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Chapter 0

Introduction

The Chip Firing Game (CFG) is a discrete dynamical model which was first defined

by A. Björner, L. Lovász and W. Shor while studying the ‘balancing game’ [6, 7, 42].

The model has various applications in many fields of science such as physics [8, 16],

computer science [6, 7, 23], social science [1, 2] and mathematics [2, 34, 35].

The game consists of a directed multi-graph G (also called support graph), the set of

configurations on G and an evolution rule on this set of configurations. A configuration

c on G is a map from the set V (G) of vertices of G to non-negative integers. For

each vertex v, the integer c(v) is regarded as the number of chips stored in v. In a

configuration c, vertex v is firable (or active) if v has at least one outgoing arc and

c(v) is at least the out-degree of v. The evolution rule is defined as follows. When v

is firable in c, c can be transformed into another configuration c′ by moving one chip

stored in v along each outgoing arc of v (Fig. 1).

We call this process firing v, and write c
v→ c′. An execution (or legal firing

sequence) is a sequence of firing and is often written in the form c1
v1→ c2

v2→ c3 · · · →
ck−1

vk−1→ ck, or c1
v1,v2,...,vk−1−→ ck. We write c1

∗→ ck if we disregard which vertices are

fired. The set of configurations which can be obtained from c by a sequence of firing is

called configuration space, and denoted by CFG(G, c).

A CFG begins with an initial configuration c0. It can be played forever or reaches a

unique fixed point where no firing is possible [6, 7, 17, 23]. When the game reaches the

unique fixed point, CFG(G, c0) is an upper locally distributive lattice with the order
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Figure 1 By firing firable

vertices in the configura-

tion at the bottom, we

obtain two new configu-

rations that are presented

at the top of the figure.

defined by setting c1 ≤ c2 if c1 can be transformed into c2 by a (possibly empty)

sequence of firing [4, 22, 23, 31]. A CFG is simple if each vertex is fired at most once

during any of its executions. Two CFGs are equivalent if their generated lattices are

isomorphic. Let L(CFG) denote the class of lattices generated by CFGs. A well-known

result is that D ( L(CFG) ( ULD [38], where D and ULD denote the classes of

distributive lattices and upper locally distributive lattices, respectively. Despite of the

results on inclusion, one knows little about the structure of L(CFG), even an algorithm

for determining whether a given ULD lattice is in L(CFG) is unknown so far.

The Chip Firing Game has many extended models. An important model is the

Abelian Sandpile model (ASM), a restriction of CFGs on undirected graphs [6, 8, 33].

This model has been extensively studied in recent years. In [33], the author studied the

class of lattices generated by ASMs, denoted by L(ASM), and showed that this class

of lattices is strictly included in L(CFG) and strictly includes the class of distributive

lattices. As L(CFG), the structure of L(ASM) is little known. An algorithm for

determining whether a given ULD lattice is in L(ASM) is still open.

In Chapter 1, we will give criteria that completely characterize those classes of

lattices. One of the most important discoveries in our study is pointing out a strong

connection between the objects which do not seem to be closely related. These objects

are meet-irreducible elements, simple CFGs, firing vertices of a CFG, and systems of

linear inequalities. In particular, we establish a one-to-one correspondence between
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the firing vertices of a simple CFG and the meet-irreducible elements of the lattice

generated by this CFG. Using this correspondence, we achieve a necessary and suf-

ficient condition for L(CFG). By generalizing this correspondence to CFGs that are

not necessarily simple, we also obtain a necessary and sufficient condition for L(ASM).

Both conditions provide polynomial-time algorithms that address the above computa-

tional problems. As an application of these conditions, we present in this dissertation

a lattice in L(CFG)\L(ASM) that is smaller than the one shown in [33].

In Chapter 1, we also give a necessary and sufficient condition for the class of

lattices generated by the Chip-firing game defined on the class of acyclic digraphs. In

[33], to prove D ( L(ASM) the author studied simple CFGs on directed acyclic graphs

(DAGs) and showed that such a CFG is equivalent to a CFG on an undirected graph.

It is natural to study CFGs on DAGs which are not necessarily simple. Again our

method is applicable to this model and we show that any CFG on a DAG is equivalent

to a simple CFG on a DAG. As a corollary, the class of lattices generated by CFGs on

DAGs is strictly included in L(ASM).

The lattice structure of a converging CFG on a digraph implies the strongly conver-

gent property of the game. This property naturally leads to the definition of recurrent

configuration from the viewpoint of Markov chain [30, 32]. The dollar game is an ex-

tended model of the Chip-firing game which is played on an undirected graph. The

game has exactly one sink and the sink only can be fired if all other vertices are not

firable [2]. In this model, the number of chips stored in the sink may be negative. The

dollar game can be simulated easily by a CFG on a digraph with a global sink. By

the viewpoint of Markov chain, the definition of recurrent configurations on a digraph

with a global sink is not intuitive. However, in the case of the dollar game recurrent

configurations have an alternative intuitive one. A configuration is called recurrent if

it is stable and unchanged under firing at the sink and stablizing the resulting configu-

ration. The dollar game has a natural generalization to the class of Eulerian digraphs

as follows. An Eulerian digraph is a strongly connected digraph in which the indegree

of each vertex is equal to its outdegree. An undirected graph can be regarded as an

Eulerian graph by replacing each (undirected) edge e by two reverse arcs e′ and e′′ that

have the same endpoints as e. The definition of the dollar game on Eulerian graphs is
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the same as of the one on undirected graphs, i.e. some vertex is chosen to be the sink

that only can be fired if all other vertices are not firable [26].

The set of recurrent configurations of a dollar game on an undirected graph has

many interesting properties such as it is an Abelian group with the addition defined

by the stabilization, and the cardinality is equal to the number of spanning trees of

the support graph, etc [2, 26, 45]. Remarkably N. Biggs defined the level of a recur-

rent configuration and made an intriguing conjecture about the relation between the

generating function of recurrent configurations and the Tutte polynomial [1]. This

conjecture later was proved by C. M. Lopéz [35]. An interesting consequence of this

result is that Stanley’s conjecture about pure O-sequence holds for co-graphic matroids

[36, 44]. Another direct consequence is that the generating function of recurrent con-

figurations in a dollar game is independent of the sink. It only depends on the graph

on which the game is defined. This fact is definitely not trivial. Currently there is no

proof for this fact without using the theorem of Merino Lopéz.

A lot of properties of recurrent configurations on undirected graphs can be extended

to Eulerian digraphs without any difficulty [7, 26]. However, the situation is completely

different when one tries to extend the sink-independent property of generating function

to a larger class of graphs, in particular to Eulerian digraphs because a natural defini-

tion of the Tutte polynomial is not known for digraphs, even for Eulerian digraphs. In

Chapter 2, we show that this property holds not only for undirected graphs but also for

Eulerian digraphs. Since the Tutte-polynomial approach does not work for Eulerian

digraphs, we use another approach that is based on a level-preserved bijection between

two sets of recurrent configurations with respect to two different sinks. The bijection

also gives us some new insight into the groups of recurrent configurations.

There are a lot of polynomials that are defined on undirected graphs such as Tutte

polynomial, chromatic polynomial, cover polynomial, etc. They count certain com-

binatorial objects. The Tutte polynomial is the most well-known one, it has many

interesting properties and applications [9]. There is a number of articles that tried

to give the polynomials as an attempt to define an analogue of Tutte polynomial for

digraphs, or for some other objects [12, 20, 24]. They have some properties that are

similar to those of the Tutte polynomial. Nevertheless, they are not natural analogues
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in the sense that one does not know a conversion between the properties of these

polynomials to those of the Tutte polynomial, in particular how to obtain the Tutte

polynomial on undirected graph from these polynomials [12]. The situation is not bet-

ter for Eulerian digraphs, a natural analogue of the Tutte polynomial is unknown so

far.

Also in Chapter 2, we show that the generating function of recurrent configurations

on an Eulerian digraph can be a natural generalization of the Tutte polynomial in

one variable to the class of Eulerian digraphs. It turns out from the sink-independent

property of the generating function that the generating function is a characteristic of

an Eulerian digraph, and we can denote it by TG(y), regardless of the sink. By using

this property, we derive a lot of properties that are generalizations of the usual those of

T (G; 1, y) to Eulerian digraphs. These properties make us believe that the polynomial

TG(y) is quite a natural generalization of T (G; 1, y). By generalizing the result to

strongly connected digraphs, we propose a conjecture that would be promising direction

of looking for a natural generalization of T (G; 1, y) to strongly connected digraphs. In

this chapter, we also propose another generalization of the Tutte polynomial in two

variables to Eulerian digraphs.

If a stable configuration (a configuration has no firable vertex) is componentwise

greater than a recurrent configuration, then it is also a recurrent configuration [2, 26].

This is a typical property of recurrent configurations. This property implies that

if we know the set of minimal recurrent configurations, then we know all recurrent

configurations. For an undirected graph, all minimal recurrent configurations have the

minimum number of chips. This fact implies that the problem of finding the minimum

number of chips of a recurrent configuration on an undirected graph can be solved

in polynomial time. In Chapter 3, we study the computational problem of finding

the minimum number of chips of a recurrent configuration on a digraph with a global

sink that we call minimum recurrent problem (MINREC problem). To study this

computational problem, we give a connection to the classical computational problem

minimum feedback arc set (MINFAS). A feedback arc set of a directed graph (digraph)

G is a subset A of arcs of G such that removing A from G leaves an acyclic graph.

The minimum feedback arc set problem is a classical combinatorial optimization on
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graphs in which one tries to minimize |A|. This problem has a long history and its

decision version was one of Richard M. Karp’s 21 NP-complete problems [29]. The

problem is known to be still NP-hard for many smaller classes of digraphs such as

tournaments, bipartite tournaments, and Eulerian multi-digraphs [13, 19, 21]. We

prove in this dissertation that it is also NP-hard on Eulerian digraphs, a class in-

between undirected and digraphs, in which the in-degree and the out-degree of each

vertex are equal.

To give that connection, we study the properties of recurrent configurations on a

digraph. In [26], the authors presented many properties of recurrent configurations on

a digraph which are similar to those of recurrent configurations on undirected graphs.

The authors also studied the Chip-firing game on Eulerian digraphs and presented

many typical properties that can also be considered as natural generalizations of the

undirected case. In this dissertation, we continue this work and present generalizations

of more surprising properties. Since the minimal recurrent configurations are very

important to understand the properties of recurrent configurations, it is worth studying

properties of such recurrent configurations. It turns out from the study in [5, 6, 41] that

we can associate a minimal recurrent configuration of an undirected graph G with an

acyclic orientation of G. By giving the notion of maximal acyclic arc sets that can be

regarded as a generalization of acyclic orientations of undirected graphs, we generalize

the definitions and the results in [41] to the class of Eulerian digraphs. Although

natural, these generalizations are not easy to see from the studies on undirected graphs.

They allow us to derive a number of interesting properties of feedback arc sets and

recurrent configurations of the Chip-firing game on Eulerian digraphs, and provide a

polynomial reduction from the MINREC problem to the MINFAS problem on Eulerian

digraphs. We extend a result of [19] and show that the MINFAS problem on Eulerian

digraphs is also NP-hard, which implies the NP-hardness of the MINREC problem on

general digraphs.
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Chapter 1

CFG lattice

1.1 Preliminaries on lattice theory

1.1.1 General lattice

In this section, we present some basic knowledges on the lattice theory that will play

an important role for studying the class of lattices generated by the Chip firing game.

The proofs of some important results are also given in this section.

Let L = (X,≤) be a partial order (X is equipped with a binary relation ≤ which is

transitive, reflexive and antisymmetric). In this chapter, we always work with a finite

partial order, i.e. |X| < ∞. For x, y ∈ X, y is an upper cover of x if x < y, and for

every z ∈ X, if x ≤ z ≤ y, then z = x or z = y . If y is an upper cover of x, then x is

a lower cover of y, and we write x ≺ y. The partial order L can be presented by an

acyclic digraph G=(X,E) that is defined by: (x, y) ∈ E iff x ≺ y in L. Conversely, an

acyclic digraph G = (V,E) (simple digraph) defines a partial order (V,≤) by v1 ≤ v2

if there is a directed path from v1 to v2 in G (the length of the path may be 0) (Fig.

1.1a). In the partial order given by Figure 1.1a, v3 is an upper cover of v1, v2 is a lower

cover of v5, and v6 is not an upper cover of v2. A finite partial order is often presented

by a Hasse diagram in which for each cover x ≺ y of L, there is a curve that goes

upward from x to y (Fig. 1.1b). A subset I of X is called an ideal of L if for every

x ∈ I and y ∈ X such that y ≤ x we have y ∈ I .

The partial order L is a lattice if any two elements of L have a least upper bound
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(a) An acyclic digraph defines a partial

order: v2 < v6 since there is a directed

path from v2 to v6.

(b) The corresponding Hasse dia-

gram.

Figure 1.1

(join) and a greatest lower bound (meet) . It follows immediately from the definition

that every lattice has a unique minimum, denoted by 0, and a unique maximum,

denoted by 1 . In the lattice given in Figure 1.2a, 0 is the element at the bottom of

the figure and 1 is the element at the top of the figure. When L is lattice, we have the

following notations and definitions.

• for every x, y ∈ X, x∨y and x∧y denote the join and the meet of x, y, respectively.

• for x ∈ X, x is a meet-irreducible element if it has exactly one upper cover. The

element x is a join-irreducible element if x has exactly one lower cover. Let M and

J denote the collections of the meet-irreducible elements and the join-irreducible

elements of L, respectively. Let Mx, Jx be given by: Mx = {m ∈ M : x ≤ m}
and Jx = {j ∈ J : j ≤ x}. For j ∈ J,m ∈ M , if j is a minimal element in

X\{x ∈ X : x ≤ m}, then we write j ↓ m. If m is a maximal element in

X\{x ∈ X : j ≤ x}, then we write j ↑ m , and j l m if j ↓ m and j ↑ m.

• For x, y ∈ X such that x ≤ y, let [x, y] denote the set {z ∈ X : x ≤ z ≤ y}.
If x 6= 1, x+ denotes the join of all upper covers of x. Note that if x is a meet-
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(a) meet and join operations. (b) meet irreducible elements

(in black).

(c) join irreducible elements (in

black).

(d) the elements in black are the

elements of the interval from x

to x+.

Figure 1.2 A lattice.

irreducible element, then x+ is the unique upper cover of x. If x 6= 0, x− denotes

the meet of all lower covers of x. If x is a join-irreducible element, then x− is the

unique lower cover of x.

The order ≤ of L can be characterized by the sets Jx and Mx as follows.

Lemma 1.1. Let L = (X,≤) be a lattice. For any x, y ∈ X we have x < y if and only

if My (Mx. By duality, we have x < y iff Jx ( Jy.
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Proof. For each z ∈ X, let l(z) denote the maximum length of a chain from z to 1.

Note that l(1) = 0. We claim that for any z ∈ X we have z =
∧

t∈Mz

t. We prove this

claim by induction on l(z). Clearly, the claim holds if l(z) = 0. We consider the case

l(z) ≥ 1. If z ∈ M , we have z ∈ Mz, therefore z =
∧

t∈Mz

t. Otherwise, let Z denote the

set of all upper covers of z. Note that l(t) < l(z) for all t ∈ Z. Since z is not in M , we

have |Z| ≥ 2. By the inductive assumption, we have

z =
∧
t∈Z

t =
∧
t∈Z

(
∧
s∈Mt

s) =
∧

s∈
⋃
t∈Z

Mt

s. (1.1)

Clearly, we have
⋃
t∈Z
Mt ⊆ Mz. Since each m ∈ Mz must be greater than or equal to

some t ∈ Z, we have Mz ⊆
⋃
t∈Z
Mt, thus

⋃
t∈Z
Mt = Mz. This concludes the claim.

We prove that if x < y, then My ( Mx. The definition of Mx and My implies

that My ⊆ Mx. The above claim implies that Mx 6= My, therefore My ( Mx. For

the reverse direction, the above claim implies that x ≤ y. Clearly, we have x 6= y

since otherwise we have Mx = My, a contradiction. The second assertion of the lemma

follows from the dual property.

1.1.2 ULD lattice

Let L = (X,≤) be a lattice. The lattice L is called an upper locally distributive (ULD)

lattice if for any x, y ∈ X such that x ≺ y, we have |Mx\My| = 1. By the dual notion,

the lattice L is a lower locally distributive (LLD) lattice if for any x, y ∈ X such that

x ≺ y, we have |Jy\Jx| = 1. These definitions have the following equivalent definitions

that explain why the terms ULD and LLD are used here [37, 15, 10].

• The lattice L is an upper locally distributive lattice if for any x 6= 1, we have

[x, x+] is isomorphic to a hypercube (See Fig. 1.2d), where a hypercube is a

partial order of form (2A,⊆) for some finite set A.

• The lattice L is a lower locally distributive lattice if for any x 6= 0, we have [x−, x]

is isomorphic to a hypercube.

We denote by ULD and LLD the classes of upper locally distributive lattices and

lower locally distributive lattices, respectively. Both classes contain a well-known class
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D of distributive lattices which is defined as follows. The lattice L is a distributive

lattice if it satisfies one of the following equivalent conditions.

1. for every x, y, z ∈ X, we have x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z).

2. for every x, y, z ∈ X, we have x ∨ (y ∧ z) = (x ∨ y) ∧ (x ∨ z).

Theorem 1.1 (Birkhoff [3]). A lattice is distributive if and only if it is isomorphic to

the lattice of the ideals of the order induced by its meet-irreducible elements.

Look at Figure 1.3 for an intuitive explanation of this theorem. The following

lemma will play a central role in studying the class of lattices generated by Chip-firing

game models.

For an ULD lattice L = (X,≤) and x, y ∈ X such that x ≺ y, we denote by m(x, y)

the unique element in Mx\My. For each m ∈ M , let Um denote the collection of all

minimal elements of {x ∈ X : ∃y ∈ X, x ≺ y and m(x, y) = m} and let Lm denote the

collection of all maximal elements of X\
⋃

a∈Um
{x ∈ X : a ≤ x}. In Subsection 1.2, we

will explain how the sets Um and Lm are relevant to the process of firing vertices of a

CFG. The following proposition shows a relation between Um and the join-irreducible

elements of L.

Proposition 1.1. For each meet-irreducible element m of L, we have

Um = {j− : j ∈ J and j ↓ m}.

Proof. For each m ∈ M , let Fm be given by: Fm = {x ∈ X : ∃y ∈ X, x ≺
y and m(x, y) = m}. Let A denote {j− : j ∈ J and j ↓ m}. First, we show that

A ⊆ Um. To this end, we prove that j− ∈ Um for every j ∈ J satisfying j ↓ m.

Since j 6≤ m and j− ≤ m, we have m 6∈ Mj and m ∈ Mj− , therefore m ∈ Mj−\Mj.

Since |Mj−\Mj| = 1, it follows that Mj−\Mj = {m}, hence j− ∈ Fm. It remains to

prove that j− is a minimal element of Fm. For a contradiction, we suppose that there

exists a ≺ b in L such that m(a, b) = m and a < j−. It follows easily that b < j,

therefore there is a chain b = d1 ≺ d2 ≺ · · · ≺ dk = j in L of length ≥ 1. We have

m(dk−1, j) 6= m since m(a, b) = m, therefore dk−1 6= j−. It contradicts the fact that j

is a join-irreducible element.
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(a) A distributive lat-

tice.

(b) The meet-

irreducible elements

(in black).

(c) The partial order

induced by the meet-

irreducible elements.

(d) An element x of

the lattice.

(e) The corre-

sponding ideal (the

elements in black)

M\Mx.

Figure 1.3 Correspondence between the elements and the induced ideals of a distributive

lattice.
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We are left with showing that Um ⊆ A. Let a ∈ Um. There is a unique element b in

L such that a ≺ b and m(a, b) = m. It suffices to show that b ∈ J . For a contradiction,

we suppose that b 6∈ J . Then there exists c ∈ X such that c ≺ b and c 6= a. Let

d denote the infimum of a and c. There exists a′ ∈ L such that d ≺ a′ and a′ ≤ c.

Since a ∈ Um, we have m(d, a′) 6= m, therefore m ∈ Ma′ . It follows from a′ ≤ b that

Ma = Mb ∪ {m} ⊆ Ma′ ∪ {m} = Ma′ , hence a′ ≤ a. It contradicts the fact that d is

the infimum of a and c.

Corollary 1.1. If L is a distributive lattice, then for every meet-irreducible element

m of L, we have |Um| = 1.

Proof. For each m ∈M , we define m↓ = {j ∈ J : j ↓ m}. Note that m↓ 6= ∅. For every

m1,m2 ∈M , m1 6= m2 implies that m1↓ ∩m2↓ = ∅ since if j ∈ m↓, then m(j−, j) = m.

In a distributive lattice, the cardinality of the meet-irreducible elements is equal to the

cardinality of the join-irreducible elements, i.e |M | = |J |. It follows easily that for

every m ∈M , |m↓| = 1, therefore |Um| = 1 by Proposition 1.1.

1.2 Lattices generated by CFGs

Let G be a directed multi-graph. Traditionally, the vertex set and the arc set of a graph

G are denoted by V (G) and E(G), respectively . For v1, v2 ∈ V , E(v1, v2) denotes the

number of arcs from v1 to v2. It follows that E(v1, v1) is the number of loops at v1. For

v ∈ V , the out-degree of v, denoted by deg+(v), is defined by: deg+(v) =
∑
v′∈V

E(v, v′)

and the in-degree of v, denoted by deg−(v), is defined by: deg−(v) =
∑
v′∈V

E(v′, v). We

use the corresponding notations deg+G(v) and deg−G(v) when we want to specify which

graph we are working on. A vertex v of G is called sink if it has no outgoing arc,

i.e. deg+(v) = E(v, v). A subset C of V (G) is a closed component if |C| ≥ 2, C is a

strongly connected component and there is no arc going from C to a vertex outside of

C . A CFG, which is defined on a graph having no closed component, always reaches a

unique fixed point[7, 31]. If CFG(G, c0) has a unique fixed point, then the partial order

(CFG(G, c0),≤) is an ULD lattice, where the order ≤ is defined by setting c1 ≤ c2 if c2

can be obtained from c1 by a sequence of firings. If (CFG(G, c0),≤) is isomorphic to
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an ULD lattice L = (X,≤), we say that CFG(G, c0) generates L. Then we can identify

the configurations of CFG(G, c0) with the elements in X (by an isomorphism).

Remark. Throughout this section, when CFG(G, c0) generates L, the configu-

rations in CFG(G, c0) are automatically identified with the elements of X. All later

arguments use this assumption.

1.2.1 Previous results

Lemma 1.2 (Latapy and Phan [31]). In a CFG reaching a unique fixed point, if

two sequences of firing are starting at the same configuration and leading to the same

configuration, then for every v ∈ V (G), the number of times v fired in each sequences

are the same, where G is the support on which the game is defined.

In a CFG(G, c0) having a unique fixed point, for each c being a configuration in

CFG(G, c0), the shot-vector of c, denoted by shc, assigns each vertex v of G to the

number of times v fired in any execution from the configuration c0 to c. Thus shc is

a map from V (G) to N. It follows from the above lemma that the shotvector of c is

well-defined. For c1, c2 ∈ CFG(G, c0), we write shc1 ≤ shc2 if for every v ∈ V (G),

shc1(v) ≤ shc2(v). It is known that shc1 ≤ shc2 if and only if c1 can be transformed

into c2 by a sequence of firing [31].

Throughout the coming parts of this chapter, we always work with a general finite

ULD lattice L = (X,≤). Recall that M,J denote the collections of the meet-irreducible

elements and the join-irreducible elements of L, respectively. All graphs are supposed

to be directed multi-graphs. In a CFG, if configuration c can be transformed into c′ by

firing some vertex in the support graph, then we denote this unique vertex by ϑ(c, c′).

All CFGs, which are considered in this chapter, are assumed to be reaching a fixed

point. To denote a CFG, a configuration space and a lattice generated by a CFG, we

will use the common notation CFG(G, c0) since all of them are completely defined by

G and c0.
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1.2.2 A necessary and sufficient condition for L(CFG)

Given a ULD lattice L, is L in L(CFG)? This question was asked in [38]. Up to now,

there exists no good criterion for L(CFG) that suggests a polynomial-time algorithm

for this computational problem. We address this problem by giving a necessary and

sufficient condition for L(CFG). The following theorem is the main result of this

section.

Theorem 1.2. L is in L(CFG) if and only if for each m in M , E(m) has non-negative

integral solutions, where E(m) is a system of linear inequalities which will be defined

later.

Two CFGs are called equivalent if they are convergent and generate the same lattice

up to isomorphism. We recall an important result in [38].

Theorem 1.3 (Magnien, Vuillon and Phan [38]). Any CFG that reaches a unique fixed

point is equivalent to a simple CFG.

From now until the end of this chapter, all CFGs are supposed to be simple. The

following lemma is known in [18]. Since it will play an important role in this section

and its proof is simple, it is presented here with a proof.

Lemma 1.3 (Felsner and Knauer [18]). Let a, b be two elements of L such that a ≺ b.

Let m denote m(a, b). Then for any chain a = x1 ≺ x2 ≺ · · · ≺ xk = m in L, there

exists a chain b = y1 ≺ y2 ≺ · · · ≺ yk = m+ in L such that xi ≺ yi for every 1 ≤ i ≤ k.

Moreover, m(xi, yi) = m for every 1 ≤ i ≤ k.

Proof. It’s clear that x2 6= y1. Since L is a ULD lattice, there exists a unique y2 such

that y1 ≺ y2 and x2 ≺ y2. It follows easily that m(x1, y1) = m(x2, y2) = m. If k = 2,

then y2 = m+. Otherwise repeat the previous argument starting with x2, y2 until the

index reaches k. We obtain the sequence b = y1 ≺ y2 ≺ · · · ≺ yk = m+, which has the

desired property (Fig. 1.4).
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Figure 1.4 Square property.

Lemma 1.4. Let L be a ULD lattice generated by CFG(G, c0) and let V denote the set

of vertices which are fired in CFG(G, c0). For each c ∈ CFG(G, c0), ϑ(c) denotes the

set of vertices which are fired to obtain c. Then

1. The map κ : M → V determined by ∀m ∈M,κ(m) = ϑ(c, c′), where c, c′ are two

elements in L such that c ≺ c′ and m(c, c′) = m, is well-defined. Furthermore κ

is a bijection.

2. For every c ∈ CFG(G, c0), ϑ(c) = κ(M\Mc), where κ(M\Mc) = {κ(x) : x ∈
M\Mc}.

Proof.

1. The map κ is defined on whole M since for every m ∈ M , m(m,m+) = m. To

prove κ is well-defined, it suffices to show that for each m ∈ M , if m(a, b) = m,

then ϑ(a, b) = ϑ(m,m+). Let a = x1 ≺ x2 ≺ · · · ≺ xk = m. By Lemma 1.3,

there exists b = y1 ≺ y2 · · · ≺ yk = m+ such that for every 1 ≤ i ≤ k, we have

xi ≺ yi. Therefore ϑ(a, b) = ϑ(x1, y1) = ϑ(x2, y2) = · · · = ϑ(xk, yk) = ϑ(m,m+).

Clearly κ is surjective. To prove κ is bijective, it suffices to show that |M | =
|V|. Let 0 = c0

v1→ c1
v2→ c2

v3→ · · · → cN−1
vN→ cN = 1 be an execution to

obtain the fixed point. Since M0 = M,M1 = ∅ and for every 0 ≤ i ≤ N − 1,

|Mci\Mci+1
| = 1, it follows that N = |M |, therefore |V| = |M |
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2. Let 0 = d0
v1→ d1

v2→ d2
v3→ . . .

vk→ dk = c
vk+1→ dk+1 → . . .

dN−1→ dN−1
vN→ dN = 1

be an execution to obtain the fixed point. It’s clear that ϑ(c) = {v1, v2, . . . , vk},
therefore ϑ(c) = {v1, v2, . . . , vN}\{vk+1, vk+2, . . . , vN}. By the definition of κ, we

have

κ(M) = {v1, v2, . . . , vN}, and

{vk+1, vk+2, . . . , vN} = {κ(m(di, di+1)) : k ≤ i ≤ N − 1}

= κ({m(di, di+1) : k ≤ i ≤ N − 1})

= κ
( ⋃
k≤i≤N−1

Mdi\Mdi+1

)
= κ(Mdk\MdN ) = κ(Mdk) = κ(Mc). (1.2)

It follows that ϑ(c) = κ(M)\κ(Mc) = κ(M\Mc) since κ is bijective.

The lemma means that if L is generated by a CFG, then each meet irreducible

element of L can be considered as a vertex of its support graph. It is an important

point to set up a criterion for L(CFG). For better understanding, we give an example

for this correspondence. The CFG which is defined on the support graph and the initial

configuration shown in Figure 1.5a and Figure 1.5b generates the lattice represented in

Figure 1.6a. In Figure 1.6a, each ci ≺ cj is labeled by the vertex which is fired in ci to

obtain cj. The lattice in Figure 1.7a is the same as one in Figure 1.6a but each ci ≺ cj

is labeled by m(ci, cj). Figure 1.6b shows the lattice in the way each configuration is

presented by the set of vertices which are fired to obtain this configuration. In Figure

1.7b, each configuration c is presented by M\Mc. Clearly, the labelings in Figure 1.6a

and Figure 1.7a are the same, the presentations in Figure 1.6b and Figure 1.7b are the

same too with respect to the correspondence κ defined by:

κ(c6) = v4, κ(c7) = v3;

κ(c8) = v2, κ(c9) = v1.

Let us explain why the notations Um and Lm are defined in Subsection 1.1.2. Sup-

pose that L is generated by CFG(G, c0). For a vertex v fired in the game, we consider
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(a) Support graph.

(b) Initial configuration.

Figure 1.5 An example of Chip firing game.

all configurations in CFG(G, c0) which have enough chips stored at v in order that v

can be fired. If we only care about the firability of v, we only need to consider the

collection Uv of all minimal configurations of these configurations. The configurations,

which are not greater than equal to any configuration in Uv, do not have enough chips

stored at v in order that v can be fired. We only need to consider the collection Lv

of all maximal configurations of these configurations to know the firability of v. Sets

Uv,Lv are exactly Uκ−1(v), Lκ−1(v), respectively in L. Note that Um,Lm only depend on

L, not depend on the CFGs generating L, even if there exists no such CFGs.

For each m ∈M , the system of linear inequalities E(m) is given by:

E(m) =


{w −

∑
x∈M\Ma

ex ≥ 1 : a ∈ Lm}
⋃
{w ≤

∑
x∈M\Ma

ex : a ∈ Um} if Um 6= {0}

{w ≥ 1} if Um = {0},

where w is an added variable, and ex is a variable corresponding to each x ∈ M . The

collection of all variables of E(m) is {w} ∪ {ex : x ∈
⋃

a∈Um∪Lm
(M\Ma)}. In the case

Um 6= {0}, we have E(m) is a system of |Um|+ |Lm| linear inequalities. It follows from
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(a) Cover relation labeled by firing vertices.

Æ

v1 v2

v1 v2 v1 v3 v2 v4

v1 v2 v3 v1 v2 v4 v1 v3 v4 v2 v4 v3

v1 v2 v3 v4

(b) Configurations labeled by fired vertices.

Figure 1.6 firing-vertex labeling.

the definitions of Um and Lm that if ex is a variable of E(m), then x 6= m. Note that

E(m) = {w ≥ 1} if and only if there exists x ∈ X such that 0 ≺ x and m(0, x) = m.

Let us explain the reason why we define these notations. When L is generated

by some CFG, Lemma 1.4 means that each m ∈ M can be regarded as a vertex of

this CFG. The system of linear inequalities E(m) describes the firability of m in the

following meaning. In order that m can be fired, m receives at least w chips from its

neighbors. Each ex in E(m) indicates the number of chips that x sends to m when it

is fired. For each a ∈ Um ∪ Lm, when all vertices in M\Ma are fired, the game arrives

at the configuration a, and m receives
∑

x∈M\Ma

ex chips from its neighbors. The vertex

m is not firable in each a ∈ Lm, therefore w −
∑

x∈M\Ma

ex ≥ 1. Similarly m is firable in

each a ∈ Um, therefore w ≤
∑

x∈M\Ma

ex.

Example 1.1. We consider again the lattice presented in Figure 1.7a. We have M =

{c6, c7, c8, c9},Uc8 = Uc9 = {c0},Uc6 = {c2, c4},Uc7 = {c1, c5},Lc8 = Lc9 = ∅,Lc6 =
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c0

c1 c2

c3 c4 c5

c6 c7 c8 c9

c10

c9 c8

c8
c7

c9
c6

c7
c6

c8

c6 c9 c7

c6 c7 c8
c9

(a) Cover relation labeled by meet-irreducible

elements.

Æ

c9 c8

c8 c9 c7 c9 c6 c8

c7 c8 c9 c6 c8 c9 c6 c7 c9 c6 c7 c8

c6 c7 c8 c9

(b) Configurations labeled by meet-

irreducible elements.

Figure 1.7 meet-irreducible labeling.

{c1},Lc7 = {c2} . Then

E(c8) = E(c9) = {w ≥ 1};

E(c6) =


w ≤ ec8

w ≤ ec7 + ec9

w − ec9 ≥ 1

; E(c7) =


w ≤ ec9

w ≤ ec6 + ec8

w − ec8 ≥ 1

.

Lemma 1.5. If L ∈ L(CFG), then for every m in M , E(m) has non-negative integral

solutions.

Proof. Let CFG(G, c0) be a CFG that generates L. If E(m) = {w ≥ 1}, then clearly it

has a non-negative integral solution. Otherwise, let fm : {ex : x ∈
⋃

a∈Lm∪Um
(M\Ma)} ∪

{w} → N be given by:

fm(y) =


E(κ(x), κ(m)) if y = ex for some x ∈

⋃
a∈Um∪Lm

(M\Ma)

deg+(κ(m))− c0(κ(m)) if y = w

,
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where κ is the map which is defined as in Lemma 1.4. Note that since E(m) 6= {w ≥ 1},
κ(m) cannot be fired at the beginning of the game, therefore deg+(κ(m))− c0(κ(m)) >

0.

We show that fm is a solution of E(m). Indeed let a ∈ Um. By Lemma 1.4, the set

of vertices which are fired to obtain a is κ(M\Ma). After firing all vertices in κ(M\Ma)

κ(m) receives
∑

x∈M\Ma

E(κ(x), κ(m)) chips from its neighbors. Since κ(m) is firable in

a, it follows that∑
x∈M\Ma

fm(ex) =
∑

x∈M\Ma

E(κ(x), κ(m)) ≥ deg+(κ(m))− c0(κ(m))

= fm(w). (1.3)

It remains to prove that for a′ ∈ Lm, we have
∑

x∈M\Ma′

f(ex) < f(w). It follows from

the definition of Lm and from Lemma 1.4 that κ(m) is not firable in a′. By a similar

argument, we have∑
x∈M\Ma′

fm(ex) =
∑

x∈M\Ma′

E(κ(x), κ(m)) < deg+(κ(m))− c0(κ(m))

= fm(w). (1.4)

Proof of Theorem 1.2. The direction ⇒ has been proved by Lemma 1.5. It remains

to show that ⇐ is also true. We are going to construct a graph G and an initial

configuration c0 so that the game is simple and CFG(G, c0) is isomorphic to L.

The set of vertices of G is M ∪ {s}, where s is distinct from M and will play a

role as the sink of G. The arcs of G are constructed as follows. For each m ∈ M , let

fm : Um → N be a solution of E(m), where Um is the collection of all variables in E(m).

Set

E(m, s) = fm(w) +
∑

v∈M and ev∈Um\{w}

fm(ev),

and for each v ∈M satisfying ev ∈ Um\{w}, we set E(v,m) = fm(ev).

The constructing graph G has the following properties. The graph G is connected

and has no closed component since each vertex v 6= s has at least one arc going from v
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to s, and s has no outgoing arc. Thus any CFG on G reaches a fixed point. For each

m ∈ V (G)\{s}, we have deg−(m) =
∑

v∈M and ev∈Um\{w}
fm(ev) < E(m, s) ≤ deg+(m)

and deg+(m) = fm(w) +
∑

v∈M and ev∈Um\{w}
fm(ev) +

∑
m′∈M\{m}

fm′(em). Note that in the

formula of deg+(m) if em 6∈ Um′\{w}, then we set fm′(em) = 0. The in-degree and the

out-degree at each vertex of G depend on the non-negative integral solutions fm we

choose, therefore they may be large. In fact the number of vertices of G is small, that

is |M | + 1, whereas the number of arcs of G is often very large. However, this is not

a problem of presenting G since a multi-graph is often represented by associating each

pair (v, v′) of vertices of G with a number that indicates the number of arcs from v to

v′.

We construct c0 : V (G)→ N as follows.

c0(v) =


deg+(v)− fv(w) if v 6= s and deg−(v) 6= 0

deg+(v) if deg−(v) = 0

0 if v = s

,

We claim that CFG(G, c0) is simple. Indeed for the sake of contradiction we suppose

that there exists at least one vertex in G which is fired more than once in an execution,

say c0
v1→ c1

v2→ c2 . . .
vk−1→ ck−1

vk→ ck, to reach the fixed point of CFG(G, c0). By the

assumption, v1, v2, . . . , vk are not pairwise distinct. Let i be the largest index such

that v1, v2, . . . , vi−1 are pairwise distinct. Vertex vi, therefore, is in {v1, v2, . . . , vi−1}.
We have deg−(vi) 6= 0 since vi is fired more than once during the execution. To

obtain ci−1, each vertex in v1, v2, . . . , vi−1 is fired exactly once, therefore ci−1(vi) ≤
c0(vi) + deg−(vi) − deg+(vi). Since vi is firable in ci−1, it follows that deg+(vi) ≤
ci−1(vi) ≤ c0(vi) + deg−(vi) − deg+(vi) = −fvi(w) + deg−(vi). It contradicts the fact

that deg+(vi) > deg−(vi).

We claim that for every execution c0
v1→ c1

v2→ c2
v3→ . . .

vk−1→ ck−1
vk→ ck of CFG(G, c0),

there exists a chain 0 = d0 ≺ d1 ≺ d2 ≺ · · · ≺ dk−1 ≺ dk in L such that m(di−1, di) = vi

for every 1 ≤ i ≤ k. Note that if the chain exists, then it is defined uniquely. We

prove the claim by induction on k. For k = 1, v1 is firable in c0. It follows from the

construction of G and c0 that only the vertices in G having indegree 0 are firable in

c0, therefore Uv1 = {0}. It implies that there exists d1 ∈ X such that d0 ≺ d1 and
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Md0\Md1 = {v1}. The claim holds for k = 1. For k ≥ 2, let 0 ≺ d1 ≺ d2 ≺ · · · ≺ dk−1

be the chain in L such that Mdi−1
\Mdi = {vi} for every 1 ≤ i ≤ k − 1. If dk−1 is not

less than or equal to any element in Uvk , then there exists a ∈ Lvk such that dk−1 ≤ a.

It follows from the definition of E(vk) that
k−1∑
i=1

fvk(evi) ≤
∑

x∈M\Ma

fvk(ex) < fvk(w). It

implies that after v1, v2, . . . , vk−1 have been fired, vk receives less than fvk(w) chips

from its neighbors, therefore vk is not firable in ck−1. It’s a contradiction. If there

exists b ∈ Uvk such that b ≤ dk−1, then there exists b′ ∈ X such that b ≺ b′ and

Mb\Mb′ = {vk}. Let dk = b′ ∨ dk−1. It suffices to show that Mdk−1
\Mdk = {vk}.

Indeed, we have

Mdk = Mb′ ∩Mdk−1
= (Mb\{vk}) ∩Mdk−1

= (Mb ∩Mdk−1
)\{vk} = Mdk−1

\{vk}.

Since M\Mdk−1
= {v1, v2, . . . , vk−1}, vk ∈Mdk−1

, therefore Mdk−1
\Mdk = {vk}.

Our next claim is that for any chain 0 = d0 ≺ d1 ≺ d2 ≺ · · · ≺ dk−1 ≺ dk in L,

there exists an execution c0
v1→ c1

v2→ c2
v3→ . . .

vk−1→ ck−1
vk→ ck in CFG(G, c0), where

vi = m(di−1, di) for every 1 ≤ i ≤ k. We prove the claim by induction on k. For

k = 1, we have Uv1 = {0}. It follows easily that deg−(v1) = 0, therefore v1 is firable

in c0. By firing v1 in c0, we obtain c0
v1→ c1. The claim holds for k = 1. For k ≥ 2, let

c0
v1→ c1

v2→ c2
v3→ . . .

vk−1→ ck−1 be an execution in the game such that {vi} = Mdi−1
\Mdi

for every 1 ≤ i ≤ k − 1. Since dk−1 is in the set {x ∈ X : ∃y ∈ X, x ≺ y and m(x, y) =

vk} and Uvk is the collection of all minimal elements in this set, there exists a ∈ Uvk

such that a ≤ dk−1. Thus M\Ma ⊆ {v1, v2, . . . , vk−1}. The vertex vk receives at least∑
x∈M\Ma

fvk(ex) chips from its neighbors after all vertices v1, v2, . . . , vk−1 have been fired.

The vertex vk is firable in ck−1 since
∑

x∈M\Ma

fvk(ex) ≥ fvk(w). The claim follows.

It follows immediately from the above claims that CFG(G, c0) and L are isomorphic.

This completes the proof.

The following proposition means that we can recover the main result in [38] from

Theorem 1.2.

Proposition 1.2. If L is a distributive lattice, then for each m ∈ M , E(m) has non-

negative integral solutions.
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Proof. It follows from Corollary 1.1 that |Um| = 1. If Um = {0}, then E(m) = {w ≥ 1},
therefore the proposition holds. If Um 6= {0}, let u denote the unique element in Um.

The system E(m) of linear inequalities now becomes

E(m) = {w −
∑

x∈M\Ma

ex ≥ 1 : a ∈ Lm}
⋃
{w ≤

∑
x∈M\Mu

ex}. (1.5)

The collection Um of all variables in E(m) is {w}∪ {ex : x ∈ (M\Mu)∪
⋃

a∈Lm
(M\Ma)}.

Let f : Um → N be given by:

f(y) =


1 if y = ex for some x ∈M\Mu

|M\Mu| if y = w

0 otherwise

.

We claim that f is a solution of E(m). By the definition of f , it is straightfor-

ward to verify that f(w) ≤
∑

x∈M\Mu

f(ex). It remains to show that for every a ∈ Lm,∑
x∈M\Ma

f(ex) < f(w). Indeed,
∑

x∈M\Ma

f(ex) = |(M\Ma) ∩ (M\Mu)| follows from

the definition of f . Since u 6≤ a, we have (M\Ma) ∩ (M\Mu) ( M\Mu, therefore∑
x∈M\Ma

f(ex) < |M\Mu| = f(w).

We derive easily the following corollary from Theorem 1.2 and Proposition 1.2

Corollary 1.2 ([38]). Every distributive lattice is in L(CFG).

We present a polynomial time algorithm for determining whether a given ULD

lattice is in L(CFG). To do this, we have to show that finding a non-negative integral

solution of E(m) can be done in polynomial time. It is well-known that the problem of

deciding whether an integral system of linear inequalities has an integral solution is NP-

complete. Fortunately the following shows that the problem is solvable in polynomial

time when it is restricted to E(m).

Lemma 1.6. Given E(m), we can decide if it has a non-negative integral solution, and

if so, find one, in polynomial time.

Proof. Clearly, the corresponding problem on R is solvable in polynomial time by

using the known algorithms for linear programming. If E(m) has no non-negative
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real solution, then E(m) has no non-negative integral solution. Otherwise let f ′ be a

non-negative real solution of E(m). We are going to construct a non-negative integral

solution f of E(m) from f ′. The map

f : {w} ∪ {ex : x ∈
⋃

a∈Lm∪Um

(M\Ma)} → N,

is defined by: f(ex) = b2|M |f ′(ex)c for every x ∈
⋃

a∈Lm∪Um
(M\Ma), and f(w) =

min{
∑

x∈M\Ma

f(ex) : a ∈ Um}. We show that f is a non-negative integral solution of

E(m). By the definition of f(w), it remains to show that
∑

x∈M\Ma

f(ex) < f(w) for any

a ∈ Lm. Let b ∈ Um such that f(w) =
∑

x∈M\Mb

f(ex). Clearly, we have

∑
x∈M\Ma

f(ex) ≤ 2|M |
∑

x∈M\Ma

f ′(ex) ≤ 2|M |(f ′(w)− 1)

≤ −2|M |+
∑

x∈M\Mb

(2|M |f ′(ex)) ≤ −2|M |+
∑

x∈M\Mb

(b2|M |f ′(ex)c+ 1)

≤ −2|M |+ |M |+ f(w) < f(w). (1.6)

The lattice L can be input as a directed acyclic graph with the arcs induced from

the cover relation of L, i.e. (x, y) ∈ E(L) iff x ≺ y holds in L. Note that Um and Lm

can be found in O(|E(L)|) time by using search algorithms. The algorithm is presented

by the following pseudocode.
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Input : A ULD lattice L which is input as a acyclic graph with the arcs

defined by the cover relation.

Output: Yes if L is in L(CFG), No otherwise. If Yes, then give a support

graph G and an initial configuration c0 on G so that CFG(G, c0) is

isomorphic to L.

V (G) := M ∪ {s};
E(G) := ∅;
for m ∈M do

Construct E(m) ;

if E(m) has no non-negative integral solutions then Reject;

;

else

Let fm be a non-negative integral solution of E(m);

Let Um be the collection of all variables in E(m);

for ex ∈ Um\{w} do

Add fm(ex) arcs (x,m) to G.

end

Add fm(w) +
∑

ex∈Um\{w}
fm(ex) arcs (m, s) to G.

end

end

Construct the initial configuration c0 by

c0(v) :=


deg+(v) if deg−(v) = 0

deg+(v)− fv(w) if deg−(v) 6= 0 and v 6= s

0 if v = s

.

We can use the Karmarkar’s algorithm [28] to find a non-negative integral solutions

fm of E(m) that can be done as in the proof of Lemma 1.6. For each m ∈ M , the

number of bits that are input to the algorithm is bounded by O(|M | × |X|). We have

to run the Karmarkar’s algorithm |M | times. Hence the algorithm can be implemented

to run in O(|M |6.5 × |X|2 × log|X| × log(log|X|)) time.
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(a) (b)

Figure 1.8

1.3 Lattices generated by Abelian Sandpile model

Abelian Sandpile model is the CFG model which is defined on connected undirected

graphs [8]. In this model, the support graph is undirected and it has a distinguished

vertex which is called sink and never fires in the game even if it has enough chips. If we

replace each edge (v1, v2) in the support graph by two directed arcs (v1, v2) and (v2, v1)

and remove all out-arcs of the sink, then we obtain an CFG on directed graph which

has the same behavior as the old one. For example, a CFG defined on the graph in

Figure 1.8a with sink s is the same as one which is defined on the graph in Figure 1.8b,

and the initial configuration is the same as the old one. Thus a ASM can be regarded

as a CFG on a directed multi-graph. We give an alternative definition of ASM on

directed multi-graphs as follows. A CFG(G, c0), where G is a directed multi-graph, is

a ASM if G is connected, G has only one sink s and for any two distinct vertices v1, v2

of G, which are distinct from the sink, we have E(v1, v2) = E(v2, v1). Therefore in this

model we will continue to work on directed multi-graphs.

The lattice structure of this model was studied in [33]. The authors proved that the

class of lattices induced by ASMs is strictly included in L(CFG) and strictly includes the

class of distributive lattices. To get the necessary and sufficient condition for L(CFG),

we used the important result from [38] which asserts that every CFG is equivalent to

a simple CFG. A difficulty of getting a necessary and sufficient criterion for L(ASM)

is that we do not know whether a similar assertion holds for the ASM, i.e. whether

an ASM is equivalent to a simple ASM, therefore the argument in [38] does not seem
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to be transferable to ASM. Nevertheless, we overcome this difficulty by constructing

a generalized correspondence between the firing vertices in a relation with their times

of firing of a CFG and the meet-irreducible elements of the lattice generated by this

CFG. Using this correspondence, we achieve a necessary and sufficient condition for

L(ASM). The following theorem is the main result of this section.

Theorem 1.4. L ∈ L(ASM) if and only if Ω has non-negative integral solutions, where

Ω is a symtem of linear inequalities which will be defined later.

This condition provides a polynomial-time algorithm for determining whether a given

ULD lattice is in L(ASM). We also give some other results which concern to this model.

The following lemma shows that correspondence, it is a generalization of Lemma 1.4.

Lemma 1.7. If L is generated by CFG(G, c0), then the map κ : M → V (G) × N,

determined by κ(m) = (ϑ(c, c′), shc′(ϑ(c, c′))), where c, c′ are two configurations of

CFG(G, c0) such that c ≺ c′ and m(c, c′) = m, is well-defined. Furthermore κ is

injective.

Note that games in Lemma 1.4 are supposed to be simple, whereas games in the

above lemma are not necessarily simple. The lemma means that if each c ≺ c′ is labeled

by the pair of the vertex at which c is fired to obtain c′ and the number of times this

vertex is fired to reach c′ from the initial configuration, then the labeling is the same

as labeling c ≺ c′ by m(c, c′). Let us give a concrete example to illustrate this concept.

The CFG defined by the support graph G and the initial configuration c0, which are

shown in Figure 1.9, generates the lattice that is shown by Figure 1.10a and Figure

1.10b.

In Figure 1.10a, each c ≺ c′ is labeled by the fired vertex and the number of times

this vertex is fired to obtain c′. Figure 1.10b shows the lattice in the way each c ≺ c′

is labeled by m(c, c′). It is obvious that the labelings are the same with respect to the

correspondence c3 → (v3, 1), c5 → (v1, 1), c6 → (v3, 2), c8 → (v3, 3), c9 → (v2, 1), c10 →
(v3, 4).

Proof of Lemma 1.7. To prove κ is well-defined, it suffices to show that for c, c′ being
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(a) Support graph. (b) Initial configuration.

Figure 1.9 A non-simple CFG.

two configurations of CFG(G, c0) such that m(c, c′) = m, where m ∈M , we have

(ϑ(c, c′), shc′(ϑ(c, c′))) = (ϑ(m,m+), shm+(ϑ(m,m+))). (1.7)

Let c = c1 ≺ c2 ≺ c3 ≺ · · · ≺ ck = m be an execution in L. By Lemma 1.3, there exists

a chain c′ = d1 ≺ d2 ≺ d3 ≺ · · · ≺ dk = m+ such that ci ≺ di for every 1 ≤ i ≤ k.

It is easy to see that ϑ(c, c′) = ϑ(c1, d1) = ϑ(c2, d2) = ϑ(c3, d3) = · · · = ϑ(ck, dk) =

ϑ(m,m+). Let v denote ϑ(c, c′). It remains to prove that shc′(v) = shm+(v). For each

1 ≤ i ≤ k − 1, we have v = ϑ(ci, di) 6= ϑ(ci, ci+1), therefore

shdi+1
(v) = 1 + shci+1

(v) = 1 + shci(v) = shdi(v). (1.8)

It implies that

shc′(v) = shd1(v) = shd2(v) = · · · = shdk(v) = shm+(v). (1.9)

It follows immediately from the definition of κ that κ is a surjection from M to⋃
v∈V (G)

(
{v} × [sh1(v)]

)
, where [n] denotes the set {1, 2, . . . , n}. Note that [n] = ∅ if

n ≤ 0. For v ∈ V (G), |{v}× [sh1(v)]| is the number of times v is fired in any execution
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Figure 1.10 Two ways of labeling.
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from 0 to 1, therefore |
⋃

v∈V (G)

(
{v} × [sh1(v)]

)
| is the number of times the vertices

are fired to reach 1. Thus |
⋃

v∈V (G)

(
{v} × [sh1(v)]

)
| is the height of L. To prove κ is

injective, it suffices to show that |M | is also the height of L. Let 0 = c0 ≺ c1 ≺
c2 ≺ · · · ≺ ch−1 ≺ ch = 1 be any chain of L, where h is the height of L. Clearly

M = M0\M1 =
⋃

0≤i≤h−1
Mci\Mci+1

, and (Mci\Mci+1
) ∩ (Mci′

\Mci′+1
) = ∅ for any two

distinct indices i, i′ in {0, 1, 2, . . . , h − 1}. Since each Mci\Mci+1
contains exactly one

element, we have |M | = h.

In the case of directed graphs, the systems E(m) of linear inequalities are solved

independently to know whether L is in L(CFG) since there is no requirement for relation

between E(v1, v2) and E(v2, v1) on support graph. In the case of undirected graphs

the condition E(v1, v2) = E(v2, v1) must be satisfied for any two vertices distinct from

sink. Hence the systems of linear inequalities for ASM are constructed as follows.

For each E(m), we define the system of linear inequalities E(m) by replacing each

variable ex in E(m) by ex,m and w by wm. We give an example for this transformation.

Consider the lattice shown in Figure 1.7a. We have

E(c8) = E(c9) = {w ≥ 1};

E(c6) =


w ≤ ec8

w ≤ ec7 + ec9

w − ec9 ≥ 1

; E(c7) =


w ≤ ec9

w ≤ ec6 + ec8

w − ec8 ≥ 1

,

then

E(c8) = {wc8 ≥ 1};E(c9) = {wc9 ≥ 1};

E(c6) =


wc6 ≤ ec8,c6

wc6 ≤ ec7,c6 + ec9,c6

wc6 − ec9,c6 ≥ 1

;E(c7) =


wc7 ≤ ec9,c7

wc7 ≤ ec6,c7 + ec8,c7

wc7 − ec8,c7 ≥ 1

.

For each m ∈ M , E(m) is a system of linear inequalities whose variables are a

subset of {em1,m2 : m1 ∈ M,m2 ∈ M and m1 6= m2} ∪ {wm : m ∈ M}. Let U denote

the set of all variables in
⋃

m∈M
E(m). The system Ω of linear inequalities is given by:

Ω =

( ⋃
m∈M

E(m)

)
∪ {em1,m2 = em2,m1 : em1,m2 and em2,m1 both are in U}.
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If L is generated by a simple CFG, say CFG(G, c0), then it follows from the cor-

respondence established in Lemma 1.4 and the construction in Theorem 1.2 that for

m1,m2 ∈ M , em1,m2 can be regarded as the number of arcs from v1 to v2 in G, where

v1, v2 are the corresponding vertices of m1,m2, respectively. Like the sufficient condi-

tion in Theorem 1.2, the following lemma shows a similar assertion for L(ASM).

Lemma 1.8. If Ω has non-negative integral solutions, then L ∈ L(ASM).

Proof. We construct the graph G whose set of vertices is M ∪ {s} and the arcs are

defined as follows. Let f : U → N be a non-negative integral solution of Ω. For

each two distinct elements m1,m2 ∈ M , if em1,m2 ∈ U , then there are f(em1,m2) arcs

connecting m1 to m2 in G and f(em1,m2) arcs connecting m2 to m1. If em1,m2 6∈
U and em2,m1 6∈ U , then there is no arc connecting m1 with m2 in G. It follows

immediately from the definition of Ω that G is well-defined. For each m ∈ M , there

are f(wm) +
∑

m′∈M and m′ 6=m
E(m′,m) arcs connecting m to s. The initial configuration

c0 : V (G)→ N for the game is defined by:

c0(v) =


deg+(v) if v ∈M and Uv = {0}

deg+(v)− f(wv) if v ∈M and Uv 6= {0}

0 if v = s

,

where deg+(v) denotes the out-degree of v in G. It’s clear that s is the sink of the

game. We can argue similarly as in the proof of Theorem 1.2 that the game is simple

and generates L.

Example 1.2. We consider the system of linear inequalities of Example 1.1. Then Ω

34



is the following system.

Ω =



wc8 ≥ 1

wc9 ≥ 1

wc6 ≤ ec8,c6

wc6 ≤ ec7,c6 + ec9,c6

wc6 − ec9,c6 ≥ 1

wc7 ≤ ec9,c7

wc7 ≤ ec6,c7 + ec8,c7

wc7 − ec8,c7 ≥ 1

ec6,c7 = ec7,c6

,

The map f : U → N, defined by:

f(x) =

0 if x = ec9,c6 or x = ec8,c7

1 otherwise
,

is a non-negative integral solution of Ω. By the construction in the sketch of proof, G

and the initial configuration are presented by Figure 1.11. Note that in the figure, G

(a) Support graph. (b) Initial configuration.

Figure 1.11 A ASM solution.

is presented by an undirected graph for a nice presentation. The sink of the game is

in black. Doing a simple computation on the game, it is straightforward to verify that

the lattice generated by CFG(G, c0) is isomorphic to L.

The following theorem shows that the condition that Ω has non-negative integral so-

lutions is not only a sufficient condition but also a necessary condition of L ∈ L(ASM).
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Proof of Theorem 1.4. The direction ⇐ is already proved by Lemma 1.8. We are left

with proving the direction⇒. Let CFG(G, c0) be a ASM and generates L. Let s denote

the sink of the game. We define

N = 1 +
∑

v∈V (G) and v 6=s

(sh1(v)× deg+(v)),

where deg+(v) denotes the out-degree of v in G. Let κ : M → V (G)×N be the injective

map which is defined as in Lemma 1.7. For m ∈ M , let κ(m)(1), κ(m)(2) denote the

first and second components of κ(m), respectively.

We claim that for each m ∈ M and each a ∈ Lm, we have |{(v, n) ∈ κ(M\Ma) :

v = κ(m)(1)}| ≤ κ(m)(2) − 1. Indeed, let 0 = c0 ≺ c1 ≺ · · · ≺ ck−1 ≺ ck = a be a chain

of L, where k is a non-negative integer. Note that κ(M\Ma) = {κ(m(ci, ci+1)) : 0 ≤
i ≤ k−1}. For a contradiction, we suppose that |{(v, n) ∈ κ(M\Ma) : v = κ(m)(1)}| ≥
κ(m)(2). It implies that the number of times κ(m)(1) is fired in the execution (chain) is

greater than or equal to κ(m)(2). Hence there is a unique index 0 ≤ j ≤ k−1 such that

ϑ(cj, cj+1) = κ(m)(1) and |{i : i ≤ j and ϑ(ci, ci+1) = κ(m)(1)}| = κ(m)(2). It follows

from the definition of κ in Lemma 1.7 that κ(m(cj, cj+1)) = κ(m). Since κ is injective,

it follows that m(cj, cj+1) = m. It contradicts the definition of Lm. The claim follows.

Our next claim is that for each m ∈ M and each a ∈ Lm, if |{(v, n) ∈ κ(M\Ma) :

v = κ(m)(1)}| = κ(m)(2) − 1, then for every b ∈ Um, we have∑
x ∈M\Ma

κ(x)(1) 6= κ(m)(1)

E(κ(x)(1), κ(m)(1)) <
∑

x ∈M\Mb

κ(x)(1) 6= κ(m)(1)

E(κ(x)(1), κ(m)(1)). (1.10)

Indeed, the righ-hand side of (1.10) indicates the number of chips vertex κ(m)(1) re-

ceives from its neighbors during an execution from 0 to b. To reach b, κ(m)(1) has been

fired κ(m)(2) − 1 times. It follows that the number of chips stored at κ(m)(1) in b is

c0(κ(m)(1))− (κ(m)(2) − 1)×
(
deg+(κ(m)(1))− E(κ(m)(1), κ(m)(1))

)
+

+
∑

x ∈M\Mb

κ(x)(1) 6= κ(m)(1)

E(κ(x)(1), κ(m)(1)). (1.11)
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Since κ(m)(1) is firable in b, it follows that (1.11) ≥ deg+(κ(m)(1)). By a similar

argument, the number of chips stored at κ(m)(1) in a is

c0(κ(m)(1))− (κ(m)(2) − 1)×
(
deg+(κ(m)(1))− E(κ(m)(1), κ(m)(1))

)
+

+
∑

x ∈M\Ma

κ(x)(1) 6= κ(m)(1)

E(κ(x)(1), κ(m)(1)). (1.12)

We have κ(m)(1) is not firable in a, therefore (1.12) < deg+(κ(m)(1)). It follows easily

from (1.11) and (1.12) that (1.10) holds.

Let f : U → N be given by:

f(y) =



E(κ(m1)
(1), κ(m2)

(1)) if y = em1,m2 for some

m1,m2 ∈M and κ(m1)
(1) 6= κ(m2)

(1)

N if y = em1,m2 for some

m1,m2 ∈M and κ(m1)
(1) = κ(m2)

(1)

min{
∑

x∈M\Ma

f(ex,m) : a ∈ Um} if y = wm for some m ∈M and

and Um 6= {0}

1 if y = wm for some m ∈M and

and Um = {0}

,

where U is the collection of all variables of Ω. The proof is completed by showing that

f is a non-negative integral solution of Ω. Since CFG(G, c0) is an ASM, it follows easily

that for any two distinct elements m1,m2 ∈M , if em1,m2 and em2,m1 both are in U , then

f(em1,m2) = f(em2,m1). It remains to show that for each m ∈ M , f satisfies E(m). If

Um = {0}, then the assertion follows easily. If Um 6= {0}, it is straightforward to verify

that f(wm) ≤
∑

x∈M\Ma

f(ex,m) for any a ∈ Um. We are left with proving
∑

x∈M\Ma

f(ex,m) <

f(wm) for any a ∈ Lm. For this purpose, we show that
∑

x∈M\Ma

f(ex,m) <
∑

x∈M\Mb

f(ex,m)
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for any b ∈ Um. We have∑
x∈M\Ma

f(ex,m) =
∑

x ∈ M\Ma

κ(x)(1) 6= κ(m)(1)

f(ex,m) +
∑

x ∈ M\Ma

κ(x)(1) = κ(m)(1)

f(ex,m)

=
∑

x ∈ M\Ma

κ(x)(1) 6= κ(m)(1)

E(κ(x)(1), κ(m)(1)) +Q×N, (1.13)

where Q = |{(v, n) ∈ κ(M\Ma) : v = κ(m)(1)}|. There are two possibilities.

a. Q = κ(m)(2)−1. It follows from (1.10) and |{(v, n) ∈ κ(M\Mb) : v = κ(m)(1)}| =
κ(m)(2) − 1 that ∑

x ∈ M\Ma

κ(x)(1) 6= κ(m)(1)

E(κ(x)(1), κ(m)(1)) +Q×N <

∑
x ∈ M\Mb

κ(x)(1) 6= κ(m)(1)

E(κ(x)(1), κ(m)(1)) + (κ(m)(2) − 1)×N

=
∑

x ∈ M\Mb

f(ex,m). (1.14)

b. Q < κ(m)(2) − 1. It follows from the definition of N that∑
x ∈ M\Ma

κ(x)(1) 6= κ(m)(1)

E(κ(x)(1), κ(m)(1)) +Q×N

< N +Q×N ≤ (κ(m)(2) − 1)×N

≤
∑

x ∈ M\Mb

κ(x)(1) 6= κ(m)(1)

E(κ(x)(1), κ(m)(1)) + (κ(m)(2) − 1)×N

=
∑

x ∈ M\Mb

f(ex,m). (1.15)

Therefore, f is a non-negative integral solution of Ω.

Like Lemma 1.6, the problem of finding a non-negative integral solution of Ω is

solvable in polynomial time.

Lemma 1.9. Given Ω, we can determine whether it has a non-negative integral solu-

tion, and find one if Ω has a solution in polynomial time.
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Proof. Clearly the corresponding problem on R is solvable in polynomial time by us-

ing the known algorithms for linear programming. If Ω has no non-negative real

solution, then Ω has no non-negative integral solution. Otherwise let f ′ : U → N

be a non-negative real solution of Ω, where U denotes the set of variables of Ω.

Let f : U → N be given by: f(em1,m2) = b2|M |f ′(em1,m2)c if em1,m2 ∈ U , and

f(wm) = min{
∑

x∈M\Ma

f(ex,m) : a ∈ Um}. Now we can use the same arguments as

in Lemma 1.6 to argue that f is a non-negative integral solution of Ω. This completes

the proof.

Lemma 1.9 implies a polynomial time algorithm for the problem of determining

whether a given lattice is in L(ASM), and construct a corresponding CFG if there

exists one. We again use the Karmarkar’s algorithm for finding a non-negative integral

solution of Ω. The number of variables of Ω is bounded by O(|M |2) and the number of

bits, which are input to the algorithms for linear programming to find a non-negative

integral solution of Ω, is bounded by O
(
|M |3 × |X|

)
. Therefore the algorithm can be

implemented to run in O(|M |13 × |X|2 × log|X| × log(log|X|)) time.

Example 1.3. Let L be the following lattice.

c0

c1 c2 c3

c4 c7 c8c5 c9c6

c11 c12 c13 c15 c19c17c10 c16 c18c14

c20 c25 c26c23 c27 c30 c31c28c21 c24 c29c22

c32 c33 c36c35 c37c34

c38
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This latttice was presented in [33] as an example of showing the class of lattices induced

by ASM is strictly included in the class of lattices induced by CFG. We again present

it here as an application of Theorem 1.4. The system Ω of linear inequalities is

wc32 ≥ 1

wc33 ≥ 1

wc37 ≥ 1

wc34 − (ec32,c34 + ec36,c34 + ec37,c34) ≥ 1

wc34 ≤ ec33,c34

wc34 ≤ ec32,c34 + ec35,c34

wc34 ≤ ec35,c34 + ec36,c34 + ec37,c34

wc35 − (ec33,c35 + ec34,c35 + ec37,c35) ≥ 1

wc35 ≤ ec32,c35

wc35 ≤ ec33,c35 + ec34,c35 + ec36,c35

wc35 ≤ ec36,c35 + ec37,c35

wc36 − (ec32,c36 + ec33,c36 + ec35,c36) ≥ 1

wc36 ≤ ec33,c36 + ec34,c36

wc36 ≤ ec32,c36 + ec34,c36 + ec35,c36

wc36 ≤ ec37,c36

ec34,c35 = ec35,c34

ec34,c36 = ec36,c34

ec35,c36 = ec36,c35

ec34,c36 = ec36,c34

,

Using the algorithms for linear programming, we know that the system has no non-

negative solution, therefore has no non-negative integral solution. Therefore the lattice

is not in L(ASM).

Example 1.4. The game with the initial configuration presented in Figure 1.12a gen-

erates the lattice presented in Figure 1.12b. It is an example which is smaller than one

presented in [33].

Note that the two lattices in Example 1.3 and Example 1.4 are generated only by

simple CFGs. It is useful to give a sufficient condition for such lattices. The following

proposition shows such a condition.
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(a) Initial configuration.

(b) Generating lattice.

Figure 1.12 Smaller example.

Proposition 1.3. Let H be the undirected simple graph whose vertices are M and edges

are defined by: (m1,m2) ∈ E(H) if there are x1, x2, x3 ∈ X such that x1 ≺ x2, x1 ≺ x3,

m(x1, x2) = m1 and m(x1, x3) = m2. If L ∈ L(CFG) and H is a complete graph, then

L is generated only by simple CFGs.
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Proof. We assume otherwise that L is generated by a non-simple CFG, say CFG(G, c0).

Let κ be the map defined in Lemma 1.7. Since the game is not simple, there is a vertex

v of G such that v is fired more than once during an execution from c0 to the fixed

point. Therefore there are two distinct meet-irreducible elements m1 and m2 in M

such that κ(m1) = (v, 1) and κ(m2) = (v, 2). Since H is complete, there are three

distinct configurations x1, x2 and x3 such that x1 ≺ x2, x1 ≺ x3,m(x1, x2) = m1 and

m(x1, x3) = m2. By the definition of κ, we have x1
v→ x2 and x1

v→ x3. It implies that

x2 = x3, a contradiction.

In [38], the authors proved that a general CFG is always equivalent to a simple

CFG. An arising question is that whether an ASM is equivalent to a simple ASM. The

idea from the proof in [38] does not seem to be applicable to this model, whereas the

answer follows easily from the proofs of Lemma 1.8 and Theorem 1.4.

Proposition 1.4. Any ASM is equivalent to a simple ASM.

Proof. Assume that L ∈ L(ASM). By Theorem 1.4, Ω has non-negative integral solu-

tions. We consider the CFG that is constructed as in the proof of Lemma 1.8. It is a

simple ASM and generates L. This completes the proof.

1.4 Lattices generated by CFGs on acyclic graphs

In [33], the author gave a strong relation between ASM and the simple CFGs on acyclic

graphs (directed acyclic graphs). The author pointed out that a simple CFG on an

acyclic graph is equivalent to an ASM. In this subsection, we study CFGs on acyclic

graphs that are not necessarily simple. We show that each CFG on an acyclic graph

is equivalent to a simple CFG on an acyclic graph. That is our main result of this

subsection.

Theorem 1.5. Any CFG on an acyclic graph is equivalent to a simple CFG on an

acyclic graph, therefore equivalent to an ASM.

As a corollary, every lattice generated by a CFG on an acyclic graph is in L(ASM). We

also give a necessary and sufficient criterion for lattices generated by CFGs on acyclic

graphs.
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Lemma 1.10. If L is generated by a CFG on an acyclic graph, then G is acyclic,

where G is the simple directed graph whose vertices are M and arcs are defined by:

(m1,m2) ∈ E(G) if and only if m1 ∈
⋃

a∈Um2

(M\Ma).

Proof. Let CFG(G, c0) be a CFG which generates L, where G is a directed acyclic

graph. Let κ : M → V (G) × N be the map which is defined in Lemma 1.7. For each

v ∈ V (G), Anc(v) denotes the collection of vertices v′ of G such that there is a directed

path from v′ to v in G (v′ could be equal to v). A sequence (v1, v2, . . . , vk) ∈ V (G)k is

called a legal firing sequence if there is an execution c0
v1→ c1

v2→ c2
v3→ . . .

vk→ ck in the

game. Note that if such an execution exists, then it is defined uniquely.

We claim that for each m ∈ M and each a ∈ Um, we have {κ(x)(1) : x ∈
M\Ma} ⊆ Anc(κ(m)(1)). Indeed, let 0 = c0

v1→ c1
v2→ c2

v3→ . . .
vk→ ck = a

κ(m)(1)→ jm

be an execution, where jm is the configuration which is obtained by firing κ(m)(1)

in a. It is clear that (v1, v2, . . . , vk, κ(m)(1)) is a legal firing sequence. Since firing

of the vertices not in Anc(κ(m)(1)) does not affect the firability of the remaining

vertices, by removing all vertices not in Anc(κ(m)(1)) of the sequence, we get the

sequence (vi1 , vi2 , . . . , vik′ , κ(m)(1)) which remains a legal firing sequence. There ex-

ists an execution c0 = d0
vi1→ d1

vi2→ d2
vi3→ . . .

vik′→ dk′ = a′
κ(m)(1)→ j′m in the game.

Since the number of occurrences of κ(m)(1) in (vi1 , vi2 , . . . , vik′ , κ(m)(1)) is the same

as the one in (v1, v2, . . . , vk, κ(m)(1)), it follows that κ(m(a, jm)) = κ(m(a′, j′m)), thus

m(a, jm) = m(a′, j′m) = m. Clearly we have sha′ ≤ sha, therefore a′ ≤ a. It follows from

the definition of Um that a′ = a, hence {κ(x)(1) : x ∈M\Ma} = {κ(m(ci, ci+1))
(1) : 0 ≤

i ≤ k − 1} = {vi : 1 ≤ i ≤ k} ⊆ Anc(κ(m)(1)).

Our next claim is that for each m ∈M and each a ∈ Um, if (κ(m)(1), n) ∈ κ(M\Ma),

then n < κ(m)(2). Indeed, let 0 = c0
v1→ c1

v2→ c2
v3→ . . .

vk→ ck = a
κ(m)(1)→ jm be an

execution. Since {m(ci, ci+1) : 0 ≤ i ≤ k− 1} = M\Ma, there is p ∈ {0, 1, 2, . . . , k− 1}
such that κ(m(cp, cp+1)) = (κ(m)(1), n). Thus vp+1 = κ(m)(1), and n = shcp+1(vp+1) ≤
sha(vp+1) = shjm(vp+1)− 1 < shjm(vp+1) = κ(m)(2). The claim follows.

Since G is an acyclic graph, there exists a function h : V (G) → N such that if

(v1, v2) ∈ E(G), then h(v1) < h(v2). Let N = max{sh1(v) : v ∈ V (G)}. We define

h′ : M → N by h′(m) = N × h(κ(m)(1)) + κ(m)(2). To prove G is acyclic, it suffices to

show that for every (m1,m2) ∈ G, we have h′(m1) < h′(m2). From the definition of G,
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there exists a ∈ Um2 such that m1 ∈M\Ma. There are two following possibilities.

a. κ(m1)
(1) = κ(m2)

(1). It follows from the second claim that

h′(m1) = N × h(κ(m1)
(1)) + κ(m1)

(2)

< N × h(κ(m2)
(1)) + κ(m2)

(2) = h′(m2). (1.16)

b. κ(m1)
(1) 6= κ(m2)

(1). It follows from the first claim that κ(m1)
(1) ∈ Anc(κ(m2)

(1)).

Therefore

h′(m1) = N × h(κ(m1)
(1)) + κ(m1)

(2)

≤ N × h(κ(m2)
(1)) + κ(m2)

(2) −N + (κ(m1)
(2) − κ(m2)

(2))

< N × h(κ(m2)
(1)) + κ(m2)

(2) = h′(m2). (1.17)

We recall a result in [33].

Theorem 1.6. [33] Let C be a simple CFG on an acyclic graph G. Then C is equivalent

to an ASM.

Proof of Theorem 1.5. Let CFG(G, c0) be a CFG such that G is an acyclic graph, and

let L denote CFG(G, c0). By Theorem 1.2, for each m ∈ M , E(m) has non-negative

integral solutions. Let Um be the collection of all variables of E(m) and f ′m : Um → N

be a non-negative integral solution of E(m). The function fm : Um → N, defined by:

fm(y) =


f ′m(y) if y = w or y ∈ {ex : x ∈

⋃
a∈Um

(M\Ma)}

0 otherwise

,

is also a non-negative integral solution of E(m). By using solutions fm, it follows from

the construction of the CFG in the proof of Theorem 1.2 that L is generated by a

simple CFG on a graph, say G′, such that V (G′) = M ∪ {s} and if (v1, v2) ∈ E(G′),

then v2 = s or (v1, v2) ∈ E(G), where G is the graph that is defined as in Lemma 1.10.

It follows directly from Lemma 1.10 that G is acyclic, so is G′. Theorem 1.6 implies

that CFG(G, c0) is equivalent to an ASM.
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Using Lemma 1.10 and a similar argument as in the proof of Theorem 1.5, we

obtain a necessary and sufficient criterion for the class of lattices generated by CFGs

on acyclic graphs.

Corollary 1.3. Let L ∈ L(CFG). Then L is generated by a CFG on an acyclic graph

if and only if G is acyclic.

Proof. The necessary condition is proved by Lemma 1.10. It remains to prove that

the sufficient condition also hold. Let G be given as in Lemma 1.10. By Theorem 1.2,

for each m ∈ M , E(m) has non-negative integral solutions. We define non-negative

integral solutions f ′m, fm for each m ∈ M , and a simple CFG on G′ that generates

L as in Theorem 1.5. Since G is acyclic and since if (v1, v2) ∈ E(G′), then v2 = s or

(v1, v2) ∈ E(G), it follows that G′ is acyclic. This completes the proof.

Let L(ACFG) denote the class of lattices generated by CFGs on acyclic graphs.

Theorem 1.5 implies that L(ACFG) ⊆ L(ASM). We consider the lattice shown in

Figure 1.6a. In this case, G is presented in Figure 1.13. Graph G is not acyclic,

c6

c7

c8 c9

Figure 1.13 Graph G.

therefore the lattice is not in L(ACFG). From Example 1.2, the lattice is in L(ASM).

It implies that L(ACFG) ( L(ASM). Furthermore the lattice presented in Figure

1.14 is generated by a CFG on acyclic graph but not a distributive lattice. Thus

D ( L(ACFG).

1.5 Conclusion and perspectives

In this chapter, we have studied the properties of three classes of lattices generated

by CFGs, that are L(CFG), L(ASM) and L(ACFG). On algorithmic aspect we give
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Figure 1.14 A lattice

in L(ACFG)\D.

a necessary and sufficient criterion for each studied class. These criteria provide the

polynomial-time algorithms for determining which class of lattices a given ULD lattice

belongs to. The algorithms are based on the existence of the solutions of systems

of linear inequalities, which are created by analyzing the structure of a given ULD

lattice. Moreover, the complexities of the algorithms are based on the complexity of

Karmarka’s algorithm for solving a system of linear inequalities. The class L(ACFG)

of lattices we propose in the dissertation is new and arises naturally from the previous

studies of C. Magnien. We also study the relation between those classes of lattices. We

point out that L(ACFG) is situated strictly between the class D of distributive lattices

and L(ASM). In other word, we obtain a finer chain of the studied classes of lattices,

that is

D ( L(ACFG) ( L(ASM) ( L(CFG) = L(MCFG) ( ULD,

where L(MCFG) is the class of lattices generated by MCFGs (Multating Chip Firing

Game [1, 25, 33]).

It is interesting to investigate CFGs defined on the classes of graphs that are studied

widely in literature, for example the class of Eulerian directed graphs. This class is a

close extension of the class of undirected graphs. Recall that a graph G is Eulerian

if it is connected and for each vertex of G its out-degree and in-degree are equal. We

define a CFG on an Eulerian graph G as follows. We fix a vertex s of G which will play

a role as the sink of the game. Then we remove all out-arcs of s. The resulting graph

G′ remains a connected graph and has no closed component. The game is defined on

this graph. Let L(ECFG) denote the class of lattices generated by CFGs on Eulerian
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graphs. It is clear that L(ASM) ⊆ L(ECFG) ⊆ L(CFG). The problem of determining

which inclusion is strict remains to be done.

It turns out to be interesting that a CFG defined on each studied class of graphs is

equivalent to a simple CFG which again is defined on this class. This property implies

that to study the lattices generated by CFGs defined on these classes of graphs, it is

sufficient to study simple CFGs. As we saw in this chapter this property is proved

on different classes of graphs with different techniques. Thus it is not easy to know

whether this property holds for other classes of graphs. In particular, we still do not

know whether this property holds for the Eulerian graphs. A characterization of classes

of graphs having this property remains to be done.

Finally, we are also interested in the following computational problem: Given a

graph G and a ULD lattice L, is L generated by a CFG on G?

So now, we have the practical criteria for the classes of lattices generated by CFGs

defined on three classes of graphs which are studied widely in literature, they are acyclic

graphs, undirected graphs, and directed graphs. We believe that our method presented

here is not only applicable to these classes but also applicable to many other classes of

graphs on which CFGs are defined.
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Chapter 2

Generating function of recurrent

configurations of an Eulerian

digraph

2.1 Recurrent configurations on a digraph with global

sink

All graphs in this section are assumed to be multi-digraphs without loops. Graphs with

loops will be considered in Section 2.4. We introduce in this section some notations and

known results about recurrent configurations of CFG with a sink on general digraphs,

followed by straightforward considerations on the number of chips stored on vertices

of recurrent configurations.

For a digraph G = (V,A) and an arc e ∈ A, we denote by e− and e+ the tail and

head of e, respectively. A vertex s of G is called global sink if s does not have out-going

arcs, and for any vertex v ∈ V there is a directed path from v to s (the length of the

path may be 0). In the rest of this section, we assume that G has a global sink s. The

definition of recurrent configurations is based on the convergence of the game, which

is ensured if G has a global sink. Since s is not firable no matter how many chips it

has, it makes sense to define a configuration to be a map from V \{s} to N. When

a chip goes into the sink, it vanishes. The interest is to assimilate two configurations
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that have the same number of chips on every vertex except on the sink. Note that in

this section we consider only one fixed sink, but in subsequent sections we will consider

the CFG relatively to different choices of sink, and therefore we will need some more

notations. Let us not be overburdened yet, a configuration c on G with sink s is a map

V \{s} → N. The configuration c is called stable if c(v) < deg+G(v) for any v 6= s. We

recall a basic result of the Chip-firing game on digraphs with a global sink.

Lemma 2.1. [6, 7, 31, 26] For any initial configuration c, the game converges to a

unique stable configuration, denoted by c◦. Moreover, let f and f
′

be two legal firing

sequences of c such that c
f→ c◦ and c

f′→ c◦, then for every vertex v 6= s the number of

times v occurs in f is the same as in f′.

The following lemma is simple but very important, and will often be used without

explicit reference.

Lemma 2.2. For two configurations c and d, we denote by c + d the configuration

given by: (c+ d)(v) = c(v) + d(v) for any v 6= s. Then (c+ d)◦ = (c◦ + d)◦.

Definition 2.1. [14, 26, 2] A stable configuration c is recurrent if and only if for any

configuration d there is a configuration d′ such that c = (d+ d′)◦.

There are several equivalent definitions of recurrent configurations. The one above

says that c is recurrent if and only if it can be reached from any other configuration d

by adding some chips (according to d′) and, then stabilize.

Dhar proved that the set of recurrent configurations has an elegant algebraic struc-

ture [14]. Fix a linear order v1 ≺ v2 ≺ · · · ≺ vn−1 on the vertices different from s, where

n = |V |. Now a configuration of G can be represented as a vector in Zn−1. For each

i ∈ [1..n − 1], let ri be the vector in Zn−1 defined by: ri,j = EG(vi, vj) if i 6= j, other-

wise ri,j = −deg+G(vi) if i = j. Firing index i then corresponds to adding the vector ri.

We define a binary relation ∼ over Zn−1 by d ∼ d′ iff there exist a1, a2, . . . , an−1 ∈ Z

such that d − d′ =
∑

1≤i≤n−1
airi, i.e. d and d′ are linked by a (possibly impossible to

perform) sequence of firings. The (n− 1)× (n− 1) matrix ∆, defined by: ∆i,j := ri,j,

is called Laplacian matrix of G. Clearly, we have d ∼ d′ iff there is a ∈ Zn−1 such

that d − d′ = a.∆ (d, d′ are considered as row vectors). The following states the nice

algebraic structure of the set of all recurrent configurations of G with sink s.
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Lemma 2.3. [26] The set of all recurrent configurations of G is an Abelian group

with the addition ⊕ defined by: c1 ⊕ c2 := (c1 + c2)
◦. This group is isomorphic to

Zn/<r1, r2, . . . , rn−1>. Moreover, each equivalence class of Zn−1/∼ contains exactly

one recurrent configuration, and the number of recurrent configurations is equal to the

number of equivalence classes.

The group in Lemma 2.3 is called the Sandpile group of G. The following simple

properties can be derived easily from the definition of recurrent configuration.

Lemma 2.4. The following holds

1. Let c be a configuration such that c(v) ≥ deg+G(v)− 1 for every v 6= s. Then c◦ is

recurrent.

2. Let c and c′ be two configurations such that c(v) ≤ c′(v) for any v 6= s. Then∑
v 6=s

c(v)−
∑
v 6=s

c◦(v) ≤
∑
v 6=s

c′(v)−
∑
v 6=s

c′
◦
(v). (2.1)

Moreover, if c◦ is recurrent, then c′◦ is also recurrent.

Proof.

1. For any configuration d, adding grains according to d′ = c− d◦ leads to c, and d′

is a configuration with positive chip content on each vertex. Clearly, (d+ d′)◦ =

(d+ c− d◦)◦ = (d◦ + c− d◦)◦ = c◦, therefore c◦ is recurrent.

2. Let f = (v1, v2, . . . , vk) be a legal firing sequence of c such that c
f→ c◦. Since∑

v 6=s
c(v) −

∑
v 6=s
c◦(v) is the number of chips lost into the sink, we have

∑
v 6=s
c(v) −∑

v 6=s
c◦(v) =

∑
1≤i≤k

EG(vi, s). Since c(v) ≤ c′(v) for any v 6= s, f is also a legal firing

sequence of c′. Therefore there is a legal firing sequence f′ = (v1, v2, . . . , vk, vk+1, vk+2

, . . . , vl) of c′ such that c′
f′→ c′◦. For the same reason, we have

∑
v 6=s
c′(v)−

∑
v 6=s
c′◦(v) =∑

1≤i≤l
d(vi, s). The first claim follows.

Let d be an arbitrary configuration. Since c◦ is recurrent, there is a configuration

d′ such that (d+ d′)◦ = c◦. Let d′′ = d′ + c′ − c be a configuration. We have

(d+ d′′)◦ = (d+ d′ + c′ − c)◦ = ((d+ d′)◦ + c′ − c)◦

= (c◦ + c′ − c)◦ = (c+ c′ − c)◦ = c′◦. (2.2)
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Thus c′◦ is recurrent.

2.2 Chip-firing game on an Eulerian digraph with

a sink

Throughout this section we work with an Eulerian digraph G = (V,A). As in the

previous section, the definition of recurrent configuration is based on the convergence

of the game. Therefore a global sink plays an important role in the definition. The

digraph G is strongly connected, therefore it has no global sink and the game may

play forever from some initial configurations. To overcome this issue, we distinguish

a particular vertex of G that plays the role of the sink. Let s be a vertex of G, by

removing all outgoing arcs of s from G we got the digraph G\s+ that has a global sink

s. The Chip-firing game on G with sink s is the ordinary Chip-firing game that is

defined on G\s+ , and recurrent configurations are defined as presented above, on G\s+ .

Figures 2.1a and 2.1b present an example of G and G\s+ . It is a good way to think

of the Chip-firing game on an Eulerian digraph with a sink as the ordinary Chip-firing

game on G with a fixed vertex that never fires in the game no matter how many chips

it has. In this section, we consider a fixed sink s.

A configuration of the Chip-firing game on G with sink s is a map from V (G)\{s}
to N. To verify the recurrence of a configuration c, we have to test the condition that

for any configuration d there is a configuration d′ such that (d + d′)◦ = c. This is a

tiresome task. However, in the case of Eulerian digraphs we have the following useful

criterion.

Lemma 2.5. [14, 26] A configuration c is recurrent if and only if (c+ β)◦ = c, where

β is the configuration defined by: β(v) = EG(s, v) for every v 6= s. Moreover, if c

is recurrent, then each vertex distinct from s occurs exactly once in any legal firing

sequence f from c+ β to (c+ β)◦, equivalently, for any v 6= s shc(v) = 1.

Figure 2.1c presents a configuration c. The configuration c + β is presented in

Figure 2.1d, adding β corresponds to firing the sink. To verify the recurrence of c, one
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(a) G. (b) G\s+ .

(c) A configuration c. (d) c+ β.

Figure 2.1 Burning algorithm.

computes (c+β)◦. Starting with c+β we fire consecutively the vertices v1, v3, v2, v4 in

this order and get exactly the configuration c, therefore c is recurrent. This procedure

is called Burning algorithm. When c is not necessarily recurrent, a legal firing sequence

of c+ β is characterized by the following lemma.

Lemma 2.6. Let c be a stable configuration, and f be a legal firing sequence from c+β

to (c + β)◦, where β is defined as in Lemma 2.5. Then each vertex v distinct from s

occurs at most once f.

Proof. The sequence f is written explicitly by (v1, v2, . . . , vk) for some k, where vi ∈
V (G). We assume otherwise that there exists a vertex of G such that it occurs

more than once in the sequence. Thus there exists j ∈ [1..k] such that vj occurs

exactly once in (v1, v2, . . . , vj−1), and v1, v2, . . . , vj−1 are pairwise distinct. Let f′ de-

note (v1, v2, . . . , vj−1), and c′ be such that c
f ′→ c′. Since vj occurs exactly once in f′,
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we have

c′(vj) = c(vj) +
∑

1≤i≤j−1,vi 6=vj

EG(vi, vj)− deg+G(vj)

≤ c(vj) + deg−G(vj)− deg+G(vj) = c(vj) < deg+G(vj). (2.3)

This contradicts to the fact that vj is firable in c′.

The following will be important later.

Lemma 2.7. Let c and c′ be two stable configurations such that c and c′ are in the

same equivalence class. If c is recurrent, then
∑
v 6=s
c′(v) ≤

∑
v 6=s
c(v).

Proof. Let β be the configuration that is defined as in Lemma 2.5 and d be an arbitrary

stable configuration. By Lemma 2.6, any legal firing sequence f = (v1, v2, . . . , vk) of

d+β such that d+β
f→ (d+β)◦ each vertex of G occurs at most once in f. Since each

of the in-neighbors of s (the set of vertices connecting to s by an arc) is fired at most

once in any legal firing sequence f of d+ β such that d+ β
f→ (d+ β)◦, it follows that

no more chips than that added to d (that is
∑
v 6=s

β(v)) can end up in the sink since G is

Eulerian, and consequently
∑
v 6=s
d(v) ≤

∑
v 6=s

(d+β)◦(v). Repeating the application of this

inequality n times we have
∑
v 6=s
d(v) ≤

∑
v 6=s

(d + nβ)◦(v), where nβ is the configuration

given by: (nβ)(v) = nβ(v) for any v 6= s. This reasoning can be applied to c′ and

we have
∑
v 6=s
c′(v) ≤

∑
v 6=s

(c′ + nβ)◦(v) for any n ∈ N. Since for any vertex v 6= s and

any v′ being an out-neighbor of s there is a path in G\s+ from v′ to v, with n large

enough we can add a sufficient number of chips so that there is an appropriate legal

firing sequence f′ of c′ + nβ with c′ + nβ
f′→ c′′ and such that c′′(v) ≥ deg+G(v) − 1 for

any v 6= s. When stabilizing c′′, it follows from Lemma 2.1 (convergence), Lemma 2.4

(recurrence) and Lemma 2.3 (unicity of recurrent configuration in an equivalent class)

that it leads to c, that is, c = c′′◦ = (c′ + nβ)◦. This completes the proof.

Question 2.1. Does the claim of Lemma 2.7 hold for a general digraph with a global

sink?

If this statement is true, one may ask whether a stable configuration, whose the

maximum total number of chips over all stable configurations in the same equivalence
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(a) A recurrent configuration. (b) A non-recurrent configuration.

Figure 2.2 Two stable configurations of same equivalence class.

class, is recurrent. This question has negative answer as we show in the following.

Figure 2.2 presents an undirected graph with two stable configurations. Its Laplacian

matrix is 
−1 1 0 0

1 −2 1 0

0 1 −3 1

0 0 1 −2

 .

Two stables are in the same equivalence class since

(0,1, 1, 1)− (0, 0, 2, 1) = (0, 1,−1, 0)

= (−1,−1, 0, 0).


−1 1 0 0

1 −2 1 0

0 1 −3 1

0 0 1 −2

 . (2.4)

By using the burning algorithm, we can verify that the first configuration is current

whereas the latter is not recurrent. Clearly, both have the same total number of chips.

2.3 Sink-independence of generating function of re-

current configurations on an Eulerian digraph

Key observation. Let us give an important observation that motivates the study

presented in this dissertation. We consider the Chip-firing game on the digraph drawn

on Figure 2.1a. In this game, the vertex s is chosen to be sink. All the recurrent con-
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Figure 2.3 Recurrent configurations with respect to sink s.

Figure 2.4 Recurrent configurations with respect to sink v3.

figurations are presented in Figure 2.3. For each recurrent configuration, we compute

the sum of chips on the vertices different from the sink. We get the sorted sequence

of numbers (2, 2, 3, 3, 3, 4). If v3 is chosen to be the sink of the game, all the recurrent

configurations are given in Figure 2.4, and the sum of chips on vertices different from

the sink gives the sorted sequence (1, 1, 2, 2, 2, 3). The two sequences are the same up

to adding a constant sequence. This property also holds with other choices of sink,

therefore, up to a constant, this sequence is characteristic of the support graph itself.

This interesting property is the main discovery exploited in this chapter, and allows

to generalize the construction presented in [1] and proved in [35] of an analogue for

the Tutte polynomial to the class of Eulerian digraphs. It is stated in the following

theorem.
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Theorem 2.1. Let G be an Eulerian digraph and s a vertex of G. For each recurrent

configuration with respect to sink s, let sumG,s(c) denote deg+G(s) +
∑
v 6=s
c(v). The recur-

rent configurations with respect to sink s are denoted by c1, c2, . . . , cp for some p. Then

the sequence (sumG,s(ci))1≤i≤p is independent of the choice of s up to a permutation of

the entries.

The Tutte polynomial TG(x, y) of a connected undirected graph G is a polynomial

in two variables which is defined recursively as follows.

TG(x, y) =


yTG\e(x, y) if e is a loop

xTG/e(x, y) if e is a bridge

TG\e(x, y) + TG/e(x, y) otherwise

,

where G\e and G/e are the deletion and contraction of an edge e of G, respectively.

The result of Merino López [35] implies that Theorem 2.1 is true for undirected

graphs. An undirected graph G can be considered as an Eulerian digraph by replacing

each edge e with two endpoints v and v′ by two reverse arcs e′ and e′′ satisfying e′− =

e′′+ = v and e′+ = e′′− = v′. With this conversion it makes sense to call an Eulerian

digraph G undirected if for any two vertices v, v′ of G we have EG(v, v′) = EG(v′, v).

The following known result is thus a particular case of Theorem 2.1, for the class of

undirected graphs.

Theorem 2.2. [35] Let C be the set of all recurrent configurations with respect to some

sink s. If G is an undirected graph (defined as a digraph), then TG(1, y) =
∑
c∈C
ylevel(c),

where TG(x, y) is the Tutte polynomial of G and level(c) := − |A|
2

+ deg+G(s) +
∑
v 6=s
c(v)

for any c ∈ C.

In the rest of this section, we work with an Eulerian digraph G = (V,A). In order

to prove Theorem 2.1, we consider the following natural approach. Let s1 and s2 be two

distinct vertices of G. We denote by C1 and C2 the sets of all recurrent configurations

with respect to sink s1 and s2, respectively. We are going to construct a bijection

θ from C1 to C2 such that sumG,s1(c) = sumG,s2(θ(c)) for every c ∈ C1. Note that it

follows from [26] that |C1| = |C2|. In order to work on the CFG with respect to different

sinks, we introduce some clear notations.
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(a) A configuration c of G. (b) c◦
v4

.

Figure 2.5 Chip-unvanished stabilization.

Notation. For a digraph G = (V,E), let c denote a configuration that assigns a number

of chips to every vertex, i.e., a map c : V → N. In order to discard the number of chips

stored in the sink s, we introduce the notation c∗
s
, which is the map c restricted to the

domain V \{s}. We denote c◦
s

the configuration obtained by stabilizing with respect

to the sink s. The operator ◦s can be applied to c or c∗
s

and gives respectively a

configuration c◦
s

: V → N or c◦
s∗s : V \{s} → N (note that c◦

s∗s = (c∗
s
)◦
s

since two

operators ∗s and ◦s commute).

It follows from Lemma 2.1 that the configurations c◦
s

and c◦
s∗s are well-defined and

unique. See Figure 2.5 for an illustration. Note that the graph is this figure is the one

in Figure 2.1. A basic trick will be to stabilize according to a sink s1, choose a number

of chips to assign to s1, and then stabilize according to another sink s2. Let us already

state notations for this purpose.

Notation. Basically, we will add deg+G(s) chips to the sink s, so that it becomes firable.

We therefore define c∗s : V → N as the configuration such that c∗s(v) = c∗
s
(v) if v 6= s

and c∗s(s) = deg+G(s). Note that we will always apply this operator to a configuration

on which the sink is specified.

Similarly, c∗s
i

: V → N denotes the configuration where we put deg+G(s) plus i extra

chips on s, i.e. such that c∗s
i
(v) = c∗

s
(v) if v 6= s and c∗s

i
(s) = deg+G(s) + i. Obviously,

c∗s = c∗s
0
.

The sum of chips we are interested in may be applied to a configuration c or c∗
s
,

and is defined as sumG,s(c) =
∑
v∈V

c∗s(v).
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(a) A recurrent configuration c∗
s

. (b) Configuration c∗s .

(c)
(
c∗s
)◦v3

. (d) Recurrent configuration
(
c∗s
)◦v3∗v3

.

Figure 2.6 Change of sink.

The map θ is based on the following property, which describes the construction of a

configuration belonging to C2 from a configuration of C1. Note that the configurations

of C1 (resp. C2) have type V \{s1} → N (resp. V \{s2} → N) and are therefore denoted

c∗
s1 (resp. c∗

s2 ). The procedure is straightforward: given a stable configuration of C1,
we add deg+G(s) chips to the sink and, then stabilize according to the sink s2. The

resulting configuration, restricted to V \{s2}, belongs to C2.

Lemma 2.8. Let c∗
s1∈ C1, then

(
c∗
s1

)◦s2∗s2
∈ C2. Moreover,

(
c∗
s1

)◦s2
(s2) ≥ deg+G(s2).

Since the concept of this lemma is at the heart of the construction of the map θ, we

give an illustration of the claim before going into the details of the proof. We consider

the Eulerian digraph given in Figure 2.1 with s1 = s and s2 = v3. Figure 2.6a shows a

recurrent configuration with respect to sink s. The configuration c∗s is given in Figure

2.6b. Figure 2.6c and Figure 2.6d show
(
c∗s
)◦v3

and its restriction to V \{v3}. Using

the Burning algorithm, one easily checks that the configuration in Figure 2.6d is indeed

recurrent with respect to sink v3.

Proof of Lemma 2.8. We will once again use Lemma 2.5 (the Burning algorithm),

which provides a legal firing sequence associated to a recurrent configuration of C1,
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that we will manipulate to built a legal firing sequence associated to a recurrent con-

figuration of C2. In c∗
s1 , only s1 is firable, and after firing it, we will use the legal firing

sequence leading back to c∗
s1 , provided by Lemma 2.5.

Let β∗
s1

s1
: V \{s1} → N (resp. β∗

s2

s2
: V \{s2} → N) be given by: β∗

s1

s1
(v) (resp.

β∗
s2

s2
(v)) is equal to EG(s1, v) (resp. EG(s2, v)). Let c′ be such that c∗

s1 s1→ c′. We

have c′∗
s1

= c∗
s1 + β∗

s1

s1
, and can therefore apply Lemma 2.5 (since c∗

s1 is recurrent

with respect to sink s1), providing a legal firing sequence f = (v1, v2, . . . , v|V |) of c∗
s1

such that v1 = s1 and each vertex of G occurs exactly once in this sequence. Let k be

such that s2 = vk and d be the configuration reached after vertices (v1, v2, . . . , vk−1)

have been fired. Vertex s2 is firable in d, thus d(s2) ≥ deg+G(s2). Since the game is

convergent, and this intermediate configuration d is reachable from c∗
s1 without firing

s2, when we stabilize c∗
s1 with respect to sink s2 we end up with at least as many chips

in s2 as in d, and the second part of the lemma follows.

We now prove that
(
c∗
s1

)◦s2∗s2
= d◦

s2∗s2 is a recurrent configuration of C2, by con-

structing a legal firing sequence in order to apply Lemma 2.5. Since c∗
s1 f→ c∗

s1 , the

sequence f′ := (s2, vk+1, vk+2, . . . , v|V |, v1, v2, . . . , vk−1) is a legal firing sequence of d. We

now consider the Chip-firing game with respect to sink s2 (that is, on G\s+2 ), and the

configuration d∗
s2 . Let d′ be such that d

s2→ d′. We have d′∗
s2 = d∗

s2 +β∗
s2

s2
, and the rest

of the legal firing sequence implies that d∗
s2+ β∗

s2

s2

∗→ d∗
s2 , therefore d∗

s2+ nβ∗
s2

s2

∗→ d∗
s2

for any n ∈ N. The recurrence of
(
c∗
s1

)◦s2∗s2
with respect to s2 follows from the

argument presented in the proof of Lemma 2.7.

Lemma 2.8 naturally suggests a bijection from C1 to C2 that is defined by: c∗
s1 7→(

c∗
s1

)◦s2∗s2
. However, this does not give the intended bijection since it does not nec-

essarily preserves the sum of chips, as shown on Figure 2.6. The generalization of c∗
s1 ,

denoted c∗
s1
i

and corresponding to adding some extra chips to s1, is more flexible and

can be used to improve the above map so that it preserves the sum of chips. That is

what we are going to present now.

The next lemma follows from the second item of Lemma 2.4 and similar arguments

as used in the proof of Lemma 2.8.

Lemma 2.9. For all c∗
s1∈ C1 and any i ∈ N, we have

(
c∗
s1
i
)◦s2∗s2

∈ C2. Moreover,
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(
c∗
s1
i
)◦s2

(s2) ≥ deg+G(s2).

Lemma 2.9 produces a map from C1 × N to C2 × N defined by:(
c∗
s1, i
)
7→
((

c∗
s1
i
)◦s2∗s2

,
(
c∗
s1
i
)◦s2

(s2)− deg+G(s2)

)
.

This map is injective from the following result.

Lemma 2.10. Let c∗
s1 ∈ C1 and i ∈ N, then

((
c∗
s1
i
)◦s2)◦s1

= c∗
s1
i
.

Proof. For convenience, let d denote
(
c∗
s1
i
)◦s2

. It follows from Lemma 2.9 that d

restricted to V \{s2} belongs to C2 and d(s2) ≥ deg+G(s2). As a consequence, some

firings happen when stabilizing d according to the sink s1. Let us prove that this process

leads to d◦
s1 = c∗

s1
i
. From Lemma 2.9 (with the application to C2), we have d◦

s1∗s1∈ C1.

Since G is Eulerian, the firings during the process from c∗
s1
i

to

((
c∗
s1
i
)◦s2)◦s1

do not

change the equivalence class of the intermediate configurations (even when s1 is fired

many times). Thus the configurations d∗
s1 and c∗

s1 belong to the same equivalence

class, so do d◦
s1∗s1 and c∗

s1 . Both are recurrent, hence from Lemma 2.3 they are equal.

Finally, d◦
s1 and c∗

s1
i

obviously contain the same total number of chips, and are equal

on the vertices different from s1, consequently they also contain the same number of

chips on s1.

The aim is now to find, for every recurrent configuration c∗
s1∈ C1, the good i so as

to get a bijection from C1 to C2 that preserves the sum of chips. We first concentrate

on the sum conservation: if one wants to have

sumG,s1(c
∗s1 ) = sum G,s2

((
c∗
s1
i
)◦s2∗s2)

,

then the number i must be chosen so that
(
c∗
s1
i
)◦s2

(s2) = deg+G(s2) + i, because the i

extra chips are not counted in both sum in this case. The following shows that such

an i always exists.

Lemma 2.11. For every c∗
s1∈ C1, there exists i ∈ N such that(
c∗
s1
i
)◦s2

(s2) = deg+G(s2) + i. (2.5)
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Proof. Let the function f : N → Z be defined by: f(i) =
(
c∗
s1
i
)◦s2

(s2) − deg+G(s2) − i.

We are going to prove that there exists j ∈ N such that f(j) = 0. Since c∗
s1
i
(v) ≤

c∗
s1

(i+1)
(v) for every v 6= s2, it follows from Lemma 2.4 (using the trick

∑
v∈V \{s}

c(v) =∑
v∈V

c(v) − c(s)) that
(
c∗
s1
i
)◦s2

(s2) − c∗
s1 (s2) ≤

(
c∗
s1

(i+1)
)◦s2

(s2) − c∗
s1 (s2), therefore(

c∗
s1
i
)◦s2

(s2) ≤
(
c∗
s1

(i+1)
)◦s2

(s2). As a consequence f(i+ 1)− f(i) ≥ −1 for every i, that

is, the function f decreases by at most one.

By Lemma 2.9, we have
(
c∗
s1

)◦s2
(s2) ≥ deg+G(s2), therefore f(0) ≥ 0. Since f(i +

1) − f(i) ≥ −1 for any i ∈ N, the proof is completed by showing that there is j ∈ N

such that f(j) ≤ 0. In particular, we are going to prove that f(N − 1) ≤ 0, where

N = |C2|. Note that N is the order of the Sandpile group of G with respect to sink s2.

f(N−1) =
(
c∗
s1

(N−1))◦s2
(s2)−deg+G(s2)−(N−1). We are going to use Lemma 2.7,

which states that the recurrent configuration has maximum total number of chips over

stable configurations of its equivalence class, in order to upper bound
(
c∗
s1

(N−1))◦s2
(s2)

by c∗
s1 (s2) +N , and the result follows since vertex s2 is stable in the recurrent config-

uration c∗
s1 (meaning that c∗

s1 (s2) ≤ deg+G(s2)− 1).

Let 1s1 : V → N be given by: 1s1(v) = 0 if v 6= s1 and 1s1(s1) = 1. We have

c∗
s1

(N−1)
= c∗

s1
(−1)

+N 1s1 (note that c∗
s1

(−1)
: V → N is a configuration since our digraph

is Eulerian and has a global sink), thus the choice of N implies that c∗
s1

(N−1)
and

c∗
s1

(−1)
are in the same equivalence class with respect to sink s2, and the first contains

N more chips than the latter. The configuration
(
c∗
s1

(N−1))◦s2
is recurrent, hence from

Lemma 2.7 we have
∑
v 6=s2

c∗
s1

(−1)
(v) ≤

∑
v 6=s2

(
c∗
s1

(N−1))◦s2
(v). It remains to exploit the

total number of chips difference between the two configurations:
∑
v∈V

c∗
s1

(−1)
(v) +N =∑

v∈V

(
c∗
s1

(N−1))◦s2
(v). Replacing

∑
v 6=s2

x(v) by
∑
v∈V

x(v)−x(s2) on both sides, the inequality

given by Lemma 2.7 thus becomes c∗
s1

(−1)
(s2)+N ≥

(
c∗
s1

(N−1))◦s2
(s2), and equivalently

c∗
s1 (s2) +N ≥

(
c∗
s1

(N−1))◦s2
(s2).

We can now construct the intended bijection θ. For each c∗
s1 ∈ C1, let Is2(c∗

s1 )

denote the smallest number i ∈ N such that
(
c∗
s1
i
)◦s2

(s2) = deg+G(s2) + i. The positive

integer Is2(c∗
s1 ) is called the swap number of c∗

s1 from s1 to s2. By Lemma 2.11, we
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know that swap numbers are well-defined and unique.

θ : C1 → C2

c∗
s1 7→

(
c∗
s1
Is2 (c

∗s1 )
)◦s2∗s2

.

The map θ verifies

sumG,s1(c
∗s1 ) = sumG,s2(θ(c

∗s1 )). (2.6)

Since |C1| = |C2| is finite, in order to prove Theorem 2.1 it remains to show that θ

is injective. Let us first present some properties of swap numbers. A configuration

c∗
s1∈ C1 is called minimal if there is no configuration c′∗

s1∈ C1 such that c∗
s1 6= c′∗

s1

and c′∗
s1 (v) ≤ c∗

s1 (v) for all v 6= s1, and minimum if
∑
v 6=s1

c∗
s1 (v) is minimum over all

configurations in C1.

Proposition 2.1. Let c∗
s1∈ C1. If c∗

s1 is minimum, then Is2(c∗
s1 ) = 0.

Proof. By definition of Is2(c∗
s1 ), it suffices to prove that

(
c∗
s1

)◦s2
(s2) = deg+G(s2). The

proof relies intuitively on Lemma 2.8: it says that the lower bound for
(
c∗
s1

)◦s2
(s2) is

always reached for the configuration containing the minimum total number of chips. Let

us assume it is false, therefore we can define d 6=
(
c∗
s1

)◦s2
such that d(v) =

(
c∗
s1

)◦s2
(v)

for v 6= s2 and d(s2) = deg+G(s2), and we will get a contraction to the minimality of

c∗
s1 .

It follows from Lemma 2.8 and the assumption that
(
c∗
s1

)◦s2
(s2) > deg+G(s2), there-

fore
∑
v∈V

d(v) <
∑
v∈V

c∗
s1 (v). By Lemma 2.8, the configuration

(
c∗
s1

)◦s2∗s2
∈ C2, and

so does d∗
s2 . Applying again Lemma 2.8 to C2 and s2, we have d◦

s1∗s1 ∈ C1 and

d◦
s1 (s1) ≥ deg+G(s1) = c∗

s1 (s1). Now, since
∑
v∈V

d◦
s1 (v) =

∑
v∈V

d(v) <
∑
v∈V

c∗
s1 (v), it

follows that
∑
v 6=s1

d◦
s1 (v) <

∑
v 6=s1

c∗
s1 (v), a contradiction to the minimality of c∗

s1 .

Proposition 2.2. Let c∗
s1, c′∗

s1∈ C1. If c∗
s1 (v) ≤ c′∗

s1 (v) for any v 6= s1, then Is2(c∗
s1 ) ≤

Is2(c′∗
s1 ).

Proof. Regarding Proposition 2.1, we would intuitively expect that the number Is2(x)

increases monotonously with the total number of chips of x. We use the same con-

struction as in the proof of Lemma 2.11.
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(a) An Eulerian graph. (b) A minimal recurrent configuration

with respect to sink v5.

Figure 2.7 A minimal recurrent configuration c∗
v5 with Iv4(c∗

v5 ) = 1.

Let k denote Is2(c′∗
s1 ). Let d and d′ denote c∗

s1
k◦s2

and c′∗
s1
k◦s2

, respectively. Since

c∗
s1
k
(v) ≤ c′∗

s1
k
(v) for any v 6= s2, it follows from Lemma 2.4 that d(s2) − c∗

s1 (s2) ≤
d′(s2) − c′∗

s1 (s2). Since by hypothesis c∗
s1 (s2) ≤ c′∗

s1 (s2), we have d(s2) ≤ d′(s2),

therefore

d(s2)− deg+G(s2)− k ≤ d′(s2)− deg+G(s2)− k = 0. (2.7)

Let f : N → Z be given by: f(i) = c∗
s1
i◦s2

(s2) − i − deg+G(s2), from the previous

inequality it verifies that f(k) ≤ 0, and Is2(c∗
s1 ) is by definition the smallest j such

that f(j) = 0. By the same arguments as in the proof of Lemma 2.11, we have f(0) ≥ 0

and f(i+ 1)− f(i) ≥ −1 for any i ∈ N. As a consequence, there is j ∈ [0..k] such that

f(j) = 0, therefore Is2(c∗
s1 ) ≤ k = Is2(c′∗

s1 ).

By Propositions 2.1 and 2.2, for a recurrent configuration c∗
s1 ∈ C1 the number

Is2(c∗
s1 ) increases monotonously as we add chips to c∗

s1 , starting from 0 when the

configuration is minimum. One tends to think that a minimal configuration c∗
s1 should

also have Is2(c∗
s1 ) = 0, but it may indeed be strictly positive as shown on Figure 2.7.

Question 2.2. Give an upper bound of Is2(c∗
s1 ) when c∗

s1 is minimal.

There is a nice relation between swap numbers for c∗
s1 from s1 to s2, and for θ(c∗

s1 )
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from s2 to s1. The following proposition does most part of the work to prove Theorem

2.1, and the latter can be considered as a corollary of this result.

Proposition 2.3. For all c∗
s1∈ C1, we have Is1(θ(c∗

s1 )) = Is2(c∗
s1 ).

Proof. The proposition is proved with two inequalities.

• Is1(θ(c∗
s1 )) ≤ Is2(c∗

s1 ):

We consider c′ =

(
c∗
s1
Is2 (c

∗s1 )
)◦s2

, that is, c′∗
s2 = θ(c∗

s1 ). First, by definition

of Is2(c∗
s1 ) we have c′(s2) = deg+G(s2) + Is2(c∗

s1 ), therefore c′ = θ(c∗
s1 )
Is2 (c

∗s1 )
.

Second, by Lemma 2.10 applied to c∗
s1 , we have

c′◦
s1 =

((
c∗
s1
Is2 (c

∗s1 )
)◦s2)◦s1

= c∗
s1
Is2 (c

∗s1 )
, (2.8)

thus c′◦
s1∗s1 = c∗

s1 . (2.9)

As a consequence,

sumG,s2(θ(c
∗s1 )) = sumG,s1(c

∗s1 ) = sumG,s1(c
′◦s1∗s1 )

= sum G,s1

((
θ(c∗

s1 )
Is2 (c

∗s1 )
)◦s1∗s1)

. (2.10)

It follows that Is1(θ(c∗
s1 )) ≤ Is2(c∗

s1 ), because Is1(θ(c∗
s1 )) is the minimal number

i such that
(
θ(c∗

s1 )
i
)◦s1

(s1) = deg+G(s1) + i and Is2(c∗
s1 ) is such a number.

• Is1(θ(c∗
s1 )) ≥ Is2(c∗

s1 ):

This part of the lemma is more involved. For convenience, let us denote θ =

θ(c∗
s1 ). The previous inequality implies Is1(θ) ≤ Is2(c∗

s1 ). In order to get a

contradiction, let us suppose that Is1(θ) < Is2(c∗
s1 ). Let c′∗

s1 ∈ C1 be such

that
(
θ
Is1 (θ)

)◦s1
= c′∗

s1
Is1 (θ) (the existence of c′∗

s1 is due to Lemma 2.8 and the

definition of Is1(θ)). The above inequality applied to θ implies that c′∗
s1 6= c∗

s1 .

We have(
c∗
s1
Is2 (c

∗s1 )
)◦s2

= θ
Is2 (c

∗s1 )
and

(
c′∗

s1
Is1 (θ)

)◦s2
= θ

Is1 (θ), (2.11)
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therefore the two configurations

(
c∗
s1
Is2 (c

∗s1 )
)∗s2

and

(
c′∗

s1
Is1 (θ)

)∗s2
are in the

same equivalence class for the CFG with sink s2. Removing Is1(θ) chips to s1

in both configurations does not affect the equivalence relation, hence with k =

Is2(c∗
s1 )−Is1(θ) > 0, two configurations

(
c∗
s1
k
)∗s2

and
(
c′∗

s1

)∗s2
are also in the

same equivalence class for the CFG with sink s2. It follows from Lemma 2.9 and

the unicity of the recurrent configuration in an equivalence class (Lemma 2.3)

that (
c∗
s1
k
)◦s2∗s2

=
(
c′∗

s1

)◦s2∗s2
. (2.12)

From equation (2.11) there are k more chips in c∗
s1
Is2 (c

∗s1 )
than in c′∗

s1
Is1 (θ)

. Thus

it follows from the above equality (2.12) that(
c∗
s1
k
)◦s2

(s2) =
(
c′∗

s1

)◦s2
(s2) + k. (2.13)

We now consider the two configurations e and e′ defined by:

e = c∗
s1
k − 1s1

⇐⇒ e+ 1s1 = c∗
s1
k

and
e′ = c′∗

s1 − 1s1

⇐⇒ e′ + 1s1 = c′∗
s1
,

with 1s1 the configuration having 1 chip in s1 and none in other vertices. It

follows from equality (2.12) that(
e◦
s2 + 1s1

)◦s2∗s2
=
(
e′◦

s2 + 1s1
)◦s2∗s2

. (2.14)

As we will see, it is not possible that both:

– those two configurations are equal;

– enough chips go to s2 during those stabilization processes so that equation

(2.13) is verified.

Let us present a reasoning contradicting equation (2.13).

We first work on the total chip content of e◦
s2∗s2 and e′◦

s2∗s2 . For the same reason

as above, e∗
s2 and e′∗

s2 belong to the same equivalence class for the CFG with

sink s2, and so do e◦
s2∗s2 and e′◦

s2∗s2 because the firing process does not affect the

65



equivalence relation. e◦
s2∗s2 =

(
c∗
s1
k−1)◦s2∗s2

with k − 1 ≥ 0, thus form Lemma

2.9 it is recurrent. Furthermore e′◦
s2∗s2 is stable, and since they belong to the

same equivalence class, it follows from Lemma 2.7 that∑
v 6=s2

e◦
s2∗s2 (v) ≥

∑
v 6=s2

e′◦
s2∗s2 (v). (2.15)

Now we compare the number of chips going into the sink s2. Let f = (v1, . . . , vp)

and f′ = (w1, . . . , wp′) be two legal firing sequences such that(
e◦
s2 + 1s1

) f−→
(
e◦
s2 + 1s1

)◦s2
and

(
e′◦

s2 + 1s1
) f′−→

(
e′◦

s2 + 1s1
)◦s2

.

Obviously s2 /∈ f and s2 /∈ f′, and it follows from equations (2.14) and (2.15) that

during the stabilization process, more chips goes to s2 in f than in f′:∑
1≤i≤p

EG(vi, s2) ≥
∑

1≤i≤p′
EG(wi, s2). (2.16)

In order to get the intended contradiction with (2.13), let us have a close look

at the chip content in both sinks s2, using the fact that from the minimality of

Is2(c∗
s1 ), (

c∗
s1
k−1)◦s2

(s2) > deg+G(s2) + (k − 1).(
c∗
s1
k
)◦s2

(s2) =
(
e◦
s2 + 1s1

)◦s2
(s2)

= e◦
s2 (s2) +

∑
1≤i≤p

EG(vi, s2)

=
(
c∗
s1
k−1)◦s2

(s2) +
∑
1≤i≤p

EG(vi, s2)

> deg+G(s2) + (k − 1) +
∑
1≤i≤p

EG(vi, s2)

≥
equation (2.16)

deg+G(s2) + (k − 1) +
∑

1≤i≤p′
EG(wi, s2)

≥
stability

deg+G(s2) + (k − 1) +
∑

1≤i≤p′
EG(wi, s2)

+ e′◦
s2 (s2)− deg+G(s2) + 1

= k +
(
e′◦

s2 + 1s1
)◦s2

(s2)

= k +
(
c′∗

s1

)◦s2
(s2), (2.17)
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which contradicts equation (2.13).

Theorem 2.1 is now easy to prove.

Proof of Theorem 2.1. Since |C1| = |C2|, it remains to prove that the map θ is injective.

For a contradiction, suppose it is not, that is, there exist c∗
s1 and c′∗

s1 belonging to C1
and such that

c∗
s1 6= c′∗

s1 and θ(c∗
s1 ) = θ(c′∗

s1 ). (2.18)

By Proposition 2.3, we have Is2(c∗
s1 ) = Is2(c′∗

s1 ), and Lemma 2.10 implies that

c∗
s1 =

(
θ(c∗

s1 )
Is2 (c

∗s1 )
)◦s1∗s1

=

(
θ(c′∗

s1 )
Is2 (c

′∗s1 )
)◦s1∗s1

= c′∗
s1 , (2.19)

a contradiction.

2.4 Tutte-like properties of generating function of

recurrent configurations

We present in this section a natural generalization of the partial Tutte polynomial

TG(1, y) in one variable, for the class of Eulerian digraphs. We will work in this section

the class of Eulerian digraphs with loops. Note that loops are not interesting regarding

the Chip-firing game: a loop simply “freezes” a chip on one vertex, that is the reason

why we did not consider them in previous sections. The Tutte-like polynomial we

present is constructed from the generating function of the set of recurrent configurations

with respect to an arbitrary sink, and its unicity is based on the sink-independence

property exposed in Theorem 2.1.

Let us first present the extension of Theorem 2.1 to the class of Eulerian digraphs

with loops. Note that in a digraph G possibly having loops the out-degree of a vertex v

of G, denoted by deg+G(v), is the number of arcs whose tail v, therefore including loops

at v. We begin with the definition of the Chip-firing game for this class of graphs. Let

G = (V,A) be an Eulerian digraph possibly having loops. A vertex v is firable in a
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configuration c if c(v) ≥ deg+G(v) and deg+G(v) − EG(v, v) ≥ 1, where EG(v, v) is the

number of loops at v. Firing a firable vertex v means the process that decreases c(v) by

deg+G(v)− EG(v, v) and increases each c(v′) by EG(v, v′) for each v′ 6= v. The Burning

algorithm presented in Lemma 2.5 remains valid for Eulerian digraphs with loops.

As pointed above, the CFG on a digraph possibly having loops is very close to

the CFG on the digraph where the loops are removed. For a digraph G, we denote

by G the digraph G in which all loops are removed, and denote by L(G) the number

of loops of G. Regarding undirected graphs, the influence of a loop is the same as a

directed loop (it also “freezes” one chip). For two arcs e and e′ of G, e is reverse of

e′ if e− = e′+ and e+ = e′−. An undirected graph will be considered as an Eulerian

digraph by replacing each edge e, that is not a loop, by two reverse arcs e′ and e′′ that

have the same endpoints as e, and each undirected loop e by exactly one directed loop

e′ that has the same endpoint as e.

Theorem 2.1 is generalized to the class of Eulerian digraphs possibly having loops

with the following lemma. From now on, we will always consider an arbitrary fixed

sink denoted s, therefore we won’t use anymore the notations ∗s and ◦s, but simply

denote c : V \{s} → N a configuration.

Lemma 2.12. Let G = (V,A) be an Eulerian digraph with global sink s. Let C and C be

the sets of recurrent configurations of G and G with respect to sink s, respectively. For

each configuration c ∈ C, let µ(c) : V \{s} → N be given by: µ(c)(v) = c(v) + EG(v, v)

for any v 6= s. Then µ is a bijection from C to C. Moreover,
∑
v 6=s
c(v) −

∑
v 6=s
µ(c)(v) =

−
∑
v 6=s
EG(v, v) for any c ∈ C.

This lemma can be proved easily by using the definition of recurrent configuration

with the observation that if a configuration c is recurrent with respect to G, then

c(v) ≥ EG(v, v) for any v 6= s. An illustration of Lemma 2.12 is given in Figure 2.8.

In the rest of this section, we work with an Eulerian digraph G = (V,A) possibly

having loops and an arbitrary but fixed vertex s of G that plays the role of sink for

the game. We now introduce a generalization of the partial Tutte polynomial, which is

defined as the generating function of the set of recurrent configurations. The generating

function is based on the concept of level of recurrent configurations, which corresponds
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(a) G. (b) G.

2

0 1

10

(c) c ∈ C.

3

0 1

10

(d) ψ(c) ∈ C.

Figure 2.8 Relation between C and C.

to the previously defined sum normalized according to the smallest level of a recurrent

configuration. For an Eulerian digraph G, let

λ(G) denote the minimum of sumG,s(c) = deg+
G

(s) +
∑
v 6=s

c(v),

over all recurrent configurations c of G with respect to sink s. Theorem 2.1 implies

that λ(G) is independent of the choice of s. It follows from [39] that the problem of

finding λ(G) is NP-hard for Eulerian digraphs, and as a consequence the Tutte-like

polynomial we present is also NP-hard to compute. In addition, when G is undirected

(and defined as a digraph i.e., each edge is represented by two reverse arcs), the number

λ(G) has an exact formula, namely λ(G) = |A(G)|
2

. For a recurrent configuration c of G

with respect to sink s, we define

level(c) = sumG,s(c)− λ(G).

This is a generalization of the level that was defined in [35], because we recover the

latter when G is undirected. Let C denote the set of all recurrent configurations of G
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with respect to sink s, the generating function of C is given by:

TG(y) =
∑
c∈C

ylevel(c),

and we claim that it is a natural generalization of the partial Tutte polynomial, for the

class of Eulerian digraphs. First, it follows from Theorem 2.1 that TG(y) is independent

of the choice of s, thus is characteristic of the support graph G itself. We are going to

present in this section a number of properties of TG(y) that can be considered as the

generalizations of those of the Tutte polynomial in one variable, namely TG(1, y), that

is defined on undirected graphs. The most interesting and new feature is that when G

is an undirected graph we get back to the well-known Tutte polynomial. This fact is

straightforward to notice.

• TG(y) = TG(1, y) if G is an undirected graph.

• TG(1) counts the number of oriented spanning tree of G rooted at s [26]. It

generalizes the evaluation TG(1, 1) that counts the number of spanning tree of an

undirected graph.

• TG(0) counts the number of maximum acyclic arc sets with exactly one sink s [39].

Therefore TG(0) is a natural generalization of TG(1, 0) that counts the number of

acyclic orientations with a fixed source of an undirected graph.

Question 2.3. What does TG(2) count?

Those evaluations set up a promising ground for further investigations, but it is def-

initely not trivial to find out the objects counted by evaluations of graph polynomials.

We are now going to present the extension to TG(y) of four known recursive formulas

for the Tutte polynomial in the undirected case. We will need the two following simple

lemmas.

For a subset A′ of A, let G\A′ denote the graph (V,A\A′). We write G\e for G\{e}

if e is an arc of G. This procedure is called arc deletion. For an arc e of G with two

endpoints v and v′, let G/e denote the digraph that is made from G by removing e

from G, replacing v and v′ by a new single vertex v′′, and for each remaining arc e′ if
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(a) G. (b) G/e.

Figure 2.9 Arc contraction.

the head (resp. tail) of e′ in G is v or v′, then the head (resp. tail) of e′ in G/e is v′′.

This procedure is called arc contraction. See Figure 2.9 for an illustration of the arc

contraction. Note that G/e is still Eulerian.

An analogue of arc contraction may also be defined for vertices. For a subset W of

V , let G/W denote the digraph constructed from G by replacing all vertices in W by a

new vertex w′, and each arc e ∈ A such that e− ∈ W (resp. e+ ∈ W ) in G by e− = w′

(resp. e+ = w′) in G/W . The following is originally due to Merino López [35].

Lemma 2.13. Let W be a non-empty subset of the set of out-neighbors of s, i.e., for

every v ∈ W we have v 6= s and (s, v) ∈ A. Let s′ be the new vertex in G/W∪{s} resulting

from replacing the set of vertices W ∪{s}. For any c ∈ C, if c(v) ≥ deg+G(v)−EG(s, v)

for all v ∈ W , then c|V \(W∪{s}) is a recurrent configuration of G/W∪{s} with respect to

sink s′. Conversely, if c′ is a recurrent configuration of G/W∪{s} with respect to sink s′,

then every configuration c : V \{s} → N, satisfying c(v) = c′(v) for all v ∈ V \(W ∪{s})
and deg+G(v) > c(v) ≥ deg+G(v)− EG(s, v) for all v ∈ W , is in C.

Proof. This proof is straightforward, we use Lemma 2.5 (Burning algorithm) and the

hypothesis that a configuration is recurrent, thus it admits a legal firing sequence, in

order to construct a legal firing sequence for the considered configuration, which proves

that it is recurrent (again by Lemma 2.5).

We denote the vertices inW by w1, w2, . . . , wq. Let the configuration β : V \{s} → N

be given by: β(v) = EG(s, v) for any v ∈ V \{s}. The condition c(wi) ≥ deg+G(s) −
EG(s, wi) for any i implies that wi is firable in c+ β for any i. It follows from Lemma

2.1 and Lemma 2.5 that there is a legal firing sequence f = (v1, v2, . . . , vk) of c+β in G
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such that c + β
f→ c, vi 6= s for any i, each vertex of G distinct from s occurs exactly

once in f, and vi = wi for any i ∈ [1..q]. Let d be such that c + β
w1,w2,...,wp−→ d. Let

β′ : V \(W ∪ {s})→ N be given by: β′(v) = EG/W∪{s}(s
′, v) for any v ∈ V \(W ∪ {s}).

Clearly, we have d|V \(W∪{s}) = c|V \(W∪{s}) + β′. Since f′ = (vp+1, vp+2, . . . , vk) is a legal

firing sequence of d, f′ is also a legal firing sequence of c|V \(W∪{s}) + β′ in G/W∪{s}. It

follows from Lemma 2.5 that c|V \(W∪{s}) is a recurrent configuration of G/W∪{s} with

respect to sink s′.

For the converse statement, let g = (v′1, v
′
2, . . . , v

′
p) be a legal firing sequence of c′

such that c′ + β′
g→ c′ in G/W∪{s}, then v′i 6∈ W ∪ {s} for any i, and each vertex of G

not in W ∪ {s} occurs exactly once in g. Let c′′ be such that c + β
w1,w2,...,wq−→ c′′ in G.

Clearly, c′′|V \(W∪{s}) = c′ + β′, therefore (w1, w2, . . . , wq, v
′
1, v
′
2, . . . , v

′
p) is a legal firing

sequence of c+ β in G. It follows that c ∈ C.

Lemma 2.14. Let e and e′ be two reverse arcs of G such that they are not loops and

e− = s. Let H denote G\{e,e′} and w denote e+. If H is connected, then {c ∈ C :

c(w) < deg+G(w)− 1} is the set of all recurrent configurations of H with respect to sink

s.

Proof. We prove a double inclusion, using again both directions of Lemma 2.5 (Burning

algorithm).

Let β : V \{s} → N be given as in Lemma 2.13 and β : V \{s} → N be given

by: β(v) = EH(s, v) for any v ∈ V \{s}. We have β(v) = β(v) for any v 6= w, and

β(w) − β(w) = 1. Let c ∈ C such that c(w) < deg+G(w) − 1. We have to prove that

c is also a recurrent configuration of H with respect to sink s. Let f = (v1, v2, . . . , vk)

be a legal firing sequence of c in G such that vi 6= s for any i, c + β
f→ c, and each

vertex of G distinct from s occurs exactly once in f. We will show that f is a legal

firing sequence of c + β in H. Let j be such that vj = w. Clearly, (v1, v2, . . . , vj−1) is

a legal firing sequence of c+ β and c+ β in G and H, respectively. Let c′ be such that

c + β
v1,v2,...,vj−1−→ c′ in G and d′ be such that c + β

v1,v2,...,vj−1−→ d′ in H. It follows from

β(w) − β(w) = 1 that c′(w) − d′(w) = 1. To prove that f is a legal firing sequence of

c+β in H, it suffices to show that vj is firable in d′ with respect to H. Since vj is firable

in c′ with respect to G, we have c′(w) ≥ deg+G(w), therefore d′(w) ≥ deg+G(w) − 1. It
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follows that w is firable in d′ with respect to H. This implies that f is also a legal firing

sequence of c + β with respect to H. By Lemma 2.5, c is a recurrent configuration of

H with respect to sink s.

For the converse, let d be a recurrent configuration of H with respect to sink s. Let

f = (v′1, v
′
2, . . . , v

′
p) be a legal firing sequence of d + β in H such that v′i 6= s for any i,

d + β
f′→ d in H, and each vertex of H distinct from s occurs exactly once in f′. We

have d(w) ≤ deg+H(w) − 1 < deg+G(w) − 1. By similar arguments as above, f′ is also a

legal firing sequence of d + β in G, therefore d is a recurrent configuration of G with

respect to sink s.

First, the Tutte polynomial has the recursive formula TG(1, y) = y TG\e(1, y) if e is

a loop. We have the following generalization.

Proposition 2.4. If e is a loop, then TG(y) = y TG\e(y).

Proof. Let s denote e−. Let C be the set of all recurrent configurations of G with sink

s. Clearly, C is also the set of all recurrent configuartions of G\e with sink s. Since

deg+G(s)−deg+G\e(s) = 1, for any c ∈ C we have levelG(c)− levelG\e(c) = 1. This implies

that TG(y) = yTG\e(y).

Second, in order to generalize the recursive formula TG(1, y) = TG/e(1, y) if e is a

bridge, we generalize the notion of bridge to directed graphs with the following.

Definition 2.2. An arc b in G is called bridge if G\b is not strongly connected.

The next lemma is used in the proofs of subsequent propositions, aimed at showing

that this definition of bridge is a natural generalization of the same notion on undirected

graphs.

Lemma 2.15. Let b be a bridge of G. Then there is a subset X of V such that

{b} = {e ∈ A : e− ∈ X, e+ 6∈ X}. Moreover, there is an arc b′ in G such that

{b′} = {e ∈ A : e− 6∈ X, e+ ∈ X}.

Proof. Let X be the set of all vertices v of G such that there is a path in G\b from b−

to v. First, we show that b+ 6∈ X. For a contradiction, we assume that b+ ∈ X. This

implies that there is a path P in G\b from b− to b+. Since G is strongly connected and
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Figure 2.10 Bridge.

G\e is not strongly connected, there exists two vertices v1, v2 of G such that every path

in G from v1 to v2 must contain b. Let Q be a path in G from v1 to v2. We can assume

that b occurs exactly once in Q. Let Q1 be a subpath of Q from v1 to b−, and Q2 be a

subpath of Q2 from b+ to v2. Then, (Q1, P,Q2) is a path in G from v1 to v2 that does

not contain b, a contradiction.

Let B denote {e ∈ A : e− ∈ X, e+ 6∈ X}. The above claim implies that b ∈ B.

If there is an arc e of G such that e 6= b and e ∈ B. It follows from the definition of

X that e+ ∈ X, a contradiction. Therefore b is the unique element in B. The first

statement follows.

Since G in an Eulerian digraph, for every subset X of V there are as many arcs

from X to V \X as from V \X to X. The second claim follows.

See Figure 2.10 for the illustration of Lemma 2.15. Note that the set X satisfying

the condition of the lemma may not be unique. The following convinces that this

definition of bridge is a natural extension of the known notion on undirected graphs.

Proposition 2.5. If G is an undirected graph (seen as a directed graph), then an arc

e is a bridge of G iff there is a reverse arc e′ of e in G and G\{e,e′} is not connected.

Proof. ⇒ Let X be a subset of V that satisfies the condition in Lemma 2.15. Since G is

undirected, there is a reverse arc e′ of e in G. Clearly, e′ ∈ {e ∈ E : e− 6∈ X, e+ ∈ X}.
Lemma 2.15 implies that {e′} = {e ∈ E : e− 6∈ X, e+ ∈ X}. It follows that G\{e,e′}

contains no arc from X to V \X and vice versa. Therefore G\{e,e′} is not connected.

⇐ Since G is connected and G\{e,e′} is not connected, e− and e+ are in different

connected components of G\{e,e′}. Let X and Y be two connected components of G\{e,e′}
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such that e− ∈ X and e+ ∈ Y . Let v ∈ X and v′ ∈ Y . Since there is no arc in G\e

from a vertex in X to a vertex in Y , there is no path in G\e from v to v′. This implies

that G\e is not strongly connected. Therefore e is a bridge.

The second relation, extending the recursive formula on undirected graphs TG(1, y) =

TG/e(1, y) if e is a bridge, is split into the two following propositions, depending on

whether the bridge has a reverse arc.

Proposition 2.6. Let e be a bridge of G such that it does not have a reverse arc. Then

TG(y) = TG/e(y).

Proof. We construct a bijection from the set of recurrent configurations of G/e to the

set of recurrent configurations of G that preserves the level. We prove two intermediate

claims, and the result follows.

Let s denote e− and t denote e+. Let C be the set of all recurrent configurations of G

with respect to the sink s. We claim that for any c ∈ C we have c(t) = deg+G(t)−1. For

a contradiction, we assume that c(t) < deg+G(t)−1. Let X be a subset of V that satisfies

the condition of Lemma 2.15. Let β : V \{s} → N be given by: β(v) = EG(s, v) for any

v ∈ V \{s}. The choice of X straightforwardly implies that β(t) = 1, and β(v) = 0 for

any v ∈ V \(X ∪ {t}). Let f = (v1, v2, . . . , vk) be a legal firing sequence of c + β such

that vi 6= s for any i, c+ β
f→ c, and each vertex v of G distinct from s occurs exactly

once in the sequence. Since c(t) < deg+G(t) − 1, there is no firable vertex of c + β in

V \X. This implies that v1 ∈ X. Let j be the smallest index such that vj ∈ X and

vj+1 6∈ X, and c′ be the configuration reach after the j first vertices have been fired,

that is, such that c
v1,v2,...,vj−→ c′. Since vj+1 is not firable in c+ β and firable in c′, there

is at least one vertex vp ∈ {v1, v2, . . . , vj} that gives chips to vj+1 when it is fired. It

follows that there is at least one arc e′ of G such that e′− = vp and e′+ = vj+1. Clearly,

e′ 6= e and e′ ∈ {e ∈ A : e− ∈ X, e+ 6∈ X}, a contradiction to Lemma 2.15.

Let H denote G/e, let s′ denote the vertex of H resulting from replacing s and t in

G/e, and let C ′ denote the set of all recurrent configurations of H with the sink s′. We

claim that λ(G) = λ(H). By Lemma 2.12, we have λ(G) = min{sumG,s(c) − L(G) :

c ∈ C} and λ(H) = min{sumH,s′(c) − L(H) : c ∈ C ′}, where L(G) and L(H) are

the numbers of loops of G and H, respectively. It follows from the above claim and

75



Lemma 2.13 that the map µ : C ′ → C, defined by: µ(c)(v) = c(v) if v 6= t, and

µ(c)(t) = deg+G(t) − 1, is a bijection. Therefore min{
∑
v 6=s
c(v) : c ∈ C} − min{

∑
v 6=s
c(v) :

c ∈ C ′} = deg+G(t) − 1. Note that deg+H(s′) = deg+G(s) + deg+G(t) − 1. Finally, since e

does not have a reverse arc, we have L(G) = L(H), and the claim follows the fact that

sumG,s(c) = deg+G(s) +
∑
v 6=s

c(v).

Now we can conclude the proof: for any c ∈ C ′ we have

level(µ(c)) = deg+G(s) +
∑
v 6=s

µ(c)(v)− λ(G)

= deg+G(s) +
∑
v 6=s′

c(v) + deg+G(t)− 1− λ(H)

= deg+H(s′) +
∑
v 6=s′

c(v)− λ(H) = level(c). (2.20)

This implies TG(y) = TH(y).

Proposition 2.7. Let e be a bridge of G such that it has a reverse arc e′, and let H

denote G/e. Then TG(y) = 1
y
TH(y) and TG(y) = TH\e′ (y).

As shown on Figure 2.10, deleting e′ in H corresponds to erasing the loop created

by the contraction of e.

Proof. It follows from Lemma 2.15 that e′ is the unique reverse arc of e. Let s′ be the

new vertex in G/e resulting from replacing the two endpoints of e. Let C and C ′ be

the sets of all recurrent configurations of G and H with respect to the sinks s and s′,

respectively. The following can be proved by similar arguments as used in the proof of

Proposition 2.6 with the notice that e′ is a loop in G/e.

• L(H) = L(G) + 1.

• the map µ : C ′ → C, defined by: µ(c)(v) = c(v) if v 6= t, and µ(c)(t) = deg+G(t)−1,

is a bijection, where t denotes e+.

• λ(H) = λ(G)− 1.

• for any c ∈ C ′ level(c) = level(µ(c)) + 1.
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The assertions above imply that TG(y) = 1
y
TH(y). Since e′ is a loop in H, it follows

from Proposition 2.4 that TG(y) = 1
y
TH(y) = 1

y
y TH\e′ (y) = TH\e′ (y).

Third, the recursive formula TG(1, y) = TG\e(1, y) + TG/e(1, y) if e is neither a loop

nor a bridge has the following generalization.

Proposition 2.8. Let e be an arc of G such that e is neither a loop nor a bridge, and

e has a reverse arc e′. Then

TG(y) = y1+λ(G\{e,e′})−λ(G) TG\{e,e′}(y) + yλ(H)−λ(G) TH(y), (2.21)

where H denotes G/e. Moreover, if G is undirected, then

TG(y) = TG\{e,e′}(y) + y−EG(e
−,e+)+1 TH\e′ (y). (2.22)

In this formula, we reduce TG(y) to the sum of the polynomial for G on which

both e and its reverse arc e′ are removed (corresponding to the bridge deletion of the

undirected case, see Proposition 2.7) and the polynomial for G on which e is contracted.

The terms yα are used for re-normalizing according to the definition of level.

Proof. We first give names to useful elements, and then prove both statements of the

result one after the other. Let s and t denote e− and e+, respectively. Since e is

neither a loop nor a bridge, G\{e,e′} is connected. Let C1 be the set of all recurrent

configurations c of G with sink s such that c(t) = deg+G(t)− 1, and let C2 be the set of

all recurrent configurations c of G with sink s such that c(t) < deg+G(t) − 1. We have

C = C1 ∪ C2, and we will see that each element of this partition corresponds to one of

the two terms of the sum. Let s′ denote the vertex of H resulting from replacing s and

t in G. Let D be the set of all recurrent configurations of H with sink s′.

First statement. We begin with
∑
c∈C1

ylevel(c), corresponding to the second term

of the sum. It follows from Lemma 2.13 that the map µ : D → C1, defined by:
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µ(c)(v) = c(v) if v 6= t, and µ(c)(t) = deg+G(t)− 1, is bijective. For any c ∈ C1, we have

level(c) = deg+G(s) +
∑
v 6=s

c(v)− λ(G)

= deg+G(s) + deg+G(t)− 1 +
∑
v 6∈{s,t}

c(v)− λ(H) + λ(H)− λ(G)

= deg+H(s′) +
∑
v 6∈{s,t}

c(v)− λ(H) + λ(H)− λ(G)

= level(µ−1(c)) + λ(H)− λ(G). (2.23)

This implies that
∑
c∈C1

ylevel(c) = yλ(H)−λ(G) TH(y) , which is the second term of the sum.

Regarding
∑
c∈C2

zlevel(c), it follows from Lemma 2.14 that C2 is the set of all recurrent

configurations of G\{e,e′} with sink s. For any c ∈ C2, we have

level(c) = deg+G(s) +
∑
v 6=s

c(v)− λ(G)

= 1 + deg+G\{e,e′}(s) +
∑
v 6=s

c(v)− λ(G\{e,e′}) + λ(G\{e,e′})− λ(G)

= level(c) + 1 + λ(G\{e,e′})− λ(G). (2.24)

This implies that
∑
c∈C2

ylevel(c) = y1+λ(G\{e,e′})−λ(G) TG\{e,e′}(y). Since TG(y) =
∑
c∈C1

ylevel(c)+∑
c∈C2

ylevel(c), the first statement follows.

Second statement. G is an undirected graph, so are G\{e,e′} and H. Thus

1 + λ(G\{e,e′}) − λ(G) = 1 +
|A(G\{e,e′})|

2
− |A(G)|

2
= 0. Since e′ is a loop in H, we have

yλ(H)−λ(G) TH(y) = y1+λ(H)−λ(G) TH\e′ (y). The second statement is completed by show-

ing that λ(H)−λ(G) = −EG(s, t). We have λ(H)−λ(G) = |A(H)|−L(H)
2

− |A(G)|−L(G)
2

=
|A(H)|−|A(G)|

2
− L(H)−L(G)

2
= −1

2
− (2EG(s,t)−1)

2
= −EG(s, t).

Let us present a new formula that does not exist for the Tutte polynomial on

undirected graphs. If G is undirected, then it contains at least one arc that is a loop,

or it satisfies the conditions of Proposition 2.6, Proposition 2.7 or Proposition 2.8. In

every case, TG(y) can be defined by a recursive formula on smaller graphs. However,

the digraph given in Figure 2.11 is an example of Eulerian digraph that does not

contain any such arc, therefore no recursive formula generalizing those of the classical
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Figure 2.11 An Eulerian digraph that does not satisfy any usual condition.

Tutte polynomial can be applied. Neither of the recursive formulas in Proposition 2.4,

Proposition 2.6, Proposition 2.7 and Propostion 2.8 is useful in this case. The following

new recursive formula handles this case, in order to complete the recursive definitions

of TG(y) on the class of general Eulerian digraphs. Note that its intuitive shape comes

from the Mobius inversion formula that is stated as follows.

Mobius inversion formula. Let X be a non-empty finite set and f : 2X → Z. We

define g : 2X → Z by g(A) :=
∑
A⊆Y

f(Y ). Then for every A ∈ 2X we have

f(A) =
∑
A⊆Y

(−1)|Y |−|A|g(Y ). (2.25)

Proposition 2.9. Let G be an Eulerian digraph, s be a vertex of G, and N be the set

of all out-neighbors of s. Then

TG(y) =
∑
W⊆N
W 6=∅

(−1)|W |+1yλ(G/W∪{s})−λ(G)−EG(s,W ) 1

(1− y)|W |

∏
v∈W

(
1− yEG(s,v)

)
TG/W∪{s}(y),

(2.26)

where EG(s,W ) denotes the number of arcs e of G such that e− = s and e+ ∈ W .

Note that the number of vertices of the digraph G/W∪{s} is strictly smaller than G.

Moreover, the digraph G/W∪{s} is likely to have more loops than G, hence we could

apply Proposition 2.4 to remove the loops in G/W∪{s}.

Proof. Let C be the set of all recurrent configurations of G with sink s. For each c ∈ C,
let NF (c) be the set of out-neighbors of s that, from the configuration c, become firable
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when s is fired, formally NF (c) := {v ∈ N : c(v) ≥ deg+G(v)− EG(s, v)}. We define

PW (y) =
∑
c∈C

W⊆NF (c)

ylevel(c).

so that TG(y) = P∅(y). We will give thereafter a closed formula for PW (y), which is

not interesting if W = ∅. In order to overcome this issue, let us express P∅(y) in terms

of PW (y) for W 6= ∅, using the Mobius inversion formula.

We define QW (y) =
∑
c∈C

W=NF (c)

ylevel(c) so that PW (y) =
∑

W⊆S⊆N
QS(y). Moreover, from

the Burning algorithm (Lemma 2.5) it follows that {c ∈ C : NF (c) = ∅} = ∅, therefore

Q∅(y) = 0. Applying the Mobius inversion formula for the Boolean lattice 2N we have

0 = Q∅(y) =
∑
W⊆N

(−1)|W |PW (y), which allows to express P∅(y) in terms of the other

components of the sum,

TG(y) = P∅(y) =
∑
W⊆N
W 6=∅

(−1)|W |+1PW (y). (2.27)

For the second part of the proof, we claim that

PW (y) = yλ(H)−λ(G)−EG(s,W ) 1

(1− y)|W |

∏
v∈W

(
1− yEG(s,v)

)
TH(y), (2.28)

where H denotes G/W∪{s}.

The vertices in W are denoted by w1, w2, . . . , wp for some p, and let C ′ be the set of

all recurrent configurations of H with sink s′, where s′ is the new vertex in H resulting

from replacing the vertices in W ∪ {s}. It follows from Lemma 2.13 and the definition

of level that

PW (y) =
∑
c∈C

W⊆NF (c)

ylevel(c) =
∑
c∈C′

∑
d∈C

d|V \(W∪{s})=c

ylevel(d)

=
∑
c∈C′

y−λ(G)+deg+G(s)
( ∑

d∈C
d|V \(W∪{s})=c

y

∑
v∈W

d(v))
y

∑
v 6∈(W∪{s})

c(v)

 . (2.29)

For each i ∈ [1..p], let

Ii := {deg+G(s)− EG(s, wi), deg
+
G(s)− EG(s, wi) + 1, . . . , deg+G(s)− 1}.
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It follows from Lemma 2.13 that the map µ : I1 × I2 × · · · × Ip × C ′ → C, defined

by: µ(i1, i2, . . . , ip, c)(v) is equal to c(v) if v 6∈ W , and equal to ij if v = wj, is

bijective, which means that, for a configuration c ∈ C ′, the configurations on the graph

G constructed from c by putting any number of chips in Ii to wi produces the whole

set C. As a consequence,

PW (y) =
∑
c∈C′

(
y−λ(G)+deg+G(s)

( ∏
1≤i≤p

∑
j∈Ii

yj
)
y

∑
v 6∈(W∪{s})

c(v)
)

= y−λ(G)+deg+G(s)
( ∏
1≤i≤p

∑
j∈Ii

yj
) ∑

c∈C′
y

∑
v 6∈(W∪{s})

c(v)

= y−λ(G)+deg+G(s)
∏
w∈W

ydeg
+
G(w)−EG(s,w)

∏
w∈W

(
1− yEG(s,w)

)
1− y

∑
c∈C′

y

∑
v 6∈(W∪{s})

c(v)

= y−λ(G)−EG(s,W )y

∑
v∈W∪{s}

deg+G(v) 1

(1− y)|W |

∏
w∈W

(
1− yEG(s,w)

)∑
c∈C′

y

∑
v 6∈W∪{s}

c(v)

= y−λ(G)−EG(s,W )ydeg
+
H(s′) 1

(1− y)|W |

∏
w∈W

(
1− yEG(s,w)

)∑
c∈C′

y

∑
v 6=W∪{s}

c(v)

= yλ(H)−λ(G)−EG(s,W ) 1

(1− y)|W |

∏
w∈W

(
1− yEG(s,w)

)∑
c∈C′

y
deg+H(s′)+

∑
v 6∈W∪{s}

c(v)−λ(H)

= yλ(H)−λ(G)−EG(s,W ) 1

(1− y)|W |

∏
w∈W

(
1− yEG(s,w)

)∑
c∈C′

ylevel(c)

= yλ(H)−λ(G)−EG(s,W ) 1

(1− y)|W |

∏
w∈W

(
1− yEG(s,w)

)
TH(y), (2.30)

which proves our claim and concludes the proof.

2.5 Some open problems

In this chapter, we show that the generating function of recurrent configurations is in-

dependent of the choice of sink and propose a natural analogue of the Tutte polynomial

in one variable, for the class of general Eulerian digraphs. From a sink-independence

property of the generating function of the set of recurrent configurations of the Chip-

firing game, it turns out that this polynomial TG(y) is characteristic of the support

graph itself, regardless of the chosen sink. Most interestingly, this polynomial is equal

to the well-known Tutte polynomial TG(1, y) on undirected graphs. We presented eval-
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uations of TG(y) generalizing the evaluations of TG(1, y), and we hope that new objects

counted by evaluations of TG(y) will be discovered. Finally, we showed recursive for-

mulas for this polynomial, which again account for natural generalization of those of

the Tutte polynomial on undirected graphs. We end up with a new recursive formula

for TG(y) in order to get a complete set of recursive formulas defining this polynomial.

It is now natural to ask whether there exists such a natural generalization of TG(1, y)

to the class of connected digraphs. We believe there is such a generalization to the

class of strongly connected digraphs by the following surprising conjecture.

Let G = (V,E) be a strongly connected digraph and s be a vertex of G. We denote

by G\s+ the digraph constructed from G by removing all out-going arcs of s. Clearly,

G\s+ has a global sink s. Fix a linear order v1 ≺ v2 ≺ · · · ≺ vn−1 on the set of all

vertices of G distinct from s, where n = |V |. Let r1, r2, . . . , rn−1 ∈ Zn−1 be given by:

ri,j = EG(vi, vj) if i 6= j, and ri,i = deg+G(vi), and let β = (β1, β2, . . . , βn−1) ∈ Zn−1

be given by: βi = EG(s, vi). We define a equivalence relation ∼ on the set C of all

recurrent configurations of G\s+ by c1 ∼ c2 iff c1− c2 ∈< r1, r2, . . . , rn−1, β >, where <

r1, r2, . . . , rn−1, β > is the subgroup of (Zn−1,+) generated by r1, r2, . . . , rn−1, β. Note

that if G is Eulerian, then β ∈< r1, r2, . . . , rn−1 >, therefore < r1, r2, . . . , rn−1, β >=<

r1, r2, . . . , rn−1 >. For each B ∈ C/∼, let sumG,s(B) denote max{deg+G(s) +
∑
v 6=s
c(v) :

c ∈ B}.

Conjecture 1. The sequence (sumG,s(B))B ∈C/∼ is independent of the choice of s, up

to a permutation on the entries.

If the conjecture holds, we have a generalization of TG(1, y) to the class of strongly

connected digraphs.

It may be more reasonable to ask whether there is a generalization of the Tutte

polynomial in two variables to the class of Eulerian digraphs. The bijection presented

in [11] gives a promising direction for this problem, that is, to look for its generalization

to the class of Eulerian digraphs. In addition, one has to generalize the concepts of

internal and external activities to the class of Eulerian digraphs. This task is hard, but

the generalization of bridge presented in this dissertation may give insights to address

the question.
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This question could be addressed by looking for an alternative recursive formula for

the Tutte polynomial in two variables on undirected graphs so that it works on Eulerian

digraphs, possibly for general digraphs. The new recursive formula in Proposition 2.9

could suggest such a formula since it uses only the vertex contraction in its recursive

terms, and the notion of vertex contraction has a natural generalization to general di-

graphs. Moreover, the following conjecture convinces that such a generalization exists.

Conjecture 2. Let G be a connected undirected graph, s a vertex of G, and N the

set of all neighbors of s (not including s). Then TG(x, y) is in the ideal generated by

{TG/W∪{s}(x, y) : ∅ ( W ⊆ N} in Q[x, y], where H denotes H in which all loops have

been removed.

Equivalently, the conjecture means that there exist polynomials PW (x, y) ∈ Q[x, y],

∅ ( W ⊆ N such that TG(x, y) =
∑

∅(W⊆N
PW (x, y)TG/W∪{s}(x, y). Let us give an example

for the illustrative explanation of this conjecture. The first graph in Figure 2.12 shows

an undirected graph G with a chosen vertex s (in black). The remaining graphs are

the graphs which are obtained from G by contracting vertex sets {s} ∪W , where W

is a non-empty subset of {u, v}, and then removing the resulting loops. The vertices x

in the contracted graphs are the new vertices which are from the vertex contractions.

The Tutte polynomials are shown below the corresponding graphs. By using a Gröbner

basis, we can verify that the first polynomial is in the ideal generated by the remaining

polynomials.
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3x+ 8x2 + 8x3 + 4x4+

x5 + 3y + 11xy + 9x2y+

2x3y + 6y2 + 7xy2+

x2y2 + 4y3 + xy3 + y4

3x+ 6x2 + 4x3 + x4+

3y + 9xy + 4x2y+

6y2 + 4xy2 + 4y3 + y4

3x+ 6x2 + 4x3 + x4+

3y + 9xy + 4x2y+

6y2 + 4xy2 + 4y3 + y4

x+ 2x2 + x3 + y+

4xy + 2x2y + 3y2+

3xy2 + 3y3 + y4

Figure 2.12 An undirected graph and its vertex contractions.
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Chapter 3

NP-hardness of feedback arc set

and minimum recurrent

configuration problems of

Chip-firing game on directed graphs

3.1 Preliminaries on computational complexity the-

ory

In this section, we give some basic knowledges on the theory of computational complex-

ity that can be found in many standard books on this subject. All definitions we present

here follow from those in the most well-known book “Computational Complexity” of

Christos H. Papadimitriou.

Definition 3.1. A Turing machine is a quadruple M = (K,Σ, δ, s). Here K is a

finite set of states (these are the instructions alluded to above); s ∈ K is the initial

state. Σ is a finite set of symbols (we say Σ is the alphabet of M). We assume

that K and Σ are disjoint. Σ always contains the special symbols t and .: The

blank and first symbol. Finally, δ is a transition function, which map K × Σ to

K∪{h, “yes”, “no”}×Σ×{←,→,−}. We assume that h (the halting state), “yes” (the
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accepting state), “no” (the rejecting state), and the cursor directions← for “left”,→ for

“right”, and − for “stay” are not in K ∪Σ. For ., we require that if δ(q, .) = (p, ρ,D),

then ρ = . and D =→. Let (Σ − {t})∗ denote the set of (finite) words over the

alphabet Σ− {t}. For an input x ∈ (Σ− {t})∗, we denote by M(x) the output of x

after a sequence of executions according to the rule indicated by the transition function

δ.

Definition 3.2. Let L ⊆ (Σ−{t})∗ be a language. Let M be a Turing machine such

that for any string x ∈ (Σ − {t})∗, if x ∈ L, then M(x) = “yes”, and if x 6∈ L, then

M(x) = “no”. We say that M decides L, then L is called a recursive language.

Definition 3.3. Let R ⊆ Σ∗×Σ∗ be a binary relation on strings. The binary relation R

is called polynomially decidable if there is a Turing machine that decides the language

{x; y : (x, y) ∈ R} in polynomial time. We say that R is polynomially balanced if

(x, y) ∈ R implies that |y| ≤ |x|k for some k ≥ 1.

The language L is said to be in NP if there is a binary relation R on strings

such that R is polynomially decidable, polynomially balanced and L = {x : (x, y) ∈
R for some y}. Intuitively, an NP problem is a decision problem for which the instances

where the answer is ”yes” have efficiently verifiable proofs of the fact that the answer

is indeed ”yes”. More precisely, these proofs have to be verifiable in polynomial time

by a Turing machine.

An NP problem C is called complete if every NP problem can be reduced to C in

polynomial time. A problem H is called NP-hard if there is an NP-complete problem C
that is reducible to H in polynomial time. By the definition, an NP-complete problem

is also an NP-hard problem. Note that an NP-complete problem is also an NP-hard

problem. However, an NP-hard problem is not necessarily an NP-complete problem.

An NP-hard problem may be not in NP. If it is in NP, then it is NP-complete.

The following well-known decision problem.

Input: An undirected graph G.

Output: Yes if G has a Hamilton cycle, No otherwise.

is called Hamilton cycle problem that is proved to be in NP-complete.
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3.2 Acyclic arc sets on Eulerian digraphs

Throughout this chapter a graph always means a simple connected digraph. All results

in this chapter can be generalized easily to the case of multi-graphs. Let G = (V,E)

be a digraph. For a subset A of E, let G[A] denote the graph (V ′, E ′) with V ′ = V and

E ′ = A. A feedback arc set F of G is a subset of E such that removing the arcs in F

from G leaves an acyclic graph. An acyclic arc set A of G is a subset of E such that the

graph G[A] is acyclic. Clearly, an acyclic arc set is the complement of a feedback arc

set. A feedback arc set (resp. acyclic arc set) is minimum (resp. maximum) if it has

minimum (resp. maximum) number of arcs over all feedback arc sets (resp. acyclic arc

sets) of G. A feedback arc set A (resp. acyclic arc set A) is minimal (resp. maximal)

if for any e ∈ A (resp. e ∈ E\A) we have A\{e} (resp. A ∪ {e}) is not a feedback arc

set (resp. acyclic arc set).

We recall the definition of the minimum feedback arc set (MINFAS) problem.

MINFAS Problem

Input: A digraph G.

Output: Minimum number of arcs of a feedback arc set of G.

When the problem is restricted to Eulerian digraphs, we call it EMINFAS problem for

short. The following is our main result of this subsection.

Theorem 3.1. The EMINFAS problem is NP-hard.

From now until Proposition 3.1 we work with an Eulerian connected digraph G =

(V,E) (note that a connected Eulerian digraph is also strongly connected). A lot of

properties of the acyclic arc sets of G are given in this section. The most important

result is that finding a maximum acyclic arc set can be restricted to finding an acyclic

arc set of the maximum size that has some special properties. This establishes a relation

between the MINFAS problem and the MINREC problem on Eulerian digraphs, that

we explore in the next section.

For two subsets B and C of V , we denote by cutG(B,C) the set {(u, v) ∈ E : u ∈
B and v ∈ C}. We write cutG(B) for cutG(B, V \B), and cut−1G (B) for cutG(V \B,B).
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The following appears stronger than the property ∀v ∈ V, deg−G(v) = deg+G(v), but are

actually equivalent.

Lemma 3.1. For every B ⊆ V , we have |cutG(B)| = |cut−1G (B)|.

Proof. Let X = {(u, v) ∈ E : v ∈ B}, Y = {(u, v) ∈ E : u ∈ B}, Z = {(u, v) ∈
E : u ∈ B and v ∈ B}. We have X = cut−1G (B) ∪ Z and Y = cutG(B) ∪ Z. Since

cutG(B), cut−1G (B) and Z are pairwise disjoint, |X| = |cut−1G (B)| + |Z| and |Y | =

|cutG(B)|+ |Z|. Since G is Eulerian, we have

0 =
∑
v∈B

(deg−G(v)− deg+G(v)) = |X| − |Y | = |cut−1G (B)| − |cutG(B)|. (3.1)

Definition 3.4. Let A be an acyclic arc set and s a vertex of G. Let rG(A, s) denote

the subset of all vertices of G that are reachable from s by a path in G[A]. The set

A\cut−1G (rG(A, s)) ∪ cutG(rG(A, s)) is called cut-stretch of A at s. We denote this set

by CsG(A, s).

The idea of cut-stretch is to construct a new acyclic arc set, so that it does not contain

less arcs than the old one. Moreover, the number of vertices, that are reachable from

a fixed vertex, increases after performing the cut-stretch. For an intuitive illustration

of this definition, let us give here an example. Figure 3.1a shows an Eulerian digraph

with an acyclic arc set A shown in Figure 3.1b (plain arcs). If we want to compute the

cut-stretch of A at v4, we look at all vertices reachable from v4 in G[A]. These vertices

are the set rG(A, v4) drawn in black on Figure 3.1c. The plain arcs in Figure 3.1d

form the set cut−1G (rG(A, v4)): arcs of A going from the outside (the set {v2, v3, v7}) to

rG(A, v4); and the other dotted arcs in this figure form the set cutG(rG(A, v4)) : arcs

of G going from rG(A, v4) to the outside. Remove the plain arcs in A from A and add

the dotted arcs of Figure 3.1d, we obtain CsG(A, v4) that is shown in Figure 3.1e.

A simple observation from the above example is that a cut-stretch is still an acyclic

arc set and its number of arcs is not less than the number of arcs of the old one. The

following shows that this property holds not only for this example but also holds for

the general case.
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(a) An Eulerian digraph.

(b) An acyclic arc set A. (c) v8 is chosen and the set R of vertices (in

black) reachable from v8 in G[A].

(d) the arcs of G going into R from the outside

(plain arcs) and the arcs of G going from R to

the outside (the dotted arcs).

(e) The cut-stretch CsG(A, v8).

Figure 3.1 An example of cut-stretch.

89



Lemma 3.2. Let A be an acyclic arc set and s a vertex of G. Then CsG(A, s) is also

an acyclic arc set of G. Moreover, |A| ≤ |CsG(A, s)|.

Proof. By the definition of cut-stretch there is no arc in CsG(A, s) from a vertex in

V \rG(A, s) to a vertex in rG(A, s). It implies that if CsG(A, s) contains a cycle, the

vertices in this cycle must be completely contained either in rG(A, s) or in V \rG(A, s).

In this case, the arcs of the cycle are also the arcs of A, therefore the cycle is also a

cycle of A, a contradiction to the acyclicity of A.

To prove |A| ≤ |CsG(A, s)|, we observe that A ∩ cutG(rG(A, s)) = ∅ (from the

maximality of rG(A, s)). From Lemma 3.1, we have

|CsG(A, s)| ≥ |A|+ |cutG(rG(A, s))| − |cut−1G (rG(A, s))| = |A|, (3.2)

which completes the proof.

Theorem 3.2. Let N be the maximum number of arcs of an acyclic arc set of G. For

every vertex s of G, there is an acyclic arc set of N arcs such that it contains no arc

whose head is s.

Proof. Let X be an acyclic set of G of N arcs. We construct a sequence {Ai}i∈N as

follows: A0 = X and Ai = CsG(Ai−1, s) for every i ≥ 1. Lemma 3.2 and the maximum

of N imply that |Ai| = N for every i ∈ N. If rG(Ak, s) = V for some k, Ak is an acyclic

set that has the required property since for any vertex v 6= s of G the existence of a

path in Ak from s to v implies that (v, s) 6∈ Ak. The proof is completed by showing

that there always exists such a k.

Since a path from s in G[Ai] is also a path from s in G[Ai+1], we have rG(Ai, s) ⊆
rG(Ai+1, s). It suffices to show that if rG(Ai, s) ( V , then rG(Ai, s) ( rG(Ai+1, s).

Since rG(Ai, s) ( V , there is an arc e = (v1, v2) of G such that v1 ∈ rG(Ai, s) and

v2 6∈ rG(Ai, s). Since e ∈ Ai+1, there is a path in Ai+1 that is from s to v2 going

through v1. It implies that v2 ∈ rG(Ai+1, s), therefore rG(Ai, s) ( rG(Ai+1, s).

Definition 3.5. A vertex s of G is called sink in an acyclic arc set A of G if s has

indegree 0 in G[A]. Let A be an acyclic arc set of G such that A has exactly one sink

s. A vertex s′ of G distinct from s is called sinkable in A if there is an arc of G whose

head is s and whose tail is in rG(A, s′).

90



We call such a vertex s′ sinkable because the idea is to use the arc from s′ to s to

construct an acyclic arc set where it becomes a sink. The fact that this is done by the

cut-stretch at s′ is stated in the following lemma.

Lemma 3.3. Let A be an acyclic arc set of G having exactly one sink s. If s′ is

sinkable in A, then CsG(A, s′) has exactly one sink s′ and s is sinkable in CsG(A, s′).

Moreover, A ⊆ CsG(CsG(A, s′), s).

Proof. Let X denote rG(A, s′) and Y = V \X. Since A has exactly one sink s, for any

v ∈ V there is a path in A from s to v, therefore from s to s′. The acyclicity of G[A]

implies that s ∈ Y .

Clearly, s′ is a sink of CsG(A, s′). To prove that CsG(A, s′) has a unique sink, it

suffices to show that for any v ∈ V there is a path in CsG(A, s′) from s′ to v. It is trivial

if v ∈ X. We consider the case v ∈ Y . Let (v′, s) be an arc of G such that v′ ∈ X. Such

an arc exists because of the assumption of the lemma. By the definition of cut-stretch

we have (v′, s) ∈ CsG(A, s′). Let P1 and P2 be paths in A from s′ to v′ and from s to v,

respectively. It follows from the definition of cut-stretch that CsG(A, s′) contains P1.

Since v ∈ Y , the path P2 goes through only the vertices in Y . Therefore CsG(A, s′)

also contains P2. Hence the path P1 ∪ {(v′, s)} ∪ P2 is a path in CsG(A, s′) from s′ to

v.

Let P3 be a path in A from s to s′. The acyclicity of G[A] implies that P3 goes

through only the vertices in Y ∪{s′}. Therefore there is an arc (v′′, s′) such that v′′ ∈ Y .

Clearly, we have rG(CsG(A, s′), s) = Y . By the definition of the sinkability we have s

is sinkable in CsG(A, s′).

It remains to show that A ⊆ CsG(CsG(A, s′), s). This follows immediately from

the fact that CsG(CsG(A, s′), s) = A ∪ cutG(Y,X).

For each s ∈ V , let χs denote the number of maximum acyclic arc sets of G with

exactly one sink s. It is well-known that for an undirected graph G, TG(1, 0) counts

the number of acyclic orientations with a unique fixed sink, therefore counts χs, where

TG(x, y) is the Tutte polynomial of G. This implies that if G is an undirected graph,

χs is independent of the choice of s. The following is a generalization of this fact to

Eulerian digraphs.
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Proposition 3.1. For any two vertices s1, s2 of G, we have χs1 = χs2.

Proof. We claim that if (v′, v) ∈ E(G), then χv ≤ χv′ . Let A1 denote the set of

maximum acyclic arc sets of G having exactly one sink v, and A2 the set of maximum

acyclic arc sets having exactly one sink v′. Since (v′, v) ∈ E(G), v′ is sinkable in

every acyclic arc set in A1. It follows from Theorem 3.2 and Lemma 3.3 that the map

θ : A1 → A2, defined by: A 7→ CsG(A, v′), is well-defined. Let A be arbitrary in A1.

It follows from Lemma 3.3 that A ⊆ CsG(CsG(A, v′), v). Since A is maximum, we

have A = CsG(CsG(A, v′), v). This implies that θ is injective. Therefore |A1| ≤ |A2|,
equivalently χv ≤ χv′ .

The claim implies that for any two vertices v′ and v of G such that there is a path

in G from v′ to v, we have χv ≤ χv′ . Since G is strongly connected, there is a path in

G from s1 to s2 and a path in G from s2 to s1. Hence χs1 = χs2 .

Note that in an undirected graph a maximal acyclic arc set is also a maximum

acyclic arc set (and vice versa). This fact no longer holds for Eulerian digraphs. The

assertion in Proposition 3.1 is not correct if we replace the maximum acyclic arc sets

by the maximal acyclic arc sets.

Although the EMINFAS problem was known to be NP-hard for its multigraph ver-

sion [19], it is worth studying the computational complexity of the EMINFAS problem

since most variants of the MINFAS problem are restrictions of the class of digraphs

(simple) (see [27]). It does not seem that the construction in the proof of [19] is appli-

cable to the case of simple digraphs. By using Theorem 3.2 and a stronger construction

we show that the EMINFAS is NP-hard. We work with a general digraph G = (V,E),

and construct an Eulerian digraph G′ so that an optimum value of the EMINFAS

problem on G′ implies an optimum value of the MINFAS problem on G. The graph

G′ = (V ′, E ′) used in the reduction of MINFAS to EMINFAS is constructed as follows.

The basic idea to construct an Eulerian graph G′ from G would be to create a new

vertex and add arcs from this new vertex to any vertex that has more out-degree than

in-degree, and arcs from vertices which have in-degree greater than out-degree to the

new vertex. To avoid multi-graphs, we furthermore add for each of those arcs a new

vertex in between, which has in-degree and out-degree 1. More precisely, the vertices
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of G are denoted by v1, v2, . . . , vn for some n. If G is already an Eulerian digraph,

then G′ := G. Otherwise let G′ be a copy of G. We add to G′ a new vertex s. For

each vertex vi such that deg−G(vi) < deg+G(vi), we add pi new vertices wi,1, wi,2, . . . , wi,pi

to G′, and for each j ∈ [1..pi] we add two arcs (s, wi,j) and (wi,j, vi) to G′, where

pi = deg+G(vi)− deg−G(vi). For each vertex vi such that deg+G(vi) < deg−G(vi), we add qi

new vertices wi,1, wi,2, . . . , wi,qi to G′, and for each j ∈ [1..qi] we add two arcs (wi,j, s)

and (vi, wi,j) to G′, where qi = deg−G(vi) − deg+G(vi). Formally, the vertex set and the

arc set of G′ are defined by:

V ′ := {s}∪V ∪
⋃

1≤i≤n

{wi,j : 1 ≤ j ≤ |deg−G(vi)− deg+G(vi)|}

E ′ := E∪
⋃

deg−G(vi)<deg
+
G(vi)

{(s, wi,j) : 1 ≤ j ≤ deg+G(vi)− deg−G(vi)}∪

⋃
deg−G(vi)<deg

+
G(vi)

{(wi,j, vi) : 1 ≤ j ≤ deg+G(vi)− deg−G(vi)}∪

⋃
deg+G(vi)<deg

−
G(vi)

{(wi,j, s) : 1 ≤ j ≤ deg−G(vi)− deg+G(vi)}∪

⋃
deg+G(vi)<deg

−
G(vi)

{(vi, wi,j) : 1 ≤ j ≤ deg−G(vi)− deg+G(vi)}.

Figure 3.2 shows an example of G (Fig. 3.2a) and the corresponding Eulerian di-

graph G′ (Fig. 3.2b). Figure 3.2c shows an acyclic arc set of G of maximum cardinality.

In order to construct an acyclic arc set of G′, we add the arcs (s, wi,j), (wi,j, vi) (all

the arcs created to offset vertices having out-degree greater than in-degree in G) and

(vi, wi,j) (half of the arcs created to offset vertices having in-degree greater than out-

degree in G) to this set, which indeed results in an acyclic arc set of G′ of maximum

cardinality. The following shows that we can always obtain an acyclic arc set of G′ of

maximum cardinality with this construction.

Lemma 3.4. Let r be the maximum number of arcs of an acyclic arc set of G, and

d =
∑

deg−G(vi)<deg
+
G(vi)

(deg+G(vi)− deg−G(vi)).

The maximum number of arcs of an acyclic arc set of G′ is 3d+ r.
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(a) A digraph G. (b) Eulerian digraph G′.

(c) An acyclic arc set of G of maximum car-

dinality.

(d) An acyclic arc set of G′.

Figure 3.2 Maximum acyclic arc sets.
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Proof. The lemma clearly holds if G is an Eulerian digraph, in which case G′ = G. We

assume otherwise. Note that 4d arcs and 2d + 1 vertices are added to G in order to

construct G′. Let r′ be the maximum number of arcs of an acyclic arc set of G′.

First, we show that 3d+ r ≤ r′. Let A be an acyclic arc set of G of r arcs. Let

A′ = A ∪ {(s, wi,j) : (s, wi,j) ∈ E ′} ∪ {(wi,j, vi) : (wi,j, vi) ∈ E ′}

∪ {(vi, wi,j) : (vi, wi,j) ∈ E ′}.

Since A is an acyclic arc set of G and A′ contains no arc (wi,j, s) of E ′, A′ is an

acyclic arc set of G′. The sets {(s, wi,j) : (s, wi,j) ∈ E ′},{(wi,j, vi) : (wi,j, vi) ∈ E ′} and

{(vi, wi,j) : (vi, wi,j) ∈ E ′} are pairwise-disjoint, and each of them has exactly d arcs,

therefore we have constructed an acyclic arc set A′ of size |A′| = 3d+ r. It implies that

3d+ r ≤ r′.

It remains to show that r′ ≤ 3d+ r. Let B be an acyclic arc set of G′ of r′ arcs. By

Theorem 3.2 there is an acyclic arc set B′ of G′ of r′ arcs such that B′ contains no arc

(wi,j, s) of E ′. The set B′ must contain all arcs e of G′ of the form (s, wi,j), (wi,j, vi) or

(vi, wi,j) since if otherwise, B′ ∪ {e} is an acyclic arc set of G′ containing r′ + 1 arcs.

Let A′′ denote B′\
(
{(s, wi,j) : (s, wi,j) ∈ E ′} ∪ {(wi,j, vi) : (wi,j, vi) ∈ E ′} ∪ {(vi, wi,j) :

(vi, wi,j) ∈ E ′}
)
. The set A′′ is an acyclic arc set of G, therefore |A′′| ≤ r. It implies

r′ = |B′| = 3d+ |A′′| ≤ 3d+ r.

Proof of Theorem 3.1. Given a general digraph G, the Eulerian digraph G′ can be

constructed in polynomial time. Let b be the minimum number of arcs of a feedback

arc set of G′, that is, the solution of EMINFAS on G′. Clearly |E ′|− b is the maximum

number of arcs of an acyclic arc set of G′. By Lemma 3.4 the maximum number of

arcs of an acyclic arc set of G is |E ′| − b− 3d, where d is defined as in Lemma 3.4 and

is computable in polynomial time. Thus the minimum number of arcs of a feedback

arc set of G is |E| − (|E ′| − b− 3d) = b + 3d + |E| − |E ′|. This implies a polynomial-

time reduction from the MINFAS problem to the EMINFAS problem. The MINFAS

problem is NP-hard, so is the EMINFAS problem.
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3.3 NP-hardness of minimum recurrent configura-

tion problem

In this section, we study the computational complexity of the following problem of

finding minimum number of chips of a recurrent configuration (MINREC).

MINREC problem

Input: A graph G with a global sink.

Output: Minimum total number of chips of a recurrent configuration of G.

If the input graphs are restricted to undirected graphs G with a sink s, the problem

can be solved in polynomial time since all minimal recurrent configurations have the

same total number of chips, namely E(G)
2

. Nevertheless, the problem is NP-hard for

general digraphs. In particular, we show that the problem is NP-hard when the input

graphs are restricted to Eulerian digraphs (EMINREC).

EMINREC problem

Input: An Eulerian digraph G with a sink s.

Output: Minimum total number of chips of a recurrent configuration of G.

The following is our main result of this section which will be proved in the last subsec-

tion of this chapter.

Theorem 3.3. The EMINREC problem is NP-hard, so is the MINREC problem.

3.3.1 Chip-firing game on Eulerian digraphs with sink and

firing graph

Let G = (V,E) be an Eulerian digraph (connected) and a distinguished vertex s of G

that is called sink. We recall that G\s+ denotes the graph G in which the out-going

arcs of s have been deleted. The Chip-firing game on G with sink s is the ordinary

Chip-firing game that is defined on the graph G\s+ .
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Let β be the configuration defined by for every v ∈ V \{s}, β(v) = 1 if (s, v) ∈ E
and β(v) = 0 otherwise. Since G is Eulerian, β ∼ 0 (after firing −1 time every vertex,

except the sink), where 0 denotes the configuration which has 0 chip in every vertex

of G. We recall here the Burning algorithm.

Lemma 3.5. [14] Configuration c is recurrent if and only if c = (c + β)◦. Moreover,

if c is recurrent, then each vertex of G except for the sink fires exactly once during any

sequence of legal firings to reach the stabilization of (c+ β).

Note that the configuration c + β can be regarded as the configuration resulting from

firing the sink in the configuration c. Lemma 3.5 allows to define the notion of firing

graph that is originally from [41].

Definition 3.6. Let c be a recurrent configuration and c + β = d0
w1→ d1

w2→ d2
w3→

d3 . . .
wk→ dk a legal firing sequence of c such that dk = c. This sequence of legal firings

can be presented by (w1, w2, . . . , wk) since di is completely defined by: w1, w2, . . . , wi

for i ≥ 1. Lemma 3.5 implies that k = |V | − 1 and {w1, w2, . . . , wk} = V \{s}. The

graph F = (V , E) with V = V and

E = {(s, wi) : (s, wi) ∈ E} ∪ {(wi, wj) : i < j and (wi, wj) ∈ E},

is called a firing graph of c.

Figure 3.3a presents an Eulerian digraph with the sink s in black. Figure 3.3b

presents a recurrent configuration. The configuration c + β is presented in Figure

3.3c. Starting with the configuration c + β we can fire consecutively the vertices

v5, v1, v2, v4, v3 of V in this order to reach again c. With the legal firing sequence

(v5, v1, v2, v4, v3) we have the firing graph that is presented by the undotted arcs in

Figure 3.3d. Note that legal firing sequences of c + β are possibly not unique, so

are firing graphs of c. In the next part, we are going to study a kind of recurrent

configurations that always have a unique firing graph.
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(a) An Eulerian digraph. (b) A recurrent configuration c.

(c) c+ β. (d) Firing graph corresponding to the se-

quence (v5, v1, v2, v4, v3).

Figure 3.3 An example of firing graph.
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Figure 3.4 A maximal acyclic arc set.

3.3.2 Minimal recurrent configurations and maximal acyclic

arc sets

In this subsection, we work with the Chip-firing game on an Eulerian digraph G =

(V,E) with sink s. For two configurations c′ and c, we write c′ ≤ c if c′(v) ≤ c(v) for

every v ∈ V \{s}. A recurrent configuration c is minimal if whenever c′ 6= c and c′ ≤ c,

c′ is not recurrent. When c has the minimum total number of chips over all recurrent

configurations, we say that c is minimum. Let M be the set of all minimal recurrent

configurations of the game.

Let A be the set of all maximal acyclic arc sets A of G such that s is a unique sink

of A. Note that maximal acyclic arc set can be considered as a generalization of acyclic

orientation on undirected graphs. Figure 3.4 shows such a maximal acyclic arc set of

the Eulerian digraph shown in Figure 3.3a. This subsection is devoted to showing that

if a recurrent configuration c is minimal, c has a unique firing graph and the set of

arcs of this firing graph is a maximal acyclic arc set. This gives a map from M to A.

Moreover, we show that this map is a one-to-one correspondence between M and A.

The correspondence can be generalized easily to the case when G has multi-arcs. The

following is the main result of this subsection.

Theorem 3.4. Let Fc denote the firing graph of c, the map from M to A, defined by:

c 7→ Fc, is bijective.

When G is an undirected graph, the correspondence is exactly the one that was

given in [41]. The correspondence in [41] deals with the case when G has many sinks.
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However, the many-sink case is not harder than the single-sink case since we can

contract many sinks to a single sink, and consider the contracted graph. This subsection

mainly focuses on showing a relation between M and A, and not all results presented

here are needed for the proof of the NP-hardness exposed in the next subsection. The

following shows a basic relation between acyclic arc sets and recurrent configurations.

Lemma 3.6. Let A be an acyclic arc set such that s is a unique vertex of indegree

0 in G[A] and A contains all vertices of G. Then the configuration c, defined by:

c(v) = deg+G(v)− deg−G[A](v) for every v ∈ V \{s}, is recurrent.

Proof. Since G[A] is acyclic, there is a linear order v0 < v1 < v2, · · · < v|V |−1 on V

such that if (vi, vj) ∈ A, then i < j. Clearly v0 = s. The proof is completed by

showing that (v1, v2, . . . , v|V (G)|−1) is a legal firing sequence of c + β. Since v1 is an

out-neighbor of s in G[A], we have c(v1) = deg+G(v1)− 1, therefore it is active in c+ β.

Now by induction, suppose that (v1, v2, . . . , vj) is a legal firing sequence of c+β, where

j < |V (G)|−1. By firing consecutively the vertices v1, v2, . . . , vj in this order we arrive

at the configuration c′. It suffices to show that vj+1 is active in c′. It is clear that vj+1

receives
∑

0≤i≤j
EG(vi, vj+1) chips from its in-neighbors after all vertices v1, v2, . . . , vj have

been fired. Since
∑

0≤i≤j
EG(vi, vj+1) ≥ deg−G[A](vj+1), the number of chips stored at vj+1

in c′ is not less than deg+G(vj+1), therefore vj+1 is active in c′. The claim follows.

From the definition of firing graph, a recurrent configuration may have many firing

graphs. However, the following implies that the numbers of arcs of those firing graphs

have a lower bound that depends on the recurrent configuration.

Lemma 3.7. If c is a recurrent configuration of G\s+, then for every firing graph

F = (V , E) of c, s is a unique vertex of in-degree 0 and E is an acyclic arc set of G.

Moreover, F is connected and for each v ∈ V \{s} we have c(v) ≥ deg+G(v)− deg−F (v).

Proof. It follows immediately from the definition of firing graph that s is a vertex of

in-degree 0 in F and E is an acyclic arc set. We show that there is no other vertex

of in-degree 0 in F . Let (v1, v2, . . . , v|V |−1) be a legal firing sequence of c + β that is

used to construct F . By convention v0 = s. For each 1 ≤ i ≤ |V | − 1, let c′ denote the

configuration obtained from c + β by firing consecutively the vertices v1, v2, . . . , vi−1.
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Since vi is not active in c but active in c′, vi must receive some chips during this firing

process. This implies that there is j < i such that (vj, vi) ∈ E. It follows from the

definition of firing graph that (vj, vi) ∈ F , therefore deg−F (vi) ≥ 1. Since F is acyclic

and has exactly one vertex of in-degree 0, F is connected.

It remains to prove that for every v ∈ V \{s} we have c(v) ≥ deg+G(v) − deg−F (v).

For every 1 ≤ i ≤ |V | − 1, vertex vi receives deg−F (vi) chips from its in-neighbors

when all vertices v1, v2, . . . , vi−1 have been fired. At this point vi is active, therefore

c(vi) ≥ deg+G(vi)− deg−F (vi).

The notion of firing graph gives a map fromM to A that is shown in the following.

Lemma 3.8. Let c ∈ M and F = (V , E) a firing graph of c. Then c(v) = deg+G(v) −
deg−F (v) for every v ∈ V \{s} and E ∈ A. Moreover, the configuration c contains

|E| − deg+G(s)− |E| chips.

Proof. Let c′ be the configuration defined by: c′(v) = deg+G(v) − deg−F (v) for every

V \{s}. By Lemma 3.6 c′ is a recurrent configuration. It follows from Lemma 3.7 that

c′ ≤ c. Since c is minimal, we have c′ = c, therefore c(v) = deg+G(v)−deg−F (v) for every

v ∈ V \{s}.
To prove E ∈ A, we assume otherwise that there is A ∈ A such that E ( A (from

Lemma 3.7 we know that E is an acyclic arc set, hence it is not maximal). Let c′′ be

the configuration defined by: c′′(v) = deg+G(v) − deg−G[A](v) for every v ∈ V \{s}. Let

(u, u′) ∈ A\E . Clearly deg−G[A](u
′) > deg−F (u′), therefore c′′(u′) < c(u′). It implies that

c′′ 6= c and c′′ ≤ c, a contradiction to the fact that c ∈M.

The number of chips c contains is∑
v 6=s

c(v) =
∑
v 6=s

(deg+G(v)− deg−F (v))

=
∑
v∈V

deg+G(v)− deg+G(s)− |E| = |E| − deg+G(s)− |E|. (3.3)

The second statement follows.

For two non-repeated sequences f = (v1, v2, . . . , v|V |−1) and g = (w1, w2, . . . , w|V |−1)

of the vertices in V \{s}, pref(f, g) denotes the maximum integer k such that for every
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i satisfying 1 ≤ i ≤ k, we have vk = wk. Note that if v1 6= w1, then pref(f, g) = 0.

The following shows that there is a well-defined and injective map from M to A.

Lemma 3.9. For every c ∈M, c has exactly one firing graph.

Proof. Let f1 = (v1, v2, . . . , v|V |−1) and f2 = (w1, w2, . . . , w|V |−1) be two different legal

firing sequences of c+β. Let j denote pref(f1, f2) and f′ = (v1, v2, . . . , vj, wj+1, vj+1, v
′
j+3,

v′j+4, . . . , v
′
|V |−1) the sequence of vertices of G, where (v′j+3, v

′
j+4, . . . , v

′
|V |−1) is the se-

quence (vj+2, . . . , v|V |−1) with wj+1 deleted. Clearly, f′ is also a legal firing sequence of

c+ β. Let F1 = (V1, E1) and F ′ = (V ′, E ′) denote the firing graphs of c with respect to

f1 and f′, respectively.

We claim that F1 = F ′. Lemma 3.8 implies that |E1| = |E ′| =
∑

v∈V \{s}
deg+G(v) −∑

v∈V \{s}
c(v). Hence it suffices to prove that E1\E ′ = ∅. We assume otherwise that

E1\E ′ 6= ∅. Let k denote the integer such that wj+1 = vk. Note that k > j + 1. It

follows from the definition of firing graph that E1\E ′ = {(vi, vk) ∈ E : j+1 ≤ i ≤ k−1}.
Let X = {(vi, vk) : (vi, vk) ∈ F ′} and Y = {(vi, vk) : (vi, vk) ∈ F1}. Since f′ can be

viewed as f1 in which vk has been moved backward, we have X ⊆ Y . It follows from

E1\E ′ 6= ∅ that X ( Y , therefore deg−F ′(vk) < deg−F1
(vk), a contradiction to the assertion

of Lemma 3.8.

Let F2 denote the firing graph of c constructed by f2. The proof is completed by

showing that F1 = F2. Let δ = (δ1, δ2, . . . , δ|V |−1) be a legal firing sequence of c+β such

that the firing graph constructed by δ is the same as F1 and pref(δ, f2) is maximum.

We are going to show that δ = f2. Let p denote pref(δ, f2). If δ 6= f2, then p < |V | − 1.

Let δ′ denote the sequence (δ1, δ2, . . . , δp, wp+1, δp+1, up+3, up+4, . . . , u|V |−1) of vertices of

G, where (up+3, up+4, . . . , u|V |−1) is the sequence (δp+2, δp+3, . . . , δ|V |−1) with the vertex

wp+1 deleted. The above claim implies that the firing graph of c constructed by δ′

is the same as the one constructed by δ. It is clear that pref(δ′, f2) > pref(δ, f2), a

contradiction to the maximum of pref(δ, f2).

For two non-repeated sequences f = (v1, v2, . . . , v|V |−1), g = (w1, w2, . . . , w|V |−1) of

vertices in V \{s}, we denote by inter(f, g) the sequence (v1, v2, . . . , vk, wk+1, vk+1,

v′k+3, v
′
k+4, . . . , v

′
|V |−1), where k = pref(f, g) and (v′k+3, v

′
k+4, . . . , v

′
|V |−1) is the sequence

(vk+2, vk+3, . . . , v|V |−1) with the vertex wk+1 deleted. It is easy to see that pref(f, g) <
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pref(inter(f, g), g). Note that if f and g are two legal firing sequences of a configuration

c, inter(f, g) is also a legal firing sequence of c. The following result is the converse of

Lemma 3.8.

Lemma 3.10. Let A ∈ A and F denote G[A]. Then the configuration c, defined by:

c(v) = deg+G(v)− deg−F (v) for every v ∈ V \{s}, is a minimal recurrent configuration.

Proof. For a contradiction, we assume otherwise that c is not minimal. There is c′ ∈M
such that c′ 6= c and c′ ≤ c. Let F ′ be the firing graph of c′. By Lemma 3.8 we have

E(F ′) ∈ A and F ′ 6= F .

Since A is acyclic, there is a non-repeated sequence f1 = (v1, v2, . . . , v|V |−1) of ver-

tices in V \{s} such that if (vi, vj) ∈ A, then i < j. Clearly, f1 is a legal firing sequence

of c+β. Similarly, there is a non-repeated sequence f2 = (w1, w2, . . . , w|V |−1) of vertices

V \{s} such that if (wi, wj) ∈ E(F ′), then i < j. Clearly, f2 is a legal firing sequence

of c′ + β. We define the sequence {gi}i∈N as follows

g0 = f1,

gi+1 = inter(gi, f2), i ≥ 0.

Let p be the minimum integer such that gp = f2. Note that for every i ≥ p, gi = f2.

Since F 6= F ′, there is a minimum integer q < p such that the firing graph constructed

by gq = (δ1, δ2, . . . , δ|V |−1) is distinct from the firing graph constructed by gq+1. Let

k = pref(gq, f2) and l be the integer such that δl = wk+1. The firing graphs constructed

by gq and gq+1 are denoted by G1 and G2, respectively.

We claim that for every k+ 1 ≤ i ≤ l− 1 we have (δi, δl) 6∈ E. For a contradiction,

we assume otherwise. By a similar argument as in the proof of Lemma 3.9, the set

of arcs of G2 whose head δl is a subset of the set of arcs of G1 whose head δl. The

assumption implies that there is an arc e ∈ E such that e ∈ G1 and e 6∈ G2, therefore

deg−G2(δl) < deg−G1(δl). Since pref(gi, f2) < pref(gi+1, f2) for every 0 ≤ i ≤ p − 1,

deg−G2(δl) is equal to the in-degree of δl in the firing graph constructed by gp = f2,

namely F ′. It follows that deg−F (δl) = deg−G1(δl) > deg−G2(δl) = deg−F ′(δl), therefore

c(δl) < c′(δl), a contradiction to the fact that c′ ≤ c.

Since E(G1)\E(G2) = {(δi, δl) ∈ E : k + 1 ≤ i ≤ l − 1}, it follows from the above
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claim that E(G1)\E(G2) = ∅, therefore E(G1) ( E(G2). The choice of q implies that

E(G1) = A, a contradiction to the fact that A is a maximal acyclic arc set.

Proof of Theorem 3.4. Lemma 3.8 and Lemma 3.9 imply that the map is well-defined

and injective. Lemma 3.10 implies the surjectivity.

The following proposition is a direct consequence of Theorem 2.1. The results in

this chapter can provide it with a simpler proof.

Proposition 3.2. The number of minimum recurrent configurations is independent of

the choice of sink.

Proof. Theorem 3.4 and Lemma 3.8 imply that the map c 7→ Fc induces a map from

the minimum recurrent configurations to the maximum acyclic arc sets of G in A.

Therefore the number of minimum recurrent configurations is equal to the number of

maximum acyclic arc sets of G in A. It follows from Proposition 3.1 that the number

of maximum acyclic arc sets of G in A is independent of the choice of sink, so is the

number of minimum recurrent configurations.

Proposition 3.2 states that the number of minimum recurrent configurations is

characteristic of the digraph itself.

Proof of Theorem 3.3. Let G be an Eulerian digraph with sink s. Let k be the max-

imum number of arcs of a feedback arc set of G and k′ be the minimum number of

chips of a recurrent configuration of G. Since the EMINFAS problem is NP-hard, the

proof is completed by showing that k + k′ =
∑

v∈V \{s}
deg+G(v).

By Theorem 3.2 there is an acyclic arc set A of G such that |A| = k and s is

a unique vertex of indegree 0 in G[A]. Lemma 3.6 implies that the configuration c,

defined by: c(v) = deg+G(v)− deg−G[A](v) for every v ∈ V \{s}, is recurrent. Clearly,

k +
∑

v∈V \{s}

c(v) =
∑

v∈V \{s}

deg+G(v) and

k + k′ ≤
∑

v∈V \{s}

deg+G(v), (3.4)

since G is Eulerian.
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It remains to prove that k+k′ ≥
∑

v∈V \{s}
deg+G(v). Let c̄ be a recurrent configuration

such that
∑

v∈V \{s}
c̄(v) = k′. Let F be a firing graph of c̄. Lemma 3.7 implies that

c̄(v) ≥ deg+G(v)− deg−F (v) for every v ∈ V \{s}, therefore

k + k′ ≥
∑

v∈V \{s}

c̄(v) + |E(F)| ≥
∑

v∈V \{s}

deg+G(v). (3.5)

Note that it follows directly from [43] that the EMINFAS problem restricted to

planar Eulerian digraphs is solvable in polynomial time, so is the EMINREC problem.

This class of graphs is pretty big since it contains planar undirected graphs.

3.4 Conclusion and perspectives

In this chapter, we pointed out a close relation between the MINFAS problem and the

MINREC problem. The important consequence of this relation is the NP-hardness of

the MINREC problem. It would be interesting to investigate classes of graphs that

are situated strictly between the class of undirected graphs and the class of Eulerian

digraphs, for which the MINFAS and MINREC problems are solvable in polynomial

time. We discuss here about such a class.

It follows from Theorem 3.2 that to compute the maximum number of arcs of an

acyclic arc set of an Eulerian digraph, we can restrict to the acyclic arc sets that

satisfy the condition in Theorem 3.2. With different choices of s we have different

sets of maximal acyclic arc sets. One would prefer to choose a vertex s such that all

maximal acyclic arc set have the same number of arcs since a maximal acyclic arc set

can be computed quickly, therefore a maximum acyclic arc set. Figure 3.5a shows an

Eulerian digraph. If v1 is chosen, we have exactly one maximal acyclic arc set that is

shown in Figure 3.5b. If v2 is chosen, we have exactly two maximal acyclic arc sets with

different sizes. Thus one computes easily a maximum acyclic arc set if v1 is chosen.

Note that there are many Eulerian digraphs in each of which there is no vertex s

that satisfies this good property. By an experimental observation we see that the class

of Eulerian digraphs, for which at least one vertex s has the property, is rather large.
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(a) An Eulerian digraph. (b) A maximal acyclic arc set with

respect to v1.

(c) Maximal acyclic arc sets with respect to v2.

Figure 3.5 Maximal acyclic arc sets with different choices of s.

However, a characterization for this class of graphs, on which the MINFAS problem

is polynomial, is unknown and remains to be done. In addition, the observation also

provides a heuristic algorithm for the EMINFAS problem. It is interesting to investigate

the properties of this algorithm.
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General conclusion

In this dissertation, we obtain the following results.

• In Chapter 1, we obtain the polynomial time algorithms for determining the fol-

lowing classes of lattices: L(CFG),L(ASM),L(ACFG). We point out the relation

between these classes.

-The results are published in the paper “Lattices generated by Chip Firing Game

models: Criteria and recognition algorithms (with Thi Ha Duong Phan ), Euro-

pean Journal of Combinatorics 34 (2013) pp. 812-832 ”.

• In Chapter 2, we show that the generating function of recurrent configurations is

independent of the choice of sink on an Eulerian digraph. We propose a Tutte-

like polynomial in one variable for the class of Eulerian digraphs.

- The results are presented in the paper “Chip-firing game and partial Tutte

polynomial for Eulerian digraphs” (with Kevin Perrot). Submitted for journal

publication.

• In Chapter 3, we show that the problem of finding minimum number of chips

of a recurrent configuration is NP-hard. We give a close relation between this

problem and the feedback arc set problem.

- The results are published in the paper “Feedback arc set problem and NP-

hardness of minimum recurrent configuration problem of Chip-firing game on

directed graphs” (with Kévin Perrot), Annals of Combinatorics, 19(2): 373-396,

2015.

For furture works, we have plan to focus on the following problems.
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• We look for other classes of graphs on which our algorithms work for recognizing

the classes of lattices generated by Chip-firing game on those classes of graphs.

• We look for a natural analogue of the Tutte polynomial for Eulerian digraphs in

two variables.

• We look for new relations between Chip-firing game to other mathematical ob-

jects.
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Other information

All results in this dissertation were presented in the seminar of Department of Math-

ematical foundation of computer science, Vietnam-France maths congress (Hue 2012)

and The 8th Vietnamese Mathematical Conference (Nha Trang 2013).
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(2013) pp. 812-832.

2. Feedback arc set problem and NP-hardness of minimum recurrent configuration

problem of Chip-firing game on directed graphs (with Kevin Perrot). Annals of

Combinatorics, 19(2): 373-396, 2015.

3. Chip-firing game and partial Tutte polynomial for Eulerian digraphs (with Kevin

Perrot). Submitted for journal publication.
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4. Fixed-point forms of the parallel symmetric sandpile model (with Enrico For-
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RIVF International Conference on Computing and Communication Technologies
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Notation Index

[x, y] Interval of a lattice, page 10

Is2(c∗
s1 ) Swap number, page 61

cut−1G (B) , page 87

CsG(A, s) Cut-stretch, page 88

cutG(B,C) , page 87

↓ , page 10

∧ Meet, page 10

∨ Join, page 10

Fc Firing graph of a configuration c, page 99

m(x,y) Difference between Mx and My, page 13

c∗s
i

Adding i+ deg+(s) chips to sink s in a configuration c, page 57

≺ The cover relation, page 9

∼ Equivalence class relation, page 49

0 Infimum of a lattice, page 10

1 Supremum of a lattice, page 10

λ(G) , page 69
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TG(y) Generating function of recurrent configurations, page 70

↑ , page 10

l , page 10

ϑ(c, c′) Fired vertex, page 16

c
∗→ c′ Fire a sequence of vertices, page 3

c
v→ c′ Fire at v in c, page 3

c∗
s

Map restricted to vertices distinct from s, page 57

c◦
s

Stabilization of c with respect to sink s, page 57

c◦ Stabilization of a configuration c, page 49

CFG(G, c) The configuration space with initial configuration c, page 3

D The class of distributive lattices, page 4

deg+G(v) Outdegree of v in a digraph G, page 15

deg−G(v) Indegree of v in a digraph G, page 15

E(G) Set of arcs of a graph G, page 15

E(v, v′) Number of arcs connecting v to v′ in a digraph, page 15

e+ Head of an arc e, page 48

e− Tail of an arc e, page 48

G/e Edge contraction

G\e Edge deletion

J Set of join-irreducible elements of a lattice, page 10

Jx Set of join-irreducible elements less than or equal to x, page 10

116



L(ACFG) The class of lattices generated by the Chip-Game model on acyclic digraphs,

page 4

L(ASM) The class of lattices generated by the Chip-Firing game model on undirected

graphs, page 4

L(CFG) The class of lattices generated by the Chip-Firing game model, page 4

LLD The class of lower locally distributive lattices, page 12

M Set of meet-irreducible elements of a lattice, page 10

Mx Set of meet-irreducible elements greater than or equal to x, page 10

shc Shot-vector of a configuration c, page 16

TG(1, y) Partial Tutte polynomial in one variable, page 67

TG(x, y) Tutte polynomial of an undirected graph G, page 56

ULD The class of upper locally distribution lattices, page 4

V (G) Set of vertices of a graph G, page 15

x+ Join of all uper covers of x, page 10

x− Meet of all lower covers of x, page 11

L(MCFG) Class of lattices generated by multating Chip Firing game, page 46

EMINFAS Minimum feedback arc set problem on Eulerian digraphs, page 87

MINFAS Minimum feedback arc set problem., page 87

EMINREC Problem of finding minimum number of chips of a recurrent configuration

on Eulerian digraphs, page 96

MINREC Problem of finding minimum number of chips of a recurrent configuration,

page 96
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Index

Acyclic arc set, 87

Arc contraction, 71

Arc deletion, 70

Burning algorithm, 52

Closed component, 15

Cut-stretch, 88

EMINREC, 96

Eulerian digraph, 5

Evolution rule, 3

Feedback arc set, 87

Firable vertex, 3

Firing at a vertex, 3

Firing graph, 97

Generating function of recurrent configu-

rations, 70

Global sink, 48

Ideal, 9

Laplacian matrix, 49

Minimal feedback arc set, 87

Minimal recurrent configuration, 99

Minimum feedback arc set, 87

Minimum recurrent configuration, 99

MINREC, 96

NP-complete, 86

NP-hard, 86

Partial Tutte polynomial, 67

Recurrent configuration, 49

Sandpile group, 50

Shot-vector, 16

Sink, 15

Sink (in an acyclic arc set), 90

Sinkable, 90

Stable configuration, 49

Tutte polynomial, 56

Upper cover, 9
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