=0.2,0=0.5.

1 A=[1,0;0,4]1;

V]

f=0@(z)z’*A*z;
3 g=0(z)2%A*z;

b=[1;17;

5 ub=[5;5];

6 $_0=[5,'5],'
s eps=le-3;
9 alpha=0.2;

10 beta=0.5;

11 [z, fun_vall=progradientbacktracking (f,g,lb,ub,z_0,t,alpha,beta,eps);

Convergence analysis
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3 KKT Conditions

KKT Conditions for Linearly Constrained Problems

Theorem 4.5. (/1]) Consider the minimization problem

min  f(x)
(P)
s.t. a?xgbi Vi=1,...,m
where f 1s a continuously differentiable function on R™, a; € R",b; € R fori =1,...,m.

Let x* be a feasible point of (P).

a. If x* be a local minimum point of (P), then there exist A1, ..., Ay > 0 such that

and

Ni(aFz*—b)=0, Vi=1.2 ..m. 4.5
7,( 7 ’L) 9 M ) ) ( )

b. In addition, if f is convex, then x* is an optimal solution of (P) if and only if there

exist there exist Ay, ..., \pm > 0 satisfy conditions (4.4) and (4.5).

Theorem 4.6. ([1]) Consider the minimization problem

min  f(z)
(@) st dTz<b;, Vi=1,...,m
c?x:dj Vi=1,...,p.
where f is a continuously differentiable function on R", a;,c; € R", b;,d; € R for i =
1,...,mj=1,...,p. Let x* be a feasible solution of (Q)).
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o [fa” is a local solution then there exist A\i,..., Ay, >0, p1,. .., p, such that

m p
i=1 j=1

and

N(alz* —b) =0, Vi=1,2,..,m. (4.7)

e [n addition, if f is convex then x* is an optimal solution of (Q) if and only if there

exist A\iy ...y Am >0, pi, ..., pp satisfy conditions (4.6) and (4.7).

Example 4.7. ([1]) Consider the problem
min  §(z} 4 23 + z3)
st. x1+ a0+ 23=23.

Since the problem s convex, the KKT conditions are necessary and sufficient. The KKT

conditions are
1t p=x0+pu=x3+pu=0

(L‘1+Z)§'2+I3:3.

We obtained that the unique solution of the KKT system is x1 = x9 = x3 = 1,0 = —1

Hence, the unique optimal solution of the problem is (x1, 2, x3) = (1,1,1).

Example 4.8. ([1]) Consider the problem
min  x? + 222 + 4x 29
st. x4+ a0 =1,

xy, w9 2> 0.

89



The objective function is nonconvex. The KKT conditions are

201+ 4z +pp— A1 =0
drg +4z1+p— A2 =0
AT = Xozo =0
1+ 29 =0

T1,29 > 0

A1, A2 > 0.

Solving this system, we obtain two KKT points (1,0) and (0, 1). Since the objective function
is continuous and the feasible domain is closed and bounded, there exist a solution for our
minimization problem. In addtion, f(1,0) = 1, f(0.1) = 2, therefore (1,0) is the global

solution of the problem.

Example 4.9. ([1]) Given y € R", we want to find its projection onto an affine space given
by {r € R*| Ax =10b}. We assume that A has full row rank. This problem can be formulated

as

min [z — yf?

s.t. Ax =0b.

The objective function is convex and the only constraint is affine, so the KKT conditions are

necessary and sufficient. The KKT conditions are
2 —y) + AT =0,
Ax =b.
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Solving this system, we obtain

=y — AT(AAT) 1 (Ay — b).

The Lagrange function and KKT conditions

Consider the general nonlinear programming problems:

min  f(x)

where f,g1,...,Gm,h1, ..., hy, are continuously differentiable functions.

The associated Lagrangian function takes the form

p
Lixz, A\ 1) = f(a) + ZAzg@ + > nyhy(2)
j=1

Slater’s constraint qualification condition: The function g; are convex for any ¢+ =
1...,m, the function h; are affine for j = 1,...,p and there exists a feasible point =, such

that g;(zs) <Oforalli=1,...,m

Theorem 4.10. ([5]) Let x* be a local minimum of the problem (NLP). Assume that the
Slater’s constraint qualification condition is satisfied. Then there exists multipliers A\; > 0

fori=1,...,m and p; € R for j=1,...,p such that
VaoL(z*, A\, ) —|—Z/\ng +Zﬂjw (4.8)

and
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Remark 4.11. The Slater’s constraint qualification condition can be replaced by other con-
straint qualification conditions such as Robinson’s condition and Mangasarian-Fromovitz con-
straint qualification condition (see [5]. Here, we introduce one of them:

Linear independence constraint qualification (LICQ): Let

1) = {i]  gi(«") = 0}

be the set of active constraints. Suppose that the gradients of the active constraints and the

equality constraints
{Vygi(z") i e I(z")} U{Vh;(z"): 7 =1,2,...,p}
are linearly independent.

Theorem 4.12. Assume that f is convex, continuous at some feasible point and Slater’s
condition 1is satisfied. If x* is a feasible point and there exist multipliers N\; > 0 for i =
L,...,m and pj € R for j = 1,...,p satisfied conditions (4.8) and (4.9), then x* is the

global minimum of (NLP).

Example 4.13. ([1]) Consider the problem

min x; + o
st ri4a3=1.
The objective function is continuous and the feasible domain is closed and bounded, so there
exists at least one solution of this problem. In here, there is no inequality constraint, the
only equality constraint is
hi(x1,2) = 2] + 25 — 1.
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For any feasible point, Vhi(x1,x2) # 0. Therefore, the linear independence constraint qual-

ification is satisfied. The KKT conditions are

L
a— =1 —|—2>\I1 = O,
8x1

L
a— = 1—'—2)\1’2 = O,
(9272

v+ ad=1.

There are two KKT points (\%, %) and (—+ —\/ii) The optimal solution of this problem

B

is (_ ) %)

Sl-

Example 4.14. ([4]) Consider the convex optimization problem

min  4z? + 22 — 11 — 21,
st. 2x14+ 29 <1
r? < 1.
Slater’s condition is satisfied at (0,0). The KKT conditions are

oL
— =8z — 1 + 2\ + 2\ = 0,
8951

oL

— =20 —-2+ X =0
axQ T2 + A1 )

)\1(21}1 + X9 — 1) = O,
Ao(2? — 1) =0,

211 + w9 < 1,
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By solving the KKT condition, we obtain Tthe unique optimal solution of the problem

(1/16,7/8).
Example 4.15. ([4]) Consider the constrained least square problem

min ||Az — b||?
(CLS)
st |lz]]? < a,

where A € R™*™ s assumed to be of full column rank, b € R™, and a > 0.

Slater’s condition is satisfied at 0. The KKT conditions are

V.L =2AT(Ax — b) + 2\ = 0,
AMllz]* = a) =0,
l=[* < o,

A>0.

4 Sequential Quadratic Programming

In this section, we study the sequential quadratic programming (SQP) -one of the most
effective methods for solving nonlinearly constrained optimization problem that generates
steps by solving quadratic subproblems. SQP methods were first proposed in 1963 by Wilson

and then developed by many mathematicians.
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Consider the general nonlinear optimization problem:
min f(x)
st. gi(x) <0 Vi=1,...,m, (4.10)

The SQP method can be viewed as a generalization of Newton’s method for unconstrained
optimization in that it finds a step away from the current point by minimizing a quadratic
model of the problem. The SQP method replaces the objective function by the quadratic
approximation
@e(d) = f(xp) + V f(ze) d + %dTVQx:UL(xk, Ae)d

and replaces the constraint functions by linear approximations. Many software packages
(NPSOL, NLPQL, OPSYC, OPTIMA, MATLAB, and SQP) are based on this approach.
Precisely, at the iterate (x, Ax), we approximate (4.10) by the following quadratic optimiza-

tion problem

st. Vgi(ze)Td+gi(ap) <0 Vi=1,...,m, (4.11)

Vhi(zg)Td+hj(zp) =0 Vji=1,...,p.
Let dj be the solution of (4.11) and A1 be the corresponding Lagrange multiplier of (4.11).

The next iterate is given by

(Tks1, Aet1) = (@ + digy Apg1)-

To produce practical SQP algorithms, we need various ingredients to ensure that sub-
problems are always feasible, .... For more details about practical SQP algorithms, see
[4].

95



5 Penalty Methods

Consider the constrained optimization problem

min f(z), (4.12)

zeC

where C' is a closed set in R” and f: R® — R.

Definition 4.16. Let P : R™ — R. P is called a penalty function of (4.12) if it satisfies the
following property
P(x)=0 VzeC, (4.13)

P(z) >0 Vx¢gC. (4.14)
Problem (4.12) can be reformulated as an unconstrained optimization problem:

min [®y(z) := f(x) + 0P(x)], (4.15)

z€R™

where 6 is a positive number. 6 is called a penalty parameter.

Lemma 4.17. ([5]) If for some 0 > 0, (4.15) has a solution x* which belongs to C, then x*

is also a solution of (4.12).

Theorem 4.18. ([5]) Assume that (4.12) has a solution. Let {0y} be a sequence of positive
numbers such that limy_,o 0 = oo and assume that for any k, (4.15) has a solution xk.

Then every accumulation point of the sequence {xy} is a solution of (4.12).
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Example 4.19. Consider the following optimization problem

min  f(x)

st. gi(z) <0 Vi=1,...,m, (4.16)

The function

\)

1; max(0, g;(x ]2+%Z[hj(x)]2

is a penalty function of (4.16) and called quadratic penalty function.

Algorithm 6: Penalty Method
Let € > 0 and {6} be a sequence of positive numbers such that limy_,., 0 = oo.

Initialization: Take zo € R"™.

Step k: Fork=1,2,...,

e Compute

Ty, € argming . [®g, () := f(x) + 0P ()] .

o If P(x) =0 or ||z — xk—1|| < € then STOP

Example 4.20. Consider the optimization problem in Example 4.13, that is

min 1+ T2

(4.17)

stz 4 a3 =1.

Recall that the solution of this problem is (—— —\%) The quadratic penalty function is

&I

P(xy,79) = (25 + 25 — 1)%
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Figure 4.1: Contour of the corresponding unconstrained function

The corresponding unconstrained function of this problem is

Dy(z) := 21 + 29 + 0(2F + 23 — 1)

We plot the contour of this function correspoding to different values of 0 in Figure 4.1.
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Figure 4.2: Interior point methods

(Source: https://en.wikipedia.org/wiki/Interior-point_method)

6 Interior point methods

Interior-point methods (also known as barrier methods) are a class of algorithms that solve
linear and nonlinear convex optimization problems. The interior methods for linear program-
ming was developed by Kamarkar in 1984. Different from the simplex method, it reaches a
best solution by traversing the interior of the feasible region.

Consider the following nonlinear optimization problem

min f(x)
(4.18)
st gi(x) <0, i=1,...,m,

where f,g; : R — R are twice continuously differentiable. Assume that there exists a point
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xs such that g;(zs) <0 foralli=1,...,m.

By using slack variables, we can transform problem (4.18) to
min f(z)
st. gi(x)+2z=0, i=1,...,m, (4.19)
z>0, 1=1,...,m.
The idea of the interior point methods is to eliminate the inequality constraints z; > 0

by using the logarithmic barrier function as follows

min f(z) — o ;" log(z)
(4.20)

st. gi(x)+2z =0, i=1,...,m,
The logarithmic barrier function — log(z;) prevents z; from becoming to close to the bound-

ary.

Lemma 4.21. ([5]) Assume that the feasible set of problem 4.18 is bounded. Then for every

o >0, problem (4.20) has a solution (x(o), z(0)).
Definition 4.22. The funtion o — x(0) is called the central path.

Theorem 4.23. ([5]) Assume that the feasible set X of problem (4.18) is bounded and the

closure of the set
S={(z,2) e X xRV :g(x) =2,2,>0,i=1,...,m}

is the feasible set of problem (4.19). If o), — 0 when k — oo, then every accumulation point

of the sequence (x(oy), z(ok)) is a solution of problem (4.19).

100



Exercises

1. Consider the optimization problem

min 1z, — 4xr9 + 13
s.t. x4 229 + 223 = —2,
2 4 23+ 22 < 1.

(i) Given a KKT point of problem (P), must it be an optimal solution?

(ii) Find the optimal solution of the problem using the KKT conditions.

2. Consider the optimization problem
min  z] — 223 — 1y
st a2+ x5+ 79 <0.
(i) Is the problem convex?

(ii) Prove that there exists an optimal solution to the problem.

(iii) Find all the KKT points. For each of the points, determine whether it satisfies

the second order necessary conditions.

(iv) Find the optimal solution of the problem.

3. Consider the optimization problem
min 2} — 23 — 232

st at+as+ a5 < 1.

(i) Is the problem convex?
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(ii) Find all the KKT points of the problem.

(iii) Find the optimal solution of the problem.

4. Use the KKT conditions in order to find an optimal solution of the each of the following
problems:
(i)
min 3z} + 23

st. x1—a9+8 <0,

min 3z? + 23
st. 3r?4+ a3+ + a0+ 0.1 <0,
xo + 10 > 0.
(iii)
min 2z + 9
st. dai4a3—-2<0,

dxy + 29+ 3 <0.

min 73 + 73

st a4 <1
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: 4 2
st i+ <1,
2372 + 1 S O

5. (i) Find a formula for the orthogonal projection of a vector y € R? onto the set

C={reR: 23+ 223 + 33 < 1}.

The formula should depend on a single parameter that is a root of a strictly
decreasing one-dimensional function.
(ii) Write a Octave function whose input is a three-dimensional vector and its output

is the orthogonal projection of the input onto C'.

6. Consider the convex optimization problem

min  fo(z)
(P)
st. file) <0,i=1,2,...,m,
where fy is a continuously differentiable convex function and fy, f2,..., f., are con-

tinuously differentiable strictly convex functions. Let z* be a feasible solution of (P).
Suppose that the following condition is satisfied: there exist y; > 0 for i € 0 N I(x*),
which are not all zeros such that

iel(z*)

Prove that z* is an optimal solution of (P).
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7. Consider the optimization problem

min 'z

st. filx) <0, i=1,2,...,m,
where ¢ # 0 and fi, fo,..., fin are continuous over R". Prove that if z* is a local

minimum of the problem, then I(z*) # 0.

8. Consider the QCQP problem

min 27 Agx + 208 ©
(QCQP)
st aTAx+2blz+¢, <0, i=1,2,...,m,
where Ay, A1, ..., A, € R™™ are symmetric matrices, by, b1, ...,b,, € R", and ¢y, co,...,¢p €

R. Suppose that x* satisfies the following condition: there exist A1, Aa, ..., A, > 0 such

that

i=1 i=1
Ao — [(@)TA(z") +2b] 2" +¢] =0, i=1,2,....m,
()T Ay(z*) + 202" +¢; <0, i=1,2,...,m,

Ao + Em: AiA; > 0.
=1

Prove that x* is an optimal solution of (QCQP).
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