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❚ã♠ t➽t

❈❤♦ R ❧➭ ♠ét ✈➭♥❤ ◆♦❡t❤❡r ❣✐❛♦ ❤♦➳♥✱ a ❧➭ ♠ét ✐➤➟❛♥ ❝ñ❛ R ✈➭ M ❧➭ ♠ét

R✲♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤✳ ▼ô❝ t✐➟✉ ❝❤Ý♥❤ ❝ñ❛ ❧✉❐♥ ➳♥ ❧➭ t×♠ ♥❤÷♥❣ ➤✐Ò✉ ❦✐Ö♥

➤Ó ❝➳❝ ♠➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ H i
a(•) ❝ã tÝ♥❤ ❝❤✃t ❝❤❰ r❛ ✈➭ ➳♣

❞ô♥❣ ♥ã ✈➭♦ ♥❤✐Ò✉ ✈✃♥ ➤Ò ❦❤➳❝ ♥❤❛✉ ❝ñ❛ ➜➵✐ sè ●✐❛♦ ❤♦➳♥✳ ▲✉❐♥ ➳♥ ➤➢î❝

❝❤✐❛ ❧➭♠ ❜è♥ ❝❤➢➡♥❣✳

❚r♦♥❣ ❈❤➢➡♥❣ ✶✱ tr➢í❝ ❤Õt ❝❤ó♥❣ t➠✐ ♥❤➽❝ ❧➵✐ ♠ét sè tÝ♥❤ ❝❤✃t ❝➡ ❜➯♥ ❝ñ❛

♠➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ✈➭ ♣❤Ð♣ t♦➳♥ tr♦♥❣ ♠➠➤✉♥ Ext1R(•, •)✳ ➜Ó
❝❤ø♥❣ ♠✐♥❤ ♠ét ❞➲② ❦❤í♣ ♥❣➽♥ 0 → A → B → C → 0 ❧➭ ❝❤❰ r❛ ❝❤ó♥❣ t➠✐

❝❤ø♥❣ ♠✐♥❤ ♥ã ➤➵✐ ❞✐Ö♥ ❝❤♦ ♣❤➬♥ tö 0 ❝ñ❛ Ext1R(C,A)✳ ❈✉è✐ ❝❤➢➡♥❣ ❝❤ó♥❣

t➠✐ ❝❤ø♥❣ ♠✐♥❤ ♠ét ➤Þ♥❤ ❧Ý ❝❤❰ r❛ ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ✈í✐ ➤✐Ò✉

❦✐Ö♥ H i
a(M) ❧➭ ❤÷✉ ❤➵♥ s✐♥❤ ✈í✐ ♠ä✐ i < t ♥➭♦ ➤ã✳ ▼ét sè ➳♣ ❞ô♥❣ ❝ñ❛ ➤Þ♥❤

❧Ý ❝❤❰ r❛ ♥➭② ✈➭♦ tÝ♥❤ æ♥ ➤Þ♥❤ ❝ñ❛ ❤Ö t❤❛♠ sè ❝ñ❛ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛②

s✉② ré♥❣ ❝ò♥❣ ➤➢î❝ ➤➢❛ r❛✳

❚r♦♥❣ ❈❤➢➡♥❣ ✷✱ ❝❤ó♥❣ t➠✐ ➳♣ ❞ô♥❣ tÝ♥❤ ❝❤❰ r❛ ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛

♣❤➢➡♥❣ ➤Ó ❝❤ø♥❣ ♠✐♥❤ ♠ét sè tÝ♥❤ ❝❤✃t æ♥ ➤Þ♥❤ ❝ñ❛ ❤Ö t❤❛♠ sè tèt ❝ñ❛ ❝➳❝

♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ ❞➲②✳

❚r♦♥❣ ❈❤➢➡♥❣ ✸✱ ❝❤ó♥❣ t➠✐ ❧✉➠♥ ①Ðt ✈➭♥❤ ❝➡ së (R,m) ❧➭ ➯♥❤ ➤å♥❣ ❝✃✉

❝ñ❛ ♠ét ✈➭♥❤ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ➤Þ❛ ♣❤➢➡♥❣✳ ❈❤ó♥❣ t➠✐ ❝❤ø♥❣ ♠✐♥❤ tÝ♥❤ ❝❤❰

r❛ ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ t❤❡♦ ❝➳❝ ♣❤➬♥ tö t❤❛♠ sè x ∈ b(M)3✱ ë ➤➞②

b(M) = ∩dx;i=1Ann(0 : xi)M/(x1,...,xi−1)M ,

✈í✐ x = x1, ..., xd ❝❤➵② tr♦♥❣ t✃t ❝➯ ❝➳❝ ❤Ö t❤❛♠ sè ❝ñ❛M ✳ ▼ét ➳♣ ❞ô♥❣ ➤➳♥❣

❝❤ó ý ❝ñ❛ ➤Þ♥❤ ❧Ý ❝❤❰ r❛ ♥➭② ❧➭ ❝❤ó♥❣ t➠✐ ➤➲ ①➞② ❞ù♥❣ ➤➢î❝ ♠ét ❧♦➵✐ ❜❐❝ ♠ë

ré♥❣ t❤❡♦ ♥❣❤Ü❛ ❝ñ❛ ❲✳ ❱❛s❝♦♥❝❡❧♦s ✈➭ ❣ä✐ ➤ã ❧➭ ❜❐❝ ❦❤➠♥❣ tré♥ ❧➱♥✳

❚r♦♥❣ ❈❤➢➡♥❣ ✹✱ ❝❤ó♥❣ t➠✐ ❝❤ø♥❣ ♠✐♥❤ ♠ét sè tÝ♥❤ ❝❤✃t ❤÷✉ ❤➵♥ ❝ñ❛ t❐♣

✐➤➟❛♥ ♥❣✉②➟♥ tè ❧✐➟♥ ❦Õt ❝ñ❛ ♠➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ➤➬✉ t✐➟♥ ❦❤➠♥❣

❤÷✉ ❤➵♥ s✐♥❤ ✈➭ ❝ã t❐♣ ❣✐➳ ✈➠ ❤➵♥✳ ❈❤ó♥❣ t➠✐ ❝ò♥❣ ❝❤ø♥❣ ♠✐♥❤ tÝ♥❤ ❤÷✉ ❤➵♥

❝ñ❛ ♠ét sè t❐♣ ✐➤➟❛♥ ♥❣✉②➟♥ tè ❧✐➟♥ ❦Õt ❧✐➟♥ q✉❛♥ ✈í✐ ❝❤✐Ò✉ ❤÷✉ ❤➵♥ ❝ñ❛M

t➢➡♥❣ ø♥❣ ✈í✐ ♠ét ✐➤➟❛♥ a✳



❆❜str❛❝t

▲❡t R ❜❡ ❛ ◆♦❡t❤❡r✐❛♥ r✐♥❣✱ a ❛♥ ✐❞❡❛❧ ♦❢ R ❛♥❞M ❛ ❢✐♥✐t❡❧② ❣❡♥❡r❛t❡❞ R✲

♠♦❞✉❧❡✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s t❤❡s✐s ✐s t♦ ♣r♦✈❡ ❚❤❡♦r❡♠s ♦♥ t❤❡ s♣❧✐tt✐♥❣ ♦❢ ❧♦❝❛❧

❝♦❤♦♠♦❧♦❣② H i
a(•) ❛♥❞ t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ♠❛♥② ♣r♦❜❧❡♠s ♦❢ ❈♦♠♠✉t❛t✐✈❡

❆❧❣❡❜r❛✳ ❚❤❡ t❤❡s✐s ✐s ❞✐✈✐❞❡❞ ✐♥t♦ ❢♦✉r ❝❤❛♣t❡rs✳

■♥ ❈❤❛♣t❡r ✶✱ ✇❡ ❢✐rst r❡❝❛❧❧ s♦♠❡ ❢✉♥❞❛♠❡♥t❛❧ r❡s✉❧ts ♦❢ ❧♦❝❛❧ ❝♦❤♦♠♦❧✲

♦❣② ❛♥❞ ♦♣❡r❛t✐♦♥s ♦❢ R✲♠♦❞✉❧❡ Ext(•, •)✳ ■♥ ♦r❞❡r t♦ ♣r♦✈❡ ❛ s❤♦rt ❡①❛❝t

s❡q✉❡♥❝❡ 0 → A → B → C → 0 ✐s s♣❧✐t ✇❡ s❤♦✇ t❤❛t ✐t ✐s ❛ r❡♣r❡s❡♥t❛t✐✈❡

♦❢ t❤❡ ③❡r♦ ❡❧❡♠❡♥t ♦❢ Ext1R(C,A)✳ ❲❡ ♣r♦✈❡ ❛ s♣❧✐tt✐♥❣ t❤❡♦r❡♠ ♦❢ ❧♦❝❛❧

❝♦❤♦♠♦❧♦❣② ♣r♦✈✐❞❡❞ t❤❛t H i
a(M) ✐s ❢✐♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❢♦r ❛❧❧ i < t ✇✐t❤

s♦♠❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r t✳ ❙♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s ❛❜♦✉t t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢

s②st❡♠s ♦❢ ♣❛r❛♠❡t❡rs ♦❢ ❣❡♥❡r❛❧✐③❡❞ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ♠♦❞✉❧❡s ❛r❡ ❣✐✈❡♥✳

■♥ ❈❤❛♣t❡r ✷✱ ✇❡ ✉s❡ t❤❡ s♣❧✐tt✐♥❣ ♦❢ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② t♦ ♣r♦✈❡ s♦♠❡

❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦rs ♦❢ ❣♦♦❞ s②st❡♠s ♦❢ ♣❛r❛♠❡t❡rs ♦❢ s❡q✉❡♥t✐❛❧❧② ❣❡♥❡r✲

❛❧✐③❡❞ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ♠♦❞✉❧❡s✳

■♥ ❈❤❛♣t❡r ✸✱ ✇❡ ❛❧✇❛②s ❛ss✉♠❡ t❤❛t (R,m) ✐s t❤❡ ❤♦♠♦♠♦r♣❤✐❝ ✐♠❛❣❡ ♦❢

❛ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❧♦❝❛❧ r✐♥❣✳ ❲❡ s❤❛❧❧ ♣r♦✈❡ t❤❡ s♣❧✐tt✐♥❣ ♦❢ ❧♦❝❛❧ ❝♦❤♦♠♦❧✲

♦❣② ✉♥❞❡r ♣❛ss✐♥❣ ❛ ♣❛r❛♠❡t❡r ❡❧❡♠❡♥t x ∈ b(M)3✱ ✇❤❡r❡

b(M) = ∩dx;i=1Ann(0 : xi)M/(x1,...,xi−1)M ,

✇✐t❤ x = x1, ..., xd r✉♥s ♦✈❡r ❛❧❧ s②st❡♠s ♦❢ ♣❛r❛♠❡t❡rs ♦❢M ✳ ❆s ❛ r❡♠❛r❦❛❜❧❡

❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤✐s s♣❧✐tt✐♥❣ t❤❡♦r❡♠✱ ✇❡ ❝♦♥str✉❝t ❛♥ ❡①t❡♥❞❡❞ ❞❡❣r❡❡ ✐♥ t❤❡

s❡♥s❡ ♦❢ ❲✳ ❱❛s❝♦♥❝❡❧♦s ✇❤✐❝❤ ✇❡ ❝❛❧❧ ✉♥♠✐①❡❞ ❞❡❣r❡❡✳

■♥ ❈❤❛♣t❡r ✹✱ ✇❡ ♣r♦✈❡ t❤❡ ❢✐♥✐t❡♥❡ss ♦❢ t❤❡ s❡t ♦❢ ❛ss♦❝✐❛t❡❞ ♣r✐♠❡s ♦❢ t❤❡

❢✐rst ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ✇❤❛t ✐s ♥♦t ❢✐♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❛♥❞ ✇❤♦s❡ s✉♣♣♦rt ✐s

♥♦t ❢✐♥✐t❡✳ ❲❡ ❛❧s♦ ♣r♦✈❡ t❤❡ ❢✐♥✐t❡♥❡ss ♦❢ ❝❡rt❛✐♥ s❡ts ♦❢ ❛ss♦❝✐❛t❡❞ ♣r✐♠❡s

r❡❧❛t❡❞ t♦ t❤❡ ❢✐♥✐t❡♥❡ss ❞✐♠❡♥s✐♦♥ ♦❢M ✇✐t❤ r❡s♣❡❝t t♦ ❛♥ ✐❞❡❛❧ a✳



▲ê✐ ❝❛♠ ➤♦❛♥

❚➠✐ ①✐♥ ❝❛♠ ➤♦❛♥ ➤➞② ❧➭ ❝➠♥❣ tr×♥❤ ♥❣❤✐➟♥ ❝ø✉ ❝ñ❛ r✐➟♥❣ t➠✐✳ ❈➳❝ ❦Õt q✉➯

✈✐Õt ❝❤✉♥❣ ✈í✐ t➳❝ ❣✐➯ ❦❤➳❝ ➤➲ ➤➢î❝ sù ♥❤✃t trÝ ❝ñ❛ ➤å♥❣ t➳❝ ❣✐➯ ❦❤✐ ➤➢❛ ✈➭♦

❧✉❐♥ ➳♥✳ ❈➳❝ ❦Õt q✉➯ ❝ñ❛ ❧✉❐♥ ➳♥ ❧➭ ♠í✐ ✈➭ ❝❤➢❛ tõ♥❣ ➤➢î❝ ❛✐ ❝➠♥❣ ❜è tr♦♥❣

❜✃t ❦× ❝➠♥❣ tr×♥❤ ♥➭♦ ❦❤➳❝✳

❚➳❝ ❣✐➯

P❤➵♠ ❍ï♥❣ ◗✉ý



▲ê✐ ❝➯♠ ➡♥

❚➠✐ ①✐♥ ❜➭② tá ❧ß♥❣ ❜✐Õt ➡♥ s➞✉ s➽❝ ➤Õ♥ ❤❛✐ ♥❣➢ê✐ t❤➬② ➤➲ ❞×✉ ❞➽t t➠✐ tr➟♥ ❝♦♥

➤➢ê♥❣ ❤ä❝ t❐♣ ✈➭ ♥❣❤✐➟♥ ❝ø✉✳ ❚➠✐ ①✐♥ ➤➢î❝ ❝➯♠ ➡♥ ●❙✳ ❚❙❑❍✳ ◆❣✉②Ô♥ ❚ù

❈➢ê♥❣✱ ♥❣➢ê✐ ❤➢í♥❣ ❞➱♥ t➠✐ t❤ù❝ ❤✐Ö♥ ❜➯♥ ❧✉❐♥ ➳♥ ♥➭②✳ ◆Õ✉ ❦❤➠♥❣ ❝ã ❝➳❝

❦Õt q✉➯ ♥❣❤✐➟♥ ❝ø✉ ➤✐ tr➢í❝ ❝ñ❛ t❤➬② ✈➭ ❝➳❝ ❤ä❝ trß t❤× ❝❤➽❝ ❝❤➽♥ ❜➯♥ ❧✉❐♥

➳♥ ♥➭② ❦❤➠♥❣ t❤Ó ➤➢î❝ ❤♦➭♥ t❤➭♥❤✳ ▲➭♠ ✈✐Ö❝ ❞➢í✐ sù ❤➢í♥❣ ❞➱♥ ❝ñ❛ t❤➬②

❧➭ ♠ét ♠❛② ♠➽♥ ❧í♥ tr♦♥❣ ❝✉é❝ ➤ê✐ ❝ñ❛ t➠✐✳ ❚➠✐ ❝ò♥❣ ①✐♥ ➤➢î❝ ❣ö✐ ❧ê✐ ❝➯♠

➡♥ ➤Õ♥ P●❙✳ ❚❙✳ ❉➢➡♥❣ ◗✉è❝ ❱✐Öt✳ ❚❤➬② ❧➭ ♥❣➢ê✐ ❞➱♥ ❞➽t t➠✐ ♥❤÷♥❣ ❜➢í❝ ➤✐

✈÷♥❣ ❝❤➲✐ ❜❛♥ ➤➬✉ ❦❤✐ t➠✐ ❤ä❝ ➜➵✐ ❤ä❝ ✈➭ ❈❛♦ ❤ä❝✳

❚➠✐ ①✐♥ ❝➯♠ ➡♥ ●❙✳ ❚❙❑❍✳ ▲➟ ❚✉✃♥ ❍♦❛ ✈× ♥❤÷♥❣ ♥❤❐♥ ①Ðt ❤÷✉ Ý❝❤ ➤Ó

❜➯♥ ❧✉❐♥ ➳♥ ♥➭② ➤➢î❝ tèt ❤➡♥✳

❚➠✐ ①✐♥ ❝➯♠ ➡♥ ❝➳❝ ❛♥❤ ❝❤Þ tr♦♥❣ ♥❤ã♠ ♥❣❤✐➟♥ ❝ø✉ ❝ñ❛ ●❙✳ ❚❙❑❍✳ ◆❣✉②Ô♥

❚ù ❈➢ê♥❣✱ ➤➷❝ ❜✐Öt ❧➭ ❚❙✳ ➜♦➭♥ ❚r✉♥❣ ❈➢ê♥❣✳ ❱✐Ö❝ ❤ä❝ ❝➳❝ ❦Õt q✉➯ ❝ñ❛ ❝➳❝

❛♥❤ ❝❤Þ ❧➭ sù ❝❤✉➮♥ ❜Þ tèt ➤Ó t➠✐ t❤ù❝ ❤✐Ö♥ ❜➯♥ ❧✉❐♥ ➳♥ ♥➭②✳

❚➠✐ ①✐♥ ❝➯♠ ➡♥ ❚❙✳ ➜✐♥❤ ❚❤➭♥❤ ❚r✉♥❣ ✈× r✃t ♥❤✐Ò✉ ♥❤÷♥❣ tr❛♦ ➤æ✐ t❤ó ✈Þ

✈Ò ➜➵✐ sè ●✐❛♦ ❤♦➳♥✳

❚➠✐ ①✐♥ tr➞♥ trä♥❣ ❝➯♠ ➡♥ ❱✐Ö♥ ❚♦➳♥ ❤ä❝✱ ❝➳❝ ♣❤ß♥❣ ❝❤ø❝ ♥➝♥❣✱ ❚r✉♥❣

t➞♠ ➜➭♦ t➵♦ s❛✉ ➤➵✐ ❤ä❝ ❝ñ❛ ❱✐Ö♥ ❚♦➳♥ ❤ä❝ ➤➲ ❝❤♦ t➠✐ ♠ét ♠➠✐ tr➢ê♥❣ ❤ä❝

t❐♣✱ ♥❣❤✐➟♥ ❝ø✉ ❧ý t➢ë♥❣ ➤Ó t➠✐ ❝ã t❤Ó ❤♦➭♥ t❤➭♥❤ ❧✉❐♥ ➳♥ ♥➭②✳

❇➯♥ ❧✉❐♥ ➳♥ ♥➭② ➤➢î❝ ❝❤Ø♥❤ sö❛ tr♦♥❣ t❤ê✐ ❣✐❛♥ t➠✐ ➤Õ♥ ❧➭♠ ✈✐Ö❝ t➵✐ ❱✐Ö♥

♥❣❤✐➟♥ ❝ø✉ ❝❛♦ ❝✃♣ ✈Ò ❚♦➳♥✳ ❚➠✐ ①✐♥ ❝➯♠ ➡♥ ❱✐Ö♥ ♥❣❤✐➟♥ ❝ø✉ ❝❛♦ ❝✃♣ ✈Ò

❚♦➳♥ ➤➲ t➵♦ ♥❤÷♥❣ ➤✐Ò✉ ❦✐Ö♥ tèt ➤Ó t➠✐ ❧➭♠ ✈✐Ö❝ tr♦♥❣ t❤ê✐ ❣✐❛♥ ♥➭②✳

❚➠✐ ①✐♥ ❝➯♠ ➡♥ ❇❛♥ ❣✐➳♠ ❤✐Ö✉ tr➢ê♥❣ ➜➵✐ ❤ä❝ ❋P❚ ➤➲ ❝❤♦ t➠✐ ❝➡ ❤é✐ ➤➢î❝

➤✐ ❤ä❝ t❐♣ ✈➭ ♥❣❤✐➟♥ ❝ø✉✳



❚➠✐ ①✐♥ ❝➯♠ ➡♥ ♥❤÷♥❣ ➤å♥❣ ♥❣❤✐Ö♣✱ ❝➳❝ ❛♥❤✱ ❝❤Þ✱ ❡♠ ➤➲ ✈➭ ➤❛♥❣ ❤ä❝ t❐♣

✈➭ ♥❣❤✐➟♥ ❝ø✉ t➵✐ ♣❤ß♥❣ ➜➵✐ sè ✈➭ ♣❤ß♥❣ ▲ý t❤✉②Õt sè ❝ñ❛ ❱✐Ö♥ ❚♦➳♥ ❤ä❝ ✈Ò

♥❤÷♥❣ tr❛♦ ➤æ✐✱ ❤ç trî ✈➭ ❝❤✐❛ s❰ tr♦♥❣ ❦❤♦❛ ❤ä❝ ❝ò♥❣ ♥❤➢ tr♦♥❣ ❝✉é❝ sè♥❣✳

❚➠✐ ①✐♥ ❜➭② tá ❧ß♥❣ ❜✐Õt ➡♥ s➞✉ s➽❝ tí✐ ♥❤÷♥❣ ♥❣➢ê✐ t❤➞♥ tr♦♥❣ ❣✐❛ ➤×♥❤

❝ñ❛ ♠×♥❤✳ ❇è✱ ♠Ñ ✈➭ ❛♥❤ tr❛✐ ➤➲ ❧✉➠♥ ♥❤➽❝ ♥❤ë✱ ➤é♥❣ ✈✐➟♥ ✈➭ ❦✐➟♥ ♥❤➱♥ ❝❤ê

➤î✐ ❝➳❝ ❦Õt q✉➯ ❤ä❝ t❐♣ ❝ñ❛ t➠✐✳ ❚➠✐ ❤✐ ✈ä♥❣ r➺♥❣ ❜➯♥ ❧✉❐♥ ➳♥ ♥➭② sÏ ♠❛♥❣

❧➵✐ ♠✐Ò♥ ✈✉✐✱ sù tù ❤➭♦ ❝❤♦ ❜è✱ ♠Ñ ✈➭ ❛♥❤ tr❛✐✳ ❚➠✐ ①✐♥ ❝➯♠ ➡♥ ✈î t➠✐✱ ◆❣ä❝

❈❤➞✉✱ ✈× t×♥❤ ②➟✉ ✈➭ sù ❝❤➝♠ sã❝ ❝❤✉ ➤➳♦ tr♦♥❣ t❤ê✐ ❣✐❛♥ t➠✐ ❤♦➭♥ t❤➭♥❤ ❜➯♥

❧✉❐♥ ➳♥ ♥➭②✳ ❱î t➠✐ ✈➭ ❝♦♥ ❣➳✐ ❜Ð ♥❤á ❝ñ❛ ❝❤ó♥❣ t➠✐ sÏ ❧➭ ♠ét ♥❣✉å♥ ➤é♥❣

❧ù❝ t♦ ❧í♥ ➤Ó t➠✐ ❝è ❣➽♥❣ t✐Õ♣ tô❝ ❤ä❝ t❐♣ ✈➭ ♥❣❤✐➟♥ ❝ø✉✳ ❈✉è✐ ❝ï♥❣✱ t➠✐ ❞➭♥❤

t➷♥❣ ❜➯♥ ❧✉❐♥ ➳♥ ♥➭② ❝❤♦ ❜è✱ ♠Ñ✱ ❛♥❤ tr❛✐ ✈➭ ✈î ❝ñ❛ ♠×♥❤✳



✶

▼ô❝ ❧ô❝

▼ë ➤➬✉ ✸

❈❤➢➡♥❣ ✶✳ ❚Ý♥❤ ❝❤❰ r❛ ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ✶✻

✶✳✶ ▼➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✶✳✶✳✶ ▼➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✶✳✶✳✷ ❚Ý♥❤ tr✐Öt t✐➟✉ ✈➭ ❦❤➠♥❣ tr✐Öt t✐➟✉ ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛
♣❤➢➡♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✶✳✶✳✸ ➜è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ✈➭ tÝ♥❤ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❝ñ❛
♠➠➤✉♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✶✳✷ P❤Ð♣ t♦➳♥ tr♦♥❣ ♠➠➤✉♥ Ext(C,A) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✶✳✸ ▼➠➤✉♥ Ext(H i+1
a (M), H i

a(M)) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✶✳✹ ➜Þ♥❤ ❧Ý ❝❤❰ r❛ ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

❈❤➢➡♥❣ ✷✳ ❚Ý♥❤ ❝❤✃t æ♥ ➤Þ♥❤ ❝ñ❛ ❤Ö t❤❛♠ sè tèt ❝ñ❛ ♠➠➤✉♥ ❈♦❤❡♥✲
▼❛❝❛✉❧❛② s✉② ré♥❣ ❞➲② ✹✶

✷✳✶ ▼➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ ❞➲② ✈➭ ❤Ö t❤❛♠ sè tèt ✳ ✳ ✳ ✳ ✹✷

✷✳✶✳✶ ▲ä❝ ❝❤✐Ò✉ ✈➭ ❤Ö t❤❛♠ sè tèt ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✷✳✶✳✷ ▼➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ ❞➲② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✷✳✷ ▼ét sè tÝ♥❤ ❝❤✃t æ♥ ➤Þ♥❤ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

❈❤➢➡♥❣ ✸✳ ❚Ý♥❤ ❝❤❰ r❛ ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ tr♦♥❣ ✈➭♥❤ ➤Þ❛
♣❤➢➡♥❣ ✈➭ ❜❐❝ ❝ñ❛ ♠ét ♠➠➤✉♥ ✺✺

✸✳✶ ▲✐♥❤ ❤♦➳ tö ❝ñ❛ ♠➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✸✳✷ ➜Þ♥❤ ❧Ý ❝❤❰ r❛ ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ tr♦♥❣ ✈➭♥❤ ➤Þ❛
♣❤➢➡♥❣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✸✳✸ ❇❐❝ ❦❤➠♥❣ tré♥ ❧➱♥ ❝ñ❛ ♠ét ♠➠➤✉♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸



✷

❈❤➢➡♥❣ ✹✳ ❚Ý♥❤ ❤÷✉ ❤➵♥ ❝ñ❛ t❐♣ ✐➤➟❛♥ ♥❣✉②➟♥ tè ❧✐➟♥ ❦Õt ✽✾

✹✳✶ ▼➠➤✉♥ ❋❙❋ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

✹✳✷ ❈❤✐Ò✉ ❤÷✉ ❤➵♥ ❝ñ❛ ♠➠➤✉♥ t➢➡♥❣ ø♥❣ ✈í✐ ♠ét ✐➤➟❛♥ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

❑Õt ❧✉❐♥ ❝ñ❛ ❧✉❐♥ ➳♥ ✶✵✶

❈➳❝ ❝➠♥❣ tr×♥❤ ❧✐➟♥ q✉❛♥ ➤Õ♥ ❧✉❐♥ ➳♥ ✶✵✸

❚➭✐ ❧✐Ö✉ t❤❛♠ ❦❤➯♦ ✶✵✹



✸

▼ë ➤➬✉

❚Ý♥❤ ❝❤❰ r❛ ❝ñ❛ ❝➳❝ ❞➲② ❦❤í♣ ♥❣➽♥ ❧✉➠♥ ➤➢î❝ ❝❤ó ý tr♦♥❣ ➜➵✐ sè ➜å♥❣ ➤✐Ò✉✳

❇ë✐ ❦❤✐ ➤ã ❝✃✉ tró❝ ❝ñ❛ ❝➳❝ t❤➭♥❤ ♣❤➬♥ tr♦♥❣ ♥ã trë ♥➟♥ râ r➭♥❣ ❤➡♥✳ ❉♦ ➤ã

♥❣➢ê✐ t❛ t❤➢ê♥❣ ❝è ❣➽♥❣ ➤➷❝ t➯ ✈➭ ♣❤➳t ❤✐Ö♥ tÝ♥❤ ❝❤✃t ♥➭②✳

❇➯♥ ❧✉❐♥ ➳♥ ♥➭② q✉❛♥ t➞♠ ➤Õ♥ tÝ♥❤ ❝❤✃t ❝❤❰ r❛ ❝ñ❛ ❞➲② ❦❤í♣ ♥❣➽♥ ❝➳❝

♠➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣✳ ❚r♦♥❣ t♦➭♥ ❜é ❧✉❐♥ ➳♥ t❛ ❧✉➠♥ ①Ðt R ❧➭

♠ét ✈➭♥❤ ◆♦❡t❤❡r ❣✐❛♦ ❤♦➳♥ ❝ã ➤➡♥ ✈Þ✳ ❳Ðt a ❧➭ ♠ét ✐➤➟❛♥ ❝ñ❛ R✳ ❍➭♠ tö ➤è✐

➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ H i
a(•) ✈í✐ ❣✐➳ a ➤➢î❝ ➤Þ♥❤ ♥❣❤Ü❛ ❧➭ ❤➭♠ tö ❞➱♥ s✉✃t

♣❤➯✐ t❤ø i ❝ñ❛ ❤➭♠ tö ①♦➽♥ Γa(•)✱ ë ➤➞② Γa(M) = 0 :M a∞ =
⋃
n≥1(0 :M an)

✈í✐M ❧➭ ♠ét R✲♠➠➤✉♥✳ ▲Ý t❤✉②Õt ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ➤➢î❝ ❣✐í✐ t❤✐Ö✉

❜ë✐ ❆✳ ●r♦t❤❡♥❞✐❡❝❦ ✈➭♦ ♥❤÷♥❣ ♥➝♠ ✶✾✻✵✳ ❇ë✐ tÝ♥❤ ❧✐♥❤ ❤♦➵t tr♦♥❣ sö ❞ô♥❣

❝ï♥❣ ✈í✐ ❦❤➯ ♥➝♥❣ ➤➷❝ t➯ ♥❤✐Ò✉ ❝✃✉ tró❝ t♦➳♥ ❤ä❝ ❝ñ❛ ♥ã✱ ♥❣➭② ♥❛② ➤è✐ ➤å♥❣

➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ➤➲ trë t❤➭♥❤ ♠ét ❝➠♥❣ ❝ô q✉❛♥ trä♥❣ tr♦♥❣ ♥❣❤✐➟♥ ❝ø✉ ♥❤✐Ò✉

❧Ý t❤✉②Õt t♦➳♥ ❤ä❝ tr♦♥❣ ➤ã ❝ã ➜➵✐ sè ●✐❛♦ ❤♦➳♥✳ ❈✃✉ tró❝ ❝ñ❛ ♠➠➤✉♥H i
a(M)

❝❤♦ t❛ ❜✐Õt ➤➢î❝ r✃t ♥❤✐Ò✉ t❤➠♥❣ t✐♥ ✈Ò ♠➠➤✉♥ M ✈➭ ✐➤➟❛♥ a ✭①❡♠ ❝➳❝ ❚✐Õt

✶✳✷ ✈➭ ✸✳✶✮✳ ▼ét ❦Ü t❤✉❐t ❝❤ø♥❣ ♠✐♥❤ q✉❛♥ trä♥❣ tr♦♥❣ ➜➵✐ sè ●✐❛♦ ❤♦➳♥ ❧➭

❝❤ä♥ ♠ét ♣❤➬♥ tö ❝❤Ý♥❤ q✉② x ∈ a ❝ñ❛ M ✈➭ ①Ðt ❞➲② ❦❤í♣ ♥❣➽♥

0 →M
x→M →M/xM → 0.

❚➳❝ ➤é♥❣ ❤➭♠ tö ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ H i
a(•) ✈➭♦ ❞➲② ❦❤í♣ tr➟♥ t❛ t❤✉

➤➢î❝ ❞➲② ❦❤í♣ ❞➭✐ ❝➳❝ ♠➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ s❛✉

· · · → H i
a(M) → H i

a(M) → H i
a(M/xM) → H i+1

a (M) → · · · .



✹

❚r♦♥❣ ❧✉❐♥ ➳♥ ♥➭② ❝❤ó♥❣ t➠✐ t×♠ ➤✐Ò✉ ❦✐Ö♥ ➤Ó ❞➲② ❦❤í♣ ❞➭✐ tr➟♥ ❝❤♦ t❛ ♥❤÷♥❣

❞➲② ❦❤í♣ ♥❣➽♥

0 → H i
a(M) → H i

a(M/xM) → H i+1
a (M) → 0,

✈➭ ❦❤✐ ♥➭♦ t❤× ❞➲② ❦❤í♣ ♥❣➽♥ ♥➭② ❧➭ ❝❤❰ r❛✱ tø❝ ❧➭ t❛ ❝ã

H i
a(M/xM) ∼= H i

a(M)⊕H i+1
a (M).

➜é♥❣ ❧ù❝ ❝❤♦ ✈✐Ö❝ ①❡♠ ①Ðt tÝ♥❤ ❝❤❰ r❛ ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ❝ñ❛

❜➯♥ ❧✉❐♥ ➳♥ ♥➭② ①✉✃t ♣❤➳t tõ ♥❤÷♥❣ ❝➞✉ ❤á✐ ➤➷t r❛ tr♦♥❣ ♥❣❤✐➟♥ ❝ø✉ ❝➳❝

❧í♣ ♠➠➤✉♥ ♠ë ré♥❣ ❝ñ❛ ❧í♣ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛②✳ ●✐➯ sö (R,m) ❧➭ ♠ét

✈➭♥❤ ➤Þ❛ ♣❤➢➡♥❣ ✈➭ M ❧➭ ♠ét R✲♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤ ❝❤✐Ò✉ d✳ ◆Õ✉ M ❧➭

♠ét ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② t❤× ✈í✐ ♠ét ✭✈➭ ♠ä✐✮ ✐➤➟❛♥ t❤❛♠ sè q ❝ñ❛ M

t❛ ❝ã ℓ(M/qM) = e(q;M)✳ ➜➷❝ tr➢♥❣ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ❝❤♦ tÝ♥❤

❈♦❤❡♥✲▼❛❝❛✉❧❛② ❧➭ H i
m(M) = 0 ✈í✐ ♠ä✐ i < d✳ ❑❤✐M ❦❤➠♥❣ ❧➭ ♠ét ♠➠➤✉♥

❈♦❤❡♥✲▼❛❝❛✉❧❛② t❛ ❧✉➠♥ ❝ã ❤✐Ö✉ IM(q) := ℓ(M/qM) − e(q;M) > 0✳ ❚õ

✈✐Ö❝ ♥❣❤✐➟♥ ❝ø✉ ❝➳❝ ♠➠➤✉♥ t❤á❛ ♠➲♥ ♠ét ❝➞✉ ❤á✐ ❝ñ❛ ❉✳ ❇✉❝❤s❜❛✉♠ r➺♥❣

♣❤➯✐ ❝❤➝♥❣ IM(q) ❧➭ ♠ét ❜✃t ❜✐Õ♥ ❝ñ❛ ♠➠➤✉♥✱ ❏✳ ❙t✉❝❦r❛❞ ✈➭ ❲✳ ❱♦❣❡❧ ➤➲ ♣❤➳t

tr✐Ó♥ ❧Ý t❤✉②Õt ✈Ò ♠➠➤✉♥ ❇✉❝❤s❜❛✉♠ ✭①❡♠ ❬✺✶❪✮✳ ◆❣❛② s❛✉ ➤ã ◆✳❚✳ ❈➢ê♥❣✱

P✳ ❙❝❤❡♥③❡❧ ✈➭ ◆✳❱✳ ❚r✉♥❣ ➤➲ ♥❣❤✐➟♥ ❝ø✉ ❧í♣ ♠➠➤✉♥ ❝ã tÝ♥❤ ❝❤✃t IM(q) ❜Þ

❝❤➷♥ tr➟♥ ❜ë✐ ♠ét ❤➺♥❣ sè ✈➭ ❣ä✐ ➤ã ❧➭ ❧í♣ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣✳

➜➷❝ tr➢♥❣ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ❝❤♦ ♠ét ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉②

ré♥❣ M ❧➭ H i
m(M) ❧➭ ❤÷✉ ❤➵♥ s✐♥❤ ✈í✐ ♠ä✐ i < d✱ ✈➭ ➤✐Ò✉ ♥➭② t➢➡♥❣ ➤➢➡♥❣

✈í✐ tå♥ t➵✐ ♠ét sè ♥❣✉②➟♥ ❞➢➡♥❣ n0 s❛♦ ❝❤♦ mn0H i
m(M) = 0 ✈í✐ ♠ä✐ i < d

✭①❡♠ ▼Ö♥❤ ➤Ò ✶✳✶✳✶✸✮✳ ❍➡♥ ♥÷❛ ♥Õ✉ t❛ ❝ã t❤Ó ❝❤ä♥ n0 = 1 tø❝ ❧➭ H i
m(M)

❧➭ ♠ét R/m✲❦❤➠♥❣ ❣✐❛♥ ✈Ð❝t➡ ❤÷✉ ❤➵♥ ❝❤✐Ò✉✱ t❤× t❛ ❣ä✐ M ❧➭ ♠➠➤✉♥ tù❛

❇✉❝❤s❜❛✉♠✳ ▼ét ♠➠➤✉♥ ❇✉❝❤s❜❛✉♠ ❧➭ tù❛ ❇✉❝❤s❜❛✉♠ ♥❤➢♥❣ ➤✐Ò✉ ♥❣➢î❝

❧➵✐ ❦❤➠♥❣ ➤ó♥❣✳ ❳Ðt x ❧➭ ♠ét ♣❤➬♥ tö t❤❛♠ sè ❝ñ❛ ♠➠➤✉♥ ❇✉❝❤s❜❛✉♠M ✳ ❚❛

❞Ô t❤✃② ❞➲② ❦❤í♣ ♥❣➽♥

0 →M/H0
m(M)

x→M →M/xM → 0



✺

❝➯♠ s✐♥❤ ❝➳❝ ❞➲② ❦❤í♣ ♥❣➽♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣

0 → H i
m(M) → H i

m(M/xM) → H i+1
m (M) → 0

✈í✐ ♠ä✐ i < d−1✳ ❚❤❡♦ tÝ♥❤ ❝❤✃t ❝ñ❛ ♠➠➤✉♥ ❇✉❝❤s❜❛✉♠ t❛ ❝ãM/xM ❝ò♥❣

❧➭ ♠ét ♠➠➤✉♥ ❇✉❝❤s❜❛✉♠✳ ❉♦ ➤ã ❝➳❝ ♠➠➤✉♥ tr♦♥❣ ❞➲② ❦❤í♣ ❜➟♥ tr➟♥ ➤Ò✉

❧➭ ❝➳❝ R/m✲❦❤➠♥❣ ❣✐❛♥ ✈Ð❝t➡ ❤÷✉ ❤➵♥ ❝❤✐Ò✉ ♥➟♥ ❞➲② ❦❤í♣ ♥❣➽♥ ♥➭② ❧➭ ❝❤❰

r❛✳ ❉➱♥ ➤Õ♥ H i
m(M/xM) ∼= H i

m(M)⊕H i+1
m (M) ✈í✐ ♠ä✐ i < d− 1✳ ❚r♦♥❣

tr➢ê♥❣ ❤î♣ M ❧➭ ♠ét ♠➠➤✉♥ tù❛ ❇✉❝❤s❜❛✉♠ ✈í✐ x ❧➭ ♠ét ♣❤➬♥ tö t❤❛♠ sè

❝ñ❛ M t❛ ❝ò♥❣ ❝ã ❝➳❝ ❞➲② ❦❤í♣ ♥❣➽♥

0 → H i
m(M) → H i

m(M/xM) → H i+1
m (M) → 0

✈í✐ ♠ä✐ i < d − 1✳ ❈❤ó ý r➺♥❣ ❞➲② ❦❤í♣ ♥❣➽♥ ♥➭② ❝ã t❤Ó ❧➭ ❦❤➠♥❣ ❝❤❰

r❛ ❞♦ M/xM ❝ã t❤Ó ❦❤➠♥❣ ❧➭ ♠➠➤✉♥ tù❛ ❇✉❝❤s❜❛✉♠ ✭①❡♠ ❬✺✶✱ ❊①❛♠♣❧❡

■✳✷✳✺❪✮✳ ❚✉② ♥❤✐➟♥ ♥Õ✉ ❝❤ä♥ x ∈ m2 ❧➭ ♠ét ♣❤➬♥ tö t❤❛♠ sè ❝ñ❛ M t❤❡♦

❬✺✶✱ Pr♦♣♦s✐t✐♦♥ ■✳✷✳✶❪ t❤× M/xM ❧➭ ♠ét ♠➠➤✉♥ tù❛ ❇✉❝❤s❜❛✉♠ ♥➟♥ t❛ ❝ã

H i
m(M/xM) ∼= H i

m(M)⊕H i+1
m (M) ✈í✐ ♠ä✐ i < d−1✳ ❚r➢ê♥❣ ❤î♣M ❧➭ ♠ét

♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ t➢➡♥❣ tù ♥❤➢ ❝❤ø♥❣ ♠✐♥❤ ❬✺✶✱ Pr♦♣♦s✐t✐♦♥

■✳✷✳✶✱ ♣❛❣❡ ✼✸❪ t❛ ❝ã tÝ♥❤ ❝❤❰ r❛ ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ❝❤♦ ♣❤➬♥ tö

t❤❛♠ sè ❝ã ❞➵♥❣ ➤➷❝ ❜✐Öt ❧➭ xn ✈í✐ n ≫ 0✳ ❈➞✉ ❤á✐ ❞➢í✐ ➤➞② ❧➭ ♠ô❝ t✐➟✉

♥❣❤✐➟♥ ❝ø✉ ❜❛♥ ➤➬✉ ❝ñ❛ t➳❝ ❣✐➯ ❧✉❐♥ ➳♥ ♥➭②✳

❈➞✉ ❤á✐ ✶✳ ❈❤♦ M ❧➭ ♠ét ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ ❝❤✐Ò✉ d > 0✳

❑❤✐ ➤ã ♣❤➯✐ ❝❤➝♥❣ tå♥ t➵✐ ♠ét sè ♥❣✉②➟♥ ❞➢➡♥❣ n s❛♦ ❝❤♦ ✈í✐ ♠ä✐ ♣❤➬♥ tö

t❤❛♠ sè x ❝ñ❛ M ❝❤ø❛ tr♦♥❣ mn t❛ ❝ã H i
m(M/xM) ∼= H i

m(M)⊕H i+1
m (M)

✈í✐ ♠ä✐ i < d− 1❄

❈➞✉ ❤á✐ tr➟♥ ❝ã t❤Ó ➤➢î❝ ①❡♠ ①Ðt ❞➢í✐ ❞➵♥❣ ♠➵♥❤ ❤➡♥ ❝❤♦ ✐➤➟❛♥ a ❜✃t ❦× ✈í✐

➤✐Ò✉ ❦✐Ö♥ H i
a(M) ❧➭ ❤÷✉ ❤➵♥ s✐♥❤ ✈í✐ ♠ä✐ i ♥❤á ❤➡♥ ♠ét sè ♥❣✉②➟♥ ❞➢➡♥❣

t ♥➭♦ ➤ã✳ ◆❤➽❝ ❧➵✐ r➺♥❣ x ∈ a ❧➭ ♠ét ♣❤➬♥ tö a✲❧ä❝ ❝❤Ý♥❤ q✉② ❝ñ❛ M ♥Õ✉

x /∈ p ✈í✐ ♠ä✐ p ∈ AssM, a * p✳



✻

❈➞✉ ❤á✐ ✷✳ ❈❤♦ a ❧➭ ♠ét ✐➤➟❛♥ ❝ñ❛ ✈➭♥❤ ◆♦❡t❤❡r R ✭❜✃t ❦×✮ ✈➭ M ❧➭ ♠ét

R✲♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤✳ ❳Ðt t ❧➭ ♠ét sè ♥❣✉②➟♥ ❞➢➡♥❣ s❛♦ ❝❤♦ H i
a(M)

❧➭ ❤÷✉ ❤➵♥ s✐♥❤ ✈í✐ ♠ä✐ i < t✳ ❑❤✐ ➤ã ♣❤➯✐ ❝❤➝♥❣ tå♥ t➵✐ ♠ét sè ♥❣✉②➟♥

❞➢➡♥❣ n s❛♦ ❝❤♦ ✈í✐ ♠ä✐ ♣❤➬♥ tö a✲❧ä❝ ❝❤Ý♥❤ q✉② x ❝ñ❛ ❝❤ø❛ tr♦♥❣ an t❛ ❝ã

H i
a(M/xM) ∼= H i

a(M)⊕H i+1
a (M) ✈í✐ ♠ä✐ i < t− 1❄

❇➞② ❣✐ê ❝❤ó♥❣ t➠✐ ①✐♥ ➤➢î❝ ➤✐ ✈➭♦ ♥❤÷♥❣ ❦Õt q✉➯ ❝❤Ý♥❤ ❝ñ❛ ❧✉❐♥ ➳♥✳ ▲✉❐♥

➳♥ ➤➢î❝ ❝❤✐❛ ❧➭♠ ❜è♥ ❝❤➢➡♥❣✳ ❚r♦♥❣ ❈❤➢➡♥❣ ✶ ❝ñ❛ ❧✉❐♥ ➳♥ ❝❤ó♥❣ t➠✐ ➤➢❛ r❛

❝➞✉ tr➯ ❧ê✐ ➤➬② ➤ñ ❝❤♦ ❝➳❝ ❝➞✉ ❤á✐ tr➟♥✳ ❈ô t❤Ó ❝❤ó♥❣ t➠✐ ❝❤ø♥❣ ♠✐♥❤ ➤➢î❝

❦Õt q✉➯ s❛✉✳

➜Þ♥❤ ❧Ý ✶✳✹✳✹✳ ❈❤♦M ❧➭ ♠ét ♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤ tr➟♥ ✈➭♥❤ ◆♦❡t❤❡rR ✈➭ a ❧➭

♠ét ✐➤➟❛♥ ❝ñ❛ R✳ ❳Ðt t ✈➭ n0 ❧➭ ❝➳❝ sè ♥❣✉②➟♥ ❞➢➡♥❣ s❛♦ ❝❤♦ an0H i
a(M) = 0

✈í✐ ♠ä✐ i < t✳ ❑❤✐ ➤ã✱ ✈í✐ ♠ä✐ ♣❤➬♥ tö a✲❧ä❝ ❝❤Ý♥❤ q✉② x ∈ a2n0 ❝ñ❛ M ✱ t❛

❝ã

H i
a(M/xM) ∼= H i

a(M)⊕H i+1
a (M),

✈í✐ ♠ä✐ i < t− 1✱ ✈➭

0 :Ht−1
a (M/xM) a

n0 ∼= H t−1
a (M)⊕ 0 :Ht

a(M) a
n0.

◆❤➢ ✈❐② ➜Þ♥❤ ❧Ý ✶✳✹✳✹ ➤➲ ➤➢❛ r❛ ❝➞✉ tr➯ ❧ê✐ ❦❤➻♥❣ ➤Þ♥❤ ❝❤♦ ❝➯ ❤❛✐ ❝➞✉ ❤á✐

♥➟✉ tr➟♥✳ ▼ét tr♦♥❣ ♥❤÷♥❣ ➳♣ ❞ô♥❣ ➤➳♥❣ ❝❤ó ý ❝ñ❛ ➜Þ♥❤ ❧Ý ❝❤❰ r❛ ✶✳✹✳✹ ♠➭

❝❤ó♥❣ t➠✐ t❤✉ ➤➢î❝ ❧➭ ❝❤ø♥❣ ♠✐♥❤ tÝ♥❤ ❝❤✃t æ♥ ➤Þ♥❤ ❝ñ❛ ❝❤Ø sè ❦❤➯ q✉② ❝ñ❛

✐➤➟❛♥ t❤❛♠ sè ❝ñ❛ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣✳ ◆❤➽❝ ❧➵✐ r➺♥❣ ❝❤Ø sè

❦❤➯ q✉② ❝ñ❛ ♠ét ♠➠➤✉♥ ❝♦♥ N ❝ñ❛ M ❧➭ sè ♠➠➤✉♥ ❝♦♥ ❜✃t ❦❤➯ q✉② tr♦♥❣

♠ét ❜✐Ó✉ ❞✐Ô♥ ❜✃t ❦❤➯ q✉② rót ❣ä♥ ❝ñ❛ N ✳ ❳Ðt q ❧➭ ♠ét ✐➤➟❛♥ t❤❛♠ sè ❝ñ❛M

t❛ ➤Þ♥❤ ♥❣❤Ü❛ ❝❤Ø sè ❦❤➯ q✉② ❝ñ❛ q tr➟♥M ❧➭ ❝❤Ø sè ❦❤➯ q✉② ❝ñ❛ ♠➠➤✉♥ ❝♦♥

qM ❝ñ❛M ✈➭ ➤➢î❝ tÝ♥❤ ❜➺♥❣ ❝➠♥❣ t❤ø❝ NR(q,M) = dimR/m Soc(M/qM)✱

ë ➤➞② Soc(N) ∼= 0 :N m ∼= HomR(R/m, N) ✈í✐ ♠ét R✲♠➠➤✉♥ ❜✃t ❦× N ✳

▼ét ❦Õt q✉➯ q✉❡♥ ❜✐Õt ❦❤➻♥❣ ➤Þ♥❤ r➺♥❣ ♥Õ✉ M ❧➭ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛②✱



✼

t❤× NR(q,M) ❧➭ ♠ét ❤➺♥❣ sè ❝ñ❛ M ✳ ❚r♦♥❣ tr➢ê♥❣ ❤î♣ M ❧➭ ♠ét ♠➠➤✉♥

❇✉❝❤s❜❛✉♠✱ ❙✳ ●♦t♦ ✈➭ ❍✳ ❙❛❦✉r❛✐ ➤➲ ❝❤ø♥❣ ♠✐♥❤ tr♦♥❣ ❬✷✷❪ r➺♥❣ ✈í✐ tå♥

t➵✐ ♠ét sè n ➤ñ ❧í♥ s❛♦ ❝❤♦ ❝❤Ø sè ❦❤➯ q✉② NR(q,M) ❧➭ ♠ét ❤➺♥❣ sè tø❝

❧➭ ❦❤➠♥❣ ♣❤ô t❤✉é❝ ✈➭♦ ✈✐Ö❝ ❝❤ä♥ ✐➤➟❛♥ t❤❛♠ sè q ♥➺♠ tr♦♥❣ mn✳ ❱➭ ❤ä

♣❤á♥❣ ➤♦➳♥ r➺♥❣ ❦Õt q✉➯ tr➟♥ ❝ò♥❣ ➤ó♥❣ ❝❤♦ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉②

ré♥❣✳ ◆✳❚✳ ❈➢ê♥❣ ✈➭ ❍✳▲✳ ❚r➢ê♥❣ ➤➲ ➤➢❛ r❛ ❝➞✉ tr➯ ❧ê✐ ❦❤➻♥❣ ➤Þ♥❤ ❝❤♦ ❝➞✉

❤á✐ ❝ñ❛ ●♦t♦ ✈➭ ❙❛❦✉r❛✐ tr♦♥❣ ❬✶✼❪✳ ❙ö ❞ô♥❣ tÝ♥❤ ❝❤✃t ✧➤Ñ♣✧ ❝ñ❛ tÝ♥❤ ❝❤❰ r❛

❧➭ ♥Õ✉ B ∼= A ⊕ C t❤× HomR(D,B) ∼= HomR(D,A) ⊕ HomR(D,C) ✈í✐

♠ä✐ ♠➠➤✉♥ A,B,C,D✱ t❛ ➤➢î❝ ❤Ö q✉➯ s❛✉ ❝ñ❛ ➜Þ♥❤ ❧Ý ❝❤❰ r❛ ✶✳✹✳✹✳

❍Ö q✉➯ ✶✳✹✳✼✳ ❈❤♦M ❧➭ ♠ét ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ ❝❤✐Ò✉ d > 0

tr➟♥ ✈➭♥❤ ◆♦❡t❤❡r ➤Þ❛ ♣❤➢➡♥❣ (R,m)✱ ✈➭ n0 ❧➭ sè ♥❣✉②➟♥ ❞➢➡♥❣ ♥❤á ♥❤✃t

s❛♦ ❝❤♦ mn0H i
m(M) = 0 ✈í✐ ♠ä✐ i < d✳ ❑❤✐ ➤ã✱ ✈í✐ ♠ä✐ ✐➤➟❛♥ t❤❛♠ sè q ❝ñ❛

M ❝❤ø❛ tr♦♥❣ m2n0 ✈➭ k ≤ n0✱ ➤é ❞➭✐ ℓR
(
(qM :M mk)/qM

)
❧➭ ♠ét ❤➺♥❣ sè

✈➭

ℓR
(
(qM :M mk)/qM

)
=

d∑

i=0

(
d

i

)
ℓR(0 :Hi

m(M) m
k).

◆ã✐ r✐➟♥❣✱ ❝❤Ø sè ❦❤➯ q✉② NR(q,M) ❧➭ ♠ét ❤➺♥❣ sè ✈➭

NR(q,M) =
d∑

i=0

(
d

i

)
dimR/m Soc(H i

m(M)).

❇➞② ❣✐ê ❝❤ó♥❣ t➠✐ sÏ tr×♥❤ ❜➭② ♣❤➢➡♥❣ ♣❤➳♣ ❝❤ø♥❣ ♠✐♥❤ ❝➳❝ ➤Þ♥❤ ❧Ý ❝❤❰

r❛ ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ❝ñ❛ ❝❤ó♥❣ t➠✐✳ ❳Ðt M ❧➭ ♠ét ♠➠➤✉♥ ❤÷✉

❤➵♥ s✐♥❤ tr➟♥ ✈➭♥❤ ◆♦❡t❤❡r R ✈➭ a ❧➭ ♠ét ✐➤➟❛♥ ❝ñ❛ R✳ ❳Ðt t ✈➭ n0 ❧➭ ❝➳❝ sè

♥❣✉②➟♥ ❞➢➡♥❣ s❛♦ ❝❤♦ an0H i
a(M) = 0 ✈í✐ ♠ä✐ i < t✳ ❑❤✐ ➤ã ✈í✐ ♠ä✐ ♣❤➬♥

tö a✲❧ä❝ ❝❤Ý♥❤ q✉② x ∈ an0 ❞➲② ❦❤í♣ ♥❣➽♥

0 →M/H0
a(M)

x→M →M/xM → 0

❝➯♠ s✐♥❤ ❝➳❝ ❞➲② ❦❤í♣ ♥❣➽♥

0 → H i
a(M) → H i

a(M/xM) → H i+1
a (M) → 0



✽

✈í✐ ♠ä✐ i < t− 1✳ P❤➢➡♥❣ ♣❤➳♣ ❝❤ø♥❣ ♠✐♥❤ ❝ñ❛ ❝❤ó♥❣ t➠✐ ❧➭ ①❡♠ ❞➲② ❦❤í♣

♥❣➽♥ tr➟♥ ♥❤➢ ❧➭ ♠ét ♠ë ré♥❣ ❝ñ❛ H i+1
a (M) ❜ë✐ H i

a(M) ✈➭ ❧➭ ➤➵✐ ❞✐Ö♥ ❝❤♦

♠ét ♣❤➬♥ tö ❝ñ❛ ♠➠➤✉♥ ♠ë ré♥❣ Ext(H i+1
a (M), H i

a(M)) ✭①❡♠ ❬✸✺✱ ❈❤❛♣t❡r

✸❪✮✳ ❑❤✐ ➤ã ✈✐Ö❝ ❝❤ø♥❣ ♠✐♥❤ ♠ét ❞➲② ❦❤í♣ ♥❣➽♥ ❧➭ ❝❤❰ r❛ sÏ ❝❤✉②Ó♥ t❤➭♥❤

❝❤ø♥❣ ♠✐♥❤ ♥ã ➤➵✐ ❞✐Ö♥ ❝❤♦ ♣❤➬♥ tö ❦❤➠♥❣ ❝ñ❛ ♠➠➤✉♥ ♠ë ré♥❣✳

➜Ó t❤✉❐♥ t✐Ö♥ ❝❤♦ ✈✐Ö❝ ➳♣ ❞ô♥❣ ✈➭♦ ♥❤✐Ò✉ ❤♦➭♥ ❝➯♥❤ ❦❤➳❝ ♥❤❛✉ ❝❤ó♥❣ t➠✐

tr×♥❤ ❜➭② ❝➳❝❤ t✐Õ♣ ❝❐♥ tr♦♥❣ tr➢ê♥❣ ❤î♣ tæ♥❣ q✉➳t✳ ❳Ðt t ♠ét sè ♥❣✉②➟♥

❞➢➡♥❣ ✈➭ U ❧➭ ♠ét ♠➠➤✉♥ ❝♦♥ ❝ñ❛ M ✳ ➜➷t M =M/U ✳ ❚❛ ♥ã✐ ♠ét ♣❤➬♥ tö

x ❧➭ t❤á❛ ♠➲♥ ➤✐Ò✉ ❦✐Ö♥ (♯) ♥Õ✉ 0 :M x = U ✱ ✈➭ ❞➲② ❦❤í♣ ♥❣➽♥

0 →M
x→M →M/xM → 0

❝➯♠ s✐♥❤ ❝➳❝ ❞➲② ❦❤í♣ ♥❣➽♥

0 → H i
a(M) → H i

a(M/xM) → H i+1
a (M) → 0

✈í✐ ♠ä✐ i < t − 1✳ ◆Õ✉ x ❧➭ ♠ét ♣❤➬♥ tö t❤á❛ ♠➲♥ ➤✐Ò✉ ❦✐Ö♥ (♯) t❤× t❛ ❦Ý

❤✐Ö✉ Ei
x ❧➭ ♣❤➬♥ tö tr♦♥❣ Ext(H i+1

a (M), H i
a(M)) ➤➵✐ ❞✐Ö♥ ❜ë✐ ❞➲② ❦❤í♣ ♥❣➽♥

tr➟♥✳ ❍➡♥ ♥÷❛ ♥Õ✉ H t
a(M) ∼= H t

a(M)✱ t❛ ❝ã ❞➲② ❦❤í♣ ♥❣➽♥ s❛✉

0 → H t−1
a (M) → H t−1

a (M/xM) → 0 :Ht
a(M) x→ 0.

❳Ðt b ❧➭ ♠ét ✐➤➟❛♥ s❛♦ ❝❤♦ x ∈ b✳ ❚❛ ❣ä✐ F t−1
x ❧➭ ♣❤➬♥ tö tr♦♥❣ ♠➠➤✉♥

Ext(0 :Ht
a(M) b, 0 :Ht−1

a (M) b) ➤➵✐ ❞✐Ö♥ ❜ë✐ ❞➲② ❦❤í♣ ♥❣➽♥ ❞➢í✐ ➤➞② ♥Õ✉ ♥ã

tå♥ t➵✐

0 → 0 :Ht−1
a (M) b → 0 :Ht−1

a (M/xM) b → 0 :Ht
a(M) b → 0.

❱í✐ ♥❤÷♥❣ ❦Ý ❤✐Ö✉ ♥➟✉ tr➟♥ ❝❤ó♥❣ t➠✐ ➤➲ ❝❤Ø sù ❧✐➟♥ ❤Ö ♠❐t t❤✐Õt ❣✐÷❛ tæ♥❣ ✈➭

tÝ❝❤ ❝ñ❛ ❝➳❝ ♣❤➬♥ tö t❤á❛ ♠➲♥ ➤✐Ò✉ ❦✐Ö♥ (♯) ✈➭ ❝➳❝ ♠ë ré♥❣ t➢➡♥❣ ø♥❣ ♥❤➢

❤❛✐ ➤Þ♥❤ ❧Ý s❛✉✳

➜Þ♥❤ ❧Ý ✶✳✸✳✸✳ ❈❤♦ t ❧➭ ♠ét sè ♥❣✉②➟♥ ❞➢➡♥❣ ✈➭ U ❧➭ ♠ét ♠➠➤✉♥ ❝♦♥ ❝ñ❛

M ✳ ➜➷tM =M/U ✳ ●✐➯ sö x ✈➭ y ❧➭ ❝➳❝ ♣❤➬♥ tö t❤á❛ ♠➲♥ ➤✐Ò✉ ❦✐Ö♥ (♯) ✈➭

0 :M (x+ y) = U ✱ ❦❤✐ ➤ã



✾

✭✐✮ x+y ❝ò♥❣ t❤á❛ ♠➲♥ ➤✐Ò✉ ❦✐Ö♥ (♯) ✈➭ Ei
x+y = Ei

x+E
i
y ✈í✐ ♠ä✐ i < t−1✳

✭✐✐✮ ◆Õ✉ H t
a(M) ∼= H t

a(M) ✈➭ F t−1
x , F t−1

y ❧➭ ①➳❝ ➤Þ♥❤✱ t❤× F t−1
x+y ❝ò♥❣ ①➳❝

➤Þ♥❤ ✈➭ F t−1
x+y = F t−1

x + F t−1
y ✳

➜Þ♥❤ ❧Ý ✶✳✸✳✹✳ ❈❤♦ t ❧➭ ♠ét sè ♥❣✉②➟♥ ❞➢➡♥❣ ✈➭ U ❧➭ ♠ét ♠➠➤✉♥ ❝♦♥ ❝ñ❛

M ✳ ➜➷t M = M/U ✳ ●✐➯ sö x ✈➭ y ❧➭ ❝➳❝ ♣❤➬♥ tö ❝ñ❛ R s❛♦ ❝❤♦ x t❤á❛

♠➲♥ ➤✐Ò✉ ❦✐Ö♥ (♯) ✈➭ 0 :M xy = U ✳ ❈➳❝ ❦❤➻♥❣ ➤Þ♥❤ ❞➢í✐ ➤➞② ❧➭ ➤ó♥❣

✭✐✮ xy t❤á❛ ♠➲♥ ➤✐Ò✉ ❦✐Ö♥ (♯)✱ ✈➭ Ei
xy = yEi

x ✈í✐ ♠ä✐ i < t − 1✳ ●✐➯ sö

t❤➟♠ r➺♥❣ H t
a(M) ∼= H t

a(M)✳ ❑❤✐ ➤ã ♥Õ✉ F t−1
x ❧➭ ①➳❝ ➤Þ♥❤✱ t❤× F t−1

xy

❝ò♥❣ ❧➭ ①➳❝ ➤Þ♥❤ ✈➭ F t−1
xy = yF t−1

x ✳

✭✐✐✮ ●✐➯ sö H t
a(M) ∼= H t

a(M) ✈➭ yH i
a(M) = 0 ✈í✐ ♠ä✐ i < t✳ ❑❤✐ ➤ã

Ei
xy = 0 ✈í✐ ♠ä✐ i < t− 1✳ ❍➡♥ ♥÷❛✱ F t−1

xy ❧➭ ①➳❝ ➤Þ♥❤ ✈➭ F t−1
xy = 0✳

❈➳❝ ➜Þ♥❤ ❧Ý ✶✳✸✳✸ ✈➭ ✶✳✸✳✹ ➤ã♥❣ ✈❛✐ trß q✉②Õt ➤Þ♥❤ tr♦♥❣ ❝❤ø♥❣ ♠✐♥❤ ❝➳❝

➜Þ♥❤ ❧Ý ❝❤❰ r❛ ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ❝ñ❛ ❝❤ó♥❣ t➠✐✳ ➜Þ♥❤ ❧Ý ✶✳✸✳✹ ❝❤♦

t❛ tÝ♥❤ ❝❤❰ r❛ ❝ó❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ❝❤♦ ♥❤÷♥❣ ♣❤➬♥ tö ❞➵♥❣ ➤➷❝ ❜✐Öt

xy✳ ➜Ó ❝❤ø♥❣ ♠✐♥❤ tÝ♥❤ ❝❤❰ r❛ ❝❤♦ ♥❤÷♥❣ ♣❤➬♥ tö tæ♥❣ q✉➳t ❝❤ó♥❣ t➠✐ ❞ï♥❣

➜Þ♥❤ ❧Ý ✶✳✸✳✸ ➤Ó ❝❤✉②Ó♥ ✈Ò ❞➵♥❣ ➤➷❝ ❜✐Öt ♥➭② ❝ï♥❣ ✈í✐ ❜æ ➤Ò ❦Ü t❤✉❐t s❛✉✱ ♥ã

❝ã t❤Ó ❤✐Ó✉ ❧➭ ➜Þ♥❤ ❧Ý tr➳♥❤ ♥❣✉②➟♥ tè ❝❤♦ tÝ❝❤ ❝➳❝ ✐➤➟❛♥✳

❇æ ➤Ò ✶✳✹✳✶✳ ❈❤♦ (R,m) ❧➭ ♠ét ✈➭♥❤ ◆♦❡t❤❡r ➤Þ❛ ♣❤➢➡♥❣✱ a✱ b ❧➭ ❝➳❝ ✐➤➟❛♥

✈➭ p1, ..., pn ❧➭ ❝➳❝ ✐➤➟❛♥ ♥❣✉②➟♥ tè s❛♦ ❝❤♦ ab * pj ✈í✐ ♠ä✐ j ≤ n✳ ❳Ðt

x ❧➭ ♠ét ♣❤➬♥ tö ♥➺♠ tr♦♥❣ ab ♥❤➢♥❣ x /∈ pj ✈í✐ ♠ä✐ j ≤ n✳ ❑❤✐ ➤ã

tå♥ t➵✐ ❝➳❝ ♣❤➬♥ tö a1, ..., ar ∈ a ✈➭ b1, ..., br ∈ b ➤Ó t❛ ❝ã t❤Ó ❜✐Ó✉ ❞✐Ô♥

x = a1b1 + · · · + arbr s❛♦ ❝❤♦ aibi /∈ pj ✈➭ a1b1 + · · · + aibi /∈ pj ✈í✐ ♠ä✐

i ≤ r, j ≤ n✳

❚r♦♥❣ ❈❤➢➡♥❣ ✷ ❝❤ó♥❣ t➠✐ ❝❤ø♥❣ ♠✐♥❤ tÝ♥❤ ❝❤❰ r❛ ❝ñ❛ ♠➠➤✉♥ ➤è✐ ➤å♥❣

➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ H i
m(M) ❝ñ❛ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ ❞➲② ✈➭ ➳♣



✶✵

❞ô♥❣ ✈➭♦ ✈✐Ö❝ ❝❤ø♥❣ ♠✐♥❤ ♠ét sè tÝ♥❤ ❝❤✃t æ♥ ➤Þ♥❤ ❝ñ❛ ❤Ö t❤❛♠ sè tèt ❝ñ❛

❧í♣ ♠➠➤✉♥ ♥➭②✳ ◆❤➽❝ ❧➵✐ r➺♥❣ ❧í♣ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❞➲② ➤➢î❝ ❣✐í✐

t❤✐Ö✉ ❜ë✐ ❘✳P✳ ❙t❛♥❧❡② ❝❤♦ tr➢ê♥❣ ❤î♣ ✈➭♥❤ ♣❤➞♥ ❜❐❝ ✭①❡♠ ❬✺✵❪✮✱ tr➢ê♥❣ ❤î♣

✈➭♥❤ ➤Þ❛ ♣❤➢➡♥❣ ❜ë✐ ❙❝❤❡♥③❡❧ tr♦♥❣ ❬✹✻❪ ✈➭ ❜ë✐ ◆✳❚✳ ❈➢ê♥❣ ✈➭ ▲✳❚✳ ◆❤➭♥

tr♦♥❣ ❬✶✺❪✳ ❳Ðt (R,m) ❧➭ ♠ét ✈➭♥❤ ➤Þ❛ ♣❤➢➡♥❣✱ t❛ ♥ã✐ ♠➠➤✉♥ M ❧➭ ♠➠➤✉♥

❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ ❞➲② ♥Õ✉ tå♥ t➵✐ ♠ét ❧ä❝ ❝➳❝ ♠➠➤✉♥ ❝♦♥ ❝ñ❛ M

F :M0 ⊆M1 ⊆ · · · ⊆Mt =M

s❛♦ ❝❤♦ ℓ(M0) < ∞, dimM0 < dimM1 < · · · < dimMt = d ✈➭ ♠ç✐

♠➠➤✉♥ Mi/Mi−1 ❧➭ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ ✈í✐ i = 1, 2, ..., t✳ ❈➳❝ ❧ä❝

♥❤➢ ✈❐② ➤➢î❝ ❣ä✐ ❧➭ ❧ä❝ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ ❝ñ❛ M ✳ ◆❤➢ ✈❐② ♠ét

♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ ❧➭ ♠ét ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣

❞➲②✳ ➜Ó ♠ë ré♥❣ ♥❤÷♥❣ ♥❣❤✐➟♥ ❝ø✉ ❝ñ❛ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ✭s✉② ré♥❣✮

s❛♥❣ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ✭s✉② ré♥❣✮ ❞➲②✱ ◆✳❚✳ ❈➢ê♥❣ ✈➭ ➜✳❚✳ ❈➢ê♥❣

➤➢❛ r❛ ❦❤➳✐ ♥✐Ö♠ ❤Ö t❤❛♠ sè tèt ➤è✐ ✈í✐ ❧ä❝ F ✭①❡♠ ❬✶✷❪✮✳ ▼ét ❤Ö t❤❛♠ sè

x = x1, ..., xd ❝ñ❛ M ➤➢î❝ ❣ä✐ ❧➭ ♠ét ❤Ö t❤❛♠ sè tèt ❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐

❧ä❝ F ♥Õ✉Mi∩ (xdi+1, ..., xd)M = 0 ✈í✐ ♠ä✐ i = 0, 1, ..., t−1, di = dimMi✳

◆✳❚✳ ❈➢ê♥❣ ✈➭ ➜✳❚✳ ❈➢ê♥❣ ❝❤ø♥❣ ♠✐♥❤ tr♦♥❣ ❬✶✸❪ r➺♥❣ ♥Õ✉ M ❧➭ ♠ét

♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ ❞➲② ✈í✐ ❧ä❝ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣

F ✈➭ x = x1, ..., xd ❧➭ ♠ét ❤Ö t❤❛♠ sè tèt ❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐ ❧ä❝ F ✱ t❤×

❤✐Ö✉ IF ,M(x) = ℓ(M/(x)M) −
∑t

i=0 e(x1, ..., xdi;Mi) ❜Þ ❝❤➷♥ tr➟♥ ❜ë✐ ♠ét

❤➺♥❣ sè✳ ❍➡♥ ♥÷❛✱ ➤➷t IF(M) = supx IF ,M(x)✱ ✈í✐ x = x1, ..., xd ❝❤➵② tr➟♥

t✃t ❝➯ ❝➳❝ ❤Ö t❤❛♠ sè tèt ❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐ F t❤×

IF(M) = ℓ(H0
m(M/M0))

+
t−1∑

i=0

di+1−1∑

j=1

((
di+1 − 1

j

)
−

(
di − 1

j

))
ℓ(Hj

m(M/Mi)).

◆❤➽❝ ❧➵✐ r➺♥❣ t❛ ❣ä✐ ♠➠➤✉♥ ❝♦♥ ❧í♥ ♥❤✃t ❝ñ❛M ❝ã ❝❤✐Ò✉ ♥❤á ❤➡♥ d ❧➭ t❤➭♥❤

♣❤➬♥ ❦❤➠♥❣ tré♥ ❧➱♥ ❝ñ❛ M ✈➭ ❦Ý ❤✐Ö✉ ❧➭ UM(0)✳ ➜➷t ct−1 = AnnMt−1 ✈➭



✶✶

n0 ❧➭ sè ♥❣✉②➟♥ ❞➢➡♥❣ s❛♦ ❝❤♦ mn0Hj
m(M/Mi) = 0 ✈í✐ ♠ä✐ i ≤ t− 1 ✈➭ ✈í✐

♠ä✐ j ≤ di+1 − 1✳ ❚r♦♥❣ ❈❤➢➡♥❣ ✷ ❝❤ó♥❣ t➠✐ ❝❤ø♥❣ ♠✐♥❤ ➤➢î❝ ❝➳❝ ❦Õt q✉➯

❝❤❰ r❛ s❛✉✳

Hj
m(M/(xM +Mi)) ∼= Hj

m(M/Mi)⊕Hj+1
m (M/UM(0))

✈í✐ ♠ä✐ i ≤ t − 1 ✈➭ ♠ä✐ j < d − 1✱ ♥Õ✉ x ❧➭ ♠ét ♣❤➬♥ tö t❤❛♠ sè ❝ñ❛ M

♥➺♠ tr♦♥❣ m3n0ct−1 ✭①❡♠ ▼Ö♥❤ ➤Ò ✷✳✷✳✸ ✭✐✐✮✮✱ ✈➭

0 :Hd−1
m (M/(Mi+xM)) m

∼= (0 :Hd−1
m (M/Mi)

m)⊕ (0 :Hd
m(M) m)

✈í✐ ♠ä✐ i ≤ t−1✱ ♥Õ✉ x ❧➭ ♠ét ♣❤➬♥ tö t❤❛♠ sè ❝ñ❛M ♥➺♠ tr♦♥❣ m2n0+1ct−1

✭①❡♠ ▼Ö♥❤ ➤Ò ✷✳✷✳✻ ✭✐✐✮✮✳ ➳♣ ❞ô♥❣ ❝➳❝ ➤➻♥❣ ❝✃✉ tr➟♥ ❝❤ó♥❣ t➠✐ t❤✉ ➤➢î❝ ❝➳❝

❦Õt q✉➯ ❝❤Ý♥❤ ❝ñ❛ ❈❤➢➡♥❣ ✷ ❧➭ ❤❛✐ ➤Þ♥❤ ❧Ý s❛✉✳

➜Þ♥❤ ❧Ý ✷✳✷✳✺ ✭✐✐✮✳ ❈❤♦ M ❧➭ ♠ét ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ ❞➲② ✈í✐

❧ä❝ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ F : M0 ⊆ M1 ⊆ · · · ⊆ Mt = M ✳ ❑❤✐ ➤ã

✈í✐ ♠ä✐ ❤Ö t❤❛♠ sè tèt x = x1, ..., xd ❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐ ❧ä❝ F ♥➺♠ tr♦♥❣

mn, n≫ 0✱ t❛ ❝ã IF ,M(x) ❧➭ ♠ét ❤➺♥❣ sè ✈➭

IF ,M(x) = ℓ(H0
m(M/M0))

+
t−1∑

i=0

di+1−1∑

j=1

((
di+1 − 1

j

)
−

(
di − 1

j

))
ℓ(Hj

m(M/Mi)).

➜Þ♥❤ ❧Ý ✷✳✷✳✽ ✭✐✐✮✳ ❈❤♦ M ❧➭ ♠ét ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ ❞➲② ✈í✐

❧ä❝ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ F : M0 ⊆ M1 ⊆ · · · ⊆ Mt = M ✳ ❑❤✐ ➤ã

✈í✐ ♠ä✐ ❤Ö t❤❛♠ sè tèt x = x1, ..., xd ❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐ ❧ä❝ F ♥➺♠ tr♦♥❣

mn, n≫ 0✱ t❛ ❝ã ❝❤Ø sè ❦❤➯ q✉② ❝ñ❛ (x) tr➟♥ M ❧➭ ♠ét ❤➺♥❣ sè ✈➭

NR((x),M) = dimR/m Soc(H0
m(M))

+
t−1∑

i=0

di+1∑

j=1

((
di+1

j

)
−

(
di
j

))
dimR/m Soc(Hj

m(M/Mi)).

❚r♦♥❣ ❈❤➢➡♥❣ ✸ ❝❤ó♥❣ t➠✐ ♣❤➳t tr✐Ó♥ tÝ♥❤ ❝❤❰ r❛ ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛



✶✷

♣❤➢➡♥❣ tr♦♥❣ ✈➭♥❤ ➤Þ❛ ♣❤➢➡♥❣ (R,m)✳ ➜Ó ❧➭♠ ➤➢î❝ ➤✐Ò✉ ➤ã ❝❤ó♥❣ t➠✐ q✉❛♥

t➞♠ ➤Õ♥ ❝➳❝ ♣❤➬♥ tö t❤❛♠ sè ♥➺♠ tr♦♥❣ ❧✐♥❤ ❤♦➳ tö ❝ñ❛ ❝➳❝ ♠➠➤✉♥ ➤è✐

➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣✳ ❱í✐ ♠ç✐ i < d ①Ðt ai(M) = AnnH i
m(M)✱ ✈➭ ➤➷t

a(M) =
∏d−1

i=0 ai(M)✳ ◆❣♦➭✐ r❛ ❝❤ó♥❣ t➠✐ q✉❛♥ t➞♠ ➤Õ♥ ✐➤➟❛♥

b(M) = ∩dx;i=1Ann(0 : xi)M/(x1,...,xi−1)M ,

✈í✐ x = x1, ..., xd ❝❤➵② tr♦♥❣ t✃t ❝➯ ❝➳❝ ❤Ö t❤❛♠ sè ❝ñ❛ M ✳ ❙❝❤❡♥③❡❧ ➤➲

❝❤Ø r❛ ♠è✐ ❧✐➟♥ ❤Ö ❝ñ❛ ❝➳❝ ✐➤➟❛♥ tr➟♥ t❤Ó ❤✐Ö♥ q✉❛ ❝➳❝ ❜❛♦ ❤➭♠ t❤ø❝ s❛✉

a(M) ⊆ b(M) ⊆ a0(M) ∩ · · · ∩ ad−1(M) ✭①❡♠ ❬✺✾✱ ❙❛t③ ✷✳✹✳✺❪✮✳ ❚r♦♥❣

t♦➭♥ ❜é ❈❤➢➡♥❣ ✸ ❝❤ó♥❣ t➠✐ ❧✉➠♥ ①Ðt (R,m) ❧➭ ➯♥❤ ➤å♥❣ ❝✃✉ ❝ñ❛ ♠ét ✈➭♥❤

❈♦❤❡♥✲▼❛❝❛✉❧❛②✳ ý ♥❣❤Ü❛ q✉❛♥ trä♥❣ ❝ñ❛ ❣✐➯ t❤✐Õt ♥➭② ♥➺♠ ë ❝❤ç t❛ sÏ ❧✉➠♥

❝❤ä♥ ➤➢î❝ ♠ét ♣❤➬♥ tö t❤❛♠ sè ❝ñ❛ M ❝❤ø❛ tr♦♥❣ a(M) ✭✈➭ tr♦♥❣ b(M)✮✳

❱í✐ ♥❤÷♥❣ ♣❤➬♥ tö t❤❛♠ sè ♥❤➢ t❤Õ t❛ ❝ã 0 :M x = UM(0)✳ ❳Ðt I ❧➭ ♠ét ✐➤➟❛♥

❝ñ❛ R✱ ➤➷t t = d − dimR/I ✳ ❑❤✐ ➤ã ✈í✐ ♠ä✐ ♣❤➬♥ tö t❤❛♠ sè x ∈ b(M)3✱

➜Þ♥❤ ❧Ý ❝❤❰ r❛ ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ❝ñ❛ ❈❤➢➡♥❣ ✸ ♥❤➢ s❛✉✳

➜Þ♥❤ ❧Ý ✸✳✷✳✹ ✭✐✐✮✳ ❈❤♦ I ❧➭ ♠ét ✐➤➟❛♥ ❝ñ❛ R ✈➭ x ∈ b(M)3 ❧➭ ♠ét ♣❤➬♥ tö

t❤❛♠ sè ❝ñ❛ M ✳ ➜➷t M =M/UM(0) ✈➭ t = d− dimR/I ✳ ❑❤✐ ➤ã

H i
I(M/xM) ∼= H i

I(M)⊕H i+1
I (M/UM(0))

✈í✐ ♠ä✐ i < t− 1✳ ❍➡♥ ♥÷❛✱ ♥Õ✉ H t
I(M) ∼= H t

I(M) t❤×

0 :Ht−1
I (M/xM) b(M) ∼= H t−1

I (M)⊕ (0 :Ht
I(M) b(M)).

❈ã ❧Ï ➳♣ ❞ô♥❣ q✉❛♥ trä♥❣ ♥❤✃t ❝ñ❛ ➜Þ♥❤ ❧Ý ❝❤❰ r❛ ✸✳✷✳✹ ♠➭ ❝❤ó♥❣ t➠✐ t❤✉

➤➢î❝ ❧➭ ❦Õt q✉➯ ❞➢í✐ ➤➞②✱ ♥ã ❝❤♦ t❛ ♠ét ❝➳❝❤ ♥❤×♥ ♠í✐ ✈Ò ❝✃✉ tró❝ ❝ñ❛ ♠➠➤✉♥

tr♦♥❣ ✈➭♥❤ ➤Þ❛ ♣❤➢➡♥❣✳

➜Þ♥❤ ❧Ý ✸✳✷✳✾✳ ❈❤♦ x = x1, ..., xd ❧➭ ♠ét ❤Ö t❤❛♠ sè ❝ñ❛ M t❤á❛ ♠➲♥

xi ∈ b(M/(xi+1, ..., xd)M)3 ✈í✐ ♠ä✐ i ≤ d✳ ❱í✐ ♠ä✐ 1 ≤ i ≤ d✱ ❝➳❝ ♠➠➤✉♥

UM/(xi+1,...,xd)M(0) ❧➭ ❦❤➠♥❣ ♣❤ô t❤✉é❝ ✈➭♦ ✈✐Ö❝ ❝❤ä♥ ❤Ö t❤❛♠ sè x ✭s❛✐ ❦❤➳❝



✶✸

♠ét ➤➻♥❣ ❝✃✉✮✳

❱í✐ ♠ç✐ 0 ≤ i ≤ d − 1 t❛ ❦Ý ❤✐Ö✉ Ui(M) ❧➭ ♠ét ♠➠➤✉♥ s❛♦ ❝❤♦ ✈í✐ ♠ä✐

❤Ö t❤❛♠ sè x = x1, ..., xd ❝ñ❛ M t❤á❛ ♠➲♥ xi ∈ b(M/(xi+1, ..., xd)M)3 ✈í✐

♠ä✐ i ≤ d t❛ ❝ã Ui(M) ∼= UM/(xi+2,...,xd)M(0) ✈í✐ ♠ä✐ 0 ≤ i ≤ d − 1✳ ❚õ

❞➲② ♠➠➤✉♥ Ui(M) ❝❤ó♥❣ t➠✐ ①➞② ❞ù♥❣ ❦❤➳✐ ♥✐Ö♠ ❜❐❝ ❦❤➠♥❣ tré♥ ❧➱♥ ❝ñ❛

M t➢➡♥❣ ø♥❣ ✈í✐ ♠ét ✐➤➟❛♥ m✲♥❣✉②➟♥ s➡ I ✱ udeg(I,M)✳ ❇❐❝ ❝ñ❛ ♠➠➤✉♥M

t➢➡♥❣ ø♥❣ ✈í✐ I ✱ deg(I,M)✱ ❝❤Ý♥❤ ❧➭ sè ❜é✐ ❍✐❧❜❡rt✲❙❛♠✉❡❧ ❝ñ❛ M t➢➡♥❣

ø♥❣ ✈í✐ I ✳ ❈❤ó♥❣ t➠✐ ➤Þ♥❤ ♥❣❤Ü❛

udeg(I,M) = deg(I,M) +
d−1∑

i=0

d̃eg(I, Ui(M)),

✈í✐ d̃eg(I, Ui(M)) = deg(I, Ui(M)) ♥Õ✉ dimUi(M) = i✱ ✈➭ ❜➺♥❣ 0 ♥Õ✉ tr➳✐

❧➵✐✳ ❈❤ó♥❣ t➠✐ ❝ò♥❣ ❝❤ø♥❣ ♠✐♥❤ ➤➢î❝ r➺♥❣ udeg(I, •) ❧➭ ♠ét ❜❐❝ ♠ë ré♥❣

tr➟♥ ♣❤➵♠ trï ❝➳❝ R✲♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤ t❤❡♦ ♥❣❤Ü❛ ❝ñ❛ ❲✳ ❱❛s❝♦♥❝❡❧♦s✳

➜Þ♥❤ ❧Ý✳ ❚❛ ❝ã ❝➳❝ ❦❤➻♥❣ ➤Þ♥❤ ❞➢í✐ ➤➞②

✭✐✮ udeg(I,M) = udeg(I,M/H0
m(M))+ℓ(H0

m(M)) ✭①❡♠ ▼Ö♥❤ ➤Ò ✸✳✸✳✾✮✳

✭✐✐✮ udeg(I,M) ≥ udeg(I,M/xM) ✈í✐ x ∈ I \ mI ❧➭ ♠ét ♣❤➬♥ tö tæ♥❣

q✉➳t ❝ñ❛ M ✭①❡♠ ➜Þ♥❤ ❧Ý ✸✳✸✳✶✼✮✳

✭✐✐✐✮ udeg(I,M) = deg(I,M) ♥Õ✉M ❧➭ ♠ét ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ✭①❡♠

➜Þ♥❤ ❧Ý ✸✳✸✳✽✮✳

❚r♦♥❣ ❈❤➢➡♥❣ ✹ ❝ñ❛ ❧✉❐♥ ➳♥ ❝❤ó♥❣ t➠✐ ♠✉è♥ ❝❤Ø r❛ ❦❤➯ ♥➝♥❣ ➳♣ ❞ô♥❣ tÝ♥❤

❝❤❰ r❛ ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ✈➭♦ ✈✃♥ ➤Ò ✈Ò tÝ♥❤ ❤÷✉ ❤➵♥ ❝ñ❛ t❐♣ ✐➤➟❛♥

♥❣✉②➟♥ tè ❧✐➟♥ ❦Õt ❝ñ❛ ♠➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣✳ ❇ë✐ tÝ♥❤ ➤é❝ ❧❐♣ ❝ñ❛

♥ã ♥➟♥ ❈❤➢➡♥❣ ✹ ❝ã t❤Ó ❤✐Ó✉ ❧➭ ♠ét ♣❤➬♥ ♣❤ô ❧ô❝ ❝ñ❛ ❧✉❐♥ ➳♥✳ ❱í✐ a ❧➭ ♠ét

✐➤➟❛♥ ❝ñ❛ ✈➭♥❤ R✱ ✈✃♥ ➤Ò ♥➭② ❜➽t ➤➬✉ tõ ♠ét ❝➞✉ ❤á✐ ❝ñ❛ ❈✳ ❍✉♥❡❦❡ tr♦♥❣

❬✷✻✱ Pr♦❜❧❡♠ ✸✳✸❪ r➺♥❣✿ P❤➯✐ ❝❤➝♥❣ AssH i
a(M) ❧✉➠♥ ❧➭ ♠ét t❐♣ ❤÷✉ ❤➵♥ ❦❤✐
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M ❧➭ ♠ét ♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤ ✈í✐ ♠ä✐ i ≥ 0❄ ❈➞✉ ❤á✐ ❝ñ❛ ❍✉♥❡❦❡ ➤➢î❝

➤➷❝ ❜✐Öt q✉❛♥ t➞♠ ❦❤✐ R ❧➭ ✈➭♥❤ ❝❤Ý♥❤ q✉② ✭①❡♠ ❬✷✼❪✱ ❬✸✹❪✱ ❬✹✾❪✮✳ ❚r♦♥❣

tr➢ê♥❣ ❤î♣ tæ♥❣ q✉➳t ❝➞✉ ❤á✐ ❝ñ❛ ❍✉♥❡❦❡ ❦❤➠♥❣ ❝ß♥ ➤ó♥❣ ❞♦ ❝➳❝ ✈Ý ❞ô ❝ñ❛

❆✳ ❙✐♥❣❤ tr♦♥❣ ❬✹✽❪ ✈➭ ▼✳ ❑❛t③♠❛♥ tr♦♥❣ ❬✷✾❪✳ ❚✉② ♥❤✐➟♥ ❝➞✉ ❤á✐ ♥➭② ✈➱♥

➤ó♥❣ ✈í✐ ♥❤÷♥❣ ➤✐Ò✉ ❦✐Ö♥ ♥❤✃t ➤Þ♥❤ ❝❤➻♥❣ ❤➵♥✱ AssH t
a(M) ❧➭ ♠ét t❐♣ ❤÷✉

❤➵♥ ♥Õ✉H i
a(M) ❧➭ ❤÷✉ ❤➵♥ s✐♥❤ ✈í✐ ♠ä✐ i < t ❤♦➷❝ supp(H i

a(M)) ❧➭ ♠ét t❐♣

❤÷✉ ❤➵♥ ✈í✐ ♠ä✐ i < t ✭①❡♠ ❬✺❪✱ ❬✸✵❪✮✳ ❑Õt q✉➯ ❝❤Ý♥❤ t❤ø ♥❤✃t ❝ñ❛ ❝❤➢➡♥❣

♥➭② ❧➭ ❝❤ó♥❣ t➠✐ ➤➲ tæ♥❣ ❤î♣ ❤❛✐ tr➢ê♥❣ ❤î♣ ♥ã✐ tr➟♥ ♥❤➢ s❛✉✳

➜Þ♥❤ ❧Ý ✹✳✶✳✽✳ ❈❤♦ a ❧➭ ♠ét ✐➤➟❛♥ ❝ñ❛ R✱ ✈➭ M ❧➭ ♠➠t R✲♠➠➤✉♥ ❤÷✉ ❤➵♥

s✐♥❤✳ ❳Ðt t ❧➭ ♠ét sè ♥❣✉②➟♥ ❦❤➠♥❣ ➞♠ s❛♦ ❝❤♦ H i
a(M) ❧➭ ❤÷✉ ❤➵♥ s✐♥❤ ❤♦➷❝

supp(H i
a(M)) ❧➭ ♠ét t❐♣ ❤÷✉ ❤➵♥ ✈í✐ ♠ä✐ i < t✳ ❑❤✐ ➤ã AssR(H

t
a(M)) ❧➭

♠ét t❐♣ ❤÷✉ ❤➵♥✳

❚✐Õ♣ t❤❡♦ ❝❤ó♥❣ t➠✐ q✉❛♥ t➞♠ ➤Õ♥ tÝ♥❤ ❤÷✉ ❤➵♥ ❝ñ❛ ♠➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛

♣❤➢➡♥❣ ➤➬✉ t✐➟♥ ❦❤➠♥❣ ❤÷✉ ❤➵♥ s✐♥❤✳ ❱í✐M ❧➭ ♠ét R✲♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤

t❛ ➤Þ♥❤ ♥❣❤Ü❛ ❝❤✐Ò✉ ❤÷✉ ❤➵♥ ❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐ a ♥❤➢ s❛✉

fa(M) = inf{i ∈ N0 |H i
a(M) ❦❤➠♥❣ ❧➭ ❤÷✉ ❤➵♥ s✐♥❤}.

❘â r➭♥❣ ➜Þ♥❤ ❧Ý ❝❤❰ r❛ ✶✳✹✳✹ ❧➭ ❤÷✉ Ý❝❤ tr♦♥❣ ✈✐Ö❝ ♥❣❤✐➟♥ ❝ø✉ ♠➠➤✉♥ ➤è✐

➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ t➵✐ ❝❤✐Ò✉ ❤÷✉ ❤➵♥✳ ❈ô t❤Ó tõ ➜Þ♥❤ ❧Ý ✶✳✹✳✹ t❛ ❞Ô ❞➭♥❣

❧✃② ❧➵✐ ➤➢î❝ ❦Õt q✉➯ ❝ñ❛ ▼✳ ❇r♦❞♠❛♥♥ ✈➭ ❆✳▲✳ ❋❛❣❤❛♥✐ ❝❤♦ tÝ♥❤ ❤÷✉ ❤➵♥ ❝ñ❛

AssR(H
fa(M)
a (M)) ✭①❡♠ ▼Ö♥❤ ➤Ò ✹✳✷✳✷✮✳ ❚õ ➤ã ❝❤ó♥❣ t➠✐ ❝❤ø♥❣ ♠✐♥❤ tÝ♥❤

❤÷✉ ❤➵♥ ❝ñ❛ ♠ét t❐♣ ✐➤➟❛♥ ♥❣✉②➟♥ tè ❧✐➟♥ ❦Õt ❧í♥ ❤➡♥ t❐♣ AssR(H
fa(M)
a (M))

♥❤➢ s❛✉✳

➜Þ♥❤ ❧Ý ✹✳✷✳✾✳ ❈❤♦ a ❧➭ ♠ét ✐➤➟❛♥ ❝ñ❛ R ✈➭ M ❧➭ ♠ét R✲♠➠➤✉♥ ❤÷✉ ❤➵♥

s✐♥❤✳ ➜➷t t = fa(M)✳ ❳Ðt a1, ..., at ❧➭ ♠ét ❞➲② ♣❤➬♥ tö tr♦♥❣ a t❤á❛ ♠➲♥
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√
a =

√
(a1, ..., at)✳ ❑❤✐ ➤ã

⋃

n1,...,nt∈N
AssM/(an1

1 , ..., a
nt

t )M

❧➭ ♠ét t❐♣ ❤î♣ ❤÷✉ ❤➵♥✳

❈➳❝ ❦Õt q✉➯ t❤✉é❝ ❝➳❝ ❈❤➢➡♥❣ ✶✱ ✷✱ ✈➭ ✹ ➤➢î❝ ✈✐Õt t❤➭♥❤ ❜è♥ ❜➭✐ ❜➳♦ ➤➲

➤➢î❝ ➤➝♥❣ ✈➭ ♥❤❐♥ ➤➝♥❣ t➵✐ ❝➳❝ t➵♣ ❝❤Ý ✉② tÝ♥✳ ❈➳❝ ❦Õt q✉➯ tr♦♥❣ ❈❤➢➡♥❣ ✸

sÏ ➤➢î❝ t➳❝ ❣✐➯ t✐Õ♣ tô❝ ♣❤➳t tr✐Ó♥ tr♦♥❣ t➢➡♥❣ ❧❛✐✳
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❈❤➢➡♥❣ ✶

❚Ý♥❤ ❝❤❰ r❛ ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛
♣❤➢➡♥❣

❚r♦♥❣ t♦➭♥ ❜é ❧✉❐♥ ➳♥✱ t❛ ❧✉➠♥ ①Ðt R ❧➭ ✈➭♥❤ ◆♦❡t❤❡r ❣✐❛♦ ❤♦➳♥ ❝ã ➤➡♥ ✈Þ✳

▼ô❝ t✐➟✉ ❝ñ❛ ❝❤➢➡♥❣ ♥➭② ❧➭ ①➞② ❞ù♥❣ ♣❤➢➡♥❣ ♣❤➳♣ ❝❤ø♥❣ ♠✐♥❤ ✈➭ ➤➢❛ r❛ ♠ét

➤Þ♥❤ ❧Ý ❝❤❰ r❛ ❝ñ❛ ❞➲② ❦❤í♣ ♥❣➽♥ ❝➳❝ ♠➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ❝ï♥❣

✈í✐ ♠ét sè ➳♣ ❞ô♥❣ trù❝ t✐Õ♣ ❝ñ❛ ♥ã ✭①❡♠ ❚✐Õt ✶✳✸✮✳ ❑Ü t❤✉❐t ❞ï♥❣ ➤Ó ❝❤ø♥❣

♠✐♥❤ ❧➭ ①❡♠ ♠ç✐ ❞➲② ❦❤í♣ ♥❣➽♥ ♥❤➢ ➤➵✐ ❞✐Ö♥ ❝ñ❛ ♠ét ♣❤➬♥ tö ❝ñ❛ ♠➠➤✉♥

♠ë ré♥❣ Ext1R(•, •)✳ ❑❤✐ ➤ã ♠ét ❞➲② ❦❤í♣ ♥❣➽♥ ❧➭ ❝❤❰ r❛ ♥Õ✉ ♥ã ➤➵✐ ❞✐Ö♥ ❝❤♦

♣❤➬♥ tö 0 ❝ñ❛ Ext1R(•, •)✳ ➜Þ♥❤ ❧Ý ❝❤❰ r❛ ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣✱ ➜Þ♥❤

❧Ý ✶✳✹✳✹✱ ➤➢î❝ ❝❤ø♥❣ ♠✐♥❤ tr♦♥❣ ❚✐Õt ✶✳✹✳ ◆❣♦➭✐ r❛ ❝❤ó♥❣ t➠✐ ❝ò♥❣ ➳♣ ❞ô♥❣

➜Þ♥❤ ❧Ý ✶✳✹✳✹ ➤Ó ➤➢❛ r❛ ♠ét ❝❤ø♥❣ ♠✐♥❤ ♥❣➽♥ ❣ä♥ ❝❤♦ ❦Õt q✉➯ ✈Ò tÝ♥❤ æ♥ ➤Þ♥❤

t✐Ö♠ ❝❐♥ ❝ñ❛ ❝❤Ø sè t❤✉ ❣ä♥ ❝ñ❛ ✐➤➟❛♥ t❤❛♠ sè ❝ñ❛ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛②

s✉② ré♥❣ ❝ñ❛ ◆✳❚✳ ❈➢ê♥❣ ✈➭ ❍✳▲✳ ❚r➢ê♥❣ ✭①❡♠ ❍Ö q✉➯ ✶✳✹✳✼✮✳ ❚r♦♥❣ ❤❛✐ t✐Õt

➤➬✉ ❝❤ó♥❣ t➠✐ tr×♥❤ ❜➭② ✈Ò ♠ét sè ❦Õt q✉➯ ❝➡ së ✈Ò ♠➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛

♣❤➢➡♥❣✱ ✈➭ ♣❤Ð♣ t♦➳♥ tr♦♥❣ ♠➠➤✉♥ ♠ë ré♥❣ Ext1R(•, •)✳

✶✳✶ ▼➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣

▲Ý t❤✉②Õt ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ➤➢î❝ ①➞② ❞ù♥❣ ❜ë✐ ❆✳ ●r♦t❤❡♥❞✐❡❝❦ ✈➭♦

♥❤÷♥❣ ♥➝♠ ✶✾✻✵ ✭❳❡♠ ❬✷✹❪✮✳ ❇ë✐ tÝ♥❤ ❧✐♥❤ ❤♦➵t tr♦♥❣ sö ❞ô♥❣✱ ➤è✐ ➤å♥❣ ➤✐Ò✉



✶✼

➤Þ❛ ♣❤➢➡♥❣ ➤➲ ♥❤❛♥❤ ❝❤ã♥❣ trë t❤➭♥❤ ♠ét ❝é♥❣ ❝ô q✉❛♥ trä♥❣ tr♦♥❣ ♥❣❤✐➟♥

❝ø✉ ➜➵✐ sè ●✐❛♦ ❤♦➳♥✳ ❚r♦♥❣ t✐Õt ♥➭② ❝❤ó♥❣ t❛ ♥❤➽❝ ❧➵✐ ➤Þ♥❤ ♥❣❤Ü❛ ♠è✐ ❧✐➟♥

❤Ö ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ✈í✐ ❝➳❝ ❤➭♠ tö ExtiR(•, •) ✈➭ ➤è✐ ➤å♥❣ ➤✐Ò✉

❑♦s③✉❧✳ ▼ét sè tÝ♥❤ ❝❤✃t tr✐Öt t✐➟✉✱ ❦❤➠♥❣ tr✐Öt t✐➟✉ ❝ñ❛ ♠➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉

➤Þ❛ ♣❤➢➡♥❣ ❝ò♥❣ ➤➢î❝ ➤➢❛ r❛✳ ❈➳❝ ❝❤ø♥❣ ♠✐♥❤ ❝❤✐ t✐Õt ❝ã t❤Ó ①❡♠ tr♦♥❣ ❬✹❪✳

✶✳✶✳✶ ▼➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣

❈❤♦ R ❧➭ ♠ét ✈➭♥❤ ◆♦❡t❤❡r ❣✐❛♦ ❤♦➳♥ ✈í✐ ♠ét ✐➤➟❛♥ a✳ ❍➭♠ tö ➤è✐ ➤å♥❣

➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ H i
a(•) ❝❤Ý♥❤ ❧➭ ❤➭♠ tö ❞➱♥ ①✉✃t ♣❤➯✐ t❤ø i ❝ñ❛ ❤➭♠ tö ①♦➽♥

Γa(•)✳

➜Þ♥❤ ♥❣❤Ü❛ ✶✳✶✳✶✳ ❈❤♦ M ❧➭ ♠ét R✲♠➠➤✉♥✳ ❑❤✐ ➤ã ♠➠➤✉♥ ❝♦♥ a✲①♦➽♥ ❝ñ❛

M ➤➢î❝ ➤Þ♥❤ ♥❣❤Ü❛ ♥❤➢ s❛✉

Γa(M) = 0 :M a∞ =
⋃

n≥1

(0 :M an).

❚õ ➤Þ♥❤ ♥❣❤Ü❛ tr➟♥ t❛ ❝❤ó ý r➺♥❣ ❤➭♠ tö ①♦➽♥ ❦❤➠♥❣ ♣❤ô t❤✉é❝ ✈➭♦ ♣❤Ð♣

t♦➳♥ ❧✃② ❝➝♥ ❝ñ❛ ✐➤➟❛♥ tø❝ ❧➭ Γa(M) = Γb(M) ✈í✐ ♠ä✐ M ♥Õ✉
√
a =

√
b✳

▼Ö♥❤ ➤Ò ✶✳✶✳✷✳ ❍➭♠ tö Γa(•) ❝ã tÝ♥❤ ❦❤í♣ tr➳✐ tø❝ ❧➭ ❞➲② ❦❤í♣ ♥❣➽♥ ❝➳❝

R✲♠➠➤✉♥

0 →M ′ →M →M ′′ → 0

❝➯♠ s✐♥❤ ❞➲② ❦❤í♣ tr➳✐ s❛✉

0 → Γa(M
′) → Γa(M) → Γa(M

′′).

➜Þ♥❤ ♥❣❤Ü❛ ✶✳✶✳✸✳ ❍➭♠ tö ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ H i
a(•) ➤➢î❝ ➤Þ♥❤ ♥❣❤Ü❛

❧➭ ❤➭♠ tö ❞➱♥ ①✉✃t ♣❤➯✐ t❤ø i ❝ñ❛ ❤➭♠ tö ①♦➽♥ Γa(•)✳ ❈ô t❤Ó✱ ✈í✐ ♠ç✐ R✲

♠➠➤✉♥ M ❜✃t ❦× t❛ ①Ðt ❣✐➯✐ ♥é✐ ①➵ ❝ñ❛ M

I• : 0
d−1

→ I0
d0→ I1

d1−→ · · · di−1

−→ I i
di−→ I i+1 di+1

−→ · · · .



✶✽

❚➳❝ ➤é♥❣ ❤➭♠ tö Γa(•) ✈➭♦ ➤è✐ ♣❤ø❝ I• t❛ t❤✉ ➤➢î❝ ➤è✐ ♣❤ø❝

0
Γa(d

−1)−→ Γa(I
0)

Γa(d
0)−→ Γa(I

1)
Γa(d

1)−→ · · · Γa(d
i−1)−→ Γa(I

i)
Γa(d

i)−→ Γa(I
i+1)

Γa(d
i+1)−→ · · · .

❱í✐ ♠ç✐ i ∈ N0✱ ♠➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ t❤ø i ❝ñ❛M ✈í✐ ❣✐➳ a ➤➢î❝ ➤Þ♥❤ ♥❣❤Ü❛

♥❤➢ s❛✉

H i
a(M) := Ker(Γa(d

i))/Im(Γa(d
i−1)).

▼Ö♥❤ ➤Ò ✶✳✶✳✹✳ ✭❳❡♠ ❬✹✱ ✶✳✷✳✷❪✮ ❳Ðt ❞➲② ❦❤í♣ ♥❣➽♥ ❝➳❝ R✲♠➠➤✉♥

0 → L→M → N → 0.

❑❤✐ ➤ã ✈í✐ ♠ä✐ ✐➤➟❛♥ a ❝ñ❛ R t❛ ❝ã ❞➲② ❦❤í♣ ❞➭✐ ❝➳❝ ♠➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉

➤Þ❛ ♣❤➢➡♥❣✳

0 → H0
a(L) → H0

a(M) → H0
a(N) → H1

a(L) → · · ·

→ H i
a(L) → H i

a(M) → H i
a(N) → · · · .

❚❛ ❞Ô ❞➭♥❣ ❦✐Ó♠ tr❛ ➤➢î❝ r➺♥❣ HomR(R/a,M) ∼= 0 :M a✳ ❉♦ ➤ã ➤Þ♥❤

♥❣❤Ü❛ ❝ñ❛ ❤➭♠ tö ①♦➽♥ ❞➱♥ ➤Õ♥ Γa(M) ∼= lim→HomR(R/a
n,M)✳ ❚æ♥❣

q✉➳t✱ ♠è✐ ❧✐➟♥ ❤Ö ❣✐÷❛ ❤➭♠ tö ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ✈➭ ❤➭♠ tö ♠ë ré♥❣

➤➢î❝ t❤Ó ❤✐Ö♥ ♥❤➢ ❦Õt q✉➯ s❛✉✳

➜Þ♥❤ ❧Ý ✶✳✶✳✺✳ ✭❳❡♠ ❬✹✱ ✶✳✸✳✽❪✮ ❈❤♦ a ❧➭ ♠ét ✐➤➟❛♥ ❝ñ❛ ✈➭♥❤ ◆♦❡t❤❡r R✱ ✈➭

M ❧➭ ♠ét R✲♠➠➤✉♥✳ ❑❤✐ ➤ã ✈í✐ ♠ä✐ i ∈ N0✱ tå♥ t➵✐ ❞✉② ♥❤✃t ➤➻♥❣ ❝✃✉ tù

♥❤✐➟♥

Φi
a : H

i
a(M) ∼= lim−−→

n∈N
ExtiR(R/a

n,M).

▼➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ❝ß♥ ❝ã t❤Ó ➤➢î❝ tÝ♥❤ t♦➳♥ t❤❡♦ ➤è✐ ♣❤ø❝

C̆❡❝❤ ❤♦➷❝ ♣❤ø❝ ❑♦s③✉❧ ❞ù❛ tr➟♥ ❝➳❝ ♣❤➬♥ tö s✐♥❤ ❝ñ❛ ✐➤➟❛♥ a ✭①❡♠ ❬✹✱

❈❤❛♣t❡r ✺❪✮✳ ➜Þ♥❤ ❧Ý ❞➢í✐ ➤➞② ♠➠ t➯ ❝➳❝❤ t✐Õ♣ ❝❐♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣

♥❤➢ ❧➭ ❣✐í✐ ❤➵♥ ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ❑♦s③✉❧ ♠➭ t❛ sÏ sö ❞ô♥❣ ✈Ò s❛✉✳



✶✾

➜Þ♥❤ ❧Ý ✶✳✶✳✻✳ ✭❳❡♠ ❬✹✱ ✺✳✷✳✾❪✮ ❈❤♦ a ❧➭ ♠ét ✐➤➟❛♥ ❝ñ❛ ✈➭♥❤ ◆♦❡t❤❡r R ✈í✐

♠ét ❤Ö s✐♥❤ a1, ..., at✳ ❑❤✐ ➤ã ✈í✐ ♠ç✐ i ∈ N0 t❛ ❝ã ❝➳❝ ➤➻♥❣ ❝✃✉ tù ♥❤✐➟♥

Ψi : H i
a(M) ∼= lim

−→
n1,..,.nt∈N

H i(K(an1

1 , ..., a
nt

t ;M)),

ë ➤ã K(an11 , ..., a
nt

t ;M) ❧➭ ➤è✐ ♣❤ø❝ ❑♦s③✉❧ ❝ñ❛M t❤❡♦ ❞➲② an1

1 , ..., a
nt

t ✳ ➜➷❝

❜✐Öt t❛ ❝ã ➤➻♥❣ ❝✃✉

Ψt : H t
a(M) ∼= lim

−→
n1,..,.nt∈N

M/(an11 , ..., a
nt

t )M.

✶✳✶✳✷ ❚Ý♥❤ tr✐Öt t✐➟✉ ✈➭ ❦❤➠♥❣ tr✐Öt t✐➟✉ ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣

❚r♦♥❣ ♠ô❝ ♥➭② ❝❤ó♥❣ t❛ ♥➟✉ r❛ ♠ét sè ➤Þ♥❤ ❧Ý ❝➡ ❜➯♥ ✈Ò tÝ♥❤ tr✐Öt t✐➟✉

✈➭ ❦❤➠♥❣ tr✐Öt t✐➟✉ ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ➤➢î❝ ❝❤ø♥❣ ♠✐♥❤ ❜ë✐

●r♦t❤❡♥❞✐❡❝❦✳

▼Ö♥❤ ➤Ò ✶✳✶✳✼✳ ✭❳❡♠ ❬✹✱ ✷✳✶✳✼❪✮ ❈❤♦ M ❧➭ ♠ét R✲♠➠➤✉♥ a✲①♦➽♥✳ ❑❤✐ ➤ã

H i
a(M) = 0 ✈í✐ ♠ä✐ i ≥ 1✳

▼Ö♥❤ ➤Ò tr➟♥ ❝ï♥❣ ✈í✐ ▼Ö♥❤ ➤Ò ✶✳✶✳✹ ❞➱♥ ➤Õ♥ H i
a(M) ∼= H i

a(M/Γa(M))

✈í✐ ♠ä✐ i ≥ 1✳ ❉♦ ➤ã✱ ❦❤✐ ♥❣❤✐➟♥ ❝ø✉ ❝➳❝ ♠➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣

t➵✐ ❜❐❝ ❞➢➡♥❣ t❛ ❧✉➠♥ ❝ã t❤Ó ❣✐➯ sö M ❧➭ a✲①♦➽♥ tù ❞♦✳

❑Õt q✉➯ tr✐Öt t✐➟✉ ❞➢í✐ ➤➞② ❧➭ ❤Ö q✉➯ ❝ñ❛ ➜Þ♥❤ ❧Ý ✶✳✶✳✻✱ ♠ét ❝➳❝❤ ❝❤ø♥❣ ♠✐♥❤

trù❝ t✐Õ♣ ❦❤➳❝ ❞ù❛ tr➟♥ ❞➲② ▼❛②❡r✲❱✐❡t♦r✐s ❝ã t❤Ó ①❡♠ t➵✐ ❬✹✱ ✸✳✸✳✶❪✳

➜Þ♥❤ ❧Ý ✶✳✶✳✽✳ ●✐➯ sö r➺♥❣ ✐➤➟❛♥ a ❝ã t❤Ó s✐♥❤ ❜ë✐ t ♣❤➬♥ tö✳ ❑❤✐ ➤ã✱ ✈í✐ ♠ä✐

R✲♠➠➤✉♥ M ✱ t❛ ❝ã H i
a(M) = 0 ✈í✐ ♠ä✐ i > t✳

❚Ý♥❤ tr✐Öt t✐➟✉ ✈➭ ❦❤➠♥❣ tr✐Öt t✐➟✉ ❝ñ❛ H i
a(M) ❝ß♥ ❧✐➟♥ ❤Ö ♠❐t t❤✐Õt ✈í✐

➤é s➞✉ ❝ñ❛ ✐➤➟❛♥ a t❤❡♦ M ✈➭ ❝❤✐Ò✉ ❝ñ❛ M ✳ ◆❤➽❝ ❧➵✐ r➺♥❣✱ ❝❤♦ M ❧➭ ♠ét

R✲♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤ ✈➭ aM 6=M ❦❤✐ ➤ã ➤é s➞✉ ❝ñ❛ a t❤❡♦M ✱ gradeMa✱

❧➭ ➤é ❞➭✐ ❝ñ❛ ♠ét ✭♠ä✐✮M ✲❞➲② ❝❤Ý♥❤ q✉② tè✐ ➤➵✐ tr♦♥❣ a✳ ❑❤✐ ✈➭♥❤ R ❧➭ ➤Þ❛



✷✵

♣❤➢➡♥❣ ✈í✐ ✐➤➟❛♥ tè✐ ➤➵✐ m✱ t❤× gradeMm t❤➢ê♥❣ ➤➢î❝ ❦Ý ❤✐Ö✉ ❧➭ depthM ✈➭

❣ä✐ ❧➭ ➤é s➞✉ ❝ñ❛ M ✳

➜Þ♥❤ ❧Ý ✶✳✶✳✾✳ ✭❳❡♠ ❬✹✱ ✻✳✷✳✼❪✮ ❈❤♦ M ❧➭ ♠ét R✲♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤ s❛♦

❝❤♦ aM 6=M ✳ ❑❤✐ ➤ã gradeMa ❧➭ sè ♥❣✉②➟♥ i ❜Ð ♥❤✃t s❛♦ ❝❤♦ H i
a(M) 6= 0✳

➜Þ♥❤ ❧Ý ✶✳✶✳✶✵ ✭●r♦t❤❡♥❞✐❡❝❦✮✳ ✭❳❡♠ ❬✹✱ ✻✳✶✳✷✱ ✻✳✶✳✹❪✮

✭✐✮ ❈❤♦ M ❧➭ ♠ét R✲♠➠➤✉♥✳ ❑❤✐ ➤ã H i
a(M) = 0 ✈í✐ ♠ä✐ i > dimM ✳

✭✐✐✮ ●✐➯ sö r➺♥❣ (R,m) ❧➭ ✈➭♥❤ ◆♦❡t❤❡r ➤Þ❛ ♣❤➢➡♥❣✱ ✈➭M ❧➭ ♠ét R ♠➠➤✉♥

❤÷✉ ❤➵♥ s✐♥❤ ❦❤➳❝ ❦❤➠♥❣ ❝❤✐Ò✉ d✳ ❑❤✐ ➤ã Hd
m(M) 6= 0✳

✶✳✶✳✸ ➜è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ✈➭ tÝ♥❤ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❝ñ❛ ♠➠➤✉♥

❚r♦♥❣ ♠ô❝ ♥➭② ♥Õ✉ ❦❤➠♥❣ ♥ã✐ râ t❛ ❧✉➠♥ ①Ðt (R,m) ❧➭ ✈➭♥❤ ◆♦❡t❤❡r ➤Þ❛

♣❤➢➡♥❣✱ ✈➭ M ❧➭ ♠ét R ♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤ ❦❤➳❝ ❦❤➠♥❣ ❝❤✐Ò✉ d✳ ◆❤➽❝ ❧➵✐

r➺♥❣ M ❧➭ ♠ét R✲♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ♥Õ✉ depthM = dimM ✳ ❚❤❡♦

❝➳❝ ➜Þ♥❤ ❧Ý ✶✳✶✳✾ ✈➭ ✶✳✶✳✶✵ t❛ ❝ã ➤➷❝ tr➢♥❣ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ❝❤♦ tÝ♥❤

❈♦❤❡♥✲▼❛❝❛✉❧❛② ♥❤➢ s❛✉✳

➜Þ♥❤ ❧Ý ✶✳✶✳✶✶✳ ▼ét R✲♠➠➤✉♥ M ❧➭ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❦❤✐ ✈➭ ❝❤Ø ❦❤✐

H i
m(M) = 0 ✈í✐ ♠ä✐ i 6= d✳

▲✃② q ❧➭ ♠ét ✐➤➟❛♥ t❤❛♠ sè ❝ñ❛ M ✳ ❑❤✐ ➤ã ♠ét ❦Õt q✉➯ q✉❡♥ ❜✐Õt ❦❤➻♥❣

➤Þ♥❤ r➺♥❣✱ sè ❜é✐ ❍✐❧❜❡rt✲❙❛♠✉❡❧ e(q;M) ❦❤➠♥❣ ✈➢ît q✉➳ ➤é ❞➭✐ ℓ(M/qM)✳

❍➡♥ ♥÷❛✱ M ❧➭ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ♥Õ✉ ✈➭ ❝❤Ø ♥Õ✉ e(q;M) = ℓ(M/qM) ✈í✐

♠ét ✭♠ä✐✮ ✐➤➟❛♥ t❤❛♠ sè q ❝ñ❛ M ✳ ❑❤✐ ♠ét R✲♠➠➤✉♥ ❧➭ ❦❤➠♥❣ ❈♦❤❡♥✲

▼❛❝❛✉❧❛② t❤× ℓ(M/qM) − e(q;M) > 0 ✈í✐ ♠ä✐ ✐➤➟❛♥ t❤❛♠ sè q ❝ñ❛ M ✳

❉✳ ❇✉❝❤s❜❛✉♠ ➤➲ ♣❤á♥❣ ➤♦➳♥ r➺♥❣ ❤✐Ö✉ ℓ(M/qM) − e(q;M) ❧➭ ♠ét ❤➺♥❣

sè ❝ñ❛ M ✳ ▼➷❝ ❞ï ❝➞✉ ❤á✐ ❝ñ❛ ❇✉❝❤s❜❛✉♠ ♥ã✐ ❝❤✉♥❣ ❧➭ ❦❤➠♥❣ ➤ó♥❣ ♥❤➢♥❣

♥ã ❞➱♥ ➤Õ♥ ♥❤÷♥❣ ♥❣❤✐➟♥ ❝ø✉ ✈Ò ❝➳❝ ❧í♣ ♠➠➤✉♥ ♠ë ré♥❣ ❝ñ❛ ❧í♣ ♠➠➤✉♥

❈♦❤❡♥✲▼❛❝❛✉❧❛② t❤á❛ ♠➲♥ ♥❤÷♥❣ r➭♥❣ ❜✉é❝ ➤Ñ♣ ❝❤♦ ℓ(M/qM)− e(q;M)✳



✷✶

❈ô t❤Ó✱ ❏✳ ❙t✉❝❦r❛❞ ✈➭ ❲✳ ❱♦❣❡❧ ➤➲ ❣✐í✐ t❤✐Ö✉ ✈➭ ♣❤➳t tr✐Ó♥ ❧Ý t❤✉②Õt ✈Ò ♠➠➤✉♥

❇✉❝❤s❜❛✉♠ ✭①❡♠ ❬✺✶❪✮✳ ▼ét R✲♠➠➤✉♥ M ➤➢î❝ ❣ä✐ ❧➭ ♠➠➤✉♥ ❇✉❝❤s❜❛✉♠

♥Õ✉ ℓ(M/qM) − e(q;M) ❧✉➠♥ ❧➭ ♠ét ❤➺♥❣ sè ❝ñ❛ M ✳ ◆❣❛② s❛✉ ➤ã✱ ◆✳❚✳

❈➢ê♥❣✱ P✳ ❙❝❤❡♥③❡❧ ✈➭ ◆✳❱✳ ❚r✉♥❣ ➤➲ ♥❣❤✐➟♥ ❝ø✉ ❧í♣ R✲♠➠➤✉♥ t❤á❛ ♠➲♥ tÝ♥❤

❝❤✃t ℓ(M/qM) − e(q;M) ❧✉➠♥ ❜Þ ❝❤➷♥ tr➟♥ ❜ë✐ ♠ét ❤➺♥❣ sè ✈í✐ ♠ä✐ ✐➤➟❛♥

t❤❛♠ sè q ❝ñ❛ M ✱ ✈➭ ❤ä ❣ä✐ ❧í♣ ♠➠➤✉♥ ➤ã ❧➭ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉②

ré♥❣ ✭①❡♠ ❬✺✼❪✮✳ ◆Õ✉ M ❧➭ ♠ét ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣✱ ❤➺♥❣ sè

I(M) = supq{ℓ(M/qM)− e(q;M)} ✈í✐ q ❝❤➵② tr♦♥❣ t✃t ❝➯ ❝➳❝ ✐➤➟❛♥ t❤❛♠

sè q ❝ñ❛ M ➤➢î❝ ❣ä✐ ❧➭ ❤➺♥❣ sè ❇✉❝❤s❜❛✉♠✳ ▼ét ✐➤➟❛♥ t❤❛♠ sè q ❝ñ❛ M

➤➢î❝ ❣ä✐ ❧➭ ❝❤✉➮♥ t➽❝ ♥Õ✉ ℓ(M/qM) − e(q;M) = I(M) ✭①❡♠ ❬✺✸❪✮✳ ◆❤➢

✈❐②✱ M ❧➭ ♠➠➤✉♥ ❇✉❝❤s❜❛✉♠ ♥Õ✉ ♠ä✐ ❤Ö t❤❛♠ sè ❧➭ ❝❤✉➮♥ t➽❝✳ ➜Þ♥❤ ❧Ý s❛✉

➤➞② ❧➭ ➤➷❝ tr➢♥❣ ❝❤♦ tÝ♥❤ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ t❤❡♦ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛

♣❤➢➡♥❣ ✭①❡♠ ❬✺✸❪✮✳

➜Þ♥❤ ❧Ý ✶✳✶✳✶✷✳ ▼ét R✲♠➠➤✉♥ M ❧➭ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ ❦❤✐ ✈➭ ❝❤Ø

❦❤✐ H i
m(M) ❧➭ ❤÷✉ ❤➵♥ s✐♥❤ ✈í✐ ♠ä✐ i < d ✈➭

I(M) =
d−1∑

i=0

(
d− 1

i

)
ℓ(H i

m(M)).

❍➡♥ ♥÷❛✱ ✐➤➟❛♥ t❤❛♠ sè q ❧➭ ❝❤✉➮♥ t➽❝ ✈í✐ ♠ä✐ q ⊆ mn ✈í✐ n≫ 0✳

❈❤ó ý r➺♥❣ ♥Õ✉M ❧➭ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣✱ t❤× sÏ tå♥ t➵✐ ♠ét

sè ♥❣✉②➟♥ ❞➢➡♥❣ n0 s❛♦ ❝❤♦ mn0H i
m(M) = 0 ✈í✐ ♠ä✐ i < d✳ ❑❤➻♥❣ ➤Þ♥❤

♥➭② ❧➭ ♠ét tr➢ê♥❣ ❤î♣ ➤➷❝ ❜✐Öt ❝ñ❛ ❦Õt q✉➯ tæ♥❣ q✉➳t ❞➢í✐ ➤➞② ♠➭ t❛ sÏ ❞ï♥❣

♥❤✐Ò✉ ✈Ò s❛✉✳

▼Ö♥❤ ➤Ò ✶✳✶✳✶✸✳ ✭❳❡♠ ❬✹✱ ✾✳✶✳✷❪✮✳ ❈❤♦ a ❧➭ ♠ét ✐➤➟❛♥ ❝ñ❛ ✈➭♥❤ ◆♦❡t❤❡r ❜✃t

❦× R✱ ✈➭ M ❧➭ ♠ét R✲♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤✳ ❱í✐ t ❧➭ ♠ét sè ♥❣✉②➟♥ ❞➢➡♥❣✱

❝➳❝ ❦❤➻♥❣ ➤Þ♥❤ s❛✉ ❧➭ t➢➡♥❣ ➤➢➡♥❣✳

✭✐✮ H i
a(M) ❧➭ R✲♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤ ✈í✐ ♠ä✐ i < t✳



✷✷

✭✐✐✮ a ⊆
√
AnnH i

a(M) ✈í✐ ♠ä✐ i < t✳

✭✐✐✐✮ ❚å♥ t➵✐ ♠ét sè ♥❣✉②➟♥ n0 s❛♦ ❝❤♦ an0H i
a(M) ✈í✐ ♠ä✐ i < t✳

❚Ý♥❤ ❤÷✉ ❤➵♥ ❝ñ❛ ❝➳❝ ♠➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ❧➭ ♠ét ✈✃♥ ➤Ò t❤ó

✈Þ tr♦♥❣ ➜➵✐ sè ●✐❛♦ ❤♦➳♥ ✈➭ sÏ ➤➢î❝ ➤Ò ❝❐♣ ➤Õ♥ tr♦♥❣ ❈❤➢➡♥❣ ✹✳

✶✳✷ P❤Ð♣ t♦➳♥ tr♦♥❣ ♠➠➤✉♥ Ext(C,A)

▲✃② A ✈➭ C ❧➭ ❝➳❝ R✲♠➠➤✉♥✳ ❑❤✐ ➤ã R✲♠➠➤✉♥ Ext1R(C,A) t❤➢ê♥❣ ➤➢î❝ tÝ♥❤

t♦➳♥ ❞ù❛ tr➟♥ ❣✐➯✐ ①➵ ➯♥❤ ❝ñ❛ C ❤♦➷❝ ❣✐➯✐ ♥é✐ ①➵ ❝ñ❛ A✳ ❈❤ó♥❣ t❛ sÏ tr×♥❤

❜➭② ♠ét ❝➳❝❤ t✐Õ♣ ❝❐♥ ❦❤➳❝ ❝❤♦ Ext1R(C,A) t❤❡♦ ❬✸✺✱ ❈❤❛♣t❡r ✸❪✳ ❚r♦♥❣ ➤ã✱

♠ç✐ ♠ét ♣❤➬♥ tö ❝ñ❛ Ext1R(C,A) ➤➢î❝ ①❡♠ ♥❤➢ ❧➭ ♠ét ❧í♣ t➢➡♥❣ ➤➢➡♥❣ ❝ñ❛

❝➳❝ ♠ë ré♥❣ ❝ñ❛ C ❜ë✐ A✳ ➜➞② ❝❤Ý♥❤ ❧➭ ý t➢ë♥❣ t❤❡♥ ❝❤èt ➤Ó ❝❤ø♥❣ ♠✐♥❤

❝➳❝ ➜Þ♥❤ ❧Ý ❝❤❰ r❛ s❛✉ ♥➭②✳ ➜Ó ➤➡♥ ❣✐➯♥ t❛ ❞ï♥❣ ❦Ý ❤✐Ö✉ Ext(C,A) t❤❛② ❝❤♦

Ext1R(C,A)✳

➜Þ♥❤ ♥❣❤Ü❛ ✶✳✷✳✶✳ ❈❤♦ A ✈➭ C ❧➭ ❝➳❝ R✲♠➠➤✉♥✳ ❑❤✐ ➤ã

✭✐✮ ▼ét ♠ë ré♥❣ ❝ñ❛ C ❜ë✐ A ❧➭ ♠ét ❞➲② ❦❤í♣ ♥❣➽♥ ❝ñ❛ ❝➳❝ R✲♠➠➤✉♥ ✈➭

➤å♥❣ ❝✃✉ E = (µ, σ) : A֌ B ։ C✳

✭✐✐✮ ▲✃② E ❧➭ ♠ét ♠ë ré♥❣ ❝ñ❛ C ❜ë✐ A✱ E ′ ❧➭ ♠ét ♠ë ré♥❣ ❝ñ❛ C ′ ❜ë✐ A′✳

▼ét ❝✃✉ ①➵ Γ : E → E ′ ❧➭ ♠ét ❜é ❜❛ R✲➤å♥❣ ❝✃✉ Γ = (α, β, γ) s❛♦

❝❤♦ ❜✐Ó✉ ➤å s❛✉ ❧➭ ❣✐❛♦ ❤♦➳♥

E : 0 A B C 0

E ′ : 0 A′ B′ C ′ 0.

✲ ✲
µ

❄
α

✲σ

❄
β

❄
γ

✲

✲ ✲
µ′

✲σ
′

✲

✭✐✐✐✮ ❍❛✐ ♠ë ré♥❣ E ✈➭ E ′ ❝ñ❛ C ❜ë✐ A ❣ä✐ ❧➭ t➢➡♥❣ ➤➻♥❣ ✭E ≡ E ′✮ ♥Õ✉ ❝ã

♠ét ❝✃✉ ①➵ (idA, β, idC) : E → E ′✳ ❈❤ó ý r➺♥❣ ❦❤✐ ➤ã β ❧➭ ♠ét ➤➻♥❣

❝✃✉✳
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✭✐✈✮ ❑❤➠♥❣ ❦❤ã ➤Ó ❦✐Ó♠ tr❛ r➺♥❣ q✉❛♥ ❤Ö t➢➡♥❣ ➤➻♥❣ tr➟♥ t❐♣ ❝➳❝ ♠ë ré♥❣

❝ñ❛ C ❜ë✐ A ❧➭ ♠ét q✉❛♥ ❤Ö t➢➡♥❣ ➤➢➡♥❣✳ ❑❤✐ ➤ã t❛ ➤Þ♥❤ ♥❣❤Ü❛

Ext(C,A) ❧➭ t❐♣ ❝➳❝ ❧í♣ t➢➡♥❣ ➤➻♥❣ ❝ñ❛ ❝➳❝ ♠ë ré♥❣ ❝ñ❛ C ❜ë✐ A✳

➜Ó ❜✐Ó✉ ❞✐Ô♥ ♠ét ❧í♣ t➢➡♥❣ ➤➻♥❣ tr♦♥❣ Ext(C,A) ❝ã ➤➵✐ ❞✐Ö♥ ❧➭ E t❛

❞ï♥❣ ❦Ý ❤✐Ö✉ E ∈∈ Ext(C,A)✳

❈è ➤Þ♥❤ A✱ ❦❤✐ ➤ã Ext(C,A) ❧➭ ♠ét ❤➭♠ tö ♣❤➯♥ ❜✐Õ♥ t❤❡♦ C✳ ❈ô

t❤Ó✱ ✈í✐ ♠ç✐ E ∈∈ Ext(C,A) ✈➭ γ : C ′ → C t❛ sÏ t×♠ ➤➢î❝ ♠ét

E ′ = γ∗E ∈∈ Ext(C ′, A)✱ ❦Ý ❤✐Ö✉ ❧➭ Eγ✱ ♥❤➢ ♠Ö♥❤ ➤Ò ❞➢í✐ ➤➞②✳ ❍➡♥

♥÷❛✱ Eγ ❧➭ ❞✉② ♥❤✃t ✈➭ ❝ã ❝➳❝ tÝ♥❤ ❝❤✃t s❛✉ EidC ≡ E ✈➭ E(γγ′) = (Eγ)γ′✳

▼Ö♥❤ ➤Ò ✶✳✷✳✷✳ ◆Õ✉ E ❧➭ ♠ét ♠ë ré♥❣ ❝ñ❛ ♠ét R✲♠➠➤✉♥ C ❜ë✐ ♠ét R✲

♠➠➤✉♥ A✱ ✈➭ γ : C ′ → C ❧➭ ♠ét ➤å♥❣ ❝✃✉✳ ❚❤× tå♥ t➵✐ ♠ét ♠ë ré♥❣ E ′ ❝ñ❛

C ′ ❜ë✐ A ✈➭ ♠ét ❝✃✉ ①➵ Γ = (idA, β, γ) : E
′ → E✳ ❈➷♣ (Γ, E ′) ❧➭ ❞✉② ♥❤✃t

s❛✐ ❦❤➳❝ ♠ét t➢➡♥❣ ➤➻♥❣ ❝ñ❛ E ′✳

❈❤ø♥❣ ♠✐♥❤✳ ❚Ý♥❤ tå♥ t➵✐✿ ①Ðt ❜✐Ó✉ ➤å

E ′ = Eγ : 0 A B′ C ′ 0

E : 0 A B C 0

✲ ✲
µ′

❄
id

✲σ
′

❄
β

❄
γ

✲

✲ ✲
µ

✲σ ✲

✈í✐ ❞ß♥❣ ❞➢í✐ ✈➭ ❝➳❝ ➤å♥❣ ❝✃✉ ❤❛✐ ë ❜➟♥ ❧➭ ➤➲ ❜✐Õt✳ ❚❛ ❝➬♥ t×♠ B′ ✈➭ ❝➳❝

➤å♥❣ ❝✃✉ µ′, σ′ ✈➭ β ➤Ó ❜✐Ó✉ ➤å ❧➭ ❣✐❛♦ ❤♦➳♥ ✈➭ ❞ß♥❣ tr➟♥ ❧➭ ❦❤í♣✳ ❈❤ä♥ B′

❧➭ ♠➠➤✉♥ ❝♦♥ ❝ñ❛ B⊕C ′ ❣å♠ ♥❤÷♥❣ ❝➷♣ (b, c′) t❤á❛ ♠➲♥ σb = γc′✱ ✈➭ ➤Þ♥❤

♥❣❤Ü❛ σ′ ✈➭ β ♥❤➢ s❛✉ σ′(b, c′) = c′✱ β(b, c′) = b✳ ❉Ô ❞➭♥❣ ❦✐Ó♠ tr❛ r➺♥❣ ❝➳❝

➤Þ♥❤ ♥❣❤Ü❛ tr➟♥ ❝ï♥❣ ✈í✐ ➤Þ♥❤ ♥❣❤Ü❛ µ′a = (µa, 0) t❤á❛ ♠➲♥ ②➟✉ ❝➬✉ ➤➷t r❛✳

❚Ý♥❤ ❞✉② ♥❤✃t✿ ❳Ðt ♠ét ♠ë ré♥❣ E ′′ ❜✃t ❦× ❝ï♥❣ ✈í✐ ♠ét ❝✃✉ ①➵ Γ′′ =

(idA, β
′′, γ) : E ′′ → E✳ ◆Õ✉ B′′ ❧➭ ♠➠➤✉♥ ë ❣✐÷❛ ❝ñ❛ E ′′✱ ➤Þ♥❤ ♥❣❤Ü❛ β′ :

B′′ → B′ ✈í✐ β′b′′ = (β′′b′′, σ′′b′′)✳ ❑❤✐ ➤ã Γ0 = (idA, β
′, idC ′) : E ′′ → E ′

❧➭ ♠ét t➢➡♥❣ ➤➻♥❣ ✈➭ ❤î♣ t❤➭♥❤ E ′′ → E ′ → E ❧➭ Γ′′✳ ◆❤➢ ✈❐② ❜✐Ó✉ ➤å

Γ : E ′ → E ❧➭ ❞✉② ♥❤✃t s❛✐ ❦❤➳❝ ♠ét t➢➡♥❣ ➤➻♥❣ Γ0 ❝ñ❛ E ′✳
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❚❛ ♥ã✐ E ′ = Eγ ❧➭ ❤î♣ t❤➭♥❤ ❝ñ❛ ♠ë ré♥❣ E ✈➭ ➤å♥❣ ❝✃✉ γ✳ ❚➢➡♥❣ tù

♥❤➢ tr➟♥✱ ♥Õ✉ t❛ ❝è ➤Þ♥❤ C✱ t❤× Ext(C,A) ❧➭ ♠ét ❤➭♠ tö ❤✐Ö♣ ❜✐Õ♥ ❝ñ❛ A✳

❱í✐ ♠ç✐ ♠ë ré♥❣ E ✈➭ ♠ét ➤å♥❣ ❝✃✉ α : A → A′ t❛ ❝ã ♠ét ♠ë ré♥❣ ❤î♣

t❤➭♥❤ E ′ = αE ♥❤➢ ♠Ö♥❤ ➤Ò ❞➢í✐ ➤➞②✳

▼Ö♥❤ ➤Ò ✶✳✷✳✸✳ ❈❤♦ ♠ét ♠ë ré♥❣E ✈➭ ♠ét ➤å♥❣ ❝✃✉ α : A→ A′✳ ❑❤✐ ➤ã tå♥

t➵✐ ♠ét ♠ë ré♥❣ E ′ ❝ñ❛ C ❜ë✐ A′ ✈➭ ♠ét ❝✃✉ ①➵ Γ = (α, β, idC) : E → E ′✳

❈➷♣ (Γ, E ′) ➤➢î❝ ①➳❝ ➤Þ♥❤ ❞✉② ♥❤✃t s❛✐ ❦❤➳❝ ♠ét t➢➡♥❣ ➤➻♥❣ ❝ñ❛ E ′✳

E : 0 A B C 0

E ′ = αE : 0 A′ B′ C 0.

✲ ✲
µ

❄
α

✲σ

❄
β

❄
id

✲

✲ ✲
µ′

✲σ
′

✲

❈❤ø♥❣ ♠✐♥❤✳ ❳❡♠ ❬✸✺✱ ❈❤❛♣t❡r ✸✱ Pr♦♣♦s✐t✐♦♥ ✶✳✹❪✳

❚✐Õ♣ t❤❡♦ t❛ sÏ ①➞② ❞ù♥❣ ❝✃✉ tró❝ ♥❤ã♠ ❝ñ❛ Ext(C,A) ë ➤ã ♣❤Ð♣ t♦➳♥

❝é♥❣ ❝ñ❛ ❤❛✐ ♠ë ré♥❣ ➤➢î❝ ➤Þ♥❤ ♥❣❤Ü❛ ❞ù❛ tr➟♥ tæ♥❣ ❇❛❡r✳

➜Þ♥❤ ♥❣❤Ü❛ ✶✳✷✳✹✳ ✭✐✮ ❈❤♦ C ❧➭ ♠ét R✲♠➠➤✉♥✱ ➤å♥❣ ❝✃✉ ➤➢ê♥❣ ❝❤Ð♦ ❝ñ❛

C ➤➢î❝ ➤Þ♥❤ ♥❣❤Ü❛ ♥❤➢ s❛✉

△ = △C : C → C ⊕ C, △C(c) = (c, c).

✭✐✐✮ ❈❤♦ A ❧➭ ♠ét R✲♠➠➤✉♥✱ ➤å♥❣ ❝✃✉ ➤è✐ ➤➢ê♥❣ ❝❤Ð♦ ❝ñ❛ A ➤➢î❝ ➤Þ♥❤

♥❣❤Ü❛ ♥❤➢ s❛✉

∇ = ∇A : A⊕ A→ A, ∇A(a1, a2) = a1 + a2.

✭✐✐✐✮ ▲✃② ❤❛✐ ♣❤➬♥ tö ❜✃t ❦× tr♦♥❣ Ext(C,A) ➤➵✐ ❞✐Ö♥ ❜ë✐ ❝➳❝ ♠ë ré♥❣

Ei = (µi, σi) : A ֌ Bi ։ C ✈í✐ i = 1, 2✳ ❑❤✐ ➤ã✱ t❛ ➤Þ♥❤ ♥❣❤Ü❛

tæ♥❣ ❝ñ❛ ❤❛✐ ❧í♣ t➢➡♥❣ ➤➻♥❣ ➤➵✐ ❞✐Ö♥ ❜ë✐ E1 ✈➭ E2 ❧➭ ❧í♣ t➢➡♥❣ ➤➻♥❣

➤➵✐ ❞✐Ö♥ ❜ë✐ ♠ë ré♥❣

E1 + E2 = ∇A(E1 ⊕ E2)△C ,
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ë ➤➞② E1 ⊕ E2 ❧➭ ♠ë ré♥❣ tæ♥❣ trù❝ t✐Õ♣ tø❝ ❧➭

E1 ⊕ E2 : 0 −→ A⊕ A −→ B1 ⊕ B2 −→ C ⊕ C −→ 0.

❈➠♥❣ t❤ø❝ E1 + E2 = ∇A(E1 ⊕ E2)△C ➤➢î❝ ❣ä✐ ❧➭ tæ♥❣ ❇❛❡r✳

➜Þ♥❤ ❧Ý ✶✳✷✳✺✳ ✭❳❡♠ ❬✸✺✱ ❈❤❛♣t❡r ✸✱ ❚❤❡♦r❡♠ ✷✳✶❪✮✳ ❈❤♦ ❤❛✐ R✲♠➠➤✉♥ A ✈➭

C✱ t❐♣ Ext(C,A) ❝➳❝ ❧í♣ t➢➡♥❣ ➤➻♥❣ ❝ñ❛ ❝➳❝ ♠ë ré♥❣ ❝ñ❛ C ❜ë✐ A ❧➭ ♠ét

♥❤ã♠ ❆❜❡❧ ✈í✐ ♣❤Ð♣ ❝é♥❣ ❝➳❝ ❧í♣ t➢➡♥❣ ➤➻♥❣ ➤➢î❝ ➤Þ♥❤ ♥❣❤Ü❛ ♥❤➢ tr♦♥❣ ➜Þ♥❤

♥❣❤Ü❛ ✶✳✷✳✹✳ ❍➡♥ ♥÷❛✱ ❧í♣ t➢➡♥❣ ➤➻♥❣ ❝ñ❛ ♠ë ré♥❣ ❝❤❰ r❛ A֌ A⊕C ։ C

❧➭ ♣❤➬♥ tö 0 ❝ñ❛ ♥❤ã♠ ♥➭②✱ ✈➭ ♥❣❤Þ❝❤ ➤➯♦ ❝ñ❛ ♠ë ré♥❣ E ❧➭ ♠ë ré♥❣

(−idA)E✳

➜Þ♥❤ ♥❣❤Ü❛ ✶✳✷✳✻✳ ❈❤♦ E ∈∈ Ext(C,A) ❧➭ ♠ét ♠ë ré♥❣✱ ✈➭ x ❧➭ ♠ét ♣❤➬♥

tö ❝ñ❛ R✳ ❳Ðt ❜✐Ó✉ ➤å ❣✐❛♦ ❤♦➳♥

E : 0 A B C 0

E : 0 A B C 0,

✲ ✲
µ

❄
x

✲σ

❄
x

❄
x

✲

✲ ✲
µ

✲σ ✲

ë ➤➞② ❝➳❝ ➤å♥❣ ❝✃✉ ❝ét ❧➭ ➤å♥❣ ❝✃✉ ♥❤➞♥ x✳ ❇✐Ó✉ ➤å tr➟♥ ❝ï♥❣ ✈í✐ ❬✸✺✱

❈❤❛♣t❡r ✸✱ Pr♦♣♦s✐t✐♦♥ ✶✳✽❪ ❞➱♥ ➤Õ♥ xE ≡ Ex✳ ❚❛ ➤Þ♥❤ ♥❣❤Ü❛ ♣❤Ð♣ ♥❤➞♥ ✈➠

❤➢í♥❣ ❝ñ❛ ♣❤➬♥ tö x ∈ R ✈➭ E ∈∈ Ext(C,A) ❧➭ x · E := xE ≡ Ex✱ ✈➭

sÏ ✈✐Õt ➤➡♥ ❣✐➯♥ ❧➭ xE✳ ❑❤✐ R ❧➭ ♠ét ✈➭♥❤ ❣✐❛♦ ❤♦➳♥✱ ❝ã t❤Ó ❦✐Ó♠ tr❛ r➺♥❣

♥❤ã♠ ❆❜❡❧ Ext(C,A) ❞➢í✐ t➳❝ ➤é♥❣ ❝ñ❛ ♣❤Ð♣ ♥❤➞♥ ✈➠ ❤➢í♥❣ tr➟♥ ❧➭ ♠ét

R✲♠➠➤✉♥✳

◆❤➽❝ ❧➵✐ r➺♥❣ Ext(•, A) ❝ã t❤Ó ①➞② ❞ù♥❣ ♥❤➢ ❧➭ ❤➭♠ tö ❞➱♥ s✉✃t t❤ø ♥❤✃t

❝ñ❛ ❤➭♠ tö Hom(•, A) ♥❤➢ s❛✉✳ ❳Ðt ❣✐➯✐ ①➵ ➯♥❤ P ❝ñ❛ C

P : · · · → P2 → P1 → P0 → C → 0.

❚➳❝ ➤é♥❣ ❤➭♠ tö HomR(•, A) ✈➭♦ ❣✐➯✐ P✳ ❉♦ ❤➭♠ tö HomR(•, A) ❦❤➠♥❣ ❜➯♦

t♦➭♥ tÝ♥❤ ❦❤í♣ ♥➟♥ ➤è✐ ♣❤ø❝HomR(P, A) s✐♥❤ r❛ ❝➳❝ ➤è✐ ➤å♥❣ ➤✐Ò✉Hn(P, A)✳

❚❛ ❦Õt t❤ó❝ t✐Õt ♥➭② ❜➺♥❣ ♠ét ❦Õt q✉➯ ❦❤➻♥❣ ➤Þ♥❤ r➺♥❣H1(P, A) ∼= Ext(C,A)
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tø❝ ❧➭ ❤❛✐ ❝➳❝❤ ①➞② ❞ù♥❣ Ext(C,A) ❧➭ t➢➡♥❣ t❤Ý❝❤✳ ❳Ðt E ❧➭ ♠ét ♠ë ré♥❣

❝ñ❛ C ❜ë✐ A✱ ❝♦✐ E ♥❤➢ ♠ét ❣✐➯✐ ❝ñ❛ C t❛ ❝ã ❜✐Ó✉ ➤å ❣✐❛♦ ❤♦➳♥

P : P2 P1 P0 C 0

E : 0 A B C 0.

✲∂ ✲

❄
g1

✲

❄
g0

❄
id

✲

✲ ✲ ✲ ✲

❚õ ❜✐Ó✉ ➤å ❣✐❛♦ ❤♦➳♥ tr➟♥ t❛ ❝ã g1∂ = 0✳ ◆➟♥ g1 ∈ ker(∂∗)✱ ë ➤➞②

∂∗ : HomR(P1, A) → HomR(P2, A)✳ ❉♦ ➤ã t❛ ❝ã ♠ét ♣❤Ð♣ ❣➳♥

ξ : Ext(C,A) → H1(P, A), E ∈∈ Ext(C,A) 7→ [g1] ∈ H1(P, A).

➜Þ♥❤ ❧Ý ✶✳✷✳✼✳ ◆Õ✉ A ✈➭ C ❧➭ ❝➳❝ R✲♠➠➤✉♥ ✈➭ ε : P → C ❧➭ ♠ét ❣✐➯✐ ①➵ ➯♥❤

❝ñ❛ C✱ tå♥ t➵✐ ♠ét ➤➻♥❣ ❝✃✉

ξ : Ext(C,A) → H1(P, A), ξ(E) = [g1].

➜➻♥❣ ❝✃✉ ξ ❧➭ tù ♥❤✐➟♥ t❤❡♦ A✳ ◆ã ❝ò♥❣ tù ♥❤✐➟♥ t❤❡♦ C ✈í✐ ♥❣❤Ü❛ s❛✉✿ ◆Õ✉

γ : C ′ → C, ε′ : P′ → C ′ ❧➭ ♠ét ❣✐➯✐ ①➵ ➯♥❤ ❝ñ❛ C ′✱ ✈➭ f : P′ → P ❧➭ ♥➞♥❣

❝ñ❛ γ✱ t❤×

ξ′γ∗ = f ∗ξ : Ext(C,A) → H1(P′, A).

❈❤ø♥❣ ♠✐♥❤✳ ❳❡♠ ❬✸✺✱ ❈❤❛♣t❡r ✸✱ ❚❤❡♦r❡♠ ✻✳✹❪ ❝❤♦ ❦Õt q✉➯ tæ♥❣ q✉➳t

ξ : ExtnR(C,A) → Hn(P, A)

❧➭ ➤➻♥❣ ❝✃✉ ✈í✐ ♠ä✐ n ≥ 0✳

✶✳✸ ▼➠➤✉♥ Ext(H i+1
a (M), H i

a(M))

❚r♦♥❣ t✐Õt ♥➭② t❛ ①Ðt M ❧➭ ♠ét R✲♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤✱ ✈➭ a ❧➭ ♠ét ✐➤➟❛♥

❝ñ❛ R✳ ❚❛ ♥❤➽❝ ❧➵✐ ❦❤➳✐ ♥✐Ö♠ ❞➲② a✲❧ä❝ ❝❤Ý♥❤ q✉② ❝ñ❛ M ♥❤➢ s❛✉✳

➜Þ♥❤ ♥❣❤Ü❛ ✶✳✸✳✶✳ ❉➲② ♣❤➬♥ tö x1, ..., xn tr♦♥❣ a ➤➢î❝ ❣ä✐ ❧➭ ❞➲② a✲❧ä❝ ❝❤Ý♥❤

q✉② ❝ñ❛ M ♥Õ✉

supp ((x1, ..., xi−1)M : xi)/(x1, ..., xi−1)M ⊆ V (a)
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✈í✐ ♠ä✐ i ≤ n✱ ë ➤➞② V (a) ❧➭ ❦Ý ❤✐Ö✉ ❝ñ❛ t❐♣ ❝➳❝ ✐➤➟❛♥ ♥❣✉②➟♥ tè ❝❤ø❛ a✳

❳Ðt t ❧➭ ♠ét sè ♥❣✉②➟♥ ❞➢➡♥❣ s❛♦ ❝❤♦ H i
a(M) ❧➭ R✲♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤

✈í✐ ♠ä✐ i < t✳ ❚❤❡♦ ▼Ö♥❤ ➤Ò ✶✳✶✳✶✸ t❛ ❝ã ♠ét sè ♥❣✉②➟♥ ❞➢➡♥❣ n0 s❛♦ ❝❤♦

an0H i
a(M) = 0 ✈í✐ ♠ä✐ i < t✳ ❱í✐ x ❧➭ ♠ét ♣❤➬♥ tö a✲❧ä❝ ❝❤Ý♥❤ q✉② ❝ñ❛ M

❝❤ø❛ tr♦♥❣ an0 t❛ ❝ã ❞➲② ❦❤í♣ ♥❣➽♥ ❝➳❝ R✲♠➠➤✉♥

0 →M/H0
a(M)

x→M →M/xM → 0.

❉♦ H i
a(M) ∼= H i

a(M/H0
a(M)) ✈í✐ ♠ä✐ i > 0 ♥➟♥ ❞➲② ❦❤í♣ ♥❣➽♥ tr➟♥ ❝➯♠

s✐♥❤ ❞➲② ❦❤í♣ ❞➭✐ ❝➳❝ ♠➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣

· · · → H i
a(M) → H i

a(M/xM) → H i+1
a (M)

x→ H i+1
a (M) → · · · .

▲➵✐ ❞♦ x ∈ an0 ♥➟♥ ➤å♥❣ ❝✃✉ x : H i
a(M) → H i

a(M) ❧➭ ➤å♥❣ ❝✃✉ ❦❤➠♥❣ ✈í✐

♠ä✐ i < t✳ ❉♦ ➤ã✱ ❞➲② ❦❤í♣ ❞➭✐ tr➟♥ ❝❤♦ t❛ ❝➳❝ ❞➲② ❦❤í♣ ♥❣➽♥

0 → H i
a(M) → H i

a(M/xM) → H i+1
a (M) → 0 (∗)

✈í✐ ♠ä✐ i < t − 1✳ ❚❤❡♦ t✐Õt tr➢í❝ t❛ ❝ã t❤Ó ❝♦✐ ❞➲② ❦❤í♣ ♥❣➽♥ (∗) ♥❤➢

➤➵✐ ❞✐Ö♥ ❝ñ❛ ♠ét ♣❤➬♥ tö ❝ñ❛ ♠➠➤✉♥ Ext(H i+1
a (M), H i

a(M))✳ ❍➡♥ ♥÷❛✱ ❞➲②

❦❤í♣ ♥❣➽♥ (∗) ❧➭ ❝❤❰ r❛ ♥Õ✉ ♥ã ➤➵✐ ❞✐Ö♥ ❝❤♦ ♣❤➬♥ tö ❦❤➠♥❣✳

➜Ó t❤✉❐♥ t✐Ö♥ ❝❤♦ ❝➳❝ ➳♣ ❞ô♥❣ ✈Ò s❛✉ t❛ sÏ ①❡♠ ①Ðt ✈✃♥ ➤Ò tr➟♥ tr♦♥❣ tr➢ê♥❣

❤î♣ tæ♥❣ q✉➳t✳ ❚r♦♥❣ ♣❤➬♥ ❝ß♥ ❧➵✐ ❝ñ❛ t✐Õt t❛ ❧✉➠♥ ①Ðt t ♠ét sè ♥❣✉②➟♥ ❞➢➡♥❣

✈➭ U ❧➭ ♠ét ♠➠➤✉♥ ❝♦♥ ❝ñ❛ M ✳ ➜➷t M = M/U ✳ ❚❛ ♥ã✐ ♠ét ♣❤➬♥ tö x ❧➭

t❤á❛ ♠➲♥ ➤✐Ò✉ ❦✐Ö♥ (♯) ♥Õ✉ 0 :M x = U ✱ ✈➭ ❞➲② ❦❤í♣ ♥❣➽♥

0 →M
x→M →M/xM → 0

❝➯♠ s✐♥❤ ❝➳❝ ❞➲② ❦❤í♣ ♥❣➽♥

0 → H i
a(M) → H i

a(M/xM) → H i+1
a (M) → 0

✈í✐ ♠ä✐ i < t− 1✳

❑Ý ❤✐Ö✉ ✶✳✸✳✷✳ ▲✃② x ❧➭ ♠ét ♣❤➬♥ tö t❤á❛ ♠➲♥ ➤✐Ò✉ ❦✐Ö♥ (♯)



✷✽

✭✐✮ ❱í✐ ♠ç✐ i < t − 1✱ t❛ ❣ä✐ Ei
x ❧➭ ♣❤➬♥ tö tr♦♥❣ Ext(H i+1

a (M), H i
a(M))

➤➵✐ ❞✐Ö♥ ❜ë✐ ❞➲② ❦❤í♣ ♥❣➽♥

0 → H i
a(M) → H i

a(M/xM) → H i+1
a (M) → 0.

✭✐✐✮ ●✐➯ sö H t
a(M) ∼= H t

a(M)✱ t❛ ❝ã ❞➲② ❦❤í♣ ♥❣➽♥ s❛✉

0 → H t−1
a (M) → H t−1

a (M/xM) → 0 :Ht
a(M) x→ 0.

❳Ðt b ❧➭ ♠ét ✐➤➟❛♥ s❛♦ ❝❤♦ x ∈ b✳ ❚➳❝ ➤é♥❣ ❤➭♠ tö Hom(R/b, •) ✈➭♦
❞➲② ❦❤í♣ ♥❣➽♥ tr➟♥ t❛ ➤➢î❝ ❞➲② ❦❤í♣ tr➳✐ ❞➢í✐ ➤➞②

0 → 0 :Ht−1
a (M) b → 0 :Ht−1

a (M/xM) b → 0 :Ht
a(M) b.

❚❛ ❣ä✐ F t−1
x ❧➭ ♣❤➬♥ tö ❝ñ❛ ♠➠➤✉♥ Ext(0 :Ht

a(M) b, 0 :Ht−1
a (M) b) ➤➵✐

❞✐Ö♥ ❜ë✐ ❞➲② ❦❤í♣ ♥❣➽♥ ❞➢í✐ ➤➞② ♥Õ✉ ♥ã tå♥ t➵✐

0 → 0 :Ht−1
a (M) b → 0 :Ht−1

a (M/xM) b → 0 :Ht
a(M) b → 0.

❈➳❝ ➤Þ♥❤ ❧Ý ❞➢í✐ ➤➞② ❝❤♦ t❛ ♠è✐ q✉❛♥ ❤Ö ❣✐÷❛ tæ♥❣ ✈➭ tÝ❝❤ ❝ñ❛ ❝➳❝ ♣❤➬♥ tö

t❤á❛ ♠➲♥ ➤✐Ò✉ ❦✐Ö♥ (♯) ✈➭ ❝➳❝ ♠ë ré♥❣ t➢➡♥❣ ø♥❣ ✭①❡♠ ❬✶✻✱ ❚❤❡♦r❡♠ ✷✳✷❪✮✳

➜Þ♥❤ ❧Ý ✶✳✸✳✸✳ ❈❤♦ t ❧➭ ♠ét sè ♥❣✉②➟♥ ❞➢➡♥❣ ✈➭ U ❧➭ ♠ét ♠➠➤✉♥ ❝♦♥ ❝ñ❛

M ✳ ➜➷tM =M/U ✳ ●✐➯ sö x ✈➭ y ❧➭ ❝➳❝ ♣❤➬♥ tö t❤á❛ ♠➲♥ ➤✐Ò✉ ❦✐Ö♥ (♯) ✈➭

0 :M (x+ y) = U ✱ ❦❤✐ ➤ã

✭✐✮ x+y ❝ò♥❣ t❤á❛ ♠➲♥ ➤✐Ò✉ ❦✐Ö♥ (♯) ✈➭ Ei
x+y = Ei

x+E
i
y ✈í✐ ♠ä✐ i < t−1✳

✭✐✐✮ ◆Õ✉ H t
a(M) ∼= H t

a(M) ✈➭ F t−1
x , F t−1

y ❧➭ ①➳❝ ➤Þ♥❤✱ t❤× F t−1
x+y ❝ò♥❣ ①➳❝

➤Þ♥❤ ✈➭ F t−1
x+y = F t−1

x + F t−1
y ✳

❈❤ø♥❣ ♠✐♥❤✳ ❚❛ ❝❤ø♥❣ ♠✐♥❤ ➤å♥❣ t❤ê✐ ✭✐✮ ✈➭ ✭✐✐✮✳ ❳Ðt ➤å♥❣ ❝✃✉

ϕ :M →M ⊕M, ϕ(m) = (xm, ym).

❉♦ U = 0 :M x = 0 :M y ♥➟♥ t❛ ❝ã ❞➲② ❦❤í♣ ♥❣➽♥

0 −→M
ϕ−→M ⊕M −→ N −→ 0,



✷✾

ë ➤ã N = coker(ϕ)✳ ❇✐Ó✉ ➤å s❛✉ ❧➭ ❣✐❛♦ ❤♦➳♥

0 M M ⊕M N 0

0 M ⊕M M ⊕M M/xM ⊕M/yM 0,

✲ ✲
ϕ

❄

∆M

✲

❄

id

✲

❄

✲ ✲
x⊕y

✲ ✲

✈í✐ ∆M : M → M ⊕ M ✱ ∆(m) = (m,m) ❧➭ ➤å♥❣ ❝✃✉ ➤➢ê♥❣ ❝❤Ð♦✳

❈❤ó ý r➺♥❣ ❝➳❝ ➤å♥❣ ❝✃✉ ❞➱♥ s✉✃t ❝ñ❛ ∆M ❝ò♥❣ ❧➭ ➤å♥❣ ❝✃✉ ➤➢ê♥❣ ❝❤Ð♦

∆Hi
a(M) : H

i
a(M) → H i

a(M)⊕H i
a(M) ✈í✐ ♠ä✐ i ≥ 0✳ ❉♦ ➤ã✱ t➳❝ ➤é♥❣ ❤➭♠

tö H i
a(•) ✈➭♦ ❜✐Ó✉ ➤å tr➟♥ t❛ ➤➢î❝ ❜✐Ó✉ ➤å ❣✐❛♦ ❤♦➳♥

· · · H i
a(M) H i

a(M)2 · · ·

· · · H i
a(M)2 H i

a(M)2 · · · ,

✲ ✲
ϕi

❄

∆
Hi
a(M)

✲

❄

id

✲ ✲
x⊕y

✲

ë ➤➞② A2 = A ⊕ A ✈í✐ ♠ét R✲♠➠➤✉♥ A✱ ✈➭ ϕi ❧➭ ❞➱♥ s✉✃t ❝ñ❛ ϕ✳ ❉♦ x, y

t❤á❛ ♠➲♥ ➤✐Ò✉ ❦✐Ö♥ (♯) ♥➟♥ ➤å♥❣ ❝✃✉ ë ❞ß♥❣ ❞➢í✐ ❧➭ ➤å♥❣ ❝✃✉ ❦❤➠♥❣ ✈í✐ ♠ä✐

i < t✱ ❞➱♥ ➤Õ♥ ϕi = 0 ✈í✐ ♠ä✐ i < t✳ ❉♦ ➤ã ✈í✐ ♠ä✐ i < t− 1 ❜✐Ó✉ ➤å s❛✉ ❧➭

❣✐❛♦ ❤♦➳♥

0 −→ H i
a(M)2 −−→ H i

a(N) −−→ H i+1
a (M) −−→ 0

id
y

y ∆
H

i+1
a

(M)

y
0 −→ H i

a(M)2 −−→ H i
a(M/xM)⊕H i

a(M/yM) −−→ H i+1
a (M)2 −−→ 0.

❱í✐ ♠ä✐ i < t− 1✱ ❞➲② ❦❤í♣ ë ❞ß♥❣ ❞➢í✐ ❝❤Ý♥❤ ❧➭ Ei
x ⊕ Ei

y✳ ❚❛ ❦Ý ❤✐Ö✉ ❞➲②

❦❤í♣ ë ❞ß♥❣ tr➟♥ ❧➭ ♠ë ré♥❣ Ei✱ ✈❐②

Ei = (Ei
x ⊕ Ei

y)∆Hi+1
a (M) (1)

✈í✐ ♠ä✐ i < t− 1✳

❍➡♥ ♥÷❛✱ ♥Õ✉ H t
a(M) ∼= H t

a(M)✱ t❛ ❝ã ❜✐Ó✉ ➤å ❣✐❛♦ ❤♦➳♥ s❛✉

0 −→ H t−1
a (M)2 −−→ H t−1

a (N) −−→ K(x,y) −−→ 0

id
y

y ∆

y
0 −→ H t−1

a (M)2 −−→ H t−1
a ( MxM )⊕H t−1

a ( MyM ) −−→ Kx ⊕Ky −−→ 0,



✸✵

ë ➤➞② K(x,y) = 0 :Ht
a(M) (x, y), Kx = 0 :Ht

a(M) x,Ky = 0 :Ht
a(M) y✱ ✈➭

∆ : K(x,y) −→ Kx ⊕Ky ➤Þ♥❤ ♥❣❤Ü❛ ♥❤➢ s❛✉ ∆(c) = (c, c). ❈❤ó ý r➺♥❣ x

✈➭ y t❤✉é❝ b ♥➟♥

Hom(R/b, Kx) ∼= Hom(R/b, Ky) ∼= Hom(R/b, K(x,y)) ∼= 0 :Ht
a(M) b.

❚➳❝ ➤é♥❣ ❤➭♠ tö ExtiR(R/b, •) ✈➭♦ ❜✐Ó✉ ➤å tr➟♥ t❛ ➤➢î❝ ❜✐Ó✉ ➤å ❣✐❛♦ ❤♦➳♥

0 :Ht
a(M) b

δ1−−→ Ext1R(R/b, H
t−1
a (M)2)

∆
y id

y

(0 :Ht
a(M) b)

2 δ2−−→ Ext1R(R/b, H
t−1
a (M)2),

✈í✐ δ1, δ2 ❧➭ ❝➳❝ ➤å♥❣ ❝✃✉ ♥è✐✳ ❱× F t−1
x , F t−1

y ❧➭ ①➳❝ ➤Þ♥❤✱ δ2 = 0✱ ♥➟♥ δ1 = 0✳

❚❛ t❤✉ ➤➢î❝ ❜✐Ó✉ ➤å ❣✐❛♦ ❤♦➳♥ s❛✉ ✈í✐ ❝➳❝ ❞ß♥❣ ❧➭ ❦❤í♣

0 −→ 0 :Ht−1
a (M)2 b −−→ 0 :Ht−1

a (N) b −−→ 0 :Ht
a(M) b −→ 0

id
y

y ∆

y
0 −→ 0 :Ht−1

a (M)2 b −−→ 0 :Ht−1
a ( M

xM
)⊕Ht−1

a ( M
yM

) b −−→ 0 :Ht
a(M)2 b −→ 0.

▼ë ré♥❣ ë ❞ß♥❣ ❞➢í✐ ❝❤Ý♥❤ ❧➭ F t−1
x ⊕ F t−1

y ✳ ❚❛ ❦Ý ❤✐Ö✉ ♠ë ré♥❣ ë ❞ß♥❣ tr➟♥

❧➭ F t−1✱ ♥➟♥

F t−1 = (F t−1
x ⊕ F t−1

y )∆0:
Ht
a(M)b

. (2)

▼➷t ❦❤➳❝✱ t❛ ❝ã ❜✐Ó✉ ➤å ❣✐❛♦ ❤♦➳♥ s❛✉

0 M M ⊕M N 0

0 M M M/(x+ y)M 0,

✲ ✲
ϕ

❄
id

✲

❄
∇M

✲

❄

✲ ✲
x+y

✲ ✲

ë ➤➞②∇M :M⊕M →M ✱ ∇(m,m′) = m+m′ ❧➭ ➤å♥❣ ❝✃✉ ➤è✐ ➤➢ê♥❣ ❝❤Ð♦✳

❉♦ ❝➳❝ ➤å♥❣ ❝✃✉ ❞➱♥ s✉✃t ❝ñ❛ ∇M ❝ò♥❣ ❧➭ ➤å♥❣ ❝✃✉ ➤è✐ ➤➢ê♥❣ ❝❤Ð♦✱ ♥➟♥ t❛

❝ã ❝➳❝ ➤å♥❣ ❝✃✉ ∇Hi
a(M) : H

i
a(M) ⊕H i

a(M) → H i
a(M) ✈í✐ ♠ä✐ i ≥ 0✳ ❉♦

➤ã✱ t➳❝ ➤é♥❣ ❤➭♠ tö H i
a(•) ✈➭♦ ❜✐Ó✉ ➤å ❣✐❛♦ ❤♦➳♥ tr➟♥ t❛ ➤➢î❝ ❜✐Ó✉ ➤å ❣✐❛♦



✸✶

❤♦➳♥ s❛✉
· · · H i

a(M) H i
a(M)2 · · ·

· · · H i
a(M) H i

a(M) · · · ,

✲ ✲
ϕi

❄

id

✲

❄

∇
Hi
a(M)

✲ ✲
ψi

✲

✈í✐ ψi ❧➭ ❞➱♥ s✉✃t ❝ñ❛ (x + y) : M → M ✳ ❚❤❡♦ tr➟♥ t❛ ❝ã ϕi = 0 ♥➟♥

ψi = 0 ✈í✐ ♠ä✐ i < t✱ ✈× ✈❐② x+ y t❤á❛ ♠➲♥ ➤✐Ò✉ ❦✐Ö♥ (♯)✳ ❉➱♥ ➤Õ♥✱ ✈í✐ ♠ä✐

i < t− 1✱ t❛ ❝ã ❜✐Ó✉ ➤å ❣✐❛♦ ❤♦➳♥

Ei : 0 H i
a(M)⊕H i

a(M) H i
a(N) H i+1

a (M) 0

Ei
x+y : 0 H i

a(M) H i
a

( M

(x+ y)M

)
H i+1

a (M) 0.

✲ ✲

❄

∇
Hi
a(M)

✲

❄
❄
id

✲

✲ ✲ ✲ ✲

❇✐Ó✉ ➤å tr➟♥ ❦❤➻♥❣ ➤Þ♥❤ r➺♥❣ ✈í✐ ♠ä✐ i < t− 1 t❤×

Ei
x+y = ∇Hi

a(M)E
i. (3)

❍➡♥ ♥÷❛✱ ♥Õ✉ H t
a(M) ∼= H t

a(M)✱ t❛ ❝ã

0 −→ H t−1
a (M)2 −−→ H t−1

a (N) −−→ K(x,y) −−→ 0

∇
H

t−1
a (M)

y
y µ

y
0 −→ H t−1

a (M) −−→ H t−1
a (M/(x+ y)M) −−→ Kx+y −−→ 0,

ë ➤➞② µ ❧➭ ♠ét ➤➡♥ ❝✃✉✳ ❇➺♥❣ t➳❝ ➤é♥❣ ❤➭♠ tö HomR(R/b, •) ✈➭♦ ❜✐Ó✉ ➤å

tr➟♥ t❛ t❤✉ ➤➢î❝ ❜✐Ó✉ ➤å ❣✐❛♦ ❤♦➳♥

0 −→ (0 :Ht−1
a (M) b)

2 −−→ 0 :Ht−1
a (N) b −−→ 0 :Ht

a(M) b −−→ 0

∇0:
H

t−1
a (M)

b

y
y id

y
0 −→ 0 :Ht−1

a (M) b −−→ 0 :Ht−1
a ( M

(x+y)M ) b −−→ 0 :Ht
a(M) b.

❉ß♥❣ tr➟♥ ❧➭ ❦❤í♣ ❞♦ sù ①➳❝ ➤Þ♥❤ ❝ñ❛ F t−1✳ ❉➱♥ ➤Õ♥ ❞ß♥❣ ❞➢í✐ ❧➭ ❦❤í♣✱ ♥➟♥

F t−1
x+y ❧➭ ①➳❝ ➤Þ♥❤✳ ❉♦ ➤ã

F t−1
x+y = ∇0:

H
t−1
a (M)

bF
t−1. (4)

❑Õt ❤î♣ ✭✶✮ ✈➭ ✭✸✮ t❛ ❝ã

Ei
x+y = ∇Hi

a(M)(E
i
x ⊕ Ei

y)∆Hi+1
a (M)



✸✷

✈í✐ ♠ä✐ i < t− 1✳ ◆➟♥ Ei
x+y = Ei

x + Ei
y ✈í✐ ♠ä✐ i < t− 1✳

❑Õt ❤î♣ ✭✷✮ ✈➭ ✭✹✮✱ t❛ ❝ã

F t−1
x+y = ∇0:

H
t−1
a (M)

b(F
t−1
x ⊕ F t−1

y )∆0:
Ht
a(M)b

.

◆➟♥ F t−1
x+y = F t−1

x + F t−1
y ✳

➜Þ♥❤ ❧Ý ✶✳✸✳✹✳ ❈❤♦ t ❧➭ ♠ét sè ♥❣✉②➟♥ ❞➢➡♥❣ ✈➭ U ❧➭ ♠ét ♠➠➤✉♥ ❝♦♥ ❝ñ❛

M ✳ ➜➷t M = M/U ✳ ●✐➯ sö r➺♥❣ x ✈➭ y ❧➭ ❝➳❝ ♣❤➬♥ tö ❝ñ❛ R s❛♦ ❝❤♦ x

t❤á❛ ♠➲♥ ➤✐Ò✉ ❦✐Ö♥ (♯) ✈➭ 0 :M xy = U ✳ ❈➳❝ ❦❤➻♥❣ ➤Þ♥❤ ❞➢í✐ ➤➞② ❧➭ ➤ó♥❣

✭✐✮ xy t❤á❛ ♠➲♥ ➤✐Ò✉ ❦✐Ö♥ (♯)✱ ✈➭ Ei
xy = yEi

x ✈í✐ ♠ä✐ i < t − 1✳ ●✐➯ sö

t❤➟♠ r➺♥❣ H t
a(M) ∼= H t

a(M)✳ ❑❤✐ ➤ã ♥Õ✉ F t−1
x ❧➭ ①➳❝ ➤Þ♥❤✱ t❤× F t−1

xy

❝ò♥❣ ❧➭ ①➳❝ ➤Þ♥❤ ✈➭ F t−1
xy = yF t−1

x ✳

✭✐✐✮ ●✐➯ sö H t
a(M) ∼= H t

a(M) ✈➭ yH i
a(M) = 0 ✈í✐ ♠ä✐ i < t✳ ❑❤✐ ➤ã

Ei
xy = 0 ✈í✐ ♠ä✐ i < t− 1✳ ❍➡♥ ♥÷❛✱ F t−1

xy ❧➭ ①➳❝ ➤Þ♥❤ ✈➭ F t−1
xy = 0✳

❈❤ø♥❣ ♠✐♥❤✳ ✭✐✮ ❚õ U = 0 :M x = 0 :M xy✱ t❛ ❝ã ❜✐Ó✉ ➤å ❣✐❛♦ ❤♦➳♥ s❛✉

0 M M M/xM 0

0 M M M/xyM 0

✲ ✲x

❄
id

✲

❄
y

❄

✲

✲ ✲
xy

✲ ✲

✈í✐ ❝➳❝ ❞ß♥❣ ❧➭ ❦❤í♣✳ ❚➳❝ ➤é♥❣ ❤➭♠ tö H i
a(•) ✈➭♦ ❜✐Ó✉ ➤å ❣✐❛♦ ❤♦➳♥ tr➟♥ t❛

➤➢î❝ ❜✐Ó✉ ➤å ❣✐❛♦ ❤♦➳♥

· · · H i
a(M) H i

a(M) · · ·

· · · H i
a(M) H i

a(M) · · ·

✲ ✲
ηi

❄

id

✲

❄

y

✲ ✲θ
i

✲

✈í✐ ηi ✈➭ θi ❧➭ ❝➳❝ ➤å♥❣ ❝✃✉ ❞➱♥ s✉✃t ❝ñ❛ ❝➳❝ ➤å♥❣ ❝✃✉ x : M → M ✈➭

xy : M → M ✱ t➢➡♥❣ ø♥❣✳ ❉♦ x t❤á❛ ♠➲♥ ➤✐Ò✉ ❦✐Ö♥ (♯)✱ ♥➟♥ ➤å♥❣ ❝✃✉

ηi : H i
a(M) → H i

a(M) ❧➭ ➤å♥❣ ❝✃✉ ❦❤➠♥❣ ✈í✐ ♠ä✐ i < t✳ ❉♦ ➤ã✱ ➤å♥❣ ❝✃✉



✸✸

θi : H i
a(M) → H i

a(M) ❝ò♥❣ ❧➭ ➤å♥❣ ❝✃✉ ❦❤➠♥❣ ✈í✐ ♠ä✐ i < t✱ ✈➭ xy t❤á❛

♠➲♥ ➤✐Ò✉ ❦✐Ö♥ (♯)✳ ❱í✐ ♠ä✐ i < t− 1 t❛ ❝ã ❜✐Ó✉ ➤å ❣✐❛♦ ❤♦➳♥

0 H i
a(M) H i

a(M/xM) H i+1
a (M) 0

0 H i
a(M) H i

a(M/xyM) H i+1
a (M) 0.

✲ ✲

❄

y

✲

❄ ❄
id

✲

✲ ✲ ✲ ✲

❱❐② Ei
xy = yEi

x ✈í✐ ♠ä✐ i < t− 1✳

●✐➯ sö H t
a(M) ∼= H t

a(M)✳ ❱í✐ i = t− 1 t❛ ❝ã ❜✐Ò✉ ➤å ❣✐❛♦ ❤♦➳♥ s❛✉

0 H t−1
a (M) H t−1

a (
M

xM
) 0 :Ht

a(M) x 0

0 H t−1
a (M) H t−1

a (
M

xyM
) 0 :Ht

a(M) xy 0,

✲ ✲

❄

y

✲

❄
❄

α

✲

✲ ✲ ✲ ✲

✭∗∗✮

ë ➤➞② α : 0 :Ht
a(M) x → 0 :Ht

a(M) xy ❧➭ ➤➡♥ ❝✃✉✳ ❚➳❝ ➤é♥❣ ❤➭♠ tö

HomR(R/b, •) ✈➭♦ ❜✐Ó✉ ➤å tr➟♥ ✈í✐ ❝❤ó ý r➺♥❣ x, xy ∈ b t❛ ❝ã ❜✐Ó✉ ➤å

❣✐❛♦ ❤♦➳♥ s❛✉

0 0 :Ht−1
a (M) b 0 :Ht−1

a (M/xM) b 0 :Ht
a(M) b 0

0 0 :Ht−1
a (M) b 0 :Ht−1

a (M/xyM) b 0 :Ht
a(M) b.

✲ ✲

❄

y

✲

❄ ❄

id

✲

✲ ✲ ✲

❉ß♥❣ tr➟♥ ❧➭ ♠ét ❞➲② ❦❤í♣ ♥❣➽♥ ❞♦ ♠ë ré♥❣ F t−1
x ❧➭ ①➳❝ ➤Þ♥❤✳ ❉➱♥ ➤Õ♥

❞ß♥❣ ❞➢í✐ ❝ò♥❣ ❧➭ ♠ét ❞➲② ❦❤í♣ ♥❣➽♥ ✈➭ ❝❤Ý♥❤ ❧➭ ♠ë ré♥❣ F t−1
xy ✈➭ t❛ ❝ã

F t−1
xy = yF t−1

x ✳

✭✐✐✮ ❚❤❡♦ ✭✐✮ t❛ ❝ã Ei
xy = yEi

x ✈í✐ ♠ä✐ i < t − 1✳ ◆➟♥ Ei
xy = 0 ❞♦ ❣✐➯ sö

yExt(H i+1
a (M), H i

a(M)) = 0✳ ❚❛ ❝❤Ø ❝➬♥ ❝❤ø♥❣ ♠✐♥❤ F t−1
xy ❧➭ ①➳❝ ➤Þ♥❤ ✈➭

❧➭ ♠ë ré♥❣ ❝❤❰ r❛✳ ❉♦ yH t−1
a (M) = 0 ♥➟♥ tõ ❇✐Ó✉ ➤å ✭∗∗✮ t❛ ❝ã ♠ét ➤å♥❣

❝✃✉ ε : (0 :Ht
a(M) x) → H t−1

a (M/xyM) ➤Ó ❜✐Ó✉ ➤å s❛✉ ❧➭ ❣✐❛♦ ❤♦➳♥

0 H t−1
a (M) H t−1

a (M/xM) 0 :Ht
a(M) x 0

0 H t−1
a (M) H t−1

a (M/xyM) 0 :Ht
a(M) xy 0.

✲ ✲

❄

y

✲

❄ ❄

α
✟

✟
✟

✟
✟✟✙

ε

✲

✲ ✲ ✲ ✲



✸✹

❚➳❝ ➤é♥❣ HomR(R/b, •) ✈➭♦ ❜✐Ó✉ ➤å tr➟♥ t❛ ❝ã ❜✐Ó✉ ➤å ❣✐❛♦ ❤♦➳♥ s❛✉

0 0 :Ht−1
a (M) b 0 :Ht−1

a (M/xM) b 0 :Ht
a(M) b

0 0 :Ht−1
a (M) b 0 :Ht−1

a (M/xyM) b 0 :Ht
a(M) b.

✲ ✲

❄

y

✲

❄ ❄

id
✟

✟
✟

✟
✟✟✙

ǫ

✲ ✲ ✲

❉Ô t❤✃② ❞ß♥❣ ❞➢í✐ ❧➭ ♠ét ❞➲② ❦❤í♣ ♥❣➽♥ ❝❤❰ r❛✳ ❱❐② F t−1
xy ❧➭ ①➳❝ ➤Þ♥❤ ✈➭

F t−1
xy = 0✳

✶✳✹ ➜Þ♥❤ ❧Ý ❝❤❰ r❛ ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣

❚r♦♥❣ t✐Õt ♥➭② ❝❤ó♥❣ t❛ ❝❤ø♥❣ ♠✐♥❤ r➺♥❣✿ ❱í✐ M ❧➭ ♠ét R✲♠➠➤✉♥ ❤÷✉ ❤➵♥

s✐♥❤✱ a ❧➭ ♠ét ✐➤➟❛♥ ❝ñ❛ R ✈➭ t ❧➭ ♠ét sè ♥❣✉②➟♥ ❞➢➡♥❣ s❛♦ ❝❤♦ H i
a(M) ❧➭

❤÷✉ ❤➵♥ s✐♥❤ ✈í✐ ♠ä✐ i < t✱ t❤×

H i
a(M/xM) ∼= H i

a(M)⊕H i+1
a (M)

✈í✐ ♠ä✐ ♣❤➬♥ tö a✲❧ä❝ ❝❤Ý♥❤ q✉② x ❝ñ❛ M ❝❤ø❛ tr♦♥❣ ♠ét ❧ò② t❤õ❛ ➤ñ ❧í♥

❝ñ❛ a ✈➭ ✈í✐ ♠ä✐ i < t− 1✳ ❈ô t❤Ó✱ t❛ sÏ ❝❤ø♥❣ ♠✐♥❤ ♠ë ré♥❣ Ei
x t➢➡♥❣ ø♥❣

✈í✐ x✱

0 → H i
a(M) → H i

a(M/xM) → H i+1
a (M) → 0,

❧➭ ➤➵✐ ❞✐Ö♥ ❝❤♦ ♣❤➬♥ tö 0 ∈ Ext(H i+1
a (M), H i

a(M)) ✈í✐ ♠ä✐ i < t−1✳ ❚r♦♥❣

➜Þ♥❤ ❧Ý ✶✳✸✳✹ ❝❤ó♥❣ t❛ ➤➲ ❝❤ø♥❣ ♠✐♥❤ ❦❤➻♥❣ ➤Þ♥❤ tr➟♥ ❝❤♦ ♥❤÷♥❣ ♣❤➬♥ tö ❝ã

❞➵♥❣ xy t❤á❛ ♠➲♥ ♠ét sè ➤✐Ò✉ ❦✐Ö♥ t❤Ý❝❤ ❤î♣✳ ❇æ ➤Ò ❞➢í✐ ➤➞② ❝❤♦ ♣❤Ð♣ t❛

❝❤✉②Ó♥ ♠ét ♣❤➬♥ tö tæ♥❣ q✉➳t ✈Ò ❞➵♥❣ ➤➷❝ ❜✐Öt ♥➭②✳

❇æ ➤Ò ✶✳✹✳✶✳ ❈❤♦ (R,m) ❧➭ ♠ét ✈➭♥❤ ◆♦❡t❤❡r ➤Þ❛ ♣❤➢➡♥❣✱ a✱ b ❧➭ ❝➳❝ ✐➤➟❛♥

✈➭ p1, ..., pn ❧➭ ❝➳❝ ✐➤➟❛♥ ♥❣✉②➟♥ tè s❛♦ ❝❤♦ ab * pj ✈í✐ ♠ä✐ j ≤ n✳ ❳Ðt

x ❧➭ ♠ét ♣❤➬♥ tö ♥➺♠ tr♦♥❣ ab ♥❤➢♥❣ x /∈ pj ✈í✐ ♠ä✐ j ≤ n✳ ❑❤✐ ➤ã

tå♥ t➵✐ ❝➳❝ ♣❤➬♥ tö a1, ..., ar ∈ a ✈➭ b1, ..., br ∈ b ➤Ó t❛ ❝ã t❤Ó ❜✐Ó✉ ❞✐Ô♥

x = a1b1 + · · · + arbr s❛♦ ❝❤♦ aibi /∈ pj ✈➭ a1b1 + · · · + aibi /∈ pj ✈í✐ ♠ä✐

i ≤ r, j ≤ n✳



✸✺

❈❤ø♥❣ ♠✐♥❤✳ ❈❤ó♥❣ t❛ ❝ã t❤Ó ❣✐➯ sö r➺♥❣ pi * pj ✈í✐ ♠ä✐ i, j ≤ n, i 6= j✳

❚❤❡♦ ➜Þ♥❤ ❧Ý tr➳♥❤ ♥❣✉②➟♥ tè t❛ ❝ã t❤Ó ❝❤ä♥ ♠ét ❤Ö ♣❤➬♥ tö s✐♥❤ a1b1, ..., arbr

❝ñ❛ ab s❛♦ ❝❤♦ ai ∈ a, bi ∈ b ✈í✐ ♠ä✐ i ≤ r✱ ✈➭ aibi /∈ pj ✈í✐ ♠ä✐ i ≤ r, j ≤ n✳

◆➟♥ tå♥ t➵✐ si ∈ R, i = 1, ..., r✱ s❛♦ ❝❤♦ x = s1a1b1+ · · ·+ srarbr✳ ❇✐Ó✉ ❞✐Ô♥

x = a1(s1b1) + · · ·+ ar(srbr)✱ ❞♦ ➤ã ❦❤➠♥❣ ♠✃t tÝ♥❤ tæ♥❣ q✉➳t t❛ ❝ã t❤Ó ❣✐➯

sö r➺♥❣ x ❝ã t❤Ó ✈✐Õt ❞➢í✐ ❞➵♥❣ x = a1b1 + a2b2 + · · · + arbr ✈í✐ ai ∈ a ✈➭

bi ∈ b ✈í✐ ♠ä✐ i ≤ r✱ ✈➭ ai /∈ pj ✈í✐ ♠ä✐ i ≤ r, j ≤ n✳

❚❛ ❝❤ø♥❣ ♠✐♥❤ ❦❤➻♥❣ ➤Þ♥❤ ❜➺♥❣ q✉② ♥➵♣ t❤❡♦ r✳ ❚r➢ê♥❣ ❤î♣ r = 1 ❧➭ ❤✐Ó♥

♥❤✐➟♥✳ ●✐➯ sö r > 1 ✈➭ ❦❤➻♥❣ ➤Þ♥❤ ➤ó♥❣ ✈í✐ r − 1✳ ➜➷t J = {j | br ∈ pj}.
❚❤❡♦ ➜Þ♥❤ ❧Ý tr➳♥❤ ♥❣✉②➟♥ tè t❛ ❝ã t❤Ó ❝❤ä♥ u ∈ b s❛♦ ❝❤♦ u /∈ pj ✈í✐

♠ä✐ j ∈ J ✱ ✈➭ u ∈ pj ✈í✐ ♠ä✐ j /∈ J ✳ ❚õ a1 /∈ pj ✈í✐ ♠ä✐ j ≤ n✱ ua1

❝ò♥❣ ❝ã tÝ♥❤ ❝❤✃t ♥➭②✳ ❉➱♥ ➤Õ♥ br + ua1 /∈ pj ✈í✐ ♠ä✐ j ≤ n✳ ❚❛ ❜✐Ó✉ ❞✐Ô♥

x = a1(b1−uar)+a2b2+· · ·+ar(br+ua1)✱ ♥➟♥ ❦❤➠♥❣ ♠✃t tÝ♥❤ tæ♥❣ q✉➳t t❛ ❝ã

t❤Ó ❣✐➯ sö t❤➟♠ r➺♥❣ x = a1b1+a2b2+ · · ·+arbr ✈➭ arbr /∈ pj ✈í✐ ♠ä✐ j ≤ n✳

➜➷t x′ = a1b1 + · · ·+ ar−1br−1 ✈➭ J ′ = {j | x′ ∈ pj}✳ ▲➵✐ ❞ï♥❣ ➜Þ♥❤ ❧Ý tr➳♥❤

♥❣✉②➟♥ tè t❛ ❝ã t❤Ó ❝❤ä♥ v ∈ m s❛♦ ❝❤♦ v /∈ pj ✈í✐ ♠ä✐ j ∈ J ′✱ ✈➭ v ∈ pj ✈í✐

♠ä✐ j /∈ J ′✳ ❉♦ a1, ar, br /∈ pj ✈í✐ ♠ä✐ j ≤ n✱ va1arbr ❝ã ❝ï♥❣ tÝ♥❤ ❝❤✃t ✈í✐

v✳ ➜➷t xr−1 = x′ + va1arbr = a1(b1 + varbr) + a2b2 + · · · + ar−1br−1✳ ❚❤×

xr−1 /∈ pj ✈í✐ ♠ä✐ j ≤ n ✈➭ x = xr−1+arbr(1−va1)✳ ❚õ arbr(1−va1) /∈ pj

✈í✐ ♠ä✐ j ≤ n✱ ❦❤➻♥❣ ➤Þ♥❤ ➤➢î❝ s✉② r❛ tõ ❣✐➯ t❤✐Õt q✉② ♥➵♣ ❝❤♦ xr−1✳

❍Ö q✉➯ ✶✳✹✳✷✳ ❈❤♦ (R,m) ❧➭ ♠ét ✈➭♥❤ ◆♦❡t❤❡r ➤Þ❛ ♣❤➢➡♥❣ ✈➭ a ❧➭ ♠ét

✐➤➟❛♥ ❝ñ❛ R✳ ❈❤♦ M ❧➭ ♠ét R✲♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤ ✈➭ x ∈ a2 ❧➭ ♠ét

♣❤➬♥ tö a✲❧ä❝ ❝❤Ý♥❤ q✉② ❝ñ❛ M ✳ ❑❤✐ ➤ã t❛ ❝ã t❤Ó ❝❤ä♥ ❝➳❝ ♣❤➬♥ tö a✲❧ä❝

❝❤Ý♥❤ q✉② a1, ..., ar, b1, ..., br ∈ a ❝ñ❛ M s❛♦ ❝❤♦ x = a1b1 + · · · + arbr ✈➭

a1b1 + · · ·+ aibi ❝ò♥❣ ❧➭ ❝➳❝ ♣❤➬♥ tö a✲❧ä❝ ❝❤Ý♥❤ q✉② ❝ñ❛ M ✈í✐ ♠ä✐ i ≤ r✳

❈❤ø♥❣ ♠✐♥❤✳ ❑❤➻♥❣ ➤Þ♥❤ ➤➢î❝ s✉② r❛ tõ ❇æ ➤Ò ✶✳✹✳✶ ✈í✐ a = b ✈➭ t❐♣ ❝➳❝

✐➤➟❛♥ ♥❣✉②➟♥ tè {p1, ..., pn} ❧➭ Ass(M) \ V (a)✳
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❇æ ➤Ò ✶✳✹✳✸✳ ❈❤♦ A,B,C ❧➭ ❝➳❝ R✲♠➠➤✉♥ ✈í✐ C ❧➭ ❤÷✉ ❤➵♥ s✐♥❤✳ ❑❤✐ ➤ã

❞➲② ♣❤ø❝

0 → A→ B → C → 0

❧➭ ♠ét ❞➲② ❦❤í♣ ❝❤❰ r❛ ♥Õ✉ ✈➭ ❝❤Ø ♥Õ✉ ❞➲② ♣❤ø❝

0 → Am → Bm → Cm → 0

❧➭ ♠ét ❞➲② ❦❤í♣ ❝❤❰ r❛ ✈í✐ ♠ä✐ ✐➤➟❛♥ tè✐ ➤➵✐ m ❝ñ❛ R✳

❈❤ø♥❣ ♠✐♥❤✳ ❚❛ ❝❤Ø ❝➬♥ ❝❤ø♥❣ ♠✐♥❤ ♣❤➬♥ ✧♥Õ✉✧ ❝ñ❛ ❇æ ➤Ò✳ ❘â r➭♥❣ r➺♥❣

0 → A −→ B → C → 0

❧➭ ❦❤í♣✳ ❉➲② ❦❤í♣ tr➟♥ ❧➭ ❝❤❰ r❛ ❦❤✐ ✈➭ ❝❤Ø ❦❤✐ ➤å♥❣ ❝✃✉

HomR(C,B) → HomR(C,C)

❧➭ t♦➭♥ ❝✃✉✳ ❇ë✐ ✈× C ❝ã ❜✐Ó✉ ❞✐Ô♥ ❤÷✉ ❤➵♥ ♥➟♥ t❛ ❝ã ➤✐Ò✉ ❦✐Ö♥ ♥➭② t➢➡♥❣

➤➢➡♥❣ ✈í✐ ➤å♥❣ ❝✃✉

HomRm
(Cm, Bm) → HomRm

(Cm, Cm)

❧➭ t♦➭♥ ❝✃✉ ✈í✐ ♠ä✐ ✐➤➟❛♥ tè✐ ➤➵✐ m ❝ñ❛ R✳ ➜✐Ò✉ ♥➭② ❧➭ ❤✐Ó♥ ♥❤✐➟♥ ❞♦

Bm
∼= Am ⊕ Cm✳

➜Þ♥❤ ❧Ý ✶✳✹✳✹ ✭❬✶✻❪✱ ❚❤❡♦r❡♠ ✶✳✶✮✳ ❈❤♦ M ❧➭ ♠ét ♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤ tr➟♥

✈➭♥❤ ◆♦❡t❤❡r R ✈➭ a ❧➭ ♠ét ✐➤➟❛♥ ❝ñ❛ R✳ ❳Ðt t ✈➭ n0 ❧➭ ❝➳❝ sè ♥❣✉②➟♥ ❞➢➡♥❣

s❛♦ ❝❤♦ an0H i
a(M) = 0 ✈í✐ ♠ä✐ i < t✳ ❑❤✐ ➤ã✱ ✈í✐ ♠ä✐ ♣❤➬♥ tö a✲❧ä❝ ❝❤Ý♥❤

q✉② x ∈ a2n0 ❝ñ❛ M ✱ t❛ ❝ã

H i
a(M/xM) ∼= H i

a(M)⊕H i+1
a (M),

✈í✐ ♠ä✐ i < t− 1✱ ✈➭

0 :Ht−1
a (M/xM) a

n0 ∼= H t−1
a (M)⊕ 0 :Ht

a(M) a
n0.
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❈❤ø♥❣ ♠✐♥❤✳ ❙ö ❞ô♥❣ ❝➳❝ ❦Ý ❤✐Ö✉ ❝ñ❛ ❚✐Õt ✶✳✸ ✈í✐ U = H0
a(M) ✈➭ b = an0✳

❑❤✐ ➤ã ♠ä✐ ♣❤➬♥ tö a✲❧ä❝ ❝❤Ý♥❤ q✉② x ∈ an0 ➤Ò✉ t❤á❛ ♠➲♥ ➤✐Ò✉ ❦✐Ö♥ (♯)✳

❚õ H i
a(M) ∼= H i

a(M) ✈í✐ ♠ä✐ i > 0✱ t❛ ❝ã H i
a(M) ❧➭ ❤÷✉ ❤➵♥ s✐♥❤✱ ✈➭

0 :Ht
a(M) a

n0 ❝ò♥❣ ❧➭ ❤÷✉ ❤➵♥ s✐♥❤ t❤❡♦ ❬✶✱ ❚❤❡♦r❡♠ ✶✳✷❪ ❤♦➷❝ ❈❤ó ý ✹✳✶✳✼✳

➜Þ❛ ♣❤➢➡♥❣ ❤ã❛ t➵✐ ❝➳❝ ✐➤➟❛♥ tè✐ ➤➵✐ ❝ñ❛ R✱ t❤❡♦ ❇æ ➤Ò ✶✳✹✳✸ t❛ ❝ã t❤Ó ❣✐➯

sö r➺♥❣ (R,m) ❧➭ ♠ét ✈➭♥❤ ◆♦❡t❤❡r ➤Þ❛ ♣❤➢➡♥❣✳ ❳Ðt x ∈ a2n0✳ ❚❤❡♦ ❍Ö

q✉➯ ✶✳✹✳✷ t❛ ❝ã ❝➳❝ ♣❤➬♥ tö a✲❧ä❝ ❝❤Ý♥❤ q✉② ai, bi ∈ an0✱ i ≤ r s❛♦ ❝❤♦

x = a1b1+ · · ·+ arbr ✈➭ a1b1+ · · ·+ ajbj ❧➭ ❝➳❝ ♣❤➬♥ tö a✲❧ä❝ ❝❤Ý♥❤ q✉② ✈í✐

♠ä✐ 1 ≤ j ≤ r✳ ❚õ ➜Þ♥❤ ❧Ý ✶✳✸✳✸ t❛ ❝ã

Ei
x = Ei

a1b1+···+arbr = Ei
a1b1

+ Ei
a2b2

+ · · ·+ Ei
arbr

.

❱× ✈❐②

Ei
x = b1E

i
a1
+ b2E

i
a2
+ · · ·+ brE

i
ar
= 0

t❤❡♦ ➜Þ♥❤ ❧Ý ✶✳✸✳✹ ✈í✐ ♠ä✐ 0 ≤ i < t− 1✳ ❱❐② t❛ ❝ã

H i
a(M/xM) ∼= H i

a(M)⊕H i+1
a (M) ∼= H i

a(M)⊕H i+1
a (M)

✈í✐ ♠ä✐ 0 ≤ i < t − 1✳ ▼➷t ❦❤➳❝✱ t❤❡♦ ➜Þ♥❤ ❧Ý ✶✳✸✳✹ F t−1
ajbj

❧➭ ①➳❝ ➤Þ♥❤ ✈í✐

♠ä✐ j ≤ r✳ ◆➟♥ ➜Þ♥❤ ❧Ý ✶✳✸✳✸ s✉② r❛ r➺♥❣ F t−1
x = F t−1

a1b1+···+arbr ❝ò♥❣ ❧➭ ①➳❝

➤Þ♥❤ ✈➭

F t−1
x = F t−1

a1b1
+ · · ·+ F t−1

arbr
.

❉♦ ➤ã F t−1
x = 0 t❤❡♦ ➜Þ♥❤ ❧Ý ✶✳✸✳✹✱ ♥➟♥

0 :Ht−1
a (M/xM) a

n0 ∼= H t−1
a (M)⊕ 0 :Ht

a(M) a
n0,

✈× 0 :Ht−1
a (M) a

n0 = H t−1
a (M)✳ ➜Þ♥❤ ❧Ý ➤➢î❝ ❤♦➭♥ t♦➭♥ ❝❤ø♥❣ ♠✐♥❤✳

❈❤ó ý r➺♥❣ ♥Õ✉ M ❧➭ ♠ét ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ ❝❤✐Ò✉ d > 0

tr➟♥ ✈➭♥❤ ◆♦❡t❤❡r ➤Þ❛ ♣❤➢➡♥❣ (R,m)✱ t❤× ♠ä✐ ♣❤➬♥ tö t❤❛♠ sè x ❝ñ❛M ➤Ò✉

❧➭ ♠ét ♣❤➬♥ tö ✭m✮✲❧ä❝ ❝❤Ý♥❤ q✉②✳ ❑Õt q✉➯ ❞➢í✐ ➤➞② ❧➭ ♠ét tr➢ê♥❣ ❤î♣ ➤➷❝

❜✐Öt ❝ñ❛ ➜Þ♥❤ ❧Ý ✶✳✹✳✹ ✈➭ ❧➭ ❝➞✉ tr➯ ❧ê✐ ❦❤➻♥❣ ➤Þ♥❤ ❝❤♦ ❈➞✉ ❤á✐ ✶ ➤➲ ♥➟✉ tr♦♥❣

▼ë ➤➬✉✳
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❍Ö q✉➯ ✶✳✹✳✺✳ ❈❤♦M ❧➭ ♠ét ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ ❝❤✐Ò✉ d > 0

tr➟♥ ✈➭♥❤ ◆♦❡t❤❡r ➤Þ❛ ♣❤➢➡♥❣ (R,m)✱ ✈➭ n0 ❧➭ sè ♥❣✉②➟♥ ❞➢➡♥❣ ♥❤á ♥❤✃t

s❛♦ ❝❤♦ mn0H i
m(M) = 0 ✈í✐ ♠ä✐ i < d✳ ❑❤✐ ➤ã ✈í✐ x ∈ m2n0 ❧➭ ♠ét ♣❤➬♥ tö

t❤❛♠ sè ❝ñ❛ M ✱ t❛ ❝ã

H i
m(M/xM) ∼= H i

m(M)⊕H i+1
m (M),

✈í✐ ♠ä✐ i < d− 1✱ ✈➭

0 :Hd−1
m (M/xM) m

n0 ∼= Hd−1
m (M)⊕ 0 :Hd

m(M) m
n0.

❍Ö q✉➯ ✶✳✹✳✻✳ ❈❤♦ M ❧➭ ♠ét ♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤ tr➟♥ ✈➭♥❤ ◆♦❡t❤❡r R

✈➭ a ❧➭ ♠ét ✐➤➟❛♥ ❝ñ❛ R✳ ❳Ðt t ✈➭ n0 ❧➭ ❝➳❝ sè ♥❣✉②➟♥ ❞➢➡♥❣ s❛♦ ❝❤♦

an0H i
a(M) = 0 ✈í✐ ♠ä✐ i < t✳ ❈❤♦ x1, ..., xt ❧➭ ♠ét ❞➲② a✲❧ä❝ ❝❤Ý♥❤ q✉②

❝ñ❛ M ❝❤ø❛ tr♦♥❣ a2n0✳ ❑❤✐ ➤ã ✈í✐ ♠ä✐ sè ♥❣✉②➟♥ ❞➢➡♥❣ k ≤ n0 ✈➭ ♠ä✐

j = 1, . . . , t✱ HomR(R/a
k,M/(x1, ..., xj)M) ❧➭ ➤é❝ ❧❐♣ ✈í✐ ❝➳❝❤ ❝❤ä♥ ❞➲②

x1, ..., xj ✳ ❍➡♥ ♥÷❛✱ t❛ ❝ã

HomR(R/a
k,M/(x1, ..., xj)M) ∼=

j⊕

i=0

HomR(R/a
k, H i

a(M))(
j

i).

❈❤ø♥❣ ♠✐♥❤✳ ❚❛ ❝❤ø♥❣ ♠✐♥❤ ❜➺♥❣ q✉② ♥➵♣ t❤❡♦ j✳ ❚õ ➜Þ♥❤ ❧Ý ✶✳✹✳✹ t❛ ❝ã

HomR(R/a
k, H i

a(M/x1M)) ∼= HomR(R/a
k, H i

a(M))⊕HomR(R/a
k, H i+1

a (M))

✈í✐ ♠ä✐ i ≤ t− 1✳ ◆➟♥

HomR(R/a
k,M/(x1)M) ∼= HomR(R/a

k, H0
a(M/x1M))

∼= HomR(R/a
k, H0

a(M))⊕ HomR(R/a
k, H1

a(M)),

✈➭ ❤Ö q✉➯ ➤➢î❝ ❝❤ø♥❣ ♠✐♥❤ ❝❤♦ j = 1✳ ●✐➯ sö r➺♥❣ j > 1✳ ❚❤❡♦ ➜Þ♥❤ ❧Ý

✶✳✹✳✹ t❛ ❝ã an0H i
a(M/x1M) = 0 ✈í✐ ♠ä✐ i < t − 1✳ Á♣ ❞ô♥❣ ❣✐➯ t❤✐Õt q✉②
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♥➵♣ ❝❤♦ x2, ..., xj ✈➭ M/x1M t❛ ❝ã

HomR(R/a
k,M/(x1, ..., xj)M) ∼=

j−1⊕

i=0

HomR(R/a
k, H i

a(M/x1M))(
j−1
i )

∼=
j⊕

i=0

HomR(R/a
k, H i

a(M))(
j

i).

❍Ö q✉➯ ➤➢î❝ ❤♦➭♥ t♦➭♥ ❝❤ø♥❣ ♠✐♥❤✳

❈❤♦ M ❧➭ ♠ét ♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤ ❝❤✐Ò✉ d > 0 tr➟♥ ✈➭♥❤ ◆♦❡t❤❡r ➤Þ❛

♣❤➢➡♥❣ (R,m)✱ ✈➭ q ❧➭ ♠ét ✐➤➟❛♥ t❤❛♠ sè ❝ñ❛ M ✳ ❝❤Ø sè ❦❤➯ q✉② ❝ñ❛ q

tr➟♥ M ➤➢î❝ ➤Þ♥❤ ♥❣❤Ü❛ ❜ë✐ ❝➠♥❣ t❤ø❝ NR(q,M) = dimR/m Soc(M/qM)✱

ë ➤➞② Soc(N) ∼= 0 :N m ∼= Hom(R/m, N) ✈í✐ ♠ét R✲♠➠➤✉♥ ❜✃t ❦× N ✳

▼ét ❦Õt q✉➯ q✉❡♥ ❜✐Õt ❦❤➻♥❣ ➤Þ♥❤ r➺♥❣ ♥Õ✉ M ❧➭ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛②✱

t❤× NR(q,M) ❧➭ ♠ét ❜✃t ❜✐Õ♥ ❝ñ❛ M ✳ ❚r♦♥❣ tr➢ê♥❣ ❤î♣ M ❧➭ ♠ét ♠➠➤✉♥

❇✉❝❤s❜❛✉♠✱ ❙✳ ●♦t♦ ✈➭ ❍✳ ❙❛❦✉r❛✐ ➤➲ ❝❤ø♥❣ ♠✐♥❤ tr♦♥❣ ❬✷✷❪ r➺♥❣ ✈í✐ tå♥

t➵✐ ♠ét sè n ➤ñ ❧í♥ s❛♦ ❝❤♦ ❝❤Ø sè ❦❤➯ q✉② NR(q,M) ❧➭ ♠ét ❤➺♥❣ sè tø❝

❧➭ ❦❤➠♥❣ ♣❤ô t❤✉é❝ ✈➭♦ ✈✐Ö❝ ❝❤ä♥ ✐➤➟❛♥ t❤❛♠ sè q ♥➺♠ tr♦♥❣ mn✳ ❱➭ ❤ä

♣❤á♥❣ ➤♦➳♥ r➺♥❣ ❦Õt q✉➯ tr➟♥ ❝ò♥❣ ➤ó♥❣ ❝❤♦ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉②

ré♥❣✳ ◆✳❚✳ ❈➢ê♥❣ ✈➭ ❍✳▲✳ ❚r➢ê♥❣ ➤➲ ➤➢❛ r❛ ❝➞✉ tr➯ ❧ê✐ ❦❤➻♥❣ ➤Þ♥❤ ❝❤♦ ❝➞✉

❤á✐ ❝ñ❛ ●♦t♦ ✈➭ ❙❛❦✉r❛✐ tr♦♥❣ ❬✶✼❪✳ ❇➞② ❣✐ê✱ sö ❞ô♥❣ ❍Ö q✉➯ ✶✳✹✳✻ t❛ ❝ã t❤Ó

❝❤ø♥❣ ♠✐♥❤ ♠ét ❦Õt q✉➯ ♠➵♥❤ ❤➡♥ ❦Õt q✉➯ ❝❤Ý♥❤ ❝ñ❛ ❬✶✼❪ ♥❤➢ s❛✉✳

❍Ö q✉➯ ✶✳✹✳✼ ✭❬✶✻❪✱ ❈♦r♦❧❧❛r② ✹✳✸✮✳ ❈❤♦ M ❧➭ ♠ét ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛②

s✉② ré♥❣ ❝❤✐Ò✉ d > 0 tr➟♥ ✈➭♥❤ ◆♦❡t❤❡r ➤Þ❛ ♣❤➢➡♥❣ (R,m)✱ ✈➭ n0 ❧➭ sè

♥❣✉②➟♥ ❞➢➡♥❣ ♥❤á ♥❤✃t s❛♦ ❝❤♦ mn0H i
m(M) = 0 ✈í✐ ♠ä✐ i < d✳ ❑❤✐

➤ã✱ ✈í✐ ♠ä✐ ✐➤➟❛♥ t❤❛♠ sè q ❝ñ❛ M ❝❤ø❛ tr♦♥❣ m2n0 ✈➭ k ≤ n0✱ ➤é ❞➭✐

ℓR
(
(qM :M mk)/qM

)
❧➭ ♠ét ❤➺♥❣ sè ✈➭

ℓR
(
(qM :M mk)/qM

)
=

d∑

i=0

(
d

i

)
ℓR(0 :Hi

m(M) m
k).
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◆ã✐ r✐➟♥❣✱ ❝❤Ø sè ❦❤➯ q✉② NR(q,M) ❧➭ ♠ét ❤➺♥❣ sè ✈➭

NR(q,M) =
d∑

i=0

(
d

i

)
dimR/m Soc(H i

m(M)).

❈❤ø♥❣ ♠✐♥❤✳ ❑❤➻♥❣ ➤Þ♥❤ ➤➢î❝ s✉② r❛ trù❝ t✐Õ♣ tõ ❍Ö q✉➯ ✶✳✹✳✻ ✈➭ ❝➳❝ ➤➻♥❣

❝✃✉HomR(R/m
k,M/qM) ∼= (qM :M mk)/qM ✈➭HomR(R/m

k, H i
m(M)) ∼=

0 :Hi
m(M) m

k ✈í✐ ♠ä✐ i✳

❑Õt ❧✉❐♥ ❈❤➢➡♥❣ ✶✳ ❚r♦♥❣ ❝❤➢➡♥❣ ♥➭② ❝❤ó♥❣ t➠✐ ➤➲ t❤✉ ➤➢î❝ ❝➳❝ ❦Õt q✉➯

s❛✉✳

✶✳ ❳➞② ❞ù♥❣ ♣❤➢➡♥❣ ♣❤➳♣ ❝❤ø♥❣ ♠✐♥❤ ❝➳❝ ❞➲② ❦❤í♣ ♥❣➽♥ ❝ñ❛ ❝➳❝ ♠➠➤✉♥

➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ❧➭ ❝❤❰ r❛ ✭❚✐Õt ✶✳✸✮✳

✷✳ ➜➢❛ r❛ ➜Þ♥❤ ❧Ý ❝❤❰ r❛ ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ✶✳✹✳✹ ✈í✐ ➤✐Ò✉ ❦✐Ö♥

H i
a(M) ❧➭ R✲♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤ ✈í✐ ♠ä✐ i ♥❤á ❤➡♥ ♠ét sè ♥❣✉②➟♥

❞➢➡♥❣ t ♥➭♦ ➤ã✳

✸✳ Á♣ ❞ô♥❣ ➜Þ♥❤ ❧Ý ✶✳✹✳✹ ❝❤♦ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ ✈➭ ❝❤ø♥❣

♠✐♥❤ tÝ♥❤ ❝❤✃t æ♥ ➤Þ♥❤ ❝ñ❛ ❝❤Ø sè ❦❤➯ q✉② ❝ñ❛ ✐➤➟❛♥ t❤❛♠ sè ❝ñ❛ ♠➠➤✉♥

❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ ✭❍Ö q✉➯ ✶✳✹✳✼✮✳
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❈❤➢➡♥❣ ✷

❚Ý♥❤ ❝❤✃t æ♥ ➤Þ♥❤ ❝ñ❛ ❤Ö t❤❛♠ sè tèt ❝ñ❛
♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ ❞➲②

❚r♦♥❣ ❝❤➢➡♥❣ ♥➭② t❛ ❧✉➠♥ ①Ðt (R,m) ❧➭ ♠ét ✈➭♥❤ ◆♦❡t❤❡r ➤Þ❛ ♣❤➢➡♥❣✱ ✈➭

M ❧➭ ♠ét R✲♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤ ❝❤✐Ò✉ d > 0✳ ❚❛ ❜✐Õt r➺♥❣ ♥Õ✉ M ❧➭ ♠ét

♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣✱ t❤× ❝➳❝ ✐➤➟❛♥ t❤❛♠ sè ❝ñ❛M ❝ã tÝ♥❤ ❝❤✃t

æ♥ ➤Þ♥❤ ❦❤✐ ❝❤ó♥❣ ♥➺♠ tr♦♥❣ ♠ét ❧ò② t❤õ❛ ➤ñ ❧í♥ ❝ñ❛ m✳ ❈❤➻♥❣ ❤➵♥✱ t❛ ❝ã

t❤Ó ❝❤ä♥ ♠ét sè ♥❣✉②➟♥ n s❛♦ ❝❤♦ ✈í✐ ♠ä✐ ✐➤➟❛♥ t❤❛♠ sè q ❝ñ❛M ♥➺♠ tr♦♥❣

mn ❤✐Ö✉ ℓ(M/qM) − e(q;M) ✈➭ ❝❤Ø sè ❦❤➯ q✉② ❝ñ❛ q tr➟♥ M ✱ NR(q,M)✱

❧➭ ❝➳❝ ❜✃t ❜✐Õ♥ ❝ñ❛ ♠➠➤✉♥ ✭①❡♠ ➜Þ♥❤ ❧Ý ✶✳✶✳✶✷ ✈➭ ❍Ö q✉➯ ✶✳✹✳✼✮✳ ▼ô❝ t✐➟✉

❝ñ❛ ❝❤➢➡♥❣ ♥➭② ❧➭ ♠ë ré♥❣ ❝➳❝ ❦Õt q✉➯ tr➟♥ ❝❤♦ ♠ét ❧í♣ ♠➠➤✉♥ ré♥❣ ❤➡♥ ❧➭

❧í♣ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ ❞➲② ✈➭ ❝❤♦ ❝➳❝ ❤Ö t❤❛♠ sè tèt ✭①❡♠

❝➳❝ ➜Þ♥❤ ❧Ý ✷✳✷✳✺ ✈➭ ✷✳✷✳✽✮✳ ◆❤➽❝ ❧➵✐ r➺♥❣ ❧í♣ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❞➲②

➤➢î❝ ❣✐í✐ t❤✐Ö✉ ❜ë✐ ❘✳P✳ ❙t❛♥❧❡② ❝❤♦ tr➢ê♥❣ ❤î♣ ✈➭♥❤ ♣❤➞♥ ❜❐❝ ✭①❡♠ ❬✺✵❪✮✱

tr➢ê♥❣ ❤î♣ ✈➭♥❤ ➤Þ❛ ♣❤➢➡♥❣ ❜ë✐ ❙❝❤❡♥③❡❧ tr♦♥❣ ❬✹✻❪ ✈➭ ❜ë✐ ◆✳❚✳ ❈➢ê♥❣ ✈➭

▲✳❚✳ ◆❤➭♥ tr♦♥❣ ❬✶✺❪✳ ❑❤➳✐ ♥✐Ö♠ ❤Ö t❤❛♠ sè tèt ➤➢î❝ ❣✐í✐ t❤✐Ö✉ ❜ë✐ ◆✳❚✳

❈➢ê♥❣ ✈➭ ➜✳❚✳ ❈➢ê♥❣ tr♦♥❣ ❬✶✷❪✳ ❈➳❝ ❦Õt q✉➯ ❝❤Ý♥❤ sÏ ➤➢î❝ ❝❤ø♥❣ ♠✐♥❤

tr♦♥❣ ❚✐Õt ✷✳✷✳ ❚r♦♥❣ ❚✐Õt ✷✳✶ ❝❤ó♥❣ t➠✐ ♥❤➽❝ ❧➵✐ ❝➳❝ ❦❤➳✐ ♥✐Ö♠ ✈Ò ♠➠➤✉♥

❞➲② ✈➭ ❤Ö t❤❛♠ sè tèt✳
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✷✳✶ ▼➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ ❞➲② ✈➭ ❤Ö t❤❛♠ sè tèt

❚r♦♥❣ t✐Õt ♥➭② ❝❤ó♥❣ t➠✐ ♥❤➽❝ ❧➵✐ ❝➳❝ ❦❤➳✐ ♥✐Ö♠ ❧ä❝ ❝❤✐Ò✉ ❝ñ❛ ♠➠➤✉♥✱ ❤Ö t❤❛♠

sè tèt✱ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ✭s✉② ré♥❣✮ ❞➲②✱ ✈➭ ♠è✐ ❧✐➟♥ ❤Ö ❝ñ❛ ❝❤ó♥❣✳

❈➳❝ tr×♥❤ ❜➭② ❝❤✐ t✐Õt ❝ã t❤Ó ①❡♠ tr♦♥❣ ❬✶✷❪ ✈➭ ❬✶✸❪✳

✷✳✶✳✶ ▲ä❝ ❝❤✐Ò✉ ✈➭ ❤Ö t❤❛♠ sè tèt

➜Þ♥❤ ♥❣❤Ü❛ ✷✳✶✳✶✳

✭✐✮ ❚❛ ♥ã✐ ♠ét ❧ä❝ ❤÷✉ ❤➵♥

F :M0 ⊆M1 ⊆ · · · ⊆Mt =M

❝ñ❛ ❝➳❝ ♠➠➤✉♥ ❝♦♥ ❝ñ❛ M ❧➭ t❤á❛ ♠➲♥ ➤✐Ò✉ ❦✐Ö♥ ❝❤✐Ò✉ ♥Õ✉ dimM0 <

dimM1 < · · · < dimMt✱ ✈➭ ❦❤✐ ➤ã t❛ ♥ã✐ ➤é ❞➭✐ ❝ñ❛ ❧ä❝ F ❧➭ t✳ ➜Ó

t❤✉❐♥ t✐Ö♥✱ t❛ ❧✉➠♥ ❣✐➯ sö r➺♥❣ dimM1 > 0✳

✭✐✐✮ ▼ét ❧ä❝ ❝➳❝ ♠➠➤✉♥ ❝♦♥ D : D0 ⊆ D1 ⊆ · · · ⊆ Dt = M ❝ñ❛ M ➤➢î❝

❣ä✐ ❧➭ ❧ä❝ ❝❤✐Ò✉ ❝ñ❛ M ♥Õ✉ ❤❛✐ ➤✐Ò✉ ❦✐Ö♥ s❛✉ t❤á❛ ♠➲♥✿

✭❛✮ Di−1 ❧➭ ♠➠➤✉♥ ❝♦♥ ❧í♥ ♥❤✃t ❝ñ❛ Di ♠➭ dimDi−1 < dimDi ✈í✐ ♠ä✐

i = t, t− 1, ..., 1✳

✭❜✮ D0 = H0
m(M)✳

➜Þ♥❤ ♥❣❤Ü❛ ✷✳✶✳✷✳ ❈❤♦ F : M0 ⊆ M1 ⊆ · · · ⊆ Mt = M ❧➭ ♠ét ❧ä❝ t❤á❛

♠➲♥ ➤✐Ò✉ ❦✐Ö♥ ❝❤✐Ò✉✳ ➜➷t di = dimMi ✈í✐ ♠ä✐ i ≤ t✳ ▼ét ❤Ö t❤❛♠ sè

x = x1, ..., xd ❝ñ❛ M ➤➢î❝ ❣ä✐ ❧➭ ♠ét ❤Ö t❤❛♠ sè tèt ❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐

❧ä❝ F ♥Õ✉Mi∩ (xdi+1, ..., xd)M = 0 ✈í✐ ♠ä✐ i = 0, 1, ..., t−1✳ ▼ét ❤Ö t❤❛♠

sè tèt t➢➡♥❣ ø♥❣ ✈í✐ ❧ä❝ ❝❤✐Ò✉ ❝ñ❛ M ➤➢î❝ ❣ä✐ ➤➡♥ ❣✐➯♥ ❧➭ ♠ét ❤Ö t❤❛♠ sè

tèt ❝ñ❛ M ✳

❈❤ó ý ✷✳✶✳✸ ✭①❡♠ ❬✶✷❪✮✳
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✭✐✮ ❚❤❡♦ tÝ♥❤ ❝❤✃t ◆♦❡t❤❡r ❝ñ❛M ❧ä❝ ❝❤✐Ò✉D : D0 ⊆ D1 ⊆ · · · ⊆ Dt =M

❧✉➠♥ tå♥ t➵✐ ✈➭ ❧➭ ❞✉② ♥❤✃t✳ ❍➡♥ ♥÷❛✱ ♥Õ✉ ∩p∈AssMN(p) = 0 ❧➭ ♠ét

♣❤➞♥ tÝ❝❤ ♥❣✉②➟♥ s➡ rót ❣ä♥ ❝ñ❛ ♠➠➤✉♥ ❝♦♥ ❦❤➠♥❣ ❝ñ❛ M ✱ t❤× Di =

∩dimR/p≥di+1
N(p)✱ ë ➤➞② di = dimDi✳ ➜➷t Ni = ∩dimR/p≤diN(p)✳ ❚❤×

Di∩Ni = 0 ❛♥❞ dimM/Ni = di✳ ❚❤❡♦ ➜Þ♥❤ ❧Ý tr➳♥❤ ♥❣✉②➟♥ tè t❛ ❝ã t❤Ó

t×♠ ➤➢î❝ ♠ét ❤Ö t❤❛♠ sè x = x1, ..., xd ❝ñ❛ M s❛♦ ❝❤♦ xdi+1, ..., xd ∈
AnnM/Ni ✈í✐ ♠ä✐ i < t✳ ❈❤♦ ♥➟♥ (xdi+1, ..., xd)M∩Di ⊆ Ni∩Di = 0✳

❱❐② x = x1, ..., xd ❧➭ ♠ét ❤Ö t❤❛♠ sè tèt ❝ñ❛ M ✳

✭✐✐✮ ▼ét ❤Ö t❤❛♠ sè tèt ❝ñ❛ M ❧➭ ♠ét ❤Ö t❤❛♠ sè tèt ø♥❣ ✈í✐ ♠ét ❧ä❝ t❤á❛

♠➲♥ ➤✐Ò✉ ❦✐Ö♥ ❝❤✐Ò✉ ❜✃t ❦×✳

✭✐✐✐✮ ◆Õ✉ x = x1, ..., xd ❧➭ ♠ét ❤Ö t❤❛♠ sè tèt ❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐ ❧ä❝ F ✱

t❤× xn = xn1

1 , ..., x
nd
d ❝ò♥❣ ❧➭ ♠ét ❤Ö t❤❛♠ sè tèt ❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐

❧ä❝ F ✈í✐ ♠ä✐ ❜é sè ♥❣✉②➟♥ ❞➢➡♥❣ n = (n1, ..., nd)✳

✭✐✈✮ ❚r♦♥❣ ❈❤➢➡♥❣ ✸ t❛ t❤➢ê♥❣ ❣ä✐ Dt−1 ❧➭ t❤➭♥❤ ♣❤➬♥ ❦❤➠♥❣ tré♥ ❧➱♥ ❝ñ❛

M ✈➭ ❦Ý ❤✐Ö✉ ❧➭ UM(0) ✭①❡♠ ➜Þ♥❤ ♥❣❤Ü❛ ✸✳✷✳✶✮✳

✷✳✶✳✷ ▼➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ ❞➲②

➜Þ♥❤ ♥❣❤Ü❛ ✷✳✶✳✹✳ ❈❤♦ F : M0 ⊆ M1 ⊆ · · · ⊆ Mt = M ❧➭ ♠ét ❧ä❝ t❤á❛

♠➲♥ ➤✐Ò✉ ❦✐Ö♥ ❝❤✐Ò✉✳ ➜➷t di = dimMi ✈í✐ ♠ä✐ i ≤ t✱ ✈➭ ①Ðt x = x1, ..., xd

❧➭ ♠ét ❤Ö t❤❛♠ sè tèt ❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐ ❧ä❝ F ✳ ❑❤✐ ➤ã x1, ..., xdi ❧➭ ♠ét

❤Ö t❤❛♠ sè ❝ñ❛ Mi ✈í✐ ♠ä✐ i ≤ t✳ ❈❤♦ ♥➟♥ t❛ ❝ã t❤Ó ➤Þ♥❤ ♥❣❤Ü❛

IF ,M(x) = ℓ(M/(x)M)−
t∑

i=0

e(x1, ..., xdi;Mi),

ë ➤➞② e(x1, ..., xdi;Mi) ❧➭ ❜é✐ ❙❡rr❡ ✈➭ e(x1, ..., xd0;M0) = ℓ(M0) ♥Õ✉

dimM0 = 0✳

❈ã t❤Ó t❤✃② ❤✐Ö✉ IF ,M(x) tr♦♥❣ ➤Þ♥❤ ♥❣❤Ü❛ tr➟♥ tr♦♥❣ tr➢ê♥❣ ❤î♣ ❧ä❝

F : 0 ⊆ M ❝❤Ý♥❤ ❧➭ ❤✐Ö✉ I(x) = ℓ(M/(x)M) − e(x1, ..., xd;M) q✉❡♥



✹✹

t❤✉é❝ ✭①❡♠ ✶✳✶✳✸✮✳ ❉➢í✐ ➤➞② ❧➭ ♠ét sè tÝ♥❤ ❝❤✃t ➤➳♥❣ ❝❤ó ý ❝ñ❛ IF ,M(x)

✭①❡♠ ❬✶✷✱ ▲❡♠♠❛ ✷✳✻ ✈➭ Pr♦♣♦s✐t✐♦♥ ✷✳✾❪✮✳

❈❤ó ý ✷✳✶✳✺✳ ❈❤♦ F ❧➭ ♠ét ❧ä❝ t❤á❛ ♠➲♥ ➤✐Ò✉ ❦✐Ö♥ ❝❤✐Ò✉ ✈➭ x = x1, ..., xd

❧➭ ♠ét ❤Ö t❤❛♠ sè tèt ❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐ ❧ä❝ F ✳ ❚❛ ❝ã

✭✐✮ IF ,M(x) ≥ 0✳

✭✐✐✮ ❑Ý ❤✐Ö✉ xn = xn1

1 , ..., x
nd

d ✈í✐ ♠ä✐ ❜é sè ♥❣✉②➟♥ ❞➢➡♥❣ n = (n1, ..., nd)

✈➭ ❝♦✐ IF ,M(xn) ♥❤➢ ❧➭ ♠ét ❤➭♠ t❤❡♦ ❝➳❝ ❜✐Õ♥ n1, ..., nd✳ ❑❤✐ ➤ã ❤➭♠

♥➭② ❧➭ ♠ét ❤➭♠ ❦❤➠♥❣ ❣✐➯♠ t❤❡♦ ♥❣❤Ü❛ IF ,M(xn) ≤ IF ,M(xm) ✈í✐ ♠ä✐

ni ≤ mi, i = 1, ..., d✳

❚➢➡♥❣ tù ♥❤➢ ✈í✐ ❤✐Ö✉ I(x) = ℓ(M/(x)M)− e(x1, ..., xd;M) ➤➢î❝ ❞ï♥❣

➤Ó ➤➷❝ tr➢♥❣ tÝ♥❤ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ✭s✉② ré♥❣✮ ❝ñ❛ ♠➠➤✉♥M ✱ ◆✳❚✳ ❈➢ê♥❣ ✈➭

➜✳❚✳ ❈➢ê♥❣ ➤➲ ❞ï♥❣ ❤✐Ö✉ IF ,M(x) ➤Ó ➤➷❝ tr➢♥❣ tÝ♥❤ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ✭s✉②

ré♥❣✮ ❞➲② ❝ñ❛ ♠➠➤✉♥ M ✭①❡♠ ❬✶✷❪✱ ❬✶✸❪✮✳

➜Þ♥❤ ♥❣❤Ü❛ ✷✳✶✳✻✳ ❈❤♦ F : M0 ⊆ M1 ⊆ · · · ⊆ Mt = M ❧➭ ♠ét ❧ä❝

❝➳❝ ♠➠➤✉♥ ❝♦♥ ❝ñ❛M ✳ ❚❤× ❧ä❝ F ➤➢î❝ ❣ä✐ ❧➭ ♠ét ❧ä❝ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ✭s✉②

ré♥❣✮ ♥Õ✉ ♥ã t❤á❛ ♠➲♥ ➤✐Ò✉ ❦✐Ö♥ ❝❤✐Ò✉✱ dimM0 = 0 ✈➭M1/M0, ...,Mt/Mt−1

❧➭ ❝➳❝ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ✭s✉② ré♥❣✮✳ ❚❛ ♥ã✐ M ❧➭ ♠ét ♠➠➤✉♥ ❈♦❤❡♥✲

▼❛❝❛✉❧❛② ✭s✉② ré♥❣✮ ❞➲② ♥Õ✉ ♥ã ❝ã ♠ét ❧ä❝ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ✭s✉② ré♥❣✮✳

❚❛ ❦Õt t❤ó❝ t✐Õt ♥➭② ❜➺♥❣ ♠ét sè ❦Õt q✉➯ ✈Ò ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ✭s✉②

ré♥❣✮ ❞➲② ➤➢î❝ ❝❤ø♥❣ ♠✐♥❤ tr♦♥❣ ❬✶✷❪ ✈➭ ❬✶✸❪✳

▼Ö♥❤ ➤Ò ✷✳✶✳✼✳ ❈❤♦M ❧➭ ♠ét ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❞➲② ✈í✐ ❧ä❝ ❈♦❤❡♥✲

▼❛❝❛✉❧❛② F :M0 ⊆M1 ⊆ · · · ⊆Mt =M ✳ ❚❤×✿

✭✐✮ ▲ä❝ ❈♦❤❡♥✲▼❛❝❛✉❧❛② F ❝❤Ý♥❤ ❧➭ ❧ä❝ ❝❤✐Ò✉ D ❝ñ❛ M ✳

✭✐✐✮ Hj
m(M/Di) = 0 ✈í✐ ♠ä✐ i = 0, ..., t− 1 ✈➭ ♠ä✐ j ≤ dimMi+1 − 1



✹✺

✭✐✐✐✮ ◆Õ✉ x = x1, ..., xd ❧➭ ♠ét ❤Ö t❤❛♠ sè tèt ❝ñ❛ M t❤× ID,M(x) = 0✳

▼Ö♥❤ ➤Ò ✷✳✶✳✽✳ ❈❤♦ M ❧➭ ♠ét ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ ❞➲② ✈í✐

❧ä❝ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ F :M0 ⊆M1 ⊆ · · · ⊆Mt =M ✳ ❚❤×✿

✭✐✮ ▲ä❝ ❝❤✐Ò✉ D ❝ñ❛ M ❝ò♥❣ ❧➭ ♠ét ❧ä❝ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣✳ ❍➡♥

♥÷❛✱ ℓ(Di/Mi) <∞ ✈í✐ ♠ä✐ i < t✳

✭✐✐✮ M0 ✈➭ Hj
m(M/Mi) ❝ã ➤é ❞➭✐ ❤÷✉ ❤➵♥ ✈í✐ ♠ä✐ i ≤ t − 1 ✈➭ ♠ä✐

j ≤ dimMi+1 − 1✳

✭✐✐✐✮ ➜➷t IF(M) = supx IF ,M(x)✱ ✈í✐ x = x1, ..., xd ❝❤➵② tr➟♥ t✃t ❝➯ ❝➳❝ ❤Ö

t❤❛♠ sè tèt ❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐ F ✳ ❚❤×

IF(M) = ℓ(H0
m(M/M0))

+
t−1∑

i=0

di+1−1∑

j=1

((
di+1 − 1

j

)
−

(
di − 1

j

))
ℓ(Hj

m(M/Mi)).

❍➡♥ ♥÷❛✱ ♥Õ✉ x ❧➭ ♠ét ❤Ö t❤❛♠ sè tèt ❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐ ❧ä❝ F ✱ t❤×

IF ,M(xn1

1 , ..., x
nd

d ) = IF(M) ✈í✐ ♠ä✐ n1, ..., nd ≫ 0✳

✷✳✷ ▼ét sè tÝ♥❤ ❝❤✃t æ♥ ➤Þ♥❤

▼ô❝ ➤Ý❝❤ ❝ñ❛ t✐Õt ♥➭② ❧➭ ❝❤ø♥❣ ♠✐♥❤ ♠ét sè ❦Õt q✉➯ ✈Ò tÝ♥❤ ❝❤✃t æ♥ ➤Þ♥❤ ❝ñ❛

❤Ö t❤❛♠ sè tèt ❝ñ❛ ❝➳❝ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ ❞➲② ➤➲ ➤➢î❝ ❣✐í✐

t❤✐Ö✉ ë ➤➬✉ ❝❤➢➡♥❣✳

❑Ý ❤✐Ö✉ ✷✳✷✳✶✳ ❚r♦♥❣ t✐Õt ♥➭② t❛ ❧✉➠♥ ①Ðt

✭✐✮ M ❧➭ ♠ét ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ ❞➲② ❝❤✐Ò✉ d > 0 ✈í✐

❧ä❝ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ F : M0 ⊆ M1 ⊆ · · · ⊆ Mt = M ✱

di = dimMi ✈í✐ ♠ä✐ i = 0, ..., t✳

✭✐✐✮ ▲ä❝ ❝❤✐Ò✉ ❝ñ❛ M ❧➭ D : H0
m(M) = D0 ⊆ D1 ⊆ · · · ⊆ Dt =M ✳



✹✻

✭✐✐✐✮ ➜➷t IF(M) = supx IF ,M(x)✱ ✈í✐ x = x1, ..., xd ❝❤➵② tr➟♥ t✃t ❝➯ ❝➳❝ ❤Ö

t❤❛♠ sè tèt ❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐ F ✳ ❚❛ ❝ã IF(M) ❧➭ ♠ét ❤➺♥❣ sè ❝❤♦

❜ë✐ ▼Ö♥❤ ➤Ò ✷✳✶✳✽ ✭✐✐✐✮✳

✭✐✈✮ ❚❤❡♦ ▼Ö♥❤ ➤Ò ✷✳✶✳✽ ✭✐✐✮ t❛ ❝ã Hj
m(M/Mi) ❝ã ➤é ❞➭✐ ❤÷✉ ❤➵♥ ✈í✐ ♠ä✐

i ≤ t− 1 ✈➭ ✈í✐ ♠ä✐ j ≤ di+1 − 1✱ ♥➟♥ tå♥ t➵✐ ♠ét sè ♥❣✉②➟♥ ❞➢➡♥❣ n0

s❛♦ ❝❤♦ mn0Hj
m(M/Mi) = 0 ✈í✐ ♠ä✐ i ≤ t− 1 ✈➭ ✈í✐ ♠ä✐ j ≤ di+1 − 1

✭✈✮ ➜➷t ci = AnnMi ✈í✐ ♠ä✐ i = 0, ..., t✳

❇æ ➤Ò ✷✳✷✳✷✳ ❈❤♦ x ∈ mn0ct−1 ✈➭ y ∈ mn0 ❧➭ ❝➳❝ ♣❤➬♥ tö t❤❛♠ sè ❝ñ❛ M ✳

❱í✐ ♠ä✐ ♠➠➤✉♥ ❝♦♥ N ❝ñ❛ M t❤á❛ ♠➲♥ N ⊆ Dt−1✱ ✈í✐ ♠ä✐ i < d − 1✱ t❛

❧✉➠♥ ❝ã ❞➲② ❦❤í♣ ❝➳❝ ♠➠➤✉♥ s❛✉

0 −→ H i
m(M/N) −→ H i

m(M/(xyM +N)) −→ H i+1
m (M/Dt−1) −→ 0.

❈❤ø♥❣ ♠✐♥❤✳ ❈❤ó ý r➺♥❣ Dt−1/Mt−1 = H0
m(M/Mt−1)✳ ◆➟♥

0 :M x ⊇ 0 :M mn0ct−1 = (0 :M ct−1) :M mn0 ⊇Mt−1 :M mn0 = Dt−1.

❉♦ ➤ã Dt−1 ⊆ N :M x ⊆ Dt−1 :M x = Dt−1✳ ❉➱♥ ➤Õ♥ N :M x = Dt−1✱ ♥➟♥

N :M xy = Dt−1✳ ➜➷t M =M/Dt−1✳ ❚❛ ❝ã ❜✐Ó✉ ➤å ❣✐❛♦ ❤♦➳♥

0 M M/N M/(xyM +N) 0

0 M M/N M/(xM +N) 0.

✲ ✲
xy

❄

y

✲

❄
id

❄

✲

✲ ✲x ✲ ✲

❚➳❝ ➤é♥❣ ❤➭♠ tö H i
m(•) ✈➭♦ ❜✐Ó✉ ➤å tr➟♥ t❛ ➤➢î❝ ❜✐Ó✉ ➤å ❣✐❛♦ ❤♦➳♥

· · · H i
m(M) H i

m(M/N) · · ·

· · · H i
m(M) H i

m(M/N) · · · ,

✲ ✲
ψi

❄
y

✲

❄
id

✲ ✲
ϕi

✲

ë ➤➞② ψi, ϕi ❧➭ ❝➳❝ ➤å♥❣ ❝✃✉ ❞➱♥ s✉✃t ❝ñ❛ M
xy→ M/N ✱ M

x→ M/N ✱ t➢➡♥❣

ø♥❣✳ ❉Ô t❤✃② r➺♥❣ H0
m(M) = 0 ✈➭ H i

m(M) ∼= H i
m(M/Mt−1) ✈í✐ ♠ä✐ 0 < i✳

❚❛ ❝ã yH i
m(M) = 0 ✈í✐ ♠ä✐ 0 < i < d ✈× y ∈ mn0✳ ◆➟♥ ψi = 0 ✈í✐ ♠ä✐



✹✼

i < d✱ ✈➭ t❛ ❝ã ❞➲② ❦❤í♣ ♥❣➽♥

0 → H i
m(M/N) → H i

m(M/(xyM +N)) → H i+1
m (M) → 0

✈í✐ ♠ä✐ i < d− 1✳

▲✃② ♠ét ♣❤➬♥ tö t❤❛♠ sè x ∈ m2n0ct−1 ❝ñ❛ M ✳ ❱í✐ ♠ç✐ i ≤ t − 1 ✈➭

j < d − 1 t❛ ❣ä✐ Ei,j
x ❧➭ ♣❤➬♥ tö ❝ñ❛ Ext(Hj+1

m (M/Dt−1), H
j
m(M/Mi)) ➤➵✐

❞✐Ö♥ ❜ë✐ ❞➲② ❦❤í♣ ♥❣➽♥ s❛✉ ♥Õ✉ ♥ã tå♥ t➵✐

0 → Hj
m(M/Mi) → Hj

m(M/(xM +Mi)) → Hj+1
m (M/Dt−1) → 0.

▼Ö♥❤ ➤Ò ✷✳✷✳✸✳ ❈❤♦ x ❧➭ ♠ét ♣❤➬♥ tö t❤❛♠ sè ❝ñ❛ M ✳ ❑❤✐ ➤ã

✭✐✮ ◆Õ✉ x ∈ m2n0ct−1✱ t❤×Ei,j
x ❧➭ ①➳❝ ➤Þ♥❤ ✈í✐ ♠ä✐ i ≤ t−1 ✈➭ ♠ä✐ j < d−1✳

✭✐✐✮ ◆Õ✉ x ∈ m3n0ct−1✱ t❤× Ei,j
x = 0 ✈í✐ ♠ä✐ i ≤ t− 1 ✈➭ ♠ä✐ j < d− 1✳

❈❤ø♥❣ ♠✐♥❤✳ ✭✐✮ ❚❤❡♦ ❇æ ➤Ò ✷✳✷✳✷✱ ♥Õ✉ a ∈ mn0ct−1 ✈➭ b ∈ mn0 ❧➭ ❝➳❝

♣❤➬♥ tö t❤❛♠ sè ❝ñ❛ M ✱ t❤× Ei,j
ab ✈➭ ①➳❝ ➤Þ♥❤ ✈í✐ ♠ä✐ i ≤ t − 1 ✈➭ ♠ä✐

j < d− 1✳ ❚õ ❇æ ➤Ò ✶✳✹✳✶ t❛ ❝ã ✈í✐ ♠ç✐ ♣❤➬♥ tö t❤❛♠ sè x ∈ m2n0ct−1 ❧✉➠♥

tå♥ t➵✐ ❝➳❝ ♣❤➬♥ tö t❤❛♠ sè a1, ..., ar ∈ mn0ct−1 ✈➭ b1, ..., br ∈ mn0 s❛♦ ❝❤♦

x = a1b1+ · · ·+ arbr ✈➭ a1b1+ · · ·+ akbk ❧➭ ♣❤➬♥ tö t❤❛♠ sè ✈í✐ ♠ä✐ k ≤ r✳

◆➟♥ Ei,j
x = Ei,j

a1b1
+ · · ·+Ei,j

arbr
❧➭ ①➳❝ ➤Þ♥❤ ✈í✐ ♠ä✐ i ≤ t−1 ✈➭ ♠ä✐ j < d−1

t❤❡♦ ➜Þ♥❤ ❧Ý ✶✳✸✳✸ ✭✐✮✳

✭✐✐✮ ❚➢➡♥❣ tù✱ ❧➵✐ ➳♣ ❞ô♥❣ ❇æ ➤Ò ✶✳✹✳✶ t❛ ❝ã t❤Ó ❝❤ä♥ ❝➳❝ ♣❤➬♥ tö t❤❛♠ sè

a1, ..., ar ∈ m2n0ct−1 ✈➭ b1, ..., br ∈ mn0 s❛♦ ❝❤♦ x = a1b1 + · · · + arbr ✈➭

a1b1 + · · · + akbk ❧➭ ❝➳❝ ♣❤➬♥ tö t❤❛♠ sè ✈í✐ ♠ä✐ k ≤ r✳ ❈➳❝ ➜Þ♥❤ ❧Ý ✶✳✸✳✸

✈➭ ✶✳✸✳✹ s✉② r❛

Ei,j
x = Ei,j

a1b1+···+arbr = b1E
i,j
a1

+ · · ·+ brE
i,j
ar

= 0

✈í✐ ♠ä✐ i ≤ t− 1 ✈➭ ♠ä✐ j < d− 1✳



✹✽

▲✃② x = x1, ..., xd ❧➭ ♠ét ❤Ö t❤❛♠ sè tèt ❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐ ❧ä❝ F ✳

◆❤➽❝ ❧➵✐ r➺♥❣✱ t❤❡♦ ❬✶✸✱ ▲❡♠♠❛ ✸✳✻❪✱ M/xdM ❝ò♥❣ ❧➭ ♠ét ♠➠➤✉♥ ❈♦❤❡♥✲

▼❛❝❛✉❧❛② s✉② ré♥❣ ❞➲② ✈í✐ ❧ä❝ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣

Fd :M0
∼= (M0+xdM)/xdM ⊂ · · · ⊂Ms

∼= (Ms+xdM)/xdM ⊂M/xdM,

ë ➤➞② s = t− 1 ♥Õ✉ dt−1 < d− 1✱ ✈➭ s = t− 2 ♥Õ✉ dt−1 = d− 1✳ ❍➡♥ ♥÷❛✱

x′ = x1, ..., xd−1 ❧➭ ♠ét ❤Ö t❤❛♠ sè tèt ❝ñ❛ M/xdM t➢➡♥❣ ø♥❣ ✈í✐ ❧ä❝ Fd✳

❇æ ➤Ò ✷✳✷✳✹✳ ●✐➯ sö d > 1✳ ❑❤✐ ➤ã IFd,M/xdM(x′) = IF ,M(x)✳

❈❤ø♥❣ ♠✐♥❤✳ ❚õ ➤Þ♥❤ ♥❣❤Ü❛ ❝ñ❛ IF ,M(x) ✈➭ IFd,M/xdM(x′)✱ t❛ ❝❤Ø ❝➬♥ ❝❤ø♥❣

♠✐♥❤ r➺♥❣ e(x′;M/xdM) = e(x;M) ♥Õ✉ dt−1 < d− 1✱ ✈➭ e(x′;M/xdM) =

e(x;M)+ e(x′;Mt−1) ♥Õ✉ dt−1 = d−1✳ ❚❤❡♦ ➤Þ♥❤ ♥❣❤Ü❛ ❝ñ❛ ❜é✐ ❙❡rr❡ t❛ ❝ã

e(x′;M/xdM) = e(x;M) + e(x′; 0 :M xd).

❱× Dt−1 ❧➭ ♠➠➤✉♥ ❝♦♥ ❧í♥ ♥❤✃t ❝ñ❛ M ❝ã ❝❤✐Ò✉ ♥❤á ❤➡♥ d✱ ♥➟♥ 0 :M

xd ⊆ Dt−1✳ ◆➟♥ Mt−1 ⊆ 0 :M xd✳ ❚❤❡♦ ▼Ö♥❤ ➤Ò ✷✳✶✳✽ ✭✐✮ t❛ ❝ã

dimMt−1 = dim0 :M xd ✈➭ ℓ((0 :M xd)/Mt−1) < ∞✳ ❉♦ ✈❐② e(x′; 0 :M

xd) = e(x′;Mt−1)✳ ❉➱♥ ➤Õ♥ e(x′;M/xdM) = e(x;M) ♥Õ✉ dt−1 < d− 1✱ ✈➭

e(x′;M/xdM) = e(x;M) + e(x′;Mt−1) ♥Õ✉ dt−1 = d− 1✳

➜Þ♥❤ ❧Ý ❞➢í✐ ➤➞② ❧➭ ♠ét ♠ë ré♥❣ ❝ñ❛ ❬✶✸✱ ❚❤❡♦r❡♠ ✹✳✸❪✳ ➜➞② ❧➭ ❦Õt q✉➯

❝❤Ý♥❤ t❤ø ♥❤✃t ❝ñ❛ ❝❤➢➡♥❣ ♥➭②✳

➜Þ♥❤ ❧Ý ✷✳✷✳✺ ✭❬✹✷❪✱ ❚❤❡♦r❡♠ ✸✳✻✮✳ ❈❤♦ M ❧➭ ♠ét ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛②

s✉② ré♥❣ ❞➲② ❝❤✐Ò✉ d > 0 ✈í✐ ❧ä❝ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ F : M0 ⊆
M1 ⊆ · · · ⊆ Mt = M ✱ di = dimMi ✈í✐ ♠ä✐ i = 0, ..., t✳ ❳Ðt n0 ❧➭ ♠ét sè

♥❣✉②➟♥ ❞➢➡♥❣ s❛♦ ❝❤♦ mn0Hj
m(M/Mi) = 0 ✈í✐ ♠ä✐ i ≤ t − 1 ✈➭ ✈í✐ ♠ä✐

j ≤ di+1 − 1✳ ➜➷t ci = AnnMi ✈í✐ ♠ä✐ i = 0, ..., t✳ ❈➳❝ ❦❤➻♥❣ ➤Þ♥❤ s❛✉ ❧➭

➤ó♥❣



✹✾

✭✐✮ ▲✃② x = x1, ..., xd ❧➭ ♠ét ❤Ö t❤❛♠ sè tèt ❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐ ❧ä❝ F
s❛♦ ❝❤♦ xj ∈ m3n0ci ✈í✐ ♠ä✐ 0 ≤ i ≤ t − 1 ✈➭ ✈í✐ ♠ä✐ di < j ≤ di+1✳

❑❤✐ ➤ã IF ,M(x) = IF(M) ✈➭

IF(M) = ℓ(H0
m(M/M0))

+
t−1∑

i=0

di+1−1∑

j=1

((
di+1 − 1

j

)
−

(
di − 1

j

))
ℓ(Hj

m(M/Mi)).

✭✐✐✮ IF ,M(x) = IF(M) ✈í✐ ♠ä✐ ❤Ö t❤❛♠ sè tèt x = x1, ..., xd ❝ñ❛ M t➢➡♥❣

ø♥❣ ✈í✐ ❧ä❝ F ♥➺♠ tr♦♥❣ mn ✈í✐ n≫ 0✳

❈❤ø♥❣ ♠✐♥❤✳ ✭✐✮ ❚❛ ❝❤ø♥❣ ♠✐♥❤ ❦❤➻♥❣ ➤Þ♥❤ ❜➺♥❣ q✉② ♥➵♣ t❤❡♦ d✳ ➜Ó ➤➡♥

❣✐➯♥ t❛ ❞ï♥❣ ❦Ý ❤✐Ö✉ hi(•) t❤❛② ❝❤♦ ℓ(H i
m(•))✳ ❚r➢ê♥❣ ❤î♣ d = 1 ❧➭ t➬♠

t❤➢ê♥❣ ✈× ❦❤✐ ➤ã M ❧➭ ♠ét ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣✳ ●✐➯ sö d > 1

✈➭ ❦❤➻♥❣ ➤Þ♥❤ ➤➢î❝ ❝❤ø♥❣ ♠✐♥❤ ✈í✐ ♠ä✐ ❣✐➳ trÞ ♥❤á ❤➡♥ d✳ ❚õ xd ∈ m3n0ct−1

✈➭ ▼Ö♥❤ ➤Ò ✷✳✷✳✸ t❛ ❝ã hj(M/(Mi+ xdM)) = hj(M/Mi) + hj+1(M/Mt−1)

✈í✐ ♠ä✐ i ≤ t− 1 ✈➭ ♠ä✐ j < di+1 − 1✳ ❚❤❡♦ ❣✐➯ t❤✐Õt q✉② ♥➵♣ t❛ ❝ã

IFd,M/xdM(x′) = h0(M/(M0 + xdM))

+
s−1∑

i=0

di+1−1∑

j=1

((
di+1 − 1

j

)
−

(
di − 1

j

))
hj(M/(Mi + xdM))

+
d−2∑

j=1

((
d− 2

j

)
−
(
ds − 1

j

))
hj(M/(Ms + xdM)).

❳Ðt ❤❛✐ tr➢ê♥❣ ❤î♣✳

❚r➢ê♥❣ ❤î♣ ✶✳ dt−1 < d− 1✱ t❤× s = t− 1✳ ❚õ ❇æ ➤Ò ✷✳✷✳✹ t❛ ❝ã

IF ,M(x)

= h0(M/M0) + h1(M/Mt−1)

+
t−2∑

i=0

di+1−1∑

j=1

((
di+1 − 1

j

)
−

(
di − 1

j

))(
hj(M/Mi) + hj+1(M/Mt−1)

)



✺✵

+
d−2∑

j=1

((
d− 2

j

)
−

(
dt−1 − 1

j

))(
hj(M/Mt−1) + hj+1(M/Mt−1)

)

= h0(M/M0) +
t−2∑

i=0

di+1−1∑

j=1

((
di+1 − 1

j

)
−

(
di − 1

j

))
hj(M/Mi)

+ h1(M/Mt−1) +
t−2∑

i=0

di+1−1∑

j=1

((
di+1 − 1

j

)
−
(
di − 1

j

))
hj+1(M/Mt−1)

+
d−2∑

j=1

((
d− 1

j

)
−
(
dt−1

j

))
hj(M/Mt−1)

= h0(M/M0) +
t−2∑

i=0

di+1−1∑

j=1

((
di+1 − 1

j

)
−

(
di − 1

j

))
hj(M/Mi)

+ h1(M/Mt−1) +

dt−1∑

j=2

(
dt−1 − 1

j − 1

)
hj(M/Mt−1)

+
d−2∑

j=1

((
d− 1

j

)
−
(
dt−1

j

))
hj(M/Mt−1)

= h0(M/M0) +
t−1∑

i=0

di+1−1∑

j=1

((
di+1 − 1

j

)
−

(
di − 1

j

))
hj(M/Mi).

❚r➢ê♥❣ ❤î♣ ✷✳ dt−1 = d− 1✱ t❤× s = t− 2✳ ❚❛ ❝ã

IF ,M(x) = h0(M/M0) + h1(M/Mt−1)

+
t−3∑

i=0

di+1−1∑

j=1

((
di+1 − 1

j

)
−
(
di − 1

j

))(
hj(M/Mi) + hj+1(M/Mt−1)

)

+
d−2∑

j=1

((
d− 2

j

)
−

(
dt−2 − 1

j

))(
hj(M/Mt−2) + hj+1(M/Mt−1)

)

= h0(M/M0) +
t−2∑

i=0

di+1−1∑

j=1

((
di+1 − 1

j

)
−

(
di − 1

j

))
hj(M/Mi)

+ h1(M/Mt−1) +
t−3∑

i=0

di+1−1∑

j=1

((
di+1 − 1

j

)
−

(
di − 1

j

))
hj+1(M/Mt−1)



✺✶

+
d−2∑

j=1

((
d− 2

j

)
−

(
dt−2 − 1

j

))
hj+1(M/Mt−1)

= h0(M/M0) +
t−2∑

i=0

di+1−1∑

j=1

((
di+1 − 1

j

)
−

(
di − 1

j

))
hj(M/Mi)

+ h1(M/Mt−1) +

dt−2−1∑

j=2

(
dt−2 − 1

j − 1

)
hj(M/Mt−1)

+
d−1∑

j=2

((
d− 2

j − 1

)
−

(
dt−2 − 1

j − 1

))
hj(M/Mt−1)

= h0(M/M0) +
t−1∑

i=0

di+1−1∑

j=1

((
di+1 − 1

j

)
−
(
di − 1

j

))
hj(M/Mi).

❉♦ IF ,M(yn) ❧➭ ♠ét ❤➭♠ ❦❤➠♥❣ ❣✐➯♠ t❤❡♦ n = (n1, ..., nd) ∈ Nd ✈í✐ ♠ä✐ ❤Ö

t❤❛♠ sè tèt y = y1, ..., yd ❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐ ❧ä❝ F ✭①❡♠ ❈❤ó ý ✷✳✶✳✺✮✱ t❛

❝ã IF(M) = IF ,M(x)✳

✭✐✐✮ ❚❤❡♦ ❇æ ➤Ò ❆rt✐♥✲❘❡❡s✱ tå♥ t➵✐ sè ♥❣✉②➟♥ ❞➢➡♥❣ k s❛♦ ❝❤♦

mn ∩ ci = mn−k(mk ∩ ci) ⊆ mn−kci

✈í✐ ♠ä✐ n ≥ k ✈➭ ♠ä✐ i = 0, ..., t − 1✳ ❈❤♦ ♥➟♥✱ ✭✐✮ s✉② r❛ r➺♥❣

IF ,M(x) = IF(M) ✈í✐ ♠ä✐ ❤Ö t❤❛♠ sè tèt x = x1, ..., xd ❝ñ❛ M t➢➡♥❣

ø♥❣ ✈í✐ ❧ä❝ F ❝❤ø❛ tr♦♥❣ m3n0+k✳

◆Õ✉ x ∈ m2n0ct−1 ❧➭ ♠ét ♣❤➬♥ tö t❤❛♠ sè✱ t❤× Ei,j
x ❧➭ ①➳❝ ➤Þ♥❤ ✈í✐ ♠ä✐

i ≤ t − 1 ✈➭ ♠ä✐ j < d − 1 ❞♦ ▼Ö♥❤ ➤Ò ✷✳✷✳✸✳ ◆➟♥ ✈í✐ ♠ä✐ i ≤ t − 1✱ ❞➲②

❦❤í♣ ♥❣➽♥

0 →M
x→M/Mi →M/(Mi + xM) → 0,

✈í✐ M =M/Dt−1✱ ❝➯♠ s✐♥❤ ❞➲② ❦❤í♣ ♥❣➽♥

0 → Hd−1
m (M/Mi) → Hd−1

m (M/(Mi + xM)) → 0 :Hd
m(M) x→ 0.

❚➳❝ ➤é♥❣ ❤➭♠ tö HomR(R/m, •) ✈➭♦ ❞➲② ❦❤í♣ ♥❣➽♥ tr➟♥ t❛ ➤➢î❝ ❞➲② ❦❤í♣



✺✷

tr➳✐

0 → 0 :Hd−1
m (M/Mi)

m → 0 :Hd−1
m (M/(Mi+xM)) m → 0 :Hd

m(M) m

✈í✐ ♠ä✐ i ≤ t− 1✳ ❱í✐ ♠ä✐ i ≤ t− 1 t❛ ❦Ý ❤✐Ö✉ F i,d−1
x ❧➭ ♣❤➬♥ tö ❝ñ❛ ♠➠➤✉♥

Ext(0 :Hd
m(M) m; 0 :Hd−1

m (M/Mi)
m) ❞➵✐ ❞✐Ö♥ ❜ë✐ ❞➲② ❦❤í♣ ♥❣➽♥ ❞➢í✐ ➤➞② ♥Õ✉

♥ã tå♥ t➵✐

0 → 0 :Hd−1
m (M/Mi)

m → 0 :Hd−1
m (M/(Mi+xM)) m → 0 :Hd

m(M) m → 0.

▼Ö♥❤ ➤Ò ✷✳✷✳✻✳ ❈❤♦ x ✈➭ y ❧➭ ❝➳❝ ♣❤➬♥ tö t❤❛♠ sè ❝ñ❛ M ✳ ❑❤✐ ➤ã

✭✐✮ ◆Õ✉ x ∈ m2n0ct−1✱ t❤× F i,d−1
xy ❧➭ ①➳❝ ➤Þ♥❤ ✈í✐ ♠ä✐ i ≤ t− 1✳

✭✐✐✮ ◆Õ✉ x ∈ m2n0+1ct−1✱ t❤× F i,d−1
x ❧➭ ①➳❝ ➤Þ♥❤ ✈í✐ ♠ä✐ i ≤ t− 1✳

❈❤ø♥❣ ♠✐♥❤✳ ✭✐✮ ❱í✐ ♠ä✐ i ≤ t− 1✱ ①Ðt ❜✐Ó✉ ➤å ❣✐❛♦ ❤♦➳♥ s❛✉

0 M M/Mi M/(Mi + xM) 0

0 M M/Mi M/(Mi + xyM) 0,

✲ ✲x

❄

id

✲

❄

y
❄

✲

✲ ✲
xy

✲ ✲

ë ➤➞② M =M/Dt−1✳ ❇✐Ó✉ ➤å tr➟♥ ❝➯♠ s✐♥❤ ❜✐Ó✉ ➤å ❣✐❛♦ ❤♦➳♥

0 Hd−1
m (

M

Mi
) Hd−1

m (
M

Mi + xM
) 0 :Hd

m(M) x 0

0 Hd−1
m (

M

Mi
) Hd−1

m (
M

Mi + xyM
) 0 :Hd

m(M) xy 0.

✲ ✲

❄
y

✲

❄

❄

✲

✲ ✲ ✲ ✲

❚➳❝ ➤é♥❣ ❤➭♠ tö ExtiR(R/m, •) ✈➭♦ ❜✐Ó✉ ➤å tr➟♥ t❛ ➤➢î❝ ❜✐Ó✉ ➤å ❣✐❛♦ ❤♦➳♥

· · · 0 :Hd
m(M) m Ext1R(R/m, H

d−1
m (M/Mi)) · · ·

· · · 0 :Hd
m(M) m Ext1R(R/m, H

d−1
m (M/Mi)) · · · ,

✲

❄

id

✲α

❄

y

✲

✲ ✲
β

✲

✈í✐ α, β ❧➭ ❝➳❝ ➤å♥❣ ❝✃✉ ♥è✐✳ ❉➱♥ ➤Õ♥ β = y ◦ α = 0 ✈× y ∈ m✳ ◆➟♥ F i,d−1
xy

❧➭ ①➳❝ ➤Þ♥❤ ✈í✐ ♠ä✐ i ≤ t− 1✳



✺✸

✭✐✐✮ ➤➢î❝ s✉② r❛ tõ ✭✐✮ ❜➺♥❣ ❝➳❝❤ sö ❞ô♥❣ ♣❤➢➡♥❣ ♣❤➳♣ ♥❤➢ tr♦♥❣ ❝❤ø♥❣ ♠✐♥❤

▼Ö♥❤ ➤Ò ✷✳✷✳✸ ✭✐✮✳

❍Ö q✉➯ ✷✳✷✳✼✳ ❈❤♦ x ∈ m3n0+1ct−1 ❧➭ ♠ét ♣❤➬♥ tö t❤❛♠ sè ❝ñ❛ M ✳ ❑❤✐ ➤ã

s(Hj
m(M/(xM +Mi))) = s(Hj

m(M/Mi)) + s(Hj+1
m (M/Dt−1))

✈í✐ ♠ä✐ i ≤ t− 1 ✈➭ ♠ä✐ j ≤ d− 1✱ ë ➤➞② s(N) = dimR/m Soc(N) ✈í✐ ♠ä✐

R✲♠➠➤✉♥ N ✳

❈❤ø♥❣ ♠✐♥❤✳ ❙✉② r❛ tõ ❝➳❝ ▼Ö♥❤ ➤Ò ✷✳✷✳✸ ✭✐✐✮ ✈➭ ✷✳✷✳✻ ✭✐✐✮✳

❚õ ❍Ö q✉➯ ✷✳✷✳✼ ✈➭ ❜➺♥❣ ♣❤➢➡♥❣ ♣❤➳♣ t➢➡♥❣ tù ♥❤➢ tr♦♥❣ ❝❤ø♥❣ ♠✐♥❤

➜Þ♥❤ ❧Ý ✷✳✷✳✺ t❛ ➤➢î❝ ❦Õt q✉➯ ❝❤Ý♥❤ t❤ø ❤❛✐ ♥❤➢ s❛✉✳

➜Þ♥❤ ❧Ý ✷✳✷✳✽ ✭❬✹✷❪✱ ❚❤❡♦r❡♠ ✸✳✾✮✳ ❈❤♦ M ❧➭ ♠ét ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛②

s✉② ré♥❣ ❞➲② ❝❤✐Ò✉ d > 0 ✈í✐ ❧ä❝ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ F : M0 ⊆
M1 ⊆ · · · ⊆ Mt = M ✱ di = dimMi ✈í✐ ♠ä✐ i = 0, ..., t✳ ❳Ðt n0 ❧➭ ♠ét sè

♥❣✉②➟♥ ❞➢➡♥❣ s❛♦ ❝❤♦ mn0Hj
m(M/Mi) = 0 ✈í✐ ♠ä✐ i ≤ t − 1 ✈➭ ✈í✐ ♠ä✐

j ≤ di+1 − 1✳ ➜➷t ci = AnnMi ✈í✐ ♠ä✐ i = 0, ..., t✳ ❈➳❝ ❦❤➻♥❣ ➤Þ♥❤ s❛✉ ❧➭

➤ó♥❣

✭✐✮ ❱í✐ ♠ä✐ ❤Ö t❤❛♠ sè tèt x = x1, ..., xd ❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐ ❧ä❝ F t❤á❛

♠➲♥ xj ∈ m3n0+1ci ✈í✐ ♠ä✐ 0 ≤ i ≤ t− 1 ✈➭ ♠ä✐ di < j ≤ di+1✱ ❝❤Ø sè

❦❤➯ q✉② ❝ñ❛ (x) tr➟♥ M ❧➭ ♠ét ❤➺♥❣ sè ✈➭

NR((x),M) = s(H0
m(M))+

t−1∑

i=0

di+1∑

j=1

((
di+1

j

)
−
(
di
j

))
s(Hj

m(M/Mi)).

✭✐✐✮ ❚å♥ t➵✐ ♠ét sè ♥❣✉②➟♥ ❞➢➡♥❣ n s❛♦ ❝❤♦ ❝❤Ø sè ❦❤➯ q✉② ❝ñ❛ ♠ä✐ ❤Ö t❤❛♠

sè tèt (x) ⊆ mn ❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐ ❧ä❝ F ❧➭ ♠ét ❤➺♥❣ sè✳

◆❤➽❝ ❧➵✐ r➺♥❣ ♥Õ✉ M ❧➭ ♠ét ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❞➲②✱ t❤× ❧ä❝ ❈♦❤❡♥✲

▼❛❝❛✉❧❛② ❝❤Ý♥❤ ❧➭ ❧ä❝ ❝❤✐Ò✉ D ❝ñ❛ M ✳ ❑❤✐ ➤ã✱ Hj
m(M/Di) = 0 ✈í✐ ♠ä✐



✺✹

j < di+1 ✈➭ Hdi+1
m (M/Di) ∼= H

di+1
m (M) ✭①❡♠ ▼Ö♥❤ ➤Ò ✷✳✶✳✼✮✳ ❚õ ➜Þ♥❤ ❧Ý

✷✳✷✳✽ t❛ t❤✉ ➤➢î❝ ❦Õt q✉➯ ❝❤Ý♥❤ ❝ñ❛ ❬✺✹❪ ♥❤➢ s❛✉✳

❍Ö q✉➯ ✷✳✷✳✾✳ ❈❤♦ M ❧➭ ♠ét ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❞➲② ❝❤✐Ò✉ d✳ ❑❤✐ ➤ã

tå♥ t➵✐ ♠ét sè ♥❣✉②➟♥ ❞➢➡♥❣ n s❛♦ ❝❤♦ ✈í✐ ♠ä✐ ❤Ö t❤❛♠ sè tèt x = x1, ..., xd

❝ñ❛ M ❝❤ø❛ tr♦♥❣ mn ❝❤Ø sè ❦❤➯ q✉② NR((x);M) ❧➭ ♠ét ❤➺♥❣ sè ✈➭

NR((x);M) =
d∑

i=0

dimR/m Soc(H i
m(M)).

❑Õt ❧✉❐♥ ❈❤➢➡♥❣ ✷✳ ❚r♦♥❣ ❝❤➢➡♥❣ ♥➭②✱ ❜➺♥❣ ❝➳❝❤ ➳♣ ❞ô♥❣ ❝➳❝ ➜Þ♥❤ ❧Ý ❝❤❰

r❛ ❝❤ó♥❣ t➠✐ ➤➲ ♠ét sè ❦Õt q✉➯ ✈Ò tÝ♥❤ ❝❤✃t æ♥ ➤Þ♥❤ ❝ñ❛ ❤Ö t❤❛♠ sè tèt ❝ñ❛

❝➳❝ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ ❞➲②✳ ❈ô t❤Ó✱ ✈í✐ M ❧➭ ♠ét ♠➠➤✉♥

❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ ❞➲② ❝❤✐Ò✉ d > 0 ✈í✐ ❧ä❝ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉②

ré♥❣ F ✳ ❑❤✐ ➤ã✱ tå♥ t➵✐ ♠ét sè ♥❣✉②➟♥ ❞➢➡♥❣ n s❛♦ ❝❤♦ ✈í✐ ♠ä✐ ❤Ö t❤❛♠ sè

tèt x = x1, ..., xd ❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐ ❧ä❝ F ❝❤ø❛ tr♦♥❣ mn t❛ ❝ã IF ,M(x)

✈➭ NR((x);M) ❧➭ ❝➳❝ ❜✃t ❜✐Õ♥ ❝ñ❛ ♠➠➤✉♥ ✭❝➳❝ ➜Þ♥❤ ❧Ý ✷✳✷✳✺ ✈➭ ✷✳✷✳✽✮✳
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❈❤➢➡♥❣ ✸

❚Ý♥❤ ❝❤❰ r❛ ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛
♣❤➢➡♥❣ tr♦♥❣ ✈➭♥❤ ➤Þ❛ ♣❤➢➡♥❣ ✈➭ ❜❐❝
❝ñ❛ ♠ét ♠➠➤✉♥

❚r♦♥❣ ❝❤➢➡♥❣ ♥➭② t❛ ❧✉➠♥ ①Ðt (R,m) ❧➭ ♠ét ✈➭♥❤ ◆♦❡t❤❡r ➤Þ❛ ♣❤➢➡♥❣✱ ✈➭

M ❧➭ ♠ét R✲♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤ ❝❤✐Ò✉ d > 0✳ ▼ô❝ ➤Ý❝❤ ❝ñ❛ ❝❤➢➡♥❣ ♥➭② ❧➭

①➞② ❞ù♥❣ ➜Þ♥❤ ❧Ý ❝❤❰ r❛ ❝❤♦ ❝➳❝ ♠➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ H i
I(M)

tr♦♥❣ ✈➭♥❤ ➤Þ❛ ♣❤➢➡♥❣✱ ➤➷❝ ❜✐Öt ❦❤✐ I = m✳ ◆❤➽❝ ❧➵✐ r➺♥❣✱ tr♦♥❣ ❈❤➢➡♥❣ ✶

✈í✐ a ❧➭ ♠ét ✐➤➟❛♥ ❝ñ❛ ✈➭♥❤ R ✭tï② ý✮✱ t ❧➭ ♠ét sè ♥❣✉②➟♥ ❞➢➡♥❣✱ ✈➭ x ❧➭ ♠ét

♣❤➬♥ tö a✲❧ä❝ ❝❤Ý♥❤ q✉② ❝ñ❛ M t❛ ❝ã H i
a(M/xM) ∼= H i

a(M) ⊕ H i+1
a (M)

✈í✐ ♠ä✐ i < t − 1 ♥Õ✉ ❝➳❝ ➤✐Ò✉ ❦✐Ö♥ s❛✉ ➤➢î❝ t❤á❛ ♠➲♥✿ ✭✶✮ H i
a(M) ❧➭ ❤÷✉

❤➵♥ s✐♥❤ ✈í✐ ♠ä✐ i < t❀ ✭✷✮ x ∈ a2n0 ✈í✐ n0 ❧➭ sè ♥❣✉②➟♥ ❞➢➡♥❣ t❤á❛ ♠➲♥

an0 ⊆ AnnH i
a(M) ✈í✐ ♠ä✐ i < t✳ ❈ã t❤Ó t❤✃② r➺♥❣ ➤Ó ❝ã ➤➢î❝ tÝ♥❤ ❝❤✃t ❝❤❰

r❛ ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣✱ t❛ ❝➬♥ ❝❤ä♥ ♣❤➬♥ tö x t❤Ý❝❤ ❤î♣ ♥➺♠ tr♦♥❣

❧✐♥❤ ❤♦➳ tö ❝ñ❛ ❝➳❝ ♠➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣✳ ❚r♦♥❣ ❚✐Õt ✸✳✶ ❝❤ó♥❣

t❛ ♥❤➽❝ ❧➵✐ ♠ét sè tÝ♥❤ ❝❤✃t q✉❛♥ trä♥❣ ❝ñ❛ ❝➳❝ ✐➤➟❛♥ ai = AnnH i
m(M)✱

i ≤ d− 1✱ ✈➭ ✐➤➟❛♥

b(M) = ∩dx;i=1Ann(0 : xi)M/(x1,...,xi−1)M ,

✈í✐ x = x1, ..., xd ❝❤➵② tr♦♥❣ t✃t ❝➯ ❝➳❝ ❤Ö t❤❛♠ sè ❝ñ❛ M ✳ ▼è✐ ❧✐➟♥ ❤Ö ❝ñ❛

❝➳❝ ✐➤➟❛♥ tr➟♥ t❤Ó ❤✐Ö♥ tr♦♥❣ ❝➳❝ ❜❛♦ ❤➭♠ t❤ø❝ s❛✉



✺✻

d−1∏

i=0

ai(M) ⊆ b(M) ⊆ a0(M) ∩ · · · ∩ ad−1(M).

➜➷❝ ❜✐Öt✱ ♥Õ✉ R ❧➭ ♠ét ➯♥❤ ➤å♥❣ ❝✃✉ ❝ñ❛ ♠ét ✈➭♥❤ ❈♦❤❡♥✲▼❛❝❛✉❧❛②✱ t❤×

dimR/b(M) ≤ d − 1 ✭①❡♠ ❈❤ó ý ✸✳✶✳✷✮✳ ❉♦ ➤ã t❛ ❝ã t❤Ó t×♠ ➤➢î❝

♥❤÷♥❣ ♣❤➬♥ tö t❤❛♠ sè x ❝ñ❛ M ♥➺♠ tr♦♥❣ b(M) ✈í✐ ♥❤✐Ò✉ tÝ♥❤ ❝❤✃t

➤➷❝ ❜✐Öt✳ ❈❤➻♥❣ ❤➵♥ 0 :M x ❝❤Ý♥❤ ❧➭ ♠➠➤✉♥ ❝♦♥ ❧í♥ ♥❤✃t ❝ñ❛ M ❝ã

❝❤✐Ò✉ ♥❤á ❤➡♥ d✱ t❛ ❦Ý ❤✐Ö✉ ♠➠➤✉♥ ❝♦♥ ♥➭② ❧➭ UM(0) ✈➭ ❣ä✐ ❧➭ t❤➭♥❤

♣❤➬♥ ❦❤➠♥❣ tré♥ ❧➱♥ ❝ñ❛ M ✳ ❚r♦♥❣ ❚✐Õt ✸✳✷ ❝❤ó♥❣ t❛ ❝❤ø♥❣ ♠✐♥❤ r➺♥❣

✈í✐ x ∈ b(M)3 ❧➭ ♠ét ♣❤➬♥ tö t❤❛♠ sè ❝ñ❛ M ✱ t❤× ✈í✐ ♠ä✐ ✐➤➟❛♥ I t❛ ❝ã

H i
I(M/xM) ∼= H i

I(M) ⊕ H i+1
I (M/UM(0)) ✈í✐ ♠ä✐ i < d − dimR/I − 1

✭①❡♠ ➜Þ♥❤ ❧Ý ✸✳✷✳✹✮✳ ➳♣ ❞ô♥❣ ➜Þ♥❤ ❧Ý ❝❤❰ r❛ ♥➭② ❝❤ó♥❣ t❛ sÏ ❝❤Ø r❛ ♠ét sè

tÝ♥❤ ❝❤✃t t❤ó ✈Þ ❝ñ❛ ♠➠➤✉♥ M t❤❡♦ ❝➳❝ ❤Ö t❤❛♠ sè x = x1, ..., xd t❤á❛ ♠➲♥

tÝ♥❤ ❝❤✃t xi ∈ b(M/(xi+1, ..., xd)M)3 ✈í✐ ♠ä✐ i ≤ d✳ ▼ét tr♦♥❣ ❝➳❝ tÝ♥❤

❝❤✃t ➤ã ❧➭ tå♥ t➵✐ ♠ét ❞➲② ♠➠➤✉♥ Ui(M), 0 ≤ i ≤ d− 1, s❛♦ ❝❤♦ ✈í✐ ♠ä✐ ❤Ö

t❤❛♠ sè x = x1, ..., xd ❝ñ❛M t❤á❛ ♠➲♥ xi ∈ b(M/(xi+1, ..., xd)M)3 ✈í✐ ♠ä✐

i ≤ d t❛ ❝ã Ui(M) ∼= UM/(xi+2,...,xd)M(0) ✈í✐ ♠ä✐ 0 ≤ i ≤ d − 1 ✭①❡♠ ➜Þ♥❤

❧Ý ✸✳✷✳✾✮✳ ❚õ ♥❤÷♥❣ ♠➠➤✉♥ Ui(M) ♥➭② tr♦♥❣ ❚✐Õt ✸✳✸ t❛ sÏ ①➞② ❞ù♥❣ ♠ét ❜✃t

❜✐Õ♥ sè ❝ñ❛ M ✱ ✈➭ ❣ä✐ ❧➭ ❜❐❝ ❦❤➠♥❣ tré♥ ❧➱♥ udeg(M) ❝ñ❛ M ✳ ❚❛ ❝ò♥❣ ❝❤Ø

r❛ ♠è✐ ❧✐➟♥ ❤Ö ❝ñ❛ udeg(M) ✈í✐ ♠ét sè ❧♦➵✐ ❜❐❝ ➤➲ ❜✐Õt ❦❤➳❝ ❝ñ❛ M ✳

✸✳✶ ▲✐♥❤ ❤♦➳ tö ❝ñ❛ ♠➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣

❚r♦♥❣ ❝❤➢➡♥❣ ♥➭② t❛ t❤➢ê♥❣ ①✉②➟♥ ❞ï♥❣ ❝➳❝ ❦Ý ❤✐Ö✉ s❛✉✳

❑Ý ❤✐Ö✉ ✸✳✶✳✶✳ ❈❤♦ (R,m) ❧➭ ♠ét ✈➭♥❤ ◆♦❡t❤❡r ➤Þ❛ ♣❤➢➡♥❣✱ ✈➭ M ❧➭ ♠ét

R✲♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤ ❝❤✐Ò✉ d > 0✳ ❚❛ ➤Þ♥❤ ♥❣❤Ü❛

✭✐✮ ❱í✐ ♠ç✐ i < d ❦Ý ❤✐Ö✉ ai(M) = AnnH i
m(M)✱ ✈➭ a(M) = a0(M)...ad−1(M)✳

✭✐✐✮ ➜➷t b(M) =
⋂d
x;i=1Ann(0 : xi)M/(x1,...,xi−1)M ✈í✐ x = x1, ..., xd ❝❤➵②



✺✼

tr♦♥❣ t✃t ❝➯ ❝➳❝ ❤Ö t❤❛♠ sè ❝ñ❛ M ✳

▲✐♥❤ ❤♦➳ tö ❝ñ❛ ❝➳❝ ♠➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ♣❤➯♥ ➳♥❤ s➞✉ s➽❝

❝✃✉ tró❝ ❝ñ❛ ♠➠➤✉♥ M ✱ ✈➭ ➤ã♥❣ ✈❛✐ trß t❤❡♥ ❝❤èt tr♦♥❣ ✈✐Ö❝ ❝❤ø♥❣ ♠✐♥❤

♥❤✐Ò✉ ✈✃♥ ➤Ò q✉❛♥ trä♥❣ ❝ñ❛ ➜➵✐ sè ●✐❛♦ ❤♦➳♥ ✭①❡♠ ❬✹✹❪ ✈➭ ❬✸✷❪✮✳ ❉➢í✐ ➤➞②

❧➭ ♠ét sè tÝ♥❤ ❝❤✃t ❤÷✉ Ý❝❤ ❝ñ❛ a(M)✳

❈❤ó ý ✸✳✶✳✷✳ ✭✐✮ ❙❝❤❡♥③❡❧ tr♦♥❣ ❬✺✾✱ ❙❛t③ ✷✳✹✳✺❪ ❝❤ø♥❣ ♠✐♥❤ r➺♥❣

a(M) ⊆ b(M) ⊆ a0(M) ∩ · · · ∩ ad−1(M).

✭✐✐✮ ◆Õ✉R ❧➭ ➯♥❤ ➤å♥❣ ❝✃✉ ❝ñ❛ ♠ét ✈➭♥❤ ❈♦❤❡♥✲▼❛❝❛✉❧❛②✱ t❤× dimR/ai(M) ≤
i ✈í✐ ♠ä✐ i < d ✭①❡♠ ❬✶✹✱ ❚❤❡♦r❡♠ ✶✳✶✱ ❈♦r♦❧❧❛r② ✶✳✷❪✮✳ ❍➡♥ ♥÷❛

dimR/ai(M) = i ❦❤✐ ✈➭ ❝❤Ø ❦❤✐ tå♥ t➵✐ p ∈ AssM ✱ dimR/p = i ✭①❡♠

❬✻✱ ❚❤❡♦r❡♠ ✽✳✶✳✶❪✮✳

✭✐✐✐✮ ◆Õ✉ R ❧➭ ➯♥❤ ➤å♥❣ ❝✃✉ ❝ñ❛ ♠ét ✈➭♥❤ ❝❤Ý♥❤ q✉②✱ t❤❡♦ ●✳ ❋❛❧t✐♥❣s tr♦♥❣

❬✺✽❪ t❛ ❝ã p ∈ supp(M) ✈➭ p /∈ V (a(M)) ❦❤✐ ✈➭ ❝❤Ø ❦❤✐ Mp ❧➭ ❈♦❤❡♥✲

▼❛❝❛✉❧❛② ✈➭ dimMp + dimR/p = d✳ ❑Õt q✉➯ ♥➭② ❝ï♥❣ ➤ó♥❣ ❦❤✐ R ❧➭

➯♥❤ ➤å♥❣ ❝✃✉ ❝ñ❛ ♠ét ✈➭♥❤ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ✭①❡♠ ❬✹✱ ✾✳✻✳✻❪✱ ❬✶✹❪✮✳

✭✐✈✮ ❈➳❝ ❦❤➻♥❣ ➤Þ♥❤ ✭✐✐✮ ✈➭ ✭✐✐✐✮ ❦❤➠♥❣ ❝ß♥ ➤ó♥❣ ♥÷❛ ♥Õ✉ R ❦❤➠♥❣ ❧➭ ➯♥❤

➤å♥❣ ❝✃✉ ❝ñ❛ ♠ét ✈➭♥❤ ❈♦❤❡♥✲▼❛❝❛✉❧❛②✳ ▼✐Ò♥ ♥❣✉②➟♥ ➤Þ❛ ♣❤➢➡♥❣

❝❤✐Ò✉ ❤❛✐ ➤➢î❝ ①➞② ❞ù♥❣ ❜ë✐ ▼✳ ◆❛❣❛t❛ ❧➭ ♠ét ♣❤➯♥ ✈Ý ❞ô ✭①❡♠ ❬✸✼✱

❊①❛♠♣❧❡ ✷✱ ♣♣✳ ✷✵✸−✷✵✺❪✮✳

❚r♦♥❣ t♦➭♥ ❜é ❝❤➢➡♥❣ ♥➭② t❛ sÏ ❧✉➠♥ ①Ðt (R,m) ❧➭ ➯♥❤ ➤å♥❣ ❝✃✉ ❝ñ❛ ♠ét

✈➭♥❤ ❈♦❤❡♥✲▼❛❝❛✉❧❛②✳ ❑❤✐ ➤ã t❤❡♦ ❈❤ó ý ✸✳✶✳✷ ✭✐✐✮ t❛ ❝ã dimR/a(M) < d✳

❉♦ ➤ã t❛ ❝ã t❤Ó ❝❤ä♥ ♠ét ♣❤➬♥ tö t❤❛♠ sè x ∈ a(M)✳ ❚õ ❈❤ó ý ✸✳✶✳✷ ✭✐✐✐✮ ❧➭

❝ãMx ❧➭ ♠ét Rx✲♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛②✳ P❤➬♥ tö t❤❛♠ sè x ∈ a(M) ➤➢î❝

◆✳❚✳ ❈➢ê♥❣ ❣ä✐ ❧➭ ♣❤➬♥ tö t❤❛♠ sè p✲❝❤✉➮♥ t➽❝ ✭①❡♠ ❬✶✵❪✮✳

➜Þ♥❤ ♥❣❤Ü❛ ✸✳✶✳✸✳ ▼ét ❤Ö t❤❛♠ sè x1, ..., xd ❝ñ❛M ➤➢î❝ ❣ä✐ ❧➭ ♠ét ❤Ö t❤❛♠



✺✽

sè p✲❝❤✉➮♥ t➽❝ ❝ñ❛ M ♥Õ✉ xd ∈ a(M) ✈➭ xi ∈ a(M/(xi+1, ..., xd)M) ✈í✐

♠ä✐ i = d− 1, ..., 1✳

❈❤ó ý r➺♥❣ ❤Ö t❤❛♠ sè p✲❝❤✉➮♥ t➽❝ ❝ã t❤Ó ❤✐Ó✉ ♥❤➢ ❧➭ ♠ét ♠ë ré♥❣ ❝ñ❛

❦❤➳✐ ♥✐Ö♠ ❤Ö t❤❛♠ sè ❝❤✉➮♥ t➽❝ ➤è✐ ✈í✐ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣✱ ✈➭

➤ã♥❣ ✈❛✐ trß q✉❛♥ trä♥❣ tr♦♥❣ ❧ê✐ ❣✐➯✐ ❜➭✐ t♦➳♥ ▼❛❝❛✉❧❛② ❤ã❛ ❝ñ❛ ❚✳ ❑❛✇❛s❛❦✐

❬✸✷❪✳ ❍Ö t❤❛♠ sè p✲❝❤✉➮♥ t➽❝ x = x1, ..., xd ➤➢î❝ ①➞② ❞ù♥❣ ✈í✐ ♠ô❝ ➤Ý❝❤ ❜❛♥

➤➬✉ ❧➭ ➤➢❛ r❛ ➤✐Ò✉ ❦✐Ö♥ ➤ñ ➤Ó ❤✐Ö✉

IM,x(n) = ℓ(M/(xn1

1 , ..., x
nd

d )M)− n1...nde(x1, ..., xd;M)

❧➭ ♠ét ➤❛ t❤ø❝ t❤❡♦ ❝➳❝ ❜✐Õ♥ n1, ..., nd ≫ 0 ✭①❡♠ ❬✼❪✮✳ ◆ã✐ ❝❤✉♥❣ IM,x(n)

❦❤➠♥❣ ❧➭ ➤❛ t❤ø❝ t❤❡♦ n1, ..., nd ♠➭ ❜Þ ❝❤➷♥ tr➟♥ ❜ë✐ ❝➳❝ ➤❛ t❤ø❝ t❤❡♦ ❝➳❝

❜✐Õ♥ n1, ..., nd✳ ❍➡♥ ♥÷❛✱ ❜❐❝ ❜Ð ♥❤✃t ❝ñ❛ ❝➳❝ ➤❛ t❤ø❝ ❝❤➷♥ tr➟♥ IM,x(n) ❧➭

❦❤➠♥❣ ♣❤ô t❤✉é❝ ✈➭♦ ✈✐Ö❝ ❝❤ä♥ ❤Ö t❤❛♠ sè x = x1, ..., xd✳ ❚❛ ❣ä✐ ❣✐➳ trÞ ❜Ð

♥❤✃t ♥➭② ❧➭ ❦✐Ó✉ ➤❛ t❤ø❝ ❝ñ❛ M ✈➭ ❦Ý ❤✐Ö✉ ❧➭ p(M) ✭①❡♠ ❬✾❪✮✳ ◆Õ✉ (R,m)

❧➭ ➯♥❤ ➤å♥❣ ❝✃✉ ❝ñ❛ ♠ét ✈➭♥❤ ❈♦❤❡♥✲▼❛❝❛✉❧❛②✱ t❤× p(M) = dimR/a(M)

✭①❡♠ ❬✽❪✮✳ ❑❤✐ x = x1, ..., xd ❧➭ ♠ét ❤Ö t❤❛♠ sè p✲❝❤✉➮♥ t➽❝ t❛ ❝ã ❦Õt q✉➯

❞➢í✐ ➤➞② ✭①❡♠ ❬✶✵✱ ❚❤❡♦r❡♠ ✷✳✻ ✭✐✐✮❪✮✳

▼Ö♥❤ ➤Ò ✸✳✶✳✹✳ ●✐➯ sö x1, ..., xd ❧➭ ♠ét ❤Ö t❤❛♠ sè p✲❝❤✉➮♥ t➽❝ ❝ñ❛M ✳ ❑❤✐

➤ã

IM,x(n) =

p(M)∑

i=0

n1...niei

✈í✐ ♠ä✐ n1, ..., nd > 0✱ ë ➤➞② ei = e(x1, ..., xi; 0 :M/(xi+2,...,xd)M xi+1) ✈➭

e0 = ℓ(0 :M/(x2,...,xd)M x1)✳

●➬♥ ➤➞② ◆✳❚✳ ❈➢ê♥❣ ✈➭ ➜✳❚✳ ❈➢ê♥❣ ➤➲ ❣✐í✐ t❤✐Ö✉ ♠ét ❧♦➵✐ ❞➲② ♣❤➬♥ tö

➤➷❝ ❜✐Öt ❣ä✐ ❧➭ dd✲❞➲② ❞ï♥❣ ➤Ó ❞➷❝ tr➢♥❣ tÝ♥❤ ❝❤✃t tr➟♥✳ ❚r➢í❝ ❤Õt t❛ ♥❤➽❝ ❧➵✐

❦❤➳✐ ♥✐Ö♠ d✲❞➲② ➤➢î❝ ❣✐í✐ t❤✐Ö✉ ❜ë✐ ❈✳ ❍✉♥❡❦❡ ✭①❡♠ ❬✷✺❪✮✳

➜Þ♥❤ ♥❣❤Ü❛ ✸✳✶✳✺✳ ✭✐✮ ▼ét ❞➲② ♣❤➬♥ tö x = x1, ..., xs ➤➢î❝ ❣ä✐ ❧➭ ♠ét d✲

❞➲② ❝ñ❛ M ♥Õ✉ (x1, ..., xi−1)M : xj = (x1, ..., xi−1)M : xixj ✈í✐ ♠ä✐



✺✾

i ≤ j ≤ s✳

✭✐✐✮ ▼ét ❞➲② ♣❤➬♥ tö x = x1, ..., xs ➤➢î❝ ❣ä✐ ❧➭ ♠ét d✲❞➲② ♠➵♥❤ ❝ñ❛ M

♥Õ✉ xn = xn11 , ..., x
ns
s ❧➭ ♠ét d✲❞➲② ✈í✐ ♠ä✐ n = (n1, ..., ns) ∈ Ns✳ ❍➡♥

♥÷❛ ♥Õ✉ ♠ä✐ ❤♦➳♥ ✈Þ ❝ñ❛ ❞➲② x = x1, ..., xs ➤Ò✉ ❧➭ ♠ét d✲❞➲② ♠➵♥❤ t❤×

x = x1, ..., xs ➤➢î❝ ❣ä✐ ❧➭ ♠ét d✲❞➲② ♠➵♥❤ ❦❤➠♥❣ ❝➬♥ ➤✐Ò✉ ❦✐Ö♥ ❝ñ❛ M

✭①❡♠ ❬✷✸❪✮✳

▼ét sè tÝ♥❤ ❝❤✃t s➞✉ s➽❝ ❝ñ❛ ❞➲② ♣❤➬♥ tö d✲❞➲② ❝ã t❤Ó ①❡♠ tr♦♥❣ ❬✷✺❪ ✈➭

❬✺✷❪✳

➜Þ♥❤ ♥❣❤Ü❛ ✸✳✶✳✻ ✭❬✶✶❪✮✳ ▼ét ❞➲② ♣❤➬♥ tö x = x1, ..., xs ➤➢î❝ ❣ä✐ ❧➭ ♠ét

dd✲❞➲② ❝ñ❛ M ♥Õ✉ x ❧➭ ♠ét d✲❞➲② ♠➵♥❤ ❝ñ❛ M ✈➭ ❝➳❝ ➤✐Ò✉ ❦✐Ö♥ q✉② ♥➵♣

s❛✉ t❤á❛ ♠➲♥

✭✐✮ s = 1 ❤♦➷❝✱

✭✐✐✮ s > 1 ✈➭ x′ = x1, ..., xs−1 ❧➭ ♠ét dd✲❞➲② ❝ñ❛ M/xns ✈í✐ ♠ä✐ n ≥ 1✳

❚❛ ❝ã ❦Õt q✉➯ ❞➢í✐ ➤➞② ❝ñ❛ ❬✶✶✱ ❚❤❡♦r❡♠ ✶✳✷❪✳

▼Ö♥❤ ➤Ò ✸✳✶✳✼✳ ▼ét ❤Ö t❤❛♠ sè x1, ..., xd ❝ñ❛ M ❧➭ ♠ét dd✲❞➲② ❦❤✐ ✈➭ ❝❤Ø

❦❤✐

IM,x(n) =

p(M)∑

i=0

n1...niei

✈í✐ ♠ä✐ n1, ..., nd > 0✱ ë ➤➞② ei = e(x1, ..., xi; 0 :M/(xi+2,...,xd)M xi+1) ✈➭

e0 = ℓ(0 :M/(x2,...,xd)M x1)✳

❈❤ó ý ✸✳✶✳✽✳ ✭✐✮ ❚❤❡♦ ❝➳❝ ▼Ö♥❤ ➤Ò ✸✳✶✳✹ ✈➭ ✸✳✶✳✼ t❛ ❝ã ♠ét ❤Ö t❤❛♠ sè

x1, ..., xd ❝ñ❛ M ❧➭ p✲❝❤✉➮♥ t➽❝ t❤× ♥ã ❧➭ ♠ét ❤Ö t❤❛♠ sè dd✲❞➲②✳ ◆Õ✉

x1, ..., xd ❧➭ ♠ét ❤Ö t❤❛♠ sè dd✲❞➲② ❝ñ❛ M ✱ t❤× ♥ã ❝ã t❤Ó ❦❤➠♥❣ ❧➭ ♠ét

❤Ö t❤❛♠ sè p✲❝❤✉➮♥ t➽❝ ♥❤➢♥❣ xn1

1 , ..., x
nd
d ✈í✐ ni ≥ i, i = 1, ..., d✱ ❧➭ ♠ét

❤Ö t❤❛♠ sè p✲❝❤✉➮♥ t➽❝ ❝ñ❛ M ✭①❡♠ ❬✶✶✱ ❙❡❝t✐♦♥ ✸❪✮✳



✻✵

✭✐✐✮ ▼➠➤✉♥ M ❝ã ❤Ö t❤❛♠ sè p✲❝❤✉➮♥ t➽❝ ✭❤❛② dd✲❞➲②✮ ❦❤✐ ✈➭ ❝❤Ø ❦❤✐

R/AnnM ❧➭ ➯♥❤ ➤å♥❣ ❝✃✉ ❝ñ❛ ♠ét ✈➭♥❤ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ✭①❡♠ ❬✶✹❪✮✳

❚r♦♥❣ t✐Õt ♥➭② ❝❤ó♥❣ t❛ ♥❣❤✐➟♥ ❝ø✉ ♠ét ❧♦➵✐ ❤Ö t❤❛♠ sè ❣➬♥ ❣ò✐ ✈í✐ ❤Ö

t❤❛♠ sè p✲❝❤✉➮♥ t➽❝✱ ✈➭ ❧✐➟♥ q✉❛♥ ➤Õ♥ ✐➤➟❛♥ b(M)✳

❇æ ➤Ò ✸✳✶✳✾✳ ❈❤♦ x ❧➭ ♠ét ♣❤➬♥ tö t❤❛♠ sè ❝ñ❛M t❛ ❝ã b(M) ⊆ b(M/xM)✳

❈❤ø♥❣ ♠✐♥❤✳ ❧➭ ❤✐Ó♥ ♥❤✐➟♥ tõ ➤Þ♥❤ ♥❣❤Ü❛ ❝ñ❛ b(M)✳

❇æ ➤Ò ✸✳✶✳✶✵✳ ❈❤♦ x1, ..., xd ❧➭ ♠ét ❤Ö t❤❛♠ sè ❝ñ❛ M t❤á❛ ♠➲♥ xi ∈
b(M/(xi+1, ..., xd)M) ✭t➢➡♥❣ ø♥❣ xi ∈ b(M/(xi+1, ..., xd)M)3✮ ✈í✐ ♠ä✐

i ≤ d✳ ❑❤✐ ➤ã✱ ✈í✐ ♠ä✐ j ≤ d t❛ ❝ã x1, ..., xj−1, xj+1, ..., xd ❝ò♥❣ ❧➭ ♠ét ❤Ö

t❤❛♠ sè ❝ñ❛ M/xjM t❤á❛ ♠➲♥ xi ∈ b(M/((xj) + (xi+1, ..., xd))M) ✭t➢➡♥❣

ø♥❣ xi ∈ b(M/((xj) + (xi+1, ..., xd))M)3✮ ✈í✐ ♠ä✐ i ≤ d, i 6= j✳

❈❤ø♥❣ ♠✐♥❤✳ ◆Õ✉ j = d ❦❤➻♥❣ ➤Þ♥❤ ❧➭ ❤✐Ó♥ ♥❤✐➟♥✳ ◆Õ✉ j 6= d t❤❡♦ ❇æ

➤Ò ✸✳✶✳✾ t❛ ❝ã b(M) ⊆ b(M/xjM) ♥➟♥ xd ∈ b(M/xjM) ✭t➢➡♥❣ ø♥❣

xd ∈ b(M/xjM)3✮✳ ❚❛ ❝ã x1, ..., xd−1 ❧➭ ♠ét ❤Ö t❤❛♠ sè ❝ñ❛ M/xdM t❤á❛

♠➲♥ xi ∈ b(M/(xi+1, ..., xd)M) ✭t➢➡♥❣ ø♥❣ xi ∈ b(M/(xi+1, ..., xd)M)3✮

✈í✐ ♠ä✐ i ≤ d− 1✳ ❉♦ ➤ã ❦❤➻♥❣ ➤Þ♥❤ ➤➢î❝ s✉② r❛ tõ q✉② ♥➵♣ t❤❡♦ d✳

❑Õt q✉➯ ❞➢í✐ ➤➞② ♥ã✐ ❧➟♥ sù ❧✐➟♥ ❤Ö t❤ó ✈Þ b(M) ✈➭ ❧✐♥❤ ❤♦➳ tö ❝ñ❛H i
I(M)

✈í✐ ✐➤➟❛♥ I ❜✃t ❦×✳

▼Ö♥❤ ➤Ò ✸✳✶✳✶✶✳ ❱í✐ I ❧➭ ♠ét ✐➤➟❛♥ ❝ñ❛ R t❛ ❝ã b(M)H i
I(M) = 0 ✈í✐ ♠ä✐

i < d− dimR/I ✳

➜Ó ❝❤ø♥❣ ♠✐♥❤ ▼Ö♥❤ ➤Ò tr➟♥ t❛ ❝➬♥ ❦Õt q✉➯ s❛✉ ❝ñ❛ ❯✳ ◆❛❣❡❧ ✈➭ ❙❝❤❡♥③❡❧

✭①❡♠ ❬✸✾✱ Pr♦♣♦s✐t✐♦♥ ✸✳✹❪✮✳

❇æ ➤Ò ✸✳✶✳✶✷✳ ❈❤♦ I ❧➭ ♠ét ✐➤➟❛♥ ❝ñ❛ R ✈➭ x1, ..., xt ❧➭ ♠ét ❞➲② I✲❧ä❝ ❝❤Ý♥❤



✻✶

q✉② ❝ñ❛ M ✳ ❱í✐ ♠ç✐ j ≤ t t❛ ❝ã

Hj
I (M) ∼=

{
Hj

(x1,...,xt)
(M) ✈í✐ j < t

Hj−t
I (H t

(x1,...,xt)
(M)) ✈í✐ j ≥ t.

❈❤ø♥❣ ♠✐♥❤ ▼Ö♥❤ ➤Ò ✸✳✶✳✶✶✳ ➜➷t t = d − dimR/I ✱ ➳♣ ❞ô♥❣ ➜Þ♥❤ ❧Ý tr➳♥❤

♥❣✉②➟♥ tè t❛ ❝ã t❤Ó t×♠ ➤➢î❝ ♠ét ♣❤➬♥ ❝ñ❛ ❤Ö t❤❛♠ sè x1, ..., xt ❝ñ❛M ➤å♥❣

t❤ê✐ ❧➭ ♠ét ❞➲② I✲❧ä❝ ❝❤Ý♥❤ q✉② ❝ñ❛ M ✳ ❚❤❡♦ ❇æ ➤Ò ✸✳✶✳✶✷✱ ✈í✐ i < t✱ t❛ ❝ã

H i
I(M) ∼= H0

I (H
i
(x1,...,xi)

(M))

∼= H0
I (lim−→

M/(xn1 , ..., x
n
i )M)

∼= lim
−→

H0
I (M/(xn1 , ..., x

n
i )M)

∼= lim
−→

(xn1 , ..., x
n
i )M : I∞

(xn1 , ..., x
n
i )M

∼= lim
−→

(xn1 , ..., x
n
i )M : x∞i+1

(xn1 , ..., x
n
i )M

.

❱× x1, ..., xt ❧➭ ♠ét ♣❤➬♥ ❝ñ❛ ❤Ö t❤❛♠ sè ❝ñ❛ M ♥➟♥ t❤❡♦ ➤Þ♥❤ ♥❣❤Ü❛ b(M)

❞Ô ❝ã b(M)H i
I(M) = 0 ✈í✐ ♠ä✐ i < t = d− dimR/I ✳

✸✳✷ ➜Þ♥❤ ❧Ý ❝❤❰ r❛ ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ tr♦♥❣ ✈➭♥❤ ➤Þ❛ ♣❤➢➡♥❣

❚r♦♥❣ t✐Õt ♥➭② ❝❤ó♥❣ t❛ ♣❤➳t tr✐Ó♥ ➜Þ♥❤ ❧Ý ❝❤❰ r❛ ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛

♣❤➢➡♥❣ tr♦♥❣ ✈➭♥❤ ➤Þ❛ ♣❤➢➡♥❣ ✈➭ ➳♣ ❞ô♥❣ ♥ã ➤Ó ❝❤ø♥❣ ♠✐♥❤ ♠ét sè ❜✃t ❜✐Õ♥

❝ñ❛ ♠➠➤✉♥ M ✳ ❚❛ ❧✉➠♥ ①Ðt (R,m) ❧➭ ➯♥❤ ➤å♥❣ ❝✃✉ ❝ñ❛ ♠ét ✈➭♥❤ ❈♦❤❡♥✲

▼❛❝❛✉❧❛②✱ ✈➭ M ❧➭ ♠ét R✲♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤ ❝❤✐Ò✉ d > 0✳

➜Þ♥❤ ♥❣❤Ü❛ ✸✳✷✳✶✳ ❚❛ ♥ã✐ ♠➠➤✉♥ ❝♦♥ ❧í♥ ♥❤✃t ❝ñ❛ M ❝ã ❝❤✐Ò✉ ♥❤á ❤➡♥ d ❧➭

t❤➭♥❤ ♣❤➬♥ ❦❤➠♥❣ tré♥ ❧➱♥ ❝ñ❛ M ✈➭ ❦Ý ❤✐Ö✉ ❧➭ UM(0)✳

❈❤ó ý ✸✳✷✳✷✳ ✭✐✮ ◆Õ✉ ∩p∈AssMN(p) = 0 ❧➭ ♠ét ♣❤➞♥ tÝ❝❤ ♥❣✉②➟♥ s➡ rót

❣ä♥ ❝ñ❛ ♠➠➤✉♥ ❝♦♥ ❦❤➠♥❣ ❝ñ❛ M ✱ t❤× UM(0) = ∩dimR/p=dN(p)✳

✭✐✐✮ ❉♦ dimUM(0) < d✱ t❛ ❝ã t❤Ó ❝❤ä♥ ♠ét ♣❤➬♥ tö t❤❛♠ sè x ❝ñ❛ M ❝❤ø❛

tr♦♥❣ AnnUM(0)✳ ◆➟♥ UM(0) ⊆ 0 : x✳ ▼➷t ❦❤➳❝ ✈× x ❧➭ ♠ét ♣❤➬♥ tö



✻✷

t❤❛♠ sè ♥➟♥ dim(0 : x) < d✳ ❉♦ ➤ã UM(0) = 0 : x✳ ❚❤❡♦ ➜Þ♥❤ ♥❣❤Ü❛

❝ñ❛ b(M) t❛ ❝ã b(M) ⊆ AnnUM(0)✳ ◆❤➢ ✈❐②✱ ♥Õ✉ x ∈ b(M) ❧➭ ♠ét

♣❤➬♥ tö t❤❛♠ sè ❝ñ❛ M ✱ t❤× UM(0) = 0 : x✳

✭✐✐✐✮ ❚❤❡♦ ✭✐✐✮ t❛ ❝ã ∩xAnn(0 :M x) = AnnUM(0)✱ ë ➤➞② x ❝❤➵② tr♦♥❣ t✃t ❝➯

❝➳❝ ♣❤➬♥ tö t❤❛♠ sè ❝ñ❛ M ✳ ❉♦ ➤ã

b(M) =
d⋂

x;i=1

Ann (0 : xi)M/(x1,...,xi−1)M

=
d⋂

x;i=1

AnnUM/(x1,...,xi−1)M(0),

✈í✐ x = x1, ..., xd ❝❤➵② tr♦♥❣ t✃t ❝➯ ❝➳❝ ❤Ö t❤❛♠ sè ❝ñ❛ M ✳

❇æ ➤Ò ✸✳✷✳✸✳ ❈❤♦ I ❧➭ ♠ét ✐➤➟❛♥ ❝ñ❛ R ✈➭ x, y ∈ b(M) ❧➭ ❝➳❝ ♣❤➬♥ tö t❤❛♠

sè ❝ñ❛M ✳ ➜➷tM =M/UM(0) ✈➭ t = d−dimR/I ✳ ❑❤✐ ➤ã ✈í✐ ♠ä✐ i < t−1

t❛ ❧✉➠♥ ❝ã ❞➲② ❦❤í♣ ♥❣➽♥

0 → H i
I(M) → H i

I(M/xyM) → H i+1
I (M) → 0.

❍➡♥ ♥÷❛✱ ♥Õ✉ H t
I(M) ∼= H t

I(M) t❤× t❛ ❝ã ❞➲② ❦❤í♣ ♥❣➽♥

0 → H t−1
I (M) → H t−1

I (M/xyM) → 0 :Ht
I(M) xy → 0.

❈❤ø♥❣ ♠✐♥❤✳ ❚õ ❈❤ó ý ✸✳✷✳✷ ✭✐✐✮ t❛ ❝ã UM(0) = 0 :M x = 0 :M xy✳ ❚❛ ❝ã

❜✐Ó✉ ➤å ❣✐❛♦ ❤♦➳♥ s❛✉

0 M M M/xM 0

0 M M M/xyM 0.

✲ ✲x

❄
id

✲

❄
y

❄

✲

✲ ✲
xy

✲ ✲

❚➳❝ ➤é♥❣ ❤➭♠ tö ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ H i
I(•) ✈➭♦ ❜✐Ó✉ ➤å tr➟♥ t❛ ❝ã ❝➳❝

❜✐Ó✉ ➤å s❛✉ ❧➭ ❣✐❛♦ ❤♦➳♥ ✈í✐ ♠ä✐ i < t− 1

· · · H i
I(M) H i

I(M) H i
I(M/xM) · · ·

· · · H i
I(M) H i

I(M) H i
I(M/xyM) · · · ,

✲ ✲
ψi

❄
id

✲

❄
y

❄

✲

✲ ✲
ϕi

✲ ✲



✻✸

✈í✐ ψi ✈➭ ϕi ❧➭ ❝➳❝ ➤å♥❣ ❝✃✉ ❞➱♥ s✉✃t t❤ø i ❝ñ❛ ❝➳❝ ➤å♥❣ ❝✃✉ M
x→ M ✈➭

M
xy→M ✱ t➢➡♥❣ ø♥❣✳ ❚❤❡♦ ▼Ö♥❤ ➤Ò ✸✳✶✳✶✶✱ yH i

I(M) = 0 ✈í✐ ♠ä✐ i ≤ t− 1

♥➟♥ ϕi = 0 ✈í✐ ♠ä✐ i ≤ t− 1✳ ❱❐② t❛ ❝ã ❝➳❝ ❞➲② ❦❤í♣ ♥❣➽♥

0 → H i
I(M) → H i

I(M/xyM) → H i+1
I (M) → 0

✈í✐ ♠ä✐ i < t− 1✳ ❍➡♥ ♥÷❛✱ ♥Õ✉ H t
I(M) ∼= H t

I(M) t❤× t❛ ❝ã ❞➲② ❦❤í♣ ♥❣➽♥

0 → H t−1
I (M) → H t−1

I (M/xyM) → 0 :Ht
I(M) xy → 0.

❱í✐ ❝➳❝ ❦Ý ❤✐Ö✉ ♥❤➢ tr➟♥✱ ①Ðt x ∈ b(M)2✱ ✈í✐ ♠ä✐ i < t − 1✱ t❛ ❦Ý ❤✐Ö✉

Ei
x ❧➭ ♣❤➬♥ tö tr♦♥❣ Ext(H i+1

I (M), H i
I(M)) ➤➵✐ ❞✐Ö♥ ❜ë✐ ❞➲② ❦❤í♣ ♥❣➽♥ ❞➢í✐

➤➞② ♥Õ✉ ♥ã tå♥ t➵✐

0 → H i
I(M) → H i

I(M/xM) → H i+1
I (M) → 0.

❚r♦♥❣ tr➢ê♥❣ ❤î♣ i = t − 1✱ ❣✐➯ sö H t
I(M) ∼= H t

I(M)✱ t➳❝ ➤é♥❣ ❤➭♠ tö

Hom(R/b(M), •) ✈➭♦ ❞➲② ❦❤í♣ ♥❣➽♥

0 → H t−1
I (M) → H t−1

I (M/xM) → 0 :Ht
I(M) x→ 0

t❛ t❤✉ ➤➢î❝ ❞➲② ❦❤í♣ tr➳✐ ❞➢í✐ ➤➞②

0 → H t−1
I (M) → 0 :Ht−1

I (M/xM) b(M) → 0 :Ht
I(M) b(M).

❚❛ ❦Ý ❤✐Ö✉ F t−1
x ❧➭ ♣❤➬♥ tö ❝ñ❛ Ext(0 :Ht

I(M) b(M), H t−1
I (M)) ➤➵✐ ❞✐Ö♥ ❜ë✐

❞➲② ❦❤í♣ ❞➢í✐ ➤➞② ♥Õ✉ ♥ã tå♥ t➵✐

0 → H t−1
I (M) → 0 :Ht−1

I (M/xM) b(M) → 0 :Ht
I(M) b(M) → 0.

❳Ðt ❝➳❝ ♣❤➬♥ tö t❤❛♠ sè ❝ñ❛ M ❝ã ❞➵♥❣ xy ✈í✐ x, y ∈ b(M) t❤❡♦ ❇æ ➤Ò

✸✳✷✳✸ t❛ t❤✃② Ei
xy ❧➭ ①➳❝ ➤Þ♥❤ ✈í✐ ♠ä✐ i < t− 1✱ tø❝ ❧➭ xy t❤á❛ ♠➲♥ ➤✐Ò✉ ❦✐Ö♥

(♯) ➤➲ ♥➟✉ tr♦♥❣ ❚✐Õt ✶✳✸✳ ❍♦➭♥ t♦➭♥ t➢➡♥❣ tù ♥❤➢ ❝❤ø♥❣ ♠✐♥❤ ➜Þ♥❤ ❧Ý ✶✳✹✳✹

✈➭ ❝➳❝ ▼Ö♥❤ ➤Ò ✷✳✷✳✸✱ ✷✳✷✳✻ t❛ ❝ã ❦Õt q✉➯ r❛ s❛✉✳



✻✹

➜Þ♥❤ ❧Ý ✸✳✷✳✹✳ ❈❤♦ I ❧➭ ♠ét ✐➤➟❛♥ ❝ñ❛ R ✈➭ x ❧➭ ♠ét ♣❤➬♥ tö t❤❛♠ sè ❝ñ❛

M ✳ ➜➷t M =M/UM(0) ✈➭ t = d− dimR/I ✳ ❑❤✐ ➤ã

✭✐✮ ◆Õ✉ x ∈ b(M)2 t❤× Ei
x ❧➭ ①➳❝ ➤Þ♥❤ ✈í✐ ♠ä✐ i < t− 1✳

✭✐✐✮ ◆Õ✉ x ∈ b(M)3 t❤× Ei
x = 0 ✈í✐ ♠ä✐ i < t − 1✳ ❍➡♥ ♥÷❛✱ ♥Õ✉

H t
I(M) ∼= H t

I(M) t❤× F t−1
x = 0✳

➜➷❝ ❜✐Öt✱ ❦❤✐ I = m t❛ ❝ã✳

❍Ö q✉➯ ✸✳✷✳✺✳ ▲✃② x ∈ b(M)3 ❧➭ ♠ét ♣❤➬♥ tö t❤❛♠ sè ❝ñ❛ M ✈➭ ➤➷t

M =M/UM(0)✳ ❑❤✐ ➤ã

H i
m(M/xM) ∼= H i

m(M)⊕H i+1
m (M)

✈í✐ ♠ä✐ i < d− 1✱ ✈➭

0 :Hd−1
m (M/xM) b(M) ∼= Hd−1

m (M)⊕ 0 :Hd
m(M) b(M).

❈❤ó ý r➺♥❣ tr♦♥❣ ❧✉❐♥ ➳♥ ❚✐Õ♥ sÜ ❝ñ❛ ♠×♥❤✱ ➜✳❚✳ ❈➢ê♥❣ ❝ò♥❣ ➤➲ ❝❤ø♥❣

♠✐♥❤ ♠ét ❦Õt q✉➯ t➢➡♥❣ tù ♥❤➢ ❍Ö q✉➯ ✸✳✷✳✺ tr♦♥❣ tr➢ê♥❣ ❤î♣ ❝➳❝ ♣❤➬♥ tö

t❤❛♠ sè ❝ã ❞➵♥❣ xn ✈í✐ x ∈ a(M) ✈➭ n ≥ 5 ✭①❡♠ ❬✻✶✱ ▼Ö♥❤ ➤Ò ✷✳✸✳✸❪✮✳

❍Ö q✉➯ ✸✳✷✳✻✳ ▲✃② x ∈ b(M)3 ❧➭ ♠ét ♣❤➬♥ tö t❤❛♠ sè ❝ñ❛ M ✈➭ ➤➷t

M =M/UM(0)✳ ❱í✐ ♠ä✐ i ≤ d− 1 t❛ ❝ã

dimSoc(H i
m(M/xM)) = dimSoc(H i

m(M)) + dimSoc(H i+1
m (M)).

➜Þ♥❤ ❧Ý ❞➢í✐ ➤➞② ❧➭ ♠ë ré♥❣ ❝ñ❛ ❍Ö q✉➯ ✶✳✹✳✼ ✈➭ ➜Þ♥❤ ❧Ý ✷✳✷✳✽✳

➜Þ♥❤ ❧Ý ✸✳✷✳✼✳ ❈❤♦ x = x1, ..., xd ❧➭ ♠ét ❤Ö t❤❛♠ sè ❝ñ❛ M t❤á❛ ♠➲♥

xi ∈ b(M/(xi+1, ..., xd)M)3 ✈í✐ ♠ä✐ i ≤ d✳ ➜➷t Mi = M/(xi+1, ..., xd)M

✈í✐ ♠ä✐ i < d✱ t❛ ❝ã

✭✐✮ ▼➠➤✉♥ Hj
m(Mi) ❦❤➠♥❣ ♣❤ô t❤✉é❝ ✈➭♦ ✈✐Ö❝ ❝❤ä♥ ❤Ö t❤❛♠ sè x ✈í✐ ♠ä✐

j < i < d ✭s❛✐ ❦❤➳❝ ♠ét ➤➻♥❣ ❝✃✉✮✳



✻✺

✭✐✐✮ dimSoc(Hj
m(Mi)) ❧➭ ♠ét ❤➺♥❣ sè tø❝ ❧➭ ❦❤➠♥❣ ♣❤ô t❤✉é❝ ✈➭♦ ✈✐Ö❝ ❝❤ä♥

❤Ö t❤❛♠ sè x ✈í✐ ♠ä✐ j ≤ i < d✳ ◆ã✐ r✐➟♥❣✱ ❝❤Ø sè ❦❤➯ q✉② NR((x);M)

❝ñ❛ ✐➤➟❛♥ t❤❛♠ sè (x) tr➟♥ M ❧➭ ♠ét ❤➺♥❣ sè✳

❈❤ø♥❣ ♠✐♥❤✳ ✭✐✮ ❳Ðt ♠ét ❤Ö t❤❛♠ sè y = y1, ..., yd ❝ñ❛ M t❤á❛ ♠➲♥

yi ∈ b(M/(yi+1, ..., yd)M)3 ✈í✐ ♠ä✐ i ≤ d✳ ➜➷tM ′
i =M/(yi+1, ..., yd)M ✈í✐

♠ä✐ i < d✳ ❚❛ ❝❤Ø ❝➬♥ ❝❤ø♥❣ ♠✐♥❤ ❜➺♥❣ q✉② ♥➵♣ r➺♥❣ Hj
m(Mi) ∼= Hj

m(M
′
i)

✈í✐ ♠ä✐ j < i < d✳ ❱í✐ d = 1 ❦❤➻♥❣ ➤Þ♥❤ ❧➭ ❤✐Ó♥ ♥❤✐➟♥✳ ❳Ðt d > 1✱ ✈í✐

i = d− 1 ✈× xd, yd ∈ b(M)3 ♥➟♥ ❍Ö q✉➯ ✸✳✷✳✺ s✉② r❛ r➺♥❣

Hj
m(Md−1) ∼= Hj

m(M)⊕Hj+1
m (M) ∼= Hj

m(M
′
d−1)

✈í✐ ♠ä✐ j < d − 1✳ ●✐➯ sö i < d − 1✱ ❞♦ dimR/b(Mi+1) < i + 1 ✈➭

dimR/b(M ′
i+1) < i+1 ♥➟♥ t❤❡♦ ➜Þ♥❤ ❧Ý tr➳♥❤ ♥❣✉②➟♥ tè t❛ ❝ã t❤Ó ❝❤ä♥ ♠ét

♣❤➬♥ tö t❤❛♠ sè z ❝ñ❛ ❝➯ Mi+1 ✈➭ M ′
i+1 s❛♦ ❝❤♦ z ∈ b(Mi+1)

3 ∩ b(M ′
i+1)

3✳

➳♣ ❞ô♥❣ ❣✐➯ t❤✐Õt q✉② ♥➵♣ ❝❤♦ ♠➠➤✉♥ Mi+1 ✈➭ M ′
i+1 t❛ ❝ã

Hj
m(Mi) ∼= Hj

m(Mi+1/xi+1Mi+1) ∼= Hj
m(M/(z, xi+2, ..., xd)M),

Hj
m(M

′
i)
∼= Hj

m(M
′
i+1/yi+1M

′
i+1)

∼= Hj
m(M/(z, yi+2, ..., yd)M)

✈í✐ ♠ä✐ j < i✳ ❚❤❡♦ ❇æ ➤Ò ✸✳✶✳✶✵ t❛ ❝ã t❤Ó ❝♦✐ xi+2, ..., xd ✈➭ yi+2, ..., yd ❧➭

♥❤÷♥❣ ♣❤➬♥ ❝ñ❛ ❤Ö t❤❛♠ sè ❝ñ❛M/zM t❤á❛ ♠➲♥ xj ∈ b(M/(z, xj+1, ..., xd)M)3

✈➭ yj ∈ b(M/(z, yj+1, ..., yd)M)3 ✈í✐ ♠ä✐ i + 1 ≤ j ≤ d✳ ▲➵✐ ➳♣ ❞ô♥❣ ❣✐➯

t❤✐Õt q✉② ♥➵♣ ❝❤♦ ♠➠➤✉♥ M/zM t❛ ❝ã

Hj
m(M/(z, xi+2, ..., xd)M) ∼= Hj

m(M/(z, yi+2, ..., yd)M)

✈í✐ ♠ä✐ j < i✳ ❑❤➻♥❣ ➤Þ♥❤ ➤➢î❝ ❝❤ø♥❣ ♠✐♥❤✳

✭✐✐✮ ➜➷t M =M/UM(0)✳ ❚õ ❍Ö q✉➯ ✸✳✷✳✻ ✈í✐ ♠ä✐ i ≤ d− 1 t❛ ❝ã

dimSoc(H i
m(M/xM)) = dimSoc(H i

m(M)) + dimSoc(H i+1
m (M))

❧➭ ❦❤➠♥❣ ♣❤ô t❤✉é❝ ✈➭♦ ✈✐Ö❝ ❝❤ä♥ ♣❤➬♥ tö t❤❛♠ sè x ∈ b(M)3✳ ▲➷♣ ❧➵✐

♣❤➢➡♥❣ ♣❤➳♣ ❝❤ø♥❣ ♠✐♥❤ ❝ñ❛ ✭✐✮ t❛ t❤✉ ➤➢î❝ dimSoc(Hj
m(Mi)) ❧➭ ❦❤➠♥❣



✻✻

♣❤ô t❤✉é❝ ✈➭♦ ✈✐Ö❝ ❝❤ä♥ ❤Ö t❤❛♠ sè x ✈í✐ ♠ä✐ j ≤ i < d✳ ➜➷❝ ❜✐Öt✱ ❦❤✐

i = j = 0 t❛ ❝ã NR((x);M) = dimSoc(H0
m(M/(x1, ..., xd)M)) ❧➭ ♠ét ❜✃t

❜✐Õ♥ ❝ñ❛ ♠➠➤✉♥✳

◆Õ✉ M ❧➭ ♠ét ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛②✱ t❤× ✈í✐ ♠ä✐ ❤Ö t❤❛♠ sè x1, ..., xd

t❛ ❝ã UM/(xi+1,...,xd)M = 0 ✈í✐ ♠ä✐ 1 ≤ i ≤ d✳ ❑❤✐ M ❧➭ ♠ét ♠➠➤✉♥ ❈♦❤❡♥✲

▼❛❝❛✉❧❛② s✉② ré♥❣ ✈➭ mn0H i
m(M) = 0 ✈í✐ ♠ä✐ i < d✱ t❤❡♦ ❝➳❝ ❍Ö q✉➯ ✶✳✹✳✺✱

✶✳✹✳✻ t❛ ❝ã ❝➳❝ ♠➠➤✉♥

UM/(xi+1,...,xd)M = H0
m(M/(xi+1, ..., xd)M) ∼=

d−i⊕

j=0

Hj
m(M)(

d−i

j )

❧➭ ❦❤➠♥❣ ♣❤ô t❤✉é❝ ✈➭♦ ✈✐Ö❝ ❝❤ä♥ ❤Ö t❤❛♠ sè x1, ..., xd ♥➺♠ tr♦♥❣ m2n0 ✈í✐

♠ä✐ 1 ≤ i ≤ d✳ ❉➢í✐ ➤➞② t❛ ❝❤ø♥❣ ♠✐♥❤ r➺♥❣ ✈í✐ ♠ä✐ 1 ≤ i ≤ d ❝➳❝ ♠➠➤✉♥

UM/(xi+1,...,xd)M ❧➭ ❦❤➠♥❣ ♣❤ô t❤✉é❝ ✈➭♦ ✈✐Ö❝ ❝❤ä♥ ❤Ö t❤❛♠ sè x = x1, ..., xd

❧➭ ♠ét ❤Ö t❤❛♠ sè ❝ñ❛ M t❤á❛ ♠➲♥ xi ∈ b(M/(xi+1, ..., xd)M)3 ✈í✐ ♠ä✐

i ≤ d✱ s❛✐ ❦❤➳❝ ♠ét ➤➻♥❣ ❝✃✉✳ ❉➢ê♥❣ ♥❤➢ ❝➳❝ ♠➠➤✉♥ ♥➭② ♣❤➯♥ ➳♥❤ s➞✉ s➽❝

tÝ♥❤ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❝ñ❛ ♠➠➤✉♥ M ✳ ❚r➢í❝ ❤Õt✱ t❛ ❝➬♥ ❜æ ➤Ò s❛✉✳

❇æ ➤Ò ✸✳✷✳✽✳ ❈❤♦ x ∈ b(M)3 ❧➭ ♠ét ♣❤➬♥ tö t❤❛♠ sè ❝ñ❛M ✳ ❑❤✐ ➤ã ♠➠➤✉♥

UM/xM(0) ❦❤➠♥❣ ♣❤ô t❤✉é❝ ✈➭♦ ✈✐Ö❝ ❝❤ä♥ x ✭s❛✐ ❦❤➳❝ ♠ét ➤➻♥❣ ❝✃✉✮✳

❈❤ø♥❣ ♠✐♥❤✳ ❚õ ➜Þ♥❤ ❧Ý ✸✳✷✳✼ ✭✐✮ t❛ t❤✃② ai(M/xM), i < d − 2✱ ✈➭ ❞♦ ➤ã

a(M/xM) ❦❤➠♥❣ ♣❤ô t❤✉é❝ ✈➭♦ ✈✐Ö❝ ❝❤ä♥ x✳ ◆➟♥ ✐➤➟❛♥

b′ =
√
a(M/xM) =

√
b(M/xM)

❧➭ ❦❤➠♥❣ ♣❤ô t❤✉é❝ ✈➭♦ ✈✐Ö❝ ❝❤ä♥ x ∈ b(M)3✳ ❚õ ❈❤ó ý ✸✳✷✳✷ ✭✐✐✮ t❛ ❝ã

UM/xM(0) ∼= H0
b′(M/xM)✳ ❱× dimR/b′ ≤ dimM/xM − 1 = d− 2✱ ➜Þ♥❤

❧Ý ✸✳✷✳✹ ✭✐✐✮ s✉② r❛ r➺♥❣

H0
b′(M/xM) ∼= H0

b′(M)⊕H1
b′(M/UM(0)).

❱❐② UM/xM(0) ❦❤➠♥❣ ♣❤ô t❤✉é❝ ✈➭♦ ✈✐Ö❝ ❝❤ä♥ x ∈ b(M)3 ✭s❛✐ ❦❤➳❝ ♠ét

➤➻♥❣ ❝✃✉✮✳



✻✼

❙ö ❞ô♥❣ ❇æ ➤Ò ✸✳✷✳✽ ✈➭ ❧➷♣ ❧➵✐ ❤♦➭♥ t♦➭♥ ❝❤ø♥❣ ♠✐♥❤ ➜Þ♥❤ ❧Ý ✸✳✷✳✼ t❛ ❝ã

❦Õt q✉➯ s❛✉✳

➜Þ♥❤ ❧Ý ✸✳✷✳✾✳ ❈❤♦ x = x1, ..., xd ❧➭ ♠ét ❤Ö t❤❛♠ sè ❝ñ❛ M t❤á❛ ♠➲♥

xi ∈ b(M/(xi+1, ..., xd)M)3 ✈í✐ ♠ä✐ i ≤ d✳ ❱í✐ ♠ä✐ 1 ≤ i ≤ d✱ ❝➳❝ ♠➠➤✉♥

UM/(xi+1,...,xd)M(0) ❧➭ ❦❤➠♥❣ ♣❤ô t❤✉é❝ ✈➭♦ ✈✐Ö❝ ❝❤ä♥ ❤Ö t❤❛♠ sè x ✭s❛✐ ❦❤➳❝

♠ét ➤➻♥❣ ❝✃✉✮✳

❑Ý ❤✐Ö✉ ✸✳✷✳✶✵✳ ❱í✐ ♠ç✐ 0 ≤ i ≤ d − 1 t❛ ❦Ý ❤✐Ö✉ Ui(M) ❧➭ ♠ét

♠➠➤✉♥ s❛♦ ❝❤♦ ✈í✐ ♠ä✐ ❤Ö t❤❛♠ sè x = x1, ..., xd ❝ñ❛ M t❤á❛ ♠➲♥

xi ∈ b(M/(xi+1, ..., xd)M)3 ✈í✐ ♠ä✐ i ≤ d t❛ ❝ã Ui(M) ∼= UM/(xi+2,...,xd)M(0)

✈í✐ ♠ä✐ 0 ≤ i ≤ d− 1✳ ❈❤ó ý r➺♥❣ ❦❤✐ ➤ã Ud−1(M) ∼= UM(0)✳

❍Ö q✉➯ ✸✳✷✳✶✶✳ ▲✃② x = xi, ..., xd, i > 1✱ ❧➭ ♠ét ♣❤➬♥ ❤Ö t❤❛♠ sè ❝ñ❛

M t❤á❛ ♠➲♥ xj ∈ b(M/(xj+1, ..., xd)M)3 ✈í✐ ♠ä✐ i ≤ j ≤ d✳ ❚❛

❝ã b(M/(xi, ..., xd)M) = b(M/(xni

i , ..., x
nd
d )M), ✈í✐ ♠ä✐ nj ≥ 1 ✈➭ ♠ä✐

i ≤ j ≤ d✳

❈❤ø♥❣ ♠✐♥❤✳ ❚r➢ê♥❣ ❤î♣ i = d✱ ①Ðt y = y1, ..., yd−1 ❧➭ ♠ét ❤Ö t❤❛♠ sè ❝ñ❛

M/xdM ✱ t❛ ❝ã ♥ã ❝ò♥❣ ❧➭ ♠ét ❤Ö t❤❛♠ sè ❝ñ❛ M/xnd

d M ✱ nd ≥ 1✳ ❚❤❡♦

❇æ ➤Ò ✸✳✶✳✾ s✉② r❛ xd ✈➭ ❞♦ ➤ã xnd

d t❤✉é❝ b(M/(y1, ..., yj−1)M)3 ✈í✐ ♠ä✐

1 ≤ j ≤ d − 1✳ ◆➟♥ ➜Þ♥❤ ❧Ý ✸✳✷✳✾ ❦❤➻♥❣ ➤Þ♥❤ UM/(y1,...,yj−1,xd)M(0) =

UM/(y1,...,yj−1,x
nd
d )M(0) ✈í✐ ♠ä✐ 1 ≤ j ≤ d− 1✳ ❚❤❡♦ ❈❤ó ý ✸✳✷✳✷ ✭✐✐✐✮ t❛ ❝ã

b(M/xd) =
d−1⋂

y;j=1

AnnUM/(y1,...,yj−1,xd)M(0)

=
d−1⋂

y;j=1

AnnUM/(y1,...,yj−1,x
nd
d )M(0)

= b(M/xnd

d ),

✈í✐ y = y1, ..., yd−1 ❝❤➵② tr♦♥❣ t✃t ❝➯ ❝➳❝ ❤Ö t❤❛♠ sè ❝ñ❛ M/xdM ✳

❚❛ ❝❤ø♥❣ ♠✐♥❤ ❜➭✐ t♦➳♥ ❜➺♥❣ q✉② ♥➵♣ t❤❡♦ d✳ ❚r➢ê♥❣ ❤î♣ d = 2 ❧➭



✻✽

s✉② r❛ tõ ❦❤➻♥❣ ➤Þ♥❤ tr➟♥ ❞♦ ❦❤✐ ➤ã i = 2✳ ●✐➯ sö d ≥ 3 ✈➭ i < d✳

❱× xi ∈ b(M/(xi+1, ..., xd)M)3✱ ➳♣ ❞ô♥❣ ❣✐➯ t❤✐Õt q✉② ♥➵♣ ❝❤♦ ♠➠➤✉♥

M/(xi+1, ..., xd)M t❛ ❝ã

b(M/(xi, xi+1, ..., xd)M) = b(M/(xnii , xi+1, ..., xd)M)

✈í✐ ♠ä✐ ni ≥ 1✳ ▲➵✐ ❞♦ ❇æ ➤Ò ✸✳✶✳✶✵ t❛ ❝ã xj ∈ b(M/(xni

i , xj+1, ..., xd)M)3

✈í✐ ♠ä✐ j = i + 1, ..., d✳ ➳♣ ❞ô♥❣ ❣✐➯ t❤✐Õt q✉② ♥➵♣ ❝❤♦ ♠➠➤✉♥ M/xni

i M t❛

❝ã

b(M/(xni

i , xi+1, ..., xd)M) = b(M/(xni

i , x
ni+1

i+1 ..., x
ni

d )M)

✈í✐ ♠ä✐ ni+1, ..., nd ≥ 1✳ ❑❤➻♥❣ ➤Þ♥❤ ➤➢î❝ ❝❤ø♥❣ ♠✐♥❤✳

❍Ö q✉➯ ✸✳✷✳✶✷✳ ❈❤♦ x = x1, ..., xd ❧➭ ♠ét ❤Ö t❤❛♠ sè ❝ñ❛ M t❤á❛ ♠➲♥

xi ∈ b(M/(xi+1, ..., xd)M)3 ✈í✐ ♠ä✐ i ≤ d✳ ❑❤✐ ➤ã ✈í✐ ♠ä✐ ❜é n sè ♥❣✉②➟♥

❞➢➡♥❣ (n1, ..., nd) t❛ ❝ã xni

i ∈ b(M/(x
ni+1

i+1 , ..., x
nd

d )M)3 ✈í✐ ♠ä✐ i ≤ d✳

❈❤ø♥❣ ♠✐♥❤✳ s✉② trù❝ t✐Õ♣ tõ ❍Ö q✉➯ ✸✳✷✳✶✶✳

▼Ö♥❤ ➤Ò ✸✳✷✳✶✸✳ ❳Ðt x = x1, ..., xd ❧➭ ♠ét ❤Ö t❤❛♠ sè ❝ñ❛ M t❤á❛ ♠➲♥

xi ∈ b(M/(xi+1, ..., xd)M)3 ✈í✐ ♠ä✐ i ≤ d✳ ❑❤✐ ➤ã ❤✐Ö✉

IM,x(n) = ℓ(M/(xn1

1 , ..., x
nd

d )M)− n1...nde(x1, ..., xd;M)

❧➭ ♠ét ➤❛ t❤ø❝ t❤❡♦ ❝➳❝ ❜✐Õ♥ n = n1, ..., nd✱ ❝ô t❤Ó

IM,x(n) =

p(M)∑

i=0

n1...nie(x1, ..., xi;Ui(M))

✈í✐ ♠ä✐ ni ≥ 1✱ ë ➤ã p(M) ❧➭ ❦✐Ó✉ ➤❛ ❝ñ❛ M ✳ ◆ã✐ r✐➟♥❣✱ x = x1, ..., xd ❧➭

♠ét ❤Ö t❤❛♠ sè dd✲❞➲②✳

❈❤ø♥❣ ♠✐♥❤✳ ❱í✐ ♠ä✐ ❜é n = n1, ..., nd ❝➳❝ sè ♥❣✉②➟♥ ❞➢➡♥❣✱ t❤❡♦ ❍Ö q✉➯

✸✳✷✳✶✷ t❛ ❝ã xnii ∈ b(M/(x
ni+1

i+1 , ..., x
nd

d )M)3 ✈í✐ ♠ä✐ i ≤ d✳ ◆➟♥ ➜Þ♥❤ ❧Ý ✸✳✷✳✾

s✉② r❛

(x
ni+2

i+2 , ..., x
nd

d )M :M x
ni+1

i+1 /(x
ni+2

i+2 , ..., x
nd

d )M ∼= Ui(M)



✻✾

✈í✐ ♠ä✐ 0 ≤ i ≤ d− 1✳ ➳♣ ❞ô♥❣ ❝➠♥❣ t❤ø❝ ❆✉s❧❛♥❞❡r✲❇✉❝❤s❜❛✉♠ ✭①❡♠ ❬✷✱

❈♦r♦❧❧❛r② ✹✳✸❪✮ t❛ ❝ã

IM,x(n) =
d−1∑

i=0

e(xn1

1 , ..., x
ni

i ; (x
ni+2

i+2 , ..., x
nd

d )M :M x
ni+1

i+1 /(x
ni+2

i+2 , ..., x
nd

d )M)

=
d−1∑

i=0

e(xn1

1 , ..., x
ni

i ;Ui(M))

=
d−1∑

i=0

n1...nie(x1, ..., xi;Ui(M))

❧➭ ♠ét ➤❛ t❤ø❝ t❤❡♦ ❝➳❝ ❜✐Õ♥ n1, ..., nd✳ ❚❤❡♦ ❈❤ó ý ✸✳✷✳✷ ✭✐✐✐✮ t❛ ❝ã

AnnUi(M) ⊇ b(M) ✈í✐ ♠ä✐ i ≤ d − 1✳ ❉♦ ➤ã dimUi ≤ p(M) ✈í✐ ♠ä✐

i ≤ d − 1 ✈× dimR/b(M) = dimR/a(M) = p(M)✳ ◆➟♥ ❝➳❝ ❜é✐ ❙❡rr❡

e(x1, ..., xi;Ui(M)) = 0 ✈í✐ ♠ä✐ p(M) < i ≤ d− 1✳ ❱❐②

IM,x(n) =

p(M)∑

i=0

n1...nie(x1, ..., xi;Ui(M)).

❚Ý♥❤ ❝❤✃t ❝ñ❛ dd✲❞➲② ❝ñ❛ x = x1, ..., xd ➤➢î❝ s✉② r❛ tõ ▼Ö♥❤ ➤Ò ✸✳✶✳✼✳

◗✉② ➢í❝ ✸✳✷✳✶✹✳ ❈❤♦ ♠➠➤✉♥ M ✈í✐ ❧ä❝ ❝❤✐Ò✉

D : D0 ⊂ D1 ⊂ · · · ⊂ Dt =M,

✈í✐ di = dimDi ✈í✐ ♠ä✐ i ≤ t✳ ❳Ðt x = x1, ..., xd ❧➭ ♠ét ❤Ö t❤❛♠ sè ❝ñ❛

M t❤á❛ ♠➲♥ xj ∈ b(M/(xj+1, ..., xd)M)3 ✈í✐ ♠ä✐ j ≤ d✳ ❱í✐ ♠ç✐ i < t ✈➭

di ≤ j ≤ d− 1 t❛ ❝ã

Di ∩ (xj+2, ..., xd)M = 0.

❉♦ ➤ã t❛ ❝ã t❤Ó ➤å♥❣ ♥❤✃t Di ✈í✐ ♠ét ♠➠➤✉♥ ❝♦♥ ❝ñ❛ M/(xj+2, ..., xd)M ✳

▲➵✐ ❝ã dimDi = di < j + 1 = dimM/(xj+2, ..., xd)M ✱ ♥➟♥ Di ➤➻♥❣ ❝✃✉

✈í✐ ♠ét ♠♦❞✉❧❡ ❝♦♥ ❝ñ❛ Uj(M) ✈í✐ ♠ä✐ di ≤ j ≤ d− 1✳ ➜Ó ➤➡♥ ❣✐➯♥ tr♦♥❣

tr×♥❤ ❜➭② t❛ sÏ ✈✐Õt Di ⊆ Uj(M) ✈í✐ ♠ä✐ di ≤ j ≤ d− 1✳

❑Õt q✉➯ ❞➢í✐ ➤➞② ❝❤♦ t❛ ♠ét ➤➷❝ tr➢♥❣ ❝ñ❛ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❞➲②✳



✼✵

▼Ö♥❤ ➤Ò ✸✳✷✳✶✺✳ ❈➳❝ ❦❤➻♥❣ ➤Þ♥❤ s❛✉ ❧➭ t➢➡♥❣ ➤➢➡♥❣

✭✐✮ M ❧➭ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❞➲②✳

✭✐✐✮ Di = Uj(M) ✈í✐ ♠ä✐ i < t✱ di ≤ j < di+1✳

❈❤ø♥❣ ♠✐♥❤✳ (i) ⇒ (ii) ❧➭ ❤✐Ó♥ ♥❤✐➟♥✳

(ii) ⇒ (i) ❳Ðt x = x1, ..., xd ❧➭ ♠ét ❤Ö t❤❛♠ sè ❝ñ❛ M t❤á❛ ♠➲♥ xi ∈
b(M/(xi+1, ..., xd)M)3 ✈í✐ ♠ä✐ i ≤ d✳ ❚❤❡♦ ▼Ö♥❤ ➤Ò ✸✳✷✳✶✸ t❛ ❝ã

IM,x(n) =
d−1∑

j=0

n1...nje(x1, ..., xj;Uj(M)).

❇ë✐ ✈× Di = Uj(M) ✈í✐ ♠ä✐ i < t✱ di ≤ j < di+1 ♥➟♥ e(x1, ..., xj;Uj(M)) =

0 ✈í✐ ♠ä✐ i < t✱ di < j < di+1✳ ❉♦ ➤ã

IM,x(n) =
t−1∑

i=0

n1...ndie(x1, ..., xdi;Di).

❚❤❡♦ ❬✶✷✱ ❚❤❡♦r❡♠ ✹✳✷❪ t❛ ❝ã M ❧➭ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❞➲②✳

❱í✐ ♠ç✐ ♠➠➤✉♥ M ❝➳❝ ♠➠➤✉♥ Ui(M)✱ 0 ≤ i ≤ d − 1✱ ❝❤♦ t❛ ♠ét t❐♣

✐➤➟❛♥ ♥❣✉②➟♥ tè ➤➷❝ ❜✐Öt ❧✐➟♥ ❤Ö ✈í✐ M ❧➭ ∪d−1
i=0AssUi(M)✳ ❈❤ó ý r➺♥❣ ♥Õ✉

p ∈ AssM ✈➭ dimR/p < d t❤× p ∈ AssUM(0) = AssUd−1(M)✳ ❉➢í✐ ➤➞② t❛

❝❤Ø r❛ ♠è✐ ❧✐➟♥ ❤Ö ❝ñ❛ AssUd−2(M) ✈í✐ ➤✐Ò✉ ❦✐Ö♥ ❙❡rr❡ (S2)✳

➜Þ♥❤ ♥❣❤Ü❛ ✸✳✷✳✶✻✳ ❱í✐ n ≥ 1✱ t❛ ♥ã✐ ♠➠➤✉♥M ❧➭ t❤á❛ ♠➲♥ ➤✐Ò✉ ❦✐Ö♥ ❙❡rr❡

(Sn) t➵✐ p ∈ supp(M) ♥Õ✉

depthMp ≥ min{dimMp, n}.

❚❛ ♥ã✐M ❧➭ t❤á❛ ♠➲♥ ➤✐Ò✉ ❦✐Ö♥ ❙❡rr❡ (Sn) ♥Õ✉M t❤á❛ ♠➲♥ ➤✐Ò✉ ❦✐Ö♥ ❙❡rr❡

(Sn) t➵✐ ✈í✐ ♠ä✐ p ∈ supp(M)✳

❈ã t❤Ó t❤✃② r➺♥❣ R t❤á❛ ♠➲♥ ➤✐Ò✉ ❦✐Ö♥ (S1) ❦❤✐ ✈➭ ❝❤Ø ❦❤✐ AssR =

minAssR✳ ◆Õ✉ R t❤á❛ ♠➲♥ ➤✐Ò✉ ❦✐Ö♥ (S2) ✈➭ ➤✐Ò✉ ❦✐Ö♥ ❞➞② ❝❤✉②Ò♥ ✭➤✐Ò✉ ♥➭②



✼✶

❧✉➠♥ ➤ó♥❣ ✈í✐ ❣✐➯ sö R ❧➭ ➯♥❤ ➤å♥❣ ❝✃✉ ❝ñ❛ ♠ét ✈➭♥❤ ❈♦❤❡♥✲▼❛❝❛✉❧❛②✮✱ t❤×

AssR = AsshR✱ ë ➤➞② AsshR = {p | p ∈ AssR, dimR/p = dimR} ✭①❡♠

❬✹✼✱ ❈♦r♦❧❧❛r② ✷✳✷✹❪✮✳ ◆❣➢î❝ ❧➵✐ ●♦t♦ ✈➭ ❨✳ ◆❛❦❛♠✉r❛ tr♦♥❣ ❬✷✶✱ ▲❡♠♠❛

✸✳✷❪ ❝❤ø♥❣ ♠✐♥❤ r➺♥❣ ♥Õ✉ AssR ⊆ AsshR ∪ {m}✱ t❤× t❐♣ ❤î♣

F(R) = {p ∈ Spec(R) | dimRp > 1 = depthRp, p 6= m}

❧➭ ❤÷✉ ❤➵♥✳ ❉♦ ➤ã R ❦❤➠♥❣ t❤á❛ ♠➲♥ ➤✐Ò✉ ❦✐Ö♥ (S2) t➵✐ ♠ét sè ❤÷✉ ❤➵♥

✐➤➟❛♥ ♥❣✉②➟♥ tè✳ ❑Õt q✉➯ ❞➢í✐ ➤➞② ❝❤♦ t❛ ♠➠ t➯ râ ❤➡♥ ✈Ò t❐♣ ❤î♣ ➤➷❝ ❜✐Öt

♥➭② tr♦♥❣ tr➢ê♥❣ ❤î♣ ♠➠➤✉♥✳

▼Ö♥❤ ➤Ò ✸✳✷✳✶✼✳ ●✐➯ sö ♠➠➤✉♥ M t❤á❛ ♠➲♥ AssM ⊆ AsshM ∪ {m}✳ ➜➷t

F(M) = {p ∈ Spec(R) | dimMp > 1 = depthMp, p 6= m}.

❑❤✐ ➤ã F(M) = AssUd−2(M) \ {m}✳

❈❤ø♥❣ ♠✐♥❤✳ ❳Ðt x ∈ b(M)3 ❧➭ ♠ét ♣❤➬♥ tö t❤❛♠ sè ❝ñ❛ M ✳ ❱í✐ ♠ä✐

p ∈ AssUd−2(M) \ {m} t❛ ❝ã p ∈ AssM/xM ✈➭ dimR/p ≤ d − 2✳ ❉♦ ➤ã

dimMp > 1 = depthMp✳ ❱❐② AssUd−2(M) \ {m} ⊆ F(M)✳

❳Ðt p ∈ F(M)✱ ✈× depthMp = 1 ♥➟♥ ✈í✐ ♠ä✐ ♣❤➬♥ tö t❤❛♠ sè z ∈ p t❛ ❝ã

p ∈ AssM/zM ✳ ❉♦ ➤ã p ∈ AssM/(xz)M ✱ ✈➭ ✈× dimR/p ≤ d − 2 t❛ ❝ã

p ∈ AssUM/(xz)M(0) = AssUd−2(M)✳ ▼Ö♥❤ ➤Ò ➤➢î❝ ❝❤ø♥❣ ♠✐♥❤✳

❈❤ó ý ✸✳✷✳✶✽✳ ✭✐✮ ●✐➯ sö M ❧➭ ♠➠➤✉♥ t❤á❛ ♠➲♥ AssM ⊆ AsshM ∪ {m}✳
❈❤ä♥ x ❧➭ ♠ét ♣❤➬♥ tö t❤❛♠ sè ❝ñ❛M s❛♦ ❝❤♦ x /∈ p ✈í✐ ♠ä✐ p ∈ F(M)✳

❑❤✐ ➤ãM t❤á❛ ♠➲♥ ➤✐Ò✉ ❦✐Ö♥ ❙❡rr❡ (S2) t➵✐ ♠ä✐ ✐➤➟❛♥ ♥❣✉②➟♥ tè p 6= m

❝❤ø❛ x✳ ◆➟♥M/xM t❤á❛ ♠➲♥ ➤✐Ò✉ ❦✐Ö♥ ❙❡rr❡ (S1) t➵✐ ♠ä✐ ✐➤➟❛♥ ♥❣✉②➟♥

tè p 6= m✳ ❉♦ ➤ã

Ass(M/xM) ⊆ minAss(M/xM) ∪ {m} = Assh(M/xM) ∪ {m},

➤➻♥❣ t❤ø❝ t❤ø ❤❛✐ ❧➭ ❞♦ tÝ♥❤ ❞➞② ❝❤✉②Ò♥ ❝ñ❛ R✳



✼✷

✭✐✐✮ ➜➷t M = M/UM(0)✳ ❳Ðt x ∈ b(M)3 ∩ b(M)3 ❧➭ ♠ét ♣❤➬♥ tö

t❤❛♠ sè ❝ñ❛ M ✈➭ ❞♦ ➤ã ❧➭ ♠ét ♣❤➬♥ tö t❤❛♠ sè ❝ñ❛ M ✳ ➜➷t b′ =

b(M/xM)✱ b′′ = b(M/xM) ✈➭ b = b′ ∩ b′′✳ ❚❛ ❝ã dimR/b ≤ d − 2✳

❉♦ ➤ã Ud−2(M) ∼= H0
b′(M/xM) ⊆ H0

b(M/xM)✳ ▼➷t ❦❤➳❝ ❞♦

dimH0
b(M/xM) < d − 1 ♥➟♥ Ud−2(M) ∼= H0

b(M/xM)✳ ❚➢➡♥❣ tù

t❛ ❝ã Ud−2(M) ∼= H0
b(M/xM)✳ ❚õ ❝❤ø♥❣ ♠✐♥❤ ❇æ ➤Ò ✸✳✷✳✽ t❛ ❝ã

Ud−2(M) ∼= H0
b(M)⊕H1

b(M/xM)

✈➭

Ud−2(M) ∼= H0
b(M)⊕H1

b(M/xM) = H1
b(M/xM).

❱❐② Ud−2(M) ➤➻♥❣ ❝✃✉ ✈í✐ ♠ét ♠➠➤✉♥ ❝♦♥ ❝ñ❛ Ud−2(M)✳

▼Ö♥❤ ➤Ò ❞➢í✐ ➤➞② ➤ã♥❣ ✈❛✐ trß q✉❛♥ trä♥❣ tr♦♥❣ ❝❤ø♥❣ ♠✐♥❤ ❦Õt q✉➯ ❝❤Ý♥❤

❝ñ❛ t✐Õt s❛✉✳

▼Ö♥❤ ➤Ò ✸✳✷✳✶✾✳ ❈❤♦M ❧➭ ♠ét R✲♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤ ❝❤✐Ò✉ d ≥ 2✳ ❳Ðt x ❧➭

♠ét ♣❤➬♥ tö t❤❛♠ sè ❝ñ❛M ✈➭ x /∈ p ✈í✐ ♠ä✐ p ∈ AssUM(0)∪AssUd−2(M)\
{m}✳ ❑❤✐ ➤ã t❛ ❝ã ❞➲② ❦❤í♣ ♥❣➽♥ s❛✉

0 → UM(0)/xUM(0) → UM/xM(0) → H0
m(M/xM) → 0,

✈í✐ M =M/UM(0)✳

❈❤ø♥❣ ♠✐♥❤✳ ❱× UM(0)∩ xM = x(UM(0) :M x) = xUM(0)✱ t❛ ❝ã ❞➲② ❦❤í♣

♥❣➽♥ s❛✉

0 → UM(0)/xUM(0) →M/xM →M/xM → 0.

◆Õ✉ dimUM(0) = 0 t❤× dimUM(0)/xUM(0) < d− 1✳ ◆Õ✉ dimUM(0) > 0

t❤× x ❧➭ ♣❤➬♥ tö t❤❛♠ sè ❝ñ❛ ❝➯ M ✈➭ UM(0) ♥➟♥ dimUM(0)/xUM(0) =

dimUM(0)−1 < d−1✳ ❉♦ ➤ã UM(0)/xUM(0) ➤➻♥❣ ❝✃✉ ✈í✐ ♠ét ♠➠➤✉♥ ❝♦♥

❝ñ❛M/xM ❝ã ❝❤✐Ò✉ ♥❤á ❤➡♥ d−1✳ ◆➟♥ t❛ ❝ã t❤Ó ➤å♥❣ ♥❤✃t UM(0)/xUM(0)



✼✸

✈í✐ ♠ét ♠➠➤✉♥ ❝♦♥ ❝ñ❛ UM/xM(0)✳ ❚❛ ❝ã

UM/xM(0) ∼= UM/xM(0)/(UM(0)/xUM(0)).

▼➷t ❦❤➳❝ ✈× x /∈ p ✈í✐ ♠ä✐ p ∈ AssUd−2(M) \ {m} ♥➟♥ x /∈ p ✈í✐

♠ä✐ p ∈ AssUd−2(M) \ {m} ❞♦ ❈❤ó ý ✸✳✷✳✶✽ ✭✐✐✮✳ ❚❤❡♦ ▼Ö♥❤ ➤Ò ✸✳✷✳✶✼

✈➭ ❈❤ó ý ✸✳✷✳✶✽ ✭✐✮ t❛ ❝ã Ass(M/xM) ⊆ Assh(M/xM) ∪ {m}✳ ❉♦ ➤ã

UM/xM(0) = H0
m(M/xM)✳ ❱❐② t❛ ❝ã ❞➲② ❦❤í♣ ♥❣➽♥

0 → UM(0)/xUM(0) → UM/xM(0) → H0
m(M/xM) → 0.

✸✳✸ ❇❐❝ ❦❤➠♥❣ tré♥ ❧➱♥ ❝ñ❛ ♠ét ♠➠➤✉♥

❚❛ ❧✉➠♥ ①Ðt (R,m) ❧➭ ➯♥❤ ➤å♥❣ ❝✃✉ ❝ñ❛ ♠ét ✈➭♥❤ ❈♦❤❡♥✲▼❛❝❛✉❧❛②✱ I ❧➭ ♠ét

✐➤➟❛♥ m✲♥❣✉②➟♥ s➡ ✈➭ M ❧➭ ♠ét R✲♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤ ❝❤✐Ò✉ d > 0✳ ▼ô❝

➤Ý❝❤ ❝ñ❛ t✐Õt ♥➭② ❧➭ ①➞② ❞ù♥❣ ♠ét ❧♦➵✐ ❜❐❝ ♠í✐ ❝❤♦ ♠➠➤✉♥ M ❞ù❛ tr➟♥ ❝➳❝

♠➠➤✉♥ Ui(M) ➤➲ t❤✉ ➤➢î❝ tr♦♥❣ t✐Õt tr➢í❝✳ ❚❛ ❜✐Õt r➺♥❣ ℓ(M/InM) ❧➭ ♠ét

➤❛ t❤ø❝ ❜❐❝ d ❦❤✐ n≫ 0 ✈➭

ℓ(M/In+1M) =
d∑

i=0

(−1)iei(I,M)

(
n+ d− i

d− i

)
.

❈➳❝ ❤Ö sè ei(I,M)✱ i = 0, ..., d ➤➢î❝ ❣ä✐ ❧➭ ❝➳❝ ❤Ö sè ❝ñ❛ ➤❛ t❤ø❝ ❍✐❧❜❡rt✲

❙❛♠✉❡❧ ❝ñ❛ ♠➠➤✉♥ M t➢➡♥❣ ø♥❣ ✈í✐ I ✳ ➜➷❝ ❜✐Öt e0(I,M) ➤➢î❝ ❣ä✐ ❧➭ ❜é✐

❍✐❧❜❡rt✲❙❛♠✉❡❧ ❝ñ❛ ♠➠➤✉♥M t➢➡♥❣ ø♥❣ ✈í✐ I ✱ ❦❤✐ I = m t❛ ✈✐Õt ➤➡♥ ❣✐➯♥ ❧➭

e0(M)✳ ❚r♦♥❣ t✐Õt ♥➭② t❛ ❞ï♥❣ ❦Ý ❤✐Ö✉ deg(I,M) ✭t➢➡♥❣ ø♥❣ deg(M)✮ t❤❛②

❝❤♦ e0(I,M) ✭t➢➡♥❣ ø♥❣ e0(M)✮✳ ❈➠♥❣ t❤ø❝ ❜é✐ ❧✐➟♥ ❦Õt ❞➢í✐ ➤➞② ❝❤Ø r❛ r➺♥❣

deg(I,M) ❝❤Ø ♣❤ô t❤✉é❝ ✈➭♦ ❝➳❝ ✐➤➟❛♥ ♥❣✉②➟♥ tè ❧✐➟♥ ❦Õt ❝ã ❝❤✐Ò✉ ❝❛♦ ♥❤✃t

❝ñ❛ M ✭①❡♠ ❬✻✱ ❈♦r♦❧❧❛r② ✹✳✻✳✽❪✮

deg(I,M) =
∑

p∈AsshM

ℓRp
(Mp)deg(I, R/p). (⋆)



✼✹

❈❤ó ý r➺♥❣ ♥Õ✉ p ❧➭ ✐➤➟❛♥ ♥❣✉②➟♥ tè ❧✐➟♥ ❦Õt tè✐ t✐Ó✉ ❝ñ❛ M ✱ t❤× Mp ❝ã ➤é

❞➭✐ ❤÷✉ ❤➵♥ ✈➭Mp = H0
pRp

(Mp)✳ ◆➟♥ ❝➠♥❣ t❤ø❝ (⋆) ❝ã t❤Ó ➤➢î❝ ✈✐Õt ❧➵✐ ♥❤➢

s❛✉

deg(I,M) =
∑

p∈AsshM

ℓRp
(H0

pRp
(Mp))deg(I, R/p). (⋆⋆)

❉➢í✐ ➤➞② t❛ ♥❤➽❝ ❧➵✐ ♠ét sè ❜✃t ❜✐Õ♥ sè ❝ñ❛M ❧✐➟♥ q✉❛♥ ➤Õ♥ deg(I,M) ❞ù❛

tr➟♥ ✈✐Ö❝ ♠ë ré♥❣ t❐♣ ❝➳❝ ✐➤➟❛♥ ♥❣✉②➟♥ tè ❝ñ❛ ❝➠♥❣ t❤ø❝ (⋆⋆) ✭①❡♠ ❬✺✻❪✮✳

➜Þ♥❤ ♥❣❤Ü❛ ✸✳✸✳✶✳ ❳Ðt ❧ä❝ ❝❤✐Ò✉

D : D0 ⊆ D1 ⊆ · · · ⊆ Dt =M

❝ñ❛ M ✈➭ di = dimDi ✈í✐ ♠ä✐ i ≤ t✳ ❚❛ ❝ã deg(I,M) ❝❤Ø ❧✐➟♥ q✉❛♥ ➤Õ♥

❝➳❝ ✐➤➟❛♥ ♥❣✉②➟♥ tè ❧✐➟♥ ❦Õt p ❝ã ❝❤✐Ò✉ ❝❛♦ ♥❤✃t tø❝ ❧➭ p ∈ AssM/Dt−1✳

❇❐❝ sè ❤ä❝ ❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐ I ✱ adeg(I,M)✱ ➤➢î❝ ➤Þ♥❤ ♥❣❤Ü❛ ♥❤➢ s❛✉

adeg(I,M) =
∑t

i=0 deg(I,Di)✳ ❳Ðt p ∈ AssDi✱ dimR/p = di✳ ❚❛ ❝ã

p /∈ AssM/Di✳ ❉♦ ➤ã tõ ❞➲② ❦❤í♣ ♥❣➽♥

0 → Di →M →M/Di → 0

t❛ ❝ã H0
pRp

((Di)p) ∼= H0
pRp

(Mp)✳ ❱❐②

adeg(I,M) =
∑

p∈AssM

ℓRp
(H0

pRp
(Mp))deg(I, R/p). (⋆ ⋆ ⋆)

◆❤➢ ✈❐② adeg(I,M) ≥ deg(I,M)✱ ✈➭ ❞✃✉ ❜➺♥❣ ①➯② r❛ ❦❤✐ ✈➭ ❝❤Ø ❦❤✐ ♠ä✐

✐➤➟❛♥ ♥❣✉②➟♥ tè ❝ñ❛ M ➤Ò✉ ❝ã ❝❤✐Ò✉ ❝❛♦ ♥❤✃t tø❝ ❧➭ UM(0) = 0✳

❈❤ó ý ✸✳✸✳✷✳ ●✐➯ sö t❤➟♠ r➺♥❣ (R,m) ❧➭ ➯♥❤ ➤å♥❣ ❝✃✉ ❝ñ❛ ♠ét ✈➭♥❤

●♦r❡♥st❡✐♥ ➤Þ❛ ♣❤➢➡♥❣ (S, n) ❝❤✐Ò✉ n✳ ❑❤✐ ➤ã M ❝ò♥❣ ❧➭ ♠ét S✲♠➠➤✉♥

✈➭ p ∈ AssS(M) ❦❤✐ ✈➭ ❝❤Ø ❦❤✐ pR ∈ Ass(M)✳ ❍➡♥ ♥÷❛✱ deg(I,M) ❦❤➠♥❣

t❤❛② ➤æ✐ ❦❤✐ ①❡♠ M ♥❤➢ ♠ét S✲♠➠➤✉♥✳

✭✐✮ ❚❤❡♦ ➜Þ♥❤ ❧Ý ➜è✐ ♥❣➱✉ ➤Þ❛ ♣❤➢➡♥❣ ✭①❡♠ ❬✹✱ ✶✶✳✷✳✻❪✮ t❛ ❝ã

Hn−i
m (M) ∼= HomR(Ext

i
S(M,S), E(R/m))



✼✺

✈í✐ ♠ä✐ i ≥ 0✱ ë ➤➞② E(R/m) ❧➭ ❜❛♦ ♥é✐ ①➵ ❝ñ❛ R✲♠➠➤✉♥ R/m✳ ❚❤❡♦

❈❤ó ý ✸✳✶✳✷ ✭✐✐✮ ✈➭ ❝➳❝ ➜Þ♥❤ ❧Ý ✶✳✶✳✾✱ ✶✳✶✳✶✵ t❛ ❝ã dimExtiS(M,S) ≤
n− i✱ ✈➭ ExtiS(M,S) = 0 ♥Õ✉ i > n− depth(M) ❤♦➷❝ i < n− d✳ ❍➡♥

♥÷❛ ExtiS(M,S) 6= 0 ♥Õ✉ i = n− depth(M) ❤♦➷❝ i = n− d✳

✭✐✐✮ ❱× S ❧➭ ●♦r❡♥st❡✐♥ ♥➟♥ t❛ ❝ã t❤Ó ❝❤ä♥ ♠ét ❞➲② S✲❝❤Ý♥❤ q✉② x1, ..., xn−d

♥➺♠ tr♦♥❣ AnnM ✳ ❚❤❡♦ ❬✻✱ ▲❡♠♠❛ ✶✳✷✳✹❪ t❛ ❝ã Extn−dS (M,S) ∼=
HomS(M,S/(x1, ..., xn−d)S)✳ ❉♦ ➤ã

AssS(Ext
n−d
S (M,S)) = AssS(HomS(M,S/(x1, ..., xn−d)S))

= AssSS/(x1, ..., xn−d)S ∩ suppS(M)

= {p ∈ AssSM | dimS/p = d}.

✭✐✐✐✮ ❉♦ (S, n) ❧➭ ♠ét ✈➭♥❤ ●♦r❡♥st❡✐♥ ♥➟♥

ExtiS(S/n, S) =

{
S/n ♥Õ✉ i = n

0 ♥Õ✉ i 6= n

◆Õ✉ N ❧➭ ♠ét ♠➠➤✉♥ ❝ã ➤é ❞➭✐ ❤÷✉ ❤➵♥✱ ❜➺♥❣ q✉② ♥➵♣ t❤❡♦ ℓ(N) t❛ ❝ã

t❤Ó ❝❤ø♥❣ ♠✐♥❤ r➺♥❣ ℓ(N) = ℓ(ExtnS(N,S))✳

✭✐✈✮ ❚❤❡♦ ✭✐✮ ❞➲② ❦❤í♣ ♥❣➽♥

0 → H0
m(M) →M →M/H0

m(M) → 0

❝❤♦ t❛ ❞➲② ❦❤í♣ s❛✉

ExtnS(M/H0
m(M), S) → ExtnS(M,S) → ExtnS(H

0
m(M), S) → 0.

❱× depth(M/H0
m(M)) > 0 ♥➟♥ ExtnS(M/H0

m(M), S) = 0✳ ❱❐②

ExtnS(M,S) ∼= ExtnS(H
0
m(M), S)✳ ◆➟♥ t❤❡♦ ✭✐✐✐✮ t❛ ❝ã ℓ(ExtnS(M,S)) =

ℓ(H0
m(M)) ✳

✭✈✮ ❚õ ✭✐✈✮ t❛ ❝ã n ∈ AssSM ❦❤✐ ✈➭ ❝❤Ø ❦❤✐ n ∈ AssS(Ext
n
S(M,S))✳ ❳Ðt

p ∈ Spec(S) ✈➭ ht(p) = h✱ ❜➺♥❣ ➤Þ❛ ♣❤➢➡♥❣ ❤ã❛ t❛ ❝ã p ∈ AssSM ❦❤✐



✼✻

✈➭ ❝❤Ø ❦❤✐ p ∈ AssS(Ext
h
S(M,S)) ✈➭

ℓSp
(H0

pSp
(Mp)) = ℓSp

(ExthS(M,S)p).

✭✈✐✮ ❚❤❡♦ ✭✐✐✮ ✈➭ ✭✈✮ t❛ ❝ã dimExtn−dS (M,S) = d✱ ❤➡♥ ♥÷❛ deg(I,M) =

deg(I,Extn−dS (M,S))✳ ❚❛ ❝ò♥❣ ❝ã

adeg(I,M) =
∑

i

ai · deg(I,ExtiS(M,S)),

ë ➤➞② ai = 1 ♥Õ✉ dimExtiS(M,S) = n − i✱ ✈➭ ai = 0 ♥Õ✉

dimExtiS(M,S) < n − i✳ ▼➷t ❦❤➳❝✱ ♥Õ✉ dimExtiS(M,S) = n − i

t❤×

deg(I,ExtiS(Ext
i
S(M,S), S)) = deg(I,ExtiS(M,S)),

✈➭ ♥Õ✉ dimExtiS(M,S) < n− i t❤× ExtiS(Ext
i
S(M,S), S) = 0✳ ❉♦ ➤ã

adeg(I,M) =
∑

i

deg(I,ExtiS(Ext
i
S(M,S), S)).

✭✈✐✐✮ ❚❤❡♦ ✭✈✮ t❛ ❝ã

AssM ⊆
⋃

i≥0

Ass(ExtiS(M,S)).

❚❛ ❜✐Õt r➺♥❣ deg(M), adeg(M) ♣❤➯♥ ➳♥❤ ❝✃✉ tró❝ ♣❤ø❝ t➵♣ ❝ñ❛ ♠➠➤✉♥M ✳

◆❤➺♠ ❦✐Ó♠ s♦➳t tèt ❤➡♥ ❝➳❝ ➤é ♣❤ø❝ t➵♣ ♥➭② ✈➭ t❤✉❐♥ t✐Ö♥ tr♦♥❣ sö ❞ô♥❣ ▲✳

❉♦❡r✐♥❣✱ ❚✳ ●✉♥st♦♥ ✈➭ ❲✳ ❱❛s❝♦♥❝❡❧♦s ➤➲ ➤➢❛ r❛ ❦❤➳✐ ♥✐Ö♠ ❜❐❝ ♠ë ré♥❣

❝ñ❛ ♠➠➤✉♥ ♣❤➞♥ ❜❐❝ M ✈➭ ♣❤➳t tr✐Ó♥ ♠ét tr➢ê♥❣ ❤î♣ ➤➷❝ ❜✐Öt ❝ñ❛ ❜❐❝ ♠ë

ré♥❣ ❧➭ ❜❐❝ ➤å♥❣ ➤✐Ò✉ ❝ñ❛ ♠➠➤✉♥ ♣❤➞♥ ❜❐❝ M ✭①❡♠ ❬✶✾❪✱ ❬✺✺❪✱ ❬✺✻❪✮✳ ❇❐❝

♠ë ré♥❣ ❝ñ❛ ♠ét ♠➠➤✉♥ tr➟♥ ✈➭♥❤ ➤Þ❛ ♣❤➢➡♥❣ ➤➢î❝ ①❡♠ ①Ðt ❜ë✐ ▼✳❊✳ ❘♦ss✐✱

◆✳❱✳ ❚r✉♥❣ ✈➭ ●✳ ❱❛❧❧❛ tr♦♥❣ ❬✹✺❪ ✳ ❙ù ♠ë ré♥❣ tù ♥❤✐➟♥ ❝ñ❛ ❝➳❝ ❦❤➳✐ ♥✐Ö♠

♥➭② ❝❤♦ ✐➤➟❛♥ m✲♥❣✉②➟♥ s➡ I ➤➢î❝ ♥➟✉ r❛ tr♦♥❣ ❬✸✸❪✳

➜Þ♥❤ ♥❣❤Ü❛ ✸✳✸✳✸✳ ❈❤♦ M(R) ❧➭ ♣❤➵♠ trï ❝➳❝ R✲♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤✳ ▼ét

❜❐❝ ♠ë ré♥❣ tr➟♥ M(R) t➢➡♥❣ ø♥❣ ✈í✐ ✐➤➟❛♥ I ❧➭ ♠ét ❤➭♠ sè

Deg(I, •) : M(R) → R



✼✼

t❤á❛ ♠➲♥ ❝➳❝ ➤✐Ò✉ ❦✐Ö♥ s❛✉

✭✐✮ Deg(I,M) = Deg(I,M) + ℓ(H0
m(M))✱ ✈í✐ M =M/H0

m(M)✳

✭✐✐✮ Deg(I,M) ≥ Deg(I,M/xM) ✈í✐ ♠ä✐ ♣❤➬♥ tö tæ♥❣ q✉➳t x ∈ I \ mI

❝ñ❛ M ✳

✭✐✐✐✮ ◆Õ✉ M ❧➭ ❈♦❤❡♥✲▼❛❝❛✉❧❛② t❤× Deg(I,M) = deg(I,M)✳

➜Þ♥❤ ♥❣❤Ü❛ ✸✳✸✳✹ ✭❬✺✺❪✮✳ ●✐➯ sö (R,m) ❧➭ ➯♥❤ ➤å♥❣ ❝✃✉ ❝ñ❛ ♠ét ✈➭♥❤

●♦r❡♥st❡✐♥ ➤Þ❛ ♣❤➢➡♥❣ (S, n) ❝❤✐Ò✉ n✱ ✈➭ M ❧➭ ♠ét ♠➠➤✉♥ R✲❤÷✉ ❤➵♥ s✐♥❤

❝❤✐Ò✉ d✳ ❑❤✐ ➤ã ❜❐❝ ➤å♥❣ ➤✐Ò✉✱ hdeg(I,M)✱ ❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐ I ➤➢î❝

➤Þ♥❤ ♥❣❤Ü❛ ➤Ö q✉② ♥❤➢ s❛✉

hdeg(I,M) = deg(I,M) +
n∑

i=n−d+1

(
d− 1

i− n+ d− 1

)
hdeg(I,ExtiS(M,S)).

❈❤ó ý ✸✳✸✳✺✳ ✭✐✮ ➜Þ♥❤ ♥❣❤Ü❛ ✸✳✸✳✹ ❧➭ ❝ã ♥❣❤Ü❛ ✈× dimExtiS(M,S) < d ✈í✐

♠ä✐ i = n− d+ 1, ..., n✳

✭✐✐✮ hdeg(I, •) ❧➭ ♠ét ❜❐❝ ♠ë ré♥❣ ❝ñ❛M(R)✱ ✈➭ hdeg(I,M) = deg(I,M)

❦❤✐ ✈➭ ❝❤Ø ❦❤✐ M ❧➭ ♠ét R✲♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛②✳

✭✐✐✐✮ ◆Õ✉M ❧➭ ♠ét ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣✱ t❤× ℓ(Extn−iS (M,S)) =

ℓ(H i
m(M)) ✈í✐ ♠ä✐ i = 0, ..., d− 1✳ ❚❛ ❝ã

hdeg(I,M) = deg(I,M) +
d−1∑

i=0

(
d− 1

i

)
ℓ(H i

m(M)).

✭✐✈✮ ✭①❡♠ ❬✺✻✱ Pr♦♣♦s✐t✐♦♥ ✸✳✺❪✮ ◆Õ✉ dimM = dimS = 2 t❤×

hdeg(I,M) = adeg(I,M) + ℓ(Ext2S(Ext
1
S(M,S), S)).

❈❤♦ ➤Õ♥ ♥❛② ❜❐❝ ➤å♥❣ ➤✐Ò✉ ❧➭ ❧♦➵✐ ❜❐❝ ♠ë ré♥❣ ❞✉② ♥❤✃t ➤➢î❝ ①➞② ❞ù♥❣ râ

r➭♥❣✳ ◆ã✐ ❝❤✉♥❣ ❜❐❝ ➤å♥❣ ➤✐Ò✉ ❝ñ❛ ♠ét ♠➠➤✉♥ ❧➭ ❦❤ã tÝ♥❤ t♦➳♥ ✈➭ t❤➢ê♥❣ ❧➭

❝➳❝ ❣✐➳ trÞ sè ❧í♥✳ ❉➢í✐ ➤➞② t❛ sÏ ①➞② ❞ù♥❣ ♠ét ❜❐❝ ♠ë ré♥❣ ❝ñ❛ M(R) ❞ù❛



✼✽

tr➟♥ ❝➳❝ ♠➠➤✉♥ Ui(M) ∼= UM/(xi+2,...,xd)M(0) ✈í✐ x1, ..., xd ❧➭ ♠ét ❤Ö t❤❛♠ sè

❜✃t ❦× ❝ñ❛ M t❤á❛ ♠➲♥ xi ∈ b(M/(xi+1, ..., xd)M)3 ✈í✐ ♠ä✐ i ≤ d✳ ❈❤ó ý

r➺♥❣ dimUi(M) ≤ i ✈í✐ ♠ä✐ 0 ≤ i ≤ d− 1✳

❑Ý ❤✐Ö✉ ✸✳✸✳✻✳ ❈❤♦ ♠➠➤✉♥M ✈í✐ t❤➭♥❤ ♣❤➬♥ ❦❤➠♥❣ tré♥ ❧➱♥ UM(0)✳ ❚❛ ➤Þ♥❤

♥❣❤Ü❛

d̃eg(I, UM(0)) =

{
deg(I, UM(0)) ♥Õ✉ dimUM(0) = dimM − 1

0 ♥Õ✉ dimUM(0) < dimM − 1.

➜Þ♥❤ ♥❣❤Ü❛ ✸✳✸✳✼✳ ❈❤♦ M ❧➭ ♠ét R✲♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤ ❝❤✐Ò✉ d✳ ❚❛ ➤Þ♥❤

♥❣❤Ü❛ ❜❐❝ ❦❤➠♥❣ tré♥ ❧➱♥ ❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐ I ✱ udeg(I,M)✱ ♥❤➢ s❛✉

udeg(I,M) = deg(I,M) +
d−1∑

i=0

d̃eg(I, Ui(M)),

ë ➤➞② Ui(M) ➤➢î❝ ❤✐Ó✉ ♥❤➢ ❧➭ UM/(xi+2,...,xd)M(0) ✈í✐ x1, ..., xd ❧➭ ♠ét ❤Ö

t❤❛♠ sè ❜✃t ❦× ❝ñ❛ M t❤á❛ ♠➲♥ xi ∈ b(M/(xi+1, ..., xd)M)3 ✈í✐ ♠ä✐ i ≤ d✳

◆❣♦➭✐ r❛✱ ✈í✐ ♠ç✐ 0 ≤ i ≤ d−1 t❛ ➤Þ♥❤ ♥❣❤Ü❛ udegi(I,M) = d̃eg(I, Ui(M))✳

❚❛ ❝❤ø♥❣ ♠✐♥❤ ♠ét sè tÝ♥❤ ❝❤✃t ❝➡ ❜➯♥ ❝ñ❛ udeg(I,M)✳

➜Þ♥❤ ❧Ý ✸✳✸✳✽✳ ❈❤♦ M ❧➭ ♠ét R✲♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤ ❝❤✐Ò✉ d✳ ❚❛ ❝ã

deg(I,M) ≤ adeg(I,M) ≤ udeg(I,M).

❍➡♥ ♥÷❛

✭✐✮ deg(I,M) = udeg(I,M) ❦❤✐ ✈➭ ❝❤Ø ❦❤✐M ❧➭ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛②✳

✭✐✐✮ adeg(I,M) = udeg(I,M) ❦❤✐ ✈➭ ❝❤Ø ❦❤✐M ❧➭ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛②

❞➲②✳

❈❤ø♥❣ ♠✐♥❤✳ ❇✃t ➤➻♥❣ t❤ø❝ t❤ø ♥❤✃t ❧➭ ❤✐Ó♥ ♥❤✐➟♥✱ ✈➭ ✭✐✮ ❧➭ ♠ét ❤Ö q✉➯ trù❝

t✐Õ♣ ❝ñ❛ ✭✐✐✮✳ ❳Ðt ❧ä❝ ❝❤✐Ò✉

D : D0 ⊂ D1 ⊂ · · · ⊂ Dt =M



✼✾

❝ñ❛ M ✈í✐ di = dimDi ✈í✐ ♠ä✐ i ≤ t✳ ◆❤➽❝ ❧➵✐ r➺♥❣

adeg(I,M) = deg(I,M) +
t−1∑

i=0

deg(I,Di).

❱í✐ ♠ä✐ i < t t❤❡♦ ◗✉② ➢í❝ ✸✳✷✳✶✹ t❛ ❝ã Di ⊆ Udi(M)✳ ◆➟♥ dimUdi(M) =

di ✈➭ ❞♦ ➤ã

deg(I,Di) ≤ deg(I, Udi(M)) = d̃eg(I, Udi(M)).

❱❐② adeg(I,M) ≤ udeg(I,M)✳

✭✐✐✮ ◆Õ✉ M ❧➭ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❞➲② ➳♣ ❞ô♥❣ ▼Ö♥❤ ➤Ò ✸✳✷✳✶✺ t❛ ❝ã

♥❣❛② adeg(I,M) = udeg(I,M)✳

❳Ðt x1, ..., xd ❧➭ ♠ét ❤Ö t❤❛♠ sè ❝ñ❛M t❤á❛ ♠➲♥ xi ∈ b(M/(xi+1, ..., xd)M)3

✈í✐ ♠ä✐ i ≤ d✳ ●✐➯ sö adeg(I,M) = udeg(I,M) ❦❤✐ ➤ã t❛ ❝ã deg(I,Di) =

deg(I, Udi(M)) ✈➭ d̃eg(I, Uj(M)) = 0 ✈í✐ ♠ä✐ i < t ✈➭ di < j < di+1✳

●✐➯ sö M ❦❤➠♥❣ ❧➭ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❞➲②✳ ❚❤❡♦ ▼Ö♥❤ ➤Ò ✸✳✷✳✶✺

t❛ ❝ã t❤Ó t×♠ ➤➢î❝ sè ♥❣✉②➟♥ j0 ❧í♥ ♥❤✃t s❛♦ ❝❤♦ Di0 6= Uj0(M) ✈í✐

di0 ≤ j0 < di0+1✳ ➜➷t M ′ = M/(xj0+3, ..., xd)M t❛ ❝ã xj0+2 ∈ b(M ′)3

✈➭ Uj0(M) = UM ′/xj0+2M ′(0)✳ ➜➷t b′ = b(M ′/xj0+2M
′)✳ ❚õ ➤Þ♥❤ ♥❣❤Ü❛ ❝ñ❛

j0 t❛ ❝ã Di0 ❧➭ ♠➠➤✉♥ ❝♦♥ ❧í♥ ♥❤✃t ❝ñ❛ M ′ ❝ã ❝❤✐Ò✉ ♥❤á ❤➡♥ dimM ′ − 1✳

❚❤❡♦ ◗✉② ➢í❝ ✸✳✷✳✶✹ t❛ ➤å♥❣ ♥❤✃t Di0 ✈í✐ ♠ét ♠➠➤✉♥ ❝♦♥ ❝ñ❛ Uj0(M) =

H0
b′(M

′/xj0+2M
′)✳ ◆➟♥ Di0 ❧➭ b′✲①♦➽♥ ✈➭ ❞♦ ➤ã Di0

∼= H0
b′(M

′)✳ ❚õ ❝❤ø♥❣

♠✐♥❤ ❇æ ➤Ò ✸✳✷✳✽ t❛ ❝ã

Uj0(M) ∼= Di0 ⊕H1
b′(M

′/UM ′(0)).

❱× Di0 ( Uj0(M) ♥➟♥ H1
b′(M

′/UM ′(0)) 6= 0✳ ❚❛ ➤å♥❣ ♥❤✃t H1
b′(M

′/UM ′(0))

✈í✐ ♠➠➤✉♥ ❝♦♥ N ❝ñ❛M ′/xj0+2M
′ =M/(xj0+2, ..., xd)M ✳ ➜➷t dimN = h✳

❱× N ➤➻♥❣ ❝✃✉ ✈í✐ ♠ét ♠➠➤✉♥ ❝♦♥ ❝ñ❛ Uh(M) t❛ ❝ã dimUh(M) = h✳ ◆➟♥

d̃eg(I, Uh(M)) 6= 0✳ ❙✉② r❛ tå♥ t➵✐ i1 ≤ i0 ➤Ó di1 = h✳ ❚❛ ❝ã Di1 ⊕ N ❧➭

♠➠➤✉♥ ❝♦♥ ❧í♥ ♥❤✃t ❝ñ❛ M ′/xj0+2M
′ = M/(xj0+2, ..., xd)M ❝ã ❝❤✐Ò✉ di1✳



✽✵

❚❤❡♦ ◗✉② ➢í❝ ✸✳✷✳✶✹ t❛ ❝♦✐ Di1 ⊕N ❧➭ ♠ét ♠➠➤✉♥ ❝♦♥ ❝ñ❛ Ud1(M)✳ ❚❛ ❝ã

deg(I, Udi1(M)) ≥ deg(I,Di1) + deg(I,N) > deg(I,Di1).

➜✐Ò✉ ♥➭② ❧➭ ♠➞✉ t❤✉➱♥ ✈í✐ ❦❤➻♥❣ ➤Þ♥❤ deg(I,Di1) = deg(I, Udi1(M))✳ ❱❐②

M ❧➭ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❞➲②✳

▼Ö♥❤ ➤Ò ✸✳✸✳✾✳ ❈❤♦ N ❧➭ ♠ét ♥♦❞✉❧❡ ❝♦♥ ❝ã ➤é ❞➭✐ ❤÷✉ ❤➵♥ ❝ñ❛M ✳ ❚❛ ❝ã

udeg(I,M) = udeg(I,M/N) + ℓ(N).

❈❤ø♥❣ ♠✐♥❤✳ ❳Ðt x1, ..., xd ❧➭ ♠ét ❤Ö t❤❛♠ sè ❝ñ❛ M t❤á❛ ♠➲♥ xi ∈
b(M/(xi+1, ..., xd)M)3∩b(M/((xi+1, ..., xd)M +N))3 ✈í✐ ♠ä✐ i ≤ d✳ ❚❤❡♦

▼Ö♥❤ ➤Ò ✸✳✷✳✶✸✱ x1, ..., xd ❧➭ ♠ét dd✲❞➲② ♥➟♥ H0
m(M) ∩ (x1, ..., xd)M = 0✳

❉➱♥ ➤Õ♥ ✈í✐ ♠ä✐ 0 ≤ j ≤ d− 1 t❛ ❝ã ❞➲② ❦❤í♣ ♥❣➽♥

0 → N →M/(xj+2, ..., xd)M →M/(N + (xj+2, ..., xd)M) → 0.

❉♦ ➤ã Uj(M/N) ∼= Uj(M)/N ✈í✐ ♠ä✐ 0 ≤ j ≤ d − 1✳ ❉➱♥

➤Õ♥ d̃eg(I, Uj(M/N)) = d̃eg(I, Uj(M)) ✈í✐ ♠ä✐ 1 ≤ j ≤ d − 1 ✈➭

d̃eg(I, U0(M/N)) = d̃eg(I, U0(M)) − ℓ(N)✳ ❑❤➻♥❣ ➤Þ♥❤ ❜➞② ❣✐ê ❧➭ ❤✐Ó♥

♥❤✐➟♥✳

▼Ö♥❤ ➤Ò ✸✳✸✳✶✵✳ ❈❤♦ M ❧➭ ♠ét ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ ❝❤✐Ò✉ d✳

❑❤✐ ➤ã

udeg(I,M) = deg(I,M) +
d−1∑

j=0

(
d− 1

j

)
ℓ(Hj

m(M)).

❈❤ø♥❣ ♠✐♥❤✳ ❳Ðt x1, ..., xd ❧➭ ♠ét ❤Ö t❤❛♠ sè ❝ñ❛ M t❤á❛ ♠➲♥ xi ∈
b(M/(xi+1, ..., xd)M)3 ✈í✐ ♠ä✐ i ≤ d✳ ❚❛ ❝ã

Ui(M) ∼= H0
m(M/(xi+2, ..., xd)M) ∼=

d−i−1⊕

j=0

Hj
m(M)(

d−i−1
j )

✈í✐ ♠ä✐ 0 ≤ i ≤ d − 1✳ ◆➟♥ d̃eg(I, Ui(M)) = 0 ✈í✐ ♠ä✐ 1 ≤ i ≤ d − 1 ✈➭

d̃eg(I, U0(M)) =
∑d−1

j=0

(
d−1
j

)
ℓ(Hj

m(M))✳ ▼Ö♥❤ ➤Ò ➤➢î❝ ❝❤ø♥❣ ♠✐♥❤✳



✽✶

▼Ö♥❤ ➤Ò ✸✳✸✳✶✶✳ ❈➳❝ ❦❤➻♥❣ ➤Þ♥❤ s❛✉ ❧➭ ➤ó♥❣

✭✐✮ ◆Õ✉ d = 1 t❤× udeg(I,M) = adeg(I,M)✳

✭✐✐✮ ◆Õ✉ d = 2 t❤× udeg(I,M) = adeg(I,M) + ℓ(H1
m(M/UM(0)))✳

❈❤ø♥❣ ♠✐♥❤✳ ✭✐✮ ❧➭ ❤✐Ó♥ ♥❤✐➟♥✳

✭✐✐✮ ❳Ðt ❤❛✐ tr➢ê♥❣ ❤î♣✳

❚r➢ê♥❣ ❤î♣ dimUM(0) = 0✱ ❦❤✐ ➤ã t❛ ❝ãM ❧➭ ♠ét ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛②

s✉② ré♥❣ ♥➟♥ t❤❡♦ ▼Ö♥❤ ➤Ò ✸✳✸✳✶✵ t❛ ❝ã

udeg(I,M) = deg(I,M) + ℓ(H0
m(M)) + ℓ(H1

m(M))

= adeg(I,M) + ℓ(H1
m(M/H0

m(M))).

❚r➢ê♥❣ ❤î♣ dimUM(0) = 1✱ ❦❤✐ ➤ã

adeg(I,M) = deg(I,M) + deg(I, UM(0)) + ℓ(H0
m(M)).

▼➷t ❦❤➳❝ U1(M) ∼= UM(0) ♥➟♥ d̃eg(I, U1(M)) = deg(I, UM(0))✳ ❳Ðt

x2 ∈ b(M)3 ❧➭ ♠ét ♣❤➬♥ tö t❤❛♠ sè✱ t❤❡♦ ❝❤ø♥❣ ♠✐♥❤ ❇æ ➤Ò ✸✳✷✳✽ t❛ ❝ã

U0(M) ∼= H0
m(M/x2M) ∼= H0

m(M)⊕H1
m(M/UM(0)).

▼Ö♥❤ ➤Ò ➤➢î❝ ❝❤ø♥❣ ♠✐♥❤✳

❍Ö q✉➯ ✸✳✸✳✶✷✳ ●✐➯ sö (R,m) ❧➭ ➯♥❤ ➤å♥❣ ❝✃✉ ❝ñ❛ ♠ét ✈➭♥❤ ●♦r❡♥st❡✐♥ ✈➭

dimM = 2✳ ❚❛ ❝ã udeg(I,M) = hdeg(I,M)✳

❈❤ø♥❣ ♠✐♥❤✳ ❑❤➠♥❣ ♠✃t tÝ♥❤ tæ♥❣ q✉➳t t❛ ❝ã t❤Ó ❣✐➯ sö (R,m) ❧➭ ♠ét

✈➭♥❤ ●♦r❡♥st❡✐♥ ❝❤✐Ò✉ ❤❛✐✳ ◆Õ✉ UM(0) = H0
m(M) t❛ ❝ã M ❧➭ ♠➠➤✉♥

❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣✱ ❦❤➻♥❣ ➤Þ♥❤ s✉② r❛ tõ ▼Ö♥❤ ➤Ò ✸✳✸✳✶✵ ✈➭ ❈❤ó

ý ✸✳✸✳✺ ✭✐✐✐✮✳ ●✐➯ sö dimUM(0) = 1✱ t❤❡♦ ▼Ö♥❤ ➤Ò ✸✳✸✳✶✵ ✈➭ ❈❤ó ý ✸✳✸✳✺

✭✐✈✮ t❛ ❝❤Ø ❝➬♥ ❝❤ø♥❣ ♠✐♥❤ ℓ(H1
m(M/UM(0))) = ℓ(Ext2R(Ext

1
R(M,R), R))✳

❉♦ AssM/UM(0) = {p | p ∈ AssM, dimR/p = 2} ♥➟♥ ❈❤ó ý ✸✳✸✳✷



✽✷

✭✐✮ ✈➭ ✭✈✮ s✉② r❛ r➺♥❣ Ext1R(M/UM(0), R) ❧➭ ♠➠➤✉♥ ❝ã ➤é ❞➭✐ ❤÷✉ ❤➵♥✱

✈➭ ℓ(Ext1R(M/UM(0), R)) = ℓ(H1
m(M/UM(0))) t❤❡♦ ➜Þ♥❤ ❧Ý ➤è✐ ♥❣➱✉

➤Þ❛ ♣❤➢➡♥❣✳ ❚❤❡♦ ❈❤ó ý ✸✳✸✳✷ ✭✐✐✐✮ t❛ ❝ã ℓ(Ext2R(Ext
1
R(M,R), R)) =

ℓ(H0
m(Ext

1
R(M,R)))✳ ❱× ✈❐② t❛ ❝❤Ø ❝➬♥ ❝❤ø♥❣ ♠✐♥❤ r➺♥❣

ℓ(Ext1R(M/UM(0), R)) = ℓ(H0
m(Ext

1
R(M,R))).

❳Ðt ❞➲② ❦❤í♣ ♥❣➽♥

0 → UM(0) →M →M/UM(0) → 0.

❚❤❡♦ ❈❤ó ý ✸✳✸✳✷ ✭✐✮ ❞➲② ❦❤í♣ tr➟♥ ❝➯♠ s✐♥❤ ❞➲② ❦❤í♣ ♥❣➽♥

0 → Ext1R(M/UM(0), R) → Ext1R(M,R) → Ext1R(UM(0), R) → 0.

❚❤❡♦ ❈❤ó ý ✸✳✸✳✷ ✭✐✐✮ t❛ ❝ã H0
m(Ext

1
R(UM(0), R)) = 0✳ ◆➟♥

Ext1R(M/UM(0), R)) = H0
m(Ext

1
R(M/UM(0), R))) ∼= H0

m(Ext
1
R(M,R)).

❍Ö q✉➯ ➤➢î❝ ❤♦➭♥ t♦➭♥ ❝❤ø♥❣ ♠✐♥❤✳

➜Ó ❝❤ø♥❣ ♠✐♥❤ ❜❐❝ ❦❤➠♥❣ tré♥ ❧➱♥ ❧➭ ♠ét ❜❐❝ ♠ë ré♥❣ ❝ñ❛ M(R) t❛ ❝❤Ø

❝ß♥ ♣❤➯✐ ❝❤ø♥❣ ♠✐♥❤ tÝ♥❤ ❝❤✃t ✭✐✐✮ ❝ñ❛ ➜Þ♥❤ ♥❣❤Ü❛ ✸✳✸✳✸✳ ❈❤ó♥❣ t❛ sÏ ❝❤ø♥❣

♠✐♥❤ ❜❐❝ ❦❤➠♥❣ tré♥ ❧➱♥ ❝ã ❞➳♥❣ ➤✐Ö✉ tèt ❦❤✐ ❝❤✐❛ t❤➢➡♥❣ ❝❤♦ ❝➳❝ ♣❤➬♥ tö

❜Ò ♠➷t✳

➜Þ♥❤ ♥❣❤Ü❛ ✸✳✸✳✶✸✳ ▼ét ♣❤➬♥ tö x ∈ I \mI ➤➢î❝ ❣ä✐ ❧➭ ♠ét ♣❤➬♥ tö ❜Ò ♠➷t

❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐ ■ ♥Õ✉ tå♥ t➵✐ sè ♥❣✉②➟♥ ❞➢➡♥❣ c s❛♦ ❝❤♦

(In+1M : x) ∩ IcM = InM

✈í✐ ♠ä✐ n ≥ c✳

❈❤ó ý ✸✳✸✳✶✹✳ ✭✐✮ ●ä✐GI(R) = ⊕n≥0I
n/In+1 ❧➭ ✈➭♥❤ ♣❤➞♥ ❜❐❝ ❧✐➟♥ ❦Õt ❝ñ❛

R t➢➡♥❣ ø♥❣ ✈í✐ I ✈➭ GI(M) = ⊕n≥0I
nM/In+1M ❧➭ GI(R)✲♠➠➤✉♥

♣❤➞♥ ❜❐❝✳ ➜➷t (GI(R))+ = ⊕n≥1I
n/In+1✳ ❑❤✐ ➤ã x ❧➭ ♠ét ♣❤➬♥ tö ❜Ò



✽✸

♠➷t ❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐ I ❦❤✐ ✈➭ ❝❤Ø ❦❤✐ ❞➵♥❣ ❞✃✉ x∗ ❝ñ❛ x tr♦♥❣

GI(R) ❧➭ ♠ét ♣❤➬♥ tö (GI(R))+✲❧ä❝ ❝❤Ý♥❤ q✉② ❝ñ❛ GI(M)✳ ❉Ô t❤✃②

❦❤✐ ➤ã x ❧➭ ♠ét ♣❤➬♥ tö I✲❧ä❝ ❝❤Ý♥❤ q✉② ❝ñ❛ M ✳

✭✐✐✮ P❤➬♥ tö ❜Ò ♠➷t ❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐ I ❧✉➠♥ tå♥ t➵✐ ♥Õ✉ t❤➟♠ ❣✐➯ t❤✐Õt

tr➢ê♥❣ t❤➷♥❣ ❞➢ R/m ❝ã ✈➠ ❤➵♥ ♣❤➬♥ tö✳ ❍➡♥ ♥÷❛ t❛ ❧✉➠♥ ❝ã t❤Ó

t❤➟♠ ✈➭♦ ❣✐➯ t❤✐Õt ♥➭② ❜➺♥❣ ♣❤Ð♣ ❝❤✉②Ó♥ ♣❤➻♥❣ tr✉♥❣ t❤➭♥❤ ✈➭♥❤ ❝➡

së R → R[X]mR[X]✱ ë ➤➞② X ❧➭ ♠ét ❜✐Õ♥✳

✭✐✐✐✮ ✭①❡♠ ❬✸✼✱ ✷✷✳✻❪✮ ❳Ðt x ❧➭ ♠ét ♣❤➬♥ tö ❜Ò ♠➷t ❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐ I ✳

❱í✐ n≫ 0 t❛ ❝ã In+1M :M x = 0 :M x+ InM ♥➟♥ t❛ ❝ã

ℓ(M/(In+1 + (x))M) = ℓ(M/In+1M)− ℓ(M/InM) + ℓ(0 :M x)

✈í✐ n≫ 0✳

✭✐✈✮ ❳Ðt x ❧➭ ♠ét ♣❤➬♥ tö ❜Ò ♠➷t ❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐ I ✳ ❚❤❡♦ ✭✐✐✐✮

t❛ ❝ã deg(I,M/xM) = deg(I,M) ♥Õ✉ d ≥ 2✱ ✈➭ ℓ(M/xM) =

deg(I,M/xM) = deg(I,M) + ℓ(0 :M x) ♥Õ✉ d = 1✳

❇æ ➤Ò ✸✳✸✳✶✺✳ ❈❤♦ M ❧➭ ♠ét R✲♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤ ❝❤✐Ò✉ d ≥ 2✳ ❳Ðt ♣❤➬♥

tö t❤❛♠ sè x ❝ñ❛ M t❤á❛ ♠➲♥ x ❧➭ ♠ét ♣❤➬♥ tö ❜Ò ♠➷t ❝ñ❛ UM(0) t➢➡♥❣

ø♥❣ ✈í✐ I ✱ ✈➭ x /∈ p ✈í✐ ♠ä✐ p ∈ AssUd−2(M) \ {m}✳ ❚❛ ❝ã

d̃eg(I, UM/xM(0)) = d̃eg(I, UM(0))

♥Õ✉ d ≥ 3✱ ✈➭

d̃eg(I, UM/xM(0)) = d̃eg(I, UM(0)) + ℓ(0 :H0
m(M) x) + ℓ(0 :H1

m(M/UM (0)) x)

♥Õ✉ d = 2✳

❈❤ø♥❣ ♠✐♥❤✳ ➜➷tM =M/UM(0)✱ t❤❡♦ ▼Ö♥❤ ➤Ò ✸✳✷✳✶✾ t❛ ❝ã ❞➲② ❦❤í♣ ♥❣➽♥

0 → UM(0)/xUM(0) → UM/xM(0) → H0
m(M/xM) → 0.



✽✹

❚r➢ê♥❣ ❤î♣ d ≥ 3✳ ◆Õ✉ dimUM(0) < d − 1 t❤× dimUM(0)/xUM(0) <

d − 2✳ ❉♦ ➤ã dimUM/xM(0) < d − 2✳ ❉➱♥ ➤Õ♥ d̃eg(I, UM/xM(0)) =

0 = d̃eg(I, UM(0))✳ ◆Õ✉ dimUM(0) = d − 1 t❛ ❝ã dimUM/xM(0) =

d − 2 > 0✳ ◆➟♥ deg(I, UM/xM(0)) = deg(I, UM(0)/xUM(0))✳ ❱× x ❧➭

♠ét ♣❤➬♥ tö ❜Ò ♠➷t ❝ñ❛ UM(0) t➢➡♥❣ ø♥❣ ✈í✐ I ♥➟♥ deg(I, UM(0)) =

deg(I, UM(0)/xUM(0)) ❞♦ ❈❤ó ý ✸✳✸✳✶✹ ✭✐✈✮✳ ❱❐②

d̃eg(I, UM/xM(0)) = d̃eg(I, UM(0)).

❚r➢ê♥❣ ❤î♣ d = 2 t❛ ❝ã UM/xM(0) ❧➭ ♠ét ♠➠➤✉♥ ❝ã ➤é ❞➭✐ ❤÷✉ ❤➵♥✳ ❉♦ ➤ã

d̃eg(I, UM/xM(0)) = ℓ(UM/xM(0)) = ℓ(UM(0)/xUM(0))+ℓ(H0
m(M/xM)).

◆Õ✉ dimUM(0) = 1 t❤❡♦ ❈❤ó ý ✸✳✸✳✶✹ ✭✐✈✮ t❛ ❝ã

ℓ(UM(0)/xUM(0)) = deg(I, UM(0))+ℓ(0 :M x) = d̃eg(I, UM(0))+ℓ(0 :H0
m(M) x).

◆Õ✉ dimUM(0) = 0 t❤× d̃eg(I, UM(0)) = 0 ✈➭ UM(0) = H0
m(M)✳ ◆➟♥

ℓ(UM(0)/xUM(0)) = d̃eg(I, UM(0)) + ℓ(0 :H0
m(M) x).

▼➷t ❦❤➳❝ ❞➲② ❦❤í♣

0 →M
x→M →M/xM → 0

❝➯♠ s✐♥❤ ❞➲② ❦❤í♣ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣

0 → H0
m(M/xM) → H1

m(M)
x→ H1

m(M).

❉♦ ❞ã ℓ(H0
m(M/xM)) = ℓ(0 :H1

m(M) x)✳ ❱❐②

d̃eg(I, UM/xM(0)) = d̃eg(I, UM(0)) + ℓ(0 :H0
m(M) x) + ℓ(0 :H1

m(M/UM (0)) x).

❇æ ➤Ò ➤➢î❝ ❤♦➭♥ t♦➭♥ ❝❤ø♥❣ ♠✐♥❤✳

❇æ ➤Ò ✸✳✸✳✶✻✳ ●✐➯ sö x ❧➭ ♠ét ♣❤➬♥ tö t❤❛♠ sè ❝ñ❛ M ❝ã ❝❤✐Ò✉ d ≥ 2 t❤á❛

♠➲♥ x /∈ p ✈í✐ ♠ä✐ p ∈ AssUi(M) \ {m} ✈í✐ ♠ä✐ 1 ≤ i ≤ d− 1✳ ❑❤✐ ➤ã t❛

❝ã t❤Ó ❝❤ä♥ ♠ét ♣❤➬♥ tö t❤❛♠ sè xd ∈ b(M)3 ❝ñ❛M s❛♦ ❝❤♦ x ❧➭ ♠ét ♣❤➬♥

tö t❤❛♠ sè ❝ñ❛ M/xdM ✳



✽✺

❈❤ø♥❣ ♠✐♥❤✳ ◆Õ✉ dimUM(0) < d − 1 t❤× dimR/b(M) ≤ d − 2 ❞♦ ❈❤ó ý

✸✳✶✳✷ ✭✐✐✮✳ ❉♦ ➤ã t❛ ❝ã t❤Ó ❝❤ä♥ ♠ét ♣❤➬♥ tö t❤❛♠ sè xd ∈ b(M)3 s❛♦ ❝❤♦

x ✈➭ xd ❧➭ ♠ét ♣❤➬♥ ❤Ö t❤❛♠ sè ❝ñ❛ M tø❝ ❧➭ x ❧➭ ♠ét ♣❤➬♥ tö t❤❛♠ sè ❝ñ❛

M/xdM ✳

◆Õ✉ dimUM(0) = d− 1✱ ➤➷t M =M/UM(0)✳ ❳Ðt ❞➲② ❦❤í♣ ♥❣➽♥

0 → UM(0) →M →M → 0.

❉➲② ❦❤í♣ tr➟♥ ❝❤♦ t❛ ❞➲② ❦❤í♣ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣

· · · → H i
m(UM(0)) → H i

m(M) → H i
m(M) → · · · .

◆➟♥ ai(M) = AnnH i
m(M) ⊇ AnnUM(0).ai(M) ✈í✐ ♠ä✐ i ≥ 0✳ ❉♦ ➤ã

√
b(M) =

√
a(M) ⊇

√
AnnUM(0).a(M) =

√
AnnUM(0).b(M).

❳Ðt q ∈ AssM/xM ✱ dimR/q = d − 1 ❜✃t ❦×✳ ❉♦ dimR/b(M) ≤ d − 2

♥➟♥ b(M) " q✳ ●✐➯ sö AnnUM(0) ⊆ q t❛ ❝ã q ∈ AsshUM(0) ❞♦

dimUM(0) = dimR/q = d− 1✳ ➜✐Ò✉ ♥➭② ♠➞✉ t❤✉➱♥ ✈í✐ ❦❤➻♥❣ ➤Þ♥❤ x /∈ p

✈í✐ ♠ä✐ p ∈ AssUd−1(M) \ {m}✳ ◆➟♥ AnnUM(0) " q✱ ❞♦ ➤ã b(M) " q ✈í✐

♠ä✐ q ∈ AsshM/xM ✳ ❱❐② t❛ ❝ã t❤Ó ❝❤ä♥ xd ∈ b(M)3 s❛♦ ❝❤♦ xd ❧➭ ♠ét

♣❤➬♥ tö t❤❛♠ sè ❝ñ❛ ❝➯ M ✈➭ M/xM ✳ ❉♦ ➤ã x ❧➭ ♠ét ♣❤➬♥ tö t❤❛♠ sè ❝ñ❛

M/xdM ✳ ❇æ ➤Ò ➤➢î❝ ❝❤ø♥❣ ♠✐♥❤✳

➜Þ♥❤ ❧Ý ✸✳✸✳✶✼✳ ❈❤♦ M ❧➭ ♠ét R✲♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤ ❝❤✐Ò✉ d✳ ❳Ðt x ❧➭ ♠ét

♣❤➬♥ tö ❜Ò ♠➷t ❝ñ❛ ❝➯M ✈➭ ❝➳❝ Ui(M)✱ 1 ≤ i ≤ d− 1✱ t➢➡♥❣ ø♥❣ ✈í✐ I ✳ ❚❛

❝ã

udeg(I,M/xM) ≤ udeg(I,M).

❈❤ø♥❣ ♠✐♥❤✳ ❚r➢í❝ ❤Õt t❛ ❝❤ó ý r➺♥❣ ❞♦ x ❧➭ ♠ét ♣❤➬♥ tö ❜Ò ♠➷t ❝ñ❛ Ui(M)

t➢➡♥❣ ø♥❣ ✈í✐ I ♥➟♥ x /∈ p ✈í✐ ♠ä✐ p ∈ AssUi(M)\{m} ✈í✐ ♠ä✐ 1 ≤ i ≤ d−
1✳ ❚r➢ê♥❣ ❤î♣ d = 1 ❧➭ ❤✐Ó♥ ♥❤✐➟♥ ❞♦ udeg(I,M) = deg(I,M)+ℓ(H0

m(M))

✈➭ udeg(I,M/xM) = ℓ(M/xM) = deg(I,M) + ℓ(0 :M x)✳ ❉♦ ➤ã t❛ ❝ã



✽✻

t❤Ó ❣✐➯ sö d ≥ 2✳ ➳♣ ❞ô♥❣ ❧✐➟♥ t✐Õ♣ ❇æ ➤Ò ✸✳✸✳✶✻ t❛ ❝ã t❤Ó ❝❤ä♥ ♠ét ❤Ö t❤❛♠

sè x1, ..., xd ❝ñ❛ M s❛♦ ❝❤♦ xi ∈ b(M/(xi+1, ..., xd)M)3 ✈í✐ ♠ä✐ i ≤ d✱ ✈➭

x, x2, ..., xd ❧➭ ♠ét ❤Ö t❤❛♠ sè ❝ñ❛ M ✳ ◆➟♥ xi ∈ b(M/(x, xi+1, ..., xd)M)3

✈í✐ ♠ä✐ 2 ≤ i ≤ d ❞♦ ❇æ ➤Ò ✸✳✶✳✶✵✳ ❚❛ ❝ã

udeg(I,M) = deg(I,M) +
d−1∑

i=0

d̃eg(I, Ui(M))

= deg(I,M) +
d+1∑

j=2

d̃eg(I, UM/(xj ,...,xd)M(0)),

✈➭

udeg(I,M/xM) = deg(I,M/xM) +
d−2∑

i=0

d̃eg(I, Ui(M/xM))

= deg(I,M/xM) +
d+1∑

j=3

d̃eg(I, UM/(x,xj ,...,xd)M(0)).

❱× x ❧➭ ♠ét ♣❤➬♥ tö ❜Ò ♠➷t ❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐ I ♥➟♥ deg(I,M/xM) =

deg(I,M)✳ ❱í✐ ♠ä✐ j > 3 t❛ ❝ã dimM/(xj, ..., xd)M ≥ 3✳ ❚❤❡♦ ❇æ ➤Ò

✸✳✸✳✶✺ t❛ ❝ã

d̃eg(I, UM/(x,xj ,...,xd)M(0)) = d̃eg(I, UM/(xj ,...,xd)M(0))

✈í✐ ♠ä✐ 3 < j ≤ d + 1✳ ➜➷t M ′ = M/(x3, ..., xd)M t❛ ❝ã dimM ′ = 2✳ ▲➵✐

➳♣ ❞ô♥❣ ❇æ ➤Ò ✸✳✸✳✶✺ t❛ ❝ã

d̃eg(I, UM ′/xM ′(0)) = d̃eg(I, UM ′(0))+ℓ(0 :H0
m(M

′) x)+ℓ(0 :H1
m(M

′/UM ′(0)) x).

❚õ ❝❤ø♥❣ ♠✐♥❤ ❇æ ➤Ò ✸✳✷✳✽ t❛ ❝ã

U0(M
′) = H0

m(M
′/x2M

′) ∼= H0
m(M

′)⊕H1
m(M

′/UM ′(0)).

◆➟♥

d̃eg(I, U0(M
′)) = ℓ(H0

m(M
′)) + ℓ(H1

m(M
′/UM ′(0))).

❉➱♥ ➤Õ♥ d̃eg(I, UM ′/xM ′(0)) ≤ d̃eg(I, UM ′(0)) + d̃eg(I, U0(M
′))✱ tø❝ ❧➭

d̃eg(I, UM/(x,x3,...,xd)M(0)) ≤ d̃eg(I, UM/(x3,...,xd)M(0))+d̃eg(I, UM/(x2,...,xd)M(0)).



✽✼

❱❐② udeg(I,M/xM) ≤ udeg(I,M)✳ ➜Þ♥❤ ❧Ý ➤➢î❝ ❝❤ø♥❣ ♠✐♥❤✳

❈❤ó ý ✸✳✸✳✶✽✳ ●✐➯ sö (R, n) ❧➭ ➯♥❤ ➤å♥❣ ❝✃✉ ❝ñ❛ ♠ét ✈➭♥❤ ●♦r❡♥st❡✐♥ S

❝❤✐Ò✉ n✱ ✈➭ M ❧➭ ♠ét ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❞➲②✳ ❚❛ ❝ã ExtiS(M,S) ❤♦➷❝

❧➭ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❤♦➷❝ ❧➭ ♠➠➤✉♥ ❦❤➠♥❣ ✈í✐ ♠ä✐ i✳ ❚❤❡♦ ❈❤ó ý

✸✳✸✳✷ ✭✈✮ ✈➭ ➜Þ♥❤ ❧Ý ✸✳✸✳✽ t❛ ❝ã ✭①❡♠ ❬✸✽✱ ❚❤❡♦r❡♠ ✸✳✶✶❪✮

udeg(I,M) = adeg(I,M) = deg(I,M) +
d−1∑

i=0

deg(Extn−iS (M,S)).

❚❤❡♦ ❬✸✽✱ ❚❤❡♦r❡♠ ✸✳✺❪ t❛ ❝ã

hdeg(I,M) = deg(I,M) +
d−1∑

i=0

(
d− 1

i

)
deg(Extn−iS (M,S)).

❉♦ ➤ã udeg(I,M) = hdeg(I,M) ❦❤✐ ✈➭ ❝❤Ø ❦❤✐ Extn−iS (M,S) = 0 ✈í✐ ♠ä✐

1 ≤ i ≤ d− 2✳ ◆➟♥ ❤❛✐ ❦❤➳✐ ♥✐Ö♠ udeg ✈➭ hdeg ❧➭ ♣❤➞♥ ❜✐Öt✳

❚r♦♥❣ ❝➳❝ ✈Ý ❞ô ❞➢í✐ ➤➞② t❛ ❞ï♥❣ ❝➳❝ ❦Ý ❤✐Ö✉ adeg(M), hdeg(M) ✈➭

udeg(M) t❤❛② ❝❤♦ adeg(m,M), hdeg(m,M) ✈➭ udeg(m,M)✱ t➢➡♥❣ ø♥❣✳

❱Ý ❞ô ✸✳✸✳✶✾✳ ▲✃② R = k[[X1, ..., X4]]/(X
2
1 , X1X2, X1X3) ✈í✐ k ❧➭ ♠ét

tr➢ê♥❣ ✈➭ Xi, 1 ≤ i ≤ 4, ❧➭ ❝➳❝ ❜✐Õ♥✳ ❚❛ ❦Ý ❤✐Ö✉ xi ❧➭ ➯♥❤ ❝ñ❛ Xi

tr♦♥❣ R✳ ❚❛ ❝ã R ❧➭ ♠ét ✈➭♥❤ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❞➲② ❝❤✐Ò✉ 3 ✈í✐ ❧ä❝ ❝❤✐Ò✉

D : 0 ⊆ (x1) ⊆ R✳ ❚❛ ❝ã

deg(R) = 1 < adeg(R) = udeg(R) = 2 < hdeg(R) = 3.

❱Ý ❞ô ✸✳✸✳✷✵✳ ▲✃② R = k[[X1, ..., X7]]/(X1, X2, X3) ∩ (X4, X5, X6) ✈í✐ k

❧➭ ♠ét tr➢ê♥❣ ✈➭ Xi, 1 ≤ i ≤ 7, ❧➭ ❝➳❝ ❜✐Õ♥✳ ❚❛ ❦Ý ❤✐Ö✉ xi ❧➭ ➯♥❤ ❝ñ❛ Xi

tr♦♥❣ R ✈➭ m = (x1, ..., x7)✳ ❚❛ ❞Ô t❤✃② deg(R) = adeg(R) = 2✳ ➜➷t

S = k[[X1, ..., X7]] tõ ❞➲② ❦❤í♣

0 → R → R/(x1, x2, x3)⊕R/(x4, x5, x6) → R/(x1, ..., x6) → 0

t❛ ❝ã t❤Ó ❝❤ø♥❣ ♠✐♥❤ ➤➢î❝ r➺♥❣ ExtiS(R, S) = 0 ✈í✐ ♠ä✐ i 6= 3, 5✳

❍➡♥ ♥÷❛ Ext3S(R, S)
∼= R/(x1, x2, x3) ⊕ R/(x4, x5, x6) ✈➭ Ext5S(R, S)

∼=



✽✽

R/(x1, ..., x6)✳ ❉♦ ➤ã hdeg(R) = 2 +
(
3
1

)
· 1 = 5✳ ❚❤❡♦ ➜Þ♥❤ ❧Ý ➤è✐ ♥❣➱✉ ➤Þ❛

♣❤➢➡♥❣ t❛ ❝ã H i
m(R) = 0 ✈í✐ ♠ä✐ i 6= 2, 4 ✈➭ H2

m(R)
∼= H1

m(R/(x1, ..., x6))✳

❚❛ ❝ã a(R) = b(R) = (x1, ..., x6)✳ ➜➷t u, v, w ❧➭ ♠ét ♣❤➬♥ ❤Ö t❤❛♠ sè

❝ñ❛ R s❛♦ ❝❤♦ u ∈ b(R)3, v ∈ b(R/(u))3 ✈➭ w ∈ b(R/(u, v))3✳ ❙ö ❞ô♥❣

❍Ö q✉➯ ✸✳✷✳✺ t❛ ❝ã t❤Ó tÝ♥❤ ❝➳❝ ♠➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ♥❤➢ ❜➯♥❣ s❛✉

H∗
m(•) 0 1 2 3 4

R 0 0 K 0 H4
m(R)

R/(u) 0 K K H3
m(R/(u)) 0

R/(u, v) 0 K ⊕K H2
m(R/(u, v)) 0 0

R/(u, v, w) 0 H1
m(R/(u, v, w)) 0 0 0

ë ➤➞② K ∼= H1
m(R/(x1, ..., x6))✳ ❚❛ ❝ã t❤Ó ❦✐Ó♠ tr❛ r➺♥❣ U3(R) = UR(0) ∼=

(0)✱ U2(R) ∼= R/(x1, ..., x6)✱ U1(R) ∼= R/(x1, ..., x6) ⊕ R/(x1, ..., x6) ✈➭

U0(R) ∼= (0)✳ ❉➱♥ ➤Õ♥ udeg(R) = 4✳

❈➳❝ ✈Ý ❞ô ♥➟✉ tr➟♥ ❞➱♥ t❛ ➤Õ♥ ❝➞✉ ❤á✐ s❛✉✳

❈➞✉ ❤á✐ ✸✳✸✳✷✶✳ P❤➯✐ ❝❤➝♥❣ udeg(I,M) ≤ hdeg(I,M) ✈í✐ ♠ä✐ R✲♠➠➤✉♥

❤÷✉ ❤➵♥ s✐♥❤ M ✈➭ ♠ä✐ ✐➤➟❛♥ m✲♥❣✉②➟♥ s➡ I❄

❑Õt ❧✉❐♥ ❈❤➢➡♥❣ ✸✳ ❚r♦♥❣ ❝❤➢➡♥❣ ♥➭② ❝❤ó♥❣ t➠✐ ➤➲ t❤ù❝ ❤✐Ö♥ ➤➢î❝ ♠ét sè

❝➠♥❣ ✈✐Ö❝ ♥❤➢ s❛✉✿

✶✳ ❳➞② ❞ù♥❣ ➜Þ♥❤ ❧Ý ❝❤❰ r❛ ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ tr♦♥❣ ✈➭♥❤ ➤Þ❛

♣❤➢➡♥❣ ✭①❡♠ ➜Þ♥❤ ❧Ý ✸✳✷✳✹✮✳

✷✳ ➳♣ ❞ô♥❣ ➜Þ♥❤ ❧Ý ✸✳✷✳✹ ➤Ó ❝❤ø♥❣ ♠✐♥❤ ♠ét sè ❜✃t ❜✐Õ♥ ❝ñ❛ ♠➠➤✉♥ ✭①❡♠

❝➳❝ ➜Þ♥❤ ❧Ý ✸✳✷✳✼ ✈➭ ✸✳✷✳✾✮✳

✸✳ ❳➞② ❞ù♥❣ ❦❤➳✐ ♥✐Ö♠ ❜❐❝ ❦❤➠♥❣ tré♥ ❧➱♥ ❝ñ❛ ♠➠➤✉♥✳ ➜å♥❣ t❤ê✐ ❝❤ø♥❣

♠✐♥❤ ❜❐❝ ❦❤➠♥❣ tré♥ ❧➱♥ ❧➭ ♠ét ❜❐❝ ♠ë ré♥❣ ✭①❡♠ ➜Þ♥❤ ❧Ý ✸✳✸✳✽✱ ▼Ö♥❤

➤Ò ✸✳✸✳✾ ✈➭ ➜Þ♥❤ ❧Ý ✸✳✸✳✶✼✮✳



✽✾

❈❤➢➡♥❣ ✹

❚Ý♥❤ ❤÷✉ ❤➵♥ ❝ñ❛ t❐♣ ✐➤➟❛♥ ♥❣✉②➟♥ tè
❧✐➟♥ ❦Õt

❚r♦♥❣ ❝❤➢➡♥❣ ♥➭② ❝❤ó♥❣ t➠✐ ❧✉➠♥ ①Ðt a ❧➭ ♠ét ✐➤➟❛♥ ❝ñ❛ R ✈➭ M ❧➭ ♠ét R✲

♠➠➤✉♥✳ ◆ã✐ ❝❤✉♥❣ ❝➳❝ ♠➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ H i
a(M) ❝ã ❝✃✉ tró❝

♣❤ø❝ t➵♣ ✈➭ ❝ã t❤Ó ❦❤➠♥❣ ❧➭ ♠ét R✲♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤ ♥❣❛② ❝➯ ❦❤✐ M ❧➭

♠ét R✲♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤✳ ❈❤ó ý r➺♥❣ ♠ét ♠➠➤✉♥ ❦❤➠♥❣ ❤÷✉ ❤➵♥ s✐♥❤

♥❤➢♥❣ t❐♣ ✐➤➟❛♥ ♥❣✉②➟♥ tè ❧✐➟♥ ❦Õt ❝ñ❛ ♥ã ✈➱♥ ❝ã t❤Ó ❧➭ ❤÷✉ ❤➵♥✳ ❈✳ ❍✉♥❡❦❡

tr♦♥❣ ❬✷✻✱ Pr♦❜❧❡♠ ✸✳✸❪ ➤➲ ➤➷t r❛ ❝➞✉ ❤á✐✿ P❤➯✐ ❝❤➝♥❣ AssH i
a(M) ❧✉➠♥ ❧➭ ♠ét

t❐♣ ❤÷✉ ❤➵♥ ❦❤✐ M ❧➭ ♠ét ♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤ ✈í✐ ♠ä✐ i ≥ 0❄ ❈➞✉ ❤á✐ ❝ñ❛

❍✉♥❡❦❡ ➤➢î❝ ➤➷❝ ❜✐Öt q✉❛♥ t➞♠ ❦❤✐ ✈➭♥❤ ❝➡ së ❧➭ ♠ét ✈➭♥❤ ❝❤Ý♥❤ q✉② ✭①❡♠

❬✷✼❪✱ ❬✸✹❪✱ ❬✹✾❪✮✳ ❑❤✐ ✈➭♥❤ ❝ë së ❦❤➠♥❣ ❧➭ ❝❤Ý♥❤ q✉② ♥ã✐ ❝❤✉♥❣ ❝➞✉ ❤á✐ ❝ñ❛

❍✉♥❡❦❡ ❦❤➠♥❣ ❝ß♥ ➤ó♥❣ ❞♦ ❝➳❝ ✈Ý ❞ô ❝ñ❛ ❆✳ ❙✐♥❣❤ tr♦♥❣ ❬✹✽❪ ✈➭ ▼✳ ❑❛t③♠❛♥

tr♦♥❣ ❬✷✾❪✳ ❚r♦♥❣ ❝❤➢➡♥❣ ♥➭② ❝❤ó♥❣ t➠✐ ♠✉è♥ ❝❤ø♥❣ tá r➺♥♥❣ tÝ♥❤ ❝❤❰ r❛ ❝✉➯

➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ❝ã t❤Ó ➳♣ ❞ô♥❣ ➤Ó ♥❣❤✐➟♥ ❝ø✉ t❐♣ ✐➤➟❛♥ ♥❣✉②➟♥

tè ❧✐➟♥ ❦Õt ❝ñ❛ ♠➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣✳ ❈❤ó♥❣ t➠✐ q✉❛♥ t➞♠ ➤Õ♥

❝➞✉ ❤á✐ ❝ñ❛ ❍✉♥❡❦❡ tr♦♥❣ ♥❤÷♥❣ ➤✐Ò✉ ❦✐Ö♥ ♥❤✃t ➤Þ♥❤✳ ❈ô t❤Ó✱ tr♦♥❣ ❚✐Õt ✹✳✶

❝❤ó♥❣ t➠✐ sÏ ❝❤ø♥❣ ♠✐♥❤ AssH t
a(M) ❧➭ ❤÷✉ ❤➵♥ ♥Õ✉ H t

a(M) ❧➭ ♠➠➤✉♥ ➤è✐

➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ➤➬✉ t✐➟♥ ❦❤➠♥❣ ❤÷✉ ❤➵♥ s✐♥❤ ✈➭ supp(H t
a(M)) ❧➭ ❦❤➠♥❣

❤÷✉ ❤➵♥ ✭①❡♠ ➜Þ♥❤ ❧Ý ✹✳✶✳✽✮✳ ❑Õt q✉➯ tr➟♥ ❧➭ tæ♥❣ ❤î♣ ❝➳❝ ❦Õt q✉➯ ❝❤Ý♥❤ ❝ñ❛

▼✳ ❇r♦❞♠❛♥♥ ✈➭ ❆✳▲✳ ❋❛❣❤❛♥✐ tr♦♥❣ ❬✺❪✱ ✈➭ ❝ñ❛ ❑✳ ❑❤❛s❤②❛r♠❛♥❡s❤ ✈➭ ❙❤✳



✾✵

❙❛❧❛r✐❛♥ tr♦♥❣ ❬✸✵❪✳ ❚r♦♥❣ ❚✐Õt ✹✳✷ ❝❤ó♥❣ t➠✐ sö ❞ô♥❣ ➜Þ♥❤ ❧Ý ❝❤❰ r❛ ✶✳✹✳✹ ➤Ó

♥❣❤✐➟♥ ❝ø✉ tÝ♥❤ ❤÷✉ ❤➵♥ ❝ñ❛ t❐♣ ❝➳❝ ✐➤➟❛♥ ♥❣✉②➟♥ tè ❧✐➟♥ ❦Õt ❝ñ❛ ♠ét ❤ä ❝➳❝

♠➠➤✉♥ t❤➢➡♥❣ ✭①❡♠ ➜Þ♥❤ ❧Ý ✹✳✷✳✾✮✳ ❇ë✐ tÝ♥❤ ➤é❝ ❧❐♣ ❝ñ❛ ✈✃♥ ➤Ò ♥➟♥ ❈❤➢➡♥❣

✹ ❝ã t❤Ó ❤✐Ó✉ ❧➭ ♠ét ♣❤➬♥ ♣❤ô ❧ô❝ ❝ñ❛ ❧✉❐♥ ➳♥✳

✹✳✶ ▼➠➤✉♥ ❋❙❋

❚r➢í❝ t✐➟♥✱ t❛ ♥❤➽❝ ❧➵✐ ❦Õt q✉➯ ❝❤Ý♥❤ ❝ñ❛ ❇r♦❞♠❛♥♥ ✈➭ ❋❛❣❤❛♥✐ tr♦♥❣ ❬✺❪✱ ✈➭

❝ñ❛ ❑❤❛s❤②❛r♠❛♥❡s❤ ✈➭ ❙❛❧❛r✐❛♥ tr♦♥❣ ❬✸✵❪✳

➜Þ♥❤ ❧Ý ✹✳✶✳✶✳ ❈❤♦ M ❧➭ ♠ét R✲♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤ ✈➭ t ❧➭ ♠ét sè ♥❣✉②➟♥

❦❤➠♥❣ ➞♠✳ ❑❤✐ ➤ã AssH t
a(M) ❧➭ ♠ét t❐♣ ❤î♣ ❤÷✉ ❤➵♥ ♥Õ✉ ♠ét tr♦♥❣ ❝➳❝

➤✐Ò✉ ❦✐Ö♥ s❛✉ t❤á❛ ♠➲♥

✭✐✮ H i
a(M) ❧➭ ❤÷✉ ❤➵♥ s✐♥❤ ✈í✐ ♠ä✐ i < t✳

✭✐✐✮ supp(H i
a(M)) ❧➭ ♠ét t❐♣ ❤÷✉ ❤➵♥ ✈í✐ ♠ä✐ i < t✳

▼ô❝ ➤Ý❝❤ ❝ñ❛ t✐Õt ♥➭② ❧➭ ➤➢❛ r❛ ♠ét ❦Õt q✉➯ tæ♥❣ ❤î♣ ❝❤♦ ➜Þ♥❤ ❧Ý ✹✳✶✳✶✳

➜Ó ❧➭♠ ➤➢î❝ ➤✐Ò✉ ♥➭② t❛ ❣✐í✐ t❤✐Ö✉ ❧í♣ ♠➠➤✉♥ ❋❙❋✳

➜Þ♥❤ ♥❣❤Ü❛ ✹✳✶✳✷ ✭❳❡♠ ❬✹✶❪✮✳ ▼ét R✲♠➠➤✉♥M ➤➢î❝ ❣ä✐ ❧➭ ♠ét ♠➠➤✉♥ ❋❙❋

♥Õ✉ tå♥ t➵✐ ♠ét ♠➠➤✉♥ ❝♦♥ ❤÷✉ ❤➵♥ s✐♥❤ N ❝ñ❛ M s❛♦ ❝❤♦ supp(M/N) ❧➭

♠ét t❐♣ ❤÷✉ ❤➵♥✳

❚õ ➤Þ♥❤ ♥❣❤Ü❛ t❛ t❤✃② ♥❣❛② AssM ❤÷✉ ❤➵♥ ♥Õ✉ M ❧➭ ❋❙❋✳ ◆❤➽❝ ❧➵✐ r➺♥❣

♠ét ♣❤➵♠ trï ❝♦♥ ❝ñ❛ ♣❤➵♠ trï ❝➳❝ R✲♠➠➤✉♥ ➤➢î❝ ❣ä✐ ❧➭ ♠ét ♣❤➵♠ trï ❝♦♥

❙❡rr❡ ♥Õ✉ ♥ã ➤ã♥❣ ✈í✐ ♣❤Ð♣ ❧✃② ♠➠➤✉♥ ❝♦♥✱ ♠➠➤✉♥ t❤➢➡♥❣ ✈➭ ♠ë ré♥❣✳

▼Ö♥❤ ➤Ò ✹✳✶✳✸✳ P❤➵♠ trï ❝➳❝ ♠➠➤✉♥ ❋❙❋ ❧➭ ♠ét ♣❤➵♠ trï ❝♦♥ ❙❡rr❡ ❝ñ❛

♣❤➵♠ trï ❝➳❝ R✲♠➠➤✉♥✳

❈❤ø♥❣ ♠✐♥❤✳ ❳Ðt ❞➲② ❦❤í♣ ♥❣➽♥ ❝➳❝ R✲♠➠➤✉♥

0 →M1 →M →M2 → 0.



✾✶

❚❛ ❞Ô ❞➭♥❣ ❝❤ø♥❣ ♠✐♥❤ ♥Õ✉ M ❧➭ ♠➠➤✉♥ ❋❙❋✱ t❤× ❝➳❝ ♠➠➤✉♥ M1 ✈➭ M2

❝ò♥❣ ❧➭ ❋❙❋✳ ●✐➯ sö M1 ✈➭ M2 ❧➭ ❝➳❝ ♠➠➤✉♥ ❋❙❋✳ ●ä✐ N1 ✈➭ N2 ❧➭ ❝➳❝

♠➠➤✉♥ ❝♦♥ ❤÷✉ ❤➵♥ s✐♥❤ ❝ñ❛M1 ✈➭M2✱ t➢➡♥❣ ø♥❣✱ s❛♦ ❝❤♦ supp(M1/N1) ✈➭

supp(M2/N2) ❧➭ ❝➳❝ t❐♣ ❤î♣ ❤÷✉ ❤➵♥✳ ❚❛ ❝ã t❤Ó ❣✐➯ sö r➺♥❣M1 ❧➭ ♠ét ♠➠➤✉♥

❝♦♥ ❝ñ❛ M ✈➭ M2 ❧➭ ♠➠➤✉♥ t❤➢➡♥❣ ❝ñ❛ M ✳ ❳Ðt ❝➳❝ ♣❤➬♥ tö x1, x2, ..., xn

✈➭ y1, y2, ..., ym ❝ñ❛ M s❛♦ ❝❤♦ x1, x2, ..., xn ❧➭ ❝➳❝ ♣❤➬♥ tö s✐♥❤ ❝ñ❛ N1 ✈➭

y1, y2, ..., ym ❧➭ ❝➳❝ ♣❤➬♥ tö s✐♥❤ ❝ñ❛ N2 tr♦♥❣M2 =M/M1✱ ë ➤➞② t❛ ❦Ý ❤✐Ö✉

y = y+M1✳ ●ä✐N ❧➭ ♠➠➤✉♥ ❝♦♥ ❝ñ❛M s✐♥❤ ❜ë✐ x1, x2, ..., xn, y1, y2, ..., ym✳

❚❛ ❝ãN ❧➭ ❤÷✉ ❤➵♥ s✐♥❤✱ ✈➭ ❦❤➻♥❣ ➤Þ♥❤ supp(M/N) ❧➭ ♠ét t❐♣ ❤÷✉ ❤➵♥ ➤➢î❝

s✉② r❛ tõ ❞➲② ❦❤í♣

M1/N1 →M/N →M2/N2 → 0.

❱❐② M ❧➭ ❋❙❋✳

◆❤❐♥ ①Ðt ❞➢í✐ ➤➞② ❝❤♦ t❛ t➢➡♥❣ q✉❛♥ ❣✐÷❛ ♣❤➵♠ trï ❝➳❝ ♠➠➤✉♥ ❋❙❋ ✈➭

♠ét sè ♣❤➵♠ trï ♠➠➤✉♥ ❦❤➳❝✳

❈❤ó ý ✹✳✶✳✹✳ ✭✐✮ P❤➵♠ trï ❝➳❝ ♠➠➤✉♥ ❋❙❋ ❝❤ø❛ ♣❤➵♠ trï ❝➳❝ ♠➠➤✉♥

◆♦❡t❤❡r ✈➭ ♣❤➵♠ trï ❝➳❝ ♠➠➤✉♥ ❆rt✐♥✳

✭✐✐✮ ❍✳ ❩ös❝❤✐♥❣❡r tr♦♥❣ ❬✻✵❪ ➤Þ♥❤ ♥❣❤Ü❛ ♠ét R✲♠➠➤✉♥ M ❧➭ ♠ét ♠➠➤✉♥

♠✐♥✐♠❛① ♥Õ✉ tå♥ t➵✐ ♠ét ♠➠➤✉♥ ❝♦♥ ❤÷✉ ❤➵♥ s✐♥❤ N s❛♦ ❝❤♦ M/N ❧➭

♠ét ♠➠➤✉♥ ❆rt✐♥✳ P❤➵♠ trï ❝➳❝ ♠➠➤✉♥ ♠✐♥✐♠❛① ❝ò♥❣ ❧➭ ♠ét ♣❤➵♠ trï

❝♦♥ ❙❡rr❡ ❝ñ❛ ♣❤➵♠ trï ❝➳❝R✲♠➠➤✉♥✳ ❑❤✐ ✈➭♥❤ ❝➡ së ❧➭ ✈➭♥❤ ➤Þ❛ ♣❤➢➡♥❣

◆♦❡t❤❡r ➤➬② ➤ñ (R,m)✱ t❤× ♠ét ♠➠➤✉♥M ❧➭ ♠✐♥✐♠❛① ❦❤✐ ✈➭ ❝❤Ø ❦❤✐ ♥ã

❧➭ ♣❤➯♥ ①➵ ▼❛t❧✐s tø❝ ❧➭ M ∼= HomR(HomR(M,E(R/m)), E(R/m))✱

ë ➤➞② E(R/m) ❧➭ ❜❛♦ ♥é✐ ①➵ ❝ñ❛ R✲♠➠➤✉♥ R/m ✭①❡♠ ❬✷✵✱ Pr♦♣♦s✐t✐♦♥

✶✳✸❪✮✳ ❚õ ❝➳❝ ➤Þ♥❤ ♥❣❤Ü❛ t❛ t❤✃② ♥Õ✉ ♠➠➤✉♥M ❧➭ ♠✐♥✐♠❛①✱ t❤×M ❝ò♥❣

❧➭ ❋❙❋✳

✭✐✐✐✮ ❑✳ ❉✐✈❛❛♥✐✲❆❛③❛r ✈➭ ❆✳ ▼❛❢✐ tr♦♥❣ ❬✶✽❪ ➤Þ♥❤ ♥❣❤Ü❛ ♠ét R✲♠➠➤✉♥M ❧➭
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♠ét ♠➠➤✉♥ ▲❛s❦❡r ②Õ✉ ♥Õ✉ ♠ä✐ ♠➠➤✉♥ t❤➢➡♥❣ ❝ñ❛M ➤Ò✉ ❝ã t❐♣ ✐➤➟❛♥

♥❣✉②➟♥ tè ❧✐➟♥ ❦Õt ❧➭ ❤÷✉ ❤➵♥✳ ❘â r➭♥❣✱ ♣❤➵♠ trï ❝➳❝ ♠➠➤✉♥ ▲❛s❦❡r

②Õ✉ ❧➭ ♣❤➵♠ trï ❝♦♥ ❙❡rr❡ ❧í♥ ♥❤✃t ❝ñ❛ ♣❤➵♠ trï R✲♠➠➤✉♥ s❛♦ ❝❤♦ ♠ä✐

♠➠➤✉♥ tr♦♥❣ ♥ã ➤Ò✉ ❝ã ♠ét sè ❤÷✉ ❤➵♥ ❝➳❝ ✐➤➟❛♥ ♥❣✉②➟♥ tè ❧✐➟♥ ❦Õt✱

✈➭ ❞♦ ➤ã ♥Õ✉ ♠ét ♠➠➤✉♥ ❧➭ ❋❙❋ t❤× ♥ã ❝ò♥❣ ❧➭ ▲❛s❦❡r ②Õ✉✳ ●➬♥ ➤➞②✱

❑✳ ❇❛❤♠❛♥♣♦✉r ✈➭ ❆✳ ❑❤♦❥❛❧✐ ❝❤Ø r❛ r➺♥❣ ♠ét ♠➠➤✉♥ ❧➭ ❋❙❋ ❦❤✐ ✈➭ ❝❤Ø

❦❤✐ ♥ã ❧➭ ▲❛s❦❡r ②Õ✉ ✭①❡♠ ❬✸❪✮✳

❇æ ➤Ò ✹✳✶✳✺✳ ❈❤♦ M ❧➭ ♠ét R✲♠➠➤✉♥ ❋❙❋ ✈➭ N ❧➭ ♠ét R✲♠➠➤✉♥ ❤÷✉ ❤➵♥

s✐♥❤✳ ❑❤✐ ➤ã ExtiR(N,M) ✈➭ TorRi (N,M) ❧➭ ❝➳❝ ♠➠➤✉♥ ❋❙❋ ✈í✐ ♠ä✐ i ≥ 0✳

❈❤ø♥❣ ♠✐♥❤✳ ❚❛ sÏ ❝❤ø♥❣ ♠✐♥❤ tÝ♥❤ ❋❙❋ ❝ñ❛ ExtiR(N,M)✱ ❝ß♥ tÝ♥❤ ❋❙❋ ❝ñ❛

TorRi (N,M) sÏ ➤➢î❝ ❝❤ø♥❣ ♠✐♥❤ t➢➡♥❣ tù✳ ❱× M ❧➭ ❋❙❋✱ ♥➟♥ tå♥ t➵✐ ♠ét

❞➲② ❦❤í♣ ♥❣➽♥

0 −→M1 −→M −→M2 −→ 0,

✈í✐ M1 ❧➭ ❤÷✉ ❤➵♥ s✐♥❤ ✈➭ supp(M2) ❧➭ ❤÷✉ ❤➵♥✳ ❉➲② ❦❤í♣ tr➟♥ ❝➯♠ s✐♥❤

❝➳❝ ❞➲② ❦❤í♣

ExtiR(N,M1) −→ ExtiR(N,M) −→ ExtiR(N,M2)

✈í✐ ♠ä✐ i ≥ 0✳ ❉♦ N ✈➭M1 ❧➭ ❝➳❝ ♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤ ✈➭ supp(M2) ❧➭ ♠ét

t❐♣ ❤÷✉ ❤➵♥✱ t❛ ❝ã ExtiR(N,M1) ❧➭ ❤÷✉ ❤➵♥ s✐♥❤ ✈➭ supp(ExtiR(N,M2)) ❧➭

❤÷✉ ❤➵♥✳ ◆➟♥ ExtiR(N,M) ❧➭ ❋❙❋ ✈í✐ ♠ä✐ i ≥ 0✳

▼Ö♥❤ ➤Ò ✹✳✶✳✻✳ ❈❤♦ a ❧➭ ♠ét ✐➤➟❛♥ ❝ñ❛ ✈➭♥❤ R✱ ✈➭M ❧➭ ♠ét R✲♠➠➤✉♥ ❋❙❋✳

❳Ðt t ❧➭ ♠ét sè ♥❣✉②➟♥ ❦❤➠♥❣ ➞♠ s❛♦ ❝❤♦ H i
a(M) ❧➭ ❋❙❋ ✈í✐ ♠ä✐ i < t✳ ❚❤×

HomR(R/a, H
t
a(M))

❧➭ ❋❙❋✳ ◆ã✐ r✐➟♥❣✱ AssR(H t
a(M)) ❧➭ ♠ét t❐♣ ❤î♣ ❤÷✉ ❤➵♥✳

❈❤ø♥❣ ♠✐♥❤✳ ❑❤➻♥❣ ➤Þ♥❤ s❛✉ ➤➢î❝ s✉② r❛ tõ ❦❤➻♥❣ ➤Þ♥❤ ➤➬✉ ✈➭ tÝ♥❤ ❝❤✃t

AssR(H
t
a(M)) = AssR(Hom(R/a, H t

a(M)))✳
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❚❛ ❝❤ø♥❣ ♠✐♥❤ HomR(R/a, H
t
a(M)) ❧➭ ❋❙❋ ❜➺♥❣ q✉② ♥➵♣ t❤❡♦ t✳ ❚r➢ê♥❣

❤î♣ t = 0 ❧➭ ❤✐Ó♥ ♥❤✐➟♥ ❞♦ HomR(R/a, H
0
a(M)) ⊆ M ✳ ❳Ðt t > 0 ✈➭ ➤➷t

M = M/H0
a(M)✳ ❑❤✐ ➤ã M ❧➭ ❋❙❋ t❤❡♦ ▼Ö♥❤ ➤Ò ✹✳✶✳✸✱ H0

a(M) = 0✱ ✈➭

H i
a(M) ∼= H i

a(M) ✈í✐ ♠ä✐ i > 0✳ ❉♦ ➤ã H i
a(M) ❧➭ ❋❙❋ ✈í✐ ♠ä✐ i < t ✈➭

H t
a(M) ∼= H t

a(M)✳ ❚❤❛② t❤Õ M ❜ë✐ M ✱ t❛ ❝ã t❤Ó ❣✐➯ sö r➺♥❣ H0
a(M) = 0✳

❱× AssR(M) ❧➭ ♠ét t❐♣ ❤÷✉ ❤➵♥ ♥➟♥ tå♥ t➵✐ ♠ét ♣❤➬♥ tö a ∈ a s❛♦ ❝❤♦ a ❧➭

M ✲❝❤Ý♥❤ q✉②✳ ❚❛ ❝ã ❞➲② ❦❤í♣ ♥❣➽♥ s❛✉

0 −→M
a−→M

p−→M/aM −→ 0,

✈í✐ p ❧➭ ♣❤Ð♣ ❝❤✐Õ✉ tù ♥❤✐➟♥✳ ❉➲② ❦❤í♣ ♥➭② ❝❤♦ t❛ ❝➳❝ ❞➲② ❦❤í♣ ➤è✐ ➤å♥❣

➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣

H i
a(M) −→ H i

a(M/aM) −→ H i+1
a (M)

✈í✐ ♠ä✐ i ≥ 0✳ ◆➟♥ H i
a(M/aM) ❧➭ ❋❙❋ ✈í✐ ♠ä✐ i < t − 1✳ ❇➺♥❣ q✉② ♥➵♣

❝❤♦ M/aM t❛ ❝ã HomR(R/a, H
t−1
a (M/aM)) ❧➭ ❋❙❋✳

▼➷t ❦❤➳❝✱ ①Ðt ❞➲② ❦❤í♣

H t−1
a (M)

a−→ H t−1
a (M)

Ht−1
a (p)−→ H t−1

a (M/aM) −→ H t
a(M)

a−→ H t
a(M). (∗)

➜➷t N = Ht−1
a (M)

aHt−1
a (M)

✈➭ N ′ = coker(H t−1
a (p))✳ ❚➳❝❤ ❞➲② ❦❤í♣ (∗) t❤➭♥❤ ❤❛✐

❞➲② ❦❤í♣ ♥❣➽♥ s❛✉

0 → N → H t−1
a (M/aM) → N ′ → 0, (∗∗)

0 → N ′ → H t
a(M)

a→ H t
a(M). (∗ ∗ ∗)

❚õ ❞➲② ❦❤í♣ (∗∗) t❛ ❝ã ❞➲② ❦❤í♣

HomR(R/a, H
t−1
a (M/aM)) → HomR(R/a, N

′) → Ext1R(R/a, N).

❚❤❡♦ tr➟♥ ♠➠➤✉♥ ♥❣♦➭✐ ❝ï♥❣ ❜➟♥ tr➳✐ ❧➭ ❋❙❋✱ ✈➭ ♠➠➤✉♥ ♥❣♦➭✐ ❝ï♥❣ ❜➟♥ ♣❤➯✐

❧➭ ❋❙❋ ❞♦ ❇æ ➤Ò ✹✳✶✳✺✳ ❉➱♥ ➤Õ♥ HomR(R/a, N
′) ❧➭ ❋❙❋✳ ❍➡♥ ♥÷❛✱ (∗∗∗) ❝➯♠

s✐♥❤ ❞➲② ❦❤í♣

0 → HomR(R/a, N
′) → HomR(R/a, H

t
a(M))

a→ HomR(R/a, H
t
a(M)).
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➜å♥❣ ❝✃✉ ♥❤➞♥

a : HomR(R/a, H
t
a(M)) → HomR(R/a, H

t
a(M))

❧➭ ➤å♥❣ ❝✃✉ ❦❤➠♥❣ ❞♦ a ∈ a✳ ◆➟♥ t❛ ❝ã HomR(R/a, H
t
a(M)) ∼=

HomR(R/a, N
′) ❧➭ ♠ét ❋❙❋ ♠➠➤✉♥✳

❈❤ó ý ✹✳✶✳✼✳ ❍♦➭♥ t♦➭♥ t➢➡♥❣ tù ♥❤➢ tr➟♥ t❛ ❝ã t❤Ó ❝❤ø♥❣ ♠✐♥❤ r➺♥❣

HomR(R/a, H
t
a(M)) ❧➭ ❤÷✉ ❤➵♥ s✐♥❤ ♥Õ✉ H i

a(M) ❧➭ ❤÷✉ ❤➵♥ s✐♥❤ ✈í✐ ♠ä✐

i < t✳

➜Þ♥❤ ❧Ý ❞➢í✐ ➤➞② ❧➭ ❤Ö q✉➯ trù❝ t✐Õ♣ ❝ñ❛ ▼Ö♥❤ ➤Ò ✹✳✶✳✻ ✈➭ ❧➭ ♠ét ♠ë ré♥❣

❝ñ❛ ➜Þ♥❤ ❧Ý ✹✳✶✳✶✳

➜Þ♥❤ ❧Ý ✹✳✶✳✽ ✭❳❡♠ ❬✹✶❪✱ ❚❤❡♦r❡♠ ✸✳✷✮✳ ❈❤♦ a ❧➭ ♠ét ✐➤➟❛♥ ❝ñ❛ R✱ ✈➭M ❧➭

♠➠tR✲♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤✳ ❳Ðt t ❧➭ ♠ét sè ♥❣✉②➟♥ ❦❤➠♥❣ ➞♠ s❛♦ ❝❤♦H i
a(M)

❧➭ ❤÷✉ ❤➵♥ s✐♥❤ ❤♦➷❝ supp(H i
a(M)) ❧➭ ♠ét t❐♣ ❤÷✉ ❤➵♥ ✈í✐ ♠ä✐ i < t✳ ❑❤✐

➤ã AssR(H
t
a(M)) ❧➭ ♠ét t❐♣ ❤÷✉ ❤➵♥✳

✹✳✷ ❈❤✐Ò✉ ❤÷✉ ❤➵♥ ❝ñ❛ ♠➠➤✉♥ t➢➡♥❣ ø♥❣ ✈í✐ ♠ét ✐➤➟❛♥

❚r♦♥❣ t✐Õt ♥➭② t❛ ❧✉➠♥ ①Ðt a ❧➭ ♠ét ✐➤➟❛♥ ❝ñ❛ R✱ ✈➭ M ❧➭ ♠ét R✲♠➠➤✉♥ ❤÷✉

❤➵♥ s✐♥❤✳ ❈❤ó♥❣ t❛ sÏ ❞ï♥❣ ➜Þ♥❤ ❧Ý ❝❤❰ r❛ ✶✳✹✳✹ ✈➭ ❍Ö q✉➯ ✶✳✹✳✻ ➤Ó ♥❣❤✐➟♥

❝ø✉ tÝ♥❤ ❤÷✉ ❤➵♥ ❝ñ❛ t❐♣ ❝➳❝ ✐➤➟❛♥ ♥❣✉②➟♥ tè ❧✐➟♥ ❦Õt ❧✐➟♥ q✉❛♥ ✈í✐ ❝❤✐Ò✉

❤÷✉ ❤➵♥ ❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐ a✳

➜Þ♥❤ ♥❣❤Ü❛ ✹✳✷✳✶✳ ❈❤✐Ò✉ ❤÷✉ ❤➵♥ ❝ñ❛ M t➢➡♥❣ ø♥❣ ✈í✐ a ➤➢î❝ ➤Þ♥❤ ♥❣❤Ü❛

♥❤➢ s❛✉

fa(M) = inf{i ∈ N0 |H i
a(M) ❦❤➠♥❣ ❧➭ ❤÷✉ ❤➵♥ s✐♥❤},

ë ➤➞② t❛ q✉② ➢í❝ ❣✐➳ trÞ ♥❤á ♥❤✃t ❝ñ❛ ♠ét t❐♣ rç♥❣ ❧➭ ∞✳



✾✺

❉➢í✐ ➤➞② t❛ ❧✉➠♥ ①Ðt ♠➠➤✉♥ M ❦❤➠♥❣ ❧➭ a✲①♦➽♥ ✈➭ M 6= aM ✱ ❦❤✐ ➤ã

fa(M) ❧➭ ♠ét sè ♥❣✉②➟♥ ❞➢➡♥❣✳ ▼Ö♥❤ ➤Ò ❞➢í✐ ➤➞② ❝❤♦ t❛ ❦❤➻♥❣ ➤Þ♥❤ ♠➵♥❤

❤➡♥ ➜Þ♥❤ ❧Ý ✹✳✶✳✶ ✭✐✮✳

▼Ö♥❤ ➤Ò ✹✳✷✳✷✳ ❈❤♦ t ✈➭ n0 ❧➭ ❝➳❝ sè ♥❣✉②➟♥ ❞➢➡♥❣ t❤á❛ ♠➲♥ t ≤ fa(M)

✈➭ an0H i
a(M) = 0 ✈í✐ ♠ä✐ i < t✳ ❱í✐ ♠ä✐ ❞➲② a✲❧ä❝ ❝❤Ý♥❤ q✉② x1, ..., xt ❝ñ❛

M ❝❤ø❛ tr♦♥❣ a2n0 t❛ ❝ã

Ass(M/(x1, ..., xt)M) ∩ V (a) =
t⋃

i=0

AssH i
a(M).

◆ã✐ r✐➟♥❣✱ AssH t
a(M) ❧➭ ♠ét t❐♣ ❤î♣ ❤÷✉ ❤➵♥✳

❈❤ø♥❣ ♠✐♥❤✳ ❚❤❡♦ ❍Ö q✉➯ ✶✳✹✳✻ t❛ ❝ã

HomR(R/a,M/(x1, ..., xt)M) ∼=
t⊕

i=0

HomR(R/a, H
i
a(M))(

t

i).

❑❤➻♥❣ ➤Þ♥❤ ➤➢î❝ s✉② r❛ tõ ➤➻♥❣ ❝✃✉ tr➟♥ ✈➭ ❝➳❝ ➤✐Ò✉ s❛✉

Ass(HomR(R/a,M/(x1, ..., xt)M)) = Ass(M/(x1, ..., xt)M) ∩ V (a),

✈➭

Ass(HomR(R/a, H
i
a(M))) = AssH i

a(M).

❳Ðt t = fa(M) ✈➭ ❣✐➯ sö tå♥ t➵✐ ❝➳❝ ♣❤➬♥ tö a1, ..., at s❛♦ ❝❤♦
√
(a1, ..., at) =

√
a✳ ❑❤✐ ➤ã t❤❡♦ ➜Þ♥❤ ❧Ý ✶✳✶✳✻ t❛ ❝ã

H t
a(M) ∼= lim

−→
n1,..,.nt∈N

M/(an1

1 , ..., a
nt
t )M.

❑❤➠♥❣ ❦❤ã ➤Ó ❝❤Ø r❛ r➺♥❣

AssH t
a(M) ⊆

⋃

n1,...,nt∈N
AssM/(an11 , ..., a

nt

t )M.

❇❛♦ ❤➭♠ t❤ø❝ tr➟♥ ❞➱♥ ➤Õ♥ ❝➞✉ ❤á✐ tù ♥❤✐➟♥ s❛✉✳



✾✻

❈➞✉ ❤á✐ ✹✳✷✳✸✳ ❱í✐ ❝➳❝ ➤✐Ò✉ ❦✐Ö♥ ♥❤➢ tr➟♥ ♣❤➯✐ ❝❤➝♥❣

⋃

n1,...,nt∈N
AssM/(an1

1 , ..., a
nt
t )M

❧➭ ♠ét t❐♣ ❤î♣ ❤÷✉ ❤➵♥❄

❑Õt q✉➯ ❝❤Ý♥❤ ❝ñ❛ t✐Õt ♥➭② ❧➭ ➤➢❛ r❛ ❝➞✉ tr➯ ❧ê✐ ❦❤➻♥❣ ➤Þ♥❤ ❝❤♦ ❝➞✉ ❤á✐

tr➟♥✳ ❚❛ ❝➬♥ ♠ét sè ❜æ ➤Ò ❝❤✉➮♥ ❜Þ s❛✉✳

❇æ ➤Ò ✹✳✷✳✹ ✭❳❡♠ ❬✷✽❪✱ ❚❤❡♦r❡♠ ✶✷✹✮✳ ❈❤♦ p1, ..., pn ❧➭ ❝➳❝ ✐➤➟❛♥ ♥❣✉②➟♥

tè ❝ñ❛ ✈➭♥❤ R✳ ❳Ðt x ❧➭ ♠ét ♣❤➬♥ tö ✈➭ I ❧➭ ♠ét ✐➤➟❛♥ ❝ñ❛ R s❛♦ ❝❤♦

(x) + I " pi ✈í✐ ♠ä✐ 1 ≤ i ≤ n✳ ❑❤✐ ➤ã t❛ ❝ã t❤Ó ❝❤ä♥ ♠ét ♣❤➬♥ tö y ∈ I

s❛♦ ❝❤♦ x+ y /∈ pi ✈í✐ ♠ä✐ 1 ≤ i ≤ n✳

❇æ ➤Ò ✹✳✷✳✺✳ ●✐➯ sö a1, ..., at ❧➭ ♠ét ❞➲② ❝➳❝ ♣❤➬♥ tö s❛♦ ❝❤♦
√
a =

√
(a1, ..., at)✳ ❑❤✐ ➤ã tå♥ t➵✐ ♠ét ❞➲② a✲❧ä❝ ❝❤Ý♥❤ q✉② x1, ..., xt ❝ñ❛ M s❛♦

❝❤♦ (a1, ..., at) = (x1, ..., xt)✳

❈❤ø♥❣ ♠✐♥❤✳ ❱×
√
a =

√
(a1, ..., at) ♥➟♥ (a1) + (a2, ..., at) " p ✈í✐ ♠ä✐

p ∈ AssM \V (a)✳ ❚❤❡♦ ❇æ ➤Ò ✹✳✷✳✹ t❛ ❝ã t❤Ó ❝❤ä♥ ♠ét ♣❤➬♥ tö x1 = a1+ b1

✈í✐ b1 ∈ (a2, ..., at) s❛♦ ❝❤♦ x1 /∈ p ✈í✐ ♠ä✐ p ∈ AssM \ V (a)✳ ❚ø❝ ❧➭ x1 ❧➭

♠ét ♣❤➬♥ tö a✲❧ä❝ ❝❤Ý♥❤ q✉② ❝ñ❛M ✱ ✈➭ ❞Ô t❤✃② (a1, ..., at) = (x1, a2, ..., at)✳

❚✐Õ♣ tô❝ q✉➳ tr×♥❤ tr➟♥ t❛ ➤➢î❝ ❞➲② a✲❧ä❝ ❝❤Ý♥❤ q✉② x1, ..., xt ❝ñ❛ M ❝➬♥

t×♠

❍Ö q✉➯ ✹✳✷✳✻✳ ❈❤♦ t ✈➭ n0 ❧➭ ❝➳❝ sè ♥❣✉②➟♥ ❞➢➡♥❣ t❤á❛ ♠➲♥ t = fa(M) ✈➭

an0H i
a(M) = 0 ✈í✐ ♠ä✐ i < t✳ ❳Ðt a1, ..., at ❧➭ ♠ét ❞➲② ♣❤➬♥ tö ❝❤ø❛ tr♦♥❣

a2n0 s❛♦ ❝❤♦
√
a =

√
(a1, ..., at) t❛ ❝ã

Ass(M/(a1, ..., at)M) =
t⋃

i=0

AssH i
a(M).

❈❤ø♥❣ ♠✐♥❤✳ ❉Ô ❞➭♥❣ s✉② r❛ tõ ▼Ö♥❤ ➤Ò ✹✳✷✳✷ ✈➭ ❇æ ➤Ò ✹✳✷✳✺✳



✾✼

❇æ ➤Ò ✹✳✷✳✼✳ ❈❤♦ t ✈➭ n0 ❧➭ ❝➳❝ sè ♥❣✉②➟♥ ❞➢➡♥❣ s❛♦ ❝❤♦ t = fa(M) ✈➭

an0H i
a(M) = 0 ✈í✐ ♠ä✐ i < t✳ ❑❤✐ ➤ã ✈í✐ ♠ä✐ ❞➲② a✲❧ä❝ ❝❤Ý♥❤ q✉② x1, ..., xt

❝ñ❛ M ✱ t❛ ❝ã a2
jn0H i

a(M/(x1, ..., xj)M) = 0 ✈í✐ ♠ä✐ 0 ≤ j ≤ t − 1 ✈➭

i < t− j✳

❈❤ø♥❣ ♠✐♥❤✳ ❚r➢ê♥❣ ❤î♣ j = 0 ❧➭ ❤✐Ó♥ ♥❤✐➟♥✱ ✈➭ ❞♦ q✉② ♥➵♣ t❛ ❝❤Ø ❝➬♥ ❝❤ø♥❣

♠✐♥❤ ❦❤➻♥❣ ➤Þ♥❤ tr♦♥❣ tr➢ê♥❣ ❤î♣ j = 1 < t✳ ❉➲② ❦❤í♣ ♥❣➽♥

0 →M/(0 :M x1)
x1→M →M/x1M → 0

❝➯♠ s✐♥❤ ❞➲② ❦❤í♣ s❛✉

· · · → H i
a(M) → H i

a(M/x1M) → H i+1
a (M/(0 :M x1)) → · · · .

❈❤ó ý r➺♥❣ 0 :M x1 ❧➭ a✲①♦➽♥✱ ♥➟♥ H i+1
a (M/(0 :M x1)) ∼= H i+1

a (M) ✈í✐

♠ä✐ i ≥ 0✳ ❉♦ ✈❐② an0H i+1
a (M/(0 :M x1)) = 0 ✈í✐ ♠ä✐ i < t − 1✳ ◆➟♥

a2n0H i
a(M) = 0 ✈í✐ ♠ä✐ i < t− 1✳ ❚❛ ❝ã ➤✐Ò✉ ♣❤➯✐ ❝❤ø♥❣ ♠✐♥❤✳

▼Ö♥❤ ➤Ò ✹✳✷✳✽✳ ❈❤♦ t ✈➭ n0 ❧➭ ❝➳❝ sè ♥❣✉②➟♥ ❞➢➡♥❣ t❤á❛ ♠➲♥ t = fa(M)

✈➭ an0H i
a(M) = 0 ✈í✐ ♠ä✐ i < t✳ ❈❤♦ a1, ..., at ❧➭ ♠ét ❞➲② ♣❤➬♥ tö tr♦♥❣ a

t❤á❛ ♠➲♥
√
a =

√
(a1, ..., at)✳ ❳Ðt j < t ❧➭ ♠ét sè ♥❣✉②➟♥ ❦❤➠♥❣ ➞♠✳ ❑❤✐ ➤ã

✈í✐ ♠ä✐ n1, ..., nt ∈ N t❤á❛ ♠➲♥ ni ≥ 2tn0 ✈í✐ ♠ä✐ j + 1 ≤ i ≤ t✱ t❛ ❝ã

AssM/(an1

1 , ..., a
nt
t )M = AssM/(an11 , ..., a

nj

j , a
2tn0

j+1 , ..., a
2tn0
t )M.

❈❤ø♥❣ ♠✐♥❤✳ ❱×
√
a =

√
(an1

1 , ..., a
nt

t ) ♥➟♥ (an1

1 )+ (an22 , ..., a
nt
t ) " p ✈í✐ ♠ä✐

p ∈ AssM\V (a)✳ ❚õ ❇æ ➤Ò ✹✳✷✳✹ t❛ ❝ã t❤Ó ❝❤ä♥ ♠ét ♣❤➬♥ tö x1 = an1

1 +b1 ✈í✐

b1 ∈ (an2

2 , ..., a
nt

t ) s❛♦ ❝❤♦ x1 /∈ p ✈í✐ ♠ä✐ p ∈ AssM \V (a)✳ ❚ø❝ ❧➭ x1 ❧➭ ♠ét

♣❤➬♥ tö a✲❧ä❝ ❝❤Ý♥❤ q✉② ❝ñ❛ M ✱ ✈➭ ❞Ô t❤✃② (an1

1 , ..., a
nt

t ) = (x1, a
n2

2 , ..., a
nt

t )✳

❍➡♥ ♥➢❛✱ ✈× ni ≥ 2tn0 ✈í✐ ♠ä✐ j + 1 ≤ i ≤ t✱ ♥➟♥ t❛ ❝ò♥❣ ❝ã

(an1

1 , ..., a
nj

j , a
2tn0
j+1 , ..., a

2tn0
t ) = (x1, a

n2
2 , ..., a

nj

j , a
2tn0

j+1 , ..., a
2tn0
t ).



✾✽

❚✐Õ♣ tô❝ q✉➳ tr×♥❤ tr➟♥ t❛ t❤✉ ➤➢î❝ ♠ét ❞➲② a✲❧ä❝ ❝❤Ý♥❤ q✉② x1, ..., xj ❝ñ❛M

t❤á❛ ♠➲♥

(an11 , ..., a
nt

t ) = (x1, ..., xj, a
nj+1

j+1 , ..., a
nt
t ),

✈➭

(an1

1 , ..., a
nj

j , a
2tn0

j+1 , ..., a
2tn0
t ) = (x1, ..., xj, a

2tn0

j+1 , ..., a
2tn0
t ).

❚❤❡♦ ❇æ ➤Ò ✹✳✷✳✼ t❛ ❝ã a2
jn0H i

a(M/(x1, ..., xj)M) = 0 ✈í✐ ♠ä✐ i < t − j✳

❇➞② ❣✐ê✱ ➳♣ ❞ô♥❣ ❍Ö q✉➯ ✹✳✷✳✻ t❛ ❝ã

AssM/(an11 , ..., a
nt
t )M = AssM/(x1, ..., xj, a

nj+1

j+1 , ..., a
nt

t )M

=
⋃

i≤t−j
AssH i

a(M/(x1, ..., xj)M)

= AssM/(x1, ..., xj, a
2tn0
j+1 , ..., a

2tn0
t )M

= AssM/(an11 , ..., a
nj

j , a
2tn0
j+1 , ..., a

2tn0
t )M.

❚❛ ❝❤ø♥❣ ♠✐♥❤ ❦Õt q✉➯ ❝❤Ý♥❤ ❝ñ❛ t✐Õt ♥➭②✳

➜Þ♥❤ ❧Ý ✹✳✷✳✾✳ ❈❤♦ a ❧➭ ♠ét ✐➤➟❛♥ ❝ñ❛ R ✈➭ M ❧➭ ♠ét R✲♠➠➤✉♥ ❤÷✉ ❤➵♥

s✐♥❤✳ ➜➷t t = fa(M)✳ ❳Ðt a1, ..., at ❧➭ ♠ét ❞➲② ♣❤➬♥ tö tr♦♥❣ a t❤á❛ ♠➲♥
√
a =

√
(a1, ..., at)✳ ❑❤✐ ➤ã

⋃

n1,...,nt∈N
AssM/(an1

1 , ..., a
nt

t )M

❧➭ ♠ét t❐♣ ❤î♣ ❤÷✉ ❤➵♥✳

❈❤ø♥❣ ♠✐♥❤✳ ❳Ðt n0 ❧➭ ♠ét sè ♥❣✉②➟♥ ❞➢➡♥❣ t❤á❛ ♠➲♥ an0H i
a(M) = 0 ✈í✐

♠ä✐ i < fa(M)✳ ❱í✐ tõ♥❣ ❜é (n1, ..., nt) ∈ Nt t❛ ①Ðt ♠ét ❜é ❣å♠ t sè ♥❣✉②➟♥

❞➢➡♥❣ (m1, ...,mt) ∈ Nt t❤á❛ ♠➲♥ mi = ni ♥Õ✉ ni < 2tn0✱ ✈➭ mi = 2tn0

♥Õ✉ ni ≥ 2tn0✳ ❚❤❛② ➤æ✐ t❤ø tù ❝ñ❛ ❝➳❝ ♣❤➬♥ tö xi ♥Õ✉ ❝➬♥ t❤✐Õt✱ t❛ ❝ã t❤Ó ❣✐➯

sö r➺♥❣ ❝ã ♠ét sè ♥❣✉②➟♥ ❦❤➠♥❣ ➞♠ j ≤ t s❛♦ ❝❤♦ ni < 2tn0 ✈í✐ ♠ä✐ i ≤ j✱



✾✾

✈➭ ni ≥ 2tn0 ✈í✐ ♠ä✐ j + 1 ≤ i ≤ t✳ ❉♦ ➤ã ▼Ö♥❤ ➤Ò ✹✳✷✳✽ s✉② r❛ r➺♥❣

AssM/(xn1

1 , ..., x
nt

t )M = AssM/(xm1

1 , ..., xmt

t )M.

❱❐②

⋃

n1,...,nt∈N
AssM/(xn1

1 , ..., x
nt

t )M =
⋃

1≤m1,...,mt≤2tn0

AssM/(xm1

1 , ..., xmt

t )M

❧➭ ♠ét t❐♣ ❤î♣ ❤÷✉ ❤➵♥✳

❍Ö q✉➯ ❞➢í✐ ➤➞② ❧➭ ❦Õt q✉➯ ❝❤Ý♥❤ ❝ñ❛ ❬✹✸❪✳

❍Ö q✉➯ ✹✳✷✳✶✵✳ ❈❤♦ a ❧➭ ♠ét ✐➤➟❛♥ ❝ñ❛ R ✈➭ M ❧➭ ♠ét R✲♠➠➤✉♥ ❤÷✉ ❤➵♥

s✐♥❤✳ ❳Ðt s ≤ fa(M) ❧➭ ♠ét sè ♥❣✉②➟♥ ❞➢➡♥❣✱ ✈➭ x1, ..., xs ❧➭ ♠ét ❞➲② a✲❧ä❝

❝❤Ý♥❤ q✉② ❝ñ❛ M ✳ ❑❤✐ ➤ã

⋃

n1,...,ns∈N
AssM/(xn1

1 , ..., x
ns
s )M

❧➭ ♠ét t❐♣ ❤î♣ ❤÷✉ ❤➵♥✳

❈❤ø♥❣ ♠✐♥❤✳ ➜➷t I = (x1, ..., xs)✱ ➳♣ ❞ô♥❣ ❇æ ➤Ò ✸✳✶✳✶✷ t❛ ❝ã H i
I(M) ∼=

H i
a(M) ✈➭ ❧➭ ❤÷✉ ❤➵♥ s✐♥❤ ✈í✐ ♠ä✐ i < s✳ ❑❤✐ ➤ã✱ ❦❤➻♥❣ ➤Þ♥❤ ❧➭ ❤Ö q✉➯ trù❝

t✐Õ♣ ❝ñ❛ ➜Þ♥❤ ❧Ý ✹✳✷✳✾✳

❈❤ó ý r➺♥❣ ▲✳❚✳ ◆❤➭♥ tr♦♥❣ ❬✹✵✱ ❚❤❡♦r❡♠ ✸✳✶❪ ➤➲ ❝❤ø♥❣ ♠✐♥❤ ♠ét ❦Õt

q✉➯ t➢➡♥❣ tù ❍Ö q✉➯ ✹✳✷✳✶✵ tr♦♥❣ tr➢ê♥❣ ❤î♣ x1, ..., xs ❧➭ ♠ét ❞➲② ❝❤Ý♥❤ q✉②

s✉② ré♥❣ ❝ñ❛M ✳ ◆❤➽❝ ❧➵✐ r➺♥❣ tr♦♥❣ ✈➭♥❤ ➤Þ❛ ♣❤➢➡♥❣ (R,m) ♠ét ❞➲② ♣❤➬♥

tö x1, ..., xs ➤➢î❝ ❣ä✐ ❧➭ ♠ét ❞➲② ❝❤Ý♥❤ q✉② s✉② ré♥❣ ❝ñ❛ M ♥Õ✉ xi /∈ p ✈í✐

♠ä✐ p ∈ AssM/(x1, ..., xi−1)M t❤á❛ ♠➲♥ dimR/p > 1✱ ✈í✐ ♠ä✐ i = 1, ..., s✳

❚❤❡♦ ➜Þ♥❤ ❧Ý ✶✳✶✳✺ t❛ ❝ã H i
a(M) ∼= lim→ ExtiR(R/a

n,M)✳ ❚➢➡♥❣ tù ♥❤➢ ❈➞✉

❤á✐ ✹✳✷✳✸ t❛ ➤➷t r❛ ❝➞✉ ❤á✐ tù ♥❤✐➟♥ s❛✉✳

❈➞✉ ❤á✐ ✹✳✷✳✶✶✳ P❤➯✐ ❝❤➝♥❣ ∪nAssExtiR(R/an,M) ❧➭ ♠ét t❐♣ ❤î♣ ❤÷✉ ❤➵♥

✈í✐ ♠ä✐ i ≤ fa(M)❄



✶✵✵

◆Õ✉ M ❧➭ ♠ét ♠➠➤✉♥ a✲①♦➽♥✱ t❤× fa(M) = ∞✳ ❈➞✉ ❤á✐ ❞➢í✐ ➤➞② ❧➭ ♠ét

tr➢ê♥❣ ❤î♣ ➤➷❝ ❜✐Öt ❝ñ❛ ❈➞✉ ❤á✐ ✹✳✷✳✶✶✳

❈➞✉ ❤á✐ ✹✳✷✳✶✷✳ ❈❤♦ M ❧➭ ♠ét ♠➠➤✉♥ a✲①♦➽♥ ❤÷✉ ❤➵♥ s✐♥❤✳ P❤➯✐ ❝❤➝♥❣

∪nAssExtiR(R/an,M) ❧✉➠♥ ❧➭ ♠ét t❐♣ ❤î♣ ❤÷✉ ❤➵♥ ✈í✐ ♠ä✐ i ≥ 0❄

❚r♦♥❣ ❬✸✻❪✱ ▲✳ ▼❡❧❦❡rss♦♥ ✈➭ ❙❝❤❡♥③❡❧ ➤➲ ❤á✐ r➺♥❣ ✈í✐ ♠ç✐ i ≥ 0 ❝ã ♣❤➯✐

❝➳❝ t❐♣ ❤î♣ AssExtiR(R/a
n,M) ❧➭ æ♥ ➤Þ♥❤ ✈í✐ n ➤ñ ❧í♥❄ ❚r♦♥❣ tr➢ê♥❣ ❤î♣

tæ♥❣ q✉➳t ❝➞✉ ❤á✐ ♥➭② ❧➭ ❦❤➠♥❣ ➤ó♥❣ ✈× ∪nAssExtiR(R/an,M) ❝ã t❤Ó ❝ã ✈➠

❤➵♥ ♣❤➬♥ tö✳ ❚✉② ♥❤✐➟♥✱ ❑❤❛s❤②❛r♠❛♥❡s❤ ✈➭ ❙❛❧❛r✐❛♥ ➤➲ ❝❤ø♥❣ ♠✐♥❤ r➺♥❣

AssExt1R(R/a
n,M) ❧➭ æ♥ ➤Þ♥❤ ✈í✐ n ➤ñ ❧í♥ ✭①❡♠ ❬✸✶✱ ❈♦r♦❧❧❛r② ✷✳✸❪✮✳ ◆❤➢

✈❐②✱ ❈➞✉ ❤á✐ ✹✳✷✳✶✶ ❧➭ ➤ó♥❣ ♥Õ✉ fa(M) ≤ 1✳ ❚❛ ❝ã t❤Ó t❤❛② ➤æ✐ ❝➞✉ ❤á✐ ❝ñ❛

▼❡❧❦❡rss♦♥ ✈➭ ❙❝❤❡♥③❡❧ ➤Ó ➤➢î❝ ❞➵♥❣ ♠➵♥❤ ❤➡♥ ❝ñ❛ ❈➞✉ ❤á✐ ✹✳✷✳✶✶ ♥❤➢ s❛✉✳

❈➞✉ ❤á✐ ✹✳✷✳✶✸✳ ❱í✐ ♠ä✐ i ≤ fa(M) ♣❤➯✐ ❝❤➝♥❣ ❝➳❝ t❐♣ ❤î♣AssExtiR(R/a
n,M)

❧➭ æ♥ ➤Þ♥❤ ✈í✐ n ➤ñ ❧í♥❄

❑Õt ❧✉❐♥ ❈❤➢➡♥❣ ✹✳ ❚r♦♥❣ ❝❤➢➡♥❣ ♥➭② ❝❤ó♥❣ t➠✐ ➤➲ t❤ù❝ ❤✐Ö♥ ➤➢î❝ ♠ét sè

❝➠♥❣ ✈✐Ö❝ ♥❤➢ s❛✉✿

✶✳ ●✐í✐ t❤✐Ö✉ ❧í♣ ♠➠➤✉♥ ❋❙❋ ✈➭ ➳♣ ❞ô♥❣ ❧í♣ ♠➠➤✉♥ ♥➭② ➤Ó ❝❤ø♥❣ ♠✐♥❤

r➺♥❣ ♠➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ➤➬✉ t✐➟♥ ❦❤➠♥❣ ❤÷✉ ❤➵♥ s✐♥❤✱ ✈➭

❝ã t❐♣ ❣✐➳ ❧➭ ❦❤➠♥❣ ❤÷✉ ❤➵♥✱ ❝ã ♠ét sè ❤÷✉ ❤➵♥ ✐➤➟❛♥ ♥❣✉②➟♥ tè ❧✐➟♥ ❦Õt

✭➜Þ♥❤ ❧Ý ✹✳✶✳✽✮✳

✷✳ ◆❣❤✐➟♥ ❝ø✉ tÝ♥❤ ❤÷✉ ❤➵♥ ❝ñ❛ t❐♣ ✐➤➟❛♥ ♥❣✉②➟♥ tè ❧✐➟♥ ❦Õt ❧✐➟♥ q✉❛♥ ✈í✐

❝❤✐Ò✉ ❤÷✉ ❤➵♥ ❝ñ❛ ♠➠➤✉♥M t➢➡♥❣ ø♥❣ ✈í✐ a✳ ✭①❡♠ ➜Þ♥❤ ❧Ý ✹✳✷✳✾ ✈➭ ❍Ö

q✉➯ ✹✳✷✳✶✵✮✳



✶✵✶

❑Õt ❧✉❐♥ ❝ñ❛ ❧✉❐♥ ➳♥
❚r♦♥❣ ❧✉❐♥ ➳♥ ♥➭② ❝❤ó♥❣ t➠✐ ➤➲ t❤✉ ➤➢î❝ ♥❤÷♥❣ ❦Õt q✉➯ ❝❤Ý♥❤ s❛✉✳

✶✳ ❳➞② ❞ù♥❣ ♣❤➢➡♥❣ ♣❤➳♣ ❝❤ø♥❣ ♠✐♥❤ ♠ét ❞➲② ❦❤í♣ ♥❣➽♥ ❝ñ❛ ❝➳❝ ♠➠➤✉♥

➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ❧➭ ❝❤❰ ✭❚✐Õt ✶✳✸✮✳

✷✳ ➜➢❛ r❛ ➜Þ♥❤ ❧Ý ❝❤❰ r❛ ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ✶✳✹✳✹ ✈í✐ ➤✐Ò✉ ❦✐Ö♥

H i
a(M) ❧➭ R✲♠➠➤✉♥ ❤÷✉ ❤➵♥ s✐♥❤ ✈í✐ ♠ä✐ i ♥❤á ❤➡♥ ♠ét sè ♥❣✉②➟♥

❞➢➡♥❣ t ♥➭♦ ➤ã✳ ➜å♥❣ t❤ê✐ ➳♣ ❞ô♥❣ ➜Þ♥❤ ❧Ý ✶✳✹✳✹ ➤Ó ❝❤ø♥❣ ♠✐♥❤ tÝ♥❤

æ♥ ➤Þ♥❤ t✐Ö♠ ❝❐♥ ❝ñ❛ ❝❤Ø sè ❦❤➯ q✉② ❝ñ❛ ✐➤➟❛♥ t❤❛♠ sè ❝ñ❛ ♠➠➤✉♥

❈♦❤❡♥✲▼❛❝❛✉❧❛② s✉② ré♥❣ ✭①❡♠ ❍Ö q✉➯ ✶✳✹✳✼✮✳

✸✳ ❉ï♥❣ tÝ♥❤ ❝❤❰ r❛ ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ❝❤ø♥❣ ♠✐♥❤ ♠ét sè tÝ♥❤

❝❤✃t ✈Ò tÝ♥❤ æ♥ ➤Þ♥❤ ❝ñ❛ ❤Ö t❤❛♠ sè tèt ❝ñ❛ ❝➳❝ ♠➠➤✉♥ ❈♦❤❡♥✲▼❛❝❛✉❧❛②

s✉② ré♥❣ ❞➲② ✭①❡♠ ❝➳❝ ➜Þ♥❤ ❧Ý ✷✳✷✳✺ ✈➭ ✷✳✷✳✽✮✳

✹✳ ❳➞② ❞ù♥❣ ➜Þ♥❤ ❧Ý ❝❤❰ r❛ ❝ñ❛ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ tr♦♥❣ ✈➭♥❤ ➤Þ❛

♣❤➢➡♥❣ ✭①❡♠ ➜Þ♥❤ ❧Ý ✸✳✷✳✹✮✳ ➳♣ ❞ô♥❣ ➜Þ♥❤ ❧Ý ✸✳✷✳✹ ➤Ó ❝❤ø♥❣ ♠✐♥❤ ♠ét

sè ❜✃t ❜✐Õ♥ ❝ñ❛ ♠➠➤✉♥ ✭①❡♠ ❝➳❝ ➜Þ♥❤ ❧Ý ✸✳✷✳✼ ✈➭ ✸✳✷✳✾✮✳

✺✳ ❳➞② ❞ù♥❣ ❦❤➳✐ ♥✐Ö♠ ❜❐❝ ❦❤➠♥❣ tré♥ ❧➱♥ ❝ñ❛ ♠➠➤✉♥✳ ➜å♥❣ t❤ê✐ ❝❤ø♥❣

♠✐♥❤ ❜❐❝ ❦❤➠♥❣ tré♥ ❧➱♥ ❧➭ ♠ét ❜❐❝ ♠ë ré♥❣ ✭①❡♠ ➜Þ♥❤ ❧Ý ✸✳✸✳✽✱ ▼Ö♥❤

➤Ò ✸✳✸✳✾ ✈➭ ➜Þ♥❤ ❧Ý ✸✳✸✳✶✼✮✳

✻✳ ❈❤ø♥❣ ♠✐♥❤ r➺♥❣ ♠➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ ➤➬✉ t✐➟♥ ❦❤➠♥❣ ❤÷✉

❤➵♥ s✐♥❤✱ ✈➭ ❝ã t❐♣ ❣✐➳ ❧➭ ❦❤➠♥❣ ❤÷✉ ❤➵♥✱ ❝ã ♠ét sè ❤÷✉ ❤➵♥ ✐➤➟❛♥ ♥❣✉②➟♥

tè ❧✐➟♥ ❦Õt ✭➜Þ♥❤ ❧Ý ✹✳✶✳✽✮✳

✼✳ ◆❣❤✐➟♥ ❝ø✉ tÝ♥❤ ❤÷✉ ❤➵♥ ❝ñ❛ t❐♣ ✐➤➟❛♥ ♥❣✉②➟♥ tè ❧✐➟♥ ❦Õt ❧✐➟♥ q✉❛♥ ✈í✐

❝❤✐Ò✉ ❤÷✉ ❤➵♥ ❝ñ❛ ♠➠➤✉♥M t➢➡♥❣ ø♥❣ ✈í✐ a✳ ✭①❡♠ ➜Þ♥❤ ❧Ý ✹✳✷✳✾ ✈➭ ❍Ö

q✉➯ ✹✳✷✳✶✵✮✳



✶✵✷

▼ét sè ❤➢í♥❣ ♣❤➳t tr✐Ó♥ ❝ñ❛ ❧✉❐♥ ➳♥

✶✳ ❳➞② ❞ù♥❣ ✈➭ t×♠ ❝➳❝ ➳♣ ❞ô♥❣ ❝ñ❛ ❝➳❝ ➜Þ♥❤ ❧Ý ❝❤❰ r❛ ❝❤♦ ❝➳❝ ❤➭♠ tö ❦❤➳❝

♥❤➢ Ext,Tor, ...✳

✷✳ ❚×♠ ❤✐Ó✉ s➞✉ ❤➡♥ ✈Ò ❜❐❝ ❦❤➠♥❣ tré♥ ❧➱♥ ❝ñ❛ ♠➠➤✉♥ ❝ò♥❣ ♥❤➢ ♠è✐ ❧✐➟♥

❤Ö ❝ñ❛ ♥ã ✈í✐ ❜❐❝ ➤å♥❣ ➤✐Ò✉ ❝ñ❛ ♠➠➤✉♥✳

✸✳ ◆❣❤✐➟♥ ❝ø✉ ♠➠➤✉♥ ➤è✐ ➤å♥❣ ➤✐Ò✉ ➤Þ❛ ♣❤➢➡♥❣ H t
a(M)✱ t = fa(M)✱ ❝ò♥❣

♥❤➢ ❈➞✉ ❤á✐ ✹✳✷✳✶✶✳



✶✵✸

❈➳❝ ❝➠♥❣ tr×♥❤ ❧✐➟♥ q✉❛♥ ➤Õ♥ ❧✉❐♥ ➳♥

✶✳ P✳❍✳ ◗✉②✱ ❖♥ t❤❡ ❢✐♥✐t❡♥❡ss ♦❢ ❛ss♦❝✐❛t❡❞ ♣r✐♠❡s ♦❢ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣②

♠♦❞✉❧❡s✱ Pr♦❝✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✶✸✽ ✭✷✵✶✵✮✱ ✶✾✻✺−✶✾✻✽✳

✷✳ ◆✳❚✳ ❈✉♦♥❣✱ P✳❍✳ ◗✉②✱ ❆ s♣❧✐tt✐♥❣ t❤❡♦r❡♠ ❢♦r ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ❛♥❞ ✐ts

❛♣♣❧✐❝❛t✐♦♥s✱ ❏✳ ❆❧❣❡❜r❛ ✸✸✶ ✭✷✵✶✶✮✱ ✺✶✷−✺✷✷✳

✸✳ P✳❍✳ ◗✉②✱ ❆s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ ❣♦♦❞ s②st❡♠s ♦❢ ♣❛r❛♠❡t❡rs ♦❢

s❡q✉❡♥t✐❛❧❧② ❣❡♥❡r❛❧✐③❡❞ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ♠♦❞✉❧❡s✱ ❑♦❞❛✐ ▼❛t❤✳ ❏✳ ✸✺

✭✷✵✶✷✮✱ ✺✼✻−✺✽✽✳

✹✳ P✳❍✳ ◗✉②✱ ❆ r❡♠❛r❦ ♦♥ t❤❡ ❢✐♥✐t❡♥❡ss ❞✐♠❡♥s✐♦♥✱ ❛❝❝❡♣t❡❞ ❢♦r ♣✉❜❧✐❝❛t✐♦♥

✐♥ ❈♦♠♠✳ ❆❧❣❡❜r❛✳

❈➳❝ ❦Õt q✉➯ tr♦♥❣ ❧✉❐♥ ➳♥ ➤➲ ➤➢î❝ ❜➳♦
❝➳♦ ✈➭ t❤➯♦ ❧✉❐♥ t➵✐

✲ ❳❡♠✐♥❛ ➜➵✐ sè ✈➭ ▲ý t❤✉②Õt sè ✲ ❱✐Ö♥ ❚♦➳♥ ❤ä❝✳

✲ ❍é✐ ♥❣❤Þ ♥❣❤✐➟♥ ❝ø✉ s✐♥❤ ❝ñ❛ ❱✐Ö♥ ❚♦➳♥ ❤ä❝✱ ✶✵✴✷✵✶✵✱ ✶✵✴✷✵✶✶✳

✲ ❍é✐ ♥❣❤Þ ➜➵✐ sè ✲ ❍×♥❤ ❤ä❝ ✲ ❚➠ ♣➠✱ ❍✉Õ✱ ✵✾✴✷✵✵✾✳

✲ ❍é✐ t❤➯♦ ❧✐➟♥ ❦Õt ◆❤❐t ❇➯♥ ✲ ❱✐Öt ◆❛♠ ❧➬♥ t❤ø ✺ ✈Ò ➜➵✐ sè ❣✐❛♦ ❤♦➳♥✱ ❍➭

◆é✐✱ ✵✶✴✷✵✶✵✳

✲ ❍é✐ ♥❣❤Þ ✈Ò ➜➵✐ sè ❣✐❛♦ ❤♦➳♥ ❧➬♥ t❤ø ✸✸✱ ◆❤❐t ❇➯♥✱ ✶✶✴✷✵✶✶✳
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❚➭✐ ❧✐Ö✉ t❤❛♠ ❦❤➯♦

❚✐Õ♥❣ ❆♥❤

❬✶❪ ❏✳ ❆s❛❞♦❧❧❛❤✐✱ ❑✳ ❑❤❛s❤②❛r♠❛♥❡s❤✱ ❙❤✳ ❙❛❧❛r✐❛♥✱ ❖♥ t❤❡ ❢✐♥✐t❡♥❡ss

♣r♦♣❡rt✐❡s ♦❢ ❣❡♥❡r❛❧✐③❡❞ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s✱ ❈♦♠♠✳ ❆❧❣❡❜r❛

✸✵ ✭✷✵✵✷✮✱ ✽✺✾−✽✻✼✳

❬✷❪ ▼✳ ❆✉s❧❛♥❞❡r✱ ❉✳❆✳ ❇✉❝❤s❜❛✉♠✱ ❈♦❞✐♠❡♥s✐♦♥ ❛♥❞ ♠✉❧t✐♣❧✐❝✐t②✱ ❆♥♥✳

▼❛t❤✳ ✻✽ ✭✶✾✺✽✮✱ ✻✷✺−✻✺✼✳

❬✸❪ ❑✳ ❇❛❤♠❛♥♣♦✉r✱ ❆✳ ❑❤♦❥❛❧✐✱ ❖♥ t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ ❋❙❋ ❛♥❞ ✇❡❛❦❧②

▲❛s❦❡r✐❛♥ ❝❧❛ss❡s✱ ♣r❡♣r✐♥t✳ ❛r❳✐✈✿✶✶✵✽✳✹✺✻✹✈✶ ❬♠❛t❤✳❆❈❪✳

❬✹❪ ▼✳ ❇r♦❞♠❛♥♥✱ ❘✳ ❨✳ ❙❤❛r♣✱ ▲♦❝❛❧ ❝♦❤♦♠♦❧♦❣②✿ ❆♥ ❛❧❣❡❜r❛✐❝ ✐♥tr♦❞✉❝✲

t✐♦♥ ✇✐t❤ ❣❡♦♠❡tr✐❝ ❛♣♣❧✐❝❛t✐♦♥s✱ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✶✾✾✽✳

❬✺❪ ▼✳ ❇r♦❞♠❛♥♥✱ ❆✳▲✳ ❋❛❣❤❛♥✐✱ ❆ ❢✐♥✐t❡♥❡ss r❡s✉❧t ❢♦r ❛ss♦❝✐❛t❡❞ ♣r✐♠❡s

♦❢ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s✱ Pr♦❝✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✶✷✽ ✭✷✵✵✵✮✱

✷✽✺✶−✷✽✺✸✳

❬✻❪ ❲✳ ❇r✉♥s✱ ❏✳ ❍❡r③♦❣✱ ❈♦❤❡♥✲▼❛❝❛✉❧❛② r✐♥❣s✱ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t②

Pr❡ss ✭❘❡✈✐s❡❞ ❡❞✐t✐♦♥✮✱ ✶✾✾✽✳

❬✼❪ ◆✳❚✳ ❈✉♦♥❣✱ ❖♥ t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ♣♦✇❡rs ♦❢ s②st❡♠s ♦❢ ♣❛r❛♠❡t❡rs ✐♥

❧♦❝❛❧ r✐♥❣✱ ◆❛❣♦②❛ ▼❛t❤✳ ❏✳ ✶✷✵ ✭✶✾✾✵✮✱ ✼✼−✽✽✳

❬✽❪ ◆✳❚✳ ❈✉♦♥❣✱ ❖♥ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ♥♦♥✲❈♦❤❡♥✲▼❛❝❛✉❧❛② ❧♦❝✉s ♦❢

❧♦❝❛❧ r✐♥❣s ❛❞♠✐tt✐♥❣ ❞✉❛❧✐③✐♥❣ ❝♦♠♣❧❡①❡s✱ ▼❛t❤✳ Pr♦❝✳ ❈❛♠❜✳ P❤✐❧✳

❙♦❝✳ ✶✵✾ ✭✶✾✾✶✮✱ ✹✼✾−✹✽✽✳

❬✾❪ ◆✳❚✳ ❈✉♦♥❣✱ ❖♥ t❤❡ ❧❡❛st ❞❡❣r❡❡ ♦❢ ♣♦❧②♥♦♠✐❛❧s ❜♦✉♥❞✐♥❣ ❛❜♦✈❡ t❤❡

❞✐❢❢❡r❡♥❝❡s ❜❡t✇❡❡♥ ❧❡♥❣t❤s ❛♥❞ ♠✉❧t✐♣❧✐❝✐t✐❡s ♦❢ ❝❡rt❛✐♥ s②st❡♠s ♦❢

♣❛r❛♠❡t❡rs ✐♥ ❧♦❝❛❧ r✐♥❣✱ ◆❛❣♦②❛ ▼❛t❤✳ ❏✳ ✶✷✺ ✭✶✾✾✷✮✱ ✶✵✺−✶✶✹✳

❬✶✵❪ ◆✳❚✳ ❈✉♦♥❣✱ p✲st❛♥❞❛r❞ s②st❡♠s ♦❢ ♣❛r❛♠❡t❡rs ❛♥❞ p✲st❛♥❞❛r❞ ✐❞❡❛❧s ✐♥

❧♦❝❛❧ r✐♥❣s✱ ❆❝t❛ ▼❛t❤✳ ❱✐❡t♥❛♠✳ ✷✵ ✭✶✾✾✺✮✱ ✶✹✺−✶✻✶✳
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❬✶✶❪ ◆✳❚✳ ❈✉♦♥❣✱ ❉✳❚✳ ❈✉♦♥❣✱ dd✲❙❡q✉❡♥❝❡s ❛♥❞ P❛rt✐❛❧ ❊✉❧❡r✲P♦✐♥❝❛r❡ ❈❤❛r✲

❛❝t❡r✐st✐❝s ♦❢ ❑♦s③✉❧ ❈♦♠♣❧❡①✱ ❏✳ ❆❧❣❡❜r❛ ❆♣♣❧✳ ✻ ✭✷✵✵✼✮✱ ✷✵✼−✷✸✶✳

❬✶✷❪ ◆✳❚✳ ❈✉♦♥❣✱ ❉✳❚✳ ❈✉♦♥❣✱ ❖♥ s❡q✉❡♥t✐❛❧❧② ❈♦❤❡♥✲▼❛❝❛✉❧❛② ♠♦❞✉❧❡s✱

❑♦❞❛✐ ▼❛t❤✳ ❏✳ ✸✵ ✭✷✵✵✼✮✱ ✹✵✾−✹✷✽✳

❬✶✸❪ ◆✳❚✳ ❈✉♦♥❣✱ ❉✳❚✳ ❈✉♦♥❣✱ ❖♥ t❤❡ str✉❝t✉r❡ ♦❢ s❡q✉❡♥t✐❛❧❧② ❣❡♥❡r❛❧✐③❡❞

❈♦❤❡♥✲▼❛❝❛✉❧❛② ♠♦❞✉❧❡s✳ ❏✳ ❆❧❣❡❜r❛ ✸✶✼ ✭✷✵✵✼✮✱ ✼✶✹−✼✹✷✳

❬✶✹❪ ◆✳❚✳ ❈✉♦♥❣✱ ❉✳❚✳ ❈✉♦♥❣✱ ❆♥♥✐❤✐❧❛t♦r ✐❞❡❛❧s ♦❢ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✲

✉❧❡s ❛♥❞ ▼❛❝❛✉❧❛②❢✐❝❛t✐♦♥✱ ♣r❡♣r✐♥t✳

❬✶✺❪ ◆✳❚✳ ❈✉♦♥❣✱ ▲✳❚✳ ◆❤❛♥✱ Ps❡✉❞♦ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❛♥❞ ♣s❡✉❞♦ ❣❡♥❡r❛❧✲

✐③❡❞ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ♠♦❞✉❧❡s✱ ❏✳ ❆❧❣❡❜r❛ ✷✻✼ ✭✷✵✵✸✮✱ ✶✺✻−✶✼✼✳

❬✶✻❪ ◆✳❚✳ ❈✉♦♥❣✱ P✳❍✳ ◗✉②✱ ❆ s♣❧✐tt✐♥❣ t❤❡♦r❡♠ ❢♦r ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ❛♥❞ ✐ts

❛♣♣❧✐❝❛t✐♦♥s✱ ❏✳ ❆❧❣❡❜r❛ ✸✸✶ ✭✷✵✶✶✮✱ ✺✶✷−✺✷✷✳

❬✶✼❪ ◆✳❚✳ ❈✉♦♥❣✱ ❍✳▲✳ ❚r✉♦♥❣✱ ❆s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ ♣❛r❛♠❡t❡r ✐❞❡❛❧s ✐♥

❣❡♥❡r❛❧✐③❡❞ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ♠♦❞✉❧❡✱ ❏✳ ❆❧❣❡❜r❛ ✸✷✵ ✭✷✵✵✽✮✱ ✶✺✽−✶✻✽✳

❬✶✽❪ ❑✳ ❉✐✈❛❛♥✐✲❆❛③❛r✱ ❆✳ ▼❛❢✐✱ ❆ss♦❝✐❛t❡❞ ♣r✐♠❡s ♦❢ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣②

♠♦❞✉❧❡s✱ Pr♦❝✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✶✸✸ ✭✷✵✵✺✮✱ ✻✺✺−✻✻✵✳

❬✶✾❪ ▲✳❘✳ ❉♦❡r✐♥❣✱ ❚✳ ●✉♥st♦♥✱ ❲✳❱✳ ❱❛s❝♦♥❝❡❧♦s✱ ❈♦❤♦♠♦❧♦❣✐❝❛❧ ❞❡❣r❡❡s

❛♥❞ ❍✐❧❜❡rt ❢✉♥❝t✐♦♥s ♦❢ ❣r❛❞❡❞ ♠♦❞✉❧❡s✱ ❆♠❡r✳ ❏✳ ▼❛t❤✳ ✶✷✵ ✭✶✾✾✽✮✱

✹✾✸✲✲✺✵✹✳

❬✷✵❪ ❊✳ ❊♥♦❝❤s✱ ❋❧❛t ❝♦✈❡rs ❛♥❞ ❢❧❛t ❝♦t♦rs✐♦♥ ♠♦❞✉❧❡s✱ Pr♦❝✳ ❆♠❡r✳ ▼❛t❤✳

❙♦❝✳ ✾✷ ✭✶✾✽✹✮ ✶✼✾−✶✽✹✳

❬✷✶❪ ❙✳ ●♦t♦✱ ❨✳ ◆❛❦❛♠✉r❛✱ ▼✉❧t✐♣❧✐❝✐t② ❛♥❞ ❚✐❣❤t ❈❧♦s✉r❡s ♦❢ P❛r❛♠❡t❡rs✱

❏✳ ❆❧❣❡❜r❛ ✷✹✹ ✭✷✵✵✶✮✱ ✸✵✷−✸✶✶✳

❬✷✷❪ ❙✳ ●♦t♦✱ ❍✳ ❙❛❦✉r❛✐✱ ❚❤❡ ❡q✉❛❧✐t② I2 = QI ✐♥ ❇✉❝❤s❜❛✉♠ r✐♥❣s✱ ❘❡♥❞✳

❙❡♠✳ ❯♥✐✈✳ P❛❞♦✈❛✳ ✶✶✵ ✭✷✵✵✸✮✱ ✷✺−✺✻✳

❬✷✸❪ ❙✳ ●♦t♦✱ ❑✳ ❨❛♠❛❣✐s❤✐✱ ❚❤❡ t❤❡♦r② ♦❢ ✉♥❝♦♥❞✐t✐♦♥❡❞ str♦♥❣ d✲s❡q✉❡♥❝❡s

❛♥❞ ♠♦❞✉❧❡s ♦❢ ❢✐♥✐t❡ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣②✱ ♣r❡♣r✐♥t ✭✉♥♣✉❜❧✐s❤❡❞✮✳

❬✷✹❪ ❆✳ ●r♦t❤❡♥❞✐❡❝❦✱ ▲♦❝❛❧ ❤♦♠♦❧♦❣②✱ ▲❡❝t✳ ◆♦t❡s ✐♥ ▼❛t❤✳✱ ❙♣r✐♥❣❡r✲

❱❡r❧❛❣ ❇❡r❧✐♥ ✲ ❍❡✐❞❡❧❜❡r❣ ✲ ◆❡✇ ❨♦r❦✱ ✶✾✻✼✳
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❬✷✺❪ ❈✳ ❍✉♥❡❦❡✱ ❚❤❡♦r② ♦❢ d✲s❡q✉❡♥❝❡s ❛♥❞ ♣♦✇❡rs ♦❢ ✐❞❡❛❧s✱ ❆❞✈✳ ▼❛t❤✳ ✹✻

✭✶✾✽✷✮✱ ✷✹✾−✷✼✾✳

❬✷✻❪ ❈✳ ❍✉♥❡❦❡✱ Pr♦❜❧❡♠s ♦♥ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣②✱ ✐♥✿ ❋r❡❡ r❡s♦❧✉t✐♦♥s ✐♥

❝♦♠♠✉t❛t✐✈❡ ❛❧❣❡❜r❛ ❛♥❞ ❛❧❣❡❜r❛✐❝ ❣❡♦♠❡tr② ✭❙✉♥❞❛♥❝❡✱ ❯t❛❤✱ ✶✾✾✵✮✱

♣♣✳ ✾✸−✶✵✽✱ ❘❡s✳ ◆♦t❡s ▼❛t❤✳ ✷✱ ❏♦♥❡s ❛♥❞ ❇❛rt❧❡tt✱ ❇♦st♦♥✱ ▼❆✱ ✶✾✾✷✳

❬✷✼❪ ❈✳ ❍✉♥❡❦❡✱ ❘✳❨✳ ❙❤❛r♣✱ ❇❛ss ♥✉♠❜❡rs ♦❢ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s✱

❚r❛♥s✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳✱ ✸✸✾ ✭✶✾✾✸✮✱ ✼✻✺−✼✼✾✳

❬✷✽❪ ■✳ ❑❛♣❧❛♥s❦②✱ ❈♦♠♠✉t❛t✐✈❡ r✐♥❣s✱ r❡✈✐s❡❞ ❡❞✐t✐♦♥✱ ❈❤✐❝❛❣♦ ❯♥✐✈❡rs✐t②

Pr❡ss✱ ✶✾✼✹✳

❬✷✾❪ ▼✳ ❑❛t③♠❛♥✱ ❆♥ ❡①❛♠♣❧❡ ♦❢ ❛♥ ✐♥❢✐♥✐t❡ s❡t ♦❢ ❛ss♦❝✐❛t❡❞ ♣r✐♠❡s ♦❢ ❛

❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡✱ ❏✳ ❆❧❣❡❜r❛ ✷✺✷ ✭✷✵✵✷✮✱ ✶✻✶−✶✻✻✳

❬✸✵❪ ❑✳ ❑❤❛s❤②❛r♠❛♥❡s❤✱ ❙❤✳ ❙❛❧❛r✐❛♥✱ ❖♥ t❤❡ ❛ss♦❝✐❛t❡❞ ♣r✐♠❡s ♦❢ ❧♦❝❛❧

❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s✱ ❈♦♠♠✳ ❆❧❣❡❜r❛ ✷✼ ✭✶✾✾✾✮✱ ✻✶✾✶−✻✶✾✽✳

❬✸✶❪ ❑✳ ❑❤❛s❤②❛r♠❛♥❡s❤✱ ❙❤✳ ❙❛❧❛r✐❛♥✱ ❆s②♠♣t♦t✐❝ st❛❜✐❧✐t② ♦❢

AttRTor
1
R((R/a

n), A)✱ Pr♦❝✳ ❊❞✐♥❜✳ ▼❛t❤✳ ❙♦❝✳ ✹✹ ✭✷✵✵✶✮✱ ✹✼✾−✹✽✸✳

❬✸✷❪ ❚✳ ❑❛✇❛s❛❦✐✱ ❖♥ ▼❛❝❛✉❧❛②❢✐❝❛t✐♦♥ ♦❢ ◆♦❡t❤❡r✐❛♥ s❝❤❡♠❡s✱ ❚r❛♥s✳

❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✸✺✷ ✭✷✵✵✵✮✱ ✷✺✶✼−✷✺✺✷✳

❬✸✸❪ ❈✳ ❍✳ ▲✐♥❤✱ ❯♣♣❡r ❜♦✉♥❞ ❢♦r ❈❛st❡❧♥✉♦✈♦✲▼✉♠❢♦r❞ r❡❣✉❧❛r✐t② ♦❢ ❛ss♦✲

❝✐❛t❡❞ ❣r❛❞❡❞ ♠♦❞✉❧❡s✱ ❈♦♠♠✳ ❆❧❣❡❜r❛ ✸✸ ✭✷✵✵✺✮✱ ✶✽✶✼−✶✽✸✶✳

❬✸✹❪ ●✳ ▲②✉❜❡③♥✐❦✱ ❋✐♥✐t❡♥❡ss ♣r♦♣❡rt✐❡s ♦❢ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s ✭❛♥

❛♣♣❧✐❝❛t✐♦♥ ♦❢ D✲♠♦❞✉❧❡s t♦ ❝♦♠♠✉t❛t✐✈❡ ❛❧❣❡❜r❛✮✱ ■♥✈❡♥t✳ ▼❛t❤✳ ✶✶✸

✭✶✾✾✸✮✱ ✹✶−✺✺✳

❬✸✺❪ ❙✳ ▼❛❝▲❛♥❡✱ ❍♦♠♦❧♦❣②✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ t❤✐r❞ ❡❞✐t✐♦♥✱ ✶✾✼✺✳

❬✸✻❪ ▲✳ ▼❡❧❦❡rss♦♥✱ P✳ ❙❝❤❡♥③❡❧✱ ❆s②♠♣t♦t✐❝ ♣r✐♠❡ ✐❞❡❛❧s r❡❧❛t❡❞ t♦ ❞❡r✐✈❡❞

❢✉♥❝t♦rs✱ Pr♦❝✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✶✶✼ ✭✶✾✾✸✮✱ ✾✸✺−✾✸✽✳

❬✸✼❪ ▼✳ ◆❛❣❛t❛✱ ▲♦❝❛❧ r✐♥❣s✱ ■♥t❡rs❝✐❡♥❝❡✱ ◆❡✇ ❨♦r❦✱ ✶✾✻✷✳

❬✸✽❪ ❯✳ ◆❛❣❡❧✱ ❚✳ ❘♦̈♠❡r✱ ❊①t❡♥❞❡❞ ❞❡❣r❡❡ ❢✉♥❝t✐♦♥s ❛♥❞ ♠♦♥♦♠✐❛❧ ♠♦❞✉❧❡s✱

❚r❛♥s✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✸✺✽ ✭✷✵✵✻✮✱ ✸✺✼✶−✸✺✽✾✳



✶✵✼

❬✸✾❪ ❯✳ ◆❛❣❡❧✱ P✳ ❙❝❤❡♥③❡❧✱ ❈♦❤♦♠♦❧♦❣✐❝❛❧ ❛♥♥✐❤✐❧❛t♦rs ❛♥❞ ❈❛st❡❧♥✉♦✈♦✲

▼✉♠❢♦r❞ r❡❣✉❧❛r✐t②✱ ✐♥ ❈♦♠♠✉t❛t✐✈❡ ❛❧❣❡❜r❛✿ ❙②③②❣✐❡s✱ ♠✉❧t✐♣❧✐❝✐t✐❡s✱

❛♥❞ ❜✐r❛t✐♦♥❛❧ ❛❧❣❡❜r❛✱ ❈♦♥t❡♠♣✳ ▼❛t❤✳ ✶✺✾ ✭✶✾✾✹✮✱ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳

Pr♦✈✐❞❡♥❝❡✱ ❘✳■✳✱ ✸✵✼−✸✷✽✳

❬✹✵❪ ▲✳❚✳ ◆❤❛♥✱ ❖♥ ❣❡♥❡r❛❧✐③❡❞ r❡❣✉❧❛r s❡q✉❡♥❝❡s ❛♥❞ t❤❡ ❢✐♥✐t❡♥❡ss ❢♦r

❛ss♦❝✐❛t❡❞ ♣r✐♠❡s ♦❢ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s✱ ❈♦♠♠✳ ❆❧❣❡❜r❛ ✸✸

✭✷✵✵✺✮✱ ✼✾✸−✽✵✻✳

❬✹✶❪ P✳❍✳ ◗✉②✱ ❖♥ t❤❡ ❢✐♥✐t❡♥❡ss ♦❢ ❛ss♦❝✐❛t❡❞ ♣r✐♠❡s ♦❢ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣②

♠♦❞✉❧❡s✱ Pr♦❝✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✶✸✽ ✭✷✵✶✵✮✱ ✶✾✻✺−✶✾✻✽✳

❬✹✷❪ P✳❍✳ ◗✉②✱ ❆s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦✉r ♦❢ ❣♦♦❞ s②st❡♠s ♦❢ ♣❛r❛♠❡t❡rs ♦❢

s❡q✉❡♥t✐❛❧❧② ❣❡♥❡r❛❧✐③❡❞ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ♠♦❞✉❧❡s✱ ❑♦❞❛✐ ▼❛t❤✳ ❏✳ ✸✺

✭✷✵✶✷✮✱ ✺✼✻−✺✽✽✳

❬✹✸❪ P✳❍✳ ◗✉②✱ ❆ r❡♠❛r❦ ♦♥ t❤❡ ❢✐♥✐t❡♥❡ss ❞✐♠❡♥s✐♦♥✱ ❛❝❝❡♣t❡❞ ❢♦r ♣✉❜❧✐❝❛✲

t✐♦♥ ✐♥ ❈♦♠♠✳ ❆❧❣❡❜r❛✳

❬✹✹❪ P✳ ❘♦❜❡rts✱ ❚✇♦ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ❞✉❛❧✐③✐♥❣ ❝♦♠♣❧❡①❡s ♦✈❡r ❧♦❝❛❧ r✐♥❣s✱

❆♥♥✳ ❙❝✐✳ ❊❝✳ ◆♦r♠✳ ❙✉♣✳ ✾ ✭✶✾✼✻✮✱ ✶✵✸−✶✵✻✳

❬✹✺❪ ▼✳❊✳ ❘♦ss✐✱ ◆✳❱✳ ❚r✉♥❣✱ ●✳ ❱❛❧❧❛✱ ❈❛st❡❧♥✉♦✈♦✲▼✉♠❢♦r❞ r❡❣✉❧❛r✐t② ❛♥❞

❡①t❡♥❞❡❞ ❞❡❣r❡❡✱ ❚r❛♥s✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✸✺✺ ✭✷✵✵✸✮✱ ✶✼✼✸−✶✼✽✻✳

❬✹✻❪ P✳ ❙❝❤❡♥③❡❧✱ ❖♥ t❤❡ ❞✐♠❡♥s✐♦♥ ❢✐❧tr❛t✐♦♥ ❛♥❞ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ❢✐❧t❡r❡❞

♠♦❞✉❧❡s✱ ✐♥✿ Pr♦❝✳ ♦❢ t❤❡ ❋❡rr❛r❛ ▼❡❡t✐♥❣ ✐♥ ❍♦♥♦r ♦❢ ▼❛r✐♦ ❋✐♦r❡♥t✐♥✐✱

❯♥✐✈❡rs✐t② ♦❢ ❆♥t✇❡r♣✱ ❲✐❧r✐❥❦✱ ❇❡❧❣✐✉♠✱ ✶✾✾✽✱ ✷✹✺−✷✻✹✳

❬✹✼❪ P✳ ❙❝❤❡♥③❡❧✱ ❖♥ t❤❡ ✉s❡ ♦❢ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ✐♥ ❛❧❣❡❜r❛ ❛♥❞ ❣❡♦♠❡tr②✳

■♥✿ ❊❧✐❛s✱ ❏✳ ✭❡❞✳✮ ❡t ❛❧✳✱ ❙✐① ❧❡❝t✉r❡s ♦♥ ❝♦♠♠✉t❛t✐✈❡ ❛❧❣❡❜r❛✱ ❇❛s❡❧

✭✶✾✾✽✮✱ ✷✹✶−✷✾✷✳

❬✹✽❪ ❆✳❑✳ ❙✐♥❣❤✱ p✲t♦rs✐♦♥ ❡❧❡♠❡♥ts ✐♥ ❧♦❝❛❧ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s✱ ▼❛t❤✳

❘❡s✳ ▲❡tt✳ ✼ ✭✷✵✵✵✮✱ ✶✻✺−✶✼✻✳

❬✹✾❪ ❆✳❑✳ ❙✐♥❣❤✱ ❯✳ ❲❛❧t❤❡r✱ ❇♦❝❦st❡✐♥ ❤♦♠♦♠♦r♣❤✐s♠s ✐♥ ❧♦❝❛❧ ❝♦❤♦♠♦❧✲

♦❣②✱ ❏✳ ❘❡✐♥❡ ❆♥❣❡✇✳ ▼❛t❤✳ ✻✺✺ ✭✷✵✶✶✮✱ ✶✹✼−✶✻✹✳

❬✺✵❪ ❘✳P✳ ❙t❛♥❧❡②✱ ❈♦♠❜✐♥❛t♦r✐❝s ❛♥❞ ❈♦♠♠✉t❛t✐✈❡ ❆❧❣❡❜r❛✱ s❡❝♦♥❞ ❡❞✳✱

❇✐r❦❤⑧❛✉s❡r✱ ❇♦st♦♥✱ ✶✾✾✻✳



✶✵✽

❬✺✶❪ ❏✳ ❙t✉❝❦r❛❞✱ ❲✳ ❱♦❣❡❧✱ ❇✉❝❤s❜❛✉♠ r✐♥❣s ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥s✱ ❙♣✐♥❣❡r✲

❱❡r❧❛❣✱✶✾✽✻✳

❬✺✷❪ ◆✳❱✳ ❚r✉♥❣✱ ❆❜s♦❧✉t❡❧② s✉♣❡r❢✐❝✐❛❧ s❡q✉❡♥❝❡✱ ▼❛t❤✳ Pr♦❝✳ ❈❛♠❜r✐❞❣❡

P❤✐❧✳ ❙♦❝ ✾✸ ✭✶✾✽✸✮✱ ✸✺−✹✼✳

❬✺✸❪ ◆✳❱✳ ❚r✉♥❣✱ ❚♦✇❛r❞ ❛ t❤❡♦r② ♦❢ ❣❡♥❡r❛❧✐③❡❞ ❈♦❤❡♥✲▼❛❝❛✉❧❛② ♠♦❞✉❧❡s✱

◆❛❣♦②❛ ▼❛t❤✳ ❏✳ ✶✵✷ ✭✶✾✽✻✮✱ ✶−✹✾✳
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