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Tom tat

Cho R la mot vanh Noether giao hoan, a 1a mot idéan cua R va M la mot
R-mo6dun hitu han sinh. Muc tiéu chinh cta luan 4n Ia tim nhiing di€u kién
dé cdc modun d6i dong diéu dia phuong H'(e) c6 tinh chit ché ra va ap
dung n6 vao nhiéu van dé khac nhau ctia Pai s6 Giao hodn. Luan dn dugc
chia lam bon chuong.

Trong Chuong 1, trudc hét ching toi nhac lai mot so tinh chét co ban ctua
modun d6i déng diéu dia phuong va phép todn trong modun Ext(e, e). Dé
chiing minh mot day khép ngan 0 — A — B — C' — 0 1a ché ra ching toi
chiing minh né dai dién cho phan tit 0 ctia Ext;(C, A). Cusi chuong chiing
toi chiimg minh moét dinh 1i ché ra ctia d6i dong di€u dia phuong véi di€u
kién H!(M) la hitu han sinh v6i moi i < ¢ nao d6. Mot s6 dp dung clia dinh
Ii ché ra nay vao tinh 6n dinh ciia hé tham s6 cia modun Cohen-Macaulay
suy rong cting dugc dua ra.

Trong Chuong 2, chiing t6i ap dung tinh ché ra ctia doi dong di€u dia
phuong dé chitng minh mot s6 tinh chat 6n dinh clia hé tham s6 tot clia cdc
moOdun Cohen-Macaulay suy rong day.

Trong Chuong 3, ching t6i luén xét vanh co s& (R, m) la anh dong cau
ciia mot vanh Cohen-Macaulay dia phuong. Chiing to6i chitng minh tinh ché
ra clia doi dong diéu dia phuong theo cdc phan tir tham s6 = € b(M)3, & day

b(M) = N4 Ann(0 : Ti) M (21,5 1) M

z;i=1

VOi x = x1, ..., x4 chay trong tat ca cac hé tham so cua M. Mot ap dung dang
chu y cua dinh 1i ché ra nay la chiing t6i da xay dung dugc mot loai bac mé
rong theo nghia cua W. Vasconcelos va goi d6 la bac khong tron 1an.

Trong Chuong 4, ching t6i chitng minh mot so tinh chat hitu han cua tap
idéan nguyén t6 lién két ctia modun d6i dong di€u dia phuong dau tién khong
hitu han sinh va co6 tap gid vo han. Chung to1 ciing chimg minh tinh hitu han
ctia mot sO tap idéan nguyén to lién két lién quan véGi chiéu hitu han cta M
tuong ting v4i mot idéan a.



Abstract

Let R be a Noetherian ring, a an ideal of R and M a finitely generated I?-
module. The aim of this thesis is to prove Theorems on the splitting of local
cohomology H'(e) and their applications in many problems of Commutative
Algebra. The thesis is divided into four chapters.

In Chapter 1, we first recall some fundamental results of local cohomol-
ogy and operations of R-module Ext(e,e). In order to prove a short exact
sequence 0 - A — B — C' — 0 is split we show that it is a representative
of the zero element of Ext}%(C, A). We prove a splitting theorem of local
cohomology provided that H’(M) is finitely generated for all i < ¢ with
some positive integer . Some applications about the asymptotic behavior of
systems of parameters of generalized Cohen-Macaulay modules are given.

In Chapter 2, we use the splitting of local cohomology to prove some
asymptotic behaviors of good systems of parameters of sequentially gener-
alized Cohen-Macaulay modules.

In Chapter 3, we always assume that (R, m) is the homomorphic image of
a Cohen-Macaulay local ring. We shall prove the splitting of local cohomol-
ogy under passing a parameter element x € b(M )3, where

b(M) = N4 Ann(0 : %) ar)(ay, w5 1) M

=1

with z = x1, ..., 74 runs over all systems of parameters of M/. As aremarkable
application of this splitting theorem, we construct an extended degree in the
sense of W. Vasconcelos which we call unmixed degree.

In Chapter 4, we prove the finiteness of the set of associated primes of the
first local cohomology what is not finitely generated and whose support is
not finite. We also prove the finiteness of certain sets of associated primes

related to the finiteness dimension of M with respect to an ideal a.



L.oi cam doan

Toéi xin cam doan day la cong trinh nghién ctu cua riéng t6i. Céac két qua
viét chung véi tac gia khac da dugc su nhit tri ciia dong tac gia khi dua vao
luan 4n. Cac két qua cua luan an 1a méi va chua tiing dugc ai cong bo trong

bat ki cong trinh nao khéc.
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Loi cam on

Toi xin bay to long biét on sau sdc dé€n hai nguoi thiy da diu dat toi trén con
dudng hoc tap va nghién ctu. Toi xin dugc cam on GS. TSKH. Nguyén Tu
Cuong, nguoi huéng dan toi thuc hién ban luan 4n nay. Néu khong c6 cic
két qua nghién cttu di trude cua thiy va cac hoc tro thi chac chan ban luan
4n nay khong thé dugc hoan thanh. Lam viéc du6i su huéng din clia thay
12 mot may man 16n trong cuoc doi cia toi. Toi cling xin dugc gui 10i cam
on dén PGS. TS. Duong Quoc Viét. Thay 1a nguoi dan dat toi nhitng buée di
vitng chai ban dau khi to6i hoc Pai hoc va Cao hoc.

Toi xin cam on GS. TSKH. Lé Tuan Hoa vi nhitng nhan xét hitu ich dé
ban luan an nay duoc tot hon.

T6i xin cam on cac anh chi trong nhém nghién cttu ctia GS. TSKH. Nguyén
Ty Cuong, dac biét 1a TS. Doan Trung Cuong. Viéc hoc cic két qua ctia cac
anh chi 12 su chuén bi t6t d€ toi thuc hién ban luan 4n nay.

Toi xin cam on TS. Dinh Thanh Trung vi rat nhiéu nhiing trao déi thd vi
vé Dai s6 Giao hodn.

Toi xin tran trong cam on Vién Todn hoc, cdc phong chiic nang, Trung
tam Dao tao sau dai hoc cua Vién Toan hoc da cho téi mot moi truong hoc
tap, nghién citu ly tudng dé€ t6i cé thé hoan thanh luan 4n nay.

Ban luan 4n nay duoc chinh stra trong thoi gian téi dén lam viéc tai Vién
nghién ctu cao cép vé Todn. Toi xin cam on Vién nghién ctu cao cap vé
Todn da tao nhitng diéu kién tot dé toi 1am viéc trong thoi gian nay.

To6i xin cam on Ban gidm hiéu truong Pai hoc FPT da cho t6i co hoi duge

di hoc tap va nghién ctiu.



To6i xin cam on nhitng dong nghiép, cac anh, chi, em da va dang hoc tap
va nghién citu tai phong Dai s6 va phong Ly thuyét s6 cua Vién Toan hoc vé
nhiing trao doi, ho trg va chia sé trong khoa hoc ciing nhu trong cudc song.

Toi xin bay to 1dong biét on sau sac téi nhitng ngudi than trong gia dinh
ctia minh. BO, me va anh trai da lu6n nhac nhd, dong vién va kién nhan cho
doi cdc két qua hoc tap cua toi. Toi hi vong rang ban luan 4n nay sé mang
lai mién vui, su tu hao cho bd, me va anh trai. Toi Xin cam on v t6i, Ngoc
Chau, vi tinh yéu va su cham séc chu ddo trong thoi gian toi hoan thanh ban
luan 4n nay. Vo toi va con gdi bé nho cua ching toi s€ 1a mot nguon dong
luc to 16n d€ toi c6 gang ti€p tuc hoc tap va nghién cttu. Cudi cing, to6i danh

tang ban luan an nay cho bo, me, anh trai va vo ctia minh.
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N

Mo dau

Tinh ché ra cta cdc day khép ngén luon duge chi y trong Dai s6 Dong diéu.
Bo&i khi d6 cau tric clia cac thanh phan trong né trd nén rd rang hon. Do dé

ngudi ta thuodng cd gang dac ta va phat hién tinh chit nay.

Ban luan 4n nay quan tam dén tinh chét ché ra cta diay khép ngan céc
modun d6i dong diéu dia phuong. Trong toan bo luan dn ta luon xét R la
mot vanh Noether giao hoan c¢6 don vi. Xét a 1a mot idéan cua R. Ham tir doi
dong diéu dia phuong H'(e) véi gid a dugc dinh nghia 1a ham tir din suét
phdi thit i ctia ham tit xodn T'g(e), 6 day Tq(M) = 0 137 0 = [~ (0 137 a™)
v6i M 1a mot R-modun. Li thuyét d6i dong di€u dia phuong duoc gidi thiéu
bdi A. Grothendieck vao nhitng nam 1960. Boi tinh linh hoat trong st dung
cung v6i kha nang dac ta nhi€u cdu trdic todn hoc clia nd, ngay nay doi dong
diéu dia phuong da trd thanh mot cong cu quan trong trong nghién citu nhiéu
I thuyét toan hoc trong d6 c6 Dai s6 Giao hoan. Cu trtic ctia modun H{ (M)
cho ta biét duoc rat nhiéu thong tin vé modun M va idéan a (xem cac Tiét
1.2 va 3.1). Mot ki thuat chiing minh quan trong trong Pai s6 Giao hoan la

chon mot phan tir chinh quy z € a cua M va xét diy khép ngan
0—=M5 M— M/xM — 0.

Téc dong ham tir d6i dong diéu dia phuong H(e) vao diy khép trén ta thu

duoc day khép dai cic modun doi dong di€u dia phuong sau

oo H(M) — H{(M) — H(M/xM) — HFY (M) — - -



Trong luan 4n nay chiing t6i tim diéu kién dé day khép dai trén cho ta nhiing

day khép ngan
0— HJ(M)— H{(M/xM) — H." (M) — 0,
va khi nao thi day khép ngéin nay 1a ché ra, titc 1a ta c6

Hi(M/xM) = H(M)® HFY(M).

Dong luc cho viéc xem xét tinh ché ra ciia d6i dong di€u dia phuong cua
ban luan 4n nay xudt phat tir nhiing cau hoi dat ra trong nghién ctu cac
16p moédun ma rong cia 16p modun Cohen-Macaulay. Gia su (R, m) 1a mot
vanh dia phuong va M 1a mot R-modun hitu han sinh chiéu d. Néu M la
mot modun Cohen-Macaulay thi véi mot (va moi) idéan tham s6 q cua M
ta c6 ((M/qM) = e(q; M). Dac trung d6i dong diéu dia phuong cho tinh
Cohen-Macaulay 1a H: (M) = 0 v6i moi i < d. Khi M khong la mot modun
Cohen-Macaulay ta luon c6 hiéu Iy/(q) := ¢(M/qM) — e(q; M) > 0. Tu
viéc nghién citu cac modun thoa man mot cau hdi cua D. Buchsbaum riang
phai chang I;,(q) 1a mot bat bién ctia modun, J. Stuckrad va W. Vogel da phat
trién 1i thuyét vé moédun Buchsbaum (xem [51]). Ngay sau d6 N.T. Cudng,
P. Schenzel va N.V. Trung da nghién ctu 16p modun c6 tinh chat 7,(q) bi
chan trén boi mot hing s6 va goi d6 1a 16p modun Cohen-Macaulay suy rong.
Dac trung do6i dong di€u dia phuong cho mot modun Cohen-Macaulay suy
rong M la H' (M) Ia hitu han sinh véi moi i < d, va diéu nay tuong duong
v6i ton tai mot s6 nguyén duong ng sao cho m™ H! (M) = 0 v6i moi i < d
(xem Ménh dé 1.1.13). Hon nita néu ta c6 thé chon ng = 1 tic 1a H: (M)
la mot R/m-khong gian vécto hitu han chiéu, thi ta goi M la médun tua
Buchsbaum. Mot modun Buchsbaum 1a tua Buchsbaum nhung di€u nguoc
lai khong ding. Xét x 1a mot phan tir tham s6 ciia moédun Buchsbaum M. Ta

dé thay day khép ngan

0— M/HY(M) S M — M/xM — 0



cam sinh cdc day khép ngan doi dong diéu dia phuong
0— HL(M)— H.(M/xM) — Ht'(M) — 0

v6i moi ¢ < d— 1. Theo tinh chat cia modun Buchsbaum ta c6 M /xzM ciing
1a mot modun Buchsbaum. Do d6é cac modun trong day khép bén trén déu
la cac R/m-khong gian vécto hitu han chiéu nén day khép ngan nay la ché
ra. Dan dén H. (M /xM) = HL (M) & HEFY(M) v6i moi i < d — 1. Trong
truong hop M 1a mot modun tua Buchsbaum véi = 1a mot phan tir tham s6

ctia M ta cling c6 cdac day khép ngan
0— H.(M)— H'. (M/xM) — H- (M) =0

véi moi ¢ < d — 1. Chud y ring day khép ngin nay c6 thé 1a khong ché
ra do M /xM c¢6 thé khong 1a modun tua Buchsbaum (xem [51, Example
1.2.5]). Tuy nhién néu chon x € m? 12 mot phan tir tham s6 ctia M theo
[51, Proposition 1.2.1] thi M /xM la mot modun tya Buchsbaum nén ta cé
H.(M/xM) = H. (M)®HL (M) véimoii < d—1. Trudng hgp M 1a mot
modun Cohen-Macaulay suy rong tuong tu nhu chiing minh [51, Proposition
I.2.1, page 73] ta c6 tinh ché ra ctia d6i dong di€u dia phuong cho phan tir
tham s6 cé dang dac biét 1a x" v6i n > 0. Cau hoi dudi day 1a muc tiéu

nghién cttu ban dau cla tac gia luan an nay.

Cau hoi 1. Cho M la mot modun Cohen-Macaulay suy rong chiéu d > 0.
Khi d6 phai chang ton tai mot s6 nguyén duong n sao cho v4i moi phan tir
tham s6 = ctia M chia trong m” ta ¢6 H. (M/xM) = H. (M) & H. (M)

véimoi i < d— 17

Cau hoi trén c6 thé duoc xem xét dudi dang manh hon cho idéan a bat ki véi
diéu kién H:(M) 1a hitu han sinh v6i moi 7 nhd hon mot s6 nguyén duong
t nao d6. Nhac lai rang x € a 1a mot phdn tir a-loc chinh quy ciia M néu

x ¢ pvéimoip e AssM,a g p.



Cau hoi 2. Cho a la mot idéan ctia vanh Noether R (bat ki) va M 1a mot
R-modun hitu han sinh. Xét ¢ 1a mot s6 nguyén duong sao cho H:(M)
l1a hitu han sinh v6i moi ¢ < ¢. Khi d6 phai chang ton tai mot s6 nguyén
duong n sao cho v6i moi phan tir a-loc chinh quy x clia chia trong a” ta c6

Hi(M/xM) = Hi(M) @& HiY (M) véi moi i < t — 12

Bay gio ching t6i xin dugc di vao nhitng két qua chinh cta luan 4n. Luan
an duoc chia lam bon chuong. Trong Chuong 1 cta luan an ching toi dua ra
cau tra 101 diy du cho cdc cau hoi trén. Cu thé ching t6i chiing minh dugc

két qua sau.

Dinhli1.4.4. Cho M la mot modun hitu han sinh trén vanh Noether R va a la
mot idéan cia R. Xét t va ng la cdc s6 nguyén duong sao cho a™ H.(M) = 0
voi moi i < t. Khi dé, véi moi phdn tir a-loc chinh quy x € a*™ clia M, ta
co

Hi(M/xM) = Hi(M) & H. (M),
voi moi v <t—1,va

O :Héil(M/(EM) Clno g Hctl_l(M) @ 0 :HE(M) Clno.

Nhu vay Dinh i 1.4.4 da dua ra cau tra 16i khang dinh cho c4 hai cau hoi
néu trén. Mot trong nhitng 4p dung dang chi y ctua Dinh Ii che ra 1.4.4 ma
ching t6i thu dugc 13 chiing minh tinh chat 6n dinh ctia chi s6 kha quy cua
idéan tham s6 cia modun Cohen-Macaulay suy rong. Nhac lai rang chi s6
kha quy cua mot modun con N cua M la s6 modun con bat kha quy trong
mot biéu dién bat kha quy rit gon cua N. Xét q 1a mot idéan tham s6 ctia M
ta dinh nghia chi so khd quy cua q trén M 1a chi s6 kha quy cia médun con
qM clia M va duoc tinh biang cong thitc Np(q, M) = dimp/y Soc(M/qM),
& day Soc(N) = 0 :y m = Homp(R/m, N) véi mot R-modun bat ki N.
Mot két qua quen biét khang dinh ring néu M 1a moédun Cohen-Macaulay,



thi Ng(q, M) 1a mot hang s6 cua M. Trong trudng hop M 1a mot moédun
Buchsbaum, S. Goto va H. Sakurai da chiing minh trong [22] rdng véi ton
tai mot s6 n dl 16n sao cho chi s6 kha quy Ng(q, M) 1a mot hang s6 tic
la khong phu thudc vao viéc chon idéan tham sd g nam trong m”. Va ho
phong doén rang két qua trén cling ding cho modun Cohen-Macaulay suy
rong. N.T. Cuong va H.L. Truong da dua ra cau tra 1oi khang dinh cho cau
hoi cua Goto va Sakurai trong [17]. St dung tinh chat "dep" cta tinh ché ra
lanéu B = A @ C thi Homp(D, B) = Homp(D, A) ® Homg(D, C) véi

moi moédun A, B, C, D, ta dugc hé qua sau ctia Dinh Ii ché ra 1.4.4.

Hé qua 1.4.7. Cho M la moét modun Cohen-Macaulay suy rong chiéu d > 0
trén vanh Noether dia phuong (R, m), va ng la so nguyén duong nho nhdt
sao cho m™ H. (M) = 0 véi moi i < d. Khi d6, véi moi idéan tham sé q clia
M chita trong m*™ va k < ng, do dai (r((qM :p m¥)/qM) la mot hang so

va
d

d
(r((aM oy ") /qM) =} (z')ER(O Hy0n) ™).
i=0
N6i riéng, chi s6 khd quy Ng(q, M) la mét hang so va

d
d\ .. ;
Nie(a,80) = 3 () dimayn Soc(H30)
i=0

Bay gio ching t6i s€ trinh bay phuong phap chiing minh cac dinh Ii ché
ra cua d6i dong diéu dia phuong cua ching toi. Xét M 1a mot modun hitu
han sinh trén vanh Noether R va a 1a mot idéan ctia R. Xét ¢t va ng la cac so
nguyén duong sao cho a™ H!(M) = 0 v6i moi i < t. Khi d6 v6i moi phan

tir a-loc chinh quy x € a™ day khdp ngan
0— M/H)(M) S M — M/xM — 0
cam sinh cdc day khép ngin

0— HY(M)— H{(M/xM) — HH (M) — 0



vGi moi ¢ < t — 1. Phuong phdp chitng minh cua ching t6i la xem day khép
ngén trén nhu 12 mot md rong cta H.™ (M) boi H.(M) va la dai dién cho
mot phan tir cia modun mé& rong Ext(H T (M), H:(M)) (xem [35, Chapter
3]). Khi d6 viéc chiing minh mot diy khép ngén 1a ché ra s& chuyén thanh
chiing minh né dai dién cho phan tir khong cuia modun mé rong.
D¢ thuan tién cho viéc dp dung vao nhiéu hoan canh khéc nhau chiing toi
trinh bay cach ti€p can trong trudong hop téng quat. Xét ¢ mot s6 nguyén
duong va U 12 mot modun con ctia M. Dat M = M /U. Ta néi mot phan tix
x 1a thoa man diéu kién (1) néu 0 :j; x = U, va ddy khép ngan
0—M5 M— M/xM — 0
cam sinh cdc day khép ngin
0 — HY(M)— H{(M/xM) — H'(M) — 0
v6i moi ¢ < t — 1. Néu = la mot phan tr théa man dicu kién () thi ta ki
hiéu E’ 1a phan tit trong Ext(Ht* (M), H:(M)) dai dién boi day kh6p ngén
trén. Hon nita néu H: (M) = H!(M), ta c6 diy kh6p ngan sau
0— Hy '(M) = Hy {(M/xM) = 0 gy © — 0.
Xét b 1a mot idéan sao cho € b. Ta goi F!~! 1a phan tir trong modun
Ext(0 :peqr) 0,0 -1y b) dai dién boi day khdp ngan dudi day néu né
ton tai
0—0 IHg—l(M) b—0 :Hé_l(JVI/xM) b—0 Hg(ﬁ) b — 0.
V6i nhitng ki hiéu néu trén chiing toi da chi su lién hé mat thiét giita tong va
tich clia cdc phan tir thoa man dicu kién (#) va cdc md rong tuong ting nhu

hai dinh 1i sau.

Pinh li 1.3.3. Cho t la mét sé nguyén duong va U la mét médun con cuia
M. Ddt M = M/U. Gid sit x va y la cdc phdn tit théa mdn diéu kién (1) va
0:y (x+y)=U, khi do



(i) z+y ciing thoa man diéu kién (8) va E;;er

= E;+Eg‘/ voimoit < t—1.
(i) Néu HL(M) = HL(M) va Fi' F/™! la xdc dinh, thi F)7, ciing xdc

T4y
R e N | t—1
dinhva F,7, = F,""+ F .

DPinh li 1.3.4. Cho t la mét sé nguyén duong va U la mét médun con cuia
M. Bdt M = M/U. Gid sit x va y la cdc phdn tit ciia R sao cho x théa

mdn diéu kién () va 0 :3y xy = U. Cdc khdng dinh dudi day la diing

(i) xy thda man diéu kién (t), va E;y = yE' véi moi i <t — 1. Gid si
thém rang HL(M) = HL(M). Khi d6 néu F~' la xdc dinh, thi F!?

ciing la xdc dinh va F,'' = yF. .

(ii) Gid sit HL(M) = H!(M) va yH{(M) = 0 véi moi i < t. Khi dé

E., = 0véimoii <t— 1. Hon nita, F la xdc dinh va F},)' = 0.

Cac Dinh 1i 1.3.3 va 1.3.4 déng vai tro quyét dinh trong chiing minh céc
Dinh Ii ché ra cta d6i dong diéu dia phuong cta ching toi. Dinh 1 1.3.4 cho
ta tinh ché ra cia doi dong di€u dia phuong cho nhiing phan tir dang dic biét
xy. D€ chiing minh tinh ché ra cho nhitng phan t&r tong quat chiing toi dung
Dinh Ii 1.3.3 dé chuyén vé dang dic biét ndy cuing v6i bo dé ki thuat sau, nd

c6 thé hiéu 1a Dinh Ii tranh nguyén t6 cho tich cdc idéan.

B6 dé 1.4.1. Cho (R, m) la mot vanh Noether dia phuong, a, b la cdc idéan
va P1, ..., Py la cdc idéan nguyén 16 sao cho ab ¢ p; voi moi j < n. Xét
x la mot phan tk nam trong ab nhung x ¢ p; véi moi j < n. Khi do
t6n tai cdc phdn tif ay,...,a, € ava by,....b, € b dé ta cé thé biéu dién
r = aiby + -+ + a,b, sao cho a;b; & pj va a1by + - - + a;b; & p; voi moi

1< 1,7 <n.

Trong Chuong 2 chiing to6i chiing minh tinh ché ra cia modun d6i dong

diéu dia phuong H' (M) cta médun Cohen-Macaulay suy rong ddy va ap
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dung vao viéc chiing minh mot s6 tinh chat 6n dinh cla hé tham s t6t cua
16p modun nay. Nhic lai ring 16p modun Cohen-Macaulay ddy duge gi6i
thiéu boi R.P. Stanley cho truong hgp vanh phan bac (xem [50]), truong hgp
vanh dia phuong boi Schenzel trong [46] va boi N.T. Cuong va L.T. Nhan
trong [15]. Xét (R, m) la mot vanh dia phuong, ta néi moédun M 1a modun

Cohen-Macaulay suy réng ddy néu ton tai mot loc cac modun con ctua M
FiMyCMC---CM =M

sao cho ((M)) < oo,dim My < dimM; < --- < dim M; = d va mdi
modun M;/M; ; 1la Cohen-Macaulay suy rong v6i i = 1,2,....t. Céac loc
nhu vay dugc goi la loc Cohen-Macaulay suy réng cua M. Nhu vay mot
moOdun Cohen-Macaulay suy rong la mot modun Cohen-Macaulay suy rong
diy. D& md rong nhitng nghién citu clia modun Cohen-Macaulay (suy rong)
sang modun Cohen-Macaulay (suy rong) day, N.T. Cudong va D.T. Cuong
dua ra khai niém hé tham s6 tot doi véi loc F (xem [12]). Mot hé tham sO
T = I1,...,2q cua M dugc goi 1a mot hé tham so tét ciia M tuong ting voi
loc F néu M; N (zg4.41,...,x9)M = 0v6imoii =0,1,....t —1,d; = dim M,.
N.T. Cudong va D.T. Cudng chitng minh trong [13] ring néu M 1a mot
moOdun Cohen-Macaulay suy rong day vé6i loc Cohen-Macaulay suy rong
Fvax = xq,.., x4 1a mot hé tham sO tot cia M tuong ung véi loc F, thi
hieu Iz (x) = (M /(z)M) — >S'_, e(x1, ..., x4,; M;) bi chan trén boi mot
hang s6. Hon nita, dat /(M) = sup, Ira(x), v6i & = x1, ..., x4 chay trén
tat ca cac hé tham so tot cua M tuong tng vGi F thi

[F(M) = ( fi(M/Mo))

S () (4 o

Nhéc lai rdng ta goi moédun con 16n nhat cua M c6 chiéu nho hon d 1a thanh

phadn khong trén lan ciia M va ki hiéu 1a U/ (0). Dat ¢,y = AnnM,; ;| va
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no 12 s6 nguyén duong sao cho m™ Hi,(M/M;) = 0 v6i moi i < t — 1 va véi
moi j < d;;1 — 1. Trong Chuong 2 chiing t6i chiing minh dugc cac két qua

ché ra sau.
HJ,(M/(xM + M;)) = HJ(M/M;) & HLF' (M /Uy (0))

véimoii <t—1vamoij < d— 1, n€u x 1a mot phan tlr tham s6 cia M
nam trong m>"¢,_; (xem Ménh dé 2.2.3 (ii)), va

~Y

0 gr vty tanny) ™ = (0 g g yagy ™) @ (0 g ary m)

v6i moi i < t— 1, néu = 12 mot phan tir tham s clia M nim trong m?™*t1¢,
(xem Ménh dé 2.2.6 (ii)). Ap dung céc dang ciu trén ching toi thu dugc céc

két qua chinh ctia Chuong 2 1a hai dinh 1i sau.

Pinh i 2.2.5 (ii). Cho M la mét modun Cohen-Macaulay suy rong dday voi
loc Cohen-Macaulay suy rong F : My C My C --- C M, = M. Khi do
Vi moi hé tham so't6t v = x4, ..., xg cua M tuong ving voi loc F nam trong

m", n >0, ta c6 Ir p(x) la mot hang sé' va

Irm(z) = ( Ho (M /M)

() (4 e

Pinh i 2.2.8 (ii). Cho M la mét modun Cohen-Macaulay suy rong ddy voi
loc Cohen-Macaulay suy réong F : My C M; C --- C M, = M. Khi dé

voi moi hé tham so' t0t x = x1, ..., vy ciia M tuong iing véi loc F nam trong

m",n > 0, ta cé chi s6 khd quy ciia (x) trén M la mét hang s6 va

Ng((z), M) = dimg/mSOC(Hﬁ(M))
+ 22(( Z“) @?))dimR/mSoc(Hg;(M/Mi)).

Trong Chuong 3 ching toi phat trién tinh ché ra cta doi dong diéu dia
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phuong trong vanh dia phuong (R, m). D€ lam duogc diéu dé chiing toi quan
tam dén cac phan tr tham s6 nam trong linh hod tir cia cdc modun doi
dong diéu dia phuong. Vi méi i < d xét a;(M) = AnnH! (M), va dat

a(M) = Hf:_ol a;(M). Ngoai ra ching t6i quan tam dén idéan

b(M) = ok Ann(0 : ) v/ (ay, w5 1) M

zii=1
Vv6i = x1,...,x4 chay trong tat ca cdc hé tham s6 ctia M. Schenzel da
chi ra moi lién hé clua céc idéan trén thé hién qua cdc bao ham thic sau
a(M) C b(M) C ay(M)N---Nag_1(M) (xem [59, Satz 2.4.5]). Trong
toan bo Chuong 3 ching toi luon xét (R, m) 1a anh dong cau cua mot vanh
Cohen-Macaulay. Y nghia quan trong cta gia thiét nay nam & chd ta s& luén
chon dugc mot phan tir tham s6 ctia M chita trong a(M) (va trong b(M)).
V6i nhitng phan tir tham s6 nhu th€ tac6 0 )y, x = Uy (0). Xét I 1a mot idéan
cla R, dat t = d — dim R/I. Khi d6 v6i moi phan tir tham s6 = € b(M)3,

Dinh 1i ché ra clia d6i dong di€u dia phuong cia Chuong 3 nhu sau.

Dinh li 3.2.4 (ii). Cho I la mot idéan ciia R va x € b(M)3 la mot phdn tir
tham 56 ciia M. Dét M = M /Uy (0) va t = d — dim R/I. Khi do
Hy(M[xM) = Hy(M) & H;"™ (M/Un(0))
voi moi i < t — 1. Hon nita, néu HY (M) = HY(M) thi
0 g1 (arjanr) 0(M) = Hy (M) @ (0 2zyar) b(M)).

Co6 1€ ap dung quan trong nhat cia Pinh 1i ché ra 3.2.4 ma ching t6i thu
duoc 1a két qua dudi day, né cho ta mot cach nhin méi vé cdu tric cia moédun

trong vanh dia phuong.

Pinh li 3.2.9. Cho © = x1,...,x4 la moét hé tham s6 cua M thoa man

x; € b(M/(xis1, ..., xa) M)3 véi moi i < d. Véi moi 1 < i < d, cdc modun

.....
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mot ddng cdu).

V6imobi 0 < i < d— 1 takihiéu U;(M) 1a mot modun sao cho v6i moi
hé tham s6 z = z1, ..., x4 cha M théa man z; € b(M/(z; 1, ..., zq) M) v6i
moi i < dtacéd Ui(M) = Unjwirs,...zm(0) v6imoi 0 <3 < d — 1. Tr
day modun U;(M) ching toi xay dung khdi niém bdc khong tron lan ciia
M tuong ting voi mot idéan m-nguyén so I, udeg(I, M). Bac cia modun M
tuong ung vé6i I, deg(I, M), chinh 1a s6 boi Hilbert-Samuel cia M tuong
ung voi 1. Ching to1 dinh nghia

d—1

udeg(1, M) = deg(1, M) + Y deg(I,U;(M)),

v6i deg(I, U;(M)) = deg(I, U;(M)) néu dim U; (M) = i, va bang 0 néu trdi
lai. Chiing t6i ciing ching minh dugc rang udeg(/, e) 1a mot hdc md rong

trén pham tru cic R-modun hitu han sinh theo nghia cia W. Vasconcelos.
Pinh li. Ta c¢6 cdc khang dinh dusi day

(i) udeg(I, M) = udeg(I, M/H2(M))+£(H2(M)) (xem Ménh dé 3.3.9).

(i) udeg(I, M) > udeg(I, M/xM) véi x € I\ mI la mot phdn tir tong
qudt cua M (xem Pinh li 3.3.17).

(iii) udeg(l, M) = deg(I, M) néu M la mét modun Cohen-Macaulay (xem
Pinh li 3.3.8).

Trong Chuong 4 ctia luan an ching t6i muon chi ra kha nang ap dung tinh
ché ra cua d6i dong di€u dia phuong vao van dé vé tinh hitu han cta tap idéan
nguyeén to lién két cia modun doi dong diéu dia phuong. Boi tinh doc 1ap clia
n6 nén Chuong 4 c¢6 thé hi€u 12 mot phan phu luc ctia luan 4n. Vé6i a 1a mot
idéan ctia vanh R, vdn dé nay bat ddu tir mot cau hoi cua C. Huneke trong

[26, Problem 3.3] rang: Phai chang AssH!(M) luon 12 mot tap hitu han khi
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M 1a mot moédun hitu han sinh véi moi ¢ > 0? Cau hoi cua Huneke duoc
dac biét quan tam khi R la vanh chinh quy (xem [27], [34], [49]). Trong
truong hop téng quét cau hoi cia Huneke khong con ding do cic vi du cia
A. Singh trong [48] va M. Katzman trong [29]. Tuy nhién cau hodi nay van
ding v6i nhiing diéu kién nhét dinh chéng han, AssH. (M) 1a mot tap hitu
han néu A’ (M) 1a hitu han sinh v6i moi i < ¢ hodac supp(H:(M)) 1a mot tap
hitu han véi moi ¢ < ¢ (xem [5], [30]). Két qua chinh thit nhat cia chuong

nay la ching t6i da tong hop hai trudng hop ndi trén nhu sau.

DPinh li 4.1.8. Cho a la mét idéan cua R, va M la mot R-modun hitu han
sinh. Xét t la mot so nguyén khong am sao cho H(M) la hitu han sinh hodc
supp(H.(M)) la mot tdp hitu han véi moi i@ < t. Khi dé Assg(HL(M)) la

mot tdp hitu han.

Tiép theo chiing to6i quan tAm dén tinh hitu han ctia moédun d6i dong diéu dia
phuong dau tién khong hitu han sinh. VGi M 1a mot R-modun hitu han sinh

ta dinh nghia chiéu hitu han cia M tuong itng vdi a nhu sau

fa(M) = inf{i € Ny| H.(M)khong 12 hitu han sinh}.

R rang Dinh 1i ché ra 1.4.4 1a hitu ich trong viéc nghién cttu modun doi
dong diéu dia phuong tai chiéu hitu han. Cu thé tir Pinh Ii 1.4.4 ta dé dang
lay lai dugc két qua cuia M. Brodmann va A.L. Faghani cho tinh hitu han ctia
Ass R(HCJ:“(M)(M )) (xem Ménh dé 4.2.2). Tur d6 chiing toi chiimg minh tinh
hitu han clia mot tap idéan nguyén t6 lién két 16n hon tap Assgp(H, Jul3) (M))

nhu sau.

DPinh li 4.2.9. Cho a la mét idéan cua R va M la mét R-médun hitu han

sinh. Datt = fo(M). Xét aq,...,a; la mot day phan ti trong a théa man
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\/a = 1/ (0,1, ...,Clt). Khi do

U AssM/(al", .. af")M

N1,...,m EN

la mot tdp hop hitu han.

Céc két qua thudc cac Chuong 1, 2, va 4 dugc vi€t thanh bon bai bdo da
dugc dang va nhan dang tai cac tap chi uy tin. Cac két qua trong Chuong 3

s& dugc tdc gia ti€p tuc phat trién trong tuong lai.
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Chuong 1

Tinh ché ra cua doi dong diéu dia
phuong

Trong toan bo ludn 4n, ta luon xét R 1a vanh Noether giao hoan c6 don vi.
Muc tiéu cua chuong nay l1a xay dung phuong phap chiing minh va dua ra mot
dinh 1i ché ra ctia day khép ngan cdc modun doi dong diéu dia phuong cling
v6i mot s dp dung truc ti€p ctia né (xem Tiét 1.3). Ki thuat ding dé ching
minh 12 xem moéi diy khép ngan nhu dai dién clia mot phan tir cia modun
m& rong Ext1, (e, e). Khi d6 mot diy khép ngén 1a ché ra néu né dai dién cho
phan tir 0 cia Ext},(e, e). Dinh 1 ché ra clia d6i dong diéu dia phuong, Pinh
1i 1.4.4, dugc chitng minh trong Tiét 1.4. Ngoai ra ching toi ciing ap dung
Dinh 1i 1.4.4 d€ dua ra mot chiing minh ngén gon cho két qué vé tinh 6n dinh
tiém can cua chi s thu gon cua idéan tham s6 cia modun Cohen-Macaulay
suy rong cua N.T. Cuong va H.L. Truong (xem Hé qua 1.4.7). Trong hai tiét
dau ching toi trinh bay vé mot s6 két qua co sé vé modun doi dong diéu dia

phuong, va phép todn trong modun md rong Ext (e, e).

1.1 Modun doi dong di¢u dia phuong

Li thuyét doi dong diéu dia phuong duoc xay dung boi A. Grothendieck vao
nhitng nam 1960 (Xem [24]). Béi tinh linh hoat trong st dung, d6i dong dicu
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dia phuong da nhanh chéng tré thanh mot cong cu quan trong trong nghién
cttu Dai s6 Giao hodn. Trong tiét nay ching ta nhac lai dinh nghia méi lién
hé ctia d6i dong diéu dia phuong vé6i céc ham tir Ext', (e, ) va doi dong diéu
Koszul. Mot s6 tinh chat triét tiéu, khong triét tiéu cia modun d6i dong di€u

dia phuong cling dugc dua ra. Céc chiing minh chi tiét ¢6 thé xem trong [4].

1.1.1 Moédun déi dong diéu dia phuong

Cho R la mot vanh Noether giao hoan v6i mot idéan a. Ham tir doi dong
diéu dia phuong H(e) chinh 12 ham tr dn xuat phai thd i chia ham tr xoan
[y(e).

Pinh nghia 1.1.1. Cho M 13 mot R-modun. Khi d6 modun con a-xodn ciia

M dugc dinh nghia nhu sau

Ta(M) =03 0 = | J(0 2 a").

n>1

Tur dinh nghia trén ta chd ¥ rang ham tr xodn khong phu thudc vao phép
todn 14y cdn cta idean tic 1a T'y(M) = T'y(M) véi moi M néu /a = v/b.

Ménh dé 1.1.2. Ham tit T'(®) ¢6 tinh khop trdi tic la ddy khop ngdn cdc
R-médun
0—M —M-— M —0
cdam sinh day khop trdi sau
0— To(M') = To(M) — To(M").

Pinh nghia 1.1.3. Ham ti doi dong diéu dia phuong H(e) dugc dinh nghia
12 ham tir din xuat phai thi 7 clia ham tr xodn I'y(e). Cu thé, véi mbi R-
modun M bat ki ta xét giai ndi xa cia M

dfl dO dl difl dz . di+1
ro=nrsmrSY . S Sttt
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Tac dong ham tir I';(e) vao doi phic /° ta thu dugc doi phiic

Pa(d?) (@) T (@

X . i .
0 "L (1) ) oy ) T by ) ey T

V6i mbi i € Ny, modun doi dong diéu thir i ciia M voi gid a duoc dinh nghia
nhu sau

H.(M) := Ker(T4(d"))/Im(To(d" ).
Ménh dé 1.1.4. (Xem [4, 1.2.2]) Xét day khop ngdn cdc R-modun
0O—+L—-M-—=N—=0.

Khi dé voi moi idéan a ciua R ta cé ddy khop dai cdc modun doi dong diéu

dia phuong.

0 — HY(L)— H)(M)— H)(N) — Hy(L) — -+
— HYL) = H.{(M) — H{(N) — -

Ta dé dang kiém tra duoc ring Hompg(R/a, M) = 0 :j; a. Do dé dinh
nghia cla ham t& xodn dan dén I'y(M) = lim_, Homg(R/a", M). Téng
quat, moi lién hé gitra ham tir d6i dong diéu dia phuong va ham tir mé rong

duogc thé hién nhu két qua sau.

DPinh li 1.1.5. (Xem [4, 1.3.8]) Cho a la mét idéan cua vanh Noether R, va
M la mot R-modun. Khi dé véi moi i € Ny, tén tai duy nhdt dang cdu tu
nhién
L HI{(M) = %Extg(z%/a“, M).
Modun doi dong diéu dia phuong con c6 thé duge tinh todn theo doi phic
Cech hoac phitc Koszul dua trén cdc phin tir sinh cia idéan a (xem [4,
Chapter 5]). Dinh Ii du6i day mo ta céch ti€p can d6i dong diéu dia phuong

nhu 14 giGi han cua d6i dong di€u Koszul ma ta s€ sir dung vé sau.
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Pinh li 1.1.6. (Xem [4, 5.2.9]) Cho a la mot idéan ciia vanh Noether R voi

mot hé sinh ay, ..., a,. Khi dé véi méi i € Ny ta cé cdc ddng cdu tw nhién

U H (M) lim H'(K(a]',...,a"; M)),
_>

ddo K(al',...,a;"; M) la doi phitc Koszul cia M theo ddy ay, ..., a;". Ddc

biét ta c6 dang cdu

U HI(M) 2 Tim M(a, )M,

1.1.2 Tinh triét tiéu va khong triét tiéu cua doéi dong diéu dia phuong

Trong muc nay ching ta néu ra mot s6 dinh 1i co ban vé tinh triét tiéu
va khong triét tiéu cua doi dong di€u dia phuong duogc chiing minh bdi
Grothendieck.

Ménh dé 1.1.7. (Xem [4, 2.1.7]) Cho M Ila mét R-modun a-xodn. Khi dé
H!{(M) = 0 véi moi i > 1.

Meénh dé trén cling v6i Ménh dé 1.1.4 dan dén H.(M) = H{(M/T(M))
vGi moi ¢ > 1. Do d6, khi nghién ctu cdc modun d6i dong diéu dia phuong
tai bac duong ta luon c6 thé gia st M 1a a-xoan tu do.

K&t qua triét tiéu dudi day la hé qua ctia DBinh 1i 1.1.6, mot cach ching minh

truc tiép khdc dua trén ddy Mayer-Vietoris ¢6 thé xem tai [4, 3.3.1].

Pinh li 1.1.8. Gid sit rang idéan a cé thé sinh bdi t phdn tit. Khi dé, véi moi
R-médun M, ta c6 H.(M) = 0 véi moi i > t.

Tinh triét tiéu va khong triét tieu cia H:(M) con lién hé mat thiét voi
do sau cua idéan a theo M va chiéu cta M. Nhic lai rang, cho M 1a mot
R-mo6dun hitu han sinh va aM # M khi d6 doé sdu cua a theo M, grade,,a,

la do dai cua mot (moi) M-day chinh quy toi dai trong a. Khi vanh R la dia
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phuong véi idéan toi dai m, thi grade,,m thuong dugc ki hiéu la depthM va

goi la do sdu cua M.

DPinh li 1.1.9. (Xem [4, 6.2.7]) Cho M la mét R-médun hitu han sinh sao
cho aM # M. Khi dé grade,,a la so nguyén i bé nhdt sao cho H.(M) # 0.

Dinh li 1.1.10 (Grothendieck). (Xem [4, 6.1.2, 6.1.4])

(i) Cho M la mét R-médun. Khi dé H.(M) = 0 véi moi i > dim M.

(i) Gid sit rang (R, m) la vanh Noether dia phuong, va M la mot R modun
hitu han sinh khdc khong chiéu d. Khi dé HZ (M) # 0.

1.1.3 Doéi dong diéu dia phuong va tinh Cohen-Macaulay cta médun

Trong muc nay néu khong néi rd ta luon xét (R, m) la vanh Noether dia
phuong, va M 1a mot R modun hitu han sinh khiac khong chiéu d. Nhic lai
rang M 1a mot R-modun Cohen-Macaulay néu depthM = dim M. Theo
cdc Dinh 1i 1.1.9 va 1.1.10 ta c6 dac trung d6i dong diéu dia phuong cho tinh

Cohen-Macaulay nhu sau.

Pinh li 1.1.11. Mot R-médun M la Cohen-Macaulay khi va chi khi
H. (M) = 0 véi moi i # d.

L4y g 1a mot idéan tham s6 ctia M. Khi dé mot két qua quen biét khang
dinh rang, s6 boi Hilbert-Samuel e(q; M) khong vugt qua do dai (M /qM).
Hon nita, M 1la Cohen-Macaulay néu va chi néu e(q; M) = ¢(M/qM) véi
mot (moi) idéan tham s6 q cua M. Khi mot R-modun la khong Cohen-
Macaulay thi /(M /qM) — e(q; M) > 0 v6i moi idéan tham s6 q cta M.
D. Buchsbaum da phong doan rang hiéu ¢(M/qM) — e(q; M) 1a mot hing
sO cta M. Mac du cau hoi ctia Buchsbaum néi chung la khong ding nhung
n6 dan dén nhitng nghién citu vé cic 16p modun moé rong cla 16p modun

Cohen-Macaulay thoa man nhitng rang budc dep cho ¢(M/qM) — e(q; M).



21

Cu thé, J. Stuckrad va W. Vogel da gi6i thiéu va phat trién 1i thuyét vé modun
Buchsbaum (xem [51]). Mot R-modun M duoc goi la modun Buchsbaum
néu {(M/qM) — e(q; M) ludon la mot hang s6 cua M. Ngay sau d6, N.T.
Cuong, P. Schenzel va N.V. Trung da nghién ctu 16p R-modun thoa man tinh
chat ¢(M/qM) — e(q; M) ludn bi chan trén bdi mot hang s6 v6i moi idéan
tham s6 q cua M, va ho goi 16p modun d6 1a médun Cohen-Macaulay suy
rong (xem [57]). Néu M 1a mot modun Cohen-Macaulay suy rong, hang s6
I(M) = sup,{¢(M/qM) — e(q; M)} v6i q chay trong tat ca cdc idéan tham
s0 q cua M duoc goi 1a hang sé Buchsbaum. Mot idéan tham s6 q cua M
duoc goi 1a chudn tdc néu ((M/qM) — e(q; M) = I(M) (xem [53]). Nhu
vay, M 1a modun Buchsbaum néu moi hé tham s6 1a chuén tic. Dinh If sau
day 1a dac trung cho tinh Cohen-Macaulay suy rong theo doi dong diéu dia

phuong (xem [53]).

DPinh li 1.1.12. Mot R-modun M la Cohen-Macaulay suy rong khi va chi
khi H' (M) la hitu han sinh véi moi i < d va

d—1

100 =3 (7 1) tarian).

1=

Hon nita, idéan tham s6 q la chudn tdc voi moi ¢ C m" vdi n > 0.

Chi ¥ rang néu M 12 modun Cohen-Macaulay suy rong, thi s& ton tai mot
s6 nguyén duong ny sao cho m™ H: (M) = 0 v6i moi i < d. Khang dinh
nay 12 mot trudng hop dic biét cia két qua téng quét dusi day ma ta sé dung

nhiéu vé sau.

Ménh dé 1.1.13. (Xem [4, 9.1.2]). Cho a la mét idéan cua vanh Noether bdt
ki R, va M la mot R-modun hitu han sinh. Vi t la mot so nguyén duong,

cdc khdang dinh sau la tuong duong.

(i) H.(M) la R-moédun hitu han sinh véi moi i < t.
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(ii)) a C \/AnnHL(M) voi moi i < t.

(iii) Ton tai mot s6 nguyén ny sao cho a™ H! (M) véi moi i < t.

Tinh hitu han ctia cic modun doi dong di€u dia phuong 1a mot van dé thu

vi trong Dai s6 Giao hodn va sé duoc dé cap dén trong Chuong 4.

1.2 Phép toan trong modun Ext(C, A)

Lay A va C 1a cdc R-modun. Khi d6 R-modun Ext},(C, A) thudng duoc tinh
toan dua trén giai xa anh cua C' hoac giai ndi xa cia A. Ching ta sé& trinh
bay mot céch tiép can khac cho Ext},(C, A) theo [35, Chapter 3]. Trong dé,
méi mot phan tir ctia Ext},(C, A) duge xem nhu 13 mot 16p twong duong clia
cac m& rong cua C boi A. Pay chinh 1a y tudng then chot dé ching minh
cac Dinh Ii ché ra sau nay. D€ don gian ta ding ki hiéu Ext(C, A) thay cho
Exth(C, A).

Dinh nghia 1.2.1. Cho A va C' la cic R-mo6dun. Khi dé6

(i) Mot mo rong cua C bdi A 1a mot day khép ngan cia cac R-modun va
dong cau £ = (u,0): A— B — C.

(ii) Lay E 1a mot md rong cua C' boi A, E' 1a mot mo rong ciia C’ bdi A'.
Mot cdu xa I' : E — E’ 1a mot bo ba R-dong ciu I' = («a, 3,7) sao

cho bi€u d6 sau la giao hodn
E: 0—ASB%C—0
1o
E: 0—A—~pB>C —0.
(iii) Hai m& rong £ va £’ clia C boi A goi 12 tuong diang (E = E') néu cé
mot cdu xa (idy, 3,id¢) : E — E’. Chi y rang khi d6 3 la mot dang

cau.
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(iv) Khong khé dé kiém tra ring quan hé tuong dang trén tap cdc md rong
cia C' bdi A la mot quan hé tuong duong. Khi d6 ta dinh nghia
Ext(C, A) 1a tap céc 16p twong dang clia cdc m& rong cua C boi A.
D¢ biéu dién mot 16p tuong dang trong Ext(C, A) ¢6 dai dién la E ta
dung ki hiéu F €€ Ext(C, A).

C6 dinh A, khi d6 Ext(C, A) la mot ham tir phan bién theo C. Cu
thé, v6i mbéi £ €€ Ext(C,A) va v : ¢’ — C ta s& tim duoc mot
E' = ~*E €€ Ext(C', A), ki hiéu 12 Evy, nhu ménh dé dudi day. Hon
nita, F~ 1a duy nhat va c6 cac tinh chat sau Fide = E va E(yy') = (Ev)®'.

Ménh dé 1.2.2. Néu E la mot mo rong cia mot R-modun C bdi mot R-
modun A, va v : C' — C la mot dong cdu. Thi ton tai mot md rong E' cua
C' boi A va mot cdu xal' = (idy, 8,v) : E' — E. Cap (I', E') la duy nhdt

sai khdc mot tuong ddng ciia F'.

Chitng minh. Tinh ton tai: xét biéu do6

E =Evy:0— A B %o —0

idl Bl Vl

E:0—A>~B-%C—0
vGi dong dudi va cdc dong cau hai & bén la da biét. Ta can tim B’ va cac
déng cdu ', o’ va 8 dé biéu do 1a giao hoan va dong trén 1a khép. Chon B’
la moédun con cua B & C’ gébm nhiing cap (b, ') thdoa man ob = ¢/, va dinh
nghia ¢’ va 8 nhu sau o’(b, ') = ¢, B(b, ) = b. D& dang kiém tra ring cac
dinh nghia trén cing vé6i dinh nghia p/a = (ua, 0) thdéa man yéu cau dat ra.
Tinh duy nhat: Xét mot mé rong E” bat ki cing v6i mot cdu xa I =
(idg, 8",v) : E” — E. Néu B” la modun 6 gitta cua E”, dinh nghia g’ :
B" — B'véi BV = (B, o"V"). Khi d6 Ty = (idy, 8, ider) : E" — E'
12 mot twong dang va hop thanh £” — E' — E 1a I'. Nhu vay biéu do6
[': B/ — E la duy nhat sai khdc mot twong dang I’y ctia F'. O
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Ta n6éi E' = E~ 1a hop thanh cua md rong E va dong céu ~. Tuong tu
nhu trén, néu ta ¢6 dinh C, thi Ext(C, A) la mot ham ti hi¢p bién cla A.
Véi méi mé rong F va mot dong cdu o : A — A’ ta ¢c6 mot md rong hop

thanh £/ = oF nhu ménh dé dudi day.

Ménh dé 1.2.3. Cho mét mo rong E va mot dong cdu o : A — A'. Khi dé ton
tai mot mo rong E' cia C boi A’ va mét cdu xa 1" = («, 5,id¢) : E — E'.

Cdp (I, E') duoc xdc dinh duy nhdt sai khdc mot tuong dang ciia E'.
E:0— A% B2 (C—0
ai v 6l /idl
E'=aE:0— A =B =~C—0.
Chirng minh. Xem [35, Chapter 3, Proposition 1.4]. O
Ti€p theo ta s€ xay dung cau tric nhom ctua Ext(C, A) & d6 phép toan

cong ciia hai m& rong duge dinh nghia dua trén tong Baer.

DPinh nghia 1.2.4. (i) Cho C la mot R-modun, dong cau duong chéo cua

C duoc dinh nghia nhu sau

NAN=Nc:C—CaC, Ac(c)=(cc).

(i) Cho A la mot R-modun, dong céu doi duong chéo cua A duoc dinh

nghia nhu sau

V=Va:A®A— A, Va(a,as) =ai+ as.

(iii) Lay hai phan tir bat ki trong Ext(C, A) dai dién bdi cic md rong
E; = (gi,0i) : A — B; - C vé6ii = 1,2. Khi d6, ta dinh nghia
tong cla hai 16p twong dang dai dién bsi £ va F, 1a 16p twong dang

dai dién boi mo rong

FEy+ Ey =V (B ® Ey)Ac,
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6 day By @ E5 1a md rong tong truc tiép tic 1a
Ei®dE:0—ADPA—B &®B —Cd»C — 0.
Cong thiic Fy + Ey = Va(E) ® E»)A¢ duge goi 1a tong Baer.

DPinh li 1.2.5. (Xem [35, Chapter 3, Theorem 2.1]). Cho hai R-médun A va
C, tap Ext(C, A) cdc 16p tuong ding ciia cdc md réng ciia C bdi A la mot
nhém Abel véi phép cong cdc [6p twong ddng duoc dinh nghia nhu trong Dinh
nghia 1.2.4. Hon nita, I6p tuong dang ciia mé rong ché ra A — ASC — C
la phan tit O ciia nhém nay, va nghich ddo cua mo réong E la mo rong

(—id4)E.

Pinh nghia 1.2.6. Cho F €€ Ext(C, A) 1a mot mé rong, va x 1la mot phan
tlr ciia R. Xét biéu do6 giao hodn

E: 0—ALB%Cc—0
|

E: 0—A>~B%(C—0,
& day céc dong cau cot 1a dong cidu nhan z. Biéu do trén clung véi [35,
Chapter 3, Proposition 1.8] dan dén x £ = Ex. Ta dinh nghia phép nhan vo
huéng cta phan th v € Rva F €€ Ext(C,A)laz - E := 2F = Ex, va
s& viét don gian 1a zF. Khi R 12 mot vanh giao hodn, ¢ thé kiém tra ring
nhom Abel Ext(C, A) du6i tic dong clia phép nhan vo hudng trén 1a mot

R-modun.

Nhic lai rang Ext(e, A) ¢6 thé xay dung nhu 12 ham tir din suat thi nhat

cta ham tir Hom(e, A) nhu sau. Xét giai xa anh P ctia C'
P:-..—P—>P —F—C—=0.

Tac dong ham tor Homp(e, A) vao giai P. Do ham tr Homp(e, A) khong bao
toan tinh khép nén d6i phiic Hom g (PP, A) sinh ra cac d6i dong diéu H"(P, A).
Ta két thiic ti€t nay bang mot két qua khéng dinh ring H (P, A) = Ext(C, A)
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titc 1a hai cach xay dung Ext(C, A) 1a tuong thich. Xét F 1a mot md rong
cua C boi A, coi F nhu mot gidi cia C ta ¢6 biéu d6 giao hodn

P: PQQP1AP0HCHO

o) o idl

E: 0—A—B—(C—0.
Tu biéu d6 giao hodn trén ta ¢6 g0 = 0. Nén g1 € ker(0*), & day
0* : Homp (P, A) — Homp (P, A). Do d6 ta c6 mot phép gan

¢ Ext(C,A) = HY(P,A), FEe€cExt(C,A)w [g1] € H'(P, A).

Pinh li 1.2.7. Néu Ava C la cdc R-médun va ¢ : P — C' la mot gidi xa dnh

cia C, ton tai mot ddng cdu
£ Bxt(C, A) = H(P, 4), &(F) = [g1].
Dang cdu & la tw nhién theo A. N6 ciing tw nhién theo C véi nghia sau: Néu
v:C'—= C, e P — C' la mét gidi xa anh ciia C', va f : P' — P la ndng
cua vy, thi
€yt = f*¢ Bxt(C,A) = H'(P, A).
Chitng minh. Xem [35, Chapter 3, Theorem 6.4] cho két qua tong quét
€ Exth(C,A) - H"(P, A)

1a dang cau vé6i moi n > 0. O
1.3 Modun Ext(Hit\(M), Hi(M))

Trong ti€t nay ta xét M la mdt R-modun hitu han sinh, va a 1a mot idéan

cta R. Ta nhic lai khdi niém day a-loc chinh quy ctia M nhu sau.

DPinh nghia 1.3.1. Day phan t&t x4, ..., z,, trong a duoc goi 1a day a-loc chinh

quy cua M néu

supp ((z1, ..., zi—1)M ;) /(x1, ..., 25-1)M C V(a)
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v6i moi i < n, 6 day V' (a) la ki hiéu cua tap cac idéan nguyén t6 chia a.

Xét ¢ 1a mot s6 nguyén duong sao cho H:(M) la R-modun hitu han sinh
v6i moi ¢ < t. Theo Ménh dé 1.1.13 ta ¢c6 mot s6 nguyén duong ng sao cho
a™Hi(M) = 0 v6i moi i < t. V6i o 1a mot phan tlr a-loc chinh quy ctia M
chia trong a™ ta c¢6 day khép ngan céc R-modun

0— M/H)(M)S M — M/zM — 0.
Do Hi{(M) = H{(M/H?(M)) v6i moi ¢ > 0 nén day khép ngén trén cam
sinh day khép dai cic modun d6i dong diéu dia phuong
o= HIU(M) — H)(M/xM) — H7' (M) S HFH (M) — -
Lai do # € a™ nén dong ciu x : H.(M) — Hi(M) la déng ciu khong véi
moi 7 < t. Do d6, day khép dai trén cho ta cdc day khép ngan
0— HY(M) — H{(M/xM)— HF' (M) =0 (%)
v6i moi ¢ < t — 1. Theo tiét truGc ta c6 thé coi diy khop ngin (x) nhu
dai dién cia mot phan tir chia modun Ext(H ™ (M), H:(M)). Hon nita, dy
khép ngan () la ché ra néu né dai dién cho phén tir khong.
Pé thuan tién cho cdc 4p dung vé sau ta s& xem xét van dé trén trong trudng
hop téng quét. Trong phin con lai cla tiét ta luon xét ¢t mot s6 nguyén duong
va U 12 mot moédun con ctia M. Pat M = M/U. Ta n6i mot phan ti x 1a

théa man diéu kién (f) néu 0 :p; x = U, va day khdp ngan
0—M5 M— M/xM —0
cam sinh cdc day khép ngin
0— HL(M)— HA(M/xM) — H.7' (M) — 0
véimoi 1 <t — 1.

Ki hiéu 1.3.2. Lay x la mot phan tir thdoa man diéu kién (f)
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(i) V6i mdi i < t — 1, ta goi £ la phan tir trong Ext(H™ (M), Hi(M))
dai dién boi day khép ngén
0— H{(M)— H.{(M/xM) — HY (M) — 0.
(ii) Gid st HL(M) = H!(M), ta c6 day kh6p ngin sau
0 — Hy (M) — Hy {(M/zM) = 0 o3y © = 0.

Xét b 1a mot idéan sao cho = € b. Tac dong ham tir Hom(R/b, e) vao
day khép ngan trén ta duoc day khép trdi dudi day

0—0 :Hctfl(M) b — 0 :Hé’l(M/xM) b — 0 HE(M) b

Ta goi F!~! 1a phén tir cia modun Ext(0 : ) 9.0t b) dai

dién boi day khép ngan dudi day néu nd ton tai
O_>O:H§ 1( )b—>0 Ht 1(M/.r]\/[)b_>0 Ht( )b—>0
Cac dinh 1f du6i day cho ta méi quan hé giita tong va tich cia cac phan tir
thoa man diéu kién (f) va cdc mé rong tuong tng (xem [16, Theorem 2.2]).

DPinh li 1.3.3. Cho t la mot s6 nguyén duong va U la mot médun con cuia
M. Ddt M = M/U. Gid sit x va y la cdc phdn ti théa man diéu kién (1) va
0:y (x+y)=U, khi dé

(i) x+y ciing thda man diéu kién () va E'

vry = Lyt By voimoii <t—1.

(i) Néu HL(M) = HL(M) va Fi', FI™! la xdc dinh, thi )7, ciing xdc

x4y
t—1 t—1 t—1
dinhva F,0, = F, "+ F .

Chiing minh. Ta ching minh dong thoi (i) va (ii). Xét dong cau
o: M —>Mae&M, p(m) = (xm,ym).
Do U = 0:j x = 0 :)y y nén ta ¢6 day khdp ngan

0—M->S5MaoM— N—0,
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0 d6 N = coker (). Bi€u d6 sau la giao hodn

6l

0 - M - M e M - N -0
Az id

0—— ~Wal M@ M — M/zM & M/yM —— 0,

v6i Ay M — M @ M, A(m) = (m,m) la dong céu dudng chéo.
Chu y rang céac dong cdu dan suét cua Ay ciing 1a dong cdu duong chéo
Apiar + Ho(M) — Hy(M) @ Hy(M) v6i moi i > 0. Do d6, tic dong ham
tir H!(e) vao biéu do trén ta dugc biéu d6 giao hoan

Hy(M) = Hi(M)?
AH&(M){ idl

HZ(M)2 w@y HZ(M) cee

& day A2 = A @ A véi mot R-modun A, va ' 1a din sudt clia 3. Do x,y

thoa man dicu kién (f) nén dong ciu & dong dudi 1a dong cau khong véi moi

i < t,dan dén ¢’ = 0 v6i moi i < t. Do d6 v6i moi ¢ < t — 1 biéu do sau la

giao hoan

0 — H{(M)*> — H!(N) — HI'Y (M) — 0
id | | A () |

0 — Hi{(M)> — H{(M/xM)® H.(M/yM) — HIY(M)? — 0.

V6i moi i < t— 1, ddy khép & dong dudi chinh 1a E], @ . Ta ki hi¢u day

khé6p & dong trén 1a mé rong E°, vay

E (E1Z @EZ)AH%H(M) (1)

véimoii <t —1.

Hon nita, néu H!(M) = H!(M), ta c6 biéu d6 giao hodn sau

0— 1'113_1(1\4)2 — H§_1<N) — K(:c,y) — 0
id | | 5|
0 — H (M) — H ') @ Hy ') — K. © K, — 0,
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6d ay K( y) — 0 Hg(M) (ZE,y),K 0 Ht( ) X, K =0 Ht( ) Yy, va
A: K, — K, ® K, dinh nghia nhu sau  A(c) = (¢,c). Chd y rang =

va y thuQc b nén
Hom(R/b, K;) = Hom(R/b, K,) = Hom(R/b, K(;,)) = 0 a7, b.
Tic dong ham tit Ext’,(R/b, ®) vio biéu d6 trén ta dugc biéu dé giao hodn

0 :pecar) LN Extn(R/b, H.7H(M)?)

A it

(0 :ppeap) B)2 2 Exth(R/b, HLH(M)?),

v6i 01, 0y 1a cdc dong cdu n6i. Vi /', F/~! 1a xéc dinh, d, = 0, nén 6, = 0.

Ta thu dugc bi€u d6 giao hoan sau véi cac dong 1a khép

0 — O :Hgfl(M)2 b — 0 :Hgfl(N) b — 0 Ht( ) b — 0

id | | a|

0 —> O :Hct(_l(M)2 b —> O :HZ{L I(JLJVI)EBHt 1( b —> 0 Ht( )2 b —> O

Mo rong & dong dudi chinh 1a F~' @ F/~'. Ta ki hiéu m& rong & dong trén
la F*=1 nén

—1 —1 -1
Fl = (Fy @ Fy ) Ay, e (2)

Mt khdc, ta ¢6 bi€u do giao hodn sau

0 - M ~-M e M - N -0
id N V] |
0 M — e M — M/(z+y)M — 0,

6dayVy : MM — M, V(m,m’') = m+m’1a dong ciu d6i dudng chéo.
Do cédc dong cau dan suét cua V), ciing 1a dong cau doi duong chéo, nén ta
c6 cdc dong cdu Vi : Hi(M) & HJ(M) — HL(M) v6i moi i > 0. Do

do, tdc dong ham tr H!(e) vao bi€u do giao hoan trén ta duge biéu do giao
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hoan sau .
i P
e UMD T (M) e
id\ VH@(M){

Hi(RT) —"~ H}(M)

v6i ¢’ 1a dan suét cha (z +y) : M — M. Theo trén ta c6 ¢ = 0 nén
Y' = 0 v6i moi i < t, vi vay x + y théa min diéu kién (). Dan dén, véi moi
i <t—1,taco biéu db giao hodn
E': 00— Hy(M)&® H(M)—~ Hi(N) H (M) ——0
vHé(M)l } lid

Epiy: 0 —— Hy(M) — Hy( — HW(M) ———0.

o)
Biéu d6 trén khang dinh rang v6i moi i < ¢ — 1 thi
By =
Hon nita, néu H!(M) = HL(M), ta c6
0 — HYM)? — HIY(N) — Ky
] L
0— H Y (M) — HT'(M/(z+y)M) — K,y — 0,

& day p 1a mot don cau. Béng tac dong ham tr Homp(R/b, e) vao biéu do

VmonE'.  (3)

— 0

trén ta thu duge biéu d6 giao hodn

0 — (O :Hé‘l(M) b)2 — O :Hg_l(N) b — 0 Ht( ) b — 0

st | | ol

0—>O:H§_1(M)b — O:fo—l( M )b — OHQ(M) b.

(z+y)M
Dong trén 1a khép do su xdc dinh ctia F*~1. Dan dén dong dudi 1a khép, nén

F};, 1a xdc dinh. Do d6

Fyoy = Voo F 7 (4)

Tty T

Két hop (1) va (3) ta c6

x—i—y = VHL )(E1Z D E7'>AH1+1(M)
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vé6imoii <t — 1. Nén E!

Ly =FEL+FElvéimoii <t—1.
K&t hop (2) va (4), ta ¢6

t—1 _ t—1 t—1
Fﬂﬂﬂ/ o VO:Hg—l(M)b(Ff P FZ/ )AO:HE(M)["
Nen Fy ) = FI7 4+ F) L O

DPinh li 1.3.4. Cho t la mot s6 nguyén duong va U la mot médun con cuia
M. Bt M = M/U. Gid si rang x va y la cdc phdn tit ciia R sao cho x
théa man diéu kién (1) va 0 :yr vy = U. Cdc khdng dinh dudi day la diing

(i) xy théa man diéu kién (t), va E., = yE. voi moi i < t — 1. Gid sut
thém rang H{(M) = H{(M). Khi d6 néu F/~" la xdc dinh, thi F},
ciing la xdc dinh va Fl/' = yFl~!.

(i) Gid sw HY(M) = HL(M) va yHi(M) = 0 véi moi i < t. Khi dé
E., = 0v6imoii <t— 1. Hon nita, F}* la xdc dinh va F},]' = 0.

Chitng minh. (i) Tu U = 0 :3y x = 0 1y 2y, ta c6 biéu d6 giao hodn sau

O -

e M — M/xM — 0

yi |

xy~MaM/a:yMH0

1

O -

SRS

v6i cdc dong 12 khép. Tac dong ham tir H'(e) vao biéu d6 giao hoan trén ta
duoc biéu doé giao hodn
R ni .
id y
e HIM) e HI(M) e
v6i ' va 0 12 cdc dong cau dan sudt clia cic dong cdu x : M — M va
vy : M — M, twong tng. Do z thda man diéu kién (f), nén déng cau

n' : H(M) — Hi(M) la déng cau khong v6i moi i < t. Do d6, dong cau
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0° : H.(M) — H.(M) ciling 1a dong c4u khong v6i moi i < t, va xy thoda
man di€u kién (£). V6i moi i < ¢ — 1 ta ¢6 bi€u d6 giao hodn
0 = HY(M) — HY(M/aM) — H*'(3)

' | a)

0~ Hy(M) — Ho(M/xyM) — H."'(M)

0

0.
Vay E;y =yE! v6imoii <t — 1.
Gid st HY(M) = H{(M). V6ii =t — 1 ta c6 biéu dé giao hodn sau

_ M L
0 ——— Hi\ (M) — BN () — Oin @ 0
y\ l al (k%)
t—1 t—1 M . _
0 ——— H'(M) — Hy (—) — 0 g 2y 0,

xyM
oday a : 0 iy @ = 0 gy oy 1a don cdu. Téc dong ham tu
Hompg(R/b, e) vao bi€u do trén véi chi ¥ ring z,zy € b ta c6 biéu dod
giao hodn sau

0 ———0gian b — 0y 0 — 0gan b ——n— 0

y id

0 ——— 0o b — 0 gy & — Oy b
Dong trén 1a mot diy khép ngan do md rong F'~! 1a x4c dinh. Dan dén
dong dudi cling 1a mot day khdp ngan va chinh 12 mé rong F:,fy_ lvatacé
Flh=yFl
(ii) Theo (i) ta ¢6 £, = yFE; v6imoi i < t — 1. Nén Ej, = 0 do gia su
yExt(HJ*' (M), H{(M)) = 0. Ta chi can ching minh F}' Ia x4c dinh va
1a m& rong ché ra. Do yH. ' (M) = 0 nén tr Bi€u d6 (+x*) ta c6 mot dong

cau e : (0 : ey ) — Hy '(M/xyM) dé biéu d6 sau 1a giao hodn

0—— H Y M) — HYM/zM) — 0 gy @ ———— 0

, |

0 —— H' (M) — H7 ' (M/zyM) — 0 :gian) 2y ——— 0.
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Téc dong Homp(R /b, e) vao biéu d6 trén ta c6 bi€u d6 giao hodn sau
00— 01y b — 0 grronn b — 0:giap) b
g
00— 0tmrn b — 0y aryeyan 0 — 0 :gyany b
Dé thay dong dudi 1a mot day khép ngan ché ra. Vay ij_ ' 12 x4c dinh va
Fit=0. O

1.4 Dinh li ché ra cua déi dong diéu dia phuong

Trong tiét nay chdng ta chiing minh rang: V6i M 1a mot R-modun hitu han
sinh, a 12 mot idéan cha R va t 12 mot s6 nguyén duong sao cho H:(M) la

hitu han sinh v6i moi ¢ < ¢, thi
Ho(M/xM) = Hy(M) & H,*'(M)

v6i moi phan tir a-loc chinh quy x cia M chita trong mot liiy thira du 16n
clia a va v6i moi ¢ < ¢ — 1. Cu thé, ta s& chiing minh m& rong £’ twong ting
Vol z,

0— H{(M)— H{(M/xsM) — H (M) — 0,
1a dai dién cho phan tit 0 € Ext(H!™ (M), H.(M)) v6i moi i < t— 1. Trong
Pinh Ii 1.3.4 ching ta da chitng minh khing dinh trén cho nhitng phan tir c6
dang xy thoa man mot s6 diéu kién thich hop. B6 dé dudi day cho phép ta

chuyén mot phan tir tong quat vé dang dic biét nay.

B6 dé 1.4.1. Cho (R, m) la mot vanh Noether dia phuong, a, b la cdc idéan
va Pi, ..., Py la cdc idéan nguyén 16 sao cho ab ¢ p; voi moi j < n. Xét
x la mot phan tk nam trong ab nhung x ¢ p; véi moi j < n. Khi dé
ton tai cdc phdn tit ay,...,a, € ava by,....b. € b dé ta cé thé biéu dién
r = a1by + - -+ + a,b, sao cho a;b; & pj va aiby + - - + a;b; & p; voi moi

1 <7, <n.
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Chitng minh. Ching ta c6 thé gia st rang p; € p; v6i moi i, 5 < n,i # j.
Theo Dinh Ii tranh nguyén t6 ta c6 thé chon mot hé phan ti sinh a1by, ..., a,-b,
cuaabsaochoa; € a,b; € bvéimoii < r,vaa;b; ¢ p; véimoii <r,j < n.
Néntontais; € R, i=1,...,r,sao cho x = sja;by + - - - + s,a,b,. Biéu dién
x = ay(s1b1) + - -+ + a,(s,:b,), do d6 khong mat tinh tong quat ta c6 thé gia
st rang x c6 thé viét dudi dang v = a1by + asby + -+ - + a,b, v6i a; € a va
b;ebvéimoii <r,vaa; ¢ p; véimoii <r,j<n.

Ta chiing minh khéng dinh bang quy nap theo r. Trudong hop » = 1 13 hién
nhién. Gia st 7 > 1 va khang dinh ding v6i r — 1. Dat J = {j | b, € p;}.
Theo Dinh Ii trdnh nguyén t6 ta ¢6 thé chon u € b sao cho u ¢ p; véi
moi j € J,vau € p; véimoi j ¢ J. Tu a; ¢ p; v6i moi j < n, uay
cling ¢6 tinh chat nay. Dan dén b, + ua; ¢ p; v6i moi j < n. Ta biéu dién
r = a1(by—ua,)+asbs+- - -+a,(b.+uar ), nén khong mat tinh tong quét ta c6
thé gia str them rang © = ayby +agba +- - - +a, b, va a,b, ¢ p; véi moi j < n.
bat 2’ = a1by+---+a,_1b,_1 va J' = {j |2’ € p,}. Lai dung Dinh Ii trdnh
nguyén t6 ta c6 thé chon v € msaochov ¢ p; véimoi j € J', vav € p; véi
moi j ¢ J'. Do ay,a,,b, ¢ p; v6i moi j < n, vaja,b, c6 cung tinh chat véi
v. bat z,_y = 2’ +vaya,b, = a1(by + va,b,) + asbs + - -+ + a,_1b,.—_1. Thi
Ty_1 ¢ p;jv6imoij <nvaxr =x,_1+ab(1l—va). Tha,b.(1—va) ¢ p,

v6i moi j < n, khing dinh dugc suy ra tir gia thiét quy nap cho z,_;. O

Hé qua 1.4.2. Cho (R, m) la mét vanh Noether dia phuong va a la mot
idéan cua R. Cho M la mot R-moédun hitu han sinh va x € o la mot
phdn it a-loc chinh quy ciia M. Khi dé ta cé thé chon cdc phdn tir a-loc
chinh quy aq, ...,a,,by,....,b. € a cua M sao cho v = a;by + - - - + a,b, va

a1by + - - - + a;b; ciing la cdc phan tir a-loc chinh quy cua M voi moi i < r.

Chitng minh. Khang dinh dugc suy ra tir B6 dé 1.4.1 v6i a = b va tap céc
idéan nguyén t6 {py,...,p,} 1a Ass(M) \ V(a). O
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Bo dé 1.4.3. Cho A, B, C la ciac R-médun véi C' la hitu han sinh. Khi dé
day phuc
0—>A—-B—-C—0

la mot day khop ché ra néu va chi néu dday phiic
0— Ay — By —> C — 0
la mot day khdp ché ra voi moi idéan toi dai m cua R.
Chitng minh. Ta chi can chiing minh phan "néu" ctia B6 dé. Ro rang ring
0—+A—B—-C—=0
la khép. Day khép trén 1a ché ra khi va chi khi dong cau
Homp(C, B) — Hompg(C, C)

12 toan c&u. Boi vi C c6 bi€u dién hitu han nén ta c¢6 diéu kién nay tuong

duong vé6i dong céu
Homp_(Cy, Bm) — Homp (Cy, Ch)

la toan cdu v6i moi idéan t6i dai m cha R. Diéu nay Ia hién nhién do

B = A @ Ch. O

Dinh li 1.4.4 ([16], Theorem 1.1). Cho M la mot modun hitu han sinh trén
vanh Noether R va a la mot idéan ciia R. Xét t va ng la cdc s6 nguyén duong
sao cho a™H.(M) = 0 véi moi i < t. Khi dé, véi moi phdn tik a-loc chinh

quy x € a®™ ciia M, ta c6
Hy(M/xM) = Hy(M) & H" (M),
voimoi i <t—1, va

0 :Hé_l(M/a:M) a0 = Hé_l(M) @0 LHE(M) a’o,
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Chiing minh. St dung céc ki hiéu cta Tiét 1.3 v6i U = H(M) va b = a™,
Khi d6 moi phan tir a-loc chinh quy = € a™ déu thda man dieu kién (f).
Ta Hi(M) = Hi{(M) véi moi i > 0, ta c6 Hi(M) la hitu han sinh, va
0 :pe() @™ clng 1a hitu han sinh theo [1, Theorem 1.2] hoac Chua y 4.1.7.
Dia phuong héa tai cdc idéan t6i dai ctia R, theo B6 dé 1.4.3 ta c6 thé gia
st ring (R, m) 1a mot vanh Noether dia phuong. Xét 2 € a®™. Theo Hé
qua 1.4.2 ta c¢6 cac phan t a-loc chinh quy a;,b; € a™, ¢ < r sao cho
T =aby+---+ab, vaab +---+a;b; la cidc phan tir a-loc chinh quy véi
moi 1 < 7 <r. TuDinhli 1.3.3 ta cb

l?x — Maby+Harh, — lzélbl + l;a Tt lfbrbr.

2b2
Vi vay
E.=0E, +bE, +-+bE, =0
theo Pinh 1i 1.3.4 v6i moi1 0 < <t — 1. Vay ta c6
Hy(M/xM) = Hy(M) & Hy" (M) = H,(M) & Hy" (M)

voi moi 0 < ¢ < t — 1. Mat khéc, theo Dinh 1i 1.3.4 Fj;bj la xac dinh v6i
moi j < r. Nén Dinh Ii 1.3.3 suy rarang /"' = F/ 1 a,p, Cling 12 xdc
dinh va

Fil=F ) 4+ FL

a1by

Do d6 F!~! = 0 theo Dinh 1i 1.3.4, nén
0 g1 (armnry & = H (M) @0 zpyar) 0™,

Vi 0 iyt 0" = Hi7'(M). Dinh 1f duge hoan toan chiing minh. O

Chi ¥ rang néu M 1a mot modun Cohen-Macaulay suy rong chiéu d > 0
trén vanh Noether dia phuong (R, m), thi moi phan tir tham s6 = cta M déu
la mot phan tir (m)-loc chinh quy. Két qua duédi day 1a mot truong hop dac
biét cha Dinh 1i 1.4.4 va la cau tra 16i khang dinh cho Cau hoi 1 di néu trong

M6 dau.
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Hé qua 1.4.5. Cho M la mét médun Cohen-Macaulay suy réong chiéu d > 0
trén vanh Noether dia phuong (R, m), va ng la so nguyén duong nho nhdt
sao cho m™ H' (M) = 0 véi moi i < d. Khi dé véi x € m*™ la mot phdn tie

tham so cua M, ta cé
Hy (M[xM) = Hy (M) & Hy' (M),
voi moi 1 < d— 1, va
02 prat (agjanry ™™ = Hg (M) ® 0 g (o) m™.

m

Hé qua 1.4.6. Cho M la mot médun hitu han sinh trén vanh Noether R
va a la mot idéan cua R. Xét t va ng la cdc s nguyén duong sao cho
a™H{(M) = 0 véi moi i < t. Cho xy,...,x; la mot ddy a-loc chinh quy
cia M chita trong . Khi dé véi moi s6 nguyén duong k < ng va moi
j=1,...,t, Homg(R/a"* M/(z1,...,x;)M) la déc ldp véi cdch chon day

x1,...,x;. Hon nita, ta co

Homp(R/a*, M/(x1, ..., x;) M) = éHomR(R/ak, Hi(M) ).

Chitng minh. Ta chiing minh bing quy nap theo j. T Dinh 1i 1.4.4 ta ¢6
Hompg(R/a", H{(M/x,M)) = Homp(R/a*, H{(M))®Hompg(R/a", H'(M))
véimoi ¢ <t — 1. Nén

Homp(R/a", M/(x))M) = HomR(R/ak,HS(M/le))
Homg(R/a*, H(M)) @ Hompg(R/a", H!(M)),

I

va hé qua duoc ching minh cho j = 1. Gia st rang j > 1. Theo Dinh I

1.4.4tacé a™H:(M/x1 M) =0 v6imoii <t — 1. Ap dung gia thiét quy
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nap cho xo, ..., x; va M /x; M ta cé

Homp(R/a", M/(zy, ..., x;)M) = @9 Homp(R/a*, Hi(M /2, M)) (')
1=0

112

EJBHomR(R/a’f, i),

1=0

Hé qua dugc hoan toan chiing minh. O

Cho M 1a mot modun hitu han sinh chiéu d > 0 trén vanh Noether dia
phuong (R, m), va q la mot idéan tham s6 cua M. chi so khd quy ciia q
trén M dugc dinh nghia boi cong thiic Np(q, M) = dimpg/y, Soc(M/qM),
& day Soc(N) = 0 :y m = Hom(R/m, N) v6i mot R-modun bat ki N.
Mot két qua quen biét khang dinh ring néu M 1a moédun Cohen-Macaulay,
thi Ng(q, M) 1a mot bat bién ctia M. Trong truong hop M 1a mot modun
Buchsbaum, S. Goto va H. Sakurai da chiing minh trong [22] rang véi ton
tai mot s6 n dl 16n sao cho chi s6 kha quy Ng(q, M) 1a mot hang s6 tic
l1a khong phu thudc vao viéc chon idéan tham s6 ¢ nam trong m”. Va ho
phong doéan rang két qua trén cling ding cho modun Cohen-Macaulay suy
rong. N.T. Cudong va H.L. Truong da dua ra cau tra 10i khang dinh cho cau
hoi clia Goto va Sakurai trong [17]. Bay gio, st dung Hé qua 1.4.6 ta c6 thé

chiing minh mdt két qua manh hon két qua chinh cua [17] nhu sau.

Hé qua 1.4.7 ([16], Corollary 4.3). Cho M la mot médun Cohen-Macaulay
suy rong chiéu d > 0 trén vanh Noether dia phuong (R,m), va ng la so
nguyén diong nhdé nhdt sao cho m™H!. (M) = 0 véi moi i < d. Khi
dé, voi moi idéan tham sé q ciia M chita trong m*™ va k < ng, do dai

Cr((qM :p mF)/qM) la mot hang s va

d
Cr((qM :p m")/qM) Z( )530 i () M.
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N6i riéng, chi s6 khd quy Ng(q, M) la mét hang so va

d
Nig(a, M) =) _ <d> dim gy Soc(Hy (M)

: i
1=0

Chitng minh. Khang dinh duogc suy ra truc tiép tir Hé qua 1.4.6 va cic dang

cdu Hompg(R/m*, M/qM) = (qM :3;y m¥)/qM va Hompg(R/m*, Hi (M)) =

0 CHi (M) m”* véi moi 7. ]

Két luan Chuong 1. Trong chuong nay ching toi da thu duoc cac két qua

Sau.

1. Xay dung phuong phédp ching minh cac day khép ngan cta cac modun
doi dong diéu dia phuong la ché ra (Tiét 1.3).

2. Pua ra Dinh 1i ché ra clia doi dong di€u dia phuong 1.4.4 vé6i di€u kién
H!(M) 1a R-mo6dun hitu han sinh v6i moi i nhd hon mot s6 nguyén
duong ¢ nao do.

3. Ap dung Dinh 1i 1.4.4 cho moédun Cohen-Macaulay suy rong va chiing

minh tinh chat on dinh ctia chi s6 kha quy ctia idéan tham s6 ctia modun

Cohen-Macaulay suy rong (Hé qua 1.4.7).
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Chuong 2

Tinh chat 6n dinh cua hé tham sé tot cua
modun Cohen-Macaulay suy rong day

Trong chuong nay ta luén xét (R, m) 1la mot vanh Noether dia phuong, va
M 1a mot R-modun hitu han sinh chiéu d > 0. Ta biét rang néu M 1a mot
modun Cohen-Macaulay suy rong, thi cac idéan tham so cua M c6 tinh chat
on dinh khi chiing nim trong mot liiy thita dii 16n clia m. Chang han, ta c6
thé chon mot s6 nguyén n sao cho véi moi idéan tham s6 q cia M nim trong
m” hiéu (M /qM) — e(q; M) va chi s6 kha quy cta q trén M, Ng(q, M),
la cac bat bién ciia médun (xem Dinh Ii 1.1.12 va Hé qua 1.4.7). Muc tiéu
ctia chuong nay la mé rong cac két qua trén cho mot 16p modun rong hon la
16p modun Cohen-Macaulay suy rong ddy va cho cac hé tham sé tot (xem
cac Dinh 1i 2.2.5 va 2.2.8). Nhic lai rang 16p modun Cohen-Macaulay ddy
duoc gidi thiéu boi R.P. Stanley cho truong hop vanh phan bac (xem [50]),
truong hop vanh dia phuong bdi Schenzel trong [46] va bai N.T. Cuong va
L.T. Nhan trong [15]. Khai niém hé tham soO tot dugc gidi thiéu boi N.T.
Cuong va D.T. Cuong trong [12]. Cic két qua chinh s& dugc ching minh
trong Tiét 2.2. Trong Tiét 2.1 chdng t6i nhac lai cdac khai niém vé modun

day va hé tham so tot.
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2.1 Modun Cohen-Macaulay suy rong day va hé tham so tot

Trong tiét nay chiing to6i nhic lai cac khai niém loc chiéu cuia modun, hé tham
s0 tot, médun Cohen-Macaulay (suy réong) ddy, va moi lién hé cua ching.

Céc trinh bay chi tiét ¢6 thé xem trong [12] va [13].

2.1.1 Loc chiéu va hé tham sé tot
Dinh nghia 2.1.1.

(1) Ta né1 mot loc hitu han
F:MyCMC---CM =M

cta cac modun con ctia M la thda man diéu kién chiéu néu dim M, <
dim M; < --- < dim M,;, va khi d6 ta néi do dai cua loc F 1a t. Dé

thuan tién, ta luon gia st rang dim M; > 0.

(i1) Mot loc cac modun con D : Dy C Dy C --- C Dy = M cua M duoc
goi 1a loc chiéu cia M néu hai di€u kién sau thoa man:
(a) D;_1 1a moédun con 16n nhat ctia D; ma dim D;_; < dim D; véi moi
i=tt—1,..,1
(b) Dy = HY(M).

Pinh nghia 2.1.2. Cho F : My C M; C --- C M; = M la m6t loc thoa
man diéu kién chiéu. Dat d; = dim M; v6i moi ¢ < t. Mot hé tham so
T = x1,...,xqg cia M duoc goi la mot hé tham so tot cua M tuong itng voi
loc F néu M; N (x4, 41, ..., xq)M =0v6imoii=0,1,....,t — 1. Mot hé tham
s0 tot twong tng véi loc chiéu ciia M duogc goi don gian 1a mot hé tham sé

tot cua M.

Chua y 2.1.3 (xem [12]).
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(i) Theo tinh chat Noether cua M locchiéuD : Dy C D1 C---C Dy =M
luon ton tai va la duy nhat. Hon nita, n€u Npeasspr N(p) = 0 1a mot
phan tich nguyén so rit gon ciia modun con khong cua M, thi D; =
Ndim R/p>dss, N (), 0 day d; = dim D;. Bat N; = Ngim g/p<a, N (). Thi
D;NN; = 0and dim M/N; = d;. Theo Dinh Ii trdnh nguyén t6 ta c6 thé
tim dugc mot hé tham s6 x = xy, ..., x4 cua M sao cho z4,11,...,xq €
AnnM/N; véimoii < t. Chonén (24,41, ..., zq)MND; C N;ND; = 0.

Vay x = x1, ..., x4 1a mot hé tham so6 tot cua M.

(i) Mot hé tham so tot cia M 1a mot hé tham s6 tot ting véi mot loc thoa
man diéu kién chiéu bat ki.

(iii) Néu z = xq, ..., x4 1a mot hé tham s6 tot cia M tuong Gng véi loc F,
thi 2" = 27", ..., 2} cling 1a mot hé tham s6 t6t clia M tuong tng voi

loc F v6i moi bo s6 nguyén duong n = (nq, ..., ng).

(iv) Trong Chuong 3 ta thudng goi D, 1 1a thanh phan khéng trén lan ciia
M va ki hiéu 1a Ujp;(0) (xem Dinh nghia 3.2.1).

2.1.2 Modun Cohen-Macaulay suy rong day

Pinh nghia 2.1.4. Cho F : My C M; C --- C M; = M la m6t loc thoa
man diéu kién chiéu. Dit d; = dim M; véi moi i < ¢, va xét x = @1, ..., T4
la mot hé tham s6 tot cua M tuong tng vé6i loc F. Khi d6 x4, ..., x4, 12a mot

hé tham so cta M; v6i moi ¢ < t. Cho nén ta ¢ thé dinh nghia
t
Ir () = ((M[(z)M) = e(wr, ..., wa; My),
i=0
& day e(xy,...,xq;M;) 1a boi Serre va e(xy,...,xq,; My) = €(My) néu

C6 thé thay hiéu Iz j/(z) trong dinh nghia trén trong trudng hop loc
F : 0 € M chinh la hiéu I(z) = {(M/(x)M) — e(x1,...,xq; M) quen
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thuoc (xem 1.1.3). Duéi day la mot so tinh chat dang chd y cua Ir j/(z)

(xem [12, Lemma 2.6 va Proposition 2.9]).

Chu y 2.1.5. Cho F 1a mot loc thdéa man diéu kién chi€u va x = x4, ..., 1y

la mot hé tham so tot ctia M tuong tng véi loc F. Ta c6

(i) Irm(z) > 0.

(ii) Ki hiéu 2™ = 21", ..., z)}" v6i moi bo s6 nguyén duong n = (n, ..., ng)
va coi Ir j(2z™) nhu 1a mot ham theo cdc bién ny, ..., ng. Khi d6 ham
nay 12 mot ham khong giam theo nghia [z 3 (2%) < Iz pr(2™) v6i moi

n; < mi,i = 1, ,d

Tuong tu nhu véi hiéu I(z) = (M /(x)M) — e(xy, ..., xq; M) duge dung
dé dac trung tinh Cohen-Macaulay (suy rong) cia modun M, N.T. Cudng va
D.T. Cudng da dung hiéu Ir (z) d€ dac trung tinh Cohen-Macaulay (suy
rong) day cua modun M (xem [12], [13]).

Pinh nghia 2.1.6. Cho F : My € M; C --- C M; = M la mot loc
cac modun con cua M. Thi loc F dugc goi la mot loc Cohen-Macaulay (suy
rong) néu n6 thoa man di€u kién chieu, dim My = 0 va My /My, ..., My /M;_4
1a cdc modun Cohen-Macaulay (suy rong). Ta néi M 1a mot modun Cohen-

Macaulay (suy réng) day néu né c6 mot loc Cohen-Macaulay (suy rong).

Ta két thiic ti€t nay bang mot s6 két qua vé modun Cohen-Macaulay (suy

rong) day dugc ching minh trong [12] va [13].

Ménh deé 2.1.7. Cho M la mot modun Cohen-Macaulay ddy voi loc Cohen-
Macaulay F : My C M, C --- C M; = M. Thi:

(i) Loc Cohen-Macaulay F chinh la loc chiéu D cua M.

(i) HL(M/D;) = 0véi moi i = 0,....,t — 1 va moi j < dim M, — 1
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(iii) Néu x = x1, ..., xq la mot hé tham so tot cua M thi Ip y(z) = 0.

Ménh dé 2.1.8. Cho M la mot modun Cohen-Macaulay suy rong dday voi
loc Cohen-Macaulay suy rong F : My C My C --- C My = M. Thi:

(1) Loc chiéu D ciia M ciing la mot loc Cohen-Macaulay suy rong. Hon
nita, {(D; /M;) < oo vdi moi i < t.

(i) My va HL(M/M;) ¢6 dé dai hitu han véi moi i < t — 1 va moi

(iii) Ddt Ir(M) = sup, Ir m(x), v0i x = x1, ..., T4 chay trén tdt cd cdc hé
tham so'tot cua M tuong ting voi F. Thi

[F(M) = ( 31(M/Mo))

S () (4 o

Hon nita, néu x la hé tham so tot cua M tuong ting voi loc F, thi

mot
Irp(alt, .. x)*) = Ir(M) voi moi ny, ...,ng > 0.
2.2 Mot s6 tinh chat on dinh

Muc dich ctia tiét nay 1a chitng minh mot sd két qua vé tinh chat 6n dinh cua
hé tham s6 tot cua cic médun Cohen-Macaulay suy rong day da duoc gidi

thiéu & dau chuong.
Ki hiéu 2.2.1. Trong ti€t nay ta luon xét
(i) M 1a moét modun Cohen-Macaulay suy rong day chiéu d > 0 véi

loc Cohen-Macaulay suy rong F : My C M; C --- C M; = M,

d; =dim M; v6imoii =0,....t

(ii) Loc chiéu cta M 1a D : HY(M) =Dy C D; C --- C D, = M.
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(iii) Bat Ix(M) = sup, Ir m(x), V6i © = x1, ..., x4 chay trén tat ca cdc h¢
tham s6 tot ctia M tuong tng v6i F. Ta c6 Ix(M) 1a mot hang s6 cho
bdi Ménh dé 2.1.8 (iii).

(iv) Theo Ménh dé 2.1.8 (ii) ta c¢6 Hi,(M/M;) c¢6 do dai hitu han v6i moi
i <t—1vavéimoij < d;;; — 1, nén ton tai mot s6 nguyén duong ny

sao cho m"OH,{I(M/MZ) =0v6imoii<t—1vavéimoij <d;—1
(v) bat ¢; = AnnM; v6imoi i =0, ..., t.

Bo dé 2.2.2. Cho x € m™c¢,_; va y € m™ la cdc phdn tit tham so cuia M.
Vi moi médun con N cua M thoa mdn N C D;_1, voi moi i < d — 1, ta

luon co day khop cac modun sau
0 — H.(M/N) — H.(M/(zyM + N)) — H:Y(M/D;_;) — 0.
Chiing minh. Cha y rang Dy 1 /M, 1 = H2(M /M, ). Nén
02 200 m™ey = (07 ¢1) ispr m™ D My iy m™ = Dy

Dodé D; 1 CN:yyxC Dy q:yyx=D;1.Dandén N :j; x = D;_1, nén
N oy zy = D, 4. Dat M = M/D; 4. Taco biéu do giao hoédn

0 - M —2— M/N — M/(zyM + N) — 0
v i |
0 - M ———— M/N — M/(zM + N) — 0.

Téc dong ham tir H' (e) vao bi€u dé trén ta dugc biéu dé giao hodn

— Hy(BD) - Hy(M/N) —— -
y) i id)
e HL(AT) £ H(MN) —
& day 1", o' 1a cdc déng cdu dan sudt cha M = M/N, M 5 M/N, tuong
ting. Dé thay rang H2(M) = 0 va H! (M) = H: (M /M;_1) v6i moi 0 < i.
Ta cé yHL (M) = 0v6imoi 0 < i < dviy € m™. Nén )’ = 0 v6i moi
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i < d, va ta c6 day khép ngén
0— H-(M/N)— H.(M/(xzyM + N)) = HY (M) — 0

véimoi i < d— 1. O

L4y mot phan tlr tham s6 z € m*%¢;,_; cha M. V6imbii < t — 1 va
j < d—1tagoi E 1a phan tit cha Ext(HLT (M/D,_y), HL(M/M;)) dai

dién boi day khép ngan sau néu né ton tai
0 — HL(M/M;) — HL(M/(xM + M;)) — HLT (M/D;_1) — 0.
Ménh de 2.2.3. Cho x la mot phan tit tham so ciia M. Khi dé
() Néux € m?™¢; 1, thi EY la xdc dinh véi moii < t—1vamoij < d—1.

(i) Néu x € m3o¢, 1, thi B = 0véimoi i <t —1vamoi j <d— 1.

Chiing minh. (i) Theo B8 dé 2.2.2, néu a € m™¢_; va b € m™ 1a cdc
phan tir tham s6 ctia M, thi £’/ va xdc dinh v6i moi i < ¢ — 1 va moi
j <d—1.TuB6 dé 1.4.1 ta c6 v6i mdi phan tir tham s6 x € m?*¢;_; luon
ton tai cac phan tr tham s6 ay, ...,a, € m"¢_1 va by, ...,b, € m"™ sao cho
x =a1by+---+a.b. va a;by + - - - + a;by 1a phan tir tham s6 véi moi k < 7.
Nen EiJ = E/% +---+E.%, laxdcdinh véimoii <t—1vamoij < d—1
theo Dinh 1i 1.3.3 (i).

(ii) Tuong tu, lai 4p dung B6 dé 1.4.1 ta c¢6 thé chon cdc phan tir tham so
ai,...,a, € m>™¢,_; vaby,....b, € m™ sao cho z = a;by + --- + a,b, va
a by + - - - + aby 1a cac phan tir tham s6 v6i moi k& < r. Cac Dinh 1i 1.3.3

va 1.3.4 suy ra

i7j —_ 27]
EY = E

— by )
arbi+-+arb, blEal ™ T bTEa’” =0

véimoii <t—1vamoij<d-— 1. O
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Lay x = x1,...,x4 12 mOt hé tham soO tot cia M twong ung véi loc F.
Nhic lai rang, theo [13, Lemma 3.6], M /x,M ciing 1a mot modun Cohen-

Macaulay suy rong day voi loc Cohen-Macaulay suy rong
Fa: My = (Mo—l—SUdM)/:UdM C---CM;= (MS—I—ZCdM)/IEdM C M/ZCdM,

6days=t—1néud; 1 <d—1,vas=t—2néud;_; =d— 1. Hon nita,

2’ =1, ...,x4-1 1a mot hé tham s6 t6t cua M /x,M tuong tng véi loc F.

B6 dé 2.2.4. Gid sit d > 1. Khi d6 15, p1/s,01(2') = Ir ().

Chitng minh. Tl dinh nghia ctia 7 y/(x) va Ir, /2,0 (2'), ta chi can chiing
minh rang e(a’; M/xqM) = e(x; M) néud; y < d—1,vae(z'; M/x M) =
e(z; M) +e(a’; M;_1) néu d;_y = d— 1. Theo dinh nghia cia boi Serre ta c6

e(as M/xqgM) = e(x; M) + e(2’;0 3 x4).

Vi D;_; 1a modun con 16n nhat cua M cd chiéu nho hon d, nén 0 :j
g € Dy_1. Nén M,y C 0 :) x4. Theo Ménh dé 2.1.8 (i) ta ¢6
dim M; 1 = dim0 :j; xg va £((0 :pr xq)/Mi—1) < oo. Do vay e(z’;0 1
xq) = e(a’; My_1). Dan dén e(a’; M /xqM) = e(z; M) n€u di—y < d—1, va
e(z!; M/xgM) = e(z; M) + e(a’; My—1) néu dyy = d — 1.

]

Dinh 1i duéi day 1a mot mé rong cua [13, Theorem 4.3]. Day la két qua

chinh thit nhat cua chuong nay.

DPinh li 2.2.5 ([42], Theorem 3.6). Cho M la mét modun Cohen-Macaulay
suy rong ddy chiéu d > 0 vdi loc Cohen-Macaulay suy rong F : My C
M, C---C M, =M,d; =dimM,; voi moi i = 0,...,t. Xét ng la mot s6
nguyén diong sao cho w™ Hy(M/M;) = 0 véi moi i < t — 1 va vdi moi
j < di1 — 1. Pdt ¢; = AnnM; véi moi i = 0, ..., t. Cdc khdng dinh sau la
diing
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xq la mot hé tham so tot cua M tuong ving voi loc F

sao cho x; € m30¢; vai moi 0 < i <t — 1 va véi moi d; < j < dj41.

Khi do I]:7M(§) = ]]:(M) va

[F(M) =

( SI(M/Mo))
1 diy1—

(") - (4 sy

M

(i) Ir m(z) = Ir(M) voi moi hé tham s6 tot x = x1, ..., x4 ciia M tuong

ing vdi loc F nam trong m" véi n > 0.

Chitng minh. (i) Ta chiing minh khang dinh bing quy nap theo d. Dé don

gian ta dung ki hiéu h'(e) thay cho ¢(H! (e)). Trudng hop d = 1 1a tdm

thuong vi khi d6 M 1a mot modun Cohen-Macaulay suy rong. Gia st d > 1

va khang dinh duoc chiing minh v6i moi gid tri nhoé hon d. Tir 74 € m30¢,_,
va Ménh dé 2.2.3 tac6é b/ (M /(M; + x4M)) = hI(M/M;) + W (M /M;_4)

v6imoi ¢ <t —1vamoij < d;i; — 1. Theo gia thi€t quy nap ta c6

]fd,M/de(£l> =

_|_

+

Xét hai truong hop.

RO(M /(Mo + z4M))

55 () - (45) Jwoman
((557) - () Jwanron e uan

Truong hop 1. d, ; < d — 1, thi s =t — 1. Tir B6 dé 2.2.4 ta c6

Irm(z)

= KM/ My) +h (M/M,_,)

t—2 diy1—1

+
i=0 j=1

(( i1~ 1) B (dZ]— 1>>(hj(M/MZ.) (MM, ))



() - ()

Truong hop 2. d; 1 =d—1,this=1t— 2. Tacd
Irai(z) = h°(M/Mo) + hH(M/M;1)

> Z () = (1) ) oany s

J

(G M ) T
= RO(M/My) +Z Z <<d _1>—<dif1>>hj(M/Mz-)

J J

e S () (4 s
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B L

S () (4

+ RNM/M,) + Z <d’f 2 )hj(M/Mt_l)

= 2 (D) (5 oy

J

= RO(M/M,) +t21:d§:1 << S 1) - (d"j_ 1))hj(M/Mi).

=0 j=1

Q.

<
I

Do Ir p(y™) 1a mot ham khong gidm theo n = (ny, ..., ng) € N* v6i moi he

tham s6 t6t y = y1, ..., yq cla M tuong ting vdi loc F (xem Chi § 2.1.5), ta

co []:(M) = I]:’M(g).
(ii) Theo B6 dé Artin-Rees, ton tai s nguyén duong k sao cho

m'Ne¢ = m”_k(mk Ne¢) C m"Fe,

v6i moi n > k vamoii = 0,...,t — 1. Cho nén, (i) suy ra riang
Ir m(z) = Ix(M) v6i moi hé tham s6 tot x = x1,...,x4 cla M tuong

ting vé6i loc F chita trong m370+F, O

Néu z € m*%¢; | 1a mot phin tir tham so, thi E%/ 1a xdc dinh véi moi
i <t—1vamoij < d—1do Meénh dé 2.2.3. Nén vGi moi i < ¢t — 1, day
khép ngan
0— M5 M/M; — M/(M; +xM) — 0,

v6i M = M/D;_,, cAm sinh day khép ngin
0 — Hi "(M/M;) — Hi N (M/(M; + 2M)) = 0 g « — 0.

Tac dong ham tr Homg(R/m, e) vao diy khép ngan trén ta dugc day khép
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trai
v6i moi i <t —1. V6éimoi i <t— 1 taki hieu F>?~! [a phan tlir cha modun
Ext(0 :pa(ar) m; 0 :gya-137/57) ™) dai dién boi day khop ngan dué6i day néu

no ton tai

Ménh dé 2.2.6. Cho x va y la cdc phdn tir tham s6 ciia M. Khi dé
(i) Néu x € m*"o¢,_y, thi F~" la xdc dinh voi moi i <t — 1.
(ii) Néu v € m?>otle, | thi Fé’d_l la xac dinh voi moi 1 <t — 1.

Chitng minh. (i) Véi moi ¢ < t — 1, xét biéu d6 giao hodn sau

0 - M —~— M/M; — M/(M; + zM) 0
idl m yl l
0 - Y M/M; — M/(M; + zyM) — 0,

& day M = M/D,_;. Biéu dé trén cam sinh biéu dé giao hoan

M _
0 —— Hy 1(m)HHd !

| | |
0 ) -

Tic dong ham tit Ext’,(R/m, e) vao biéu dé trén ta duoc biéu d6 giao hodn

-0 H (M) M- Ext}Q(R/m, Hgfl(M/Mz»

o

-0 ey ™ - ExtL(R/m, HEY(M/M;) —— -

v6i o, 3 1a cdc dong cdu ndi. Dan dén 3 = y o v = 0 vi y € m. Nen F;/~!

l1a x4c dinh v6i moi ¢+ < ¢ — 1.
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(ii) dugc suy ra tir (i) bang cach sir dung phuong phdp nhu trong chiing minh
Meénh dé 2.2.3 (i). O

Hé qua 2.2.7. Cho v € m? V¢, la mot phdn tir tham sé ciia M. Khi dé
s(Hp(M/(xM + M;))) = s(Hy,(M/M;)) + s(HiH (M/ D))

voimoii <t —1vamoij <d—1,0ddys(N) = dimpg, Soc(N) vdi moi
R-médun N.

Chitng minh. Suy ra tir cic Ménh dé 2.2.3 (ii) va 2.2.6 (ii). O

Tir Hé qua 2.2.7 va bang phuong phédp tuong tu nhu trong ching minh
Dinh Ii 2.2.5 ta dugc két qua chinh thit hai nhu sau.

Dinh li 2.2.8 ([42], Theorem 3.9). Cho M la mét modun Cohen-Macaulay
suy rong ddy chiéu d > 0 vdi loc Cohen-Macaulay suy rong F : My C
My C--- C M, =M,d; =dimM,; voi moi i = 0,....t. Xt ng la mot s6
nguyén diong sao cho w™ Hy(M/M;) = 0 véi moi i < t — 1 va vdi moi
j < dip1 — 1. Pdt ¢; = AnnM; véi moi i = 0, ..., t. Cdc khdng dinh sau la
diing

(1) V&i moi hé tham so tot x = x4, ..., x4 cua M tuong ting voi loc F thoa
man x; € w30t e voimoi 0 < i <t —1vamoid; <j<dir, chisé

khd quy cua (x) trén M la mot hang so va

Nil(z), M) = s<H£<M>>+t: 3 ((")=(%) )stetaoarsan

i=0 j=1

(i1) Ton tai mot s6 nguyén duong n sao cho chi so khd quy ciia moi hé tham

so' tot () C m™ cua M tuong ting vdi loc F la mot hang so.

Nhic lai rang néu M 1a mot modun Cohen-Macaulay day, thi loc Cohen-

Macaulay chinh 12 loc chiéu D ctia M. Khi d6, Hj(M/D;) = 0 véi moi
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j < dipy va HEV(M/D;) = HE* (M) (xem Ménh dé 2.1.7). Tir Dinh li
2.2.8 ta thu duoc két qua chinh cua [54] nhu sau.

Hé qua 2.2.9. Cho M la mét médun Cohen-Macaulay ddy chiéu d. Khi do
ton tai mot s6 nguyén duong n sao cho voi moi hé tham s6 tot x = x1, ..., Xq

ciia M chita trong m" chi s6 khd quy Ng((x); M) la mot hdang so va

d
Nr((z); M) =) dimpm Soc(Hj,(M)).
i=0
Két luan Chuong 2. Trong chuong nay, bang cach dp dung céc Dinh Ii ché
ra ching t6i da mot s6 két qua vé tinh chat 6n dinh clia hé tham s6 tot clia
cac modun Cohen-Macaulay suy rong day. Cu thé, v6i M 1a mot modun
Cohen-Macaulay suy rong day chiéu d > 0 véi loc Cohen-Macaulay suy
rong F. Khi dé, ton tai mot s6 nguyén duong n sao cho véi moi hé tham so
tot x = x1, ..., x4 cua M tuong Gng véi loc F chita trong m” ta c6 [r p/(x)
va Ni((x); M) 1a cac bat bién cia modun (cac Dinh 1i 2.2.5 va 2.2.8).
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Chuong 3

Tinh ché ra cua doi dong diéu dia
phuong trong vanh dia phuong va bac
cua mot modun

Trong chuong nay ta luén xét (R, m) 1la mot vanh Noether dia phuong, va
M 1a mot R-modun hitu han sinh chi€u d > 0. Muc dich cta chuong nay la
xdy dung Dinh Ii ché ra cho cdc modun d6i dong diéu dia phuong H:(M)
trong vanh dia phuong, dic biét khi / = m. Nhac lai rang, trong Chuong 1
vGi a la mot idéan cua vanh R (tuy y), ¢ 1a mot s6 nguyén duong, va = 1la mot
phén tir a-loc chinh quy cta M ta ¢c6 H.(M/xM) = H!(M) & H(M)
v6i moi i < ¢t — 1 néu céc diéu kién sau dugc thoa man: (1) H:(M) la hitu
han sinh véi moi i < t; (2) 2 € a®™ vé6i ng la s6 nguyén duong théa min
a™ C AnnH: (M) v6i moi i < t. C6 thé thay ring dé c6 duoc tinh chét ché
ra cua doi dong diéu dia phuong, ta cAn chon phan tir 2 thich hop nam trong
linh hod tir cia cic modun doi dong di€u dia phuong. Trong Tiét 3.1 ching
ta nhac lai mot so tinh chdt quan trong cta cdc idéan a; = AnnH_ (M),

1 <d—1, va idéan

b(M) = ok Ann(0 : %) ar)(ay, w5 1) M

;=1

véi x = x1, ..., x4 chay trong tat ca cac hé tham s6 cua M. M6i lién hé cta

céc idéan trén thé hién trong cdc bao ham thiic sau
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d—1
[[e(0) Co(M) Cag(M)n---Nag_1(M).
=0

Dac biét, néu R la mot anh dong cdu cua mot vanh Cohen-Macaulay, thi
dim R/b(M) < d — 1 (xem Chd y 3.1.2). Do d6 ta c6 thé tim dugc
nhiing phan tir tham s x cua M nam trong b(M) véi nhi€u tinh chat
diac biét. Chang han 0 :j; z chinh 124 médun con I16n nhat ctia M cé
chiéu nho hon d, ta ki hiéu modun con nay la Uy (0) va goi la thanh
phdn khong tron lan cia M. Trong Tiét 3.2 ching ta ching minh rang
v6i z € b(M)? 1a mot phan tlr tham s6 cta M, thi v6i moi idéan I ta c6
Hi(M/xM) = H{(M) ® H;™ (M /Uy (0)) v6i moi i < d — dim R/I — 1
(xem Dinh 1i 3.2.4). Ap dung Dinh Ii ché ra nay chiing ta s& chi ra mot s6
tinh chat thd vi cia modun M theo cac hé tham s6 x = x4, ..., 4 thoa man
tinh chat z; € b(M/(x;i1,...,29)M)? v6i moi i < d. Mot trong cdc tinh
chit d6 1a ton tai mot dady modun U;(M),0 < i < d — 1, sao cho v6i moi hé
tham s6 x = x1, ..., 24 cha M thdéa man z; € b(M/(xiy1, ..., xq) M)? v6i moi
1i 3.2.9). Tt nhitng modun U; (M) nay trong Tiét 3.3 ta s€ xay dung mot bat
bién s6 cta M, va goi la bdc khong trén lan udeg(M) ciia M. Ta ciing chi

ra mai lién hé cta udeg(M) v6i mot s6 loai bac da biét khac cta M.
3.1 Linh hoa tir cia modun doi dong diéu dia phuong

Trong chuong nay ta thudng xuyén dung céc ki hiéu sau.
Ki hiéu 3.1.1. Cho (R, m) la mot vanh Noether dia phuong, va M la mot
R-modun hitu han sinh chiéu d > 0. Ta dinh nghia

(i) V6imdii < dkihiéua;(M) = AnnH. (M),vaa(M) = ag(M)...aq_1(M).

(ii) bat b(M) = ﬂd Ann(0 : 24) /@y, 25 )M VO & = 21, ..., 24 chay

z5i=1
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trong tit ca cac hé tham so6 cua M.

Linh hod tir cia cac modun doi dong diéu dia phuong phan dnh sau sac
cau tric cua modun M, va déng vai tro then chot trong viéc chiing minh
nhiéu van dé quan trong cta Dai s6 Giao hoan (xem [44] va [32]). Dudi day

la mot s6 tinh chat hitu ich cta a(M).
Cha y 3.1.2. (i) Schenzel trong [59, Satz 2.4.5] chiing minh rang

a(M) C b(M) C ap(M) N --- N ag_1(M).

(ii) N€u R la anh dong cau ciia mot vanh Cohen-Macaulay, thi dim R/a;(M)
? v6i moi ¢ < d (xem [14, Theorem 1.1, Corollary 1.2]). Hon nita
dim R/a;(M) = i khi va chi khi ton tai p € AssM, dim R/p =i (xem
[6, Theorem 8.1.1]).

(iii) Néu R 1a anh dong céu ctia mot vanh chinh quy, theo G. Faltings trong
[58] taco p € supp(M) vap ¢ V(a(M)) khi va chi khi M, 1a Cohen-
Macaulay va dim M, + dim R/p = d. Két qua nay cung ding khi R la
anh dong cau ctia mot vanh Cohen-Macaulay (xem [4, 9.6.6], [14]).

(iv) C4dc khang dinh (ii) va (iii) khong con diing nita néu R khong 13 anh
déng cau ctia mot vanh Cohen-Macaulay. Mién nguyén dia phuong
chiéu hai dugc xay dung bdi M. Nagata 1a mot phan vi du (xem [37,
Example 2, pp. 203—205]).

Trong toan bd chuong nay ta s€ luon xét (R, m) la anh dong cau clia mot
vanh Cohen-Macaulay. Khi d6 theo Chi y 3.1.2 (ii) ta ¢6 dim R/a(M) < d.
Do d6 ta ¢6 thé chon mot phan tir tham s6 z € a(M). T Chd y 3.1.2 (iii) 1a
c6 M, la mot R,-modun Cohen-Macaulay. Phan tir tham s6 x € a(M) duoc

N.T. Cudng goi 1a phdn tir tham s6 p-chudn tdc (xem [10]).

Dinh nghia 3.1.3. Mot hé tham s6 x4, ..., x4 cua M duoc goi la mot hé tham

IA
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5O p-chudn tdc cia M néu x4 € a(M) va z; € a(M/(ziy1,...,xq) M) v6i

moii=d—1,... 1.

Chi y ring hé tham s6 p-chuén tac c6 thé hiéu nhu 1a mot mé rong cua
khéi niém hé tham s6 chuén tic d6i véi modun Cohen-Macaulay suy rong, va
dong vai tro quan trong trong 10i giai bai todn Macaulay héa ctia T. Kawasaki
[32]. Hé tham s6 p-chuén tic z = x1, ..., 74 dudgc xay dung v6i muc dich ban
d4u 1a dua ra diéu kién du dé hiéu

Inrg(n) = 6(M/ (2", ..., 2" ) M) — ny..nge(z1, ..., zq; M)

la mot da thitc theo cac bién ny,...,ng > 0 (xem [7]). N6i chung I/, (n)
khong la da thic theo ny,...,ng ma bi chan trén bdi cac da thiic theo céc
bién ny, ...,ng. Hon nita, bac bé nhit cua cac da thic chan trén [/ ,(n) la
khong phu thudc vao viéc chon hé tham s6 © = x1, ..., x4. Ta goi gia tri bé
nhat nay 1a kiéu da thiic ciia M va ki hiéu 1a p(M) (xem [9]). Néu (R, m)
la anh dong cau cua mot vanh Cohen-Macaulay, thi p(M) = dim R/a(M)
(xem [8]). Khi z = x, ..., 74 12 mot hé tham s6 p-chuan tic ta c6 két qua

dudi day (xem [10, Theorem 2.6 (ii)]).
Meénh dé 3.1.4. Gid sit x1, ..., x4 la mot hé tham sé p-chudn tac cia M. Khi
do
p(M)
]M&(ﬂ) = Z ni...n;e;
i=0

voi moi ny,...,ng > 0, & day e; = e(x1,...,050 ar)(@iy,zM Titl) Va
eo = £(0 :a1/(y,....ca) M T1)-

Gan day N.T. Cuong va D.T. Cudng da gi6i thiéu mot loai day phan tir
dac biét goi 1a dd-day dung dé dac trung tinh chat trén. Trudc hét ta nhéc lai
khai niém d-day duoc gi6i thiéu boi C. Huneke (xem [25]).

Pinh nghia 3.1.5. (i) Mot day phan tht x = x4, ..., x5 dugc goi la mot d-

day cua M néu (z1,...,x,-1)M : x; = (21, ...,2;-1)M : z;x; v6i moi
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i <j<s.

(i) Mot day phan to x = x4, ...,z duoc goi la mot d-day manh cua M
néu 2 = 7', ...,z 1a mot d-day véi moi n = (nq,...,ns) € N°. Hon
nita néu moi hoan vi cta day x = xq, ..., 5 déu la mot d-day manh thi

T = x1,..., x5 dugc goi 1la mot d-day manh khong can diéu kién cia M

Mot s6 tinh chét sau sic ctia ddy phan tir d-ddy c6 thé xem trong [25] va
[52].
Pinh nghia 3.1.6 ([11]). Mot day phan tht x = xq, ..., x5 dugc goi la mot
dd-ddy cua M néu x 1a mot d-ddy manh cua M va cdc diéu kién quy nap

sau thoa man

(1) s = 1 hoac,

(i) s > 1vaz' = xy,...,xs 1 1a mot dd-day cua M /x? véi moi n > 1.

Ta c6 két qua duéi day cua [11, Theorem 1.2].

Ménh dé 3.1.7. Mot hé tham sé x4, ..., vy ciia M la mor dd-ddy khi va chi
khi

p(M)
]M@(ﬂ) = Z ni...n;e;
1=0

voi moi ny,...,ng > 0, & day e; = e(x1,...., 050 ar)@iy,.mM Titl) Va

eo = L(0 :\r/(zg,... wa)M T1)-

Cha y 3.1.8. (i) Theo cdc Ménh dé 3.1.4 va 3.1.7 ta ¢c6 moOt hé tham s6
T1,...,2q ctia M 1a p-chudn tac thi né 1a mot hé tham s& dd-day. Néu
T1, ..., 74 12 mot hé tham s6 dd-day cta M, thi n6 ¢ thé khong 12 mot
hé tham s6 p-chudn tac nhung «}", ..., 2 véin; > i, = 1,....d, la mot

hé tham s6 p-chuén tic ctia M (xem [11, Section 3]).
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(ii)) Modun M c¢6 hé tham s6 p-chuédn tic (hay dd-day) khi va chi khi
R/AnnM 1a anh dong ciu cia mot vanh Cohen-Macaulay (xem [14]).

Trong ti€t nay ching ta nghién cttu mot loai hé tham s6 gan gii v6i hé

tham s6 p-chudn tac, va lién quan dén idéan b(M).

B6 dé 3.1.9. Cho x la mot phdn tit tham s6 ciia M ta c6 b(M) C b(M/xM).

Chitng minh. 1a hién nhién tir dinh nghia ctia b(M). O

Bo dé 3.1.10. Cho z1,...,xq la mot hé tham sé ciia M théa man x; €
6(M/(xit1,...,xq) M) (tuong ing x; € b(M/(xiy1,...,xq)M)>?) véi moi
i < d. Khi do, voi moi j < dta co xy,...,Tj—1,%j41, ..., Tq cing la mot hé
tham s6 cua M /x;M thoa man x; € b(M/((x;) + (ziy1, ..., xq)) M) (tuong
iing x; € b(M/((x;) + (Tit1, -, xa))M)?) véi moi i < d,i # j.

Chitng minh. Néu j = d khang dinh 13 hién nhién. Néu j # d theo B6
de 3.1.9 ta c6 b(M) C b(M/x;M) nén x4 € b(M/x;M) (twong tng
zq € b(M/z;M)?). Ta c6 1, ...,x4-1 12 moOt hé tham s6 cha M/z,M thoa
man z; € b(M/(ziy1,...,2q)M) (twong ting x; € b(M/(xiy1,...,xq)M)?)
v6i moi i < d — 1. Do d6 khang dinh duoc suy ra tir quy nap theo d. O

Két qué dudi day néi lén sy lién hé thd vi b(M) va linh hod tir chia H(M)
v6i idéan [ bat ki.

Ménh dé 3.1.11. Vi I la mét idéan ciia R ta c6 b(M)HY(M) = 0 véi moi
i <d—dimR/I.

Pé ching minh Ménh dé trén ta can két qua sau cuia U. Nagel va Schenzel
(xem [39, Proposition 3.4]).

Bo dé 3.1.12. Cho I la mot idéan ciia R va x4, ..., x; la mot day I-loc chinh
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quy cua M. Vdi moi j <t tacé

Chitng minh Ménh d@é 3.1.11. Dat t = d — dim R/I, 4p dung Dinh If trdnh
nguyeén t6 ta ¢ thé tim duoc mot phan ctia hé tham s6 xq, ..., z; cha M dong

thoi 1a mot day I-loc chinh quy ctia M. Theo Bo dé 3.1.12, vé6i i < t, ta c6

H} (M)

e 1 1R
lF 2 5
AR
< X

~ ~ 4
S S
I
HHV
NN

==

I

~

Vi z1, ...,z 1a moOt phan clia hé tham s6 cua M nén theo dinh nghia b(M)

dé& c6 b(M)Hi(M) =0 véimoii < t = d — dim R/I. =
3.2 Pinh li ché ra cua doi dong diéu dia phuong trong vanh dia phuong

Trong tiét nay ching ta phdt trién Dinh 1i ché ra clia d6i dong diéu dia
phuong trong vanh dia phuong va 4p dung né dé chiing minh mot s6 bat bién
cuia modun M. Ta ludon xét (R, m) la anh dong cdu cua mot vanh Cohen-
Macaulay, va M 1la mot R-modun hitu han sinh chiéu d > 0.

Pinh nghia 3.2.1. Ta néi moédun con 16n nhat caa M c6 chiéu nho hon d 1a
thanh phdn khong tron lan cia M va ki hiéu 1a Uy (0).

Cha y 3.2.2. (i) Néu Npeasspy N(p) = 0 la mot phan tich nguyén so rut

gon ctia modun con khong ctia M, thi Ups(0) = Neim r/p—=aN (P)-

(il) Do dim Uy;(0) < d, ta c6 thé chon mot phan tir tham s6 = cia M chia

trong AnnUj;(0). Nén Uy/(0) C 0 : . Mat khac vi « 1a mot phan ti
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tham s6 nén dim(0 : ) < d. Do d6 Uy;(0) = 0 : z. Theo Dinh nghia
cua b(M) tacé b(M) C AnnUy(0). Nhu vay, néu z € b(M) la mot
phan ti tham s6 ctia M, thi Uy,(0) =0 : z.

(iii) Theo (ii) ta ¢6 N, Ann(0 :j; ) = AnnU)(0), & day x chay trong tat ca
cac phan tir tham s6 cua M. Do dé
d

b(M) - ﬂ Ann (0 : 'TZ)M/(.rl ..... in—l)M

;=1
d

= ﬂ Ann UM/(iL'h...,l'ifl)M(O)?

=1

Vv6i x = 11, ..., x4 chay trong tat ca cdc hé tham so ctia M.

B6 dé 3.2.3. Cho I la mét idéan ciia R va x,y € b(M) la cdc phdn ti tham
so'cia M. Dt M = M /Uy (0) vat = d—dim R/1. Khi d6 véi moii < t—1
ta luon cé day khdp ngdn

0— Hy(M) — Hy(M/xyM) — H;™ (M) — 0.
Hon nita, néu HY (M) = HY(M) thi ta c6 ddy khdp ngdn
0— H \(M) — H ' (M/xyM) — 0 :gar) 2y — 0.

Chiing minh. Tu Chi y 3.2.2 (ii) ta c6 Up(0) = 0 :py . = 0 1y xy. Ta cod

biéu dé giao hoén sau

0 - M — M — M/xM — (
.
0 - M vaaM/xyMHO.

a
—

Tac dong ham tir d6i dong diéu dia phuong H'(e) vao biéu d6 trén ta c6 cic
biéu d6 sau 1a giao hodn véi moi ¢ < t — 1
wi

H} (M)
id

H}(M) — Hj(M/aM) — -+

oo l

———— Hy(M) —— Hy(M) —~ Hy(M[oyM) — ",

-~
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v6i ¢ va ' 1a cdc dong cdu din sudt thit ¢ clia cdc dong cdu M = M va
M X M, tuong tng. Theo Ménh dé 3.1.11, yH:(M) =0 véimoi i <t — 1

nén ' = 0 véi moi i <t — 1. Vay ta c6 cdc ddy khép ngén
0— Hi(M)— Hy(M/zyM) — H*'(M) -0
v6i moi i < t — 1. Hon nita, néu H'(M) = H(M) thi ta c6 diy kh6p ngan
0— Hy '(M) — H; '(M/xyM) — 0 g0y 2y — 0.
[l

Véi céc ki hiéu nhu trén, xét 2 € b(M)?, v6i moi i < t — 1, ta ki hiéu
E' 1a phan tir trong Ext(H: (M), Hi(M)) dai dién béi diy kh6p ngan duéi

day néu no ton tai
0— Hj(M)— Hy(M/xM) — H;™ (M) — 0.

Trong trudng hop i = t — 1, gid st HY(M) = HL(M), tdc dong ham tir
Hom(R/b(M), e) vao day khép ngan

0— Hy "(M) — Hy '(M/xM) = 0 :oapy @ — 0
ta thu dugc day khép trdi dusi day
0 — Hy '(M) = 0 :-1iaspnry 6(M) = 0 gy b(M).

Ta ki hieu F/~! 1 phén tit cia Ext(0 : 550y b(M), Hi™'(M)) dai dién béi
day khép duéi day néu no ton tai

0 — Hy H(M) = 0t iagymnny 6((M) = 0 :gan) 6(M) — 0.
Xét céc phan tir tham s6 cua M c6 dang zy vé6i x,y € b(M) theo B6 dé
3.2.3 ta thay Efcy la xdc dinh v6i moi ¢ < ¢t — 1, tdc 1a zy thdéa man diéu kién

(#) da néu trong Tiét 1.3. Hoan toan tuong tu nhu ching minh Dinh 1i 1.4.4
va cac Ménh d¢ 2.2.3, 2.2.6 ta c6 két qua ra sau.
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DPinh i 3.2.4. Cho I la mét idéan cua R va x la mét phan tie tham sé cuia
M.Ddt M = M/Uy(0) vat=d—dim R/I. Khi dé
(i) Néu x € b(M)? thi E! la xdc dinh véi moi i <t — 1.
(i) Néu x € b(M)3 thi E. = 0 véi moi i < t — 1. Hon nita, néu
HY(M) = HY (M) thi FI=! = 0.
biac biét, khi / = m ta co.

Hé qua 3.2.5. Ldy * € b(M)3 la mot phdn tit tham s cia M va ddt
M = M /Uy (0). Khi dé

H, (M /2 M) = Hy (M) @ H (M)
voi moi 1 < d— 1, va
0 gt (g gy B(M) = Hy7H (M) © 0 g ary b(M),
Chi ¥ rang trong luan 4n Tién si cta minh, D.T. Cudng ciing da ching

minh mot két qua twong tu nhu Hé qua 3.2.5 trong trudng hop cac phan tir
tham s6 c6 dang z" v6i « € a(M) van > 5 (xem [61, Ménh de 2.3.3]).

Hé qua 3.2.6. Ldy x € b(M)? la mot phdn ur tham s6 cua M va ddt
M = M /Uy (0). Véi moii < d— 1 ta cé

dim Soc(H: (M /xM)) = dim Soc(H (M)) + dim Soc(H.(M)).

Dinh 1i dué6i day la mo rong cia Hé qua 1.4.7 va Dinh 1i 2.2.8.

DPinh li 3.2.7. Cho x = x1,...,x4 la mot hé tham s6 cua M thoa man
x; € 6(M/(ziy1, ..., wq)M)3 véi moi i < d. Pét M; = M/(x;i1,...,29) M

voi moi i < d, ta co

(1) Modun H&(MZ) khong phu thudc vao viéc chon hé tham sé x voi moi

j < i< d(sai khdc mot dang cdu).
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(ii) dim Soc(H%(Mi)) la mot hang so titc la khong phu thudc vao viéc chon
hé tham so x voi moi j < i < d. N6i riéng, chi s6 khd quy Ng((z); M)

ciia idéan tham soé (x) trén M la mot hang so.

Chitng minh. (i) Xét mot hé¢ tham s6 y = yi,...,yq cia M thoa man
yi € 6(M/(yit1, ., ya) M) véimoii < d. Dat M = M/(yis1, ..., ya) M voi
moi 7 < d. Ta chi cin chiing minh bing quy nap ring Hi,(M;) = Hi, (M)
v6i moi j < i < d. V6i d = 1 khang dinh 12 hién nhién. Xét d > 1, v6i
i=d~—1Vizgys € b(M)>nén Hé qua 3.2.5 suy ra rang
H; (Mg) = Hy (M) @ HyM (M) = Hj, (M)

voimoi j < d—1. Gidsui < d—1, dodimR/b(M,;41) < i+ 1 va
dim R/b(M/, ;) < i+ 1 nén theo Dinh Ii trdnh nguyén t6 ta c6 thé chon mot
phan tir tham s6 z clia ca M, va M/, sao cho z € b(M;41)> Nb(M],)>.
Ap dung gia thiét quy nap cho modun M, va M/, tacé

Hy(M;) = Hj, (Mg /21 Migy) = HY (M/(2, %ig, ..., 2a) M),

Hy, (M) = Hy (M4 /yii M) = Hy (M (2, Y2, ..., ya) M)
v6i moi j < i. Theo B6 dé 3.1.10 ta c6 thé coi o, ..., Tg VA Yita, ..., Yq 12
nhing phan ctia hé tham s6 cta M /2 M théaman z; € b(M/(z, x4, ..., xg) M)?
vay; € b(M/(z,yj41, -, ya)M)? v6i moi i + 1 < j < d. Lai 4p dung gia
thi€t quy nap cho modun M/zM ta c6

H%(M/(z,xiﬂ, ey g) M) = H%(M/(Z,yi_i_Q’ s Ya) M)

v6i moi j < i. Khang dinh dugc chitng minh.
(i) Pat M = M /Uy(0). Tir Hé qua 3.2.6 véi moi i < d — 1 ta c6

dim Soc(H: (M /xM)) = dim Soc(H (M)) + dim Soc(H:(M))

3

la khong phu thudc vao viéc chon phan tir tham s6 = € b(M)°. Lap lai

phuong phap chitng minh ctia (i) ta thu duoc dim Soc(HL(M;)) 1a khong
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phu thudc vao viéc chon hé tham s6 z v6i moi j < ¢ < d. Pac biét, khi
i=7=0tacé Np((z); M) = dim Soc(HY(M/(xy,...,x4)M)) 1a mot bat

bién cua modun. O

Néu M 1a mot modun Cohen-Macaulay, thi v6i moi hé tham s6 z, ..., x4

ta ¢0 Unr/(zys,.wym = 0 vOi moi 1 <7 < d. Khi M 1a mot modun Cohen-

Macaulay suy rong va m™ H'! (M) = 0 v6i moi i < d, theo cdc Hé qua 1.4.5,
1.4.6 ta c6 cdc modun

Unt/aonsownnt = HYM/ (2341, ..o za) M) = @D HL(M)(5)

=0

12 khong phu thudc vao viéc chon hé tham s6 z1, ..., x4 ndm trong m>"™ véi
moi 1 < i < d. Du6i day ta chiing minh riang véi moi 1 < i < d cdc modun
l1a mot hé tham s6 ctia M théa min x; € b(M/(z;11,...,24)M)? v6i moi
i < d, sai khac mot dang cdu. Dudng nhu cdc modun nay phan 4nh sau sic

tinh Cohen-Macaulay ctia modun M. Trudc hét, ta can bo dé sau.

B6 dé 3.2.8. Cho x € b(M)? la mot phdn tir tham s6 ciia M. Khi dé modun

Unt/zni(0) khong phu thuge vao viée chon x (sai khdc mot dang cdu).

Chitng minh. Tt Dinh 1i 3.2.7 (i) ta thiy a;(M/zM),i < d — 2, va do d6
a(M /xz M) khong phu thudc vao viéc chon x. Nén idéan

b’ = Va(M/xM) = \/b(M/xM)
la khong phu thuoc vao viéc chon x € b(M)3. Tu Chd y 3.2.2 (ii) ta c6
Unt/en(0) = Hy(M/2zM). Vi dim R/b < dim M/zM — 1 = d — 2, Dinh
1i 3.2.4 (ii) suy ra rang
HY(M/xM) = HY,(M) @ H (M /Uy (0)).
Vay Upz/.1(0) khong phu thuoc vao viéc chon « € b(M)? (sai khiac mot
déng cau). O
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Str dung B6 dé 3.2.8 va lap lai hoan toan chiing minh Dinh If 3.2.7 ta ¢

két qua sau.

Pinh li 3.2.9. Cho x = x1,...,x4 la mét hé tham sé cua M thoa man
x; € b(M/(xis1, ..., 2q)M)3 v6i moi i < d. Véi moi 1 < i < d, cdc modun
mot dang cdu).

Ki hiéu 3.2.10. V6i m6i 0 < i < d — 1 ta ki hieu U;(M) la mot
modun sao cho v6i moi hé tham s6 + = zq,...,x4 cuia M thdéa man
v6i moi 0 < i < d — 1. Chd y rang khi d6 Uy_1(M) = Uy (0).

Hé qua 3.2.11. Ldy v = z;,...,xq,7 > 1, la mot phdan hé tham soé cuia
M théa man z; € b(M/(xji1,....,xa)M)> véi moi i < j < d. Ta
co b(M/(x;,...,xq) M) = b(M/(x]",...;x)*) M), véi moi n; > 1 va moi
i1 <j<d.

Chitng minh. Trudng hop i = d, xét y = y1, ..., Y41 la mot h¢ tham s6 cua
M/xqM, ta c6 né cing la mot hé tham s6 cua M /"M, ng > 1. Theo
B6 dé 3.1.9 suy ra x4 va do d6 ) thuoc b(M/(yy, ..., yj—1)M)> v6i moi
1 < j < d— 1. Nén Pinh Ii 3.2.9 khang dinh Uy, 0 1 0am(0) =
Ustftgro s 2y (0) ¥6i moi 1 < j < d — 1. Theo Chid § 3.2.2 (iii) ta c6

d—1
b(M/zq) = ﬂ Ann UM/(ylan-ayj—laxd)M(O)
yg=1
d—1
- m Ann UM/(ylr-'ayj*thdld)M(O)
y;j=1

= b(M/zy"),

v6i y = y1, ..., Y41 chay trong tat ca cic h¢ tham s6 ctia M /x4M.

N

Ta ching minh bai todn bang quy nap theo d. Truong hop d = 2 la
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suy ra tr khang dinh trén do khi d6 i = 2. Gia st d > 3 vai < d.
Vi z; € b(M/(xii1,...,2zq)M)3, d4p dung gid thi€t quy nap cho modun
M/(xi+1, ceey SL‘d)M ta co

b(M/(LUZ, Li+1, 7Id)M) - b<M/(x?i7$i+la ,LUd)M)

v6i moi n; > 1. Lai do B6 dé 3.1.10 ta c6 x; € b(M/ (2}, xj41, ..., xq) M)?

v6i moi j =i+ 1,...,d. Ap dung gia thiét quy nap cho modun M/x!" M ta

7

CcO
b(M/(l'?i,xi+1, ,Qi’d)M) - b(M/(x?l7x?—zk+11,ﬂfgl)M>
v6i moi 741, ..., ng > 1. Khang dinh dugc chiing minh. O

Hé qua 3.2.12. Cho x = x1,...,xq la mot hé tham sé cua M thoa mdn
x; € b(M/(xi41, ..., 2q)M)3 v6i moi i < d. Khi d6 véi moi b n s6 nguyén

diong (ni,...,ng) ta ¢6 x € b(M /(1 ...,z ) M)? véi moi i < d.

Chitng minh. suy truc ti€p tir Hé qua 3.2.11. O

Ménh dé 3.2.13. Xét © = x1,...,xq la mot hé tham s6 cia M théa man
x; € 6(M/(zis1, ..., wq) M)3 véi moi i < d. Khi dé hiéu
Inpg(n) = 0(M/ (2, ...,z ) M) — ny..nge(xy, ..., xq; M)

la mot da thitc theo cdc biénn = nq, ..., ng, cu thé

p(M)
Inig(n) = Z ni..nie(xy, ..., x; Uif(M))
i=0

voi moi n; > 1, & dé p(M) la kiéu da cia M. Néi riéng, v = w1, ..., x4 ld

mot hé tham s6 dd-ddy.

Chitng minh. Vi moi bd n = ny, ..., ng cac s6 nguyén duong, theo Hé qua
3.2.12tacé z" € b(M/(z', ..., x)")M)? véi moi ¢ < d. Nen Dinh 1{ 3.2.9

suy ra

(085 )M g 20 (0 o )M 2 U (M)
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v6i moi 0 < i < d — 1. Ap dung cong thitc Auslander-Buchsbaum (xem [2,

Corollary 4.3]) ta c6
d—1

Ina(n) = Z e(z", ., xs (vl )M ooy x5 (25 ) M)
i=0
d—1

= ) e(al, .. 2] Ui(M))

d—

0

1
= an...nie(aﬁl, ooy Ly Uz(M))
1=0

la mot da thic theo cac bién nq,...,ng. Theo Chu y 3.2.2 (iii) ta cé
AnnU;(M) 2 b(M) v6imoi i < d — 1. Do d6 dimU; < p(M) v6i moi
i <d-—1vidimR/b(M) = dimR/a(M) = p(M). Nén cac boi Serre
e(x1, ..., x;; Ui(M)) =0 v6imoi p(M) < i <d— 1. Vay

p(M)
Ina(n) = Z ny...ne(x, ..., x; Ui (M)).
i=0

Tinh chét cta dd-day cua x = x4, ..., x4 dugc suy ra tir Ménh dé 3.1.7. O
Quy wéc 3.2.14. Cho modun M véi loc chiéu
D:DycDiC---CD =M,

Vvoi d; = dim D; v6i moi ¢ < t. Xét x = x1,..., x4 1a moOt hé tham s6 cua
M théa man z; € b(M/(zji1,...,2q) M) v6i moi j < d. V6i mdi i < t va
d; <j<d-—1taco

Di N (ZE']'+2, ceey I’d)M = 0.

Do d6 ta c6 thé dong nhat D; véi mot modun con cta M/(zj1, ..., xq) M.
Lai c6 dim D; = d; < j+ 1 = dim M/(zj42,...,7q) M, nén D; dang céu
v6i mot module con cta U;(M) v6i moi d; < j < d — 1. D€ don gian trong
trinh bay ta s€ viet D; C U;(M) véimoi d; < j < d — 1.

Két qua duéi day cho ta mot dac trung cia modun Cohen-Macaulay day.
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Ménh dé 3.2.15. Cdc khang dinh sau la tuong duong

(1) M la médun Cohen-Macaulay day.

(1) D; = U](M) VOi moi 1 < t, d; <7< d«i+1.

Chitng minh. (i) = (ii) 12 hién nhien.
(i) = (i) Xét z = x1,...,24 1a mot hé tham s6 cua M théa man z; €
b(M/(xi1,...,2q)M)? v6i moi i < d. Theo Ménh dé 3.2.13 ta c6

d-1

Inig(n) = an...nje(scl, ey Uj(M)).

=0
Boi vi D; = UJ(M) Vol m01z <t d; < ] < di+1 nén 6([61, ey Ljs U](M)) =

Ovéimoii <t,d <j<d.Dodd

t—1
Inia(n) = an...ndie(xl, ey ;s D).
i=0
Theo [12, Theorem 4.2] ta c6 M 1a modun Cohen-Macaulay day. O

Véi moéi modun M cac modun U; (M), 0 < i < d — 1, cho ta mot tap
idean nguyén t6 dac biéet lien he véi M 1a U] AssU;(M). Chi ¥ ring néu
p € AssM vadim R/p < d thip € AssUy(0) = AssUy_1(M). Duéi day ta
chi ra mai lién hé ctia AssUy_o(M) v6i diéu kién Serre (S2).

Pinh nghia 3.2.16. Véin > 1, ta n6i modun M 1a thdéa man diéu kién Serre

(S,) tai p € supp(M) néu
depth M, > min{dim M, n}.

Ta n6i M 1a thoa man diéu kién Serre (S,,) néu M thoéa man diéu kién Serre

(S,) tai v6i moi p € supp(M).

Co thé thay ring R thoa man diéu kién (S;) khi va chi khi AssR =

minAssR. Néu R théa man dieu kién (53) va di€u kién day chuyén (di€u nay
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luon dung véi gia st R 1a anh dong cau ciia mot vanh Cohen-Macaulay), thi
AssR = AsshR, & day AsshR = {p|p € AssR,dim R/p = dim R} (xem
[47, Corollary 2.24]). Nguogc lai Goto va Y. Nakamura trong [21, Lemma
3.2] chiing minh rang néu AssR C AsshR U {m}, thi tap hop

F(R) = {p € Spec(R) | dim R, > 1 = depthR,, p # m}

la hitu han. Do d6 R khong thda man di€u kién (S3) tai mot s6 hitu han
idéan nguyén t6. Két qua dudi day cho ta mo ta rd hon vé tap hop dac biét

nay trong truong hop modun.
Ménh dé 3.2.17. Gid sit médun M thoa mdn AssM C AsshM U {m}. Ddt
F (M) ={p € Spec(R) | dim M, > 1 = depthM,, p # m}.

Khi a6 F(M) = AssUy_o(M) \ {m}.

Chiing minh. Xét © € b(M)? 1a mot phan tir tham s6 cua M. V6i moi
p € AssUgo(M) \ {m} tacép € AssM/xzM vadim R/p < d— 2. Do d6
dim M, > 1 = depthM,. Vay AssU;_2(M) \ {m} C F(M).

Xétp € F(M), vi depthM, = 1 nén v6i moi phan tir tham s6 z € p ta c6
p € AssM/zM. Do d6 p € AssM/(zz)M, vavidimR/p < d — 2 ta c6
p € AssUnry(e)m(0) = AssUy—o(M). Ménh dé duoc chitng minh. O

Chu y 3.2.18. (i) Gia sit M 1a moédun théa man AssM C AsshM U {m}.
Chon z 1a mot phan tir tham s6 ctia M sao cho z ¢ p véimoip € F(M).
Khi d6 M thoéa man diéu kién Serre (.S7) tai moi idéan nguyén té p # m
chia . Nén M /2 M théa man diéu kién Serre (57 ) tai moi idéan nguyén

to p # m. Do d6
Ass(M/x M) C minAss(M/xM) U {m} = Assh(M/xzM) U {m},

déng thic thit hai 1a do tinh day chuyén cia R.
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(i) Pat M = M/Uy(0). Xét x € b(M)? N b(M)>? la mot phan thr
tham s6 ctia M va do d6 1a mot phin tit tham s6 ctia M. Pat b’ =
b(M/xM), 0" = b(M/xM) vab =b'Nb". Tacé dimR/b < d— 2.
Do d6 Uyo(M) = HY(M/xM) C H)(M/xM). Mat khic do
dim HY(M/xM) < d — 1 nén Uy_o(M) = H)(M/xzM). Tuong tu
ta c6 Uy o(M) = H)(M /xM). Tt chiing minh B8 dé 3.2.8 ta c6

Ugo(M) = H)(M)® H (M /xM)

Ugo(M) = H(M)® H:(M/xM) = H{ (M /xM).
Vay Uy_o(M) dang cau véi mot modun con clia Ug_o(M).
Ménh dé duéi day dong vai tro quan trong trong ching minh két qua chinh
cua ti€t sau.

Meénh dé 3.2.19. Cho M la mot R-modun hitu han sinh chiéu d > 2. Xét x la
mot phan tit tham sé cia M va x ¢ pvoi moi p € AssUp (0)UAssUy_o( M)\
{m}. Khi do ta c6 day khdp ngdn sau

0 — Uni(0)/zUn1(0) = Upgenr(0) — Ha(M /zM) — 0,
véi M = M /U (0).
Chitng minh. Vi Up(0) NaM = x(Up(0) :pr x) = xzUp(0), ta c6 day khép
ngan sau
0 — Up(0)/2Up(0) — M/xM — M/xM — 0.

Néu dim Uy (0) = 0 thi dim Uy (0)/2Ux(0) < d — 1. Néu dim Uy (0) > 0
thi « 1a phan t&r tham s6 ctia ca M va Uy (0) nén dim Uy (0)/xUp(0) =
dim Uy (0) =1 < d—1. Do d6 Uy;(0)/xUy;(0) dang cau v6i mot moédun con
cta M /xM c6 chiéu nhd hon d— 1. Nén ta c6 thé dong nhat Uy (0)/xUj,(0)
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v6i mot modun con ctia Up/,a4(0). Ta c6

Usto77(0) = Unt/enr (0)/(Uni(0)/2Une (0)).

Mat khac vi x ¢ p v6i moi p € AssUj o(M) \ {m} nén z ¢ p véi
moi p € AssUy o(3) \ {m} do Chd ¥ 3.2.18 (ii). Theo Ménh dé 3.2.17
va Chi y 3.2.18 (i) ta c6 Ass(M/xM) C Assh(M/xM) U {m}. Do dé

Uzt .32(0) = HO (M /xM). Vay ta c6 day khép ngin

3.3 Bac khong tron 1an cua mot modun

Ta ludn xét (R, m) la anh dong cdu ciia mot vanh Cohen-Macaulay, I 1a mot
idéan m-nguyén so va M la mot R-modun hitu han sinh chiéu d > 0. Muc
dich cua ti€t nay l1a xay dung mot loai bic méi cho modun M dua trén cac
modun U; (M) da thu duge trong tiét trude. Ta biét rang ¢(M /1™ M) la mot
da thic bac d khin > 0 va
! , n+d—1
O(M/THM) = ;(—1)261(1, M) ( Iy ) .

Cac hé s6 ¢;(I, M), i =0, ...,d dugc goi la cdc hé s6 cla da thic Hilbert-
Samuel cia modun M tuong tng véi . Dac biét eg(1, M) duge goi la boi
Hilbert-Samuel cia modun M tuong tng vé6i I, khi I = m ta viét don gian la
eo(M). Trong ti€t nay ta dung ki hiéu deg(/, M) (tuong ung deg(M)) thay
cho ey(I, M) (tuong ting ey(M )). Cong thiic boi lién két dudi day chi ra rang
deg(I, M) chi phu thudc vao céc idéan nguyén t6 lién két c6 chiéu cao nhat
cua M (xem [6, Corollary 4.6.8])

deg(I, M) = Z (r,(My)deg(I,R/p). (%)
peAsshM
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Chd y rang néu p la idéan nguyén t6 lién két t6i ti€u cua M, thi M, c6 do

dai hitu han va M, = HSR (M,). Nén cong thiic (x) c6 thé dugc viét lai nhu
P

sau

deg(I, M) =" (g, (Hjg, (Mp))deg(I, R/p). (x%)
peAsshM

Duéi day ta nhic lai mot s6 bat bién s6 ctia M lién quan dén deg(I, M) dua
trén viéc mo rong tap cic idéan nguyén td clia cong thic (xx) (xem [56]).
Pinh nghia 3.3.1. Xét loc chiéu

D:DyCDiC---CDy=M
cua M va d; = dim D; v6i moi ¢ < t. Ta c6 deg(/, M) chi lién quan dén
cac idéan nguyeén t6 lién két p cb chi€u cao nhit tic 1a p € AssM/D;_;.
Bdc s6 hoc cua M tuong iing voi I, adeg(I, M), dugc dinh nghia nhu sau

adeg(I, M) = >!_,deg(I,D;). Xét p € AssD;, dimR/p = d;. Ta c6
p ¢ AssM/D;. Do dé6 tir diy khdp ngan

0—=D;,—M— M/D; — 0
ta co HSRP((D%')P) = HSRP(MP)' Vay

adeg(I, M) = Z ERP(HSRP(MP))deg(I, R/p). (% **)
peAssM

Nhu vay adeg(I, M) > deg(I, M), va dau bang xay ra khi va chi khi moi
idéan nguyén t6 clia M déu c6 chiéu cao nhat titc 1a Uy, (0) = 0.

Cha y 3.3.2. Gia st thém rang (R,m) la anh déng c&u ctia mot vanh
Gorenstein dia phuong (S,n) chi€u n. Khi d6 M ciing 1a mot S-modun
va p € Assg(M) khi va chi khi pR € Ass(M). Hon nita, deg(/, M) khong
thay doi khi xem M nhu mot S-modun.

(i) Theo Dinh 1i DB6i ngau dia phuong (xem [4, 11.2.6]) ta c6

HI (M) = Homp(Exty(M, S), E(R/m))
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v6i moi ¢ > 0, & day £ (R/m) la bao noi xa clia R-modun R/m. Theo
Chii y 3.1.2 (i) va cdc Pinh 1f 1.1.9, 1.1.10 ta c6 dim Exty(M, S) <
n — i, va BExt(M,S) = 0néu i > n — depth(M) hoac i < n — d. Hon
nita Ext’s(M, S) # 0 néu i = n — depth(M) hodc i = n — d.

(ii) Vi S 1a Gorenstein nén ta c¢6 thé chon mot diy S-chinh quy 1, ..., 7,_

nim trong AnnM. Theo [6, Lemma 1.2.4] ta c6 Exti %(M, S)
HOHIS(M, S/(:T;l, ey :Un_d)S). Do do6

SH

112

Asss(Ext? (M, S)) = Assg(Homg(M,S/(x1,..., 2n_a)9))
= AssgS/(x1,...,Tp—q)S Nsuppg(M)
= {p € AssgM | dim S/p = d}.

(iii) Do (.S, n) la mot vanh Gorenstein nén

S/nnéui=n

Ext(S/n, S) = {

0 néui#n

Néu N 1a mot modun c6 do dai hitu han, bang quy nap theo ¢(N) ta c6
thé chiing minh ring /(N) = ((Ext%(N, S)).

(iv) Theo (i) day khép ngan
0— HY(M)—= M — M/HY (M) — 0
cho ta day khép sau
Ext(M/HY(M),S) — Ext%(M,S) — Ext(HY(M),S) — 0.

Vi depth(M/HO(M)) > 0 nén Ext%(M/H%(M),S) = 0. Vay
Ext?(M, S) = Ext%(HY (M), S). Nén theo (iii) ta c6 ((Ext%(M, S)) =
((Hy (M) .

(v) T (iv) ta c6 n € AssgM khi va chi khi n € Assg(Ext(M,S)). Xét
p € Spec(S) va ht(p) = h, bang dia phuong héa ta c6 p € AssgM khi
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va chi khi p € Assg(Ext(M, S)) va

(vi) Theo (ii) va (v) ta ¢6 dim Ext" *(M, S) = d, hon nifa deg(I, M) =
deg(I,Exte%(M, S)). Ta cling c6

adeg(I, M) = Z a; - deg(I, Extg(M, S)),

6 day a; = 1 néu dimExty(M,S) = n — i, vda a; = 0 néu
dim Ext%(M, S) < n — i. Mat khéc, néu dim Ext4(M,S) = n — i
thi

deg (I, Extly(Extsy(M, S),S)) = deg(I, Extls(M, S)),
va néu dim Ext% (M, S) < n — i thi Extly(Exts(M, S), S) = 0. Do d6

adeg(I, M) =) _deg(, Extis(Extls(M, 5), 5)).

(vi1) Theo (v) ta cé
AssM C UASS(EX'G%(M, S)).
i>0

Ta biét rang deg(M), adeg(M) phan dnh cau tric phiic tap cia modun M.
Nhim ki€m soat t6t hon cdc do phiic tap nay va thuan tién trong st dung L.
Doering, T. Gunston va W. Vasconcelos da dua ra khai niém bdc mo rong
ciia moédun phdn bdc M va phat trién mot trudng hop dic biét ciia bac mo
rong la bdc dong diéu ciia moédun phdn bdc M (xem [19], [55], [56]). Bac
mo& rong cua mot modun trén vanh dia phuong dugc xem xét boi MLE. Rossi,
N.V. Trung va G. Valla trong [45] . Su m& rong tu nhién cua cac khai niém
nay cho idéan m-nguyén so [ dugc néu ra trong [33].
Pinh nghia 3.3.3. Cho M (R) la pham trii cic R-modun hitu han sinh. Mot

bdc mo rong trén M(R) tuong ting voi idéan I 1a mot ham s6

Deg(l,) : M(R) - R
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thda man céc diéu kién sau

(i) Deg(I, M) = Deg(I, M) + ¢(H2(M)), véi M = M/HO (M).
(i) Deg(I, M) > Deg(I, M/xM) v6i moi phan tir tong quat z € I \ m/
cua M.
(iii) Néu M Ia Cohen-Macaulay thi Deg(I, M) = deg(I, M).

Pinh nghia 3.3.4 ([55]). Gia st (R,m) la anh dong cau cua mot vanh
Gorenstein dia phuong (S, n) chi€u n, va M 1a mot moédun R-hitu han sinh
chiéu d. Khi d6 bdc dong diéu, hdeg(I, M), cua M tuong iing voi I dugc
dinh nghia d¢ quy nhu sau

. d—1 .
hdeg(I, M) = deg(I, M) + g (i Cmd— 1) hdeg (I, Exty(M,9)).
t=n—d+1

Chu y 3.3.5. (i) Dinh nghia 3.3.4 1a ¢6 nghia vi dim Exts(M, S) < d véi

moit=n—d+1,..n.

(ii) hdeg(7, o) lamot bac mé& rong cua M(R), va hdeg(I, M) = deg(I, M)
khi va chi khi M 1a mot R-modun Cohen-Macaulay.

(iii) Néu M 1a mot modun Cohen-Macaulay suy rong, thi £(Ext? (M, S)) =
((HL(M)) v6imoii=0,....d — 1. Tacé

S

hdeg(1. M) = deg(I. M)+ S (d;1>z(H;(M)).

Il
=

(iv) (xem [56, Proposition 3.5]) Néu dim M = dim .S = 2 thi
hdeg(I, M) = adeg(I, M) + ¢(Ext%(Extg(M, S), S)).
Cho dén nay bac dong diéu la loai bac m& rong duy nhat dugc xay dung ro

rang. NGi chung bac dong di€u cia mot modun 14 kho tinh todn va thuong la

cac gia tri sO 16n. Du6i day ta s€ xay dung mot bac mé rong cua M(R) dua
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trén cdc modun U; (M) = Upr/(z,,y,...20)m(0) V6i 21, ..., 24 1a mot hé tham s6
bét ki cia M théa man z; € b(M/(ziy1, ..., xq)M)3 v6i moi i < d. Chd y
rang dim U;(M) <iv6imoi 0 <i <d— 1.

Ki hiéu 3.3.6. Cho modun M véi thanh phan khong tron 1an Uy, (0). Ta dinh
nghia

deg(I,Up(0)) néu dim Uy (0) =dim M — 1

deg(I, Uy (0)) =
g, Un(0) {0 néu dim Uy (0) < dim M — 1.

Pinh nghia 3.3.7. Cho M 1a mot R-modun hitu han sinh chiéu d. Ta dinh
nghia bdc khong trén lan cia M tuong ing voi I, udeg(I, M), nhu sau

d—1
udeg(l, M) = deg(I, M) + Zdeg(L Ui(M)),
i=0

.....

tham s6 bat ki ctia M théa man z; € b6(M/ (2,1, ..., x4) M)3 v6i moi i < d.
Ngoai ra, v6i méi 0 < i < d—1 ta dinh nghia udeg, (I, M) = deg(I, U;(M)).

Ta chitng minh mot s6 tinh chat co ban ctia udeg(/, M).
Pinh li 3.3.8. Cho M la mét R-médun hitu han sinh chiéu d. Ta cé
deg(I, M) < adeg(I, M) < udeg(l, M).
Hon nita
(i) deg(I, M) = udeg(I, M) khi va chi khi M la médun Cohen-Macaulay.
(ii) adeg(I, M) = udeg(I, M) khi va chi khi M la médun Cohen-Macaulay
day.
Chitng minh. Bét dang thic thit nhat 1a hién nhién, va (i) 12 mot hé qua truc
ti€p cua (ii). Xét loc chiéu

D:-DycDicCc---CcDi=M
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cta M v6i d; = dim D; v6i moi ¢ < t. Nhic lai rang

t—1
adeg(I, M) = deg(I, M) + Z deg(I, D;).
i=0

Véi moi ¢ < t theo Quy udc 3.2.14 tacé D; C Uy (M). Nén dim Uy, (M) =
d; va do d6

—

deg(la DZ) < deg(Iv Udz(M)) - deg(lv Udz(M))

Vay adeg(I, M) < udeg(I, M).

(i) Néu M 1a modun Cohen-Macaulay day dp dung Ménh dé 3.2.15 ta c¢6
ngay adeg(/, M) = udeg(, M).

Xétxy, ..., v41a mot hé tham s6 cia M théaman z; € b(M /(x4 1, ..., xq) M)3
v6i moi ¢ < d. Gia st adeg(l, M) = udeg(I, M) khi d6 ta c6 deg(I, D;) =
deg(I, Uy, (M)) va deg(I,U;(M)) = 0 v6i moi i < t va d; < j < diy1.
Gia st M khong 1a modun Cohen-Macaulay diay. Theo Ménh dé 3.2.15
ta c6 thé tim dugc s6 nguyén j, 16n nhdt sao cho D;, # U;, (M) véi
iy < jo < digs1. Dat M' = M/(zo45, .. za)M ta 6 x5 € b(M')?
va U, (M) = Upp /s, ,,m0(0). Pat b" = b(M'/z;,2M"). Tl dinh nghia cua
jo ta ¢6 D;, la modun con 16n nhét ctia M’ ¢6 chiéu nhé hon dim M’ — 1.
Theo Quy udc 3.2.14 ta dong nhat D;, véi mot modun con cua Uj, (M) =
HY(M'/z,,,2M"). Nén D;, 1a b'-xoan va do d6 D;, = HY(M’). Tir chiing
minh B6 dé 3.2.8 ta ¢c6

Uio(M) = Dy, & Hy(M' /Ups (0)).

Vi D;, C U, (M) nén HL(M'/Uyp(0)) # 0. Ta déng nhédt HY, (M’ /Upp(0))
v6i modun con N ctua M'/xj oM’ = M/(xj,12, ..., 2q) M. Dat dim N = h.
Vi N déng c4u v6i mot modun con ctia Uy, (M) ta c6 dim U, (M) = h. Nén
deg(I,Up(M)) # 0. Suy ra ton tai iy < ig dé d;, = h. Tacé D;, & N Ia

modun con 16n nhat cia M'/z; oM’ = M/(xj,+2,...,x4)M c6 chiéu d;,.
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Theo Quy udc 3.2.14 ta coi D;, & N la mot modun con cua Uy, (M). Ta cé
deg(]7 Udil (M)) > deg(]7 D“) + deg(la N) > deg(Ia DZ1)

Diéu nay 1a mau thuin véi khang dinh deg(I, D;,) = deg(1, Uy, (M)). Vay
M 1a modun Cohen-Macaulay day. O

Ménh dé 3.3.9. Cho N la mot nodule con cé do dai hitu han cua M. Ta cé

udeg(I, M) = udeg(Il, M/N) + ¢(N).

Chitng minh. Xét x1,...,xq la mot hé tham so6 cua M théa man z; €
O(M/(2is1,...,wqg) M)3Ob(M/((2i41, ..., 25) M + N))? v6i moi i < d. Theo
Ménh dé 3.2.13, a1, ..., 74 1a mot dd-day nén HO.(M) N (21, ..., xq)M = 0.
Dan dén v6i moi 0 < j < d — 1 ta ¢6 day khép ngéan

00— N — M/(:E‘j+2, ...,ZEd)M — M/(N + (l’j+2, ,I‘d)M) — 0.

Do d6 U;j(M/N) = Uj(M)/N v6i moi 0 < j < d — 1. Dan
dén deg(I,U;(M/N)) = deg(I,U;(M)) v6i moi 1 < j < d—1 va

deg(I, Uy(M/N)) = deg(I,Uy(M)) — ¢(N). Khing dinh bay gid 1a hién

nhieén. m

Ménh dé 3.3.10. Cho M la mot médun Cohen-Macaulay suy rong chiéu d.

Khi do
d—-1

udeg(I, M) = deg(I, M) + ) _ (d ; 1)E(Hg;(M)).

=0
Chitng minh. Xét x1,...,xy la mot hé tham s6 cua M thdéa man z; €
b(M/(xi11, ..., 1) M)? v6i moi i < d. Ta c6

d—i—1
M) 2 B0 (v )30) = D) Y01 (5

v6imoi 0 < ¢ <d-—1. Nendeg( Ui(M)) =0v6imoi 1 <i<d—1va
deg(I, Up(M)) = Zj;() (* ; " ¢(H}L(M)). Ménh dé duge ching minh. O
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Ménh dé 3.3.11. Cdc khang dinh sau la diing

(i) Néu d = 1 thi udeg(I, M) = adeg(I, M).

(i) Néu d = 2 thi udeg(I, M) = adeg(I, M) + L(HL(M /U (0))).

Chiing minh. (i) 12 hién nhién.

(i1) Xét hai truong hop.

Truong hop dim Uy, (0) = 0, khi d6 ta c6 M 1a mot moédun Cohen-Macaulay
suy rong nén theo Ménh dé 3.3.10 ta c6

udeg(I, M) = deg(I, M)+ ((Hy(M)) + ((H,(M))
= adeg(I, M) + ((Hy(M/Hy(M))).
Truong hop dim Uy, (0) = 1, khi d6
adeg(I, M) = deg(I, M) + deg(I, Ups(0)) + L(HY(M)).

Mat khéc U;(M) = Uy(0) nén deg(I,U(M)) = deg(I,Up(0)). Xét
x5 € b(M)3 1a mot phan tir tham s6, theo chitng minh BS dé 3.2.8 ta c6

Un(M) = Hy(M/wsM) = Hy (M) & Hy(M/Un(0)).
Ménh dé dugc chiing minh. O

Hé qua 3.3.12. Gid su (R, m) la dnh dong cdu cua mot vanh Gorenstein va
dim M = 2. Ta c¢6 udeg(I, M) = hdeg(I, M).

Chitng minh. Khong mat tinh téng qudt ta c6 thé gia st (R, m) 1a mot
vanh Gorenstein chiéu hai. Néu Uy (0) = HY(M) ta ¢c6 M 1a modun
Cohen-Macaulay suy rong, khing dinh suy ra tir Ménh dé 3.3.10 va Chi
y 3.3.5 (iii). Gia st dim Uy;(0) = 1, theo Ménh dé 3.3.10 va Chid y 3.3.5
(iv) ta chi can chiing minh £(HL (M /Uy (0))) = £(ExtR(Exts(M, R), R)).
Do AssM/Uy(0) = {p|p € AssM,dimR/p = 2} nén Chd y 3.3.2
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(i) va (v) suy ra rang Extp(M/Uy(0), R) 1a
va ((Extp(M/Uy(0), R)) = ((Hy(M/Un(0))
dia phuong. Theo Chd y 3.3.2 (iii) ta c6 {(Ext}(Extn(M, R),R)) =
((HO (ExthL(M, R))). Vi vay ta chi can chiing minh ring

modun ¢6 do dai hitu han,

theo Dinh 1i d6i ngau

U(Exth(M/Up(0), R)) = ((HA(Exth(M, R))).
Xét day khép ngan
0— Up(0) > M — M/Up(0) — 0.
Theo Chi y 3.3.2 (i) day khép trén cam sinh day khép ngéan
0 — Exth(M/Uy(0), R) — Exth(M, R) — Exth(Ux(0), R) — 0.
Theo Chi y 3.3.2 (ii) ta c6 HO (Extp(Up(0), R)) = 0. Nén
Extp(M/Un(0), R)) = Hy(Extp(M/Un(0), R))) = Hy(Extp(M, R)).

Hé qua dugc hoan toan chiing minh. O

D€ chitng minh bac khong tron 1an 12 mot bac mé rong ctia M (R) ta chi
con phai ching minh tinh chat (ii) cua Dinh nghia 3.3.3. Chiing ta s€ ching
minh bac khong tron 14n c6 dang diéu tot khi chia thuong cho cac phdn tir

bé madt.

Pinh nghia 3.3.13. Mot phan to z € [\ mI dugc goi la mot phan tir bé mdt

cua M tuong ting voi I néu ton tai s6 nguyén duong c sao cho
(I"M:2)NI°M =1"M

véi moi n > c.

Cha y 3.3.14. (i) Goi G;(R) = @®,>0I"/I""! 1a vanh phan bac lién két clia
R tuong tng v6i [ va G;(M) = @,50I"M/I" M 1a G;(R)-modun
phan bac. Pat (G;(R)), = ®,>11"/I1"". Khi d6 x 1a mot phan tir bé
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mat cua M tuong tng vGi [ khi va chi khi dang ddu =* cua x trong
G7(R) la mot phan tit (G;(R))-loc chinh quy cta Gj(M). Dé thay
khi d6 x 1a mot phan tr /-loc chinh quy cua M.

(ii) Phan tr bé mat cua M tuong ting v6i I ludn ton tai néu thém gia thiét
truong thing du R/m c¢6 vo han phan ti. Hon nita ta luon c6 thé
thém vao gia thiét nay bang phép chuyén phing trung thanh vanh co
s6 R — R[X]ng(x), 6 day X la mot bién.

(iii) (xem [37, 22.6]) Xét = 1a mot phan tir bé mat cua M tuong Gng véi 1.
Véin>0tacd I"M ;2 =0: £+ "M nén ta cé

(M /(I 4 (2))M) = (M /T M) — ¢(M /T M) + £(0 231 )
voi n > 0.

(iv) Xét = la mot phan tir bé mat cia M tuong tng v6i I. Theo (iii)
ta ¢c6 deg(I,M/xM) = deg(I,M) néu d > 2, va {(M/xzM) =
deg(I, M /xM) = deg(I, M)+ £(0 :py x) néu d = 1.

Bo dé 3.3.15. Cho M la mot R-modun hitu han sinh chiéu d > 2. Xét phdn
i tham s6 x cua M théa man x la mot phan ti bé mdt cua Uy (0) tuong
ing voi 1, va x ¢ p voi moi p € AssUy_o(M) \ {m}. Ta cé

deg(1, Ung/ar(0)) = deg(1, Uni(0))
néu d > 3, va

deg (I, U/ (0)) = deg (1, Uns(0)) + £(0 o) ) + 400 g1 (a0 0)) )

néu d = 2.

Chiing minh. Dat M = M /Uy (0), theo Ménh dé 3.2.19 ta ¢6 day kh6p ngéan

0 — Unr(0)/2Un(0) = Ungyuns(0) = Ho (M /a2 M) — 0.
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Truomg hop d > 3. Néu dim Uy (0) < d — 1 thi dim Uy (0)/2Ux(0) <
d — 2. Do d6 dimUy/yp(0) < d — 2. Din dén deg(I, Upsas(0))

0 = deg(I,Up(0)). Néu dimUp(0) = d — 1 ta ¢6 dim Uy, (0) =
d—2 > 0. Nén deg(I,Upr/p1(0)) = deg(L,Up(0)/xUp(0)). Viz
mot phan tr bé mat cua Uy (0) twong tng véi I nén deg(l, Uy (0))
deg(1,Up(0)/xUp(0)) do Chii y 3.3.14 (iv). Vay

deg (I, Ups2ar(0)) = deg(I, Unr(0)).
Truong hop d = 2 ta ¢6 Upz/,a/(0) 1a mot modun ¢6 do dai hitu han. Do dé
deg (1, Upr/er1(0)) = £(Uns/eas (0)) = £(Urr(0) /2Urr (0)) +€(HO(M 2 M)).
Néu dim Uy;(0) = 1 theo Chi y 3.3.14 (iv) ta c6
(Uar(0)/2Un1(0)) = deg (I, Unr(0)+£(0 pr @) = deg(L, Unr(0)+£(0 g ar) ).
Néu dim Uy (0) = 0 thi deg(Z, Up(0)) = 0 va Uy, (0) = H®(M). Nen
(U (0)/2Un(0)) = deg(, Un (0)) + £(0 g ) @)-
Mat khac day khép
0—+M>5M-—M/zM —0
cam sinh day khép d6i dong diéu dia phuong
0— HY(M/xM) — HL.(M) > HL(M).
Do d6 ((Hy(M/xM)) = (0 : 1 ) ). Vay
deg(I, Uns/ar(0)) = deg(I, Unr(0)) + £(0 g ar) @) + €00 1y (ajng o)) ©):
B6 dé duoc hoan toan chitng minh. O

Bo dé 3.3.16. Gid s x la mot phdn tir tham s6 ciia M ¢6 chiéu d > 2 thda
man x & p voi moi p € AssU; (M) \ {m} véi moi 1 <i < d— 1. Khi do ta
c6 thé chon mot phdn tir tham s6 x4 € b(M)3 ciia M sao cho x la mét phdn

1t tham s6 cua M [xq M.
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Chitng minh. Néu dim Up;(0) < d — 1 thi dim R/b(M) < d — 2 do Chi y
3.1.2 (ii). Do d6 ta c6 thé chon mot phan tir tham s6 x4 € b(M)? sao cho
x va x4 1a mot phan hé tham s6 cia M tic 1a z 1a mot phan tir tham s6 cua
M/xz M.

Néu dim Uy, (0) = d — 1, dat M = M /U,;(0). Xét diy khép ngan

0 — Up(0) = M — M — 0.
Day khép trén cho ta diay khép doi dong diéu dia phuong
o HA(U(0)) — HY(M) — Hy(R) -
Neén a;(M) = AnnH: (M) D AnnU,(0).a;(M) v6i moi i > 0. Do dé
V() = \/a(M) 2 \/ AnnlUy;(0).a(3) = \/ Annl(0).6(31).

Xét q € AssM/:cM, dim R/q = d — 1 bat ki. Do dim R/b(M) < d — 2
nén b(M) € g. Gia st AnnUpy(0) C q ta ¢6 q € AsshUy(0) do
dim Uy;(0) = dim R/q = d — 1. Diéu ndy mau thuan vé6i khang dinh x ¢ p
voi moi p € AssUy_1 (M) \ {m}. Nen AnnUj;(0) € q, do d6 b(M) £ q véi
moi q € AsshM/xM. Vay ta c¢6 thé chon x4 € b(M)? sao cho x4 1a mot

phén tir tham s6 cta ca M va M/xM. Do d6 = 1a mot phan tir tham s6 cua
M /z4M. B6 dé duoc chiing minh. O

Pinh li 3.3.17. Cho M la mét R-médun hitu han sinh chiéu d. Xét x la mot
phan tir bé mdt cuia cd M va cac U;(M), 1 < i < d—1, tuong ting véi I. Ta
co

udeg(l, M/xM) < udeg(I, M).

Chitng minh. Trudc hét ta chi ¥ rang do 2 1a mot phan tr bé mat ctia U; (M)
twong tng véi I nén x ¢ p véimoi p € AssU;(M)\{m} véimoil <i < d—
1. Truong hop d = 1 1a hién nhién do udeg(I, M) = deg(I, M)+{((H2(M))
va udeg(I, M/xM) = ((M/xM) = deg(I, M) + ¢(0 :p; x). Do dé ta c6
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thé gia st d > 2. Ap dung lién ti€p B6 dé 3.3.16 ta c6 thé chon mot hé tham
6 w1, ..., x4 clia M sao cho x; € b(M/(xi 1, ...,24)M)? v6i moi i < d, va
T, Ty, ..., 74 12 mot hé tham s6 cha M. Nén z; € b(M/(z, i1, ...,xq9)M)?

véimoi 2 < i < d do B dé 3.1.10. Ta c6

d—1
udeg(I, M) = deg(I, M)+ deg(I,U;(M))
1=0
d+1
= deg(I, M) +Zdeg (L, Unt)ay oy (0)),
7=2
va
d—2 -
udeg(I, M/xM) = deg(I,M/xM)+ Y deg(I,Ui(M/zM))
=0
d+1 -
= deg(I, M/xM)+ Y deg(I, Urt/(ay....cnnr(0)).
j=3

Vi x 1a mot phan tir bé mat cta M tuong tng v6i I nén deg(I, M /xM) =
deg(I,M). V6i moi j > 3 ta ¢6 dim M/(zj,...,xq)M > 3. Theo Bo dé
3.3.15taco

—

deg(]; UM/(x,:z:j,...,xd)M(O)) =de ( UM/ ..... )M(O))
V6i moi 3 < j < d+1.Pat M = M/(xs, ..., 2)M ta c6 dim M’ = 2. Lai
4p dung Bo dé 3.3.15 ta c6
deg(I, Unpjenrr(0)) = deg (1, Unrr(0))+£(0 < arry 2) (0 1y (ar /0,0 (0)) )-
Tur chiing minh B6 dé 3.2.8 ta c6

Up(M') = Hy(M' 22 M") = Hy(M') & Hy(M'/Usr (0)).

deg(I, Up(M')) = ((HY(M")) + ((Hp (M’ /Up1r(0)))-
Dan dén deg(I, Upy /o (0)) < deg(I, Unr(0)) + deg(I, Ug(M")), titc I

..........
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Vay udeg(I, M/xM) < udeg(I, M). Pinh 1i dugc chitng minh. O

Chu y 3.3.18. Gia st (R,n) la anh dong ciu cua mot vanh Gorenstein S
chiéu n, va M 1a mot modun Cohen-Macaulay ddy. Ta c6 Ext’ (M, S) hoac
la modun Cohen-Macaulay hoac 1a moédun khong v6i moi ¢. Theo Chad y

3.3.2 (v) va Dinh 1i 3.3.8 ta c6 (xem [38, Theorem 3.11])

d—1
udeg(I, M) = adeg(I, M) = deg(I, M) + > _ deg(Ext? '(M, 5)).
i=0
Theo [38, Theorem 3.5] ta ¢c6
-1 0 |
hdeg(I, M) = deg(I, M) + Z ( , )deg(Extg_Z(M, S)).
7
i=0

Do d6 udeg (I, M) = hdeg(I, M) khi va chi khi Extgfi(M, S) = 0 v6i moi
1 <1 < d— 2. Nén hai khéi niém udeg va hdeg la phan biét.

Trong cic vi du dué6i day ta dung cac ki hieéu adeg(M ), hdeg(M) va

udeg(M) thay cho adeg(m, M), hdeg(m, M) va udeg(m, M), tuong tGng.
Vi dll 3.3.19. Lﬁ:y R = k[[Xl,...,X4]]/(X12,X1X2,X1X3) vol k la mOt
truong va X;,1 < ¢ < 4, la cac bién. Ta ki hiéu x; la anh cua X;

trong R. Ta ¢6 R la mot vanh Cohen-Macaulay day chiéu 3 véi loc chiéu

D:0C (x1) € R. Tacd
deg(R) =1 < adeg(R) = udeg(R) = 2 < hdeg(R) = 3.

Vi du 3.3.20. Lay R = k[[X1, ..., X7]]/(X1, Xo, X3) N (X4, X5, Xg) V6i k
la mot truong va X;, 1 < ¢ < 7, 1a cac bié€n. Ta ki hiéu x; 1a anh cta X;
trong R va m = (x1,...,x7). Ta dé thidy deg(R) = adeg(R) = 2. Dat
S = k[[X1, ..., X7]] tir day khép

00— R— R/(.Il,JZQ,ZUg) S, R/(.ZU4,$5,$6) — R/(Q?l, --'7-776) — 0

ta c6 thé ching minh dugc ring Exti(R,S) = 0 v6i moi i # 3,5.
Hon nita Ext¥(R,S) = R/(x1,72,13) ® R/(v4, 75, 16) va Exty(R,S) =
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R/(x1, ..., 7). Do d6 hdeg(R) = 2+ (}) - 1 = 5. Theo Dinh I d6i ngiu dia
phuong ta c6 H' (R) = 0 v6i moi i # 2,4 va H2(R) = HL(R/(x1, ..., 7).
Ta ¢6 a(R) = b(R) = (x1,...,x¢). Dat u,v,w la mot phan hé tham so
clia R sao cho u € b(R)*, v € b(R/(u))? va w € b(R/(u,v))>. Sk dung

Heé qua 3.2.5 ta c6 thé tinh cic modun d6i dong diéu dia phuong nhu bang sau

Hi(e) |0 1 > 3 1
R 0 0 K 0 HE(R)
R/(u) |0 K K Hy(R/(u) | 0
R/(u,v) |0 KoK H:(R/(u,v)) 0 0
R/(u,v,w) | 0| HL(R/(u,v,w)) 0 0 0

o day K = HY(R/(x1,...,76)). Ta c6 thé kiém tra rang U3(R) = Ug(0) =
(O), UQ(R) = R/(I‘l,...,$6), Ul(R = R/(I‘l,...,l’ﬁ) D R/(xl,...,a?ﬁ) va
Up(R) = (0). Dan dén udeg(R) = 4.

Céc vi du néu trén dan ta dén cau hoi sau.

Cau hoi 3.3.21. Phai chang udeg(/, M) < hdeg(/, M) v6i moi R-moédun

hitu han sinh M va moi idéan m-nguyén so [?

Két luan Chuong 3. Trong chuong nay chiing to6i da thuc hién duoc mot s6

cong viéc nhu sau:

1. Xay dung Dinh 1i ché ra cta d6i dong dicu dia phuong trong vanh dia
phuong (xem Dinh 1i 3.2.4).

2. Ap dung Dinh 1i 3.2.4 d€ ching minh mot s6 bat bién clia modun (xem
cac binh 1i 3.2.7 va 3.2.9).

3. Xay dung khéi niém bac khong tron 1an cuia modun. Pong thoi ching
minh bac khong tron 14n 1a mot bac mé rong (xem Dinh 1i 3.3.8, Ménh

de 3.3.9 va binh 1i 3.3.17).
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Chuong 4

Tinh hiru han cua tap idéan nguyén to
lién keét

Trong chuong nay chiing t6i luén xét a la mot idéan cua R va M 1a mot R-
modun. N6i chung cdc modun doi dong diéu dia phuong H: (M) c6 céu tric
phitc tap va cé thé khong 12 mot R-modun hitu han sinh ngay ca khi M1a
mot R-modun hitu han sinh. Chd ¥ rdang mot modun khong hitu han sinh
nhung tap idéan nguyén t6 lién két cia né van c6 thé 1a hitu han. C. Huneke
trong [26, Problem 3.3] da dat ra cau hoi: Phai chang AssH! (M) luon 1a mot
tap hitu han khi M 1a mot moédun hitu han sinh vé6i moi ¢ > 0? Cau hoi cla
Huneke dugc dac biét quan tam khi vanh co s 1a mot vanh chinh quy (xem
[27], [34], [49]). Khi vanh c& s6 khong la chinh quy néi chung cau hoi cua
Huneke khong con ding do cac vi du cua A. Singh trong [48] va M. Katzman
trong [29]. Trong chuong nay ching toi mudn chiing to ranng tinh ché ra cua
doi dong diéu dia phuong c6 thé 4p dung dé nghién citu tap idéan nguyén
to lién két cua modun doi dong di€u dia phuong. Chiing toi quan tam dén
cau hoi ctia Huneke trong nhiing diéu kién nhat dinh. Cu thé, trong Tiét 4.1
chiing t6i s& chiing minh AssH! (M) 1a hitu han néu H!(M) 1a moédun doi
dong diéu dia phuong dau tién khong hitu han sinh va supp(H.(M)) 1a khong
hitu han (xem Dinh 1i 4.1.8). Két qua trén 1a téng hop cac két qua chinh cua

M. Brodmann va A.L. Faghani trong [5], va cua K. Khashyarmanesh va Sh.
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Salarian trong [30]. Trong Tiét 4.2 chiing t6i st dung Dinh Ii ché ra 1.4.4 dé
nghién ctu tinh hitu han ctia tap cac idéan nguyén to lién két ciia mot ho cac
modun thuong (xem Dinh 1i 4.2.9). Bai tinh doc 1ap cta van dé nén Chuong

4 ¢6 thé hiéu 1a mot phan phu luc cua luan an.
4.1 Modun FSF

Trudc tién, ta nhac lai két qua chinh clia Brodmann va Faghani trong [5], va
ciia Khashyarmanesh va Salarian trong [30].

DPinh li 4.1.1. Cho M la mét R-médun hitu han sinh va t la mot s6 nguyén
khong am. Khi dé AssHL(M) la mot tdp hop hitu han néu mot trong cdc

diéu kién sau thoa man
(i) H.(M) la hitu han sinh véi moi i < t.
(i) supp(H(M)) la mot tdp hitu han véi moi i < t.
Muc dich cta tiét nay la dua ra mot két qua tong hgp cho Dinh 1i 4.1.1.
Pé lam duoc diéu ndy ta gidi thiéu 16p modun FSF.
Pinh nghia 4.1.2 (Xem [41]). Mot R-modun M duoc goi la mot médun FSF

néu ton tai mot modun con hitu han sinh N cua M sao cho supp(M/N) la

mot tap hitu han.

Tur dinh nghia ta thdy ngay AssM hitu han néu M 1a FSF. Nhéc lai ring
mot pham tru con cua pham tri caic R-modun dugce goi 1a mot pham tri con
Serre néu né déng véi phép lay modun con, modun thuong va mo rong.
Ménh de 4.1.3. Pham trit cdc médun FSF la mot pham trii con Serre ciia

pham tri cac R-médun.

Chitng minh. Xét day khép ngéan cac R-modun
0—> M — M — My — 0.
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Ta dé dang ching minh néu M 1a modun FSF, thi cic modun M; va Mo
cling 1a FSF. Gia st M; va M, la cic modun FSF. Goi N; va N, la cac
modun con hitu han sinh ctia M; va M,, tuong ting, sao cho supp(M;/Ny) va
supp(Ma/Ns) 1a céc tap hop hitu han. Ta ¢6 thé gia st rang M; 12 mot modun
con cua M va M, la modun thuong ctia M. Xét cac phan ti zq, xo, ..., x,
Va Y1, Yo, ..., Ym c0a M sao cho x1, o, ..., z, 12 cdc phan tu sinh cia N; va
U1, Yoy -+, Uy 12 cac phan tlr sinh cia Ny trong My = M /My, & day ta ki hiéu
Y = y+ M. Goi N 1a modun con ctia M sinh boi x1, To, ..., Ty, Y1, Y2, -.vs Ym.
Ta c6 N 1a hitu han sinh, va khang dinh supp (M /N) 1a mot tap hitu han dugc
suy ra tur day khop

Ml/Nl — M/N — MQ/NQ — 0.

Vay M 1a FSF. O

Nhan xét du6i day cho ta twong quan gitta pham tra cdc moddun FSF va

mot s6 pham tri moédun khac.

Cha y 4.14. (i) Pham tru cic modun FSF chita pham tri cic modun

Noether va pham tru cic modun Artin.

(i1) H. Zoschinger trong [60] dinh nghia mot R-modun M 1a mot modun
minimax néu ton tai mot modun con hitu han sinh N sao cho M/N la
moOt modun Artin. Pham tri cic mddun minimax ciing 1a mot pham tru
con Serre cua pham trii cic R-modun. Khi vanh co sé 1a vanh dia phuong
Noether diy du (R, m), thi mot médun M la minimax khi va chi khi n6
la phan xa Matlis tic 1a M = Homg(Homg (M, E(R/m)), E(R/m)),
& day E(R/m) 1a bao noi xa cia R-modun R/m (xem [20, Proposition
1.3]). Tir cdc dinh nghia ta thady néu modun M la minimax, thi M cling
la FSF.

(111) K. Divaani-Aazar va A. Mafi trong [18] dinh nghia mot R-mo6dun M la
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mot médun Lasker yéu né€u moi modun thuong ctia M déu cdé tap idéan
nguyén to lién két 1a hitu han. RS rang, pham tri cic moédun Lasker
y€u la pham tri con Serre 16n nhat cua pham tru R-modun sao cho moi
modun trong ndé déu ¢6 mot s6 hitu han cdc idéan nguyén td lién két,
va do d6 néu mot modun 1a FSF thi né ciing 1a Lasker yéu. Gan day,
K. Bahmanpour va A. Khojali chi ra ring mot modun 1a FSF khi va chi

khi né Ia Lasker yé&u (xem [3]).

Bo dé 4.1.5. Cho M la mét R-modun FSF va N la mot R-modun hitu han
sinh. Khi d6 Ext's(N, M) va Torl (N, M) la cdac médun FSF véi moi i > 0.

Chitng minh. Ta s& chiing minh tinh FSF ctia Ext’, (N, M), con tinh FSF clia
Torf(N, M) s& dugc chiing minh tuong tu. Vi M 13 FSF, nén tén tai mot
day khép ngan

0 — My — M — My — 0,
v6i M 1a hitu han sinh va supp(Ms) 1a hitu han. Day khép trén cam sinh
cac day khop
Ext’y (N, M;) — Exts(N, M) — Ext’ (N, My)

v6i moi i > 0. Do NV va M; 1a cac modun hitu han sinh va supp(Ms) 1a mot
tap hitu han, ta c6 Ext', (N, M;) 1a hitu han sinh va supp(Ext’ (N, Ms)) 1a
hitu han. Nen Ext’% (N, M) 1a FSF vé6i moi i > 0. O

Meénh dé 4.1.6. Cho a la mot idéan cua vanh R, va M la mot R-modun FSF.
Xét t la mot s6 nguyén khong am sao cho H:(M) la FSF véi moi i < t. Thi

Homp(R/a, HL(M))

la FSF. N¢i riéng, Assgp(HL(M)) la mot tdp hop hitu han.

Chitng minh. Khang dinh sau duoc suy ra tir khang dinh dau va tinh chat
Assp(HL(M)) = Assg(Hom(R/a, HL(M))).
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Ta ching minh Hompg(R/a, H,(M)) 1a FSF bang quy nap theo ¢. Trudng
hop ¢t = 0 1a hién nhién do Homp(R/a, H)(M)) € M. Xétt > 0 va dat
M = M/HY(M). Khi d6 M 1a FSF theo Ménh dé 4.1.3, H)(M) = 0, va
Hi(M) = Hi(M) véi moi i > 0. Do d6 Hi(M) 1a FSF véi moi i < t va
H!(M) = H{(M). Thay thé M béi M, ta c6 thé gia st ting H)(M) = 0.
Vi Assp(M) 1a mot tap hitu han nén ton tai mot phan tit a € a sao cho a la

M -chinh quy. Ta ¢6 day khép ngin sau

0— M- ML M/aM — 0,

vGi p 1a phép chiéu tu nhién. Day khdp nay cho ta cac day khép d6i dong
diéu dia phuong

Ho(M) — Hy(M/aM) — H" (M)
v6i moi i > 0. Nén H!(M/aM) la FSF v6i moi i < t — 1. Bang quy nap
cho M/aM ta ¢c6 Homg(R/a, H."Y(M/aM)) 1a FSF.
Mt khéc, xét dy khép
Hi7 (M) =5 17 (00) " BT (M ab) — HY(M) < Hy(M). (+)

Pat N = i—% va N’ = coker(H!™(p)). Téch day kh6p (x) thanh hai

day khép ngan sau
0— N — H7 Y (M/aM) — N' =0, (+x)
0— N — HL(M) > HL(M). (% * *)
Tir day khép (xx) ta c6 day khép
Homp(R/a, H (M /aM)) — Homg(R/a, N') — Exty(R/a, N).

Theo trén modun ngoai cung bén trai la FSF, va modun ngoai cuing bén phai
12 FSF do B6 dé 4.1.5. Dan dén Hompz(R/a, N') 1a FSE. Hon nifa, (%) cam
sinh day khép

0 — Homp(R/a, N') — Homp(R/a, H,(M)) = Homg(R/a, H.(M)).
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Dong cau nhan

a: Homp(R/a, H:(M)) — Hompg(R/a, H.(M))

112

la dong cdu khong do a € a. Nén ta ¢c6 Homp(R/a, H:(M))
Homp(R/a, N') 1la mot FSF modun. O

Chia y 4.1.7. Hoan toan twong tu nhu trén ta c6 thé ching minh ring
Hompg(R/a, H.(M)) 1a hitu han sinh néu H!(M) 1a hitu han sinh v6i moi
1 < t.

Dinh Ii duéi day 1a hé qua truc ti€p ctia Ménh dé 4.1.6 va la mot mé rong
cua DPinh Ii 4.1.1.

DPinh li 4.1.8 (Xem [41], Theorem 3.2). Cho a la mot idéan cua R, va M la
mot R-modun hitu han sinh. Xét t la mot s6 nguyén khong am sao cho H.(M)
la hitu han sinh hodc supp(H.(M)) la mot tdp hitu han véi moi i < t. Khi
dé Assgp(HL(M)) la mot tdp hitu han.

4.2 Chiéu hiru han cia moédun tuong ing v6i mot idéan

Trong ti€t nay ta luon xét a la mot idéan cua R, va M 1a mot R-modun hitu
han sinh. Chiing ta s& ding Dinh Ii ché ra 1.4.4 v Hé qua 1.4.6 dé nghién
ctru tinh hitu han cuta tap cac idéan nguyén t6 lién két lién quan véi chiéu

hitu han ctia M tuong tng véi a.

DPinh nghia 4.2.1. Chiéu hitu han cia M tuong ting voi a duoc dinh nghia

nhu sau
fa(M) = inf{i € Ny| H(M)khong 12 hitu han sinh},

& day ta quy ude gia tri nho nhat cia mot tap rong la oo.
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Dudi day ta luon xét modun M khong 1a a-xoan va M # alM, khi d6
fo(M) 12 mot s6 nguyén duong. Ménh dé duéi day cho ta khang dinh manh
hon Dinh Ii 4.1.1 (i).

Ménh dé 4.2.2. Cho t va ng la cdc s6 nguyén duong théa man t < fo(M)
va a™H! (M) = 0 véi moi i < t. Véi moi day a-loc chinh quy x1, ..., z; clia

M chita trong a®™ ta c6

Ass(M/(x1,...,x) M) NV (a) = OASSHE‘(M
Néi riéng, AssHL (M) la mot tap hop hitu han.
Chitng minh. Theo Hé qua 1.4.6 ta c6

Howmp(R/a, M/(x1, ..., 2)M) = €D Homp (R /a, Hi(M))().
i=0

Khang dinh duogc suy ra tir ddng ciu trén va cac diéu sau
Ass(Homp(R/a, M/(z1,...,x)M)) = Ass(M/(x1, ...,z ) M) NV (a),
va
Ass(Homp(R/a, H.(M))) = AssH.(M).
]
Xét t = fa(M) va gid st ton tai cdc phan to ai,...,a; sao cho
V(ag, .. = y/a. Khi d6 theo Dinh 1i 1.1.6 ta c6

H!(M)= lim M/(a}",...,a}")M.

ny,..,.-ne €N
Khong khé dé chi ra rang
AssHL(M) C U Ass M /(al?, ..., a;"*) M.
N1y, EN

Bao ham thic trén dan dén cau hoi tu nhién sau.
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Cau hoi 4.2.3. Vi cac diéu kién nhu trén phai chang
U AssM/(al", .. af")M
N1,...,m EN

1a mot tap hop hitu han?

K&t qua chinh cia tiét nay 12 dua ra cau trd 10i khang dinh cho cau héi

trén. Ta cAn mot s6 b6 dé chuan bi sau.

Bo dé 4.2.4 (Xem [28], Theorem 124). Cho b1, ..., p, la cdc idéan nguyén
10" cua vanh R. Xét x la mot phan tir va I la mot idéan ciia R sao cho
(z) + 1 & pi voi moi 1 < i < n.Khidé ta cé thé chon mét phdn tiry € I

sao cho x + vy & p; véi moi 1 < i < n.

Bo dé 4.2.5. Gid st ai,...,a; la mot day cdc phdn tir sao cho /a =
(a1, ...,a¢). Khi dé ton tai mét day a-loc chinh quy x4, ...,z cua M sao

cho (ay,...,ar) = (T1,...,x¢).

Chitng minh. Vi /a = +/(a1,...,a;) nén (a1) + (as,...,a;) € p v6i moi
p € AssM \ V(a). Theo B6 dé 4.2.4 ta c6 thé chon mot phan tir 71 = a; + by
v6i by € (ag, ...,a;) sao cho x1 & p v6i moi p € AssM \ V(a). Tic la x; 1a
mot phan tt a-loc chinh quy cua M, va dé thdy (ay, ..., a;) = (x1, as, ..., a).
Tiép tuc qua trinh trén ta duoc day a-loc chinh quy z1,...,z; cia M céan

tim O

Hé qua 4.2.6. Cho t va ng la cdc s6 nguyén duong thoa man t = f,(M) va

a™H{(M) = 0 véi moi i < t. Xét ay,...,a; la mot d@y phdn tit chita trong

a?™ sao cho \/a = +/(ay, ..., a;) ta cé

Ass(M/(aq,...,a) M) = UAssHé(M).

Chitng minh. D& dang suy ra tir Ménh dé 4.2.2 va Bo dé 4.2.5. O
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B6 dé 4.2.7. Cho t va ng la cdc s6 nguyén duong sao cho t = f,(M) va
a™HI(M) = 0 véi moi i < t. Khi d6 véi moi ddy a-loc chinh quy x1, ..., 1,
cua M, ta co a2j”0H§(M/(a:1,...,xj)M) =0voimoi 0 < j <t—1va

i<t—7j.

Chitng minh. Trudng hop j = 0 12 hién nhién, va do quy nap ta chi cin ching

minh khang dinh trong trudng hop j = 1 < t. Day khép ngin
0— M/(0:0r2) 3 M— M/x;M =0
cam sinh day khép sau
oo HY(M) — HY(M/z M) — HFY(M/(0 3 1)) — - - -

Chu ¥ rang 0 :); x1 12 a-xodn, nén H VY (M/(0 @y x1)) & HIY(M) voéi
moi i > 0. Do vay a™HMY(M/(0 3y 21)) = 0 v6i moi ¢ < t — 1. Nén

a?™ H!(M) = 0 v6i moi i < t — 1. Ta ¢6 diéu phai chiing minh. N

Ménh dé 4.2.8. Cho t va ng la cdc s6 nguyén duong théa man t = fo(M)
va aH!(M) = 0 véi moi i < t. Cho ay, ...,a; la mot d@y phdn tik trong a
théa man \/a = +/(ay, ..., a;). Xét j < t la mot s6 nguyén khong am. Khi dé

véi moi ny, ...,y € N théa mdan n; > 2'ng véi moi 7+ 1 < i <t, ta cé

AN oYM = A (a0 5, a0

055 By
Chitng minh. Vi /a = +/(al", ..., a;") nén (a}) + (ay?, ..., a;*) € p v6i moi
p € AssM\V(a). Tt B6 dé 4.2.4 ta ¢4 thé chon mot phan tr x1 = aj*+b; v6i
b € (ay?, ..., a;") sao cho z1 ¢ p v6imoi p € AssM \ V(a). Tic 1a 21 1a mot
phan tr a-loc chinh quy cta M, va dé thay (ai’, ..., a;"*) = (21, a5?, ..., a;").

Hon nua, vi n; > 2'ng véi moi j + 1 < ¢ < ¢, nén ta ciing ¢c6

2t’l’Lo

n;  2lng 2tn0)
J+Lo- :

ng nj K _ ng
(af, .. a7, a wap ) = (21,a9°, a7, a5 a
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Tiép tuc qua trinh trén ta thu dugc mot day a-loc chinh quy x4, ..., x; cia M

thoa man
ni ne\ __ j+1 ny
(af', o aft) = (21, oy g a0y oy ay),
va
ni n;  2ing 2ingy - 2ty 2tng
(af's.ya;”,ai Ty s apy ™) = (21, g, a5, o ap ™).

Theo B3 dé 4.2.7 ta c6 a®™ H.(M/(x1,...,x;)M) = 0 v6i moi i < t — j.
Bay gio, ap dung Hé qua 4.2.6 ta c6

AssM/(a),...,af" )M = AssM/(xy, ..., x5, a?fll, e a )M

= | J AssH(M/(z, ..., x;)M)
i<t—j

_ 2tn0 2tn0
= AssM/(z1,...,xj,a77, ..., a7 )M

= AssM/(a™,...,a", %™, ..., a>™)M.

FERTESE

Ta chiing minh két qua chinh cta ti€t nay.

DPinh li 4.2.9. Cho a la mot idéan cua R va M la mét R-modun hitu han

sinh. Ddtt = fo(M). Xét aq,...,a; la mot day phan tr trong a thoa man
va=+/(ai,...,a;). Khi dé

U AssM/(al", .. af")M

N1y...,n EN

la mot tdp hop hitu han.

Chitng minh. Xét ny 1a mot s6 nguyén duong thoa man a™ H! (M) = 0 véi
moi i < fo(M). Vi ting bo (nq, ...,n;) € N ta xét mot bo gém ¢ s6 nguyén
duong (my,...,m;) € N thoa man m; = n; néu n; < 2'ng, va m; = 2'ng
néu n; > 2'ng. Thay déi thit tw clia cac phan tlr z; néu can thiét, ta c6 thé gia

str ring ¢6 mot s6 nguyén khong am j < ¢ sao cho n; < 2'ng véi moi ¢ < 7,
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van; > 2'ng véimoi j + 1 < i < t. Do d6 Ménh dé 4.2.8 suy ra ring

Ass M /(7" ...y )M = Ass M /(" ...,z ) M.

Vay
U Ass M /(7" ...,z )M = U Ass M /(x]", ...,z )M
ni,...,n EN 1<ma,..., my<2tng
1a mot tap hop hitu han. O

Hé qua dudi day la két qua chinh cta [43].

Hé qua 4.2.10. Cho a la mét idéan cua R va M la mot R-modun hitu han
sinh. Xét s < fo(M) la mot so nguyén duong, va xq, ..., x5 la mot day a-loc
chinh quy cua M. Khi do

la mot tdp hop hitu han.

Chiing minh. Dat I = (x,...,x,), 4p dung B6 dé 3.1.12 ta c6 HL(M) =
H!(M) va 1a hitu han sinh v6i moi 7 < s. Khi d6, khang dinh 1a hé qua truc
tiép cua Dinh 1i 4.2.9. ]

Chd y rang L.T. Nhan trong [40, Theorem 3.1] da chiing minh mot két
qua tuong tu Hé qua 4.2.10 trong truong hop z1, ..., zs 1a mot day chinh quy
suy rong cta M. Nhac lai rang trong vanh dia phuong (R, m) mot diy phan
tlr 1, ..., x5 duoc goi la mor day chinh quy suy réng cua M néu x; ¢ p véi
moi p € AssM/(xq,...,x;—1)M thébaman dim R/p > 1, véimoii =1, ..., s.
Theo Dinh 1i 1.1.5 ta cé Hi (M) = lim_, Ext’(R/a", M). Tuong tw nhu Cau

hoi 4.2.3 ta dat ra cau hoi tu nhién sau.

Cau héi 4.2.11. Phai chiang U, Ass Ext’,(R/a™, M) 1a mot tap hop hitu han

v6i moi i < fo(M)?
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Néu M 1a mot modun a-xodn, thi f,(M) = oco. Cau hodi dudi day 1a mot

truong hop dac biet clia Cau héi 4.2.11.

Cau hoi 4.2.12. Cho M 1a mot moédun a-xoadn hitu han sinh. Phai ching

UpAss Exti(R/a”, M) luon 12 mot tap hop hitu han véi moi i > 0?

Trong [36], L. Melkersson va Schenzel da hoéi rang véi méi ¢ > 0 c6 phai
c4c tap hop Ass Ext’(R/a", M) 1a 6n dinh v6i n @i 16n? Trong truong hop
téng quét cau hoi nay 1a khong diing vi U, Ass Ext’,(R/a", M) c6 thé c6 vo
han phan tir. Tuy nhién, Khashyarmanesh va Salarian da ching minh rang
Ass Extp(R/a™, M) 1a 6n dinh véi n di 16n (xem [31, Corollary 2.3]). Nhu
vay, Cau hoi 4.2.11 1a ding néu f,(M) < 1. Ta c6 thé thay doi cau hoi cla

Melkersson va Schenzel dé duoc dang manh hon ctia Cau héi 4.2.11 nhu sau.

Cau héi 4.2.13. V6imoii < f,(M) phai chang céc tap hop Ass Ext’(R/a”, M)

12 én dinh véi n db 16n?

Két luan Chuong 4. Trong chuong nay chiing to6i da thuc hién duoc mot s6

cong viéc nhu sau:

1. Gi6i thiéu 16p modun FSF va dp dung 16p modun nay dé chiing minh
rang modun d6i dong di€u dia phuong dau tién khong hitu han sinh, va
cé tap gia 1a khong hitu han, c6 mot s6 hitu han idéan nguyén to lién két
(Pinh 1i 4.1.8).

2. Nghién cttu tinh hitu han cua tap idéan nguyén t6 lién két lién quan véi

chiéu hitu han cia médun M tuong Gng véi a. (xem Dinh 1i 4.2.9 va Hé
qua 4.2.10).
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Két luan cua luan an

Trong luan dn nay ching t6i da thu dugc nhiing két qua chinh sau.

1. Xay dung phuong phap chiing minh mot day khép ngan clia cdc modun
doi dong diéu dia phuong la ché (Tiét 1.3).

2. DPua ra Dinh 1i ché ra clia d6i dong diéu dia phuong 1.4.4 vé6i diéu kién
H!(M) la R-mo6dun hitu han sinh v6i moi i nhd hon mot s6 nguyén
duong t nao d6. Pong thoi d4p dung Dinh Ii 1.4.4 dé ching minh tinh
on dinh tiém can cta chi s6 kha quy cta idéan tham s6 clia modun

Cohen-Macaulay suy rong (xem Hé qua 1.4.7).

3. Dung tinh ché ra cta d6i dong di¢u dia phuong chiing minh mot s6 tinh
chat vé tinh 6n dinh cta hé tham s6 t6t cua cdc modun Cohen-Macaulay

suy rong day (xem cac Dinh Ii 2.2.5 va 2.2.8).

4. Xay dung Dinh Ii ché ra ctia d6i dong diéu dia phuong trong vanh dia
phuong (xem DPinh 1i 3.2.4). Ap dung Dinh Ii 3.2.4 dé ching minh mot

sO bat bién cua modun (xem cac Pinh i 3.2.7 va 3.2.9).

5. Xay dung khai niém bac khong tron 1an cia modun. Pong thoi ching
minh bac khong tron 14n 1a mot bac mé rong (xem Dinh 1i 3.3.8, Ménh

dé 3.3.9 va Dinh 1i 3.3.17).

6. Chiing minh rang modun d6i dong di€u dia phuong dau tién khong hitu
han sinh, va c6 tap gia 1a khong hitu han, c6 mot s6 hitu han idéan nguyén
t6 lién két (Dinh 1i 4.1.8).

7. Nghién ctru tinh hitu han cua tap idéan nguyén t6 lién két lién quan véi

chiéu hitu han cia médun M tuong Gng véi a. (xem Dinh 1i 4.2.9 va Hé
qua 4.2.10).
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A A’ /7 / o X ? A /
Mot s0 huong phat trién cua luan an
1. Xay dung va tim cac ap dung cua cac Dinh Ii ché ra cho cac ham tlr khac
nhu Ext, Tor, ....

2. Tim hi€u sau hon vé bac khong tron 1an clia modun ciing nhu mai lién
hé cuia né véi bac dong di€éu cia modun.

3. Nghién cttu modun doi dong diéu dia phuong H (M), t = f,(M), cling
nhu Cau hoi 4.2.11.
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