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Introduction

This dissertation studies shortest paths and straightest paths along a se-
quence of line segments in Euclidean spaces and connected orthogonal convex
hulls of a finite planar point set. They are meaningful problems in computa-
tional geometry.

Finding shortest paths (joining two given points, from a source point to
many destinations, from a point to a line segment, ...) in a geometric do-
main (such as on surface of a polytope, a terrain, inside a simple polygon,
...) is a classical geometric optimization problem and has many applications
in different areas such as robotics, geographic information systems and nav-
igation (see, for example, Agarwal et al. [2], Sethian [50]). To date, many
algorithms have been proposed to solve: touring polygons problems (see, for
example, Dror et al. [27], Ahadi et al. [3]), the shortest path problem on
polyhedral surfaces (see, for example, Mitchell et al. [40], [37], Chen and
Han [22], Varadarajan and Agarwal [58]), the weighted region problem (see,
for example, Aleksandrov et al. [§]), the shortest descending path problem
(see, for example, Ahmed et al. [4], [5], Cheng and Jin [24]), and the shortest
gentle descending path problem (see, for example, Ahmed et al. [6], Bose
et al. [19], Mitchell et al. [3§], [39]). However, the problem of finding the
shortest path joining two points in three dimensions in the presence of gen-
eral polyhedral obstacles is known to be computationally difficult (see, for
example, Bajaj [16], Canny and Reif [21]).

Canny and Reif [21] studied the lower bounds of some robot motion plan-
ning problems and a specific problem is the shortest path problem. The
problem is to find the shortest path between two points pass through some
polyhedral obstacles, such that this path doesn’t go through inside an ob-
stacle (this is also called single-source single-destination problem). They
showed that the number of shortest paths might grow exponentially, and the
single-source single-destination problem is NP-hard. However, in some spe-
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cific cases, the shortest path problem can be solved in polynomial time (see,
for example, Sharir and Shorr [52], Mitchell et al., [40], Chen and Han [22]).
In some shortest path problems, exact and approximate solutions are com-
puted based on solving a subproblem of finding the shortest path joining
two given points along a sequence of adjacent triangles (the adjacent trian-
gles on a polyhedral surface). Several algorithms need to concatenate of a
shortest path from a sequence of adjacent triangles with a line segment on
a new adjacent triangle (see, for example, Chen and Han [22], Cook [26],
Balasubramanian et al. [17], Cheng and Jin [23], Pham-Trong et al. [47], Xin
and Wang [59], Tran et al. [55]). Not many properties of shortest paths on
polyhedral surfaces have been shown (see, for example, Sharir and Shorr [52],
Mitchell et al., [40], Bajaj [16], Canney and Reif [21]). They usually suppose
paths as polylines. The properties of shortest paths along sequences of ad-
jacent triangles are even less than that (see Mitchell et al. [40]). But the
question is even more basic “Does the shortest path joining two points along
a sequence of adjacent triangles exist uniquely?”. The uniqueness of such
a path is assumed even in geodesical spaces and generalized segment spaces
(see Hai and An [31]). Thus, this question is important not only in compu-
tational respect but also in theoretical respect. In this dissertation, we will
consider the existence and uniqueness of such shortest paths. We show how
a shortest path bends at an edge, and moreover how two shortest paths can
“olue” together to form one shortest path.

In the dissertation, we consider the problem of finding the shortest path
between two points along a sequence of adjacent triangles in a general setting.
The sequence of triangles is replaced by a sequence of ordered line segments.
The 3D space is replaced by a Euclidean space. Let a,b be two points in
Euclidean space E and ey, e,, ..., €;, be line segments in E, finding the shortest
path joining a and b with respect to ey, e, ..., €, in that order, our considered
problem can be stated as follows

k

min )Z sz — xi—i—l”

(T0,@1 5 They 1 i—0
subject tox; € e;,fori =1,2,...,k
Ty = Qa,

xk+1 — b

X



The shortest path problems can be seen in many various ways. In the
view of geometry, we have the description of the shortest path joining two
points and going through a sequence of adjacent triangles. In the view of
optimization, we have the formula of the above problem. A different point
of view gives a new idea to solve these problems. For example, let consider
a classical problem in computational geometry: the convex hull problem.
The convex hull problem states as follows: given a finite planar point set,
find the convex hull of the set. The boundary of the convex hull of a finite
planar point set can be seen as the shortest path around the given set (see Li
and Klette [36]). Then, the shortest path joining two points inside a simple
polygon P can be constructed by the union of some parts of boundaries of
the convex hull of some vertexes of P (see An and Hoai [14]). Vice versa,
the shortest path can be used to find a part of the boundary of the convex
hull of a polyline (see An [10]). The shortest path problems in different
contexts have different uses and meanings. In computer graphics and image
processing, the convex sets on a computer screen are orthogonal convex (see,
for example, Hearn, Baker and Carithers [32]). The shortest path around
one digital shape now is the connected orthogonal convex hull of the shape.
We again can understand the connected orthogonal convex hull problem is
the shortest path problem in a computer screen. This is how we come with
the shortest path problem in Chapter 3: finding the connected orthogonal
convex hull of a finite planar point set.

The computation of the convex hull of a finite planar point set has been
studied extensively. It is natural to relate convex hulls to orthogonal convex
hulls. Orthogonal convexity is also known as rectilinear, or (x,y)-convexity.
It has found applications in several research fields, including illumination (see,
for example, Abello et al. [1]), polyhedron reconstruction (see, for example,
Biedl and Genc [1§]), geometric search (see, for example, Son et al. [53]),
and VLSI circuit layout design (see, for example, Uchoa et al. [56]), digital
images processing (see, for example, Seo et al. [49]). For example, in images
processing and pattern recognition, we have an image and want to find out
which class of shapes will it belong. They usually find the contour (the
bounded polygon) of the shape in the image. Then the orthogonal convex
hull of the polygons is computed. From some characteristics of the orthogonal
convex hull, they put the given shape in some given classes of shapes.

The notation of orthogonal convexity has been widely studied since early
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eighties (see Unger [57]) and some of its optimization properties are given
in (see Gonzdlez-Aguilar et al. [28]). However, unlike the convex hulls, find-
ing the orthogonal convex hull of a finite planar point set is fraught with
difficulties. An orthogonal convex hull of a finite planar point set may be
disconnected. Unfortunately the connected orthogonal convex hulls of a fi-
nite planar point set might be not unique, even countless. There exist several
algorithms to find the connected orthogonal convex hulls of a finite planar
point set [34], [41], [42], and [45]. In previous works, the definition of an
orthogonal convex set was used to find a connected orthogonal convex hull of
a finite planar point set, and no numerical result has been shown. The sec-
ond question is “What is the explicit form of a connected orthogonal convex
hull?”. To answer this question, firstly, we consider some assumption when
the connected orthogonal convex hull of a finite planar point set is unique.
Secondly, we introduce the concept of extreme points of the smallest con-
nected orthogonal convex hull of a finite planar point set, and show that this
hull of a finite planar point set is totally determined by its extreme points
and these points belong to the given finite planar point set. There arises
the third question “How to detect these extreme points from the given finite
planar point set?”

Let us consider Graham’s convex hull algorithm (see, Graham [29]) that
depends on an initial ordering of the given finite planar point set. The initial
point with the other points in this order actually forms a star-convex set.
Based on this shape, Graham constructed Graham’s convex hull algorithm.
Some advantages of Graham’s convex hull algorithm can be found in Allison
and Noga [9]. In case of connected orthogonal convex hulls, if we have a
reasonably ordered points, we then can scan these ordered points to detect the
connected orthogonal convex hull from these points. As a result, an efficient
algorithm to find the connected orthogonal convex hull of a finite planar point
set which is based on the idea of Graham’s convex hull algorithm [29] will be
presented in the dissertation. As can been seen later in the dissertation, our
new algorithm takes only O(nlogn) time, where n is the number of given
points (Theorem [3.1]).

The dissertation consists of three chapters about constrained optimization
problems: Chapter 1 and Chapter 2 discuss the shortest paths joining two
points in a region (a polygon or the surface of a polytope) in Euclidean spaces,
and Chapter 3 studies the connected orthogonal convex hull of a finite planar
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point set.

In Chapters 1 and 2, the problem of shortest paths joining two points with
respect to a sequence of line segments is examined. We present some ana-
lytical and geometric properties of shortest paths joining two given points
with respect to a sequence of line segments in a Euclidean space, especially
their existence, uniqueness, characteristics, and conditions for concatenation
of two shortest paths to be a shortest path are presented. We then focus on
straightest paths lying on a sequence of adjacent polygons in 2 or 3 dimen-
sional spaces.

In Chapter 3, the problem of finding the connected orthogonal convex hull
of a finite planar point set is considered. We present the concept of extreme
points of a connected orthogonal convex hull of the set, and show that these
points belong to the set. Then we prove that the connected orthogonal con-
vex hull of a finite set of points is an orthogonal (z,y)-polygon where its
convex vertexes are extreme points of its connected orthogonal convex hull.
An efficient algorithm, which is based on the idea of Graham’s convex hull
algorithm, for finding the connected orthogonal convex hull of a finite planar
point set is presented. We also show that the lower bound of computational
complexity of such algorithms is O(nlogn), where n is the number of given
points. Some numerical results for finding the connected orthogonal convex
hulls of random sets are given.

The dissertation is written on the basis of 2 papers in the List of Author’s
Related Papers on page 72: Paper [1] published in Applied Mathematics and
Computation , and paper [2] published in Journal of Conver Analysis.

The results of the dissertation have been presented at

- The weekly seminar of the Department of Numerical Analysis and Scien-
tific Computing, Institute of Mathematics, Vietnam Academy of Science
and Technology;

- The 14th Workshop on “Optimization and Scientific Computing” (April
21-23, 2016, Ba Vi, Hanoi);

- The 18th Workshop on “Optimization and Scientific Computing” (Au-
gust 20-22, 2020, Hoa Lac, Hanoi);
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- The annual PhD Students Conferences, Institute of Mathematics, Viet-
nam Academy of Science and Technology (2016-2020, Hanoi).
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Chapter 0

Preliminaries

This dissertation deals with shortest paths (joining two given points, from
a source point to many destinations, from a point to a line segment, ...) in a
geometric domain (such as on surface of a polytope, inside a simple polygon,
a terrain, ...) in Euclidean spaces. In this chapter, we represent some prelimi-
naries which are based on the books of O’Rourke [43] and Papadopoulos [46].

0.1 Paths

Given a metric space (X, p). A path in X is a continuous mapping ~y from
an interval [to,t;] C R to X. We say that ~ joins the point y(t,) with the
point y(t,). The length of 7 : [ty,t;] — X is the quantity

I(y) = sup Z P(V(Ti—l)a V(Ti)),

where the supremum is taken over the set of partitions o : tm = 70 < 71 <
coe <y =ty of [to, t].

The length of a path is additive, i.e., for any path ~ : [tg,t;] — X and
t. € [to, t1],

I(y) = l(Vl[to,t*}) + l('Vl[t*,tl])a

where 7, - and 7|, are restrictions of v on [to, t.] and [t., 1], respectively
(see [46], pp. 11-24).

For instance, let (X, || - ||) be a normed space. A mapping 7 : [to,t;] = X
is said to be an affine path if for any \ € [0, 1],

Y((1 = Nto + Mty) = (1 = AN)y(to) + Ay(t).
1



For z,y € X, t5,t; € R, ty < ty, a path v : [tg, ;] — X joining z with y is
affine iff

Y(t) = (t = to) ' [(tr = ) + (t — to)y].

In this case, v has length ||z — y|| and the image v([to, t1]) is the line segment
[z, y] ={(1 =Nz +Ay:0< A <1}

We assume that all paths in the dissertation have finite length.

Let to,t; and t, be real numbers satisfying to < t; < t,. If vy : [to, t1] = X
and vy : [t;,ty] — X are two paths satisfying v,(t1) = 7»(t;), then we can
define the path v : [to, 2] — X by setting

V() =n(t) ifto <t <t

The path ~ is called the concatenation of v, and ~,, denoted by ~; * 7., and
we have I(y) = I(71) + 1(72).

Let v : [to,t1] — X and n : [1, 7] — X be two paths in X. We say
that v is obtained from n by a change of parameter if there exists a function
Y : [to,t1] — [70,71] that is monotonic (non-decreasing function), surjective
and that satisfies v = o1 (v is the composite function of 1 and ).

The function v is called the change of parameter. 1t is proved that the
equality [(v) = [(n) always holds.

We say that ~ : [to, t1] — X is parametrized by arclength if for all 7 and 7’/
satisfying to, < 7 < 7/ < t;, we have l(fy“m,}) =7 -7

If v : [to, t,] — X is any path, then there always exists a path A : [0,1(y)] —
X such that A is parametrized by arclength and + is obtained from A\ by the
change of the parameter ¢ : [ty,t;] — [0,1(7y)] defined by ¥ (1) = l(yhtw]).
Most of definitions and results above can be found in [46], pp. 11-24.

In the dissertation, we do not consider a general metric space but examine
in Euclidean spaces. We denote by (E, || - ||) a non-trivial Euclidean space
and the induced distance is p(z,y) = || — y||. For z,y € E, denote

Jo,y] =lz, y] \ {=},
[z, y[=[x,y] \ {y},and
]a:,y[:[x,y]\{x,y}.

2



Note that when z = v,

[z, y] ={z},
[z, y[=]z,y] =]z, y[= 0.

If x # y, each point z €|z, y| is called a (relative) interior point of |x,y].
By abuse of notation, sometimes we also call the image v([to,;]) the path
v : [to, t1] — E. For practical purposes, E is usually chosen to be the finite
dimensional space R? with d = 2 or d = 3.

In the problem of finding shortest paths on a polyhedral surface, a key
geometric concept is the notion of planar unfolding around a sequence of
adjacent convex polygons & = (f1, fa, ..., fes1) (see [40], p. 649). Let S =
(fi, fo, -, fur1) be a sequence of (mot mecessary distinct) adjacent convex
polygons in R? or R3, then e, := f; N fiiqis an edge for1 < ¢ < k. We unfold
the sequence S as follow: Rotate f; around e; until its plane coincides with
that of f,, rotate f; and f, around e, until their plane coincides with that of
f3, continue this way until all faces fi, fs, ..., fi lie on the plane of f, ;.

0.2 Graham’s Convex Hull Algorithm

First, we recall some useful definitions in computational geometry.

A simple polygon (see [35], p. 164) is an n-sided figure consisting of n
segments

P1DP2, P2P3; P3P4y - -+ s Pn—1Pns PnP1,

which intersect only at their endpoints and enclose a single region.

P4

P11

Figure 0.1: Illustration of a simple polygon pips ... p12



The perimeter of a (simple) polygon (see [35], p. 169) is defined to be the
sum of the lengths of its sides.

A set K C R%is convez (see [30], p. 8) if and only if for each pair of distinct
points a, b € K the closed segment with endpoints a and b is contained in K.
The conver hull of a set K is the smallest convex set that contains K.

convex nonconvex

Figure 0.2: Illustration of a convex set, its extreme points (white spots), and

a nonconvex set

Let K be a convex subset of RY. A point x € K is an extreme point
(see [30], p. 17) of K provided y,z € K,0 < A < 1,and x = Ay + (1 — \)z
imply x = y = z. The set of all extreme points of K is denoted by ext K.

A compact convex set K C R? is a convex polytope provided extK is a
finite set.

A finite union of convex polytopes such that its space is connected is called
a polytope (see [12], p.18). For a polytope (or polyhedral set) K, it is cus-
tomary to call the points of ext K vertezes.

Graham’s convex hull algorithm is a sequential algorithm for finding the
convex hull of a planar finite point set. This algorithm was presented in 1972
by R. Graham [29] in Bell Laboratories. It is easy to understand and to
program on computer but not able to apply to finding convex hulls of finite
point set in 3D. Here, we represent this algorithm which is based on [43].

Finding the convex hull of a finite point set in the plane is a fundamental
problem in Computational Geometry. It can be used as an illustrated exam-
ple for understanding the issues that arises in solving geometric problem by
computer.

The convex hull problem in Computational Geometry is stated as follows:

4



D6

P13

b7

D12 P11

Figure 0.3: A polytope (in Computational Geometry) and its vertexes

{p17p27 s 7p13}

given a finite point set P in the plane, find the convex hull of P. This
problem can be seen as an optimization problem: given a finite point set P
in the plane, find the shortest path around all points of P.

How to compute the convex hull? Or what does it mean to compute the
convex hull? As we know, the convex hull of a finite point set in the plane is
a convex polygon. A convex polygon can be represented by an ordered list
of its vertexes, starting at arbitrary one. So the convex hull problem can be
restated as follows: given a finite point set P = {py, ps,...,p,} in the plane,
compute an ordered list of vertexes of the convex hull conv(P) of P, listed in
counterclockwise order.

Figure 0.4: The convex hull of {p1, ps, . . ., p10} is the convex polygon papspeprps-



The idea of Graham’s convex hull algorithm is simple. First we sort all
points of P in counterclockwise order by its angle from an arbitrary point
of P. As we can see, on the boundary of the convex hull of P (the convex
polygon) if we traverse through each vertexes (in counterclockwise order), we
always turn left. Therefore, we scan the ordered list of points of P such that,
each time turn right, we delete the processing point. The remaining points
are the set of all extreme points of conv(P). We illustrate the above idea in
the following pseudocode, which is based on [43], p. 74.

Algorithm 1 GRAHAM’S CONVEX HULL ALGORITHM

1. Input. A set of finite points P in the plane.

2 Output. List of extreme points of conv(P) in order.

3. Let py be the point in P with the minimum y-coordinate, or the leftmost
such point in case of a tie.

2. Let < p1,po,...,pm > be the remaining points in P, sorted by polar angle
in counterclockwise order around pg (if more than one point has the same
angle, remove all but the one that is farthest from py).

5. Stack S = ()

. PUSH(py, S)

7. PUSH(py, 5)

s PUSH(po, S)

9. for 1 < 3 tom

10: while the angle formed by points NEXT-TO-TOP(S), TopP(S), and
p; makes nonleft turn

11 Pop(S)

12: end while

13: PusH(p;, S)

1u: end for

15 return S

In Algorithm [I], we use “stack” to store the points in processing. In com-
puter science, a stack is an abstract data type that is used as a set of elements,

6



with two main principal operations:

e push, which adds an element to the set, and

e pop, which removes the most recently added element that was not yet
removed.

Push and pop in stack can be understood as “last in, first out” (see Figure

03).

last in first out
oy | — H =

\

Figure 0.5: Illustration of a stack

We illustrate an example of Graham’s convex hull algorithm here. List of
given points is: P = {(32,28), (34, 8), (26, 5), (15,9), (34, 20), (13,13), (30, 12),
(29,24),(19,14), (20,27)}. The first point of stack p, is picked by the leftmost
lowest point of P. The ordered list of vertexes of conv(P) is: {(26,5), (34, 8),
(34, 20), (32,28), (20, 27), (13,13), (15,9)}. The convex hull of P is the convex
polygon abcedefg in Figure [0.6]

Theorem 0.1 (See [29], p. 132). The convex hull of n points in the plane
can be found by Graham’s convez hull algorithm in O(nlogn) for sorting and
no more than 2n iterations for the scan.
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Chapter 1

Shortest Paths with respect to a
Sequence of Line Segments in

Euclidean Spaces

In this chapter, we consider the following problem

1=k

min )Z |xi — x|

($07$17'~'7Ik+1

i=0
such thatx; € e;,Vi=1,2,... .k
Ty = a,
T = b
where a,b be two points in Euclidean space E and e, e,, ..., e, be line seg-

ments in [E.

The present chapter is written on the basis of the paper [2] in the List of
Author’s Related Papers on page 72 of this dissertation.

1.1 Shortest Paths with respect to a Sequence of Or-

dered Line Segments

Definition 1.1. Let a, b be points in E and let e;,...,e. be a sequence of
line segments (these line segments are not necessarily distinct and some of
them may be singletons). A continuous map = : [tg, t;] — E that joins a with

9



b is called a path with respect to the sequence e, ..., e, if there is a sequence
of numbers ¢ty < t; < --- <t <t such that y(¢;) € e; for i = 1,...,k (see
Figure [1.1]). The path v is called a shortest path if its length does not exceed
the length of any path.

Figure 1.1: A path that joins a with b with respect to ey, e, 3, e4 and es.

If v : [to, t1] — E joins a with b and is a path with respect to the sequence

points (t;) of v and e;, to < t; < --- <, < t;, wesay v is a P(a,b) (e, e
corresponding to y(t;) € e;, 1 < i < k. If, in addition, v is a shortest path,
then we say that it is an SP(a,b)(,. . ). In a concrete case, we only say
shortest paths without specifying the starting and ending points, as well as

the set of line segments.

We assume for convenience that e; # e;,; forall: =1,...,k — 1. We also
use the notation SP(a, b)y to denote any path that joins a with b, one-to-one,
and has length ||a—b|| and image [a, b]. Usually SP(a,b)y is assumed to be an
affine path joining a with 6. The aim of this section is to prove that shortest
path joining two given points and with respect to a given sequence of line
segments exists and in some sense is unique.

We start with an intuitive property of paths.
Lemma 1.1. Let ty < t; and let v : [ty, 1] = E be any path.

(a) 1(7) = l[v(to) =~ (8] and equality holds only if y([to, t1]) = [y(to), v(£1)]-
10



(b) If v is parametrized by arclength and () = ||[v(to) — v(t1)|| > 0, then v
s affine, that s,

t, —t t—t,
(t) = v(to) +

t, — 1o t1 — to
Proof. Set a = 7(ty) and b = y(¢).

v(t1), tE€ [ty t1].

(a) Choosing the partition {tq,t,} of [to, t,] gives

() = llv(to) = v(E)] = lla —of].

Suppose that I(y) = ||a — b||. If there were x = ~(7) € y([to, t1]) such that
x ¢ [a,b], then we would have

[(y) = lIv(to) =)l + lIv(7) =)l = lla = ll + [l = bf > lla = b,

a contradiction. Thus v([to,t1]) C [a,b]. Moreover, since ([to,1]) is con-
nected, a = y(ty) and b = 7(t,), it follows that v([to, t1]) = [a, ]

(b) First observe that t; —t, = I(y) = |ja—b|| > 0 and by (a) v([to, t1]) = [a, b].
Fix t, <t < t; and suppose
t=(1—=MNto+ Myand~(t) = (1 — p)a + pb, A, € [0,1].

Since v is parametrized by arclength

(Vi) =t =10 = I7(t) — alland Iy, ) =tr =t = [Ib =y ()]
Adding these inequalities gives
ty —to = [[7(t) —all + [|b =@ = [|b— all = 1 — to.
Hence t — ty = ||y(t) — al|, that is A\(t; — ty) = p||b — al| = p(t; — o), whence

If v([to, t1]) is a path which joins a = v(¢,) with b = v(t;), and ¢ € E, for
abbreviation, we denote by v [b, ¢] the concatenation of 7y and any one-to-one
shortest path £ : [t1,ty] — E joining b and c¢. (If b = ¢, v * [b,c] = v.) The
notation [c, a] % v is defined similarly. Clearly

(v *[b.c]) =1(7) +[le =0
and
[([e;a] xv) =1(y) + |lc — al|.

Likewise, if 71 ([to, 1]), 72 ([t},t2]) are paths which join @ with b and ¢ with
d, respectively, and ¢t; < t}, then v, % [b, ] * 7, denotes the concatenation

11



1 % € % 7y, where ¢ is defined on [ty,t]], one-to-one, and is a shortest path
joining b with c. In these notations, £ is usually chosen to be affine.

In studying properties of shortest paths joining two points with respect to
a sequence of line segments, the following simple result is essential for others.

.....

t(),fk+1 = tl, and ’Y(fz) € e, 1= 1, .. .,k.

(a) If ti < a < B < 1y, then I(ya) = (@) = v(B)]| and y([e, 5]) =
(), v(B)]. If, in addition, v is parametrized by arclength, then = is

affine on |a, f5].
(b) v([to, t1]) = Uio[v(:), v(tie1)]. Thus v([to, t1]) is a polyline.
Proof. Let 2 :=vy(a), y :=v(8). I I(Vag) > ||z — yl|, then the path

1= Vito.a) * [, Y] * Vi)
would be a P(a,b),, ) and

..... k

L) =1 (Mo)) + 12— yll + L(vis.y) < 1(7),

a contradiction. Thus (vj.,5) = [lz—y|| and hence, by Lemmall.1} v([a, 5]) =
[z, y]. In particular v([t;, t1]) = [Y(&), v(tis1)] for 0 < i < k. Therefore

([t t1]) = Uiy ([t tia]) = Uio Iy (), (i),
which is a polyline. Finally, if ~ is parametrized by arclength, Lemma [1.1
says that ~ is affine on [«, f]. O

Remark 1.1. Let fi,..., fi;1 be a sequence of convex polygons (these poly-
gons are not necessarily distinct and f; and f;,; may be identical), e; a
common edge of f; and f;,; and a € fi, b € fi1 (kK > 1). If v([to, t1]) is

an SP(a,b),.. e, then by Proposition [1.1, v([to, t1]) = Ut [v(), v(tis1)] C
UKL fi, i.e., this shortest path lies on the polygons. Conversely, if 7y : [to, 1] —
Ui‘g:llfi is a P(avb)(el ,,,,, ek

P(a,b),, ., that lie totally on the polygons f;, then vy([to,?]) is an

y and has the minimum length in the family of all

Thus determining a shortest path on the sequence of convex polygons
fis-, frrr in R? (or in R?) is equivalent to determining an SP(a,b)(, . ep)-
This is a reason why we investigate shortest paths with respect to a sequence
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of line segments. The approach allows us to study paths even in cases where
the unfolded images of a sequence of adjacent convex polygons on a plane
overlap.

The following lemma says that restriction of a shortest path with respect
to a sequence of line segments on each subinterval of its domain is again a
shortest path with respect to a sequence of line segments. It can be seen as a
“local property” of shortest paths with respect to a sequence of line segments.

Lemma 1.2. Let ([to,t1]) be an SP(a,b)(,. o and to =1 tp <t < -+ <
th <tpy :=t, y(t;) €e; fori=1,.... k. Ifl<m<n<kandt,  <a<
tn <1, < B <tpi1, then Vg is an SP( (@), 7(8))

Myees€n) *

Proof. Let z := y(a) and y := v(8). Clearly Va5 18 & P(Z,Y)(en,...cn)- 1 Vg
is not shortest, there exists a path 7 : [a, 5] — E that is a P(z,y) ...

l(n) < l(’yuaﬁ]). Then & 1= V.0 * 17 * V[p1] 1S @ P(@,0)(cy..e,) DUt 1(5) < (),
a contradiction. ]

Lemma 1.3. Suppose ¥([to, t1]) is an SP(a,b)e,. . ) and ty =: tp < &, <

c <ty <ty =t Y(&) € e fori =1, k. If Uypa) > 0 for all
t,t" € [to,t:] and t < t', then v is one-to-one on each subinterval [t;, ;1]
0<1<k.

Proof. Suppose conversely that +is not one-to-one on [¢;,;,4], i.e., there ex-
ist
t; < a < f <t withy(a) =~(8).
Set § := 8 — «a > 0. Define n : [to,t; — 0] — E by
n(t) =~@)ifto <t < o
andn(t) =~(t+9)ifa<t <t —0.

Then 7 is a P(a, b)(el,...,ek) and since l(%[a,ﬁ]) >0

1) = U(mro.e)) + 1 (Matr—01) = L Wio.e)) + 1 (va1) = 1Y) = 1)) < 1)

This contradicts the fact that v is an SP(a,b),, ). Thus

.....

7 is one-to-one on each [t;, t;,1].

Sometimes we make the following assumption.
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(A) The restriction of the path on each non-singleton interval of its domain
has positive length.

Assumption (A) means that the path is not constant on any interval with
positive length in its domain. It is satisfied, for instance, if the path is
parametrized by arclength or if it is one-to-one.

FExample. Here we give an example of a function which does not satisfy
the assumption (A). Let v : [0, 107] — R?,

(cost,sint,t) if0 <t < 2m,
~(t) =< (1,0, 2n) ifor <t < 4r,
(cost,sint,t) ifdr <t < 10m7.

Then [(y([27, 4n])) = 0 since in this interval v = constant.

We now turn our attention to the existence and uniqueness of a shortest
path joining two points with respect to a sequence of line segments.

Lemma 1.4. Let £ = (ey,...,ex), Y([to, t1]) and n([ry, 71]) be P(a,b)e corre-
sponding to x; = y(t;) and y; = n(7;), 1 <i < k, respectively.

(a) If a # x1, a # y; and the angle between x; — a and y; — a s not zero,
and m are not both shortest.

(b) If b # x1, b # yp and the angle between x;, — b and y;, — b is not zero,
and m are not both shortest.

Proof. We prove for case (a), similar arguments apply to case (b). Suppose
on the contrary that vandnare both SP(a,b)s and () = I(n) = 0. Let xy =
Yo = @, Tp11 = Ypyr = b and

zio= (i + ) /2,0 <i <k + 1,

so zg = aand 241 = b. Let &g := 0, & := ||z1 — 20|, a2 :=aq + |22 — 21||,- - -,
Opy1 = O + sz—i—l — Zk” Define @ . [O, O_ék_,_l] — E by

o(a;) = zifori=0,...,k+1,

and pis affine on each subinterval [a;, &;,1]. Then ¢ is a P(a,b)s and

k

k
l(g@) - Zl(gpl[o_&i@iﬂ}) - Z HZZ - Zi—HH' (11)
1=0

1=0

14



Likewise, according to linearity of length and Lemma [1.1] we have

k k
() =D llwi =zl and U(n) =D llyi — ginll- (1.2)
i=0 i—0
Since the angle between x; — a and y; — a is not zero
2/la =zl < lla =21l + lla — vl (1.3)
Moreover, for 1 < i < k, we have
2|z = zizall = [[(i + yi) = (@i + vir)[| < v — 2| + s — i []. (1.4)

Using (L.I)—(L.4) we get

k k
20p) =2) Nz — zinll < la =2l + lla =yl +2 ) ll2 — 2
i=0

i=1

k k
<lla =z +lla =yl + D e =zl + 3 v = g
i=1

i=1
k k

= > Ml =zl + D g = il = 1(7) + () = 20,
i=0 i=0

implying [(p) < o. This is impossible. Therefore 4 and 7 are not both
shortest. []

Suppose that v([ty, t1]) and n([m, 71]) are P(a,b)s. We say that v equals n
if at least one path can be obtained from the other by a strictly increasing
change of parameter. Clearly, if v equals 7, then I(y) = l(n). If t, < ti,
7o < 11, and Y([to, t1]) is a P(a, b)s, then there always exists a P(a,b)s defined
on [1y, 71| that is equal to 7, say n = v o ¢, where

@ [7'0,’7'1] — [to,tl]

is defined by
o(1) = (1 —10) " (1y — Dto + (11 — 10) (7 — 7o)t

This equality relation is in fact an equivalence relation on the family of
P(a,b)s. Whenever we identify ordered paths this way, the shortest path
joining two points with respect to a given sequence of line segments is unique.
This is stated in the following theorem which is also the main result in this
section.
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Theorem 1.1. Let a,b € E and let eq, ..., e, be a sequence of line segments
(these line segments are not necessarily distinct and some of them may be
singletons). There exists a shortest path joining a with b with respect to the
sequence ey, ..., e,. Moreover, this shortest path is unique in the family of
paths with respect to a sequence of line segments satisfying assumption (A).

Proof. Ezistence. Denote
E=(er,...,ex), K :=e; x---xe, CE' xy:=a,andz;,, :=b.
Consider the function

¢ :EF - R,
k

q)(ﬂfl, ce ,.Tk) = Z sz — $i+1H'
1=0

As @ is continuous and K is compact, there exists (z},...,z}) € K such that
O(x3,...,x;) = 0 = ming . Let

ryi=a, xp, =0 to:=0, tiq:=t+]z—x |, 0<i<k.

Clearly £, = S5, ||zt — z;,|| = 0. Consider the mapping v, : [0,0] = E
defined by
’}/0(12) :ZU:,Z:O,,]G+1,

and 7y, is affine on each subinterval [t;,¢;,1]. Then 7, is a P(a,b)s and

k
() = Z Yojz; tlH] Z |z} — szz+1H O(zf, ..., 1) = 0.
i=0

Suppose now that 7 : [to,t;] — E is a P(a,b)e corresponding to
Ti=90) €e, 1 <i<k.

Set Tg := a, Ty =0, to :=to,and t;.1 := t;. Then, by Lemma ,

k
ZW) - Z t,tH_l Z”I i+1|| = (I)('%lﬂ"'ajk) > @(SIZT,,.IZ) = l(/yo)'
1=0

Therefore v, is an SP(a,b)e. Observe further that =, is parametrized by
arclength.

Uniqueness. Suppose that n([m, 71]) is an SP(a,b)¢ corresponding to
yi=n(T) €e, 1 <i<k
16



Set Ty =: To, Ter1 := T1, Yo := 1(To) = @, and Y1 := 1(Tpy1) = b.
We first consider the case when 7 is parametrized by arclength and 75 = 0.
Then 7, =7, — 10 = (1) = 0, so [y, 1] = [0, 7]

Suppose that the set I = {i : y; # 2} is nonempty and m := min/ (see

Figure .

€k

*
m—+1

Figure 1.2: Illustration of Theorem (1.1

We have yy = zj; = a and
yk+1:x2+1:b71 Smgk

Furthermore, by definition y,,, ; = =¥, . If 2 & [2* |, yn] and y,, & [z |, %],

m

then Lemma (1.4] says that

V0| Fnrt1) A0 (7,1 71)

are not both SP(x¥,_1,0)(n. - This and Lemma [1.2] imply that v, and 7
are not both SP(a,b)e, a contradiction. Therefore

Myyerey

x;kn S [ym—laym[orym S [x:;z—lax;kn[

(since Y, = x*,_ ).

m—1

If y,, € [},_y, @7, [, by Theorem [1.1] there exists
t € [tm_1, t,|for which vy (f) ) = yp,.
Since vy is parametrized by arclength, Theorem says that ~, is still affine
on each subintervals, [t,, 1, ] and [t t,..1], and
1251 — Yml| = l(%\[fm,l,m) = t_/m ~ i1y || Y — xjn+1|| = L1 — t_:n'

Thus we can relabel
ty =1 and x, := y,,.

17



Likewise, if ©* € [Ym_1,Ym|, we can relabel y,, := z*. If J = I\ {m} is
nonempty, set n = min J. It follows that

*

x; € [yn—lvyn[oryn € [x;:fl)xn[

and we continue to reduce the number of elements of J. After a finite number
steps, we get
y; = x; for alls.

Thus we can assume
y; =x; foralli =0,1,... . k+1
and will prove that n = ~,0n|0, g].
Observe that
Tirt = T = UMz r)

= [|n(7:) = n(Tird)||
= ||} — 24|l
=t — 1
for : =0,...,k. Condition 7, = t, = 0 implies that
7_'1 :7?1,7_'2 :7?2,...,7_']“_1 :t_k—&—l = 0.

Suppose T;.1 > 7;. Since 7 is parametrized by arclength and

l(77|[7_'ja7_'j+1]) - HU(@) o 77(7_—j+1)H7
Lemma [I.1] says that

nis affine on [7;, Tj11].

Hence n(t) = 7y(t) on [7;, 7j+1] and therefore
7(t) = 20(t) on [0, ).

For the general case when [ry, 7] is arbitrary and 7 is not necessarily parametrized
by arclength but satisfies assumption (A), we express

n=_go,

where ¢ : [19,71] = [0, 0] is defined by ¥(7) = {(9,-) and ¢ : [0,0] — E is
parametrized by arclength (see [46]). Since v is strictly increasing and onto,
we have

0=1(7) <P(f) < <P(Tup) = 0.
18



This and condition
C(W(m) =n(7) =y, fori =0,1,...,k+1
imply that (is an P(a,b)s. Moreover, ( is parametrized by arclength
[({)=0—-0=o0,

so that (is an SP(a,b)s. By the proof above ( = y. Therefore n = ~y o ¥,
i.e., the two paths n and ~, are equal. The proof is complete. ]

Remark 1.2. Notice that the function ® in the proof above is in general
not strictly convex and hence the k-tuple (z7,...,2}) € K is not unique.
For instance, if a,b € E, a # b, and & : E — R is defined by ®(z) =
|z — al| + ||z — b]|, then ® is not strictly convex, argmin ® = [a, ], and for
each € e := [a,b], [a,z] * [x,b] is an SP(a,b)

We can apply the arguments in the proof of the first part of Theorem
to prove the existence of solutions of problems with variable endpoints.

Corollary 1.1. Let A, B be nonempty compact subsets of E and let & =

(61,. . .,Bk).

(a) If b € E is fized, in the family of P(a,b)e, where a € A, there ezists a
shortest path.

(b) If a € E is fized, in the family of P(a,b)e, where b € B, there exists a
shortest path.

(¢) In the family of P(a,b)e, where a € A and b € B, there exists a shortest
path.

(d) In the family of P(a,a)e, where a € A, there exists a shortest path.

Proof. (a) The proof is similar to the first part of that of Theorem|[I.1], where
® is replaced with

P : B! - R,

O(zo, 71, .. wp) = ZH@“ Ziaa|]) + llox — ]

and K is replaced with Axe;x---xey. Proofs of parts (b)—(d) are similar. [J
19



Observe that shortest paths with respect to a sequence of line segments
in Corollary [I.I] may not be unique. Moreover, by Theorem [I.1] all shortest
paths in this corollary are always polylines.

Applying Corollary [1.1[(d) to the problem of finding an inscribed polygon in
a given convex polygon P C R? with a minimum perimeter, we find that this
problem has a solution. Some properties of angles of this inscribed polygon
will be derived in the next section.

by arclength, then n(t) = ~v(T—70+1t) and y(t) = n(t—to+70). 1If, in addition,
To =ty (hence T, = ty), then n(t) = ~y(t) for all t € [ty,1,].

Proof. By Theorem [I.1], there is a strictly increasing and surjective function
Y |19, 7] = [to, t1] such that n = v o1. We have

Zp(ﬂ)) = to and 'Qb(Tl) = tl.
As v and 7 are parametrized by arclength

7= 70 = L (Nr.n)
= (Vw07
= (1) — (1) = W(T) — ty for every T € [y, 1.
It follows that (1) = 7 — 79 + to, giving

(1) =7((7)) =91 — 70+ to).
Conversely, for each t € [tg, t],
T:=1t—ty+ 7 € |10, 7]
and so n(t —to+ 1) =n(7) = (7 — 10 + to) = Y(t). O

Corollary 1.3. Let D be a polytope in R® whose faces are conver. Let
fi,..., fr be a sequence of faces of D such that f; N fi1 is an edge for
1 =1,....k—1, a € fi, and b € f,. In the family of paths with respect
to sequences of line segments satisfying assumption (A), there ezists a unique
shortest path with respect to a sequence of line segments lying on the surface
of D, joining a with b, and going orderly through fi,..., fx.

..... k)?
finfia,i=1,...,k—1.

Applying Theorem to polytopes in R? and simple polygons on the plane
R? we get the following well-known results that are shown in [40], [52].
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Corollary 1.4. (a) Let a and b be any two points on a domain S in R® (or in
R?) consisting of finite adjacent convex polygons. In the family of paths
joining a with b and lying totally on S, there exists a shortest path. This
shortest path is a polyline.

(b) Let a and b be any two points in a simple polygon P C R*. There exists
a shortest path joining a with b that lies totally in P and furthermore, it
s a polyline.

Proof. (a) The case both a and b lie on the same polygon is trivial, so we
assume that they belong to different polygons. Each path joining a with
b and lying on S is a path with respect to some sequence £ consisting of
common edges of adjacent polygons in S. Let 7¢ be an SP(a,b)). Since the
family of such sequences £ is finite, the shortest path v in the family {v¢} is
the required path. By Theorem [[.1] each 7, is a polyline, so is .

(b) Partition P into nonoverlapping convex polygons and apply part (a) to
obtain the required result. ]

1.2 Concatenation of Two Shortest Paths

We have shown in Theorem that every shortest path with respect to
some sequence of line segments is a polyline. In this section we consider
some geometric characteristics of shortest paths with respect to a sequence
of line segments and represent conditions under which concatenation of two
shortest paths with respect to two sequences of line segments is a shortest

.....

is understood to be SP(x,y)y.

Lemma 1.5. Suppose v is a P(a,b),. ) and b € e, N ey M-+ N e
The path v is an SP(a,b)e,, e iff it is an SP(a,b) (.. e, 1)- Similarly, if

7777 em+17"'7ek) :

.....

.....

€i;i:1,...7k.
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(a) If e, is a line segment such that e, N [x;_y,z;] # 0, 2 < j < k, and
€« 7é €j-1, €« 7é €j, then B s an SP(CL, b)(el ..... €5—1,65,€],-1E)) * [fe*m[aaxl] 7é @7
and e, # ey, then 7y is an SP(a,0)(c, e1...cr)- Lhe case e, N [z, 0] # 0 is

stmalar.

(b) If .1, ..., €. are line segments that contain the same point belonging to
(-1, 2;] for some j € {2,...,k}, then v is also an
SP(a,l))(el,m,ej_he*1 ,,,,, eomejrmer). LNE CASES €41, .., Eyy contain the same

point of [a, xy] or [xy, b] are similar.
Proof. (a) Consider the case 2 < j < k. Let
E.=(e1, .., 1,6x,€j,...,€)
and 7([70, 71]) an P(a, b)e, corresponding to
yi =n(7) € €,y = n(7.) € e(Tjm1 <7 < 7).

Clearly, 7 is also a P(a,b),. ), 50 1(y) < 1(n).

Now take an z, € e, N [z; 1, 2;]. Since y([t;_1,t;]) = [xj_1, x;], there is

Thus 7 is also a P(a,b)s, and therefore v is an SP(a,b)s,. Other cases are
proved similarly. (b) follows directly from (a). O

Next, we turn to our main problem of concatenation of two shortest paths
with respect to two sequences of line segments. We first consider the simplest
case: the concatenation of a path with respect to a sequence of line segments
and a line segment. The following lemma says that if we elongate the first
or last line segment of a shortest path with respect to a sequence of line
segments, we get a new shortest path with respect to a sequence of line
segments.

Lemma 1.7. Let y([to,t1]) be an SP(a,b)e corresponding to x; = (t;) € e,
e, e =(e,...,e,).

(a) If x, # b and q € E such that b € |x,, q[, then v * [b,q] is an SP(a,q)e.
(b) If x1 # a and p € E such that a € |p, x,[, then [p,a] *~ is an SP(p,b)e.

(c) Set xy = a. Ifx, # xpy = - =2, =b, (0 < m < n-1), and
b €lx,,,ql, then v *[b,q] is an SP(a,q)s.
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Proof. (a) Let n([m, m1]) be any P(a, q)s corresponding to

vi=n(T) €eni=1,...,n.

Suppose
b= (1— Xz, + Agfor some\ €]0, 1].
Set
zi= (1= Na; + A\y;, 1 <i<mn,
2o := (1 = N)z1 + Aa,

Zpi1 = (1= Nz, + A\g = b.
Then fore=1,...,n—1,
12i =zl = 1(1 = M) (25 = 2i1) + Ay — yird) ]
< (X =Nz = x|l + Allys = yiga |-
Let & be the path going through zg, 21, ..., 2,41 such that

(1.5)

¢is an affine path joining z; and z;,1,0 <7 < n.
Then € is a P(zy,b)s. By Theorem [L.1], there exits
t* € [to, t1] satisfying v(t*) = 2.

Lemma[l.2] states that s, is an SP(z, b)e. According to Theorem [1.1]and
(1.5) we have

n—1
lzo — 1]l + ) llzs — il + |20 — Bl = LY 1)
=1
<I(¢)
= Z [
=0
n—1

n—1
< 2o = all + | (1= ) X s = a4 A3 I = ] + 20 = b
=1 =1

(1.6)
Noting that
120 = z1l| = Mla — @], |z — bl = Allz, — 4,
1Z0 = 21l = Alla =, Iz = bl = Allyn —all,
we deduce from ((1.6)) that
n—1 n—1

Ma=a1[[+A Y lei—zial+Allza—all < Mla—yll+2 D llyi=yil+Allya—all

1=1 =1
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Since
[0 — gl = llzn = bl + {16 = qll;
the above inequality yields

A(L(Y) + (16— qll) < Al(n),
which implies

[y *[b,q]) =1(7) +[|b—qll < in).
Thus, v * [b, ¢q] is an SP(a, q)e.

Part (b) is proved similarly. To prove (c) we observe that, by Lemma [1.5]
v is an SP(a,b)e,, .- Applying part (a) we find that v * [b,q] is an
SP(a,q)(ey,..cm)- That v x [b,q] is an SP(a,q)s follows from Lemma [1.6} [

.....

We now study some characteristics of a shortest path with respect to a
sequence of line segments basing on properties of angles between the path
and line segments e;s. If u and v are nonzero vectors in E, we denote by
Z(u,v) the angle between u and v, which does not exceed .

Theorem 1.2. Let £ = (ey,...,e;x) be a sequence of line segments and
Y([to, t1]) an SP(a,b) .. e, 1) corresponding to x; = v(t;) € e; (1 <i<n—1)
and n < k. Suppose that b € e, N --- N e, each e; is non-singleton for
j=mn,....k, and that x,  #b (ifn =1, xy :==a). Let ¢ € E, ¢ #b. Then
v * [b,q] is an SP(a,q)s iff for any y; € e; and y; # b, j =n, ..., k, we have
0 > m, where

k-1

0:=/(x, 1 —by,—b)+ Zé(yj —b,yj41 —b) + ZL(ypy — b,q —b).

j=n

SP(a,b),

ela---aen—l)

SP(G, Q)(

= SP(G, b)(el,...,e,,,l) U [b’ CI]

617---7671—1)

Figure 1.3: Illustration of Theorem (1.2
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Proof. Suppose that v * [b, ¢] is an SP(a, q)s and that

Yy €e,y; #b,j=n,... k.
We show that § > 7. By Lemma [1.2

§ = Mt * [0, )18 an SP (201, @) e..er) -

Setting
Yk+1 ' = 4,7 ::yj_baj:na"'7k+17

we have
k

0=/(x, 1 —buv,)+ Z Z(v;,V;11)-

j=n
Let L, be the line containing b and y;, n < j7 < k+ 1. Let P be the plane
containing L, and x, ; (if =, € L,, P is any fixed plane containing L,).

Set vy, := y,. If L, # L., denote by vy, ., € P the point such that
Ax,_1by, and Ay, by, ., do not overlap
(i.e., z,—;andy,,, are on opposite sides of L,,) and
DYy = DYubyna;
if x,_1 € Ly, y,,,; lies on any side of L,. If L, = L1, i.e.,
Yns1 — b = Ay, — b) for some A,

then we choose
Yy, satisfyingy! ., — b= A(y,, — b).
Similarly y,., € P is the point such that
DAYy bpir = DYni1byna
and the triangles

Ay,by, . and Ay, by ., do not overlap,

and so on. We then obtain a sequence y,, ...,¥,.; in P such that

H?J} - y}+1\| = |ly; — yinll;
ly; = bll = lly; —oll,
and Z (v}, v;,,) = Z(vj,v41),

Jj+1
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where v;. = y; — b for 7 > n. Then

0= L(a,s—baf) + 30 200,
If & < 7, there exist

Zn—1 S ]xn—la b[ y Z;L S ]y;, b[ )ttt Zl/c—i—l € ]yl/c—i—l? b[

that are near b and such that they are collinear. Let z; €]y, b[ satisfy

Iz = bl = Il = bll,j = n.
We have
201 = zall + -+ [z = zeaall = llzna = z0ll + -+ 20 = 2
= 201 = 2l
<lzn-r = bl + 16 = 214
= l[zn-1 = 0l[ + [0 = 21|
and hence

[xnfla anl] * [anla Zn] Koew ok [Zka ZkJrl] * [Zk+17 Q]

is a P(2,-1,q) (e,
Therefore 0 > .

y whose length is less than that of £. This is impossible.

Next, suppose conversely that for any
yi €ejandy; #b,j =n,...,k,

we have 6 > . We first observe that 7 x [b, ¢]is an P(a, q)¢. Let (|1, 71]) be
any SP(a,q)e corresponding to

y=n(7T;) €ei=1,... k.
Let 7.1 := mpand g := 1(Tey1) = g. We need to show that
[(y * [b,q]) < 1(n).
If b € ly;, y;41] for some j > n, then there is
Ty € |T;, Tj41) withn(m,) = b.
Since Mjiry.n) 15 & P(a,0) ey, 00 1)

1) = U (Mrom)) + Lmm)) = 1) + 110 =gl = Uy * [b, g]).
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Consider the case b ¢ [y;,y;+1] (and so y; # b) for all j = n,..., k. Let
Y-+ Yy be points defined as in the first part of the proof. Set

Op 1 :=2(xy 1 — by, — D)

and for n < j <k,
0, := L(xn1 = by, —b)+ Ly, = b,y g —b) + -+ LY, = by, — D).

We have 0, = 0 > 7. Let

r=min{j >n:6; >}
As b ¢ [y, yral,

0<Z(y, = by —b) =2y — by —b) <7
and there exists
v €LY Yl

such that
0,1+ Z(y. — by —b) =m.

Let y* S ]yra yr+1] SatiSfy

by =well = lly™ = wil
and 7 € |7, T,11| satisfy

n(r") =y".
Since b € |z, _1,y*'[, by Lemma [1.7)(c)
Thus

l(m[TovT*]) - l(m[Tofn]) + Hyn - yn+1H T Hyrfl - y?‘” =+ Hyr - y*H
= 1 (Mprora)) + 10— Yoall + -+ ooy — vl + lye — |l

> 1y [b,y™]) =1() + 16—yl = 1(7) + Ib—v"].
Hence
() > 1(Mrory) + lly" — 4l
>1(y) + o=yl + ly" — 4l
> () + b —q|
= U(y = [b, q]).
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Theorem gives a step-by-step method to check whether a path with
respect to a sequence of line segments is shortest: we just measure the angles
between line segments of the path and e;s at points of intersection, from the
starting point to the terminating point.

We now consider several consequences of Theorem [1.2] In computational
geometry, edges of polygons intersect at their common endpoints. In such
cases, Theorem reduces to the following simple form.

Corollary 1.5. Let &€ = (ey,...,ex) be a sequence of line segments and
Y([to, t1]) an SP(a,b) .. e, ) corresponding to z; = v(t;) € e; (1 <i<n—1)
and n < k. Suppose that b is the common endpoint of non-singleton line

segments e, = [b,b,],..., e, = [b,b], and that x, . # b (if n =1, ¢ :== a).
Let q € E, ¢ #0b. Then v x1[b,q| is an SP(a,q)e iff 0 > w, where
k-1
0= Z(T01 —bby —b) + Y Z(bj = b,bjey — b) + Z(b — b,q — b).
j=n

Applying Corollary [1.5| we can prove the following result in [52]:

A shortest path joining two points on the surface of a convex polyhedron
D C R? cannot pass through any vertex of D.

Indeed, suppose a shortest path v on the surface S of D joins ¢ and b on S
and goes through a vertex v € §. As v can be seen as a shortest path with
respect to a sequence of line segments, by Corollary [1.5, both the angle to
the left and the angle to the right of v at v are not less than 7. Hence the
angle of D at v is not less than 27, a contradiction. Notice that the proof
still holds for polyhedrons D whose angle at every vertex is strictly less than
2.

Let us consider an example. Given a,q € R*\ {0}, we show that

v = la,0] %[0, q]
is the shortest path that joins a with ¢ and meets the z-, y-, and z-axes.
Suppose 7 is any path joining a and ¢ and meets x-, y-, and z-axes at u, v, and
w, respectively. If one of the points u, v, w is coincident with b := 0 = (0, 0, 0),
then clearly I(v) < [(n). Assume that

b {u,v,w}
and that
nis an P(a, ) (., b b.u)-
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Since
Lla—=bv—0)+2Z(v—>bu—>b)+ L(u—bw—">b)+ ZL(w—"b,q—0b) >,
Corollary [I.5] says that, in the family of all P(a, q)p.uo.pu.pw), L) < Un).

77777

v(t) €e, 1 <i<n,x,#b. Lety € e, y# x,, and let q be any point in E
such that ¢ # x, and Z(y—2x,,q—2x,) = ZL(y—x,,b—2x,). Then v, 1% [Zn, g

.....

around the line containing e, by the angle /(y — x,,b — x,), we then get a
new shortest path with respect to a sequence of line segments.

Proof. Set zy :=a. If vty = 2y = --- = x,,, then there is nothing to prove. So
we assume that m = max{7 : z; # b} exists. By Theorem [1.2] for any y; € e;,
Yi # Tny m+1 <i <o,

(T = Ty Y1 — Tn) + LY — Ty Ymrz — Tp) + -+ LY — Tp, b—1,) > 0.
Hence
(T = oy Yt — L) + o+ LY — Ty — 20) 27
since
L(Yn = Tny @ — Tn) = L(Yo — Ty b — ).
Applying Theorem once more, we find that

[]

Corollary 1.7. Let v([to,t1]) be an SP(a,b)(,. .., corresponding to x; =

v(t;) € e;, 1 <i < n. Set xyg:=a, x,,1 :=b. Suppose also that for some j,
e; 18 non-singleton, x;_y # x;, and T, # x;.

(a) Ify; € e;, y; # xj, then 0 .= L(v; 1 —x;,y;—x;)+L(y;—x;, 201 —2;) > 7.
In particular, if x; s an interior point of e;, then 6 = .

(b) Let L be the line containing e;. If v; 1 € L and x;.1 ¢ L, then x; is an
end point of e; with ||x;_y — ;|| = minge, [|z,.1 — x| and 6 > 7. The
case v;11 € L and x;_1 ¢ L is similar.

(c¢) Let L be the line containing e;. If x;_1,x;,1 € L, then either Z(x;_1 —
Tj Tj — ;) = T or Lz — x5,y — ) = LT — Ty —T) =T
where y; € e;, y; # x;. In the latter case x; is an end point of e; with
-1 — ;]| = minge,, [0 — ]
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Proof. (a) Applying Theorem t0 Vitod,e1] (fns1 := t1) and the sequence
e, ..., e5, we get 0 > m. If z; is an interior point of e;, take y; € e; such that

;is an interior point of [y;, y/].
We then also have
0" = L(wjoy — x5,y — x;) + LY, — 35,20 — x5) > T

Since 0 +0' =2, 0 =0 = .
(b) Suppose z; 1 € L and z;,; ¢ L. Since § # m, § > m and according to

part (a)
x; must be an endpoint.

If ||z;o1 — 2;|| > minge,, ||z, — x|, there exists T € e; with
i1 = x5l > [loj — 2], Be, 7 € [0, 2]
Since x4 ¢ L

|21 — 2|l + |v5 — 2| = oo = Z|| + |17 — 2] + |7 — 2504 ]

> |l = 2| + |2 — 2504]]

ie.,
l(rn[fj—lyfj-i-l]) > l([xjfla f] * [jvxj+1])a

a contradiction. Thus

21—z = min 251 — .
J

(c) If z; €xj_1,xj41], then
L(Tjy = @y, Tjpy — T;) =T

Otherwise, say x;_1 €]x;,z;11], an analysis which is similar to that in part
(b) shows that
x;is an end point ofe;

with

1)1 — ;]| = min Jlz;, — ]
and

4(3%;1 —T5,Y; — f[,']) = 4(xj+1 —T5,Y; — Z'J) = 7T,f0r Y - €5, Y; ;é L.
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The following result is a converse of Corollary and it gives sufficient
conditions for a path with respect to a sequence of line segments to be short-
est.

Corollary 1.8. Let &€ = (ey,...,e,) be a sequence of line segments and
Y([to, t1]) an SP(a,b),...c, 1) corresponding to x; = y(t;) € ¢;, 1 <i<n-—1.
Letb e, andq € E, g #b. Set xyg = a and suppose that m = max{i : z; # b}
exits and that there is y € e,,y # b.

(a) If 0 .= Z(x,,—b,y—b)+ ZL(y—b,q—b) = 7, then vx*[b,q| is an SP(a,q)¢.
(b) If b is an end point of e, and 0 > 7, then 7y * [b,q] is an SP(a,q)s.

Proof. (a) For any ¢/ € e,, ¢ # b, we always have
L(xy — by —b)+ £y —b,q—b) = .
Thus by Theorem

v * [b,qlis an SP(a, q)(ey....emen)-
If m <n—1, it follows from Lemma [1.6(b) that

v * [b,q]is an SP(a, q)e.
(b) follows directly from Corollary [1.5] []

To illustrate Corollaries and let us consider a triangle in R?* having
acute angles (Figure [1.4). For u € e; fixed, Corollary states that the

triangle uvw has minimum perimeter because angles # at v and w are .
Figure [I.4] shows that

Z(w—u,z —u) + ZL(z1 —u,v —u) # .

Since the angles at u do not satisfy Corollary[L.7(a), uvw is not the inscribed
triangle with minimum perimeter.

We hope that some results in this chapter could be used to study Steiner’s

problem (see [54]): Given a convex polygon in the plane, find an inscribed
polygon of minimal perimeter.
We are now in a position to consider the general case of concatenation of
two shortest paths with respect to two sequences of line segments. Roughly
speaking, the following theorem says that if the last line segment of a shortest
path with respect to a sequence of line segments and the first of the other
overlap, the two paths can be joined to become a shortest path with respect
to sequence of line segments.
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€3 €2

€1 Z1 U

Figure 1.4: SP(U, U) ¢y 0p.0) = (U, V] * [V, W] * [w, u]

Theorem 1.3. Let € = (ey, ..., e;) be a sequence of line segments. Suppose
that v1([to, t1]) s an SP(a,b)(e,..c. ) and Y([t*,ts]) s an SP(c,d)e,
where t* < t, < ty, and v,(t1) = Y (t1) = b. Suppose also that ~,,7, satisfy
assumption (A). If t; < t, < -+ <t < ty, 7 = %(t;) € ¢ forn <i <
k, and if there exists € > 0 such that v([t; — €,t1]) C %([t*, t1]), then the
concatenation y of v and Yo, 4,1 15 an SP(a,d)e.

SP(a,b)

SP(ec, d)w

I',"--,Ck')

Figure 1.5: Illustration of Theorem |1.3| (1 ([t1 — €, t1]) C Y=2([t*, t1]))

Proof. Let to =. EO S 1 S S n—1 Stl,

x;=y(t) €efori=1,....n—1,

Ty - — ’}/1<1?0) = aQ.

We can also assume, by applying Lemma if necessary, that b = x,, € e,,
i.e., t, = t;. Set ty,1 := ty and note that v is a P(a,d)e. The proof is divided
into two cases.
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Case 1: All e;, j > n, are non-singleton. Set
Lpy1 = ’Yz(fkﬂ) =d,
m = max{i < n: z; # b},
r=min{j > n:x; # b}.
m and r exist due to assumption (A) and Theorem [I.1] Assume that
c € [z, b].

Then, by Lemma [1.2
’72|[t*,fr} - [07 b] * [b7 xr]
Applying Theorem [1.2] to Yo/« 7,; we find that

is an SP(c,x,)(

Tuseees 67"71)'

all angles § at b are not less than 7.

Thus this theorem also says that

Y1 * V28] = V1K [0, ]

is an SP(a,x,) ). If m < n —1, Lemma 1.6 again shows that

..... em,en .. ,€r—1

T2t 7]

is an SP(a,,),, . .- We continue in this fashion to obtain, after a finite
number of times, that
vis an SP(a,d)s.

Case 2: The line segment e; is a singleton for some 7 > n. The particular
case when e, is a singleton, i.e., e, = {b}, is derived immediately from the
following lemma. ]

.....

SP(p, u)e,..ery and & an SP(u, q)

l €l+17---76m) .

Proof. Indeed, if ¢ is a shortest path with respect to the sequence ey, ..., e,
{u}, €41, then so are ¢ and & (Lemma [1.2). Conversely, suppose ¢ and & are

shortest paths. Let n([r, 71]) be any P(p, q) em), corresponding

e1,-e{ul,ery1,e.,
toy; =n(%) €e,i=1,...,m,and n(7,) =u (1, < 7, < T41). Since

and
77‘[7—.%7.1] 1S an P(u, q)(el+1,4..,em)7
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1) = 1 (Miror) + L)) = UC) +1(E) = 1(1).

7777 m)'

We now prove the theorem for the case
s =min{j > n:e; is a singleton} > n,
say e, = {u}. If t;, =t,,, =--- =1,, then
b=u€e, . 1N---Ne,

and by Lemma
Y is also an SP(a,b)(e,....e. 1)

and
72|[t1,t2] an SP(b7 d) (es

Lemma [1.8 above states that

.....

If t, > t;, by Case 1 we find that

Y= V21,5 Is an SP(G, U)(e1 ..... es_1)"
We then apply Lemma [1.§ again to

¥ and Yoz, 1)

to obtain the required result. The proof of the theorem is complete. ]

If the last line segment of a shortest path with respect to a sequence of line
segments and the first of the other do not overlap, we can use the following.

.....
.....

.....

Viltr—et1] * V2lftr b+ 15 @ shortest path with respect to the sequence ey, ey, ..., €,.

Loosely speaking, if the last segment of the first shortest path and the first
segment of the second form a shortest path, then their concatenation is also
a shortest path.

then

..... k)

1= Miti—et] * V2litrti+d = Viiti—eti+d
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is a shortest path with respect to some sequence of line segments for each
e < min{t, —to,t»—t;} (Lemmall.2)). Conversely suppose that ¢ is a shortest
path with respect to some sequence of line segments and satisfies assumption
(A). Since
Vltr—ets) = Qlits—eta]s

applying Theorem to v, and ¢ we find that § = v * (jy, 4,14 is a shortest
path with respect to some sequence of line segments. Applying Theorem
again to £ and v, we obtain that

V= & Vafftitens)
is an SP(a,¢)(e,,..cn)- O

An et al. [13] and Hoai et al. [33] used a direct multiple shooting method
to approximate shortest paths in a simple polygon in R? and on surfaces of
convex polytopes in R?. They divided the given region into subregions, found
a shortest path in each subregion and then “glued” them. They applied one
straightness condition, a version of Corollary [1.9] to adjust the paths to get
better aproximations.

1.3 Conclusions

We have presented the existence and uniqueness of the shortest path (The-
orem and Corollary [1.2). We then have investigated some characteristics
of angles between the shortest path and line segments e;s, especially when
the path went through common points of e;s. Theorem and Corollar-
ies have given a step-by-step method to determine whether a path
is shortest. Sufficient conditions under which concatenation of two shortest
paths is shortest have been also given (Theorem and Corollary .
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Chapter 2

Straightest Paths on a Sequence of
Adjacent Polygons

Back to the shortest path problems, as we know, a line segment is the
shortest path joining its two endpoints in 3D space. A very common technique
is unfolding. Many researchers use it to solve the shortest path subproblem
between two points on a sequence of triangles. If we can draw a line segment
between two images inside the simple polygon after unfolding the sequence
of triangles, then the inverse image of this line segment is the shortest path
joining two given points. The question is how to find this shortest path
without unfolding? Under the idea of the straightest geodesic of Polthier and
Schmies [48] and the thought of answering the above question, we come to
the definition of straightest paths.

The present chapter is written on the basis of the paper [2] in the List of
Author’s Related Papers on page 72 of this dissertation.

2.1 Straightest Paths

In [48] Polthier and Schmies presented a new concept of geodesics: straight-
est geodesics are paths that have equal path angle on both sides at each point.
In this section we consider “straightest paths” which are slightly differ from
the original and in fact are particular shortest paths with respect to some
sequence of line segments. Let S = (fy, fo, ..., frs1) be a sequence of (not
necessary distinct) adjacent convex polygons in R? or R?, then

e; = f; N fiy1is an edge for1 <i < k.
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Sometimes we make the following assumption.
(A) The restriction of the path on each non-singleton interval of its domain

has positive length.

Definition 2.1. A straightest path v : [to,t,] — U] f; on the sequence S is
a path that satisfies assumption (A) and the following conditions:

(a) there exist integers 1 < m < n < k and a sequence of numbers
t() ::Em—l <t—m§ an<fn+l ::tl

such that
z; :=(t;) € esform <i<n

and
Lm—1 = W(t()) € fmaxn—i—l = f}/(tl) € fn-i—l;

(b) l(’m{i’{iﬂ]) = ||z; — xipq]| for m —1 <7 < m;
(c) For z; € e;, z; # x;, we have
4(%71 — T, % — 33z> + 4(21‘ — Xy Tijy1 — :1:1) =T

if z; € e; is not a common vertex (a common endpoint of e; and its
adjacent line segments), and

r—1
4(331‘*—1 — Ly, Zjx — ﬂfz) + Z 4(75]' — Ty Zj41 — 332) + 4(% — Ly Lp41 — xz) =

j=i*

ifep  Frp=xp1=-=2,# 2,4 and ¥ <7 7.

It is conventional to define straightest path joining a with b on the same
polygon (with respect to an empty sequence of common edges) to be any
path that joins a with b, one-to-one, and has length ||a —b||, i.e., a SP(a,b)y.

Condition (a) states that a straightest path is a path with respect to
the sequence e,,,€,41,...,6€,. Condition (b) and Lemma imply that
Y([ti, tia]) = [xi,xia] C fizn for m — 1 < i < n. We observe also that
condition (c) does not depend on the choice of z; € e¢;, m < i < n. Corol-
lary and Theorem show that 7 is an SP(Zim—1, Tni1)(em,...en)- NOte
also that assumption (A), the conditions ¢ty < t,,, ¢, < ti, and (b) imply
that xo # z; and z, # x,41. These conditions do not restrict the definition
of straightest paths since if z, belongs to a common edge then we choose
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Figure 2.1: Straightest path ~ from f5 to fg on a sequence S = UZEO i

m = max{j : o € f;}. Similarly, we can assume that z,,; does not belong
to e,.

There are reasons why we study straightest paths: First the shortest path
joining two given points on the surface of a convex polyhedron D C R? does
not go through any vertex of D (see [52], Lemma 4.1). Thus, by Corollary
[1.7, the path is straightest. Second, every shortest path with respect to
some sequence of line segments joining two points on a surface S consisting
of convex polygons is composed of straightest paths joining vertexes of S

(Proposition [2.1)).

2.2 An Initial Value Problem on a Sequence of Adja-
cent Polygons

Here we recall the problem of an initial value problem in differential equa-
tions (see [25], p. 1-2).
Let D denote an open subset of R x R", f : D — R" continuous. Then the
initial value problem is a differential equation

2 (1) = f(tx(1), (= )

together with a point in the domain of f

(to, .’1/'0) c D,
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called the wnitial condition.

With the straightest paths, we have also a similar initial value problem as
follows.

Let fY([tOJtl]) be a StraighteSt path on S = (f17f27 e '7fl€+1)7 V(tO) < fm7
and v a nonzero vector that is parallel to f,,. If there exists t* > ¢, such that

’Y([tﬂa t*]) - fm

and
v(t*) — v(ty) = Av for some A > 0

we say that vy starts at y(ty) in the direction of v.

Theorem 2.1. (An initial value problem) Let S = (fi, fo, ..., frs1) be a
sequence of adjacent convex polygons. Let a,p € f,,, a # p, and v = p — a.
Then there exists a unique longest straightest path y([ty,t1]) on S starting at
a and in the direction of v. Moreover, if n([1y,71]) is any straightest path
on S starting at a and in the direction of v, then n equals 7y, .+ for some
to < t* < t;. Thus every straightest path on & can be extended to a longest
straightest path.

Proof. There is nothing to prove if £ = 0, S = {f1}. Thus we assume,
without loss of the generality, that k > 1, a,p € fi, and a & f,.

First we construct v. Denote e, = f; N fii, 2 =1,..., k. Set
to = Oandfl = maX{t a4+ 1tv € fl}
Since p=a+v € fi, t; > 1. Define

(0,8 = fi
by
1(0) = avi(t)) =z, ;= a+tv € fi,
and
v is affine on [0, ;).
If x, ¢ e; we put t; := ¢, and v := 7.

Suppose x; € e;. Choose any z; € ey, z; # x,. If there exists p; € f, such
that

Lla—xy,21 —xy) + L(2y — 21,01 — 1) =T, (2.1)
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set
V1 =P — 21,01 = maX{t Al +tv1 € f2} Z 177?2 = -E]. +0-17

and

Ty := X1+ ov; € fo.
We then define
Yo i [t1,ta] = fo
by
’72(1?1) = 331,’72(1?2) = T2,
and
72 is affine on [ty, t,].

Clearly 7, % v, is a straightest path starting at a, in the direction of v, and
joining a with x;. Observe that such a p; always exists if z; is an interior
point of e;.

Suppose z; is an endpoint of e; and there is no p; € f, satisfying (2.1)). If x;
is not a common vertex of e; and e,, set

t, =t andy := ;.
Assume that x; is a common vertex of e; and e,. Let
ro=max{i:z; €e;, 1 <j<i}.

Choose
Zj Eejazj#xblgjérv

and let 27, be a point on the second edge of f,;; that has an endpoint x;
and 2, # x;,. Let

0, :=/(a — 1,20 — 1) + L(21 — 1, 20 — X1)

+o Lz — w1, 2 — 1) + L(2 — X0, 20— T).
We call 6, the angle of incidence at x,. If 6, < 7, set
t, =t and v := ;.
Assume 6; > w. Put

$ := max {z s L(a—xy, 21 —x)+ L (21 =Xy, 20—y )+ AL (21— Xy, 2i—1) < 7r}.
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Since there is no p; € f, satisfying (2.1), 2 < s < r and there exists p, €
fs+1 \ fs7 such that

Vs 1= ps—oy, 0,:=max{t: z,4tu, € fo1}, te1 =t Te = TA040,

As o, > 1, t, > t,. Define

and v, is affine.
From the construction we find that ~; % vy * - -+ * v, is a straightest path
joining a with x,,,; and starting at a in the direction of v.

We continue in this fashion to finally obtain a sequence of points z, ..., x4
satisfying the following conditions

1) T € €, Lnt1 € fn—l—l \ fm and 1 = maX{t >0: L +t(xn+l - xn) € fn+1};
ii) either z,,, ¢ e, (for instance, when n = k) or

iii) z,,1 € e,,1 and the angle of incidence at z,,; is less than 7.
We then set t; := t,.4 = t, + 0,, and define

Va1 © [tnst1] = frr1 by
Yot1(tn) = Tn,
Var1(t1) = Tns1 = Ty + Oy,
and 7,1 is affine.
Let
Y=Y Rk K Y
We find that v satisfies assumption (A) and is an P(a, Tp+1)(e,,...en). Moreover,

.....

7 also satisfies conditions (b) and (c) of Definition 2.1} Thus v is a Straightest
path starting at a and in the direction of v.

41



Suppose now that n([ry, 71]) is a straightest path on S starting at a and in the
direction of v. Let ¢ := n(7;). The step-by-step construction of v shows that
there exists t. € |ty, 1] such that ¢ = v(t.) and n and ~, ) are shortest paths
joining a with ¢ with respect to the same sequence of line segments. Thus by
the uniqueness of shortest path (Theorem , n equals i, - This implies
also that 1 can be extended to v and 7 is the unique longest straightest
path. [

Remark 2.1. The shortest path joining two given points on a sequence of
adjacent convex polygons always exists but this may not be true for the
straightest path (for example, see Figure [2.2).

Figure 2.2: The shortest path from a to b along this sequence of triangles is

la, c] U [c, b]. The straightest path from a to b on this sequence doesn’t exist.

We now investigate the image of a straightest path under a planar unfold-
ing.
Suppose that y([tg,t1]) is a straightest path joining
a < flandb € fk—|—1:t0 < t_l <...< fk < tl,l’i = ’Y(t_z) c e, for1l < 1 < k.
For each 7, choose
2 € €, 2 # x;.

Let a; be the image of a under the planar unfolding around e;. Since a # x,
ay # x1. If ©1 # x5, we have

Llag —xy, 2 — 1) = ZL(a— 21,2, — 1)

so that
Llay —x1,20 — 1) + £(21 — T,k — 1)) = T
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Hence

Ty E]alaxQ[a

i.e., a1, 1, o are collinear. Similarly, let a; and ;5 be the images of @, and
21 under the planar unfolding around e,, respectively. If o # x3, then

4(551,2 — X9, 22 — 332) = 4(551 — X9, 22 — xz)

whence

L(T19 — X9, 29 — XT2) + L(22 — Ta, T3 — T2) =T,

l.e., ag,X19,%s, x5 are collinear. If x;y = 2y = -+ = 2z, # x,,1, then by
condition (c)

a,, T, T,.1are collinear,

where
a, is the image of a under the planar unfolding arounde;, e, ..., e,.

Repeating this argument we finally find that the image of v under the planar
unfolding around ey, ..., e; is a line segment. Conversely, if the image of ~y
under the planar unfolding around ey, .. ., e; is a line segment, then the angles
of v at edges are 7, so v is a straightest path. We thus arrive at the following
result.

.....

in R®. Then v is straightest iff its planar unfolding around e, ..., e is a line
segment.

Thus straightest paths are paths whose images under planar unfoldings are
line segments. Therefore if there exists a straightest path joining two points
a € f, and b € f,., on the sequence S, (m < n), then it is the shortest path
joining these points that lies entirely in the polygons and passes through
€m, .., €,. Conversely, we have the following result presented by O’Rourke
et al. (see [44], Lemma 1).

Proposition 2.1. Every shortest path joining two vertexes on S = (fi, fo, - - -,
fri1) is composed of straightest paths joining vertezes of S.

Proof. Let v([ty,t;]) be a shortest path joining two vertexes a € f; and
b € flf-‘rl on S
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If v does not pass through any vertexes of & except a and b, then each z; is
an interior point of e;. By Corollary [1.7], for

zi€en,zi Fxni=1,...,k,

L(wiy — w2z — ) + L2 — T, Ty — ) = T
where xq := a and x; := 0. Thus -y is straightest.

If v passes through vertexes

vo i=a,v; =Y(t]), ..., v =7(t]), v = b

(in this order) and there are no vertexes belonging to

’7(]t07tﬂ)77(]t;t;[)7 s 77(]75;7151[)7

then by Lemma [1.2] restrictions of v on [to, %], ..., [}, 1] are shortest paths
joining vertexes v; and v;;; of §. By the proof above, each restriction is a

straightest path. Thus 7 is composed of straightest paths joining vertexes of
S. ]

Theorem 2.2. Let § = (fi, fo, ..., fri1) be a sequence of adjacent convex
polygons and let a, qy, qa, g3 be points in f,, such that g, € |qi, q3] and a,q, g
are not collinear. Let v; = q; — a, 1 = 1,2,3. Assume that v,,v, and v3 are
straightest paths starting at a and in the directions of vy, vs, V3, respectively,
and 71, 73 cut a line segment e C f, (n > m) at y, and ys, respectively. If ~,
is the longest straightest path, then it meets e at some point ys € |y1, Y3 -

Proof. We prove for the case S is in R?, the other case is similar. Without
restriction of generality we assume that m =1 and n = k + 1. Let U be the
planar unfolding around the sequence ey, ..., e;. By Lemma [2.1] the images
of v1,72,73 under U are line segments [a', yi], [, y5], [@', yi], respectively and
we have

y1 € [d,y;]andys € [d, y3).

Let q1, 4}, ¢, be the images of ¢, g2, g3 under ¢. Since g, is between ¢; and gs,
¢, is between ¢; and ¢;. Assume

¢y = aq, + fgywherea, f > 0, + 5 = 1.
Letting v} :=¢q. —a’,1=1,2,3, we get

I / /
vy, = avy + B,
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Since ¢; lies on the path v;, and

qi 7& ané E]a’lay;an E]alayl]a

and g4 €d’, ys).
Assume
Yy —a = Mjandys — a’ = vuy, A\, v > 0.
Set
wi=v/(av + BA) > 0.
We have

Yo 1= '+ pvy = a' + pavy + pBuy = (av + BA) " (avy + BAys) €y, vl

Let &’ be the sequence of images of fi,..., fy.1 under the planar unfolding
U. S’ is the sequence of convex polygons with adjacent edges being images of
e, ...,e, under 4 and the triangle a'y,ys is contained in the union of polygons
in §’. As the image of 7, is [d/, y3], the longest line segment starting at a in
the direction of vy, we have

[ala y2] C [CL,, y;]

This means that the line segment [a/, y3] meets [y, ys] at y» € |y1, ys[, i.e., the
longest straightest path v, meets e at ys. H

Theorem can be used to find a straightest path on a sequence of convex
polygons from a given point and a given direction. Moreover, using Proposi-
tion one can construct the shortest path joining two points and passing
through a sequence of convex polygons from its finite straightest paths (see
An [11], Theorem 5.1).

2.3 Conclusions
We have introduced the concept of straightest paths on a sequence S of
adjacent convex polygons in R? or R? established a relation between shortest

paths and straightest paths joining two points on .S and considered a discrete
initial value problem of straightest paths.
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Chapter 3

Finding the Connected Orthogonal
Convex Hull of a Finite Planar Point

Set

In this chapter, we consider the third shortest path problem in the context
of computer graphics and image processing: finding the connected orthogonal
convex hull of a finite planar point set P. The solution should be an orthogo-
nal convex polygon bounding P, with minimum perimeter and minimum area.
For an arbitrary given finite point set, the connected orthogonal convex hulls
of this set maybe not unique. Therefore, we consider some assumptions under
that the uniqueness of the connected orthogonal convex hull of the given set
is preserved. Then we study the construction of the connected orthogonal
convex hull of a finite planar point set and build an efficient algorithm for
finding it. In Chapter 3, we only consider the subsets of R?.

The present chapter is written on the basis of the paper [1] in the List of
Author’s Related Papers on page 72 of this dissertation.

3.1 Orthogonal Convex Sets and their Properties

Definition 3.1. (See [57], p. 1747) A set K C R? is said to be orthogonal

convex if its intersection with any horizontal or vertical line is convex.

You can see that a set K C R? is orthogonal convex if its intersection with

any horizontal or vertical line is empty, a point, or a line segment.
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In some previous papers (see [45], Definition 2.1 and [57], p. 1747), a
slightly different definition of orthogonal convexity were given. Here, we
use the term “convex” to cover line segments with or without its endpoints.
Furthermore, our definition can be extended for R”. Observe that any convex

set is orthogonal convex as seen in Figure (a), but the reverse may be not
true as seen in Figure [3.1] (b).

a) b) c)

Figure 3.1: a) and b) two orthogonal convex sets; ¢) not an orthogonal convex

set

K is said to be connected orthogonal convex if it is orthogonal convex and
connected.

It is obvious that the intersection of any family (finite or infinite) of orthog-
onal convex sets is orthogonal convex. An orthogonal convex hull (see [41],
Definition 5) of a set K C R? is the smallest orthogonal convex set which
contains K. Thus, the orthogonal convex hull of K is the intersection of all
orthogonal convex sets containing K and therefore, the orthogonal convex
hull of a set is unique. But it may be not connected.

Definition 3.2. (See [45], Definition 2.3) A connected orthogonal convex hull
of K is a minimal connected orthogonal convex set containing K.

We use the term “minimal” here since all connected orthogonal sets con-
taining the given set form a partially ordered set. As we know a partially
ordered set can have at most one maximum and at most one minimum and

may have multiple maximal or minimal elements.

In Figure we display a set of three distinct points in the plane. Observe
that the orthogonal convex hull of the set is itself, and it is disconnected as
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in Figure (a). The connected orthogonal convex hulls of the set are not
unique, as in Figure [3.2] (b, ¢).

a) b) c)
Figure 3.2: a) the set of three points in the plane and its orthogonal convex

hull consists of these points; b), ¢) connected orthogonal convex hulls of these

points

Note that a connected orthogonal convex hull of a finite planar point set
is compact. We define a line to be rectilinear if the line is parallel to either
zr-axe or y-axe. A half line or a line segment are rectilinear if the lines on
which they lie are rectilinear.

Let a # b be two given points in the plane. We define an orthogonal line
{(a,b) through a, b as follows: if x, # x; and y, # s, £(a, b) is the union of two
rectilinear half lines having the same starting point, and if z, = x, or y, = s,
((a,b) is the line through a and b.

Let £(a,b) be an orthogonal line segment through a and b, and ¢ be the
common point of two half-lines of ¢(a,b). We define the orthogonal line
segment s(a,b) be two line segments |[a, c] U [c, b].

Thus, an orthogonal line ¢(a,b), (z, # xy, Yy, # Yp) Separates the plane into
two regions, as shown in Figure [3.3] The quadrant region together with the
orthogonal line ¢(a, b) will be called a quadrant determined by the orthogonal
line. In Figure [3.3], the quadrant regions are shaded.

We now define support lines for connected orthogonal convex hulls that
are similar to tangent lines in the construction of convex hulls.

Definition 3.3. Given a set K C R?. An {(a, b) is an orthogonal supporting
line (O-support, for brevity) of a set K (a and b might not belong to K)
if the intersection of f(a,b) with K is non-empty and either all points of

48



a) b)

Figure 3.3: Orthogonal lines through the points a and b with x, # x;, and

Ya 7 yp and their quadrants (shadow regions)

K\ (K N¥{(a,b)) are not on the quadrant of ¢(a,b)(x, # =y, y. # ys), or all
points of K \ (K N¥(a,b)) are on one open half plane which is determined by
the line £(a, b)(x, = xp, 0r Y, = ys).

We also call ¢(a,b) be the orthogonal supporting line segments. In a con-
crete case, we only say O-supports without specific it is an orthogonal line
or orthogonal line segments.

Two O-supports £(a,b) and ¢(c,d) of a set K are said to be opposite if
their half lines meet in exactly two points. Such O-supports are indicated in
Figure 3.4}

As we know the connected orthogonal convex hulls of a finite planar point
set maybe not unique. We now define a new kind of a point of a connected
orthogonal convex hull, then we will prove that when these points exist, the
connected orthogonal convex hulls are not unique.

Let A be a simple polyline in R? whose edges [v;_1,v;], 1 < i < n, are parallel
to the coordinate axes. Such a path A is called a staircase path (see [20], p.
22) if and only if the associated vectors alternate in direction. That is, for

1 odd, the vectors 0; 10, have the same direction, and for ¢ even, the vectors
vi_lijz- have the same direction, 1 <17 < n.

We denote by F(K) the family of all connected orthogonal convex hulls
of K. For E € F(K), if there exist two opposite O-supports H and L
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of K intersecting in only two points, say p and ¢, with z, # z, vy, # v,
then there exists a staircase path connecting p and ¢ in F (for example, the
boundary from p to ¢ of the rectangle having rectilinear edges and diagonal
[p,q]). We define all points on such path (not including p and ¢) to be semi-
1solated points of E. Thus, if E has a semi-isolated point, then E has infinity
number of semi-isolated points. Therefore, the set of all semi-isolated points
of elements of F(K) is the rectangle with the diagonal [p, q] excepting {p, q}.
Some semi-isolated points are illustrated in Figure 3.4}

L °
°
® K o
e o o
o L
e
7 q
o ?
° o °
°

Figure 3.4: Two opposite O-supports H and L of the set K and the set of
semi-isolated points (the rectangle with the diagonal [p, q] excepting {p, ¢})

It follows immediately from the definition of semi-isolated points the fol-
lowing result.

Proposition 3.1. If E € F(K) has no semi-isolated point, then every F €
F(K) also has no semi-isolated point. Therefore, the existence of semi-
isolated points does not depend on each element E € F(K).

Proof. Indeed, on the contrary, suppose that £ has no semi-isolated point
and there exists I’ € F(K), F' has semi-isolated points. Since £ has no semi-
isolated point, there do not exist two O-supports of K such that they meet
each other in exactly two points. By the definition of semi-isolated points, F’
cannot have semi-isolated point. Therefore, our contrary assumption is not
true. By the above argument, the existence of semi-isolated points does not
depend on each element F € F(K). O
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Note that the intersection of all connected orthogonal convex hulls of a set
may be a disconnected set, and it also might not be the orthogonal convex
hull of the set. As shown in Figure 3.2, connected orthogonal convex hulls of
a finite planar point set may be countless. The following proposition provides
some conditions such that the family of all connected orthogonal convex hulls
of a given set has only one element.

Proposition 3.2. Let P be a finite planar point set, and F(P) the family of
all connected orthogonal convex hulls of P. If there exists an element of F(P)
that has no semi-isolated point, then ﬂEef(P)E 15 a connected orthogonal
convex hull of P. Therefore, F(P) has only one element.

Proof. We will prove that S = (pczp) £ is orthogonal convex and con-
nected.

i) We first prove that S is orthogonal convex. Suppose that the intersection
of S and a vertical (horizontal, respectively) line contains two points e and f,
where e is the highest point and f is the lowest point (e is the leftmost point
and f is the rightmost point, respectively). Then e, f € E, for all E € F(P).
Since F'is orthogonal convex, we get

le, f] C E,for all E € F(P).
Therefore [e, f] C S. This implies that S is orthogonal convex.

ii) We now prove that S is connected. Suppose that S is disconnected. Then
it has at least two connected closed components. As S is orthogonal convex,
follow the result of two forms of an orthogonal convex set (see Ottmann et
al. [45], Proposition 2.4), we assume that the first case occurs and that there
are only two connected components 77 “under” T (case (a) in Figure [3.5),
the second case can be proved similarly (case (b) in Figure [3.5). Therefore,
we have z, < z,,y, < y,for allp € Ty and g € T5. Let

a be the highest rightmost of 77,

b be the rightmost highest point of 77,

¢ be the lowest leftmost of T5,

d be the leftmost lowest point of T5.
Then there exist two O-supports of P one connectsaandd and the other
connects b and c. These O-supports intersect in each other.
This contradicts the fact that every element of F(P) has no semi-isolated

point. Thus, S is connected.
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(a) (b) 3

Figure 3.5: T'wo forms of an orthogonal convex set

Thus, S is the minimal connected orthogonal convex set containing P. Hence,
S € F(P) and therefore F(P) has only one element. The proof is complete.
]

By Proposition , when no semi-isolated point can arise, F(P) has only
one element, we then denoted it by COCH(P). From now on, when the
notation COCH(P) is used, we understand that elements of F(P) have no
semi-isolated point.

Corollary 3.1. Let P be a finite set of points in the plane. Then COCH(P)
15 the intersection of all connected orthogonal convex sets containing P.

Proof. Let T be the intersection of all connected orthogonal convex sets
containing P. We now prove that COCH(P) = T.

Since COCH(P) is a connected orthogonal convex set, 7' C COCH(P).

For each F' is a connected orthogonal convex set, we have COCH(P) C F.
Thus COCH(P) C T. O

The intersection of all connected orthogonal convex sets which contains P
might not be the orthogonal convex hull of P, even when we assume that
every connected orthogonal convex hull of P has no semi-isolated point (see

Figure .

The converse of Proposition [3.2] is also true by the following.
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Figure 3.6: Every connected orthogonal convex hull of {a,b,c,d, e} has no

semi-isolated point.

Remark 3.1. Let P be a finite set of points in the plane and F(P) be the
family of all connected orthogonal convex hulls of P . If "{F : £ € F(P)}
is a connected orthogonal convex hull of P then all elements of F(P) has no
semi-isolated points. Indeed, let S = N{E : £ € F(P)}. As S is a connected
orthogonal convex hull of P,S C F, for all E € F(P). By the definition of
connected orthogonal convex hull of P, E is a minimal connected orthogonal
set which contains P. Thus F C S. Hence S = F, for all E € F(P). It means
that F(P) has only one element which is S. We next prove that S has no
semi-isolated point. Indeed, on the contrary, suppose that S has semi-isolated
points, there exist two opposite O—supports H and L of P intersecting in
only two points, say p and ¢, with =, # z,;y, # y,- There exists a staircase
path v connecting p and ¢q. Let R be the minimum rectilinear bounded
rectangle of P. Let A be the set which is the union of v and two closed
rectangles made by H, L and R. Two closed rectangles are not shaded as in
Figure 3.7, Then A is connected orthogonal convex set which contains P. By
the definition of connected orthogonal convex hull, there exists a connected
orthogonal convex hull, say Sy, which is a minimal connected orthogonal
convex set such that Sy C A. Clearly, v C Sy. Since there are many staircase
paths as 7, there exist several distinct connected orthogonal convex hulls as
So. This contradicts the fact that F(P) has only one element which is S.

Remark 3.2. Let P be a finite set of points in the plane. If the orthogonal
convex hull of P is connected, then it is also the connected orthogonal convex
hull of P. Indeed, let P, P, be two finite point sets in the plane and P, C P.
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Figure 3.7: Illustration of Remark |3.1

Then, the convex hull of P, is also a subset of the convex hull of P,. Here,
COCH(P,) ¢ COCH(P,) holds under the assumption of no semi-isolated
point.

Remark 3.3. Let P, P, be two finite point sets in the plane and P, C P.
Suppose that there exist £ € F(P,), F € F(P,) such that £ and F' have no
semi-isolated point. Then COCH(P;) C COCH(F,). Note that P, C P, yields
P, C P, ¢ COCH(P,) and COCH(F,) is a connected orthogonal convex set
containing P;. By Proposition [3.2, COCH(F,) is the connected orthogonal
convex hull of P;. Therefore, COCH(P,) C COCH(P,).

In the plane, two perpendicular rectilinear lines that define an orthogonal
line ¢(a,b) divide the plane into four open corners: I, I1, IIT and IV, and two
rectilinear lines, as shown in Figure[3.8] Two corners I and III (or II and IV)

are opposite. Thus, IT and two half lines through a, b form the quadrant of
l(a,b).

Proposition 3.3. Let P be a finite set of points in the plane and the following
condition hold

(B)[] There exists an O-support {(a,b) of P (a,b € P) such that all points of
P\ {a,b} lie only in both two opposite corners of €(a,b).

Then there exists a connected orthogonal convexr hull of P that has semi-
1solated points and vice versa.

Proof. Suppose that all points of P\ {a,b} lie only in two opposite corners

L(A) condition in paper [15].
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l(a,b)

117

~
<

Figure 3.8: Four corners I, II, III and IV of an orthogonal line ¢(a,b). Corner
IT belongs to the quadrant of ¢(a, b).

[ and III of ¢(a,b). Let

¢ be a point of corner I in that set having the smallest y-coordinate,

d be a point of corner III in that set having the greatest z-coordinate

(because P is finte, such ¢ and d exist). Then an orthogonal line ¢(c, d) is
an O-support and the intersection of ¢(c, d) and ¢(a,b) is exact two distinct
points. Therefore, connected orthogonal convex hulls of P have semi-isolated
points. the reverse is obtained from the definition of semi-isolated points.
Thus the proof is complete. ]

Let P be a finite planar point set. By identifying four points of P with
minimum and maximum z and y coordinates: one adds these points to the
convex hull and discards all points falling inside the quadrilateral form. We
call this the “throw-away” principle (see [7], p. 219).

Let us describe COCH(P) when P is a finite planar point set. Based on the
“throw-away” principle, we take the points a, b, ¢, d, e, f, g, and h belonging
to P such that

(C) a (b, respectively) is the leftmost (rightmost, respectively) of highest
points of P,

e ¢ (f, respectively) is the rightmost (leftmost, respectively) of lowest
points of P,

e ¢ (d, respectively) is the highest (lowest, respectively) of rightmost points
of P,
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e g (h, respectively) is the lowest (highest, respectively) of leftmost points
of P.

Then the rectangle pquv formed by a, b, ¢, d, e, f, g, h is the minimum rectangle
containing P and its edges are rectilinear (p is the intersection of the lines
through ab and gh, ¢ is the intersection of the lines through ab and cd,
u is the intersection of the lines through cd and ef, v is the intersection
of the lines through ef and gh). Assume without loss of generality that
P, q,u,v are pairwise different. This rectangle pquv is connected orthogonal
convex and therefore contains COCH(P). In addition, the rectilinear line
segments [a, b], [¢,d], [e, f],[g, h] belong the boundary of COCH(P) as (C)
holds and COCH(P) is orthogonal convex. Assume without loss of generality
that p, q, u,v are pairwise different and a # p.

Suppose that £ € F(P) has semi-isolated points. According to Proposition
, there are two opposite O-supports of P such that one lies in ¢(a, h) and
the other lies in ¢(d, e), or one lies in ¢(b, ¢) and the other lies in ¢(f, g). Based
on Proposition 3.3 procedure Semi-Isolated_Point(P, flag) finds out whether
a connected orthogonal convex hull of a set of points has semi-isolated points
or not.

From now on, we only consider the finite set of points P in the plane such
that |P| > 1 and P does not satisfy the condition (B).

Proposition 3.4. Let P be a finite planar point set. For two distinct points
a and b in P there exists at most one O-support of P through a and b.

Proof. Suppose ¢,(a,b) through a and b having starting point at (z,, ;) is an
O-support of P and ¢5(a,b) is another orthogonal line through a and b having
starting point (xy,y,). Then ¢,(a,b) and ly(a,b) are opposite O-supports of
P. Since P does not satisfy the condition (B), there is no semi-isolated point.
Hence, there exists a point of P that is in the rectangle determined by ¢ (a, b)
and ¢y(a,b). Therefore, ly(a,b), from the definition of O-support, cannot be
an O-support. ]
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3.2 Construction of the Connected Orthogonal Convex

Hull of a Finite Planar Point Set

We need some definitions.

A rectilinear polygon (see [41], Definition 1) is a simple polygon whose edges
are rectilinear (i.e., they are parallel to either x or y axis). The polygon has
therefore only 90 and 270 degree internal angles.

Definition 3.4. (See [41], Definition 2) An (x,y)—polygon is one of the fol-
lowing: a) a point; b) connected rectilinear line segments; c) a rectilinear
polygon; and d) a connected union of type b) and/or type ¢) rectilinear poly-
gons.

Let us describe COCH(P) when P is a finite planar point set. Take the
points a, b, ¢, d, e, f, g, and h belonging to P satisfying (C).

Consider the case a # h, g # f,e # d and ¢ # b. Take the orthogonal lines
{(a,h) through a and h, ¢(g, f) through g and f , ¢(e,d) through e and d,
and ¢(c,b) through ¢ and b such that p ¢ ¢(a,h), v & €(g, f), u & {(e,d), and
q ¢ ((c,b) (see Figure[3.9). We define

(D) If a # h, P, is the set of points of P in the quadrant of /(a, h). Otherwise,
P, = {a}.

e If b £ ¢, P, is the set of points of P in the quadrant of ¢(c,b). Otherwise,
P, :={b}.

o If g # f, P,; is the set of points of P in the quadrant of {(g, f). Otherwise,
P, ={f}

e If e # d, P.yis the set of points of P in the quadrant of ¢(e, d). Otherwise,
P, :={e}.

We use the scanline technique given in ( [34], p. 231-234) to find the suc-
cessive layers of maximal elements of P,;,, where a point w € P, is maximal
if there are no other points z of P,;, such that z, > z, and y,, < y.. Assume
that py = a,p1,...,pr_1,pr = h are such maximal elements. They form a
staircase path, say, P, (i.e., a union of parts of O-supports through p; and
Pit1, © = 0,...,k — 1) joining a and h such that the region formed by this
path and ¢(a, h) consists of P,;, and the area of this region is minimum in the
set of all orthogonal polygons containing P N P,,.
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Figure 3.9: The case a # h. A staircase path (coloured in blue) joining a and

h is formed by maximal elements py = a,p1,...,pr_1, pr = h of the set P,,.

Thus there is an orthogonal convex (x,y)-polygon, say T(P), formed by
the rectilinear line segments [a, b], [c,d], [e, f], [g, h] and staircase paths P,
Purs Pyss Pea, joining ¢ and b, a and h, g and f, e and d, respectively.

Proposition 3.5. Let P be a finite planar point set and F(P) be the family of
all connected orthogonal convex hulls of P. Then the intersection COCH(P)
of all connected orthogonal convez sets is an orthogonal convex (x,y)-polygon

formed by the rectilinear line segments |a,b], [c,d], [e, f],[g,h] and staircase

paths Pcb; Pah; ng, Ped-

Proof. Suppose that T'(P) is the region formed by [a, b], [c, d], [e, f], |9, h], P,
Pans Pys, Pea. By the construction of T'(P), we have P C T'(P) and T'(P) has
no semi-isolated point. It follows from Remark [3.3 that COCH(P) c T(P).
We are in position to prove that 7'(P) C COCH(P). Assume the contrary
that there exists ¢* € T'(P). Because COCH(P) has no semi-isolated point, a
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Figure 3.10: w is an extreme point of COCH(P).

horizonal line through ¢* intersects two of staircase paths P, Pan, Pys, Pea,
say at w; € Py, and wy € Py (see Figure . Assume that w; belongs to
the O-support L of P through p;, p;;1 and between these points. Because P
does not satisfy (B), the part of L between p; and p;,; belongs to COCH(P).
It implies that w; € COCH(P). Similarly, w, € COCH(P). Therefore,
q* € [wy,wy] € COCH(P). Hence, T(P) c COCH(P). O

Definition 3.5. Let P be a finite planar point set. We define a point u €
COCH(P) to be an eztreme point of COCH(P) if there exists an orthogonal
line L (u is the starting point of two half lines of L) whose intersection with
COCH(P) is only u and there is no point of COCH(P) \ {u} which lies in
the quadrant determined by L. We denote all extreme points of COCH(P)
briefly by o-ext(COCH(P)).

In Figure we display a point u € COCH(P) that is an extreme point
of COCH(P). Consider the boundary of COCH(P) between a and h. It is
a staircase path formed by the maximal elements py = a,p1,...,pr_1, P = h
(Figure [3.9). We claim that p; is an extreme point of COCH(P). Indeed,
if it was not an extreme point of COCH(P), there was some point of P,; in
the quadrant of an orthogonal line, say ¢; at p,. It follows that p; was not a
maximal element, a contradition. Thus, all points py = a,pi,...,pr_1,pr = h
are extreme points of COCH(P). Therefore, we obtain the following.

Proposition 3.6. Let P be a finite planar point set. All extreme points of
COCH(P) in P,, are mazimal elements of in P,,. They are formed by the
staircase paths P,,. Consequently, all extreme points of COCH(P) are formed
by the staircase paths Pu,, Pan, Pys, Pea and therefore they belong to P.

29



Proposition 3.7. Let P be a finite planar point set. Then,

COCH(P) = COCH(o-ext(COCH(P))).

Proof. Let T = COCH(0-ext(COCH(P))). By Proposition [3.6]
0-ext(COCH(P)) C P. Then, by Remark 3.3, 7' = COCH(o-ext(COCH(P)))
C COCH(P).

On the other hand, by Proposition 3.5, the COCH(P) is formed by the rec-

tilinear line segments determined by extreme points of COCH(P). It implies
that COCH(P) C T. The proof is complete. O

Obviously, the staircase path Pu (Pan, P,s, Ped, respectively) can be seen
as an union of finite set of O-supports, and each O-support goes through
two extreme points of Py, P,,, P,s, P.4, respectively). It follows directly from

Proposition [3.6] the following.

Corollary 3.2. The connected orthogonal convex hull of a finite planar point
set P is an orthogonal convex (x,y)-polygon whose boundary is union of finite
set of O-supports, and each O-support goes through two extreme points of P.

3.3 Algorithm, Implementation and Complexity

3.3.1 New Algorithm Based on Graham’s Convex Hull Algorithm

Let P be a finite planar point set and the condition (B) for P does not
hold. In case of connected orthogonal convex hulls, if we have a reasonably
ordered points, we then can scan these ordered points to get candidates for
extreme points of COCH(P).

Assume without loss of generality that p # ¢ # u # v and a # p. First of
all, for each set P, P, Py, P.q, we reorder points due to their y-coordinates
only. Then we use Graham’s convex hull algorithm. More details can be seen
in Algorithm [2]

Let a and b be two distinct points. We call ¢(a, b) parallel to [q, u]U[u, v] if
the first half-line through a parallel to [q, u] and the second half-line through
b parallel to [u,v]. We determine an orthogonal line ¢(p;, p;_1) through two
points py, pi—1 in Py, Pyr, Poa, Po as follows
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(E) In P, If z,, < xp,_,, £(pi_1,p:) s parallel to [g,u] U [u,v]. Otherwise,
U(ps, pe_1) is parallel to [p, q] U [q, u].

oeln P, If , <=z, ,, {(p,,pi—1) is parallel to [q,u] U [u,v]. Otherwise,

((py, pi—1) is parallel to [p, q] U [q, ul.

eln Py Ifx, <=z, ,, l(p,pi—1) is parallel to [u,v] U [v,p]. Otherwise,
U(ps, pi—1) is parallel to [v,p] U [p, q].

eIn Py If z,, < z,,_,, l(p;,ps—1) is parallel to [u,v] U [v,p]. Otherwise,
U(ps, pe_1) is parallel to [v,p] U [p, q].

D a=pdl(b,a)p q
orfthogonal line £(py, p1 T
b1 I P,
. 1 | Pt
orthogonal line ¢(p;_1, ;) I
-: : f(pt—lapt)
1 1 Di—1
I r-=-
————— ! I-.
I | I - — — .‘C_
3 S B
U(h, g t(a,h) ¢(d,c)
S W ~--n
. | le,d
ptil -1 r_(_el_)__.d
y A U(pi-1, 1) +p-t-lf(9,f) L---
R 1' | __ol Pt
I I P
P ._.I o ed
9 I :- Di—1
é
v _ f Ufse) GT “
O x

Figure 3.11: The orthogonal line ¢(p;, p;_1) is defined by the relation between

xp, and x,, , and by the location of p;, p;—1 in Py, FPyt, Peqg and P,

Let ¢(qy, g2) be an orthogonal line through two points ¢;, ¢, and its rectilin-
ear half lines have starting point gs. If the triple (g, g3, ¢2) forms a clockwise
circuit, and a point g, is not in the quadrant determined by ¢, then ¢, is to
the left of ¢ (see Figure 3.12] (a)). In other words, a point ¢, is to the left of
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¢ if g, is to the left of the directed line g;q3 or ¢, is to the left of the directed
line ngﬂ. From the construction of the COCH(P), we develop an algorithm,
which uses only this kind of orthogonal lines through two given points (see
Figure (b)). Before starting the algorithm we present a procedure to

p1'
Ds
D2 ¥
o——
D7
A °
Do
p3 ®
D5 o
P4y
®

(a) (b)

Figure 3.12: (a) The point g4 is left to ¢(q1, ¢2); (b) Four cases of orthogonal lines.

determine a given point set satisfying condition (B) or not. Under the as-
sumptions of Proposition [3.4], two given points of a finite planar point set
P determine at most one O-support of P. Therefore, we need only to check
points of P in the ¢(a, h)’s quadrant and in the ¢(b, ¢)’s quadrant. If all points
of P in {(a, h)’s quadrant do not satisfy the condition (B), then we continue
to check the points of P in £(b, ¢)’s quadrant.

Ezample 1. A demonstration of the procedure is shown in Figure [3.13]

The input is P = {(1,10), (2,12),(3,8),(4,4),(6,6),(7,2)}. The highest
points is a = (2,12), the leftmost point is h = (1,10). S := {{(a,h)}. Con-
sider (3,8),(4,4),(6,6),(7,2) € P. When S := {{(a, h)}, flag = 0. Therefore,
we continue to check points of P in ¢(b,c¢)’s quadrant. b = a = (2,12),
c = (7,2). S = {l(b,i),4(i,m),¢(m,c)}. Similarly, the procedure gives
flag = 1. Therefore, all elements of F(P) have semi-isolated points.

2¢ is left of a directed line ab iff (z; — Za)(Ye — Ya) — (e — Ta)(Yp — Ya) > 0.
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Procedure 1 DETERMINE WHETHER A CONNECTED ORTHOGONAL CONVEX HULL OF P HAS SEMI-ISOLATED

POINTS.
1. procedure SEMI-ISOLATED_POINT(P, flag)

2 Input. A set of finite points P in the plane.

3: Output. Determine whether a connected orthogonal convex hull of P
has semi-isolated points.

4 Find a and h (or ¢ and b) satisfying (C).

5: A = {all points of P in P, (or in Py)};

6: S = {all O-supports of P in P, (or in P) of two points of A};

7 flag = 0;

s: while /in S do

9: if all points of P on II and IV (or I and III) of ¢ then
10: flag = 1; break;

11: end if

12: end while

13: return flag;

11: end procedure

zp
a=b q
h
8 i.
6 m e
4 n e
C=1U
2
1 2 3 4 5 6 7 8

Figure 3.13: P = {a,b,c, h,i,m,n} and a connected orthogonal hull of P has

semi-isolated points.

We now present an efficient algorithm based on the idea of Graham’s convex
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hull algorithm.

Algorithm 2 FINDING THE CONNECTED ORTHOGONAL CONVEX HULL

1:

2:

3:

10:

11:

12:

13:

14:

15:

16:

Input. A set of finite distinct points P in the plane.
Output. List of extreme points of COCH(P) in order.
Find a,b,c,d,e, f,9,h € P satisfying (C) and Puy, Pu, Pyr, and Py
satisfying (D).
Sort all points of F,;, U Py in decreasing their y-coordinates. If two
points have the same y-coordinate, the one having smaller x-coordinate
is chosen. Suppose that after sorting, the points are pg, p1, ..., Pk.
Sort all points of P.;U P, in ascending their y-coordinates. If two points
have the same y-coordinate, the one having bigger x-coordinate is chosen.
Suppose that after sorting, the points are pr.i1, Pri2, .-, Pm.
Stack S = ()
PusH(py, S)
PusH(py, 5)
PUSH(ps, 5)
for : < 3 tom

while p; is not to the left of the orthogonal line /(NEXT-TO-TOP(S),
TOP(S))

Popr(S)

end while

PusH(p;, S)
end for

return S

Theorem 3.1. Algorithm [3 determines COCH(P). The time complexity is
O(nlogn), where n is the number of points of P.

Proof. Aswe have seen that a, b, ¢, d, e, f, g, h are extreme point of COCH(P),
we can assume without loss of generality, that P = P, (b=1c¢,g = f,e =d).
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Firstly, we claim that each point which is poped from the stack S is impossible
to be an extreme point of COCH(P). Indeed, suppose that

point p; is poped from the stack
i.e., there is
some p; such that p;is not on the left of ¢(p,_1, p,) and p, = p;.

Assume that p; = p,_;. Then [ < 7 < j as we order points of P, in decreasing
their y-coordinates. Hence

Pi € Pany vy, > 1, and y,, > v,

(see Figure |3.11]). Thus

p; is not a maximal element of P,,.
According to Proposition

p; is not an extreme point of COCH(P).

Next, we claim that when the algorithm stops, the points on stack always are
extreme points of COCH(P). Indeed, by Proposition

a = py, p1 are extreme points of COCH(P).
We now prove by induction. Assume that
pio1 € Switht > 2is an extreme point of COCH(P)
we prove that
piis an extreme point of COCH(P), too.

Indeed, we have
p; is left of (pi—1, )
for all 7 > i, where
P =D, Py = 1,7 <.
As j > 1 and the sort of points of P, is in decreasing their y-coordinates we
have y,. < y,,. On the other hand, as

Pi—1, Pr are consecutive points in .S,
we get that

all points p,, € P, (1" < m < i) are left of £(p,_1, p;).
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It follows from Proposition [3.6] and the fact that p,_; is a maximal element
of P, that z, > x,, ,. Thus

p,is a maximal element of P,,.
It follows from Proposition [3.6] that
piis an extreme point of COCH(P).

We now turn to analysis the complexity of the algorithm. Step 3 needs O(n)
time. Steps 4 and 5 need O(nlogn) time. Steps 10-13 take O(n) time.
Therefore, Algorithm [2] takes O(nlogn) time. O

Ezample 2. A demonstration of the algorithm is shown in Figure [3.14] The
input is P = {(0, 1), (10,0),(7,3), (5,4), (1,6), (10,4), (7,8),(6,9), (8,10)} that
does not satisfy (B). A highest point is a = b = (8,10), a leftmost point is
g = h = (0,1), a lowest point is e = f = (10,0), the rightmost point is
c=d=(10,4).

After sorting via y-coordinates, we have the list of points

P = {(8,10), (6,9), (7,8), (1,6), (5,4), (7,3), (0,1), (10,0), (10, 4)}.

Below is shown the stack S and the value of ¢ at the for loop:

7; pu—
Hence, COCH(P) is determined by the extreme points (8,10), (6,9), (1,6),
(0,1), (10,0), (10,4) and their order.

3.3.2 Complexity

The lower bound of algorithms for finding the connected orthogonal convex
hull can be proved similarly to lower bound of finding convex hulls (see [51],
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(8, 10)
10 ®

(1, 6)

(5, 4) (10, 4)
[ J

(10, 0)
0 2 4 6 8 10

Figure 3.14: The connected orthogonal convex hull of P = {(0, 1), (10, 0), (7, 3),
(5,4),(1,6),(10,4),(7,8),(6,9),(8,10)}

Section 3.4).

Proposition 3.8. Lower bound on computational complexity of algorithms
for finding the connected orthogonal convex hull of a finite planar point set is
the same as for sorting, it means O(nlogn).

Proof. We have presented Algorithm [2| that runs in O(nlogn) time to find
the connected convex hull of a finite set of points. We will prove that any
algorithm for finding the connected convex hull of a finite set of points cannot
run faster than sorted algorithms (Hence, since the lower bound of sorted
algorithms is O(nlogn), this implies the required proof).

Suppose that problem A is an unsorted list P, of numbers to be sorted,
Z1, T, ...,x, and we have some algorithm B that constructs the connected
orthogonal convex hull as a (z,y)-polygon of n points in T'(n) time. Now
we will use B to solve A in time T'(n) + O(n), where the additional O(n)
represents the time to convert the solution of B to a solution of A.

Let P, C [wy, ws]. Take w = (w; + wy)/2. Now we have the set
P:={(x; € P, |lx;—wl|),i=1,....,n} U {(w,w —wy), (we,wy —w)}

in the plane, as shown in Figure 3.15 where {(w;, w — wy), (wy, wy — w)} are
artificial points. P lies on the graph of the function y = |z — w| and does
not satisfy (B). We use algorithm B to construct the connected orthogonal
convex hull COCH(P) of these points. It follows from Proposition that
every point of P is extreme point of COCH(P). The order in which the points
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p:(wlaw_wl) C]:(ZUQ,ZUQ—ZU)

y = [z — (w1 + w2)/2|

!

Figure 3.15: The order in which the points of P (black spots and two white
spots) occur on the hull COCH(P) in counterclockwise from p is the sorted

order of x1, 9, ..., x,.

of P occur on the hull in counterclockwise from p is the sorted order for P;.
Thus we can use any algorithm for finding the connected orthogonal convex
hull to sort the list P, but it cannot run faster than sorted algorithms. [J

3.3.3 Implementation

Our algorithm was implemented in Python. Tests were run on a PC
3.20GHz with an intel Core i5 and 8 GB of memory. The actual run times
of our algorithm on the set of a finite number of points which is uniformly
random positioned in the interior of a square of size 10000000 having sides
parallel to the coordinate lines are given in Table 3.1. In our experiments,
the more points we add the less cases of semi-isolated point happen. In the
code we consider the case a = h = p as follows: we take the last point in the
ordered points in Step 4 of Algorithm 2 to be the starting point p, and a = h
to be the second point p;. Following the way of sorting all points of P we
obtain py as an extreme point of COCH(P).
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Number of points | Time (s) | Illustrations of connected orthogonal convex

hulls of some planar point sets

— 1
10 | 0.001 o ’
100 | 0.008
1000 | 0.08
10000 | 0.1

100000 | 38.91

1000000 | 8919.93

Table 3.1: Time (an average of 100 runs) required to compute the connected orthogonal
convex hull of the set of n points with integer coordinates randomly positioned in the interior

of a square of size 10000000 having sides parallel to the coordinate lines.
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3.4 Conclusions

In Sections [3.1] and [3.2, we have detected in what circumstances, there
exists the connected orthogonal convex hull of a planar points set (Proposi-
tions [3.2). Following the uniqueness of the connected orthogonal convex hull,
we have provided the construction of the hull which is an (z,y)-orthogonal
polygon (Proposition and Corollary [3.2)), and its extreme vertexes belong
to the given points (Proposition . We have presented a procedure to de-
termine if a given finite planar point set has the connected orthogonal convex
hull. Section has contained the main algorithm, which has been based
on the idea of Graham’s convex hull algorithm, for finding the connected
orthogonal convex hull of a finite planar point set (Algorithm [2)) and it has
stated that the lower bound of such algorithm is O(nlogn) (Proposition [3.8)).
Some numerical results have shown the connected orthogonal convex hulls of
some sets of a finite number of points which has been randomly positioned
in the interior of a given square (Table 3.1).
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General Conclusions

This dissertation has applied different tools from convex analysis, opti-
mization theory, and computational geometry to study some constrained op-
timization problems in computational geometry.

The main results of the dissertation have included:

- the existence and uniquesness of shortest paths along a sequence of line
segments;

- conditions for concatenation of two shortest paths to be a shortest paths:;

- straightest paths and longest straightest paths on a sequence of adjacent
triangles;

- a property of connected orthogonal convex hulls; the construction of the

connected orthgonal convex hull via extreme points;

- an efficient algorithm to finding the connected orthogonal convex hull of
a finite planar point set and an evaluating the time complexity for all
algorithms which find the connected orthogonal convex hull of a finite
planar point set.

71



List of Author’s Related Papers

1. An, P.T., Huyen, P.T.T., Le, N.T.: A modified Graham’s scan algorithm
for finding the connected orthogonal convex hull of a finite planar point
set. Applied Mathematics and Computation 397, (2021). Article ID
125889

2. Hai, N.N., An, P.T., Huyen, P.T.T.: Shortest paths along a sequence of

line segments in FEuclidean spaces. Journal of Convex Analysis 26(4),
10891112 (2019)

72



References

[1] Abello, J., Estivill-Castro, V., Shermer, T., Urrutia, J.: Illumination of
orthogonal polygons with orthogonal floodlights. International Journal
of Computational Geometry & Applications 8, 25-38 (1998)

[2] Agarwal, P.K., Har-Peled, S., Karia, M.: Computing approximate short-
est paths on convex polytopes. Algorithmica 33, 227-242 (2002)

[3] Ahadi, A., Mozafari, A., Zarei, A.: Touring a sequence of disjoint poly-
gons: Complexity and extension. Theoretical Computer Science 556,
45-54 (2014)

[4] Ahmed, M., Das, S., Lodha, S., Lubiw, A., Maheshwari, A., Roy, S.: Ap-
proximation algorithms for shortest descending paths in terrains. Journal
of Discrete Algorithms 8, 214-230 (2010)

[5] Ahmed, M., Lubiw, A.: Shortest descending paths: towards an exact
algorithm. International Journal of Computational Geometry & Appli-
cations 21, 431-466 (2011)

[6] Ahmed, M., Lubiw, A., Maheshwari, A.: Shortest gently descending
paths. In: WALCOM: Algorithms and Computation, Third International

Workshop, Lecture Notes in Computer Science, vol. 5431, pp. 59-70.
Springer (2009)

[7] Akl, S.G., Toussaint, G.T.: A fast convex hull algorithm. Information
Processing Letters 7, 219-222 (1978)

[8] Aleksandrov, L., Maheshwari, A., Sack, J.R.: Determining approximate
shortest paths on weighted polyhedral surfaces. Journal of the ACM 52,
25-53 (2005)

[9] Allison, D.C.S.,; Noga, M.T.: Some performance tests of convex hull
algorithms. BIT Numerical Mathematics 24, 2-13 (1984)

73



[10] An, P.T.: Method of orienting curves for determining the convex hull of
a finite set of points in the plane. Optimization 59, 175-179 (2010)

[11] An, P.T.: Finding shortest paths in a sequence of triangles in 3d by the
method of orienting curves. Optimization 67(1), 159-177 (2017)

[12] An, P.T.: Optimization Approaches for Computational Geometry. Se-
ries of Monographs Application and Development of High-Tech. Vietnam
Academy of Science and Technology (2017)

[13] An, P.T., Hai, N.N., Hoai, T.V.: Direct multiple shooting method for
solving approximate shortest path problems. Journal of Computational
and Applied Mathematics 244, 67-76 (2013)

[14] An, P.T., Hoai, T.V.: Incremental convex hull as an orientation to solving
the shortest path problem. In: Proceeding of IEEE 3rd International
Conference on Computer and Automation Engineering, pp. 21-23 (2011)

[15] An, P.T., Huyen, P.T.T., Le, N.T.: A modified Graham’s scan algorithm
for finding the connected orthogonal convex hull of a finite planar point
set. Applied Mathematics and Computation 397 (2021). Article 1D
125889

[16] Bajaj, C.: The algebraic complexity of shortest paths in polyhedral
spaces. In: Proceedings 23rd Annual Allerton Conference on Communi-
cation, Control and Computing, Monticello, Illinois, pp. 510-517 (1985)

[17] Balasubramanian, M., Polimeni, J.R., Schwartz, E.L.: Exact geodesics
and shortest paths on polyhedral surfaces. IEEE Transactions on Pattern

Analysis and Machine Intelligence 31(6), 1006-1016 (2009)

[18] Biedl, T., Genc, B.: Reconstructing orthogonal polyhedra from putative
vertex sets. Computational Geometry 44, 409-417 (2011)

[19] Bose, P., Maheshwari, A., Shu, C., Wuhrer, S.: A survey of geodesic
paths on 3d surfaces. Computational Geometry 44(9), 486-498 (2011)

[20] Breen, M.: A Krasnosel’skii theorem for staircase paths in orthogonal
polygons. Journal of Geometry 51, 22-30 (1994)

[21] Canny, J., Reif, J.: Lower bounds for shortest path and related problems.
In: Proceedings 28th Annual Symposium on Foundations of Computer
Science, pp. 49-60. IEEE (1987)

74



[22] Chen, J., Han, Y.: Shortest paths on a polyhedron; part i: Computing
shortest paths. International Journal of Computational Geometry &
Applications 6, 127-144 (1996)

[23] Cheng, S., Jin, J.: Shortest paths on polyhedral surfaces and terrains. In:
STOC 14 Proceedings of the 64th Annual ACM Symposium on Theory
of Computing, pp. 373-382. IEEE (2014)

[24] Cheng, S.W., Jin, J.: Approximate shortest descending paths. In: Pro-
ceedings of the 24th Annual ACM-SIAM Symposium on Discrete Algo-
rithms, pp. 144-155. STAM (2013)

[25] Coddington, E.A., Levinson, N.: Theory of Ordinary Differential Equa-
tions. Tata McGraw-Hill (1955)

[26] Cook, I.A.F., Wenk, C.: Shortest path problems on a polyhedral surface.
Algorithmica 69(1), 58-77 (2014)

[27] Dror, M., Efrat, A., Lubiw, A.: Touring a sequence of polygons. In: Pro-
ceedings of the 35th Annual ACM Symposium on Theory of Computing,
pp. 473-482. IEEE (2003)

28] Gonzélez-Aguilar, H., Ordenand, D., Pérez-Lantero, P., Rappaport, D.,
Seara, C., Tejel, J., Urrutia, J.: Maximum rectilinear convex subsets. In:

Fundamentals of Computation Theory, 22nd International Symposium,
pp. 274-291. Springer (2019)

[29] Graham, R.: An efficient algorithm for determining the convex hull of a
finite planar set. Information Processing Letters 1, 132-133 (1972)

[30] Griinbaum, B.: Convex Polytopes. Springer (2003)

[31] Hai, N.N., An, P.T.: A generalization of Blaschke’s convergence theorem
in metric spaces. Journal of Convex Analysis 4, 1013-1024 (2013)

[32] Hearn, D.D., Baker, P., Warren Carithers, W.: Computer Graphics with
Open GL. Person (2014)

[33] Hoai, T.V., An, P.T., Hai, N.N.: Multiple shooting approach for com-
puting approximately shortest paths on convex polytopes. Journal of
Computational and Applied Mathematics 317, 235246 (2017)

[34] Karlsson, R.G., Overmars, M.H.: Scanline algorithms on a grid. BIT
Numerical Mathematics 28, 227-241 (1988)

75



[35] Lang, S., Murrow, G.: Geometry: A High School Course. Springer
Sciene+Business Media, LLC (1988)

[36] Li, F., Klette, R.: FEuclidean Shortest Paths: Exact and Approximate
Algorithms. Springer (2011)

[37] Mitchell, J., Papadimitriou, C.: The weighted region problem: finding
shortest paths through a weighted planar subdivision. Journal of the
ACM 38, 18-73 (1991)

[38] Mitchell, J.S.: Geometric shortest paths and network optimization. In:
Handbook of Computational Geometry, pp. 633-701. Elsevier Science
Publishers B.V. North-Holland (2000)

[39] Mitchell, J.S.B.: Approximation schemes for geometric network opti-
mization problems. In: Encyclopedia of Algorithms, pp. 126-130 (2015)

[40] Mitchell, J.S.B., Mount, D.M., Papadimitriou, C.H.: The discrete
geodesic problem. SIAM Journal on Computing 16, 633-701 (1987)

[41] Montuno, D.Y., Fournier, A.: Finding the x-y convex hull of a set of x-y
polygons. Tech. Rep. 148, University of Toronto (1982)

[42] Nicholl, T.M., Lee, D.T., Liao, Y.Z., Wong, C.K.: On the z — y convex
hull of a set of x — y polygons. BIT Numerical Mathematics 23(4),
456-471 (1983)

[43] O’'Rourke, J.: Computational Geometry in C. Cambridge University
Press (1998)

[44] O’Rourke, J., Suri, S., Booth, H.: Shortest paths on polyhedral surfaces.
Tech. Rep. Manuscript, The Johns Hopkins University, Baltimore (1984)

[45] Ottmann, T., Soisalon-Soininen, E., Wood, D.: On the definition and
computation of rectilinear convex hulls. Information Sciences 33(3), 157
171 (1984)

[46] Papadopoulos, A.: Metric Spaces, Convexity and Nonpositive Curvature.
2ed., European Mathematical Society (2014)

[47] Pham-Trong, V., Szafran, N., Biard, L.: Pseudo-geodesics on three-
dimensional surfaces and pseudo-geodesic meshes. Numerical Algorithms
26, 305-315 (2001)

76



[48] Polthier, K., Schmies, M.: Straightest geodesics on polyhedral surfaces.
In: Mathematical Visualization, pp. 135-150. Springer (1998)

[49] Seo, J., Chae, S., Shim, J., Kim, D., Cheong, C., Han, T.D.: Fast
contour-tracing algorithm based on a pixel-following method for image
sensors. Sensors 16, 353 (2016)

[50] Sethian, J.A.: Fast marching methods. STAM Review 41, 199-235 (1999)

[51] Shamos, M.I.: Computational Geometry. Ph.D. Dissertation, Depart-
ment of Computer Science, Yale University (1977)

[52] Sharir, M., Schorr, A.: On shortest paths in polyhedral spaces. SIAM
Journal on Computing 15(1), 193-215 (1986)

[53] Son, W., Hwang, S.W.,; Ahn, H.K.: Mssq: Manhattan spatial skyline
queries. Information Systems 40, 67-83 (2014)

[54] Steiner, J.: Gesammelte werke. Band 2, 45 (1882)

[55] Tran, N., Dinneen, M.J., Linz, S.: Computing close to optimal weighted
shortest paths in practice. In: Proceedings of the Thirtieth Interna-
tional Conference on Automated Planning and Scheduling (ICAPS), p.
291-299. AAAT Press (2020)

[56] Uchoa, E., de Aragao, M.P., Ribeiro, C.C.: Preprocessing steiner prob-
lems from vlsi layout. Networks 40, 38-50 (2002)

[57] Unger, S.H.: Pattern detection and recognition. In: Proceedings of the
Institute of Radio Engineers, pp. 1737-1752. IEEE (1959)

[58] Varadarajan, K., Agarwal, P.: Approximating shortest paths on a non-
convex polyhedron. SIAM Journal on Computing 30, 1321-1340 (2001)

[59] Xin, S.Q., Wang, G.J.: Efficiently determining a locally exact shortest
path on polyhedral surfaces. Computer-Aided Design 39(12), 1081-1090
(2007)

7



	
	
	
	 Preliminaries
	Paths
	Graham's Convex Hull Algorithm

	 Shortest Paths with respect to a Sequence of Line Segments in Euclidean Spaces
	Shortest Paths with respect to a Sequence of Ordered Line Segments
	Concatenation of Two Shortest Paths
	Conclusions

	 Straightest Paths on a Sequence of Adjacent Polygons
	Straightest Paths
	An Initial Value Problem on a Sequence of Adjacent Polygons
	Conclusions

	 Finding the Connected Orthogonal Convex Hull of a Finite Planar Point Set
	Orthogonal Convex Sets and their Properties
	Construction of the Connected Orthogonal Convex Hull of a Finite Planar Point Set
	Algorithm, Implementation and Complexity
	New Algorithm Based on Graham's Convex Hull Algorithm
	Complexity
	Implementation

	Conclusions

	
	

