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TOM TAT

Luan 4n nghién ctu vé tinh giai dudce ciia bai toan Dirichlet cho phuong trinh kiéu
Monge-Ampere elliptic khong ddi xitng trong mién gidi noi Q C R™. Bai toan nay da dugc
giai quyét trude day cho truong hgp phuong trinh kiéu Monge-Ampere déi xiing véi sé chiéu
n bat ky va cho phuong trinh khong déi xting khi n = 2 bdi nhém nghién citu ctia N.S.
Trudinger bang cac cong cu nhu: tinh 16m ctia ham log(det w) trén tap hop cdc ma tran
déi xiing xac dinh duong va nguyén 1y so sanh déi vé6i cac nghiém elliptic ciia phuong trinh
kiéu Monge-Ampere doi xting. Luan an da thu hep khéi niém nghiém elliptic bing céch dua
vao khai niem nghiem d-elliptic véi 0 < § < 1 déi véi phuong trinh kiéu Monge-Ampere
khong do6i xting va thiét lap tinh d-16m véi d > 0 cho ham log(det R) trén tap 16i khong
bi chan Ds,, C R™™ gom cac ma tran R xac dinh duong khong ddi xing véi thanh phan
phan ddi xting clia n6é 1a nhoé theo nghia nao dé. Luan an da thiét lap nguyén 1y so sanh
doi véi cac nghiem -elliptic ciia phuong trinh kiéu Monge-Ampeére khong dbi xting. Bing
viec dya vao so do danh gia duge dé xuat béi N.S. Trudinger, luan an da thiét lap duge cac
danh gia tien nghiem trong C2(Q), v6i o € (0, 1) nao d6 doéi véi nghiem J-elliptic ctia bai
toan Dirichlet va danh gia nay 1a déu doi véi mot 16p ciac ma tran phan déi xitng nhé theo
nghia ndo d6. Luan an da dua ra mot diéu kién can doéi v6i ma tran phan déi xing c6 mat
trong phuong trinh cho sy ton tai nghiem d-elliptic. Ap dung phuong phap lién tuc giai
phuong trinh toan ti phi tuyén, luan an da thiét lap cac diéu kien di dé nghiem é-elliptic
clia bai toan Dirichlet ton tai va duy nhéat trong C*%(Q), véi diéu kién ma tran phan déi

xiing c6 mat trong phuong trinh la du nho theo mot nghia nao do.
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ABSTRACT

The thesis studies the solvability of the Dirichlet problem for nonsymmetric Monge-
Ampere equations of elliptic type in a bounded domain 2 C R™. This problem had been
solved by N.S. Trudinger and his group for any dimension n in the case of symmetric
Monge-Ampeére type equations and for the dimension n = 2 in the nonsymmetric case
by the tools such as: the concavity of the function log(det w) in the domain of symmetric
positive definite matrices w and the comparison principle for their elliptic solutions. For
0 <9 < 1, the thesis had narrowed the notion of elliptic solution by introducing the notion
of d-elliptic solution for nonsymmetric Monge-Ampere type equations and for d > 0 had
established the d-concavity for the function log(det R), defined on the unbounded convex
set Ds,, C R™ ™ that consists of nonsymmetric positive definite matrices with skewsym-
metric parts which are small in some sense. The thesis had proved the comparison principle
for ¢-elliptic solutions to nonsymmetric Monge-Ampere type equations. By following the
scheme of estimation that had been proposed by N.S. Trudinger, the thesis had established
a priori estimates in C%%(Q), for some o € (0, 1) for d-elliptic solution to the Dirichlet prob-
lem, that are uniform with respect to a class of skewsymmetric matrices which are small in
some sense. A necessary condition for the skewsymmetric matrix in the equation had been
obtained to guarantee the existence of J-elliptic solution. By applying the method of conti-
nuity for solving nonlinear operator equations in Banach spaces, the thesis had established
sufficient conditions for the unique existence of d-elliptic solution to the Dirichlet problem
for nonsymmetric Monge-Ampere type equations in C*%(€2), in which the skewsymmetric

matrix in the equation is sufficiently small in some sense.
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LOI CAM DOAN

Toi xin cam doan day la cong trinh nghién cttu cua t6i, duge hoan thanh duéi sy huéng
dan ctia PGS.TS. Ha Tién Ngoan. Cac két qua viét chung véi tac gid khac da duge sy nhat
tr{ clia dong tac gid khi dua vao luan an. Cac két qua néu trong luan an 1a nhitng két qua

méi va chua ting dude ai cong bo trong cic cong trinh ndo khac.
Tac gia

Thai Thi Kim Chung
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LOI CAM ON

Bang long kinh trong va biét on vo han, dau tién toi xin gii 10i cAm on chan thanh va
sau sac t6i PGS.TS. Ha Tién Ngoan. Thay 1a ngusi huéng dan ctia toi tit khi t6i theo hoc
Thac si roi Tién si tai Vien Toan hoc. Trén con dudng hoc tap va nghién citu vé Toan, toi
luon duge thay chi bdo tan tinh, chu dao, nghiem khic va nhan nai dé toi ngay cang tién
bo, vitng vang hon trong chuyén mon. Ban than to6i tu nht phai luon c6 gang phan dau
khong ngimg trong cong viéc ciing nhu trong cudc séng dé khong phu long véi cong stic
day bao va niém tin clia thay danh cho toi.

Toi xin tran trong cam on Ban Lanh dao Vién Toan hoc - Vién Han 1am Khoa hoc va
Cong nghé Viét Nam, Trung tam Dao tao Sau dai hoc va cac Phong ban chitc nang cta
Viéen Toan da tao moi diéu kién thuan 1gi cho cac nghién ctu sinh dé ddm bao viéc hoc tap
va nghién cttu c¢6 hieu qua. Toi xin gii 101 tri an sau sic t6i cac Gido su va can bo nghién
citu cia Vien Toan da day bao, truyén thu kién thitc vé Toan cho toi. Cac thay co va cac
anh chi khong chi 1 nhitng nguoi thay trong chuyén mon ma con la nhitng tAm guong sang
trong cuodc song, cho toi nhitng bai hoc vé tinh than lam viéc say mé, nghiém ttc ciing nhu
su kho luyén trong khoa hoc chan chinh.

Toi xin tran trong cam on cac Giao su va can bo tré cia Phong Phuong trinh Vi phan
da gitp d6 toi rat nhiéu trong qua trinh hoc tap va tham gia cac xémina khoa hoc hang
tuan. Toi xin gii 10i cAm on sau sic t6i GS.TSKH. Dinh Nho Hao va GS.TSKH. Nguyén
Minh Tri (Phong Giai tich) da luon dong vién, khich 1é cac nghién cttu sinh ctia phong.
Xin cdm on TS. Nguyén Anh Ta va TS. Dao Quang Khai da nhiét tinh day bédo méi khi
toi héi bai cling nhu cho toi nhiéu 10i khuyen quy gia.

Toi xin tran trong cam on Ban Gidm hiéu Truong Dai hoc Khoa hoc - Dai hoc Thai
Nguyén, Ban Giam hiéu Truong Dai hoc Cong nghé Giao thong van tai da tao diéu kien
thuan lgi cho t6i trong qua trinh cong tac, hoc tap va nghién cttu. To6i ciing xin gui 161 cdm
on sau sic tdi cac dong nghiép cii tai Khoa Toan - Tin, trudng Dai hoc Khoa hoc da dong
vien, chia sé va gitip dd toi rat nhicu trong cong viéc ciing nhu trong cudc séng.

Toi xin chan thanh cam on cac anh chi em nghién citu sinh da va dang hoc tap, nghién
ciu tai Vien Toan hoc vé nhing trao doi trong khoa hoc cling nhu nhitng sé chia, gitp dé
trong cuoc song doi thuong.

Toi xin bay té long biét on sau sac t6i gia dinh, nguoi than, ban be va dong nghiep da
luon dong vien toi trong cudc séong va cong viec. Cudi cling, t6i xin cdm on chong toi da
luon ting ho va tao moi diéu kién thuan lgi dé toi yen tam hoc tap va nghién citu, xin cam
on hai con yéu quy vi cac con luon la dong luc tinh than 16n lao dé toi hoan thanh duge
luan an nay.

Tac gia

Thai Thi Kim Chung
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Mé& dau

Phuong trinh Monge-Ampére 1a mot trong cac phuong trinh vi phan dao ham riéng co
dién phi tuyén hoan toan, xuat hién tit cudi thé ky XIX trong céc cong trinh ctia G. Monge
[50], A.M. Ampere [48] va c6 dang sau day

UgxUyy — u?yy = K(.%', y)(l + u?c + ugzl)27 (l‘,y) €, (01)

trong d6 Q C R? 1a mién bi chan, u(z,y) 1a an ham ctia hai bién doc 1ap z,y can tim sao
cho d6 thi clia ham 2 = u(z, y) tai diém (2, y, u(r,y)) c6 do cong Gauss K (x,y) cho trudc.
Phuong trinh (0.1) duge khai quat len truong hgp n chiéu thanh phuong trinh do cong

Gauss sau day
det D*u = K(z)(1+ |Dul?) | zeq, (0.2)

trong d6 2 C R™ 1a mién bi chan, u = u(x) = u(zy, ..., 2,) 1a an ham, Du = (ug,, .. ., Us,)

la véc to gradient clia u, D*u = [ug,q,] la ma tran Hessian ctia u va K(z) la ham s6

cho truée. Phuong trinh nay la elliptic ﬁlxun ma tran Hessian D?u 13 x4c dinh duong hay u
1a ham 16i chit trong 2 va do d6 K(z) > 0. N6 duge nhiéu nha Toan hoc nghién cttu nhu
A.D. Alexandrov |2, 3|, [.J. Bakelman [4], H. Lewy [25], S. Bernstein [49],...

Sau nay, trong mot s6 linh vige nhu Hinh hoc affine, Khi tuong hoc, Co hoc chat 1éng,...

da xuat hién phuong trinh c6 dang tong quat hon sau day
det D*u = f(x,u, Du), z € Q, (0.3)

trong d6 f(x,z,p) la ham s6 cho trude xac dinh trén Q x R x R™. Trong viéc nghién citu
nghiém cb dién ctia bai toan Dirichlet cho phuong trinh (0.3), c6 mot s6 su kien dot pha
quan trong. Trude tien, do la cac két qua cia E. Calabi [7] va A.V. Pogorelov [29] vé thiét
lap cac danh gia tién nghiém bén trong mién déi vdi cac dao ham cap hai ctia nghieém 1oi
chat. Tiép theo, do 1a cac két qua ctia L.C. Evans [10] va N.V. Krylov [22, 24] vao nhiing
nam 1980 vé viéc thiét lap cdc danh gia tién nghiém Holder bén trong mién doéi véi cac
dao ham cap hai clia nghiem 16i chat mot khi chuan ctia né trong C? (ﬁ) da dugce danh gia.
Ciing trong nhitng nam 1980, cic két qua vé danh gia tien nghiém toan cuc déi véi cac dao
ham cap hai ctia nghieém elliptic ¢ dién ctia phuong trinh (0.3) da duge thiét lap bdi N.M.
Ivochkina [16] (xem thém [5, 11]), con danh gia tién nghiém cho dao ham cap ba duge thiét
lap mot cach doc 1ap béi Caffarelli-Nirenberg-Spruck [5] va N.V. Krylov [22, 23, 24]. Tt d6,

1



bang phuong phép lien tuc d6i v6i phuong trinh toan ti phi tuyén (sé duge mo ta trong
Chuong 1), ngudi ta da chiing minh dugc sy ton tai duy nhat nghiém elliptic cd dién ctia
bai toan Dirichlet cho phuong trinh (0.3) [5, 6, 17].

Nhitng nam gan day, ([8, 33, 36, 39, 40, 41, 42, 43, 44]) trong cac linh vic Van chuyén
toi wu va Hinh hoc bdo gidc da dua dén viéc nghién cttu bai toan Dirichlet cho phuong
trinh kieu Monge-Ampeére, trong dé vé trai ctia phuong trinh nay la dinh thic ctia tong

D?u véi cac ma tran vuong nao dé phu thuoe vao (x,u, Du) va duge mo ta béi

det [D*u — A(x,u, Du) — B(x,u, Du)| = f(z,u, Du) trong 2, (0.4)
u(z) = p(z) trén 09, (0.5)

trong d6 2 C R™ 1a mien bi chin, A(z, z,p) = [Ai;(z, 2,p)], ... B(z,2,p) = [Bij(z,2,0)],,.,
va f(x,z,p) lan lugt 1a ma tran déi xing, ma tran phan déi xting va ham vo huéng xac
dinh trén T' := Q x R x R", (x) 14 ham vo huéng xac dinh trén Q. O day, ta st dung
(z, z,p) dé ky hieu cac diém thuoc I'. Néu B(z, z,p) = 0 thi (0.4) dugc goi 1a phuong trinh
kiéu Monge-Ampére doi ziing, con néu B(z, z,p) Z 0 thi (0.4) duge goi 1a phuong trinh kiéu
Monge-Ampére khong doi xing.

V6i ham u(z) € C?(Q) tiy ¥, ta ky higu

w(z,u) = D*u(z) — Az, u(z), Du(z)), (0.6)
Ay 1= rxne%l Amin(w(z, w)), (0.7)

trong d6 Amin(w(z,u)) 1a gid tri rieng nhé nhat clia ma tran doi xing w(z, u) € R™*".
Phuong trinh (0.4) 1a elliptic ddi v6i u(x) trén Q khi va chi khi (Dinh nghia 1.4.1, Ménh
48 1.4.2)

A > 0. (0.8)

Dicéu nay dua dén diéu kien sau d6i v6i ham vé phai f(z, z,p) (Menh dé 2.2.2),
f(x,z,p) >0, trong I (0.9)

Nha toan hoc ngudi Uc N.S. Trudinger vad nhém nghién citu clia ong da khéi xudng
viéc nghién ctiu bai toan Dirichlet cho phuong trinh kiéu Monge-Ampeére déi xiing c6 dang
(0.4)-(0.5), trong d6 B(z, z,p) = 0, cu thé la bai todn dang sau day

det [DQu — Az, u, Du)] = f(z,u, Du) trong €, (0.10)
u(z) = ¢(x) trén 09, (0.11)

(xem [18, 19, 20, 26, 27, 41, 45]). Dé nghién citu tinh gidi dudc ctia bai toan Dirichlet
(0.10)-(0.11), Trudinger da &p dung phuong phap lién tuc, trong dé viéc chitng minh tinh

gidi dugc clia bai toan trén duge dua vé viéc thiét lap cac danh gia tién nghiém trong



C?%(Q) ddi v6i nghiém elliptic ctia bai toan véi hing s6 o € (0,1) nao d6. Viec thiét lap
cac danh gia tién nghiém nay duge Trudinger tién hanh qua cac buée sau:

- Bude 1: Ap dung céc ky thuat ciia A.V. Pogorelov ([28], [29]) dé thiét lap danh gia
do 16n cac dao ham cap hai clia nghiém elliptic trén toan mién Q thong qua danh gia cia
chung trén bién;

- Bu6c 2: Danh gia do 16n cac dao ham cap hai cia nghiém elliptic trén bién 0€;

- Bu6c 3: Danh gia chuan C*(Q) déi véi nghiem elliptic;

- Bude 4: Ap dung cac ky thuat ctia L.C. Evans va N.V. Krylov dé thiét lap danh gia
nita chuan Holder d6i véi cac dao ham cap hai ciia nghiém elliptic, qua d6 nhan duge danh
gia ddi véi chuan C%%(Q).

Trudinger da dua ra bon gid thiét quan trong sau day ddi véi bai toan Dirichlet (0.10)-
(0.11):

T1) Ma tran A(z, z,p) = [Ai(2, 2,p)), ., € C*(I;R™™) va thoa méan diéu kien chinh
quy trong I', nghia la

DpkpzAij(x7Z7p)§i§jnknﬁ > 07 V(ZE,Z,p) € F7 57 ne Rna f 1 n; (012)

hodc théa man diéu kién chinh quy chat trong ', nghia 13 ton tai hang s6 ag > 0 sao cho

DpkpeAij(:Ea Z7p)§l€]77k'n€ Z a0‘€‘2|n|27 V(ZL‘, Zap) € Fa 57 ne Rn? g 1 n. (013)

O day, tat ca cac biéu thic & cac vé trai ciia (0.12) va (0.13) ciing nhu trong luan &n nay,
néu khong noi gi them vé cac chi s6 c6 mit trong biéu thiic thi ching ta ngam hiéu dé la
phép toan lay tong trén tap hop tat ca cac chi s6 lap c6 mat trong biéu thic doé.

T2) Ma tran A(z, z,p) théa man diéu kién vé cau tric
D.A(z,2,p) >0, Az, z,p) > —v(1+ [p|*)E vd Amax(A(z,2,0)) >0, (0.14)

véi moi z € Q,z € R va p € R™, trong d6 7 & hing s6 duong, E 1a ma tran don vi cap n.
T3) Ham f(z, z,p) € C*(I';R) va théa man f(x,z,p) > 0, D, f(x,z,p) >0, trong T
T4) Ton tai nghiem dudi elliptic u(x) € C*(Q) ctia bai toan Dirichlet (0.10)-(0.11),

nghia la u(z) théa man céc dieu kién

Ay 1= min Apyin (w(z, u)) > 0, (0.15)

xeQ
det [D*u — A(z,u, Du)] > f(z,u, Du) trong (2, (0.16)
u(z) = p(x) trén 09, (0.17)

trong d6 ¢(x) € C4(Q) va 9 € C*.
D@ tién hanh cac danh gia tien nghiém trong céc budc noéi trén, trong 16p nghiem elliptic,

nhém ctia Trudinger da biéu dién phuong trinh (0.10) dudi dang tuong duong

log(det w(z, u)) = f(z,u, Du), trong Q, (0.18)



trong d6 w(x, u) duce cho béi (0.6) va f = log f, rdi sit dung hai két qua quan trong do 1a

tinh 16m ctia ham sé kiéu Monge-Ampére doi zing c6 dang
F(w) = log(detw), (0.19)

trén tap 1oi cdc ma tran doi xing xac dinh duong w € R™ ™ va nguyeén 1y so sanh ddi véi
phuong trinh (0.18), duge phat biéu sau day.

Dinh Iy 0.0.1 (Nguyén ly so sanh) ([11]) Cho cdc ham u(z),v(x) € C*(2) théa man
log(det w(z, u)) — f(z,u, Du) < log(det w(x,v)) — f(x,v, Dv) trong Q, u > v trén L.
Gid st cac dieu kién sau théa man:
1) Ay >0, Ay > 0;
2) D, A(z,z,p) >0, trong T
3) f(z,z,p) >0, D,f(x,2,p) >0, trong T.

. ou _ Ov
Khi dé u > v trong 2. Hon nita, neu u = v trén 02 thi ta co Em > Em trén OS2, trong
v v
dé v la véc to phdp tuyén trong don vi cia bién 0.
Két qua ctia nhém Trudinger qua cac buée danh gia tien nghiém noi trén duge tong két

trong dinh 1y sau day.

Dinh 1y 0.0.2 (Danh gii tién nghiém trong C>*(Q)) ([11, 18, 45]) Gid s u(x) €
C*(Q) la nghiém elliptic ciia bai todn Dirichlet (0.10)-(0.11), trong dé A = A(z,p), f =
f(x,p) va gia si cic gid thiét T1)-T4) néi trén dugc théa man. Khi dé ta cé danh gid sau

’u 2,050 < C? (020)

trong dé o € (0,1) va C la cdc hing so duong phu thudc vao n, o, A, f,u, o va €.

Trén co sé Dinh 1y 0.0.2, bang viéc dua bai toan (0.10)-(0.11) vé phuong trinh toan ti
trong khong gian Banach C%%(Q) va ap dung phuong phap lién tuc, nhom ciia Trudinger
da chiing minh tinh gidi duge ctia bai toan (0.10)-(0.11) trong truong hgp ma tran ddi xing
A va ham vé phai f khong phu thudc vao bién z. Cu thé, ta c6 dinh Iy sau day.

Dinh 1y 0.0.3 ([18]) Xét bai todn Dirichlet (0.10)-(0.11), trong dé A = A(z,p), [ =
f(z,p) va gid st cic gid thiét T1)-T4) néi trén dugc théa man. Khi dé ton tai hang
a € (0,1) sao cho nghiém elliptic u(z) cia bai todn Dirichlet (0.10)-(0.11) la ton tai va
duy nhat trong C%>%(Q).

V2
On



Trong viéc thiét lap cdc danh gia tien nghieém trong C%*(Q) véi a € (0,1), giad thiét
ban dau vé tinh chinh quy ctia nghiém u chi 1a v € C**(Q). Trong chitng minh ctia Dinh
Iy 0.0.3, tur cac gia thiét vé do tron ciia cac dit kien ctia bai toan va dinh 1y vé tinh chinh
quy ciia nghiém elliptic ctia phuong trinh dao ham riéng phi tuyén (Dinh 1y 1.4.3), nguoi
ta da suy ra duge u € W4P(Q) N C*2(Q), v6i moi p € (1, +00). Tit d6, bang viéc ap dung
k¥ thuat xap xi doéi v6i phuong trinh phi tuyén rat phiic tap, ngusi ta van thiét lap duge
danh gia tién nghiém nhu trong Dinh 1y 0.0.2.

Trong [20], nhém ctia Trudinger ciing da md rong két qua ctia cac dinh 1y trén khi A
va, f phu thuoc thém vao bién z bang viéc dua vao gid thiét vé sy ton tai clia mot nghiem
trén elliptic w(x) € C%(Q) d6i vé6i phuong trinh (0.10) sao cho w(x) > () trén Q. Bai
toan Dirichlet (0.4)-(0.5) khi ma tran phan déi xing B(x, z,p) #Z 0 ciing da duge nghién
cttu bdi Trudinger trong trudng hop s6 chieu n = 2 ([11, 41]).

Trong [8] va [41], cac nha Toan hoc G. De Philippis, A. Figalli va N.S. Trudinger da
chi ra sy can thiét ctia viec nghién citu phuong trinh kiéu Monge-Ampere elliptic khong
do6i xting. Do d6 muc tiéu ciia luan an 1a nghién cttu tinh gidi duge ciia bai toan Dirichlet
(0.4)-(0.5) trong khong gian C%%(Q) khi B(x, z,p) Z 0.

Luan an ciing dat van dé ap dung phuong phap lién tuc tuong ty nhu ddi véi bai toan
Dirichlet (0.10)-(0.11) dé nghién cttu tinh gidi dugc ctia bai toan Dirichlet (0.4)-(0.5). Do
sy ¢6 mat cia ma tran phan déi xting B(z, z,p) trong phuong trinh (0.4), viéc tién hanh
cac danh gid tien nghiém dbi véi nghiem elliptic u(z) € C*(Q) ciia bai toan (0.4)-(0.5)
trong bon budc néi trén sé gap nhieu kho khan. Trong truong hop B(z, z,p) = 0, cac danh
gia tai ting diém 2% € trong cac budc noéi trén trén cod thé tién hanh mot cach thuan loi
sau khi chéo héa ma tran ddi xing w(z,u) tai diem z° nay. Dé khac phuc cac kho khan
trong truong hop B(x,z,p) # 0, luan 4n da han ché xét mot 16p con clia nghiém elliptic,
dugce goi la nghiém d-elliptic v6i 0 < 9§ < 1, trong do6 khi § = 0 thi trung v6i nghiém elliptic
thong thuong. Cu thé, luan an dua ra dinh nghia sau day.

Dinh nghia 0.0.4 Cho hing s6 § € [0,1). Ta n6i rang phuong trinh (0.4) 1a d-elliptic d6i

v6i ham u(z) € C%(Q) néu no 1a elliptic ddi véi u va didu kién sau dugce thda man
1(B) < oAy, (0.21)
trong dé pu(B) la dai lugng duge xac dinh béi

w(B) = sup |B(z,z,p)l, (0.22)
(z,z,p)el

§ day || B|| 1 chuan toén ti cia ma tran B.
V6i ham u(z) € C?(Q), ta ky hicu

R(x,u) := D*u — A(x,u, Du) — B(z,u, Du) = w(x,u) — B(x,u, Du). (0.23)



Khi d6, trong 16p nghiém elliptic, phuong trinh (0.4) tuong duong véi
log(det R(z,u)) = f(z,u, Du), trong Q, (0.24)

trong do f = log f. Dé chuan bi céc cong cu cho viec danh gia tién nghiem déi véi nghiem
d-elliptic ctia phuong trinh (0.24), thay vi ham s6 kiéu Monge-Ampere ddi xiing F(w) =
log(detw), ta xét ham s6 kiu Monge-Ampeére khong doi zing c6 dang sau day

F(R) = log(det R), (0.25)
trong d6 R € R™ " 1a ma tran xéc dinh duong c¢6 dang
R=w+8 vl =w, w>0, g7 =—-5.

Luan an sé chi ra rang det 8 > 0 va det R > detw +det 8 > detw > 0 (Ménh dé 2.2.2). Do
d6 ham F(R) luon xac dinh va khé vi vo han trén mién R > 0.
V6i cac hing s6 6 € [0,1) va p > 0, trén co sé ggi ¥ clia khai niem nghiem d-elliptic,

luan an dua vao tap xéc dinh D, sau day ctia ham F(R),

D5, ={RER™ | R=w+B,w" =w, B = =5, Anin(w) >0, 1 < SAmin(w), |B]| < p} -
(0.26)
Khi d6 Ds,, 1a tap 101 va khong bi chan trong R™™ (Meénh dé 2.2.1). Khi § = 0 thi
pu=20, 8=0va Dy trung véi tap cac ma tran doi xing xac dinh duong.
Nhdm mé rong khai niem vé tinh 16m thong thuong ctia ham F(w) = log(detw) trén
tap 10i cic ma tran doi xiing xac dinh duong trong R™*", luan 4n dua ra khai niém vé tinh
d-16m véi d > 0 ctia ham F(R) = log(det R) trén Ds,,. Cu thé, ta c6 dinh nghia sau day.

Dinh nghia 0.0.5 Gia st d > 0 1a s6 thyc khong am. Ta néi rang ham F(R) 1a d-lom
trén tap Ds,, néu véi hai ma tran tuy y RO = [RE?)]an va R = [RZ(;)]an thuoe Ds
ta co

n (0)
F(RV)—F(R)< ]Z_:l %{Z) (R~ RY)+d (0.27)

Khai niém 0-16m trung v6i khai niém 16m thong thuong. Trong Dinh 1y 2.2.21; luan an
sé chi ra rang ham F(R) = log(det R) 1a d-1om trén tap D, trong d6 hang s6 d chi phu
thudc vao ¢ va n, khong phu thudc vao pu.

Luan an sé thiét lap nguyen 1y so sanh (Dinh 1y 3.1.1) dbi véi cac nghiém d-elliptic clia
phuong trinh (0.4), trong d6 khi so v6i Dinh 1y 0.0.1 § trén c6 bd sung mot sé didu kien
dé ma tran phan déi xing B(x,z,p) 1a nhd theo nghia nao d6. Khi tién hanh cic budc
danh gia tien nghiem déi v6i nghiem d-elliptic ciia bai toan (0.4)-(0.5), bang cach dya theo
s do ctia nhém Trudinger, luan 4n sé st dung cdc dang khac nhau ciia tinh d-16m cia
ham F(R) = log(det R) cling nhu gid thiét vé tinh chinh quy chit clia ma tran déi xing

A(z, z,p). Trong cac tinh todn va danh gia, ma tran nghich ddo R~!(x,u) déng mot vai



tro quan trong. Luan an truéc hét chéo héa w(x,u), sau dé chéo héa mot ma tran phan
d6i xting lien quan dén B(z,u, Du) va nhan duge cong thiic tudng minh (He qua 2.2.6) d6i
v6i phan d6i xtng va phan déi xing ctia ma tran R~'(x,u) tai 2°. Dinh Iy 3.5.1 la mot
trong cac két qua chinh clia luan an, trong dé tong két cia két qua cac bude danh gia tien
nghiem. Dinh 1y nay mo ta cic diéu kien du ap dit len ma tran déi xting A(z, z,p), ham
vé phai f(x,z,p), ham trén bien p(x) v mién Q dé ton tai cac hing s6 duong o € (0,1) va
C sao cho v6i moi ma tran phan déi xing B(z, z, p) nho duge xac dinh bdi mot s6 tham
s6 lien quan dén céc dit kién vita néu trén, nghiem d-elliptic u(x) € C*(Q) clia bai toan
Dirichlet (0.4)-(0.5) thoa man

’U, 2,050 < C’

dong thoi danh gia nay 1a déu doéi v6i mot 16p ma tran B(z, 2, p) nhd theo nghia nao do.
Trong Dinh 1y 4.1.1, luan an da thiét lap duge mot diéu kien can ap lén B(z, z, p) dé phuong
trinh (0.4) ¢6 nghiém J-elliptic.

Viéc ap dung phuong phap lién tuc gidi phuong trinh toan tit phi tuyén da dua téi Dinh
ly 4.2.3, mot trong cac két qua chinh ctia luan an. Dinh 1y nay sé chi ra rang v6i mot s
diéu kién du ap dat len cac dit kién clia bai toan, tuong ty nhu déi vé6i truong hop phuong
trinh d6i xting, nghiem d-elliptic ctia bai toan Dirichlet (0.4)-(0.5) sé& ton tai duy nhat trong
C%2(Q) v6i o € (0,1) néu ma tran B(z, z,p) 1a dit nhd theo mot nghia nao d6. Tuy nhién,
déi v6i truong hop phuong trinh khong déi xing, viéc st dung ki thuat xap xi tuong tu
nhu trudng hop phuong trinh déi xiing da dé cap 6 trén néi chung la rat khé dé vugt qua.
Do do6 trong luan &n, gié thiét vé do tron ciia cac di kién ciia bai toan Dirichlet (0.4)-(0.5)
da duge lam manh hon dé thiét lap tinh gidi duge clia noé.

Ngoai phan Mé dau, luan 4n gom boén chuong, Két luan, Danh muc cac cong trinh lién
quan dén luan an va Tai lieu tham khao.

Chuong 1 trinh bay mot s6 kién thitc chuan bi vé 1y thuyét ma tran, khai niem cac
khong gian ham co ban va mot s6 két qua ddi véi phuong trinh dao ham riéng elliptic cap
hai tuyén tinh va phi tuyén hoan toan.

Chuong 2 trinh bay két qua vé tinh d-16m ctia ham s6 kiéu Monge-Ampere vé6i bién la
cic ma tran xac dinh duong khong déi xiing.

Cac Chuong 3 va 4 la cac chuong chinh ctia luan an, trong d6 Chuong 3 trinh bay cac
budc danh gia tien nghieém trong C**(Q) ddi v6i nghiém J-elliptic ciia bai toan Dirichlet
cho phuong trinh kiéu Monge-Ampeére khong déi xtng.

Chuong 4 trinh bay vé mot diéu kién can va mot so diéu kién di cho sy ton tai nghiem
S-elliptic ctia bai toan Dirichlet cho phuong trinh kiéu Monge-Ampeére khong déi xting.
Cudi cting, luan an trinh bay mot s6 vi du vé bai toan Dirichlet cho phuong trinh kiéu
Monge-Ampere elliptic khong dbi xting.

Luan 4n dugc viét dya trén hai bai bao [1], [2] trong Danh muc cac cong trinh lién quan

dén luan an.



Chuong 1

Mot sb kién thitc chuan bi

Chuong nay trinh bay céc kién thiic chuan bi cho luan an: gii thieu mot sé khai niem
va két qua co ban trong 1y thuyét Ma tran, khai niem mot s6 khong gian ham, khai niém
va mot s6 két qua co ban vé phuong trinh dao ham riéng elliptic cap hai tuyén tinh va phi
tuyén hoan toan, gi6i thieu vé phuong phap lién tuc gidi phuong trinh toan ti phi tuyén
trong khong gian Banach. Noi dung ctia chuong nay duge tham khdo chti yéu tir cac tai
lieu [1, 9, 11, 14, 15, 32, 46, 47].

1.1 Mot s kién thic trong 1y thuyét ma tran

1.1.1 Mot sd khai niém co ban

Tru6c tien, luan an giéi thieu mot s6 khong gian tuyén tinh co ban.

(i) Ky hieu R™ 1a khong gian Euclide thiic n-chiéu. Véi moi véc to x = (z1,...,T,),
y = (y1,...,yn) € R™ ta dinh nghia:

e Tich vo hudng cta x va y: (x,y) = 151 + -+ + TpYn;

e Chuan Euclide (do dai) ctia z: [z = (z,2)V/% = (23 + -+ + a:%)l/Q.

(i) Ky higu C™ la khong gian Euclide phtic n-chic¢u. Véi moi véc to z = (z1,...,T,),
y = (y1,-..,yn) € C", ta dinh nghia:

e Tich vo hudng cia x va y: (x,y) = 17, + - -+ + Ty

e Chuan Euclide (do dai) ctia z: |z = (z,2)/% = (|z1> + - + \xn|2)1/2.

(iii) Ky higu C™*™ (R™*") 1a khong gian cidc ma tran vuong phric (thuc) cap n. Véi moi
ma tran M = [M;;] € C™", ta dinh nghia:

nxn

. 1/2
e Chuan Frobenius ctia M : |M| = (szzl |Mij|2> ;



) M
e Chuan toan tit cia M : ||[M|| = sup Mz = sup |Mz|;
z€C™z£0 |IL’| zeCn,|z|=1

Hon nita, néu M € R™™ thi ta c6 thé thay € C" béi x € R™ trong cong thiic trén.

Cho ma tran M = [M;;]
tran lién hgp phiic ctia M 1a M, M = [Mij}nxn; ma tran chuyén vi phtic (hay ma tran lién
T

hgp Hermite) ctia M 1a M*, M* = M.

nxn € C™*™. Ta ky hiéu ma tran chuyen vi cia M 1a M7T; ma

Dinh nghia 1.1.1 (i) Ma tran M € R™" dugc goi 1a ma tran doi ziing néu MT = M, ma
tran phdn doéi xing néu MT = —M, va ma tran truc giao néu MT*M = MMT = E.

(i) Ma tran M € C™™ dugc goi 1a ma tran Hermite néu M* = M, ma tran phdn
Hermite néu M* = —M, va ma tran unita néu M*M = MM* = E.

Dinh nghia 1.1.2 (i) Cho M = [M,;] . € R™" la ma tran d6i xing. Khi d6 M dugc
goi la zdc dinh duong (zdc dinh khong am), ky hieu la M > 0 (> 0), néu

nxn

(ME,€) = Z M;i&é >0 (>0), VEeR" E#N0.

1,j=1

. M+ MT
(ii)) Cho M € R™" la ma tran tuy y. Khi d6 M > 0 (> 0) néu +T >0 (>0).

(iii) Cho M, N € R™ ™ la cdc ma tran tuy y. Khi d6 M > N (M > N) néu M — N >
0 (>0).

Ta biét ring mot ma tran thuyc déi xting luon c6 cac gia tri rieng 1a thic; hon nita, cic
gia tri rieng nay 1a cac s6 khong am néu ma tran d6 1a xac dinh khong am, va 1a cac s
duong néu ma tran do la xac dinh duong. Mot ma tran thiyc phan déi xitng luon c6 cac gia
tri riéng 1a thuan do. Trong luan an nay, ta ky hiéu gia tri rieng nho nhat va 16n nhat cla
mot ma tran thyc doi xing P lan lugt 14 Apin (P) vA Apax(P). Cdc ménh dé sau day liet

ké mot s6 tinh chat co ban ddi v6i chuan Frobenius va chuan toan ti ciia ma tran.

Meénh dé 1.1.3 ([15, 32]) Ta c6 cdc khang dinh sau:
(1) |M|| = Amax(M) = ﬂlén% 1(M§,§), VM € R™ MT = M, M > 0;
€Rn |¢|=
(i) M| = [MT] = IMTM|| = \/Amax (MTM), VM € R
(iii) [|M]] = \/Amax(—M?2) = max |(ME,€)|, YM € R MT = —M.

geCnmlg|=1

Ménh dé 1.1.4 ([15, 32]) (i) Cdc chuan | -| va || - || trong R™" la twong duong nhau, cu
thé ta co
M| < M| < Vn|M|, YMeR™"
(il) Gia st M wva N la cic ma tran tuong duong truc giao (hodc tuong duong unita),
tic la M = CNC™ vgi C la ma tran truc giao (hodc ma tran unita), khi dé ta cé

[M] = [N, [MI| = [[N].
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Cho ma tran M = [M;;] € C". Khi d6, vét cia M, ky hiéu 1a TrM, la dai luong
dugc xéac dinh béi TrM = Y"1 | M;;. Ménh dé sau day liet ké mot s6 tinh chat co ban cta

khai niém vét clia ma tran.

Meénh dé 1.1.5 ([15, 32]) Cho cdc ma tragn M, N € C™™. Ta c6 cdc khang dinh sau:
(i) Tr(MN) = Tr(NM);
(ii) Tr(MN) =0, néu MT = M va NT = —N;
(iii) TrM = TrN, néu M va N la tuong duong tric giao hodc tuong duong unita;
(iv) Tr(MM*) = |M|?.

Meénh dé 1.1.6 ([15]) Cho véc to x = (z1,...,x,) € R™. Khi dé ma trin x®@x = [v,34],

la xdc dinh khong am, c6 mot gid tri rieng bing |x|* va n — 1 gid tri rieng con lai bing 0.

Chitng minh. Ta nhan thay ma tran z®x ¢6 hang biang 1 va Tr (z®@x) = 22 +- - -+22 = |z|%.
T d6 ta dé dang suy ra két luan ctia Ménh de 1.1.6. O

1.1.2 Chéo héa ma tran

Muc nay gidi thieu mot s6 két qua co ban vé van deé chéo héa cac ma tran thiyc ddi xiing

hodc phan ddi xiing.

Dinh 1y 1.1.7 (Schur) ([15]) Cho ma tran M € C™™ ¢6 n gid tri rieng la A, ..., .
Khi dé luon ton tai mot ma tran unita U € C™™ va mot ma tran tam gide trén T € C™<"
voi Ty, = N,i=1,...,n sao cho
M=UTU .
Hon nita, néu M la ma tran thuc va cé cdc gid tri riéng la thuc thi ta cé thé chon ma

tran U la truc giao thuc va ma tran tam giac trén T la thuc.

Trong trusng hgp M 1a ma tran chuan tic, tic 1a M*M = MM*, thi ma tran tam giac
tren T noi trén ¢6 dang dudng chéo ([15]). Nhu vay, néu M 1a ma tran thuc doi xiing hoac
phan déi xiing thi M 1a chuan tic va do dé tit Dinh 1y Schur, ta suy ra duge ménh dé sau.

Meénh dé 1.1.8 ([15]) (i) Cho M € R™" la ma tran doi ziing cé cdc gid tri riéng la
Ni,i=1,...,n. Khi dé ta cé thé chéo héa M bdi mot ma tran truc giao C € R™™,

M =CDC™', D=diag(\,...,\).

(ii) Cho M € R™™ la ma tran phdn doi ziing cé cac gia tri rieng thuan do la ik, . .., i\,
trong do N; € R, i =1,...,n. Khi dé ta cé thé chéo héa M bdi mot ma tran unita C € C™™,

M =CDC™', D =diag(i\,...,i\,).
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St dung 1y thuyét vé chéo héa ma tran, ta nhan duge danh gia sau day doi véi vét cia

tich clia mot ma tran doéi xting va mot ma tran xac dinh khong am.

Meénh dé 1.1.9 Cho M € R™™ la ma tran doi zing va N € R™™ la ma tran zdc dinh
khong am. Khi do ta cé danh gid sau

Amin (M) TEN < Tr(MN) < A (M) TEN, (1.1)

trong d6 Amin(M) va Amax (M) lan ligt la gid tri riéng nhé nhat va lén nhat cia M.

Chaing minh. Tit gia thiét va Meénh dé 1.1.8, ta c6 thé biéu dién M = CDC !, trong d6 C
la ma tran truc giao va D = diag (A1,..., A\n), A1, ..., Ay 1 cac gid tri rieng thuc cia M.
Tt Menh dé 1.1.5, ta c6

Tr (MN) = Tr (CDC™'N) = Tr (DCT'NC) = > X(C7'NC)

=1

(1.2)

Vi N >0nén C-'NC >0 va do do (C'_lNC')m. >0,7=1,...,n. Khi do6 tur (1.2), ta c6

Amin(M) Y~ (CT'NC),, < Tr (MN) < Aax(M) >~ (C7INC)

i=1 i=1

(1.3)

Ciing tit Ménh dé 1.1.5, ta c6 Y, (C7'NC) . = Tr(C~'NC) = TrN. Két hop déng thc

0

nay véi (1.3), ta nhan duge (1.1). Ménh dé dugce ching minh. O

1.1.3 Ma tran compound bac 2

Dinh nghia 1.1.10 ([1]) Cho ma tran M = [M;;] . € C™" Gidsti < k va j < (. Ky

PN 2 N . 2, 2 ~ ~ S . 2 2 X 2 N ~ 2 N
hiéu Mi(k )jf la dinh thic con ctia ma tran vuong cap hai cia cac phan tit nam trén cac hang

nxn

1,k va cac cot j,¢ cua M, tic la

. (1.4)

@ _ M;; My

Khi cac cap (ik), (j¢) v6i i < k va j < £ duge sap xép theo thit tit tit dién, ma tran cap
(;) X (g) thu dugc tit cac dinh thitc con néi trén duge goi la ma tran compound bac 2 ctia

M va dude ky hieu 1a M®). Nhu vay,

M® = [ M2

zk’,jﬁ] (n>><(n) : (15)

2

Mot s6 tinh chat co ban ctia ma tran compound bac 2 duge cho bdi ménh dé sau day.

Meénh dé 1.1.11 ([1]) Cho cdic ma tran M, N € C"™". Khi dé ta ¢ cdc khang dinh sau:

(i) (MN)?) = MAN@) (cong thite Binet-Cauchy);
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(i) (M(z))T: (MT)(Q);

(i) M@ = 31"

() (M@)" = (1)

(v) M la khong suy bién khi va chi khi M®) la khong suy bién va (M(Q))_lz (M‘l)(z);
(vi) Gid st M € R™™ va M la déi wiing hodc phdn doi xiing, khi dé M) la doi xing;
(vii) (kM)® = R2M®| VE e C;

(viii) Gid st M = diag(\y, ..., \n), khi d6 M®) = diag(A\j\, j < k).

Trong bai bdo [1] ciia Danh muc cac cong trinh lien quan dén luan &n, ching toi da
phat biéu va ching minh ménh dé sau day, va sé dudc dung trong Chuong 2 dé khao sat
tinh d-16m ctia ham F(R) = log(det R).

Meénh dé 1.1.12 Cho ma train M = [M;;] € C™". Khi dé ta cé

nxn

(M + M7 4 L (- )@ (1.6)

M® 4 (MT)(Q) _ y

N —

Chiing minh. V6i moi i, j,k, ¢/ =1,...,n théa man i < k,7 < £, ta ¢

My + My, My + My, My My| |My; M,
(M ()P | ST BT (B e
e Myj + My My + Moy Myj Mye| | Mjx Mg
| My Mg N Mji My |Mi; Mg\ | Mj; Mg
My; My M, My My; My M, My
_ o (| Mi Mie) | My M M;j — My, Mo — My
My; My M, My My; — M My — My,
- (2) 7\(2) T\ (2)
=2 <Mik,j€ + (M )ik,jé) B (M - M )ik,j['
T hé thiic nay ta dé dang suy ra (1.6). Ménh dé dugc chiing minh. O

1.2 Mot sé6 khong gian ham

1.2.1 Khong gian Holder

Cho ©Q C R” 1a mot mién va k 1a s6 nguyén khong am. Ky hieu 8 1a da chi s6, f =
(ﬁlvvﬁn) va Dﬁ:ﬁ, tTOIlg do |6| :ﬁl—}——|—ﬂn

&'cfl ---8:02”

Dinh nghia 1.2.1 ([11]) (i) C*(Q) = {u: @ — R | u kha vi lién tuc dén cap k trong Q}.
(ii) BCk(Q) = {u € C¥(Q) | DPu bi chan trong Q v6i moi 3 : |B] < k};



13

BC*(Q) 1a khong gian Banach v6i chuan cho bdi

HU”BCk(Q) = Z sup |DBU(I)|‘
18|<k *€

(iii) C*(Q) = {u € C*(Q) | DPu c6 thé thac trién lien tuc len Q véi moi 8 : |B] < k};
C*(Q) 1a khong gian Banach véi chuan cho bdi

|U|k;Q = ||uH0k ) = sup |D5u(:c)|
()
|,3|§kw€9

Khi k = 0, ta ky hieu C°(Q) = C(Q).

Dinh nghia 1.2.2 ([11]) Cho ham s6 u: Q — R va hdng s6 0 < « < 1.

(i) Ham u dugc goi 1a lién tuc Holder bic o tai 2° € Q néu

[U] g0 == sUD [u(z) — u(2?)] < +00.

z€Q,xF£x0 |:U - x0|a
Khi d6 [u],,.,0 dudc goi 1a hé s6 Holder bic o ctia u tai 2 doi véi Q.

(ii) Ham u dugc goi 1a lién tuc Holder déu bac o trong Q néu

|u(z) — u(y)|
u] o= sup ——— < +00.
[ ]CM’Q a?,y;fQ |ZU - y‘a
x#y

Dai luong [u].q 14 mot ntta chuan. Khi a = 1, u duge goi 1a lién tuc Lipschitz trong Q.
(i) Ky hicu
CP(Q) = {u € C*(Q) | DPu 1a lien tuc Holder déu bac o trong Q véi moi 3 : |5] = k};

C*k(Q) duge goi 1a khong gian Hélder va né 1a khong gian Banach véi chuan cho béi

July, iz = [tllgrny = [ulig + [Drulagn = lul,g + |Zu_pk[Dﬂu}a;Q.

(iv) CP(Q) = {u|u € Ck’a(ﬁl), voi moi ' CC Q}.
Nhan xét 1.2.3 Gia sit  C R™ I mién bi chin va c¢6 bién Lipschitz. Khi d6, nhs Dinh
Iy Arzela-Ascoli, ta d& dang suy ra phép nhing Id : C?%(Q) — C?(Q) 1a compact. Cu thé,
v6i moi day bi chan déu {u,}5, C C*%(Q), luon ton tai mot day con {uy, 152, hoi tu tai
u trong C%(Q); hon nita, ham gidi han u thuoec C#(Q).
1.2.2 Khong gian Sobolev

Cho € C R™ 13 mot mién bi chiin, & 1a s6 nguyén khong am va p 1a hang s6 duong thuoc
khoang (1, +o0).



14

Dinh nghia 1.2.4 ([11]) (i) LP(2) = {u Q0 = R | ula do duge Lebesgue va ||ul| 1, q) =

( S{ lu(z) [ dx) " +oo}.

(ii) WkP(Q) = {u € LP(Q) | ton tai dao ham yéu Du va DPu € LP(Q) véi Vp : |B] <
kY
WHFP(Q) dude goi 1a khong gian Sobolev v né 1a khong gian Banach vé6i chuan cho bdi

[ullwrr) = Z I DPul| 1o (0
|B1<k

Dinh 1y 1.2.5 (Bat dang thic Holder) ([11]) Cho cdc hing s6 p > 1,q > 1 théa man
1 1 .

-+~ =1. Khi dé, néuu € LP(Q),v € LI(Q) thi ta c6 uwv € L1(Q) va

p g

[ vl dz < el 00y

Q
Dinh Iy 1.2.6 (Dinh 1y Morrey) ([11], Dinh Iy 7.19) Cho u € WYY(Q) va gid st ton tai
cdc hing s6 duong K,a (a < 1) sao cho

/ |Du(z)|de < KR", ¥y € Q, R>0. (1.7)

Br(y)

Khi dé u € C%*(Q), va vdi moi hinh cau Bg C €,

oscu < CKR®, (1.8)

trong d6 C = C(n,a). Néu Q = QNR? = {x € Q| z, > 0} vdi mién Q C R” nao dé va
(1.7) ding vdi moiy € Q thi u € CO*(QAN Q) va (1.8) ding vdi moi hinh cau Br C Q.

Dinh Iy 1.2.6 dugc stt dung cho danh gia ntta chuan Holder déi véi cac dao ham cap hai
trong lan can clia diém nam trén phan bién c6 dang phang trong Chuong 3 ciia luan an.
1.3 Phuong trinh dao ham riéng elliptic tuyén tinh cap hai

Muc nay nhic lai mot s6 két qua co ban doéi véi phuong trinh dao ham riéng elliptic

tuyén tinh cap hai.
1.3.1 Nguyén ly cuc dai va nguyén ly so sanh
Xét toan tit tuyén tinh cap hai L c6 dang
Lu = a"(x) Diju + b (z) Dyu + c(x)u, a" = a’’, (1.9)

trong d6 x € 2, @ C R™ la mién bi chan va u(x) € C?(Q).
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Dinh nghia 1.3.1 ([11]) Toan tit L dugc goi la elliptic trong Q néu ma tran [a*(z)]
1a xac dinh duong véi moi x € . Hon nita, né dudce goi 1a elliptic déu trong Q néu ton tai

cac hiang s6 duong A\ va A sao cho
NP < a¥(x)&g; < A€, VeeQ, £ eR™, (1.10)

Dinh 1y 1.3.2 (Nguyén ly cuc dai) ([11, 47]) Gid st todn ti L cho bdi (1.9) la elliptic
déu trong mién bj chdn Q, trong dé bi(x),c(x),i =1,...,n la cdc ham bj chdn trong Q va
c(x) <0 trong Q. Gid sit ham u(x) € C*(Q) N C(Q) théa man Lu > 0 trong Q. Khi dé ta
c6 danh gia

+

supu(z) < sup ut(z), ut :=max{u,0}.

€ TEIN

T nguyéen 1y cuce dai, ta thiét lap duge nguyén 1y so sanh sau day.

Dinh 1y 1.3.3 (Nguyén ly so sanh) ([11, 47]) Gid si todn ti L cho bdi (1.9) la elliptic
déu trong mién bj chan Q, trong dé bi(x),c(x),i =1,...,n la cdc ham bj chan trong Q va
c(x) <0 trong Q. Gid st cic ham u(z),v(z) € C*(Q) N C(Q) théa man Lu > Lv trong
va u < v trén 0. Khi do ta co u < v trong ).

Nhan xét 1.3.4 Néu toan tit L la elliptic trong mién compact €, trong d6 cac ham hé s6
a(x),b'(x), c(x) thuoe C(Q) thi L la elliptic déu trong Q va cac ham b'(x), c(z) 1a bi chan
trong €.

Tu Dinh 1y 1.3.3, ta suy ra duge hé qua sau day.
Hé qua 1.3.5 Xét todn tu () co dang
Qu = a"”(x)Diju + b(z, Du), a“ =a’".

Gid sii todn ti Q la elliptic déu trong mién bi chan Q, tiéc la ma tran hé so [a(z)],,.,, théa

man (1.10), b(z,p) la ham khd vi lién tuc theo p trén Q x R™. Cho cdc ham u(z),v(x) €
C%Q)NC(Q) théa man Qu > Qu trong Q va u < v trén 0. Khi dé ta c6 u < v trong ).

Chitng minh. Tit gid thiét ctia he qua va sit dung dinh 1y gia tri trung binh, ta c6 thé biéu

dién
Qu — Qu = a"(z)D;j(u — v) + (b(x, Du) — b(x, Dv)) = a” (z)D;j(u — v) + b*(x) D;i(u — v),

trong d6 b*(z),i = 1,...,n la cac ham bi chin trong Q. Diat w = u — v, khi d6 w €
C%(Q) N C(Q) va théa man

Lw = a”(z)Dijw + b (x)Dyw > 0 trong 2, w < 0 trén 9.

Dé thay toan tit L thoa man cac gia thiét ctia nguyén 1y so sanh (Dinh 1y 1.3.3) va do
d6 tir hé thiic trén ta suy ra w < 0, hay v < v trong 2. Hé qua dugc chiing minh. U
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1.3.2 Bai toan Dirichlet. Tinh kha nghich ciia phuong trinh toan tw
Trudce tien, bang cach két hop cac Dinh 1y 3.7, 6.6 va 6.14 trong [11], ta c6 dinh 1y sau
day.

Dinh 1y 1.3.6 ([11]) Cho Q C R" la mot mién bj chan thuoc C*%. Gid si todn ti L cho
bdi (1.9) la elliptic déu trong 2, théa man (1.10), va gid st ham so f(x) va cdc hé s6 cia
L thuoc C’O’O‘(ﬁ), c(x) <0 trong Q. Khi dé bai todn Dirichlet

Lu = f trong Q, u =0 trén 052,
c6 mot nghiém duy nhat u € C**(Q) théa man danh gid sau

‘u|2,a;§ < C‘f|0,a;§’

trong do C' = C(n,a, Q, A\, A, |aij|0,a;§, \bi|0’a;§, |c]0’a;§).

Tu dinh 1y trén, ta dé dang suy ra hé qua sau day.
Hé qua 1.3.7 Cho Q C R" la mot mién bi chin thuoc C** va By = {u € C?>*(Q) | u =
0 tren 9Q}. Gid st toan ti tuyén tinh L cho bdi (1.9) la elliptic déu trong Q va ¢ cac hé

56 thuoe C¥%(Q), c(z) < 0 trong Q. Khi dé todn tii L : By — C%(Q) la khd nghich; hon
nita todn tit nghich dio L' : C%*(Q) — By la tuyén tinh lién tuc.

1.3.3 Cac dinh ly Harnack, Krylov va danh gia trong LP

Trong muc nay, luan an gidi thieu mot s6 két qua sé duge st dung trong Chuong 3 khi
thiét lap danh gia Holder ¢ bén trong mién va tai diém tuy ¥ & trén bien. Xét toan ti

elliptic tuyén tinh cap hai L ¢6 dang sau day
L =a"(z)D;j, a" = a’'. (1.11)
Dinh 1y sau day la bat dang thitc Harnack yéu déi véi cac nghiém trén khong am.
Dinh 1y 1.3.8 (Pinh 1y Harnack) ([11], Dinh 1y 9.22) Gid si todin tit L cho bdi (1.11)
la elliptic déu trong mién bi chan Q C R™ va théa man
MEP < a(2)6& < A€, VreQ, € eR”, (1.12)

trong dé \, A la cdc hing s6 duong va a” € C(Q),i,j = 1,...,n. Gid sit ham u € C*(Q)
théa man Lu < f trong Q vdi f € C(Q) va u > 0 trong hinh ciu Bag(y) C Q. Khi dé ton
tai cdc hang s6 duong p (p khong nhat thiét lén hon 1) va C, chi phu thudc vao n, X va A

sao cho
1/p

1 R
Pl <o inf ut =
Bal)] / el (é&w“ e

Br(y)

L"(B2R(y))> ’
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Tiép theo 1a mot s6 két qua trong truong hop mién dang xét c6 mot phan bién c6 dang
phéng ma trén d6 nghiem triet tieu. Vi R > 0, ta dua vao cac ky hicu BE va Tr nhu sau
BE = BR(O) N RZL_, TR = BR<O) N 8]1%1

Dinh 1y sau day thiét lap danh gia trong LP d6i v6i cac dao ham cap hai clia nghiém

trong lan can da nhd ciia diem nam trén phan bién phéang.

Dinh 1y 1.3.9 (Panh gia trong L?) ([11], Dinh Iy 9.13) Gid st todn tit L cho bdi (1.11)
la, elliptic déu trong mia hinh caw BY = B, wva théa man (1.12) trong B*, trong do
a € C(§+) va 0 < Ry < 1. Gid st ham u € C’Q(§+) théa man phiwong trinh Lu = f trong
BT wdi f € C(§+) va u =0 trén Tg,. Khi dé vdi moi p € (1,400), ta cd

1520l < © (s + 1)

mién la 0 < R < R* < Ry, trong dé C la hang s6 duong phu thuoc vao n,p, \, A va R, R*
la hang s6 sao cho m(R*) < m*, trong dé m* la hidng so duong phu thudc vao n,p va X,

m(r) la modun lien tuc cia ma tran a(z) = [a¥(z)],,,, tai diém 2° =0 dugc zdc dinh bdi

m(r) = P la(z) = a(0)].

Dinh Iy sau day thiét lap danh gia ntta chuan Hélder déi véi dao ham theo véc to phép

tuyén ctia nghiém trén phan bién phang.
Dinh 1y 1.3.10 (Dinh ly Krylov) ([11], Dinh 1§ 9.31) Gid st cdc gid thiét cia Dinh lij

1.3.9 duoc thoa man, khi do ta co

osc& <C (E) (SUP | Dul + @SUP |f|) , VR < Ro,
B+ )\ Bt

Tr 0Ty RO

trong dé o € (0,1) va C la cac hang so duong chi phu thuéc vao n, X va A.

1.4 Phuong trinh dao ham riéng elliptic cap hai phi tuyén

hoan toan

Trong muc nay, luan an giéi thiéu khai niem phuong trinh dao ham riéng elliptic cap
hai phi tuyén hoan toan va phuong phap lién tuc dé gidi phuong trinh toan tit phi tuyén
trong khong gian Banach.

1.4.1 Khai niém phuong trinh elliptic cap hai phi tuyén hoan toan

Xét phuong trinh dao ham riéng cap hai c6 dang

F[u] := F(z,u, Du, D*u) = 0, (1.13)
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trong d6 F 1 ham thyc xac dinh trén tap I' x Sym(R™*"), trong d6 I' = Q x R x R™,
Sym(R™ ™) 1a khong gian cac ma tran thyc déi xing cap n, @ C R™ 1a mién bi chin va u €
C?%(Q). Ky higu cac diém thuoc I' x Sym(R™*") 1a (z, z,p,7), trong d6 € Q, 2 € R, p € R"
var = [ry], ., € Sym(R™™). Khi F' la ham affine d6i véi cac bién r;5,4,7 = 1,...,n thi
phuong trinh (1.13) dugc goi 1a @ tuyén tinh; néu khong, n6é dugc goi 1a phi tuyén hoan
toan. Céc phuong trinh kiéu Monge-Ampere (0.4) va (0.10) 1a cac phuong trinh dao ham

riéng cap hai phi tuyén hoan toan.
oF

oy
| ., 1a khong doi ximg.

Ta gia thiét F' 1a ham khé vi theo céc bién r;; va ky hieu F,  := i, j=1,...,n

Mzc dit r 14 ma tran déi xting, nhung néi chung, ma tran [Frij

Dinh nghia 1.4.1 ([11]) (i) Toan t& F dugc goi la elliptic trong tap con U C T X
Sym(R™*™) néu ma tran [F, ]  la xac dinh duong trong U. Hon nta, né duge goi la

elliptic déu trong U néu ton tai cic hang s6 duong A va A sao cho

)\|£|2 T”(I,Z,p, )g’bfj = ( Tij + F’V’ji)('r7z7p7 7‘)525] S A|€|27 \V/(%ZJ% T) € U7 5 € Rn
(1.14)

(ii) F dugc goi 1a elliptic (elliptic déw) doi vdi u € C?(Q) néu F 1 elliptic (elliptic déu)
)-

DN | —

trén mién gid tri clia anh xa x — (z, u(z), Du(z), D*u(x)
Ménh dé 1.4.2 Xét phuong trinh kiéu Monge-Ampére c6 dang (0.4),

det [D*u — A(x,u, Du) — B(z,u, Du)| = f(z,u, Du), = €, (1.15)
trong dé A(z,z,p), B(xz, z,p) € O(T;R™"), AT = A, BT = —B. Khi dé (1.15) la elliptic

doi vdi u(z) € C*(Q) khi va chi khi

n
Ay = min Ay (w(z,v)) = min  min wii(z,u)&E >0, 1.16
o= i) =i 3 o e (1.16)

trong dé w(z,u) = D*u — A(z,u(x), Du(z)) = [w;(z, )], ..

Chatng minh. Ta viét phuong trinh (1.15) dudi dang
F(x,u, Du, D*u) := det R(z,u) — f(z,u, Du) =0,

trong d6 R(z,u) = D*u — A(z,u, Du) — B(z,u, Du). Bang cich khai trién dinh thic

det R(z,u) theo hang i, ta suy ra E‘?TF] = 8815]_ = Ujj, i,j = 1,...,n, trong d6 U;; la phan

bu dai s6 clia R;; trong dinh thiic det R(z,u). Theo Dinh nghia 1.4.1, (1.15) 1a elliptic d6i
v6i ham u(r) € C?(Q) néu

U =[Uj(z,u)] . >0. (1.17)

nxn

Tt (1.17), ta ¢6 det U > 0 va do d6 tit he thidc det U = (det R)"!, ta suy ra det R # 0
hay R 14 kha nghich. Do d6 U = (det R) (R™1)T va vi thé (1.17) théa man khi va chi khi
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R4+RT
2
két luan ctia ménh de. 0.

R™' > 0hay R > 0. Cht ¥ R > 0 tuong duong véi =w > 0, va do d6 ta suy ra dugc

Dé két thic muc nhd nay, luan an gisi thieu dinh 1y vé tinh chinh quy toan cuc déi véi

nghieém elliptic ctia bai toan Dirichlet cho phuong trinh dao ham riéng phi tuyén (1.13).

Dinh 1y 1.4.3 ([11], B6 dé 17.16) Gid sit ham u(x) € C*%(Q) la nghiém ciia bai todn
Dirichlet

F(z,u, Du, D*u) = 0 trong Q, u = ¢ trén 05,
trong dé Q C R™ la mién bi chan thugc lop C*T2% F € C**(I x R™*"™) la elliptic doi vdi
u va @ € CF2%(Q). Khi dé ta cé u(x) € CF+22(Q).

1.4.2 Khai niém dao ham Fréchet. Dinh 1y ham an trong khéng gian Banach

Cho By, By 1a céc khong gian Banach, By C By 1a tap mé. Ky hieu £(By, Bo) la khong

gian Banach gom tat cd cac anh xa tuyén tinh bi chian tit By vao Bs.

Dinh nghia 1.4.4 ([11]) (i) Anh xa T : By — By duge goi 1a kha vi Gateaux tai u € B,
néu ton tai 4nh xa tuyén tinh bi chin L € £(By, Bs) sao cho
T - T
i L+ ff;] [u]

t—0

— Lh, Vhe B. (1.18)

T dugce goi 1a khd vi Fréchet tai u € B, néu sy hoi tu trong (1.18) la déu v6i moi h thoa
man: [|hl| <1, nghia la
|T[u+ h] = T[u] — Lh|,
im
IR]| 5,0 17]l5,

~ 0. (1.19)

Néu T kha vi Gateaux (Fréchet) tai u thi 4nh xa L dugc goi la dao ham Gateaux
(Fréchet) ctia T tai u va dugce ky hiéu 1a T,,. Nhu vay, T, = L.

(i) T duge goi la khd vi Gateauz (Fréchet) trong By néu T la khé vi Gateaux (Fréchet)
tai moi phan tit thuoce B;.

Chu y 1.4.5 Néu T kha vi Gateaux (Fréchet) trong mot 1an can cia u € B; va &nh xa
bién phan tif u € By thanh phan ti T, € £(By, By) lien tuc tai u thi 7' dudc goi la kha vi
lien tuc Gateaux (Fréchet) tai u. Nguoi ta da chiing minh duge rang, néu T 1a kha vi lien
tuc Gateaux tai v thi T 1a khé vi lién tuc Fréchet tai u va khi dé cac dao ham Gateaux va

Fréchet thu dugce 1a trung nhau.

Dinh nghia 1.4.6 ([11]) Gia st anh xa T : B; x R — Bs la kha vi Gateaux (Fréchet) tai
diém (u,t), u € By, t € R. Khi d6 cdc dao ham rieng Gateauz (Fréchet), T(lu . T(zut
(u,t) 1an lugt 1a cac 4nh xa tuyén tinh bi chan T(lu p B = B, T(Qu y t R = By duge xdc

dinh baéi

) tal

Tiwg)(h k) = Tl (h) + T, 4 (k), Vh € By, k € R
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Dinh 1y 1.4.7 (Pinh ly ham an) ([11], Dinh 1y 17.6) Cho By, By la cdic khong gian
Banach va gl C By la tap mo. Gid st anh xa T : gl X R — By khd vi lién tuc Fréchet tai
(uo, to) € By x R vdi T[uo, to] = 0 va gia s dao ham riéng Fréchet T(lu(%to) la khd nghich.

Khi dé ton taie > 0 sao cho vdi moéit € (to—e, to+¢), ton tai uy € By sao cho Tlug,t] = 0.

1.4.3 Giéi thiéu phuong phap lién tuc giai phuong trinh toan ti phi tuyén

Muc nay gidi thieu phuong phép lién tuc (the method of continuity) dé chiing minh sy
ton tai nghiém ctia phuong trinh Flu] = 0, trong d6 F[u] 1a toan t1t phi tuyén.

Cho By, By 1a cac khong gian Banach, gl C By la tap md va cho anh xa F' : By — Bs.
Lay phan tit ¢6 dinh u(©® € B; va xét anh xa

T:B; xR — By, Tlu,t] = Flu] — (1 —t)F[u©]. (1.20)
Ky hieu I va € lan lugt 1a tap con cta [0,1] va B; duoc xac dinh béi

I={te0,1]|3ue By :Tu,t] =0},

N (1.21)
E={ueB |Hel0,1]: Tlu =0l

Dinh 1y sau la noi dung ctia phuong phéap lién tuc dé giai phuong trinh toan tit phi tuyén.

Dinh 1y 1.4.8 ([11]) Gid si dnh za F' la khd vi lién tuc Fréchet trén € va dao ham Fréchet
F, la khd nghich. Khi do phuong trinh Flu] = 0 la gidi duge trong By néu tap I la déng
trong doan [0, 1].

Chiing minh. D& thay T'[ul®,0] = 0. Suy ra 0 € I va do d6 I # (. Hon nita, tit gia thiét
clia dinh 1y, ta c6 thé ap dung Dinh 1y ham an 1.4.7 va suy ra I 1a mé trong [0, 1]. Néu ta
gia thiét them I 1a dong trong doan [0,1] thi khi d6 I 1a tap khac rong va vita dong vira
mé trong [0,1]. Do d6 I = [0,1]. Vi 1 € I neén ta suy ra ton tai u € By sao cho Tfu, 1] = 0
hay F[u] = 0. Dinh 1§ dugc ching minh. O

Chu y 1.4.9 Trong Chuong 4, dé chiing minh sy ton tai nghiém J-elliptic ctia bai toan
Dirichlet cho phuong trinh kiéu Monge-Ampere khong ddi xting (1.15), trude tien ta bién
doi bai toan Dirichlet ban dau vé bai toan Dirichlet ma trong dé dang clia phuong trinh
(1.15) 1a khong doi va gia tri clia nghiém can tim trén bién 1 dong nhat bing khong. Sau dé
ta sé ap dung Dinh 1y 1.4.8 v6i F[u] chinh I toan tit kieu Monge-Ampere khong ddi xitng,
By = {u € C*>*Q) | u =0 trén 9N} va By = C%*(Q). Viéc chitng minh tinh déng ciia
tap I duge dua ve viec thiét 1ap cdc danh gia tien nghiem déi véi nghiem d-elliptic ctia bai
toan Dirichlet trong khong gian C%%(Q). Do d6, viéc tién hanh cac danh gia tien nghiém
trong C>*(Q) déi véi nghiem J-elliptic ctia bai todn Dirichlet qua céc bude ¢ Chuong 3 1a

mot trong cac ndi dung chinh cta luan an.



Chuong 2

Tinh d-l1om ctia ham so kieu

Monge-Ampeére khong déi xing

Chuong nay nghién cttu vé tinh d-16m ctia ham s6 kiéu Monge-Ampere F'(R) = log(det R)
véi bién R 1a ma tran xac dinh duong khong déi xing. Tinh chat nay la mot cong cu quan
trong trong cac danh gia tién nghiém & chuong sau.

Noi dung ctia chuong nay duge viét dya treén bai béo [1] trong Danh muc céc cong trinh

lien quan dén luan an.

2.1 Tinh 16m ctia ham sé kiéu Monge-Ampere déi xing

Trong muc nay, luan an téong quan mot s6 tinh chat da biét vé tinh 16m ctia ham s6

kiéu Monge-Ampeére déi xtng dang sau day
F(w) = log(detw), (2.1)

trong d6 w = [wjj] .., € R™ " la ma tran thuc doi xing xéac dinh duong. Ham F(w) 1a ham

16m chat trén tap 16i cdc ma tran doi xing xac dinh duong ([15]). Ky hieu w™! = [w¥]

1a ma tran nghich ddo ctia w. Khi d6 ta c¢6 ([6]),

OF (w) _ Wt ikt . 62F(w)

&uij aWij Owpe

= —whiW* i gk 0=1,...n. (2.2)
Ménh dé 2.1.1 Cho ham F(w) zdc dinh bdi (2.1), trong dé w la ma tran doi zming xdc
dinh duong. Khi dé vdi moéi w co dinh, ta co

n
5.kl P2
> FUMp;Py=—|P] < -
i3,k 0=1

2|P|2§07 VP:[PU] ERnxnapT:Pv

(Amax(w))

nxn

(2.3)
trong dé P = w2 Pwe,

21
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Chiing minh. Tit (2.2) va Menh dé 1.1.5, ta c6

> FIMPiPy=— Y wW*P;Py=-Tr(w 'Pw'P)
i,j.k,0=1 i,5.k,0=1
= —Tr(w_%w_%Pw_%w_%P): —Tr[(w_%Pw_%) (w_%Pw_%)]: —|P)2.

Nhu vay, ta nhan duge dang thitc thit nhat trong (2.3). Tiép theo, ta chéo hoa w bdi mot
ma tran tryc giao C),

w=CDC™!,

trong d6 D = diag(A1,...,\n), Ay > 0,0 =1,...,n la céc gia tri riéng clia w. Suy ra

=Cp7iC!, D = diag(\, 3 .,A;%).

W

N =

Do d6, tit Menh dé 1.1.5 ta c6

n

S© PP Py = —|PP = —|(CDT:C7YP(CDT:CTY)
i ke l=1
1l _12 1 _ 2
— —|Dz(C7'PC)D2|"= — clpc), < ——— P~
| ( ) | i’jz_l /\Z)\] ( )7,] — ()\max(w))2| ‘
Tt day ta suy ra bat dang thiic con lai trong (2.3). Ménh dé dugc ching minh. O

Ménh dé 2.1.2 Cho w® = [w(o)}nxn va wh) = [wl(;)}

j
dinh duong tuy y. Khi do ta cé danh gia

. la cac ma tran doi xing xdc

F(w(l))—F(w(o))S i M (WQ) — wz.(;.))) . (2.4)

Chatng minh. Ap dung khai trién Taylor tai t = 0 cho ham h(t) := F (tw® + (1 = t)w©)
ta co

1
F(w)=F (@)= h(1) = h(0) = h'(0) + Sh"(7),
trong d6 7 € (0,1) 1a hding s6 nao d6. Bang tinh toan, ta c6

K'(0) = Zn: or 7)
W) = i 0*F (Tw(l) + (1 - T)w(o))

i,5,k,0=1

(i) =),

(w5 —w) (i — ).

&uij &,LJM

Ta nhan thay 7w™® 4 (1 — 7)w(® la déi xting xac dinh duong va w® — w© 1a d6i xing. Do
do, tit Ménh deé 2.1.1, ta suy ra
n"(r) <0.

Tu cac danh gia trén ta dé dang thu duge (2.4). Ménh dé duge chiing minh. O
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2.2 Tinh d-16m ctia ham sb kiéu Monge-Ampeére khong doi
Xung
Trong muc nay, luan an nghién citu vé tinh d-16m (Dinh nghia 0.0.5) ctia ham s6 kiéu
Monge-Ampere khong déi xiing dang sau day
F(R) = log(det R), (2.5)

trong do R thuoc tap Ds,, C R™*" da dugc dinh nghia trong (0.26),

D5, ={RER™ | R=w+B,w" =w, B = =5, Amin(w) >0, 1 < SAmin(w), |B]| < p},

(2.6)
trong d6 ¢ € [0,1) va u 1a cdc hing s6 khong am. Cac Menh de 2.1.1 va 2.1.2 sé& dugc md
rong tuong ting cho ham F(R) trén tap Ds,,.

2.2.1 Mot vai tinh chéat ciia 16p ma tran Ds
Muc nay nghién cttu mot s6 tinh chat ctia 16p ma tran Djs,, cho bdi (2.6).
Meénh dé 2.2.1 Tap hop D, cho bdi (2.6) la 167 va khong bi chdn trong R™™.

Chitng minh. Cho Ry = wo+ o, R1 = w1+ la céc ma tran tuy y thuoc Ds, ,. V6i vVt € [0, 1],
ta dat Ry = (1 —t)Ro + tRy = wy + B, trong d6 wy = (1 — t)wo + twy, Br = (1 —t) By + tF1.
Khi d6 wl = wy, BF = =B va ||B]| < (1 =)||Bol| + ¢l 81| < p, VE € [0,1]. Hon nita, ta c6

(wt€>€) = (1 - t)(woga g) + t(wlga 5) > [(1 - t))‘min(WO) + t)\min(wl)”g‘Qa v£ € Rn?
va, do dé Apin(wi) > (1 — ) Amin(wo) 4 tAmin(w1), ¥t € [0, 1]. T day suy ra Apin(wt) > 0 va
(5)\min(wt) > (1 — t)(S)\min(W(]) + té)\mm(wl) > (1 - t)/L +tu=p, Vte [0, 1]

Nhu vay, R, € D;,, v6i moi ¢t € [0,1] va vi thé Dy, la tap 16i. Mat khéc, ta dé thay néu
R=w+p € Ds, thi tw+ 5 € Ds,, véi Vt > 1 va do d6 D;,, la tap khong bi chan. Ménh
dé dugc chitng minh. O

Meénh dé 2.2.2 Gid st R = w + 3 € R™", trong dé w la doi zing zdc dinh duong, 3 la
phdn doi zing. Khi dé ta c6 cdc khang dinh sau:

(i) det 8 > 0;
(i) det R > detw + det 8 > detw > 0;
(iii) Pdac biét, khin =2, det R = detw + det 5§ > det w > 0.

Do dé, det R > 0 va R la khong suy bién khi w > 0.
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Chiing minh. (1) Dat
1 1
oc=w 2Pw 2. (2.7)

Khi d6 o 1a phan doi xting va

R=w+f=uw? (Eer*%ﬂw*%) w2 :w%(E+0)w%. (2.8)
Dat
D, = diag (io4, . . ., i0,), (2.9)
trong do ioy, . ..,io, la cac gia tri rieng cta o, i la don vi do, o0; € R, 5 =1,...,n va
. n N A 2
O2j—1 = —095,7 =1,2,..., [5] va 0, = 0 néu n 1é. (2.10)
Khi do
o= C1D:CY, (2.11)

trong d6 C, € C™ " 1a unita, C7 la lién hgp Hermite cta Cy, Cf = Cl_l.
Tir (2.8) va (2.11), ta ¢c6 R = w2Cy(E 4 Dy)Cfwz. Do d6, tir (2.9) va (2.10), ta suy ra

det R = (detw) (1 +07) (1 +03)--- <1 + 05[3]1> . (2.12)

2

Ciing tit (2.10), ta ¢6 det 0 = 0 néu n 1& va det 0 = 0?02 - - - o2

2, néu n chin. Do d6

0 <deto < 0?02 - 'ag[ﬂ]_l. (2.13)
2
T (2.7), (2.13) va cha ¥ detw > 0, ta nhan duge
det 5 = (det w)(det o) > 0. (2.14)

Nhu vay, ta thu duge (i).
(ii) Tt cac danh gié (2.12)-(2.14), ta nhan duge

det R > (detw)(1 +det o) = detw + det f > detw > 0.

Nhu vay, ta thu duge (ii).
(iii) Khi n = 2, det o = 0?. Do d6, tir (2.12) va (2.14), ta nhan dugc

det R = (detw)(1+ ¢?) = detw + (det w)(det 0) = detw + det 8 > detw > 0.
Nhu vay, ta thu duge (iii). Ménh dé duge ching minh. d
Meénh dé 2.2.3 Gid st R=w + 8 € Ds,, va o la ma tran cho bdi (2.7). Khi dé ta c6
(i) lofl <6 <1

(i) Cdc gia tri rieng ioj cia o théa man: |io;| = lo;| <d<1,5=1,...,n.



25
Chiing minh. (i) Tl gid thiét cia ménh de, ta dé dang thu dugc

=< 1.

_1, _1 _1 % 5)\min(w)
loll = flo™2 w3 |< [l P18 < 5— < S0

(ii) Khang dinh (ii) duge suy ra tit (i) va |o;| < ||o||, V5. Ménh dé duge chiing minh. O
Meénh dé 2.2.4 Gid st R=w+ 3 € Ds,,. Khi dé ta c6

1 n n n
s8I+ (23] — 1)det B8 < detw + (221 — 1)det 8 < det R < (1 + 0?2 detw, (2.15)

trong do, néu 6 = 0 thi B = 0 va ta quy udc g =0.
Chitng minh. Tu (2.12), ta ¢
det R = (detw) (1 +07) (1+03) - (1 + Jg[%]_J :

Tt Menh dé 2.2.3, ta c6 |o;| <d<1,j=1,...,nvadodo

L+ > (14 03) (1+03) - (14 agm_l)

>1+ (2[%} - 1)0%032, e U;[g]—l >1+ (2[%] —1)deto,
trong d6 bat dang thic cudi duge suy ra tit (2.13). Mat khac, i R = w + 3 € Ds,, nén
detw > (uin(@))" 2 5" > 218"

Tu cac he thitc tren va (2.14), ta dé dang suy ra két luan ctia Ménh deé 2.2.4. O

Meénh dé 2.2.5 Gid st R=w + 8 € D5, va o la ma tran cho bdi (2.7). Khi dé ta c6

(2.16)

Do do

(
2 2
(2.17)
(
2
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Mzt khac, tit E — 02 = (E — 0)(E + 0), ta c6
(E+o) '+ (E—0)"

(E—0%) = =E,
2 2
E4o) ' —(E-0o)" E—o)—(E
(i) B0 oy (B0 —(Bro)
2 2
suy ra
E4o) ' +(E-0)" 1 (BE+o) ' —(E-0)! _
(E+o) +( o) :(E—02) 1’( +0) ( o) :(—O')(E—O'2) L
2 2
T hé thiic nay va (2.17), ta suy ra (2.16). Ménh dé dugc chiing minh. O

Hé qua 2.2.6 Gid st R =w+f € D5, va o la ma tran cho bdi (2.7). Gid st o duge chéo
héa bdi ma tran unita C; € C™*™ nhu trong (2.11), o = C1D1CY, trong dé Dy la ma tran
duong chéo cho bdi (2.9). Khi dé ta co

R+ (RHT , ,
( ) = w_ichgCi‘w_i,
2 (2.18)
R — (R 1 . 1
5 =W 201D301w 2,
trong do
_ 1 1
Dy = (E—D?) ™" =di
2= ! lag(Ho%’ ’1+0%>’ (2.19)
De— (=D (E — D) — dine (9L 19
1= D (DY = ding (7
Chiing minh. Hé qua dé dang duge suy ra ti (2.9), (2.11) va (2.16). O
Hé qua 2.2.7 (Gid st R=w+ € Ds,. Khi dé ta co
T
1 . R+ (RTY .
—— i« < w~ 2.20
1+o02” = 2 =9 (220
1+52w”§R“§w”,jzl,...,n. (2.21)

Chitng minh. Gia st € € R" tuy y. Khi d6 tit Ménh dé 2.2.3 va He qua 2.2.6, ta c6

- (ctuteciule) = X 0t |

Jj=1

trong do < (D2)~j <1, j=1,...,n. Mat khac, ta c6

14462~ J
n

>-|(Ctwmbe),[ = [Ctwtel= o e = (ot w )= (0e.6).

J=1
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T cac hé thic trén ta suy ra

1
1+ 02

) R+ (R)" . .
(@ 1@5)3( ) ) < wee), veern
Do dé ta thu duge (2.20). Tu (2.20), ta dé dang suy ra (2.21). Hé qua dugc ching minh. [

2.2.2 Vi phan cap hai ctia ham sb kiéu Monge-Ampere khong déi xing

Trude tien, luan an phat biéu menh dé dudi day, trong d6 chi ra ring cac cong thic
trong (2.2) van con dung cho truong hgp khi ma tran R 1a khong doi xing.

Meénh dé 2.2.8 Xét ham s6 F(R) = log(det R), trong dé R = [R;;]

not chung la khong

nxn
doi xiing va théa man det R > 0. Khi dé véi R~ = [RY]_ . wvai,j,k,{=1,...,n, ta cd
. OF(R) .
.= ——==R" 2.22
0?F(R) -
Fikt . — —Z = — _ plipik 2.23
8R238RM (223)

Chiing minh. Ky hieu U = [U;;] 1a ma tran phu hop ctia R, tic la, UT = (det R)R™!. Bing
cach khai trién dinh thiic det R theo hang i, ta c6

detR:RilUi1+-~~+RmUm, 1= 1,...,%.

OF(R) 1 O(detR) 1
OR;;  detR OR;  detR
duge ching minh. Tw (2.22), ta c6

Uyj=R" i,j=1,...,n. Do do (2.22)

Tu day suy ra

n n
> RyF? = Ry,R" =6, i,s=1,...,n.
Lay dao ham hai vé clia phuong trinh trén theo bién Ry, ta suy ra
n
SP ] ip,kl
D pip | N R, PPk — g,
S iler S,

va vi thé .
Sk P+ Ry FPR =0, i s,k (=1,... n.
p=1

Nhan hai vé clia phuong trinh trén véi R7® roi lay tong trén tap chi s6 s, ta thu duge
n n
Zésszﬁst + Z stRsszp,kﬁ =0,
s=1 p,s=1

hay
RURIF f FUR — 0, 4 4k l=1,...,n
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Tu day suy ra (2.23). Ménh dé dugc chiing minh. O

Tiép theo, ta nghién cttu vi phan cap hai ctia ham s6 F(R) cho béi (2.5), trong d6
R € D5, Ds,, 1a tap hop cho béi (2.6). Xét ham s6 F duge xac dinh nhu sau

F(R,M): D5, x R™™ R,

n nooo (2.24)
Z MM == )RR MMy,
e d=1 8R”8RM ij =1
trong d6 R = [Ryj], .. € D&w M = [My], ., € R

Meénh dé 2.2.9 Gid st R € Ds . Khi dé voi moi ma tran M = P+ @Q € R™", ta co

F(R,M) = F(R,P)+ F(R,Q) +2L(R, P,Q), (2.25)
trong do
LRPQ = Y RURFPQu (2.26)
1,7,k =1

Chiing minh. Tu (2.24), ta ¢6

n n

F(RM)=— > RUR*P;Py— > RR*Q;Qu
i,3,k.0=1 i,k =1
— Y RORFPQu— Y RUR*PuQi;.
i,5,k,0=1 i,5.k,0=1
Nhan thay,
b3 n
S RRMRQ, D S RERP Q.
1,5,k =1 0,5,k b=1

Tt cac hé thitc trén ta thu duge két luan ctia Ménh deé 2.2.9. Ménh dé dudc chitng minh. [J

Meénh dé 2.2.10 Gid sii R € Dy,,. Khi dé véi moi ma tran doi zing P = [Pyj] € R™™,

nxn
ta co

F(R,P) = —[G(R, P)]* + H(R, P), (2.27)

trong do
G(R,P) =Tr(R™'P), H(R,P)=2Tr [(R—l)<2) P@)} , (2.28)

vdi (R_l)@) va P@ lan gt la ma tran compound bac hai cia R~" va P, dudc zdc dinh
bdi (1.5).

Chitng minh. Tit (2.24) va PT = P, ta c6

F(R, P) Z ROR* PPy =— Y RYR*P;Py
1,5,k 4=1 1,5,k =1
» (2.29)

n n
Jjek i i jl .
= — Y R'RMPuP;’= - >  RYRMP;Py.
1,5,k =1 ,5,k,0=1
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T (2.29), ta 6

F(R.P) =~ (Z R“Pw> (Z R“Pké> - (Z R”Pw) (Z R’”’Pw)

=1 k=1 i,0=1 jk=1
1 n n ] n )
+35 (Z R”Pu) (Z R‘“%) + (Z RMPw> (Z Rkﬂij)
i,j=1 kl=1 i0=1 g k=1
> R'RMPyP;— )  RIRMP,;Py
1,5,k 0=1 i,5.k,0=1
n 2
=— (Z RijPij> +2) " (RVR¥ — R*RM)(P,;Pey — PiPry)
3,7=1 i<k
Jj<t
(Z R”Pm) 23 (R PO ) = = [T (B P)]" + 21 [ (R7)® PO
2,J 1 i<k
j<t
Menh dé duge chiing minh. d

Meénh dé 2.2.11 Gid si R € Ds,,. Khi dé véi moi ma tran phdn doi zing Q = [Qij], ... €
R™ ™ ta co

F(R.Q) =~ [6(R, QI + H(R.Q). (2.30)
trong dé cic ham G(R, Q) va H(R, Q) dugc zac dinh bdi (2.28).
Chiing minh. Tuong tu nhu cho Ménh dé 2.2.10, trong dé cac dang thic tuong tng dude

théa man do @ 1a phan ddi xing. O

Meénh dé 2.2.12 Gid si R € Ds,,. Khi dé vdi moi ma tran doi zing P = [Py] =~ € R™"

nxn

va ma tran phdn doi zing Q = [Qy), ., € R™™, ta ¢d
1 —1 —1\T —1 ~\T
E(R,P,Q)——gTr[(R (R )P(R + (R )Q} (2.31)
trong dé ham L(R, P, Q) dugc xzdc dinh bdi (2.26).

Chiing minh. T (2.26), ta c6

147
L(R,P,Q) ==Y RR*P;Qu"E" =" RYR'P;Qu.
1,5,k,0 1,5,k,0
T day va cha y PT P.QT = -Q, ta suy ra
L(R,P.Q)=—3 Z ROR™ Py Qre — Z RY R P;Qu,
wkf zgkz
1 _1I\T _1\T 1 -1 1
:§Tr[(R Y PR Q}——Tr[ PR™'Q]
_ 1 -1 —1\T —
——iTrKR —(R7Y )P(R ]——Tr[( )PR Q]

e[ (R = (R P (R )@],
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trong dé ¢ dang thitc thit ba ta da st dung hé thic sau

Tr R—lp(R—l)TQ] — Ty [(R—l)TPR—lQ —0,
¢ day he thitc nay ding nhd vao tinh phan déi xing ctia @ va tinh ddi xing clia cac ma

tran R~'P(R~Y)", (R-1)" PR=1. Menh dé dugc chiing minh. O

Bay gid, v6i R = w + 8 € Dy, ¢6 dinh va véi M € R™ ", ta dat

M = CiMCy = [My], . (2.32)

M=w:iMw? = [Mjk]

nxn’

trong d6 C; € C™ ™ 13 ma tran unita théa man (2.11). D& thay,

M =

|| = |2z (2.33)
Meénh dé 2.2.13 V§i moi ma tran M € R™ ", ta c¢6 dinh gid
(Ama(@)) M2 < [M|* < (Amin(w)) 7| M2, (2.34)

Chiing mainh. Ky hiéu Ay, ..., A\, la cac gia tri riéng cia ma tran w, trong d6 A\; >

v

An > 0. Ta chéo hoa w bdi mot ma tran truc giao C, nghia la
w=CDC™!,
trong d6 D = diag(Aq, ..., A\,). Khi d6

w

N[

—CD 307, D = d1ag<)\

w\»—t
>
S |
=
N—

Do d6 tit Ménh dé 1.1.4, ta c6

112

|1 = |o~ 3 M

:(D HCIMO)D

Z AT ((07M0), )
ij

4,j=1

Tt hé thic trén va chu y 0 < /\1_1 < )\i_l <Mivéii=1,...,n, tasuyra

A2 |M)? = A2 Z CTIMC), ) < M <A ((C7IMC) ) = A M

,j=1 ,j=1

Do d6 ta nhan duge (2.34). Ménh dé duge chiing minh. d

Dé tinh toan cac dang toan phuong F(R, P) va F(R,Q), ki thuat chéo héa ma tran
da duge ap dung trong cac Ménh dé 2.2.14 va 2.2.16 dudi day.

Ménh dé 2.2.14 Gid st R=w+ f € Ds .. Khi dé vdi moi ma tran doi zing P € R™",

ta co
n

1—o00%
F(R,P)=— J
) j;l (1 —l—ajz-) (1 —l—az)

: (2.35)

jk

trong do F(R, P) dugc zdc dinh bdi (2.27) vaio; (o5 € R),j=1,...,n la cdc gid tri riéng

thuan do ctia ma tran phan doi zing o cho bdi (2.7).
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Chaing minh. Vi P d6i xting nén tit Ménh dé 1.1.11, ta suy ra P d6i xing. Do d6 tit (1.6),
(2.27) va (2.28), ta ¢6

F(R,P) = —[G(R, P)]> + H(R, P) = — [G(R, P)] + 2Tt [(R*l)@ P<2>]

—[G(R,P)]* +2Tr PP = —[G(R,P)

2 (2.36)

_1 _1 T (2) _1 . _1 T (2)
+2Tr (R +2(R )> PP +2Tr <R 2<R )> pP?

Tir (2.18) va (2.19), ta c6

_ _1\T
G(R,P) = Tr (R : +2(R ) P) - (w—%clpgcfw—%P)
g (2.37)
_ <D2wa’%Pw’%C’1> _ (Dgﬁ) - ; : ﬁ%.

< 2
Py,

. 1k=1,...,n. Do do

Vi P déi xting nén P 1a ma tran Hermite va vi thé ﬁjk]_%kj =
tit Menh dé 1.1.11, (2.18) va (2.19), ta c6

(2)
R+ (RH
QTI‘ ( +2( ) ) P(2) — 2TI‘ [(wiéchZCikwfé)(Q)P(2)j|

— 97y [D(Q) (C*)(2) (w—%)(2)P(2) (w_%)@)cl(z)]

2
=2Tr [D( )P } 22 ]k,]k Pk ji

i<k
T = ~ 2 I - 9
o PP P ) Pfu x By 2.38)
< (1+ 0]2-) (1+0?) o (1+ 0]2) (1+0?) o (1+ JJQ.) (1+0?)
~ ~ = 2
= - JJPkk: _ Z ij‘
o @+od) (L+op) A= (L40) (L+03)
z 2 ﬁ 2
_ <Z i) -y ‘ ”“‘
2
j=1 1+0; k=1 (1+0 ) <1+0k)
Bing cach két hop (2.37) va (2.38), ta nhan dudc
R 4 (R_l)T (2) " 15,6‘2
J
2 PO\ = [G(R.P) - (2.39)
( ’ ) PO e
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Tt Ménh dé 1.1.11, (2.18) va (2.19), ta nhan duge

1 (p-1\T\ @
2Tr (R 2(R )> P2 :2Trl<w501D301‘w5>(2)13<2>]

2)
_2TI' [D(Q)P :| 22 ]k]k‘ jkjk
i<k (2.40)

—0i0L z oz x> |2
=2 J PP — | P ‘)
§<l+o§> (140 ( S

00k 00k
— - P,
; (1+o02)(1+a7) " kk+z < (1+02) (1+07)

= 2
ij‘

e (BB - \ /
Dé thay, Tr 5 P | =0. Do dé6 tu (2.18), (2.19) va (2.32), ta co

Tr(w_%Cngwa_%P): Tr (D3ﬁ> = Z 1__;0(;2 :J] =0,
=1
va vi thé

. 2

0j =
Y 5P| =0

R

(j_l 1+ o; )

T do suy ra

n ~

2__ O'jo'k :HN
Z (1+ ( JJ) = Z (1+sz) (1+0£)ijpkk.

Két hop he thiic nay véi (2.40) cho ta

. @)
<R ) P

He thic (2.35) dugde suy ra tir (2.36), (2.39) va (2.41). Ménh dé duge chiing minh. O

n

O:0 ot 2
-y % ‘ij‘ . (2.41)

j.k=1 (1 + 0]2) (1 + Jk)

Hé qua 2.2.15 Gid st R =w+ € Ds,,. Khi dé vdi moi ma tran doi zing P € R™™, ta

co
5?2 1—62

(1+522‘ | — (1+52)2
Chiing minh. Tt Ménh dé 2.2.3, (2.33) va (2.35), ta c6

F(R,P) < — (Amax(@)) | P|?. (2.42)

n

1— 00 |2 - 1_|0-'H0-k’ =
P)=- Pl == % j E
F(R,P) z_: L+ (o)) T = e (o) (o)

‘2
1— 42 52 |z 1—-62 |~

= —P =—— _|P|".
1+6222‘ ]’“‘ (1+62)° ‘ ‘ (1+52)2| |

Do d6 ta thu duge bat déng thiic thit nhat trong (2.42). Bat ding thitc thit hai trong (2.42)
dugc suy ra tit Ménh dé 2.2.13. Hé qua dude chitng minh. O
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Meénh dé 2.2.16 Gid st R = w+ 3 € Ds . Khi dé vdi moi ma tran phdn doi xing
Q € R"™™ ta co

n

B 1 —ojoi 2
./_"(R, Q) - j%_:l (1 + UJ2) (1 + O']%) Q]k

(2.43)

Ching minh. Vi @ 1a phan d6i xing nén theo Ménh dé 1.1.11, ta suy ra Q® 1a déi xing.
Béng cac 1ap luan tuong tu nhu trong (2.36), tit (2.30) ta ¢

F(R,Q)=—[G(R,QI*+H(R,Q) =—[G(R, Q)
1 T\ @ 1 _\T\ @
o (R + (R ) 0| 12t (R —2(R ) ) 0o (2.44)

2

Mat khac, tit (2.18) va (2.19) ta co

-1 _ _I\T
G(R,Q)=Tr (R (R ) Q) ="Tr (w’%C’ngcikw*%Q>

2
« 1 1 = - —io; =
—Tr (Dgclw :Qu 201) — Tr (DgQ) - ; r;jz@jj.
Suy ra
—0i0L
G(R.Q)" = ’ Qi Q. (2.45)
j;zl (1+02) (1+07)

Vi Q 1a phan déi xting nén Q: 13 phan Hermite va vi thé Q:jkékj = s k=1,...,n.

Do d6 tit Menh d 1.1.11, (2.18) va (2.19), ta c6

1 (peyT\ @
2Tr (R 2(R ) ) QY| =2Tr l<w§C1D3waé>(2)Q(2)}

=2Tr [Dé 'Q 22 D( ) kak Qjk ik

J<k
—0;0 oz 12
B —0 0 —0j0 2 2
Z (1+07) (1+0o )Q“Q’“”Z Fo2) (11 07) 19
B —0 0 —0j0k =z 2
Z (1+03)(1+0 )QJ]Qkk+ Z +02) (1+07) ij’

Béng cach két hop (2.45) va (2.46), ta nhan duge

n

-1 _I\T (2) .
2Tr (R 2(R ) ) 0@ | = [G(R, Q)2 + Z <1+U)J1k+ak ’ij(, (2.47)

Jik
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= x z 2
Tit Menh dé 1.1.11, (2.18), (2.19) va chit § QjxQkj = — ‘ij C i k=1,...,n, taco

-1 ,1T (2)
2Tr (R +2(R ) ) Q® :2Tr[<w—§olDQC;‘w—é>(2)Q(2>]

x z z z 2
—2Trl 1—22 v o?) (1o )<ijQkk+‘ij’)

1 ~ 2
_Z (e )Qijkk+Z (1107 (140D ‘ij‘ (2.48)

| 1 i
-y (1+07) (1+ )QJJQ’“+Z (1+07) (1 +05) &

Jk=1

= 2
B n ij n 1 <
B (;14—0]2) 2 (1+02) (1+0d) Qi

Jk=1

B . R—l R—l T
D& thy, Tr( +2( ) Q> — 0. Do d6 tit (2.18) va (2.19), ta c6

Tr(w—%chQC;‘w—%Q):Tr<D253) Zl%g _

Két hogp hé thitc nay véi (2.48) cho ta

—1 1\T\ @ n -
2Ty (R + R )> Q| =% ] e

2 = (1+02)(1+0})

Hé thiic (2.43) dugdc suy ra tir (2.44), (2.47) va (2.49). Menh dé dugc chiing minh. O

Hé qua 2.2.17 Gid si R = w+0 € Ds,,. Khi d6 vdi moi ma tran phdan doi zing Q € R™™,
ta co

F(R.Q) < Q" (2.50)

Ching minh. Dé thay,

1—0’j0‘k < 1+’0j”0k‘

<1, G k=1,...,
(1+0]2.)(1—|—013)_(1+J]2.)(1+0,%,)_ J "

Do d6 tur (2.33) va (2.43), ta suy ra

Hé qua dugce chiing minh. O
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Meénh dé 2.2.18 Gid st R=w+ 3 € D5, Khi d6 vdi moi ma tran doi zing P € R™ "
va ma tran phdn doi zing Q € R™™, ta c6
2nd

<
LR PQ)I<

1P||Q]. (2.51)
Chitng minh. Tu (2.16) va (2.31), ta ¢

(B~ (@ B+ (B
2 2

L(R,P,Q)=—2Tr

= 2T [(w (=) (B—0?) W 3) P(wF (B-0%) " w ) Q]

—2Tx |0 (B—0%) " (wiPw ) (B - 0?) " (wiQud)]

—2Tx |0 (BE—0%) " P(E-0%) 7" Q).
Suy ra

L(R, P,Q) <20 (B - o) '|[(B=0%)7[|P||Q). (2.52)
Tir Menh dé 2.2.3, (2.9) va (2.11), ta c6
o 1 " o? v nd
o (B~o?) | = | (B - D) 7| = j_1(1+—ja§-)2 31{52,
1/2
(E—o0?)7!| = (E—Df)_l‘: zn:; < /n.

2
=1 (1+07)
Két hgp céc danh gid trén véi (2.52), ta thu duge (2.51). Ménh dé dugce chiing minh. [

Dé két thic muc nay, luan an sé danh gia can trén cho vi phan cap hai ctia ham F (R).
Dinh 1y sau day 13 mé rong ctia Ménh deé 2.1.1 va dude dung trong Muc 3.2.3 trong viéc

danh gia dao ham cap hai ctia nghiém d-elliptic trong mién.

Dinh 1y 2.2.19 Gid st R = w+ 3 € Ds,. Khi dé véi moi ma tran M = P+ @Q, trong doé
P e R™ "™ [a doi ziing va Q € R™ ™ la phdn doi zing, ta cé

1_52)2|15\2+ <1+n4n—i52)) Qf, (2.53)

F(R,M) < _(1_77)(1+7

vdi moi hing sé 1 € (0,1], trong dé P = w2 Pw2,0) = w rQu 3.
Chitng minh. Tu (2.25), (2.42), (2.50) va (2.51), ta c¢6

4nd |~ ~
0 1PlIa)

1—6% =2 ~ 12
.F(R,M)S——(Sz)g|P‘ +‘Q| +1

(1+
Stt dung Bat dang thitc Cauchy, ta c6 danh gia sau v6i moi hang sé duong n € (0, 1],
n 1-— 52 ~ 19 477,252 ~ 12
P2 lpp s A jap
(14 02) n(1—42)

T cac danh gia trén, ta thu duge (2.53). Dinh 1y duge chiing minh. O



36

2.2.3 Tinh d-16m ctia ham s kiéu Monge-Ampeére khong dbi xing
Dinh 1y dué6i day vé mot dang ctia tinh d-16m sé dude sit dung trong viéc chiing minh

Dinh 1y 3.4.1.

Dinh 1y 2.2.20 Vdi moi ma tran R© = w© 4 pO) = [RZ(»?)] va RV = w® 4+ pl) =

) o )
[jo)}nxn thuoc tap Ds,,, ta co

nxn

n )
F(RO)—F(RY) < OF (R )(Rm ~RY)

OR,: ij ij
irj=1 ; , (2.54)
1 An=o _
#3 (1 755 Gnw) 2 5O,

trong dé w® = (1 — 8)w® + sw® s € (0,1) la hing s6 nao do.
Chiing minh. V6i moi ¢ € [0, 1], ta dat
g(t) = F((1 = )R +¢tRW)= F(RW),

trong dé R(t) — (1 _ t)R(O) _|_ tR(l) — w(t) + ﬂ(t)’ w(t) — (1 _ t)w(o) + tw(l)’ B(t) — (1 _
£)8© +¢8M. Vi D;,, 1a tap 16i nén ta c6 RY € Dy,
Bing cach stt dung khai trién Taylor cho ham g¢(t) tai ¢ = 0, ta nhan dugc

F(RY) ~ F(RY) = (1) ~ 9(0) = ¢/(0) + 59" (s), (2.55)

v6i hang s6 s € (0,1) nao do6. Bang tinh toan, ta c6
"L OF(RY) 0

'(4) = —<R§.)_R(.)>,

g ( ) aRw ij ij

" 0*F(RY)

OR:;0R

Z?J:1

g'(t) = (R - BY) (R - BY) = F(RO, RO — RO),

ik, 0=1

trong d6 ham F dugc cho béi (2.24). Do do

", OF (R ) 0
4(0) = % (jo’ _ Rf.j)>. (2.56)
ij=1 4
Hon nita, bing cach 4p dung Dinh 1y 2.2.19 v6i R = R®) = w®) 4 36) M = RM — RO) =
(w® — W)+ (V) — O = P+ @ van =1, ta thu dugdc

oy () B pO) 207N N (4 _ R (5|
¢'(s) = F(RO, RO = RO) < (14 75 ) | (@) 72 (80 = 60) (o)

252
< (14425 ) Qa5 - 5O,
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trong dé bat ding thic cudi duge suy ra tit Ménh dé 2.2.13. Két hgp danh gid nay véi
(2.55) va (2.56), ta thu dugc (2.54). Dinh 1y dugc chitng minh. O

Sau day, luan an phét biéu dinh 1y vé tinh d-16m ctia ham s6 kiéu Monge-Ampéere khong
ddi xing F(R) trén tap 1oi khong bi chan Dj,, C R™*™. Dinh ly nay 1a mé rong cia Ménh
dé 2.1.2 va sé duge st dung trong viéc chiing minh B6 dé 3.3.5.

Dinh ly 2.2.21 Ham F(R) = log(det R) la d-lom trén tap hop Dy ,,, trong dé Ds,, C R™*"

. 4n?5?
la tap loi khong bi chdn cho bdi (2.6), d = 2nd? <1 + 1n—52
Diéu nay ¢é nghia la, vdi moi ma tran R = w© 450 = [RE?)]

) chi phu thudc vao d va n.

nxn
[jol')}nxn thuoc Ds,, ta co
" 9F (RO
F(RW) — F(RV) < a;ﬁ# (R§;> - R§?)> +d. (2.57)
ij

ij=1
Chatng minh. T gia thiét ctia dinh 1y va Meénh dé 1.1.4, ta c6
500 = 8O < |9 = 5O < 20 (]8O + [5)) < 4w
Mit khac, vi Ds,, 1a tap 16i nén ta dé dang suy ra
< 5)\min((1 — s)w(o) + sw(l)), Vs € 10, 1].

T cédc danh gia trén va (2.54), ta thu duge (2.57). Dinh 1y duge ching minh. O

KET LUAN CHUONG 2

Trong chuong nay, luan 4n da nghién citu vé tinh d-16m ctia ham s6 kiéu Monge-Ampere
F(R) = log(det R) trén lap 1oi khong bi chan Ds, C R™*" ctia tap hop cic ma tran xéc
dinh duong khong déi xing, trong d6 6 € [0,1) va p > 0. Cu thé, luan an da ching minh
dugce cac két qua sau:

- D& nhic lai mot s6 tinh chat da biét vé tinh 16m ctia ham s6 kiéu Monge-Ampere doi
xing.

- Da thiét 1ap mot sb tinh chat co ban clia cac ma tran thuoc Ds,,,.

- DA thiét 1ap danh gia doi v6i can trén cho vi phan cap hai ctia ham F(R) tai mdi phan
tit R € D, (Dinh Iy 2.2.19).

- Da thiét 1ap duge Dinh ly 2.2.20 va thiét lap tinh d-16m trén tap Ds,, ddi v6i ham sb
F(R) v6i d 1a hing s6 khong am chi phu thuoc vao n va § (Dinh ly 2.2.21). Cac dinh ly
nay la céc cong cu quan trong cho cic danh gia tien nghiem trong C%%(Q) déi v6i nghiem
S-elliptic ctia bai toan Dirichlet cho phuong trinh kiéu Monge-Ampeére khong déi xiing trong
chuong sau.



Chuong 3

Cac danh gia tién nghiém trong
C?%(Q)) dbi v4i nghiem d-elliptic cta
bai toan Dirichlet cho phuong trinh

kieu Monge-Ampere khong déi xing

Noi dung chuong nay nhim trinh bay cac buée danh gia tien nghiem trong C**(Q) déi
v6i nghiem d-elliptic ctia bai toan Dirichlet cho phuong trinh kiéu Monge-Ampere khong
déi xiing dang sau day

det [D*u — A(x,u, Du) — B(x,u, Du)| = f(z,u, Du) trong 2, (3.1)
u(z) = p(z) trén 09, (3.2)

trong d6 Q C R” la mién bi chan c6 bien 09 tron, A(z, z,p) = [Ai;(x, 2,p)], ..., B(z,2,p) =
[Bij(z, 2,p)], ., va f(z,z p) lan lugt la ma tran déi xing, ma tran phan doi xing va ham
vo huéng xac dinh trén I' := Q x R x R", ¢(z) la ham vo hudéng xac dinh trén Q. Cac
buée nay la tuong tu nhu cia nhém N.S. Trudinger trong viéc danh gia tién nghiém trong
C?2(Q) ddi v6i nghiém elliptic ctia bai toan Dirichlet cho phutong trinh kiéu Monge-Ampere
dé6i xiing.

Trong chuong nay, ta luon gia thiét A(z, z,p) € C*(I';R™™), B(x, 2,p) € BC?*(T'; R™*")
va f(z,z,p) € C*(T;R).

Khi B(z,z,p) = 0, ta c6 phuong trinh kicu Monge-Ampere déi xtng tuong ting vdi
(31),

det [D2u — A(z,u, Du)] = f(z,u, Du), trong Q. (3.3)

Cho hing s6 0 € [0,1), theo Dinh nghia 0.0.4, phuong trinh (3.1) 1a §-elliptic d6i v6i
ham u(x) € C%(Q) néu né la elliptic d6i véi u, titc 1a A, > 0 va u(B) < A,

38
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Noi dung ctia chuong nay duge viét dya trén hai bai bao [1], [2] trong Danh muc cac

cong trinh lien quan dén luan an.

3.1 Nguyén ly so sanh cho phuong trinh kiéu Monge-Ampeére
khéng déi xing
Trong muc nay, luan an thiét lap nguyén ly so sanh cho phuong trinh kiéu Monge-
Ampere khong do6i xing (3.1) khi n6 la d-elliptic ddi véi cadc ham duge so sanh. Dat

G[u(z) := log det [D*u — A(x,u, Du) — B(z,u, Du)] —log f(z,u,Du), =€ Q. (3.4)

Dinh Iy sau day 14 md rong ctia Dinh 1y 0.0.1 trong phan Md dau sang truong hgp phuong
trinh kiéu Monge-Ampere khong déi xing.

Dinh 1y 3.1.1 Cho cic ham u(x),v(x) € C*(Q) théa man Gu](x) < G[v](x) trong Q va

u(x) > v(z) trén Q. Gid si cic dieu kien sau day duge théa man:
(1) Ay >0, Ay > 0;
(i) p(B) < dmin{Ay, Ay };

(i)  inf Apin(D,A(x, z,p)) > (—aq) min{ A, A\, };
(z,z,p)€l

(iv) w(D.B) < Brmin{Ay, Av};

(v) f(z,z,p) >0, trong T;

(Vl) fl = inf <D;f>(x7zap> Z n <Oél + ﬁﬁl) )

(z,z,p)eT

trong dé & € [0,1), a1 va By la cdc hing s6 khong am, u(B) va p(D,B) la cic dai ligng
duoc xdc dinh bdi (0.22).

) 9,
Khi dé ta cé u(z) > v(x) trong Q. Hon nia, néu u(x) = v(x) trén 052 thi ta cé a—u > B
v v

trén O), trong dé v la véc to phdp tuyén trong don vi clia bién 5.
Chatng minh. V6i moi € Q va t € [0,1], ta dat
w(z) = v(x) —u(@), v (@) =1 —tu(z) + to(z),
va
wO(z) = D*u(x) — Az, u(x), Du(z)), wV(z) = D*v(z) — Az, v(z), Dv(x)),

RO(z) = w(2) — B(z,u(x), Du(x)), RY(z) = wV(z) — B(z,v(z), Dv(x)),
w®(z) = (1 = t)w (@) + twP(z), RO(z)=(1—-1t)RY(z) +tRY(z).
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Dat
g(t, ) := logdet ((1 — RO (x) + tR(l)(x)) = log det (R(t) (2)).

T dinh 1y gia tri trung binh va (2.22), ta ¢6

log det (R( )z )) — log det( (x)) g(1,z) —g(0,x)

= gi(s.7) Z (BO(@)); (R} () = R ().
trong d6 s € (0,1) 1a hing s6 phu thudc vao z.
Dat
Wt x) =Y (RO @) [Dyul (2) — A (w,u® (), Dul) (2))
ij=1 (3.6)

— Bj; (x,u(t)(x),Du(t)(x))] log f(x ul ( ), Du(t)( ))
T dinh 1y gia tri trung binh, (3.4), (3.5) va (3.6), ta ¢

Glv)(z) - Glul(z) = h(l,2) = h(0,x) = hi(, )

n

=3 (BO@) [(Dijz}(x) _ Diyu(a))

1,5=1

=Y (DpAij + Dy, Byj) (.0 (), Dul () (Dyo(x) — Dyu(x))
k=1

— (D, Aij + D.By) (2,4 (), Dul™ (2)) (v(x) — u(z))

ZDpkf (z,u!7(2), Dul"(2)) (Dyv(x) — Dyu())

D.f (2, ul”(x), Dul” (2)) (v(x) — u(x)),

1

( ,ul™(x), Du(™ (x
1
)

f(z,u(z), Dul)(x))

trong d6 7 € (0, 1) 1a hding s6 phu thudc vao x va s.
T hé thic trén va gid thiét Glu] < G[v] trong €, ta nhan dugc

Gv)(x)—Glu)(z) = Z ) Dijw(x +Z b () Dyw(x) +c(x)w(z) >0, trong Q, (3.7)
trong do
- R®) R®)
a”(m)—( (@ ))” 2( (@ ))jz,i,jzl,...,n,
() = — Z (R()) ) [(Dp,Aij + Dy, Bij) (w,u™ (2), Du(2))] (3.8)

- ! (1) (1) .
f(z,u™ (z), Du)(z)) Dy, f(z, w7 (z), Dul7(z)), k=1,...,n,
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n

c(x) =~ (RY (x))j_il (D2 Aij + D.Bij) (z,u!” (), Du'" (x))]

ij=1
1

B f(x, u(™(x), Du(T)(x))

Bay gig, ta xét toan tit vi phan dao ham riéng tuyén tinh cap hai L cho bdéi

D.f(z, u(z), Du'™) (2)).

L= Z Dm+2bk ) Dy, + (), (3.9)

1,j=1

trong dé cac ham hé s6 a¥/, b* ¢ duge cho béi (3.8). Ta c¢6 cac khang dinh sau day.

Khang dinh 1. Toan tit L 1a elliptic déu, cu thé la ton tai cac hing s6 duong A, A sao cho

Aé? < Z 2)&6 < AE)?, Vo e Q€ € R™ (3.10)

3,j=1

That vay, ti (i) ta suy ra ton tai hang s6 duong Ag sao cho

ME <w(nu) <AE, M\NE <w(z,v) <AE, VYzeQ,

va do do
ME <w®(z) < AE, Vze, (3.11)
trong d6 A\g = min{\,, A\, }. Tt day suy ra
1 _ 1 —
—E< (W) < —E, Vee (3.12)
Ao Ao

Mat khéc, tit (i) va (i), ta c6 RO (z), RV (z) € Ds () va vi thé R (z) € Ds ,(p). Do
do ta c6 thé ap dung He qua 2.2.7, ta ¢

— o (@@) ") (e < (@) 'e€), Yeen (3.13)
RO@) "+ ((RO(2))" 4
trong d6 H(z) := ( ) 2(( ) ) .
T (3.12) va (3.13), ta suy ra (3.10) véi A = m va A = /\10

Khang dinh 2. Cac ham hé s6 b*(2),k = 1,...,n v c(z) 1a bi chin trong Q.
That vay, tit Ménh de 2.2.2 va (3.11), ta c¢6

det R (z) > detw®(z) > A\t >0, VzeQ. (3.14)

Dé thay tap {(z,u"(z), Du(z), D*u(z)) | = € Q,t € [0,1]} 1a bi chan trong Q x R x
R™ x R™". Do d6, tit diéu kién (v), (3.14) va cac gia thiét vé do tron A, B va f, ta dé dang

suy ra duge tinh bi chin ctia cac ham hé s6 b*(z), c(z).
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Khang dinh 3. Hé s6 c(z) < 0, véi Vo € Q.
That vay, Khang dinh 3 dugc suy ra tit (3.8), diéu kien (vi) va cac danh gid sau day

- Z (R(s)(x))j_ilDzAij (z, u™ (x), Dul™ (z)) < nay, Ve, (3.15)
ij=1
n _ 6 o
- Z (R(S) (:L’))jilDzBij (x,u(T) (x), Du(T)(x)) < nmﬂl, Vo € (. (3.16)

ij=1
Do d6 ta chi can chiing minh (3.15) va (3.16). That vay, vi D, A 1a ddi xing va H(z) la
xac dinh duong nén ta cé thé ap dung Ménh dé 1.1.9 va nhan dudgc
> (RY(x) j_l.lDzAij = Tr[(D,A)(H(2))] > Amin(D,A) TrH (). (3.17)
ij=1
Gia st z € Q 1a diém tuy ¥ cho trude. Khi d6, néu Amin (DzA(x,u(T) (z), Du(™ (z))) >0
tai diém nay thi tir (3.17) ta suy ra vé trai clia (3.15) 14 khong duong va do d6 ta thu duge
(3.15). Gia sit ngudc lai, Amin (D, A(z, u)(z), Dul?(z))) < 0, khi d6 (3.15) dugc suy ra tit
(3.17) va céc danh gia sau day

TrH (z) < Tr[(w(s)(ﬂf))_l} < Aenin (@) (2)) = min{ Ay, Ay}’

(—a) Amin (@ (7)) < (—a1) min{ Ay, Ao} < Amin (D2 A (2, ul™ (2), Du(2))),
¢ day, cac danh gid nay duge suy ra tu He qua 2.2.7, dicu kien (iii) va (3.11). Nhu vay,
(3.15) dugc chitng minh.

(RO@) " = (RO@) )

2

Tiép theo, ta sé ching minh (3.16). Dat K(z) =
Menh dé 2.2.3 va He qua 2.2.6, ta c6

I < 0 1 < o 1
T 1402 M\ (w(s) (,1;)) — 1462 min{/\u, >\v}7

T

1K (x) Vo € Q.

Do do, tit didu kién (iv) va bat déng thic sau
Tr(MN) < [M||N| < n||M[|IN], ¥M,N € R™",

ta thu ducc

= 3 (RO@);, D2 Byl u™ (). D (@) = Te[(K () (= DBl u™ (), Dl ()]
ij=1
<n 0 fu(DZB) <n
1+ 02 min{ A\, Ay} 14 62
Tit d6 ta nhan dugc (3.16) va vi thé Khang dinh 3 dugce chitng minh.
Gid st Glu] < G[v] trong Q2 va u > v trén 0Q2. Khi d6 tu (3.7) va (3.9), ta ¢c6 Lw >
0 trong © va w < 0 trén 9. Nho cac Khdang dinh 1, 2, 3 & trén, ta c6 thé 4p dung nguyén

B, Vx e Q.

Iy so sanh (Dinh Iy 1.3.3) va nhan duge w < 0 hay u > v trong €. Phan con lai ciia két
luan ctia dinh 1y 14 dé thay. Dinh 1y dudce ching minh. ]
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3.2 Danh gia trén toan mién cic dao ham cap hai cua
nghiém é-elliptic ctia phuong trinh kiéu Monge-Ampére
khéng déi xing qua do 16n ctia ching & trén bién

Trong muc nay, luan an sé chiing minh mot két qua tuong tir nhu déi véi phuong trinh
ki¢u Monge-Ampere dbi xting ([18, 20, 26, 27, 45]) ring do l6n ciia cac dao ham cap hai

ctia nghiém d-elliptic cia phuong trinh kiéu Monge-Ampére khong déi xiing (3.1) trong Q

duge danh gia qua do 16n cia ching & trén bién 0f).

3.2.1 Phat biéu dinh 1y chinh

Dinh 1y 3.2.1 Gia st u(x) € C4(Q) la mot nghiem elliptic cia phuong trinh (3.1) va cdc

dieu kién sau dugc théa man

(i) sup |u(x)| < My, sup |Du(z)| < Mq;
€ e

(ii) A(z, z,p) la chinh quy chat trong T', nghia la ton tai hing so ag > 0 sao cho
A, 2, p)&lmine > aol€?[nl, (3.18)
vdi moi (z,z,p) € ' va &,n e R™, & Ln, trong dé Ajjre = Dp,p, Aij;
(iil) |Bij(w, 2, p)&&;| < dAal€]%;
(iv) |D.Bij(x, z,p)&&;| < Bidulél?;
(V) |DaBij (2, 2, 0)&& k|, | Dy Bij (@, 2, 0)&&mie| < Baral€Pml;

(Vi) | Dayay Bij (%, 2, 0)&&mkne |, | Dape Bij (., 2, 0) & meme| < Bsl€[*|n]?,
‘Da:szzj(x7Z7p)£Z€]nk szkBij(xa Z7p)§l£]/’7k’ < 63’6’2‘77‘7
‘Dzsz'j(xa Zap)figj‘ < B3|£|2;

(vid) | Dpp, Bij(x, 2, p)&Emume| < bol€)?ml;

Y

(viii) f(z,z,p) >0, trong T,

trong dé My, My, B, B3 la cdc hing so duong va 6, 51, bg la cdac hang s6 khong am, 0 < 6 <
1,0 < by < ag, cdc dieu kién (iii)-(vii) théa man véi moi (v,z,p) € T va & € C*, n € R™,
Khi do ta co cac danh gia sau

SUP Amax (w(z, 1)) < C’(l + sup )\max(w(x,u))), (3.19)
e €N

sup | D?u(z)| < C(l + sup ‘D2u(az) ), (3.20)
ASY) €00

trong dé C' la hang so duong chi phu thuoc vao My, My, n, ag, 8, Bi, B2, B, by, A, f va Q.
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Nhan xét 3.2.2 (1) Ta dé& dang kiém tra dugc rang, dang ctia phuong trinh (3.1) va
cac gid thiét ctia Dinh ly 3.2.1 1a bat bién dudi phép quay céc toa do véi cidc hang s
Mo, My, ag, 8, B, Ba, B va by 1 khong déi.

(2) Tu cac gia thiét (iii)-(vii), ta nhan dugc cdc danh gid sau v6i moi (z,z,p) € T va
k.t=1,...,n,

I1B(z, 2, p)|| < 6Au; (3.21)

1D B(z, z,p)|| < Br)u; (3.22)

|1 Da, B(, 2, p)l|, | Dy B(x, 2, p) || < Baus (3.23)

| Do B(@, 2, P) || | Daype B(, 2, P) ||, | Dary B, 2, )| < B, (3.24)
|D2p, B(2, 2, p), [ D22 B2, 2, p)|| < Bs;

| Dpyp B(, 2, p)|| < bo, || Dp,p, B, 2, p) || < 2bo (k # £). (3.25)

(3) Tt (3.21) ta ¢6 u(B) < dA,. Do d6 u(x) la nghiem J-elliptic ctia phuong trinh (3.1)
va R(x,u) € Ds,p), trong d6 D gy duge cho béi (2.6) véi p = p(B). Khi d6, tit Ménh
deé 2.2.2 va Menh dé 2.2.4, ta c6 danh gia sau

0 < detw(z,u) < det R(z,u) < (1+ (52)[%] detw(z,u), Ve (3.26)

3.2.2 BO dé bo trg vé vét ciia tich hai ma tran

No6i dung ctia muc nhé nay gidi thieu mot s6 danh gia déi véi vét clia tich hai ma tran
ma mot trong hai ma tran d6 1a ma tran nghich ddo R~! clia ma tran R € Ds,;,, trong do

Ds,, 1a tap hop dugce cho béi (2.6). Cu thé, ta c6 bo dé sau day.

Bb dé 3.2.3 Gid st R=w+f € Ds,,,. Khi do ta c6 cac danh gid sau:

(a) [Tr(R7'P)| < |P| xR~ < ||P|| Trw™", VP e R™™ PT = P; (3.27)
(b) [Tr(R7'Q)| < 8QI TrR™ < 46Q Trw™, VQ € R™™, Q" = —Q; (3.28)
(¢) |Tr(R'M)| < (1+0)|M|| TrR™ < (146)| M| Trw™", VM e R™". (3.29)

Chitng minh (a) Vi PT = P va R™! > 0 nén ta c6

-1 _N\T
Amin(P) TR < Tr(R7'P) = Tr (PR +2(R ) ) < Amax(P) TrR™1,

Do do6
ITr (R P) | < max{|Amin(P)|, [Amax(P)|} TrR™" = || P|| TTR™.

T danh gia nay va (2.21), ta thu duge (3.27).

-1 _I\T
(b) Vi QT = —Q nen Tr(R~1Q) = Tr<R 2(R ) Q). Do d6, tit (2.18) ta c6

Tr(R7'Q) = Tr(DsCr'w™2Qw™2C1)= Y (Ds);;(Cr'w™7Quw™2CY)

J=1

Ji’
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trong d6 C4 13 ma tran unita va tit Ménh dé 2.2.3 va (2.19), D3 = [(Dg)ij]n ,, la ma tran

X

dudng chéo phic thoa mén |(Ds),;| < 22,5 =1,...,n. Do do
_ 5 < 1 1. 1
Te(R'Q)| < mz;‘(cl "W Qu ;Cl)jj" (3.30)
j:

Vi wl = w va w > 0, nén ta c6 thé bieu dién w = CDC™!, trong d6 C' € R™ " la ma
tran truc giao, D = diag(\y,..., \,), trong d6 A; > 0,7 = 1,...,n la cac gia tri riéng
cha w. Dat Cy = C7'C = [(Co),],,,,» Q@ = C7'QC = [Qy], ., khi d6 Cp 1a unita va
Crlw 2Quw™2Cy = C,D2QD~2C5 L. Do d6

Z‘ (C’;lw*%Qw*%Cl)jj ’: Z
Jj=1 j=1
=2

J=1

n

D (Co) A2 Qe 2 (G5 ),
k=1

Zn: Qe <(C2)jk/\/:%) <(02)j€>\g_%>

kf=1
= [Q| Z (Z ‘(02)jk|2> M =Q) Trw™t.
k=1 \j—1

Tt hé thitc nay va (3.30), ta suy ra ‘Tr (R'Q) { < 1362 Q|| Trw™t. Két hgp danh gia nay
véi (2.21) cho ta (3.28).

. M+ MT  M-—MT
(c) Bang cach phan tich M = +2 + 5 =P+ Q, tu (3.27) va (3.28), ta

d& dang thu dugc (3.29). Bé dé duge chiing minh. O

3.2.3 Chitmng minh cta Dinh ly 3.2.1

Trudc tién, trong 16p nghiém elliptic, ta biéu dién phuong trinh (3.1) dusi dang tuong
duong

~

F(R(xz,u)) :=log(det R(xz,u)) = f(x,u, Du), trong €2, (3.31)
trong d6 f = log f. Tt Menh dé 2.2.8, ta c¢6 véi i, j,k, (= 1,....n,

pii = OFB@W) _ pis - pigne _ PF(R(,w)

— i ik 2
s Shon = B (3.32)

Ta dua vao cic todn tit tuyén tinh héa cia toan tit F' va phuong trinh (3.31),

L = FY[Dy; — D,, Aij(x,u, Du)Dy, — Dy, Bij(z,u, Du)Dy],

R (3.33)
L =1L — D, f(xz,u, Du)Dy.

Dé thay R(x,u) € Ds g, do do tit (3.32) va B6 dé 3.2.3 ta c6 thé danh gia cac tong
6 dang Y30 F9My; = Y0, RV'"My; = Tr(R™'M) qua Y7, R" = Y77 F", hoac
S w', trong d6 M = [M,;]

danh gia vé sau clia luan an.

wn € R™™. Dieu nay dong mot vai tro quan trong trong céc
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Chitng minh ciia Dinh lij 3.2.1 Xét v(z, €) 1a ham bo trg duge cho béi

v(z,§) = wee(z),

trong do wee () = wij(z, u)&&; = (Diju(x) — Aij(x, u(z), Du(x)))&E;, v € Q, £ € S, S™ la
tap hop tat cac cac véc to don vi trong R". Gia st ham v(z, ) dat gia tri cuc dai clia nod
tai (22,£9) € Q x S™. Khi d6 ta c6

v(2,€%) = max Apax (w(z, u)). (3.34)

€

Ta xét cac truong hgp sau.

Truong hop 1: 2° € Q. Khong mat tinh téng quét, ta c¢6 thé chon duge mot hé truc giao

0 0

e1,. .., e, tai 2¥ sao cho e1(z%) = €9, [wy] c6 dang duong chéo tai z° va wyg > -+ >

nxXn
Wpp > 0. Khi d6 w™! = [wij]nxn ciing ¢6 dang dudng chéo tai 2° va W't < ... <"

Dat v(z) = v(z, e1) = wir(x). Khi d6 ham v(z) ciing dat gia tri cyc dai ctia n6 tai 2°.

Do d6 Dv ($0) =0,D% (:CO) <0 va
Lo (2°) = Lo(2°) < 0. (3.35)

Tiép theo, ta s& danh gia Lwy1(2°). Béng céch lay dao ham hai vé ctia phuong trinh (3.31)
theo véc to £ € R", ta thu dugc
FY[Dijug — DeAij—(D. Ayj)ug — (Dy, Aij) Drug — DeByj — (D2 Bij)ue

R . " (3.36)
— (Dy, Bij)Dyue| = Def + (D.f)ue + (Dy, f) Drue,

va lay dao ham theo £ mot lan nita cho ta

FY[Dyjuge — DeeAij — (D22 Aij) (ug)® = (Dpyp, Ai) Diug Dpug — (D2 A uge

— (Dp,Aij) Diuge — 2(DezAij)ue — 2(Dep, Aij) Ditie — 2(Dzp, Aij) (Drug Jue

— DgeBij — (D2 Bij)(ug)* — (Dpyp, Bij) Diug Dyug — (D Bij)uge — (D, Bij) Dyuge (3.37)
— 2(De. Byj)ug — 2(Dep, Bij) Dyt — 2(D-p, Bij) (Dyug)ug| +F 7 De Rij De Ry

= Deef + (Dz2f) (ug)? + (Dpp, f) Diug Dy + (D= f)uge + (Dp, f) Dyuge

+2(De. f)ug + 2(Dep, f) Ditig +2(Dap, ) (Dyug)ue.

Ta co
Ewn = £(u11 — AH) = ﬁuu — LAH. (338)

Bing cach lay & = e; trong (3.37), khi d6 tit Bo dé 3.2.3, (3.24) va chil ¥ ure = wie + Ape,
trong d6 wre = 0 néu k # ¢, ta c6
Luyy > F9 Ay peurgure + FY Bij powagure + F7 D, Bijuiy
— F9" Dy Ry D1 Ry — C[w™(1 + wi1) + i ]
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trong d6 C' phu thuoc vao My, My, n,d, B3, A, f va Q. Néu khong néi gi thém, ta ky hieu C
13 hang s6 duong phu thuodc vao cic dai lugng dé trong chitng minh nay.

Bing cach 4p dung Dinh 1y 2.2.19 vé danh giad bi chin trén doéi véi vi phan cap hai cia
ham F(R) = log(det R) v6i cac ma tran R = R(z",u) € Ds, 5y, M = DiR(2°,u) =
Diw(z%,u) — D1B(2%, u(z?), Du(2®)) van =1, ta c6

2

4n2H2
1 — 42

4n282\ (||D1B|\° C )
n(1+1_52)( A ) =~y +wn)

trong dé bat dang thitc thit hai dugce suy ra tit Ménh dé 2.2.13, bat ding thic cudi duge
suy ra tu (3.22), (3.23) va he thic D1B = Dy, B+ D,Buy + Y, D,, Buig, héng s6 C phu
thudc thém vao 1 va Bs.

Tit Bo dé 3.2.3 va (3.22), ta ¢6

—~F9" D\ Ri;D Ry > — (1 + ) ’w*%Dle*%

1D BH|

u

F¥D.Bijuyy > —(6]|D.Bl|lw*) [uy| > —n6 1| > —C(1 + wpy).

Tit B6 dé 3.2.3 va (3.25), ta c6
FY Ay pouagure + FY9 By peurgure > F9(Agjq1 + Bijan)wl — C(1 4 wip)w™,

trong d6 C' phu thudc thém vao by.
Tt cac danh gia trén ta suy ra
C
o

[,ull Z Fij(Aile + Bij’ll)wi — [wii(l + (JJ11) + wfl}. (339)

Tit (3.32) va AT = A, ta c6 biéu dién
» n . . 1 & » y
F9Aijn =Y (RY"+R") Ay — RMAna + 3 > (R 4+ R) Ajja.
i=1 i,j=2
Ky hiéu
/ y g
<R_1 + (R_l)T> = [RZ] + Rﬂ} 9<i j<n’ DplplA/ = [Aij,11]2§i,j§n-
/
Ta c6 R~ + (R’I)T > 0 va do doé (R’l + (R’l)T) > 0. Mit khac, bang cach chon cac

véc to truc giao v6i nhau n =e; = (1,0,...,0) va £ = (0,&,...,&,) € R™, tit (3.18) ta dé
dang suy ra Amin(Dp,p, A'(z, 2,p)) > ag, v6i moi (z, z,p) € I'. T do ta c6

Zn: (Rij + Rji)Aile =Tr l(DplplA/) <R—1 I (R_l):r>/]

1,j=2

> Ain (Dpupn A') Tr (R + (R ) > 240y R

i>1
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Hon nita, vi R~ + (R_I)T > 0 nén moi dinh thitc con chinh cap 2 x 2 ctia n6 la duong.
Do dé, bang cach ap dung bat dang thiic Cauchy, ta cé

S _ o1
|RY + R <2VRVURI <20R"+ —R", i=1,...,n,

20
v6i moi hang s6 6 > 0.
Két hop cac heé thiic trén cho ta
ij a1 oon 11 i
F jAZ'le > — ;(2¢9R + Q_HR )|A11"11| - R |A11,11| + ag ; R"™. (340)
Tt Bo deé 3.2.3 va (3.32), ta c6
FYBiji1 > —6|| Dy, BJ| R (3.41)

T (3.25), (3.41) va 0 < by < ag, ta c6 F9B;;11 > —dagR"™. Két hop déanh gia nay véi
(3.40) cho ta
F9(Aijn + Bijn) > Y [(1— 8)ag — 20| Ay 11[] R”
i>1

1
_ l(l + 29)|A11,11| + % |A12'711| + (5&0} Rll.

T (3.18), ta ¢6 max m&x]Aij,kg(x,z,p)\ > 0, trong do V = {(x, z,p) € I' : |2] < My, |p| <

i.jk.b
3 1—-96
M, }. Bang céch chon 0 = ( )ao
4 max max | Aijke(, 2,p)|
27.77 bl

, ta thu dugce

Fii(Ajn + Byn) > = 2%ON pii Y p
( 7,11 + ],11) fl 92 ; 1—=9§
>— wZ’L__w >— wZZ__w ,
2 2 1—-0 —4(1+52)Zi: 1—-0
trong d6 C' phu thudc them vao ag, bat dang thiic thit hai duge suy ra tit (2.21) va bat
déang thic cudi dude suy ra tit dénh gia Y-, w® > 23" w¥, didu nay ding nhd he thic
wit <. <w™. Do dé6 tit (3.39), ta thu duge danh gia cho Luyy,

Lugg > (1 —d)ao W2t —

[ 2
4(1+62) M 1—5 W™ (1 +wn) + wiy]. (3.42)

Bay gio sé ta déanh gid £LA;;. Tit B6 dé 3.2.3 va (3.23), ta ¢6

LAy = FY [Da,z, A1 + Day2Avivy + Dy At + Do A + D2 Avuiug
+ Dy Arruiugy + Do A1 + Dy jp, A1t + Dop, Aniujuig + Arn pettinte
+ Dy Avyuis, — Dy, Aij (D Avt + Do Apyug + Dy, Avytge)
— Dy, Bj (D:rkAll + D, Ajug + ngAlluké)} —Dpkf(kaAn + D, Anuy + Dp, A1)
< FY9 [Avy geuigtje + Dy Arruggy] + C [w™ (14 wyy) + wiil -



49

Tit phuong trinh (3.36) v6i & = ey, trong do e 1a véc to don vi thit k, Bo dé 3.2.3, (3.22)
va (3.23), ta co

Dy AtiF7uj, = Dy, Ayy [FY7 (Dy, Aij + D. Aijuy, + Dy, Aijuge + Doy Bij + D. Bijux
+ Dy, Bijure) + Dy f + D, fug + Dy, fuge] < C [0 (1 + wyj) + wii] -
Tu Bé dé 3.2.3, (3.21) va (3.32), ta co
F Aqy ppwiguje = R (Rig + Aix + Bir)(Rej + Agj + Bej) A1 ke
= RyjAv1je + (Agj + Bij)Arje + (Aik + Big) A1 ki
+ R (A + Bi)(Agj + Bej)Ar1 ke < O (1 4wy + w™).
Tt cac danh gia trén va cha vy w; < wq1,7 =1,...,n, ta nhan dugc
LA <C [wii(l + wi1) + wll] < C[wii(l +wi1) + w%l]. (3.43)
Bing cich két hop (3.38), (3.42) va (3.43), ta thu duge danh gia cho Lwi; tai 20,
(1—0)ao o 4

ﬁwn > mwnw — ]_T(S [w”(l + W11) + CLJ%J . (344)
Ta xét hai kha nang sau:
. (1=8ay T 1 B [ A .
e Ncu mw < m, tuc 1a w* < m Khi do tu (326), ta dé dang suy
C . .
ra wi v6i mot hang so C' khac.

= A=y
(1 - 5)(10 i

(1 —d)ag , ¢ c i
> |0 2 2 — —— | Wt
Lo = [8(1+(52)w11 1—s "1 -5|"
Két hop danh gia nay véi (3.35) cho ta
(1—6)ap 4, C co.
0> |- 940 20 ¥ | i
= [8(1+(52)w11 11— 15"

Ti hée thiic trén ta nhan duge danh gid wy; < ﬁ, v6i mot hang s6 C khac.
Nhu vay, tir (3.44) ta da ching minh duge wi1(2°) < O, trong d6 C' 1a hing s6 duong
chi phu thU_C)C vao M(), Ml, n,ap, 5, ﬁl, 52, ﬁg, bo, A, f va €. Do do tu (334), ta co
SUP Amax (w(z,u)) < C. (3.45)

e

Truong hop 2: 2° € 992 Tt (3.34), ta c6

SUP Amax (w(z, 1)) < sup Amax(w(z,u)). (3.46)
x€eQ €002

Tt (3.45) va (3.46), ta nhan duge danh gia (3.19). Tu (3.19), hé thic w(z,u) = D?*u —
A(z,u, Du) va cac Ménh dé 1.1.3, 1.1.4, ta dé dang suy ra danh gia (3.20). Dinh 1y dugc
chiing minh. ]
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3.3 DPanh gia trén bién cic dao ham cap hai cia nghiém
s-elliptic ctia bai toan Dirichlet cho phuong trinh kiéu
Monge-Ampeére khong déi xing

Nhu da chi ra trong Dinh 1y 3.2.1, dé thiét lap danh gia tien nghiem doi véi cac dao ham

cap hai ctia nghiém d-elliptic clia phuong trinh kiéu Monge-Ampeére khong d6i xing (3.1)

trong €2, ta dua vé viec thiét lap danh gia tuong tng trén bien 9. Trong muc nay, luan 4n

sé thiét lap danh gia |D?u| < C trén bién 09 cho nghiém d-elliptic ctia bai toan Dirichlet

(3.1)-(3.2) dua theo so do va phuong phap duge dé xuat bdi nhém ctia N.S. Trudinger

([18, 20, 38]) cho trusng hgp phuong trinh kiéu Monge-Ampere doi xting.

3.3.1 Phat biéu dinh 1y chinh

Dinh 1y 3.3.1 Gid st u(x) € C*(Q) la nghiem elliptic ciia bai toan Dirichlet (3.1)-(3.2),
trong dé o(z) € C4(Q) va 0Q € C*. Gid sit ton tai mot nghiém dudi elliptic u(x) € C%(Q)
cia phuong trinh (3.3) tuong ing véi (3.1), trong dé B(x,z,p) = 0 va u(z) = ¢(x) trén

O, va gid su cac dieu kién sau dugc théa man:
(i) max{suplul, suplul } < My, max{sup| Dul, sup| Dul }< M;;
Q Q Q Q
(i) D, A(x, z,p) = [D.Aij(x, z,p)] > 0, trong T’;
(iii) A(x, z,p) la chinh quy chat trong T' théa man (3.18) vdi ag > 0;
(iv) | By, 26| < Smin{hu, A el
v) |D.Bij(z, z,p)&E,| < frmin{Ay, A} ¢
(Vi) |Da, Bij(2, 2, )& k|, | Dy Bij(, 2, p)€i k| < B min{Au, Au}HE[?|0];

(vii) |DpkpeBU(x,Z,p)fz‘gﬂkw‘ < bol& P nl?;

(viii) f(z,z,p) >0, trong T
D.f no
. f
(ix) (I,g;)ep< 7 )(rc 4p) 2 b
trong dé Moy, My, B2 la cdc hang so6 duong va 8, 31, bg la cdc hing so khong am, 0 < § <
1,0 < by < ag, cdc dieu kién (iv)-(vil) théa man vdi moi (x,z,p) €T va & € C*, n € R™.

Khi do ta co cac danh gia trén bién

sup |D*u(z)| < C, (3.47)
€0
SUP Amax(w(z,u)) < C| (3.48)
€00

trong dé C' la hang s6 duong chi phu thudc vao My, My, n, ag, 9, B1, B2, bo, A, f,u, @ va Q.
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Nhan xét 3.3.2 Vi u(z) 1a mot nghiém dudi elliptic ctia phuong trinh (3.3) nén tit Ménh
dé 2.2.2 ta suy ra u(z) ciing la mot nghiem dudi elliptic ctia phuong trinh (3.1). Do d6 tit
dicu kién (iv), ta suy ra u va u lan lugt 1a nghiem va nghiem dudi d-elliptic clia phuong
trinh (3.1). T diéu nay va cac gia thiét (i), (v), (viii) va (ix), ta nhan thay tat ca cac gia
thiét ctia nguyeén 1y so sanh (Dinh 1y 3.1.1) duge théa man véi hai ham duge so sanh u va
u. Tu do ta co

ou _ OJu . ‘
u > u trong 2, £ > 8__ trén 0) (v la véc to phap tuyén trong don vi cia 0€),
v v

trong do bat dang thic thi hai dude suy ra tit bat ding thic thi nhat va u = u trén 09.

3.3.2 Lam phiang bién

Dé thiét lap duge danh gid déi véi cac dao ham cap hai tai diem 2° € 9Q tuy ¥, ta
thuong dung k¥ thuat lam phang bien, tic l1a diing cac phép bién doi toa do dé phan bien
nam trong mot lan can di nhé ciia 2° c6 dang phang. Trong muc nay, luan an sé xay dung
mot phép déi bién thich hop dé tit d6 co thé chiing minh dugce Dinh 1y 3.3.1.

Trude tien ta nhan thay, dang ctia phuong trinh (3.1) va cac gid thiét ctia Dinh 1y 3.3.1
la bat bién dudi cac phép tinh tién va phép quay hé toa do. Gia st 20 € 99 la diém tuy ¥
cho truée, khong mat tinh tdng quat, ta c6 thé gia thiét 20 1a goc toa do va véc to phap
tuyén trong don vi clia 90 tai diém nay cé gia nim trén truc toa do z,, va huéng theo chicu
duong ctia truc z,,. Khi d6 phan bién 92, nam trong mot lan can N da nhé cia 20, 1a do
thi ctia ham

Tn = h(z'),

théa man h(0) = 0, Dh(0) = 0, trong d6 2’ = (x1,...,2,_1). Ta s& lam phang phan bien
nay. Cu the, ta xét vi dong phoi ¢ = (¢1,...,1,) cho bdi
y =) = (2, xn — W), z= (2" 2,) €Q, yeQ:=Q). (3.49)

Ta sé khéo sat sut thay doi ctia dang phuong trinh (3.1) va cac gid thiét ctia Dinh ly 3.3.1
2 Z (9 y
duoi phép ddi bién (3.49). Ky hicu J;; = a—wﬂz j=1,...,n Khidé
X )

1

E n—1)x(n—1 —Dh — 3] En—l n—1 Dh
J = [Jijl n = ( E)X( ) ) ] LS =T Nvscn = ( E)X( ) NE (3.50)
hon ntia,
” 0 D(Dy.h
Dy, J 7' = [Dg, Y] = [0 ( . g )] , k=1,....n. (3.51)

Véi phép doi bién (3.49), ta dat

v(y) = u(z), v(y)=u(x). (3.52)
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Ta co
ou "L Ov Jyy, 0 0% Oy Oye " ov 9Py .
LD DF w R wv. D DI w - wiy- LD D v BE A LY
k=1 k=1 k=1
Suy ra .
Du = JDv, D*u = JD*.J" + 0 D*y. (3.53)
k=1
Do d6 phuong trinh (3.1) duge dua vé dang
det [DQU — A(y,v, Dv) — B(y, v, Dv)|= f(y,v, Dv), trong €, (3.54)
trong do
Aly.zp) =T AW )= Tp) = S D] (7).
Bly.z.p) =J "B ).z Jp) (T )", (3.55)
fly2p) = (7). 2 Ip).
Ta nhan thay dang ctia phuong trinh (3.1) 1a bat bién qua phép ddi bién (3.49).
Ky hieu s1(y), .. ., sn(y) la cac gid tri rieng ctia ma tran déi xting S(y) = (JJT) (v~ (y))

trong €, trong d6 s; > - - > s,. Bing tinh toan, tit (3.50)tacos;=1,j=2,...,n—1va

(2+|Dn|?) + \/(2 + \Dhy2)2 —4

§1 = )
2 (3.56)
(2+|Dh2) = \/ (2 + |DA[2) — 4
Sp = 5 :
R6 rang, si,...,s, ciing la cic gia tri rieng ctia S~! = (J_l) J~1 va do d6 chiing ciing

la céc gia tri riéng cta J_l(J_l)T. Ky hiéu B,,(0) 1a hinh cau trong y-khong gian ¢6 ban
kinh po va tam tai y° = 0 sao cho B,,(0) CC N = (N). Dat
-1 (3.57)

50 := max s1(y) = max (s,(y))
By (0) B, (0)

Ta ¢6 $1(0) = 5,(0) =1 vado d6 so > 1. Chu y ¢ € [0,1), ta chon pg dit nho sao cho
(3.58)

06 < 1.

Tit (3.55), ta c6
D*y — A(y,v, Dv) = J_lw(x,u)(J_l)T,
g)(J‘l)T.

&
—~
&
4
SN—
Il

D*v — A(y,v, Dv) = J 'w(x,

&
—~
=
|<
SN—

Il

Ta sé chiing minh
min{ Ay, Ay} < somin{ A, A\, }, (3.59)
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trong d6 A, = min Apin (©(y, v)), Ay = min Apin(©(y,v)), Qp, = QN B,,(0). That vay, vdi

yeﬂpo yero
moi § € R" vay € §,), ta co

(@(y,v)€,€) = (J ™ w(z, u)(JTHTE€) = (wlz,u)(J7HTE (T7)E)
> )‘min(w(xau))‘(Jil)Tgf > )‘min(w(xau))HJT‘rQ’glz > Au361|§‘2>

trong d6 J = J(z), J~1 = J71(x), x = ¢ ~1(y) va bt dang thiic cudi dugc suy ra tit (3.57).
T do suy ra A, > sal)\u hay A\, < spA,. Tuong tu, ta ciing suy ra duge A, < so,. Tl cac
dénh gia nay, ta thu duge (3.59).

Bay gio ta kiém tra tinh bat bién clia cic gid thiét ctia Dinh 1y 3.3.1. D& thay v(y)
l& nghiém elliptic ctia (3.54) va v(y) 1a nghiém duéi elliptic clia phuong trinh tuong tng
véi (3.54) ma trong d6 B = 0. Hon nita, ta c6 v(y) = v(y) = $(y) trén 99, trong doé
¢(y) = ¢(z). Tinh bat bién clia cic gid thiét (i)-(viii) ctia Dinh 1y 3.3.1 duge chiing minh
bdi bd dé sau day.

Bo dé 3.3.3 Dudi phép doi bién (3.49), cdc gid thiét (i)-(viii) ciia Dinh Iy 3.3.1 la bat bién
trong on. Cu thé, ta co

(@ max{suplol, suplul { < ¥, meax{ supl Dol supl Dol { < W, 31y = Mo, 6y = V53

Qpq Qpg Qpg Qpg

(i) D, A(y, z,p) = [sziij(y,z,p)} > 0, trong on x R x R™;
(iii)” A(y, z,p) = [/Nlij(y,z,p)]nxn la chinh quy chdt trong on x R x R™, théa man
Aije(y, 2, p)&lsmime = aolé*nl?, o = sy ao,
vdi moi (y, z,p) € on X R xR va&,neR”ELn;
(iv)’ |Bij(y, z,p)iigj’ < dmin{A,, A\ }E]2, 6 = s30;
(v)' | D.Bij(y, 2, p)&E;| < Brmin{ Xy, A\ }E?, Br = s2Bu;

(vi)' | Dy, Bij(y, 2, p)&é;

Bii(y, 2, p)&E; k| < Ba min{ Ay, A HE2|nl, trong dé

By —2\/_305(111]?)( sup ||Dg,J (¢~ )H)—FSS/Q@S

y€Qp,
(vil)" | Bijke(y, 2, p)&E mne| < bol€*nl?, bo = sZbo;

trong do cic hé thic (iv)-(viii)’ théa man vdi moi (y,2,p) € Q,y X R x R® va £ € C",
n € R".
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Chitng minh. (i)’ Dé thay (i)’ dudc suy ra tir (i) va (3.52).
(i)’ Dé thay (ii)’ dugc suy ra ti (ii) va (3.55).
(iii)” Gia st &, 7 € R™, £ Ln. Bang tinh toan, tu (3.55) ta c6

Z Aij el = Z ( Z JimJjTJSKthAmr,st> &i&5MTe

,5,k,0=1 4,7,k f=1 \m,r,s,t=1
Z Amr st (Z JZWL&) <Z erfj) (Z Jsknk) (Z thnﬂ) .
m,r,s,t=1 7j=1 k=1 /=1

Dat ¢ = (J—l)Tf, n' = Jn, khi d6 & L. Do dé6 tit (iv), (3.57) va (3.60), ta suy ra

(3.60)

n
> Aijrebi&imne = Z Aprst&n&onliny > aol€'P[n']?

2,5,k f=1 m,r,s,t=1

> ag(sg €17 (sg %) = @olé|*|nl?, ao = sq 2ao.
(iv)’ Gia stt € € C™ tuy . Tt (3.55), (3.57), (3.59) va (iii), ta cé

|Bij€| =[BT, (77)TE)] < SminfAu, M| (7))
< 0 (so min{Ay, Au}) (s0[¢]%) = dmin{\,, A\ }E]?, & = s20.

(v)’ Béng céc lap luan tuong tu nhu trong chiing minh (iii)’, tu (3.55), (3.57), (3.59) va
(iv) ta thu dugce (iv)’.
(vi)’ Tit (3.50) va (3.55), ta 6

B = i JH [(DUJ*)B(J”)T +J YDy, B)(JHT + J‘lB(Der‘l)T} . (3.61)

Dy, B = ZJ“J (Dp,B)(J DT k=1,...,n. (3.62)
(=1

Gid st & € C*, n e R™ tuy y. Tt (3.61), ta ¢
| Dy, BEE k| = | (Dy, BE, €| < [S1] + |S2] + |S5], (3.63)
trong do

Z( DmeJ ) f g)nlm
e( DQ?EB ) f g)nlﬁ
(

Jk‘
= J*(J T B(Dy I HTE E) e
bat ¢ = ({1, .-+, ), trong d6 ¢ = ((Dg, J 1) B(J 1T, €),0=1,...,n. Taco

n 1/2
[Sil=[(7"¢.n) [ < 177l nl < (1B~ (Z HD:WJ_1||2> €17 Inl-
(=1
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Do d6 tu (iv), (3.57) va (3.59), ta suy ra

n 1/2
|S1] < 530 (Z IIDMJ”IIZ) min{Ay, A }€[*[n]- (3.64)
=1
Tuwong tu nhu trén,
" 1/2
9] < 50 (Z H%JHP) min{,, Ay e[| (3.65)
=1

Pat 7’ = (J71)"n € R Khi d6 tir (vi) va (3.59), ta co

S (DB 6 () )

/=1
< Ba(somin{A,, Au}) (s0l€]%) (s Inl) < s/ Ba min{A,, A }E[?n]-

|S5] = < By min{A,, A (J7Y) €]

Nhu vay,
1Sa] < sp/%Bo min{A,, Ay HE[P ). (3.66)

Két hop céc danh gia (3.63)-(3.66), ta thu dugc
‘Dykéfigjnﬂ < 52 min{\,, )‘g}‘€|2|77|7

trong d6 [y = 2\/ns3d (ml?x sup || Da, J (v (y)) H) —1—38/252.
yEQpO

T (3.62), ta c6 danh gia tuong tu (3.66),
. ) _
| Do BEE e < i Bamin{ o, A},
T cédc danh gia trén ta nhan duge (vi)'.

(vii)’ Gid st £ € C", n € R™ tuy y. Khi d6 ' = (J_l)T§ € C", = Jn € R™. Béng cac

tinh toan tuong tu nhu trong (iii)’, ta nhan duge
| Bije&i& smine] = | BurastEpm&onlint] < bol€' 2|0 < bol€*In|?, bo = sgbo.

(viii)” Dé thay (viii)’” dugc suy ra tur (viii) va (3.55).

B6 dé dugc chiing minh. O
Nhan xét 3.3.4 (1) T (3.52), gia thiét u = u trén 9 va Nhan xét 3.3.2, ta suy rav > v
trong Q,,, v = v vd Dyv > Dy trén 9Q N B, (0).

(2) Tix (3.58), (iv)’ va sg > 1, ta suy ra 6 € [0, 1).

(3) Tt (iii)’ va (vii)’, ta nhan thiy bat ding thitc by < @y néi chung la khong théa man.
Tuy nhién, tit Bo dé 3.3.3, (3.58) va 0 < by < ag, ta cb

| Dy Big (9, 2, p)GE e < (550) (s6b0) [€*Inf* < s6aol€ ?[nf* < aol€ ?In,
v6i moi (y, z,p) € on x RxR"va¢eC? neR" Tu dé ta thu duge
SHDPkPkB(y?z?p)H < dO? SHDPkpeé(ya Zap)H < 2&0 (k 7A 6)7

v6i moi (y, z,p) Eon XxRxR*vak (=1, ...,n.



o6

3.3.3 Chiting minh cta Dinh ly 3.3.1

Chaing minh. Gia st 20 € 092 1a diém tiy ¥ cho trude. Tit cac lap luan trong Muc 3.3.2, ta
c6 thé dua vé xét bai toan Dirichlet da duge doi bién dé lam phang phan bién ndm trong
lan can du nhé cta 2°. O day, ta lai ky hiéu bién méi y qua o, an ham v(y) qua u(z). Cu
thé, ta c6 thé gid thiét 2° = 0 va véi hing s6 pg > 0 di nho, ta c6

Qpy = QN B, (0) CRY ={z = (v1,...,2,) €ER" : 2, >0},

Ty, = 00N B, (0) CORY ={z = (21,...,2,) € R" : 2, = 0}.
Hon nita, ta c6 thé gia thiét cac ham u v u lan lugt 1a nghiem va nghiem duéi é-elliptic
ctia phuong trinh (3.1) trong Q,, va

max{sup|u|,sup|g|}s M, max{supmu!,supwm}s M (3.67)

PO Q:”O P0 QPO

A, 2, p)elmine > aol€Pnl?, V& m e R™, € L, (

|B(z, z,p)|| < dmin{Ay, Ay}, 0<d<1; (
|D.B(x,z,p)|| < Brmin{y, Ay}; (3.70

| Day B(, 2, p)||; | Dpy B, 2, p) || < Bomin{Ay, A}, k=1,...,m (

(

8| Dpp B, 2,p)|| < ao, || Dpp, Bz, z,p)|| <2a0 (k#Y), k,l=1,...,n, 3.72

f(l" Z7p) > 07 (3-73

trong d6 cac bat déng thitc (3.68)-(3.73) thda man véi moi (, z,p) € Q,, X R x R™. O day

va vé sau trong chiing minh nay, A, := min Ay (w(z,u)) va& Ay = min Ay (w(z,u)).
z€Q,, N z€Q,

Hon nita, ta c6
u > u trong Q,,, u=1u= @ trén T, (3.74)
va

Dypu > Dyu trén T),. (3.75)

Dé chitng minh Dinh 1y 3.3.1, luan an sé xay dung cac ham chin § gan bien tuong tu
nhu nhém ctia N.S. Trudinger da lam cho truong hgp phuong trinh kiéu Monge-Ampeére
déi xing. Dat d = d(z) = dist (z,09). Ta c6 bo dé sau day.

Bo dé 3.3.5 Dudi cic gia thiét (3.67)-(3.75), ton tai cic s6 duong Ko, No dii ldn va g, p
dii nhé sao cho ham so

o =1 — ko [@*u)*m@%ﬂ, (3.76)
thoa man .

Lapg < —eq ZF” — e trong Q,, Yo > 0 trén 09, (3.77)

i=1
vdi hang s6 duong g9 nao dé, trong dé Ko, Ny, o, p,€o chi phu thudc vao My, My, n, ag, 6,
B1, B2, po, A, fyu va Qpy, L la todn ik tuyén tinh cho bdi (3.33) va Q, := QN B,(0).
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. P € PR 2 ~ £ oa gy
Chitng minh. Gia st u, = u — —\x\Q v6i hang so duong € sé duge xac dinh sau. Khi doé ta

¢6 thé chon € € (0,1) dt nhd sao cho w(x,u.) > 0 trong Q,, va
M > ko > 0, (3.78)

v6i hang s6 duong ko nao dé théa man kg > 6, trong d6 A, = min Apin(w(z, u,)). Dat
T€Qp,

v=(u—u)— pod + Nod’. (3.79)
Khi d6 v = %W Y. —u— piod + Nod . Xét L 1a todn tit tuyén tinh cho béi (3.33). Cha
¢ L(d")=2d(Ld) + 2F D,;dD;d, ta c6
Lv = eF" — eF(D,, Aij + Dy, Bij)(z,u, Du)zy,
+ FY[Diju. — (Aij + Bij) (2, ue, Du.) + 2NoD;dD;d]
— FY[Dyju — (Aij + Bij)(z, u, Du))
[

Zju

(3.80)
+ FY [(Aij + Bij)(z,u., Du.) — (Aij + Byj)(z,u, Du,)]

y Yey
+ FY[(Aij + Bij)(z,u, Du.) — (A + Bij)(z,u, Du)
- (DPkAij + D;DkBij)(x7u> DU)DK(QE - u)} - NO(LE) + 2N03(La)'
Trudc tién, ta gid thiét p < 1 di nho sao cho B;;)(O) ={z e R} : |z| < 2p} C Q. Khi do
Q, C B3,(0) C Q,,. T B6 dé 3.2.3, (3.71) va cht y d(z) = x, v6i moi & = (z1,...,2,) €
Qyp, ta c6 |Ld| < CF¥ va do d6
—pto(Ld) 4+ 2Nod(Ld) > —C(po + 2Nop) F*, trong €, (3.81)

trong d6 C' phu thudc vao cac dai lugng My, My, n,9, B2, A,u va Q,,. Trong ching minh
nay, néu khong noéi gi thém, ta ky hieu C' dé chi hing s6 duong phu thudc vao cac dai lugng
nhu thé.
Ciing nho Bo6 dé 3.2.3 va (3.71), ta nhan dugc
|F(Dy, Aij + Dy, Bij)ay| < |2](|DpAl + v 6B2A) F™, (3.82)

. n 1/2
trong do |D,A| = (Zi,j,kz:l 1Dy, Aiil?)
Bay gio, ta sé chiing minh danh gia sau véi hing s6 p di nho,

F[(Agj + Bij) (@, u., Du.) — (Ayj + Byj)(w,u, Du,)] > —ZF trong Q,.  (3.83)

That vay, bang céch ap dung dinh 1y Lagrange cho ham hy(t) := F%(A;; + By;)(x, tu, +
(1 —t)u, Du,) va st dung Bo dé 3.2.3, (3.67) va (3.70), ta nhan dugc
F9[(Ag + Bij)(z,u., Du.) — (Agj + Bij)(z,u, Du.)] = hy(1) — hy(0)
= i(t1) = (u. — ) [F7(D. Ay + D:Bij) (2,7, Du,)]
> —|u, — u|(|D.A(x, %, Du)| + 681 0) F* > —hg <2M1 v g) || i
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trong d6 Z = tju. + (1 — ty)u, t; € (0,1), hg := ( ma)xv |D.A(x, z,p)| + 081\, > 0, v6i
z,z,p S -
Vim {(@,2,p) € Oy X R X R ¢ |2 < Mo +1/2,[p| < My + 1}

O day, ta da st dung danh gia

(e = w)(@)] < (@) = w(0)] + |u(@) —u(0)| + S|zl < (2043 + 2 )|z,

diéu nay dugc suy ra tur (3.67), uw(0) = w(0) va p € (0,1). T d6 ta c6, néu hg = 0 thi
(3.83) duge thoéa man, con néu hg > 0 thi (3.83) duge thoéa man néu p di nhé sao cho
p < min{ 57 6 4h0} Nhu vay, (3.83) dugce ching minh.
Tiép theo, ta gid thiét
to + 2Ngp < 1. (3.84)

Biing cach ap dung khai trién Taylor tai ¢ = 0 cho ham hy(t) := FY(A;; + Bij)(z, u, t Du_+
(1 — t)Du), tit B dé 3.2.3, (3.57), (3.67), (3.72), (3.79) va (3.84), ta thu dugc

Fij [(AU + Bij)(:z:, u, D%) - (AZ] + Bij)<£l}, u, Du)

Dy + Dy B DDyl 0] = (1) = a0 = 50

1 _
= —h”(h) éF](Aij,ké + Bijke) (2, u,p) DrvDyev
+ §F j(AZ'nge + Bij’k4)<£l?, u,]ZQ) [él’k — 2Dkv — 2(/10 — 2N08)Dka Ty (385)
1 L _ o
+ 5(#0 — 2Nod) F¥ (Aij ke + Bije)(z, u, D) [2Dgv + (1o — 2Nod) Dyd] Ded
1

y _ € i
F"(Aj ke + Bijre) (2, u, p) DyvDyv — 5(4M1 + 1)(|DppAl + 2nao)|x|F

DO |

— C(po + 2Nop) F™,

4= 1/2 P
tI‘ODg do p= tszE + (1 - tZ)Du> g € (07 1)7 ’DPPA| = (ZZj,k,é:l ‘DPkPlAijP) / ) hang S0
C phu thudc thém vao ag, khong phu thudc vao py va Ny. 0 day, ta da st dung danh gia
sau

lex — 2Dv — 2(g — 2Nod)Dd| = |ex — 2(Du — Du)| < 4M; +1,

diéu nay duge suy ra t (3.67) va (3.79).

Tu (3.69), ta c6 u(B) < dmin{\,, A\, }, trong d6 u(B) duge xéc dinh béi (0. 22) V(’ji ' duge
thay bdi Q,, x R x R™. Khi dé tir (3.78), ta c¢6 u(B) < ')y, trong d6 &' = - € [0,1).
Dit 0* = max{d,d'} € [0,1). Dé thay R(z,u), R(z,u.) € Ds- ,,(p), trong dé D(;* (B 1 tap
hgp duge xac dinh tuong tuy nhu (0.26) véi 6, u lan lugt duge thay béi 6%, u(B). Cha ¥
Dd® Dd > 0, tit d6 ta suy ra R = R(z,u), RY = R(z,u.) +2NyDd® Dd € Dj- ,,(p). Do
d6 ta c6 thé ap dung Dinh Iy 2.2.21 vé tinh d-16m ctia ham F(R) = log(det R) véi R, R

va thu dugce
F9[Diju, — (Aij + Bij)(2, u., Du.) + 2NoD;dD;d]

— F9[Dyu — (Aij + Bij)(z,u, Du)] > logdet RV —logdet R — d(n,d*)  (3.86)
> log det [w(z,u.) + 2NoDd @ Dd] — fla,u, Du) — d(n, 6*),
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trong d6 d(n,s*) = 2n6*? (1 + 42207 bat déng thite cudi duge suy ra tit Menh dé 2.2.2
& 1-5

va (3.31).

Tit (3.78) va chi ¥ céc gia tri rieng ctia Dd ® Dd 14 0,...,0,1, ta suy ra

det [w(z, 1) + 2NoDd @ D] > (\a)" ™ (A, + 2N0) > (kodu)™ ™ (kodu + 2Np).

Do d6 ta c6 thé gia thiét dai luong log det|w(z,u.) +2NgDd ® Dd) 14 16n tity ¥ bing cach
chon Ny du 16n. Gia sit Ny du 16n sao cho

log det [w(z,u.) + 2NyDd ® Dd] > m&x‘f(x, z,p)| +d(n,8*) + M, (3.87)

trong d6 M la hing s6 duong sé duge xac dinh sau.
Dat
4M7 + 1

mo = max [|DPA(:E,Z,p)’+ 5

(z,2,p)EV ‘DppA(ZL“, Z,p)|] +\/ﬁ(5/82>\g + nag(4M; + 1).

Gia st p di nhé sao cho p < ﬁ. Khi doé tur (3.80)-(3.83) va (3.85)-(3.87), ta nhan dugc

U _ .. ~
Lv > %F“—}-EF”(AiquLB,-j’M)(x,u,T))Dkaw—C’(uo—|—2N0p)F”—I—M, trong ,. (3.88)

Ta chon
€ €

Ho =56 P S ToN,C
Khi d6 po 4+ 2Nop < 1. Vi C khong phu thuoc vao pg va No, nén ta c6 thé gia thiét C' du
16n sao cho (3.84) dugc thoa man.
Tt (3.88) va (3.89), ta c6

dti nho. (3.89)

e .. 1 .. - ~
Lv > ZF” + §F”(Aij,u + Bijre) (@, u,p) DyvDgv + M.
Dit ¢g = eV véi hiing s6 duong K sé dude xac dinh sau. Ta c6

Lo = Koe™*"Lv + K§e"*"F DivDjv

1 _ - 3
> KyeKov EF + 5F (Aije + Bigae) (,0,5) Dyw Dew + KoF/ Dy Do + M} .

Bing phép quay cac toa do, khong mat tinh tong quat, ta gia thiét Dv = (Dyv,0,...,0)
tai diém tity ¥ cho trude thuoc Q,. Khi dé ta c6

1 .. _ -
—FY (Aij,ll + Bij,ll)(xy u,]_?) (Dlv)2 + K()FH(Dl’U)Z + Mi| . (390)

s ..
Log > Koe"o | F"
Po = Koe™" | 7 F™ + o

Tir (3.32), (3.40), (3.41) va (3.72), ta c6

» n y 1
F9(Aijjn + Biji) > —292 | A 11| F" — (ﬁ Z |Avia] + [Ai] + ao> P
i—1

1
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Do d6 tu (3.90), ta thu duge

£ — . ~
L¢0 2 KoeKov [(Z — 9|A1¢711($, u,]_)>|(D1’U)2) A + M

L o o (3.91)
+ | Ko— — > lAun(z,u,p) = s|Ann(z,u,p)| — sa0 | (D1v)?F|.
40 pt 2 2
Bay gio, ta chon
€
- 8(2M; +1)2 max (xg}g)}év |Aije(x, z,p)|
roi chon Ky du 16n sao cho
Ko > ma 1§:|A (x,2 )|—|—1|A (x,2,p)] —l—la
X - 1 ) a ) < o Yo-
0= (wamev \ 40 2 14,11 p 5 11,11 p 5 0
Khi d6 tit (3.67), (3.79), (3.84) va (3.91), ta c6
Kov (€ i | 7
Loy > Kpe™° <§F + M> , trong 2,
Do do6 tit (3.67), (3.79) va (3.84), ta suy ra
Lo = Lo — Dy, f(2,u, Du) Dygy
e .. ~ o
> Kyelov <§F“ + M — |Dv|‘Dpf(x,u,Du)|) (3.92)

> Koe Ho(@Mo+no) (%F” + M — (2M; + 1)}Dpf(x,u, Du)‘) , trong Q.

Chon M = % + (2M; + 1) ( ma)x ‘Dpf(x, z,p)}. Ta cha ¥ 14 hing s6 M bay gio méi duge
z,z,p)EV

xac dinh, do d6 cic hing s6 Ny va p cling duge chon dé ddm bao cho (3.87) va (3.89) lan
lugt duge théa man. T (3.92), ta nhan duge

Loy > gg (F” + 1) , trong €2,,

trong d6 ep = %KOG_KO(QMOWO). Tit dénh gia nay va chi § Lo = L(1 — do), ta suy ra
duge bat dang thiic thit nhat trong (3.77).
Tu (3.74) va (3.76), ta c6 ¥y = 0 tréen 0QN B(0; p). Hon nita, tit (3.74), (3.79) va (3.89),

ta co

v < (—po+ Nod)a < (—po + Nop)d < —LE <0, tréen QN IB(0;p).

16C
Suy ra ¢p = eV < 1 vavithé ¢y =1— ¢y > 0 trén QN IB(0; p). Do d6 ta nhan dugc bat
dang thiic thit hai trong (3.77). B6 dé dugc chitng minh. O

Tru6e khi tiép tuc chitng minh Dinh 1y 3.3.1, luan an sé lam 16 hon tinh chat clia toan
tt tuyén tinh £ xéc dinh béi (3.33) qua nhan xét sau.
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Nhan xét 3.3.6 Ta dé thay toan ti tuyén tinh £ cho bdi (3.33) duge biéu dién dudi dang
L = a"(z)Dy; + b'(z)D;,

trong do

_ Pii(a) + Pi(a)

() 2,

bi(x) == Y F*(x)[Dp, Ape(, u, Du) + Dy, Bre(w,u, Du)] — Dy, f(x,u, Du),
kl=1

véi i,j = 1,...,n. RO rang cdc ham he s6 a¥(z),b%(z) thuoe C(Q,,). Mat khac, tit (3.32)

va R(x,u) > 0, ta suy ra [a],x, = w > 0 trong Q,,. Do d6 toan ti £ 1a elliptic

déu trong Q,, va théa man cic gid thiét clia nguyen ly so sanh (Dinh ly 1.3.3).
Tiép tuc chiing minh Dinh lj 3.3.1. Trude tién, ta sé thiét lap danh gia
|D*u(0)] < C. (3.93)

Dé nhan duge (3.93) ta sé lan lugt chiing minh cac khang dinh sau.
Khang dinh 1. Ta c6 danh gia cho cac dao ham cap hai theo phuong tiép tuyén
|Dopu(0)] <C, a,8=1,...,n—1. (3.94)

That vay, tit (3.74) ta c6 u = u trén T),, va do d6 Dagu(0) = Dagu(0), o, f=1,...,n—1.
T day ta suy ra danh gia (3.94).
Khang dinh 2. Ta c6 danh gia cho cac dao ham cap hai hén hgp theo céc phuong tiép tuyén
va phap tuyén
|Donu(0)| < C, a=1,...,n—1. (3.95)

That vay, ap dung phuong trinh (3.36) v6i £ = e4,a = 1,...,n, ta nhan duge
L(Dou) = F(D,, Aij + D.Ai;Dot 4+ Dy, Bij + D.BijDou) + Dy, f + D.fDou. (3.96)

Tit BS dé 3.2.3, (3.70), (3.71) va (3.96), ta c6

|L(Do(u—u)| <C(F"+1), a=1,...,n—1, trong €, (3.97)
trong d6 p 1a hing s6 duong da dude xac dinh trong Bo dé 3.3.5. Mat khac, vi u = u trén
T),, nén ta c6 Do(u —u) =0 tréen T, véia =1,...,n — 1. Do do6

|Do(u —u)| < Clxf?, trén 09,, a=1,...,n— 1. (3.98)

V6i ham chén v da dude xay dung trong B8 dé 3.3.5, tiic 1a 1y = 1 — eFolw—w)—pozn+Noz7]
ta x6t mot ham chan méi ¢ = abg + b|z|?, trong dé a, b 1a cac hing s6 duong nao do6. T
(3.77), ta c6 véi a > b,

Lipy < —%(1 + F™) trong Q,, ¥y > blz|?* trén 99,.
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Tt hé thic trén va (3.97), (3.98), ta c6 véi a > b > 1,
|L(Do(u—w))| + L1 <0 trong Q,, |Da(u—u)| < 9y trén 09,

trong d6 a = 1,...,n — 1. Do dé tit Nhan xét 3.3.6, ta c6 thé a4p dung nguyén Iy so
sanh (Dinh 1y 1.3. 3) va nhan duge | Dy (u — u)| < 9y trong Q,. Tt bat dang thic nay va
Da(u — u)(0) = ¢1(0) = 0, ta suy ra |Day(u — u)(0)| < Dptpy(0). O day, tir (3.74) ta c6
Dy1(0) = aDph(0) > 0. Do d6 ta nhan duge (3.95).

Khang dinh 8. Ta c6 danh gia cho dao ham cap hai theo phuong véc to phap tuyén

| Dyu(0)] < C. (3.99)

That vay, tt tinh elliptic cia u ta ¢6 Trw(0,u) > 0. Khi d6 tit (3.94), ta nhan duge
danh gia ddi v6i can dudi ctia Dy, u(0),

nnu > ZAZZ 0 u ZDZ’L/U/ Z

Nhu vay ta chi can chitng minh
Dypnu(0) < C. (3.100)

Cha § By, =0, tit (3.1) ta ¢
(Dpnu — Apn(x,u, Du)) det R'(z,u) + H = f(z,u, Du), (3.101)

trong d6 R'(z,u) = w'(z,u) — B, w'(z,u) = [Dagu — Aag(z,u, Du)] o, 501, B =
[Bas(z,u, Du)]lga,ﬁgn—1 va H la dai lugng khong phu thudc vao Dp,u — Apy(x,u, Du).
Tu (3.94) va (3.95) ta suy ra H 1a bi chan tai z = 0. M#t khéc, tit Menh dé 2.2.2 ta c6
det R'(z,u) > detw'(z,u) > 0. Do d6 tit (3.101), ta nhan thay (3.100) sé dugc chiing minh
néu ta chiing minh duge dai lugng det w’(0, u) ¢6 mot can dudi duong.

Ky higu S™~! 1 tap hop gdm cac véc to don vi trong R" 1. Véi véc to & = (&1, ...,6n-1) €
Sn—1 ¢6 dinh, ta dat

Q(z, &) : = Qul(x,&) = (W' (z,u)€, &) = [Dapu — Anp(z, u, Du)|&aés
= [Dapp — Aag(z, 0, D'p, Dyu)|€ap, tren T,

véi @ > 0 nho tinh elliptic ctia u. O day D’ = (Dy,...,D,1) 1a ky hiéu gradient tiép
tuyén. Véi z,, > 0, ta dat B(2/, z,) = p(2/,0) va

O(7,¢) = [DapP — Aap(2, 8, D'B, Dyu)|€aés.

Khi d6 D'p(a’,0) = D'p(2’,0) va Q(z,¢&') = Q(x, &), v6i moi x = (2/,0) € T),. Hon nita,
ta d& thay ham Q la bi chan trén tap Q,, x S" ! Do d6 ta c6 thé chon hing s6 K di
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16n sao cho ham Q(x, &) := Q(x, &) + K|z|* dat gia tri cuc tidu trén T),, x S™' tai diém
(z,€),vei T €T, C T, va

Oz.€) > OF.€), V(x,&)€d, xS, (3.102)
trong dé p la hing s6 da dugc xac dinh trong Bo dé 3.3.5. Bing tinh toan, ta co
O(2,&) < —L(Dnu) Dy, Aag€nls — FIDiguDjuDy, p, Aap€ ol s + C(F + 1),
Tit tinh chinh quy ctia A va [F¥],x,, > 0, ta c6
—FY DipuDjyuDy, ., Aap€ols = —(F7 DiuDjnu)(Dy,p, Aap€als) < 0

Tit phuong trinh (3.96) véi a = n, B6 dé 3.2.3, (3.70), (3.71), (3.73) va cac danh gia trén,
ta thu duge
LO(z,€) < C(F'+1), trong Q. (3.103)

Bay gio, ta tiép tuc 1gi dung ham chin 1(z) da duge xay dung trong B6 dé 3.3.5 nhu trén.
Tit (3.77), (3.102) va (3.103), ta c6 thé chon dugec mot sé duong h di 16n sao cho ham s
Yo = —hio + Q(T, EI) thoa man

Lipg(x) > EQ(Q:,E/) trong Q,, ¥s(z) < Q(x,g/) trén 092,

Do dé, tit nguyen 1y so sanh (Dinh 1y 1.3.3), ta nhan dugc ¢9(x)

< Q( f) trong €2,. T
bat dang thitc nay va chii ¥ ¢(T) = Q(E,f ), ta suy ra D,po(T) < D,

Q( 5/) va do do
Dnnu(E)DpnAaﬁ (57 12 Dl@? Dnu)gagﬁ S C (3104)
T (3.74), ta o

Q[@vafl) = [Daﬁg - AozB(nyy D/@; Dnﬂ)}faéﬁ > )\£|€/’2 = )‘2 > 0, V([L‘,f/) S Tpo X Sn_l.

(3.105)
T (3.67) va (3.75), ta ¢
0 < Dp(u—u) <2M;, trén T),,. (3.106)
Bing cach st dung khai trién Taylor va tinh chinh quy ctia A, ta suy ra
Qu(7.€) — QuJ(7.€) > Du(u — u)(@)Dp, Aas(T, ¢, D'p, D)o (3.107)

Bay gio ta sé chi ra Q(, E’) c6 mot can dudi duong. Didu nay 1a d& thay ti (3.105)-(3.107)
néu D, (u — u)(T) = 0 hodc Qu ]( ,E/) > 2, trong do 7'0 = A,. Do d6 ta chi con chiing
minh cho truong hop 1a Dy, (u—u)(T) > 0 va Q[ ](x 3 ) < 0 That vay, tit (3.105)-(3.107),

ta thu dude Dy, Aas(Z, ¢, D'¢, Dyu), &5 > W T danh gia nay va (3.104), ta suy ra
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Dpnu(T) < C. Khi dé tit (3.26), (3.73) va cha y D;;u(Z) = Dyu(T),i = 1,...,n, ta dé dang
thu duge mot can dudi duong cho Q(Z, El)
Ta da vira chi ra Q(T, E/) c6 mot can dudi duong. Tt khéng dinh nay va cha ¥

Q(0,¢") = 9(0,¢) > O(x,€) > Q(x,€), V&' e ",

ta nhan thay Q(0,¢’) ciing c6 mot can dudi duong. Do d6 ta thu duge mot can dudi duong
cho det w'(0,u), va vi thé tit (3.101), ta suy ra Dp,u(0) < C. Nhu vay ta nhan dugc (3.100)
va tit d6 (3.99) dugce ching minh.

T cac danh gia (3.94), (3.95) va (3.99), ta suy ra (3.93). Bang cach st dung phép tinh
tién he toa do, ta nhan duge |D?u(x)| < C trén T,. Nhu vay, vdéi diém 20 € 09 tuy ¥, ta
c6 danh gia |D?u(x)| < C trong mot can can di nhd ctia 2° & trén bien. Bing cach pht
bien 9 bdi mot ho hitu han cac lan can nhu thé, ta thu duge danh gia (3.47). Tu (3.47)
va w(r,u) = D*u — A(z,u, Du), ta suy ra (3.48). Dinh ly 3.3.1 dugc chiing minh. O

3.4 DPanh gia Holder toan cuc dbi véi cac dao ham cap hai
cua nghiém J-elliptic ctia bai toan Dirichlet cho phuong
trinh kiéu Monge-Ampére khong déi xing

Trong cac Muc 3.2 v& 3.3, luan &n da danh gia duge chuan trong C?(€2) di v6i nghiem 6-
elliptic u(z) € C*(Q) ciia bai toan Dirichlet (3.1)-(3.2) qua chuan ctia n6 trong C1(). Viec
thiét lap danh gia trong C*(Q) nay sé dugc thyc hién trong Ménh dé 3.5.2. Binh thuong,
trong cac bai bao khoa hoc vé bai toan Dirichlet cho phuong trinh kiéu Monge-Ampere do6i
xting, cong viec danh gia trong C%(Q) c6 thé coi la két thic. Diéu nay c6 dugc béi vi sau
khi c6 danh gia trong C2?(Q), bing viéc stt dung tinh 16m ctia ham log(detw) trén tap 16i
cdc ma tran déi xing xac dinh duong w € R™™ va cac ki thuat do L.C. Evans va N.V.
Krylov dé xuat, ngusi ta c6 thé danh gia duge chuan trong C%(Q) ddi véi nghiem elliptic
ctia bai toan Dirichlet cho phuong trinh kiéu Monge-Ampere déi xtng ([11], Section 17.4
va Section 17.8). Trong bai béo [2] clia Danh muc cac cong trinh lién quan dén luan an,
viéc chiitng minh két qua tuong tir cho phuong trinh kiéu Monge-Ampeére khong déi xiing
chi duge ching t6i néu ra mot cach ngan gon. Trong muc nay, dé hoan thién viéc trinh
bay, luan an sé thiét lap danh gia Holder toan cuc déi véi cac dao ham cap hai ctia nghiem
d-elliptic clia bai toan Dirichlet (3.1)-(3.2) qua chuan ctia né trong C2?(Q). Noi dung ctia
muc nay duge tham khéo tir cac tai lieu [6, 11, 14, 21, 23, 24].

3.4.1 Danh gia Holder bén trong mién déi véi cac dao ham cap hai ciia nghiém
s-elliptic ctia phuong trinh kiéu Monge-Ampeére khong dbi xing

Trong muc nay, luan an sé thiét lap danh Holder bén trong mieén Q déi véi cac dao ham

cap hai ctia nghiém d-elliptic ctia phuong trinh kiéu Monge-Ampere khong d6i xing (3.1).
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Két qua chinh ctia muc nay 1a dinh ly duéi day.

Dinh 1y 3.4.1 Cho u(z) € C*(Q) la nghiém d-elliptic ciia phwong trinh (3.1) véié € [0,1),
trong dé f(x,z,p) > 0 trong I'. Gia st u théa man
sup |u(z)| < My, sup |Du(x)| < My, sup|D*u(z)| < My, (3.108)
e xe) zef)
trong dé Moy, My va My la cdc hang so6 duong. Khi dé vdi moi hinh cau Bgr, C Q va R < Ry,

ta co danh gid sau

R\
osc D*u < C (—) (osc D?u + Rg‘o) : (3.109)
Br Ry Br,

trong dé ag € (0,1) la hang s6 phu thuoc vao My, My, Mo, n, 8, A, f va Q, con hing s6

C > 0 phu thuoc thém vao B; d day, osc D*u := sup |D?*u(x) — D*u(y)|, Bgr, va Bg la
Br z,yE€BR

cac hinh cau dong tam.

Ching minh cta dinh 1y trén duge dua vao ching minh ctia Dinh 1y 17.14 ([11]) ap
dung cho mot 16p phuong trinh dao ham riéng phi tuyén hoan toan c6 dang tong quét
F(x,u, Du, D*>u) = 0 v6i hai gid thiét quan trong: F' la elliptic déu ddi v6i u va F' 1a 1om
theo bién r trén mién gia tri ctia D?u. D6i v6i phuong trinh kieu Monge-Ampere elliptic
do6i xting thi cdc gid thiét nay luon théa man vi mot khi né 1a elliptic d6i véi u thi no la
elliptic déu va tinh 16m dugce thda man (Meénh dé 2.1.1). Do d6 viéc chiing minh két qua
tuong tir Dinh 1y 17.14 néi trén trong truéng hop nay la rat thuan lgi. Dé chiing minh Dinh
ly 3.4.1 khi phuong trinh c6 dang khong d6i xiing, luan an phai st dung cic két qua da
dugc thiét lap nhu cac He qua 2.2.7, 2.2.15, cong thitc (3.26) dé suy ra dugc cac gia thiét
tuong ty nhu trén (Bo dé 3.4.5 dudi day), ciing nhu st dung tinh d-16m ctia ham s6 kiéu
Monge-Ampere khong déi xiing (Dinh Iy 2.2.20) dé nhan dudc cic danh gia tuong tut nhu
trong ching minh ctia Dinh 1y 17.14 ([11]).

Dé chitng minh Dinh 1y 3.4.1, ta can dén mot s6 bo dé bo trg sau day.

Bo dé 3.4.2 ([11], B6 dé 8.23) Cho w va o la cdc ham khong gidm zdc dinh trén khodng

(0, Ro|, nhan gid tri khong am va théa man
w(TR) < yw(R) 4+ o(R), VR € (0, Ry,

vdi cdc hang s6 0 < ~y,7 < 1. Khi d6 vdi cic hing s6 p € (0,1) va R € (0, Ry] tuy v, ta cé

w(R) < C K%)a w(Re) + o (RS,

trong dé C = C(v,7) va a = a(y, 7, 1) la cic hing s6 duong; cu thé, ta cé

(1 —p)logy
logT
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B6 dé 3.4.3 ([11], B dé 17.13) Ky hiéu S|\, A] la tap hop cdc ma tran doi wing vdc dinh
duong trong R™ ™ wva c¢é cac gid tri riéng thuoc doan [\, A], trong d6 0 < A < A. Khi do
ton tai mot tap hop gom hitu han véc to don vi v1,...,yn € R™ va cdc so6 duong \* < A*,
chi phu thudc vao n, A va A sao cho vdi ma tran tuy 3 A = [a¥] € S[\, A, ta biéu dién

duge dudi dang

nxn

N N
A= Bmw @ hay ¥ = B, i=1,...,n,
k=1 k=1

1
trongdéNgn(nTHvdk*gﬁkgA*,k—l,...,N. Hon nia, tap {y,k=1,...,N} co

, 1
thé dugc chon sao cho ndé chita cac tap {e;,t =1,...,n} va {—(ei te;),1<i<y< n}

V2

Cho ham s6 khong am g € C(BRg), trong d6 Bg la hinh cau ban kinh R trong R™. Dat
1 1/p
pr(9) = | 57 /gp , pe(0,400). (3.110)
Bl ,
R

B6 dé 3.4.4 Cho cic ham g; € C(BRr), gi > 0 trong Bg, i = 1,...,m. Khi dé, vdi hing
56 p € (0,+00) tuy ¥, ta c6 danh gid sau

m m
O, R (Z gi) < mti/p Z D, r(g:) (3.111)
i=1 i=1
Chiing minh. Gia st aq, ..., a;, va s la cac dai lugng khong am tuy ¥, khi do6 ta co
S s m
<Z ai) <m?® (max ai> <m’ Z a;.

=1 ! =1

Do do, tir (3.110) ta c6

1/p 1/p

m m p m
1 1
o E i) = | T 1 E i < P—— p E p
p,R ‘ g |BR| / ‘ g = |BR| / m ‘ gz
=1 =1 =1
= Br i= Br i=

1 1
— - p < 1/p - p _ . 1+1/p ) ).
S [ #) = [ ) et
1= BR BR 1=

=1
Tit d6 ta nhan duge (3.111). Bo dé duge chiing minh. O

Gia stt u(r) 1a mot nghiem d-elliptic ctia phuong trinh (3.1) da duge ¢d dinh. Tuong tu
nhu trong cdc muc trude, ta c¢6 thé bieu dién (3.1) dudi dang tuong duong

F(R(z,u)) := logdet R(z,u) = f(z,u, Du), trong Q, (3.112)
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trong d6 R(z,u) = D*u — A(x,u, Du) — B(z,u, Du) = w(z,u) — B(z,u, Du) := R(x) va
f: log f. Hon nita, ta c6 v6i i, j, k., £ =1,...,n,

IF(R(z)) 0’F(R(x))
~ ORy; T ORy0Rw

trong d6 R(x) = [Ri;(z)] R~ Yz) = [R(x)] . Dat w(z):=w(z,u).

Fi(x) : = RIi(x), F9%(x) = —R(z)R™*(x), (3.113)

nxn’

B6 dé 3.4.5 Glid st cdc gid thiét cia Dinh ly 3.4.1 duoe théa man va F la todn ti cho bdi
(3.112). Khi dé ta c6 cic khang dinh sau:
(i) F la elliptic déu doi vdi u va théa man
Fi(z) + F7'(x)
2
trong dé X\ va A la cdac hang so duong phu thuoc vao My, My, My, n,d, A, f va Q.

AP < &6 < AEP, Ve e, R, (3.114)

(ii) Vdi moi x € Q, ta c6
F9*(2) Py Py < —eo|P)?, YP =[Pyl . € R PT =P, (3.115)
trong dé ey la hang so duong phu thuoc vao My, My, Mo, n, 8, A va Q.
Chiing minh. (i) Tu (3.108), ta suy ra
Amax(W(7)) < Ag, Vo €Q, (3.116)

trong d6 Ay 1a hing s6 duong phu thuoc vao My, My, My, A va Q. Mit khac, ta nhan thay
R(x) € Ds gy va do d6 ta c6 danh gia (3.26). Tt (3.26) va (3.116), ta suy ra

Amin(wW(2)) > Xg, V2 € Q, (3.117)
1+ 42)-15]
trong d6 A\g = w, fo= _ min f(z, z,p).
Ag 20, |2|< Mo, |[p|< M,
Tu (3.113), (3.116), (3.117) va He qua 2.2.7, ta dé dang thu dugc (3.114) bang cach chon
1 1 A
A A== 0 3.118
(1+6%)Ao Ao (1482)7 Bl (3.118)

(i) T He qua 2.2.15 va (3.116), ta dé dang thu duge (3.115) bang cach chon gy =
1—0¢°

m. B6 dé dugce chiing minh. -

Hé qua 3.4.6 Gid st A\ va A la cdc hing s6 duong théa man (3.114). Khi dé ton tai mot

tap hop cac véc to don vi {yi, k =1,..., N} va cic so duong \* < A*, chi phu thudc vao
n, A va A sao cho
R RJt o
(x); (@) _ S Be(@ying, YeeQ, ij=1,....n, (3.119)
k=1

trong dé X* < Br(z) < A,k =1,...,N. Hon nita, tap {ye,k=1,... N} 6 thé duoc chon

1
sao cho né chita cac tap {e;,;i =1,...,n} va {—(eij:ej),l <i<j< n}

V2
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Chitng minh. T (3.113) va (3.114), ta c6

{R—l(x) + (R‘l)T(l’)7 v e g} c S[\ Al

2
Do d6 ta c6 thé ap dung Bo dé 3.4.3 va suy ra két luan ctia he qua. O
Hé qua 3.4.7 Ky hiéu L la todn ti tuyén tinh cdp hai cho bdi
L = a(x) Dy, (3.120)

) = PP

trong dé a" (x , 0,7 =1,...,n. Khi do L la elliptic déu trong Q va théa man

MNP < ()68 < A€, VreQ, € eR™, (3.121)
trong dé X va A la cdc hang s6 duong théa man (3.114).
Chiing minh. Két luan ctia hé qua dé dang duge suy ra tu (3.114). a

Chitng minh ciia Dinh ly 3.4.1. Gia stt v € R™ 1a véc to don vi tlily . Bang cach lay dao
ham hai vé ctia phuong trinh (3.112) theo v hai lan, ta thu dugc phuong trinh tuong ti
(3.37) v6i véc to € thay béi 7. Tit do ta c6

FijDijﬂwu = —Fij’keDijfyuDkgﬂyu + KiﬂDiﬂu + Lfy,

trong do

n

Kijy =2 )  FP"(Dy A + DyBie) + ) F(Dy, A+ Dy, Bie)vs + Dy, frg, i j = T,
k=1 k=1

Ly = FY[Dopy Aij + (D22 Aij) (uy)? + (Dpyp, Aij) Dty Dyt + (D2 Aij) gy + 2(Doys Aij)uy

+ 2(DyypyAij) Dty + 2(Dsp, Aij) (Diti )uy + Doy Bij + (DzzBij)<u7)2

+ (Dpype Bij) Dy Doty + (D2 Bij)tyy + 2(Dvyz Bij)uy + 2(Dyp, Bij) Diusy

+ Q(Dszij)(Dkuv)uv] _Fij’kﬂ(DvAij + DvBij)(D'vAkﬁ + D’YBM) + Dwf + (Dzzf) (%)2
+ (Dpkpef)Dku”/Dwv + (sz)uw + Z(szf)uv + Q(Dvpkf)Dk'uv + Q(szkf) (Druy ) uy.
Ap dung danh gia (3.115) v6i P = D?u., ta c6 —F"j’keDiﬂuthu > 0| D;jyul? va do d6

FijDijfwu Z €0|Diﬂu|2 + Kiijijvu + Lfy. (3122)

T (3.122), ta nhan duge danh gia sau v6i moi véc to don vi v € R™,

FijDij,y,yU Z KijfyDijfyu + L,y 2 - (K()‘D?)U’ + Lo), (3123)

trong d6 Ky va Lo 1a cic hiang s6 duong phu thuoc vao My, My, My, n,d, A, B, f va Q.
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V6i cac véc to don vi v1,...,vny da dugce xac dinh trong Hé qua 3.4.6, ta dat
1 Dy -~ u
hp==(14+—"2%—) k=1,...,N. 3.124
k 9 < + 1—|—M2) ) ’ ) ( )

Khi d6, 0 < hy, < 1, k= 1,..., N. Hon nita, tit (3.123) va (3.124), ta c6

—FY7 Dyl < 5 (Ko|D?u| + Lo) . (3.125)

1
(1 + Mg)

Nhan hai vé ctia (3.125) v6i ham hy, rdi lay tong theo chi s6 k tit 1 dén N, ta thu duge

—ZF” Djhy,)h 0(7;\)4 (Ko | D?u| + L), (3.126)
2

6 day, tachuy N < ("+1) . Bay gio, ta xét ham sb

N
v=>Y () (3.127)
k=1
Ta co
N N
Div =2 hyDihy, DUU—QZ (DihiDjhi + hiDijhy), i,5=1,...,n.
k=1
Suy ra
ZD th hk ththk, i,j:1,...,n.

k=1
Tt hé thic nay va (3.126), ta nhan duge

N

i 1o C(n) 3
> F9D;hDjhy, — - F7Djjv < (Ko |D3u| + Lo) . (3.128)
s 2 1+ M,

Tt He qua 3.4.6, (3.124) va cht ¥ |a — b|* < 2(|a|? + |b|?), véi Va, b € R, ta c6

N
1
k=1 1<i<j<n
+ Z |Dug|*>2 > |[Dugl* + Z |Dugil* = > | Dugj* = | D*uf?,
1<i<j<n 2,7=1
va do dé
1/2
|D3u| < 2(1 + Ms) <Z|th|2> . (3.129)
Tir (3.114), ta c6
N N
> FYD;hDjhy > X [Dhy*. (3.130)
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Gia stt € € (0,1) 1a hing s6 nao d6 sé duge xac dinh sau. Dit
w=wE =hp+ev, k=1,..., N. (3.131)

Tir (3.125) va (3.128)-(3.131), ta 6

1
5)\2 |Dhy,|? — F”Dzjw = e\ Z |Dhy,|? — F”thk - §F”DUU

S¢€ iF”Dh Dby — 2FiD0 | = 2Fiph, < o (0 | D?ul + Lo
So\&n TR T 27 U= 14 My 1+ M,

K, al i L
<C 201+ M) (Z |th|2> ]

=" 1+ M,y £ 1+ M,
va do do
N ] N 1/2 I
AN DR — SFYDw < C | K, Dhy, |2 0 C = C(n).
3o e [ (o) s B e

Tu danh gia nay va bat dang thic Cauchy, ta suy ra

al al P\ ek L
F'iDjjw > 2> |Dhy|* — | 2Ved (Z |th12> (2\/{%) -0y +3\42

k=1
N 02K L K2 L
>2)\§:Dh2— 2A§ Dhy|? + o) _ 0 > _ 0 ° ).
= %€ k:1| d (E | Dhaf” + ) YAl (s i ey v
Nhu vay, v6i w =wg, k=1,..., N, ta co
.. _ _ O(TL) Kg Lo
FiDyw> —\i, = —2 (=0 . 3.132

Gia stt Br va Byp 1a hai hinh cau dong tam tuy ¥ trong Q, ¢6 ban kinh lan lugt 1a R
VA2R. Véis—=12vak=1.. . N, tadat

Wis = supwy, Mygs = sup hy, mgs = inf hy,
BSR BSR BSR

N
Zosc hy, = Z (Mgs — mys).
k=1

(3.133)

Tit (3.132), ta c6 véi k = 1,..., N,
I:(Wkg —wg) = FijDij(Wkg —wy) < Nz, trong €,
trong d6 L 1a toan ti cho boi (3.120). T He qué 3.4.7 va chit § Wyo — wy, > 0 trong Bog,
ta c6 thé ap dung dinh ly Harnack (Dinh 1y 1.3.8) cho ham Wjs — wy, vA nhan duge
1/p

(Dp’R(WkZ k |B ’ / Wkg wk < C’(sz — Wi + ﬁRz)’ (3.134)
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trong d6 p va C' 1a cac hang s6 duong chi phu thuoc vao n, A va A.
Tit (3.127), (3.131), (3.133) va chii § 0 < hy, < 1, ta c6 véi k = 1,..., N,

N N
Wio — Wi = sup wg — wg = sup <hk + 5Z(hk)2> _ <hk + 5Z(hk)2>
k=1

BQR BQR

N 9 = N )
> (SBEE hi + 52(}3% hk> ) — (hk + 5;(@) )
N
= (%1;_5 hk — hk) —& kz_:l (hk; + JIBI;}E hk) <hk — E;IE hk)

N
> (Mgy — hg) — 252(sup hi — inf hk>: (Mg — hg) — 2ew(2R), trong Bag,
k=1

Bagr Bar

trong do bat dang thic thit ba dude suy ra tit danh gia sau

N N N
2
sup (hk + EZ(hk)2> > sup hy, — sup (—5 Z(hk)2> > sup hi + EZ(ian hk> .
k=1 2R

Bar 1 Bar Bar 1 Bar
Tt hé thic trén, ta co véi k=1,..., N,
Mo — hy < Wi — wy + 2€W(2R), trong Bog. (3135)

Tuong tu nhu trén va cha y iélf hy > ]ianf hi, tacovéik=1,...,N,
R 2R

N N
Wio — Wi = sup (hk +ée Z(hk)2> — S;lp (hk +é Z(hk)2)

Bar k=1 k=1
N 2 )
< |suphir +¢ Z (sup hk) — | suphy +¢ Z(inf hk>
Bar i—1 \DB2r Br b1 Br
N (3.136)
= (Mg — My1) + hi + inf h hi —inf h
(=) -3 (e e ) (st = i)
N
< (ng — Mkl) + 2¢ Z(ng — mkg) = Mo — M1 + QEU.)(QR).
k=1

Tit B dé 3.4.4 va (3.134)-(3.136), ta c6 véi k= 1,..., N,

@p’R(MkQ — hk> S (I)p,R(Wk:Q — Wk + QEW(QR))
< 21+1/p[(1)p’R<Wk2 — wk) + <I>p7R(2€w(2R))]
< C [Wia — Wit + BR? + 2ew(2R)] < C [Mys — My + iR* + cw(2R)] |

va do doé

D, g(Myo — hi) < C [Mya — Myy + BR? + cw(2R)], C = C(n, A\, A). (3.137)
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Tit B dé 3.4.4, (3.137) va cht ¥ p phu thude vao n, A va A, ta c6 véi £ ¢b dinh, £ = 1,..., N,

Dy [ S (Mo~ he) | < (V= 1)1 3 @, n(Myo — i)
ey, ey,

(3.138)
< C Z(ng — Mkl) —|—ﬂR2 + ew(2R)
k#L

< C[1+ew2R) —w(R)+paR*, C=C(n,A\A\),
trong dé bat dang thiic cudi dude suy ra tit danh gia sau

N N

Z(Mm — M) <Y (Mga — Mj1) < [(Myka — mp2) — (Mg — my1)] = w(2R) — w(R).
P, =1 k=1

Tiép theo, ta sé danh gia can trén cho ®, g(hy — mi2), k = 1,..., N. Cho cac diém
T € Bag, y € Bg tuy §. Bing cach ap dung Dinh 1y 2.2.20 cho ham F(R) = log(det R) d6i
v6i hai ma tran R = R(y), R = R(z) va sit dung céc cong thitc (3.117), (3.118), ta c6

logf(z,u, Du) —log f(y,u, Du) = F(R(z)) — F(R(y))

< ijz_l FU(R(Z/))(RU(ZL’) — R@'(y)) + % (1 + fn_—(;?> |B(x,u, Du) — B(y, u, Du)|2,

Do do tit (3.112), (3.114), Bo dé 3.2.3 va dinh Iy gia tri trung binh, ta suy ra
(F9 + F5) (R(y))
2
trong d6 Dy 1a hing s6 duong phu thuoc vao My, My, Mo, n, 8, A, B, f va Q.
Tir (3.113), (3.119) va (3.124), ta c6

(7 + F;Z) (£(y)) (Diju(y) — Diju(x)) = Be(y)mives (Diguly) — Diju(x))
k=1

(Diju(y) — Diju(x)) < Dolz —yl, (3.139)

= Zﬂk Dyyti(y) = Do) = 2(1+ Ma) Y Bu(y)(ha(y) — ha()),

k=1
trong do \* < Bx(y) < A*, k=1,...,N. Tu day va (3.139), ta suy ra

> Be(y)(hu(y) — hi(x)) < ;Zi'i;j:g < 2520]]\1) = gAﬁR, fi = ﬁ, (3.140)
va vi thé, ta c6 v6i £ c6 dinh,
h()MU_;m@W@—Mm1
= 5 2 B l) — b)) + 3 Brl) () — )
k=1 kA0

<C AR+ (Mg —hi(y)) |, C=C(n,AN).
k0
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Nhu vay, v6i £ =1,..., N, ta cé

he(y) — mep = sup (he(y) — he(x)) < C |AR+ > (Mia — hi(y))| , Yy € Br,
T€52R k£l

va do do6 tit Bo dé 3.4.4 va (3.138), ta nhan dudc

Py r(he —mez) < C | Py R (AR) + Pp Z(Mm — hi(y))
Kl

< C[(1+¢e)w2R) —w(R) + iR+ AR?], C=C(n,\A).

(3.141)

Tit B8 dé 3.4.4, (3.137) va ép dung danh gia (3.141) véi £ = k, ta c6

D, p(Mya — mi2) = @p r [(Mi2 — hi) + (hi, — my2)]
< 2MVP (D, (Mg — hy) + p r(hi — mio)]
< C[1+ew2R) —w(R) + My, — My + iR+ 1R?], k=1,...,N,

va do do

N N
®) r(W(2R)) = ®p,R (Z(Mkz - mm)) < NUPY b, p( My — mpo)

k=1 k=1
N
< C |N(1+&w(2R) — Nw(R) + Y _(My, — M) + NjiR + NR*
k=1

IN

Cl(1+ew(2R) —w(R) + pR+ aR*], C=C(n,\N),

trong do bat dang thic cubi duge suy ra tit danh gia sau

N N N
Z(Mk2 — M) <Y (Mg —mia) — Y (Mg —mya) = w(2R) — w(R).
=1 =1 k1

Tu danh gia trén va cha y @, r(w(2R)) = w(2R), ta nhan dugc
w(2R) < C [(1 + e)w(2R) — w(R) + AR + uR?],

va do do .
w(R) < (1 +e— 5) w(2R) + (AR +R?),
trong d6 C' = C'(n, A\, A), C' khong phu thudc vao € mac du z ¢6 phu thudce vao dai lugng

) 1 . 1
nay. Ta luon ¢6 thé chon C sao cho C > 2 khi d6 bang cach chon € = 50 € (0,1), ta ¢

w(R) < 0w(2R) + (AR + FR?), (3.142)

N 1 N
trong d6 § =1 — Y6, € (0,1), 0 chi phu thuoc vao n, A va A.
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Gia stt Bg, C € va ky hiéu By 1a hinh cau dong tam véi Bg,, R < Ro. Vi cac hang s6
0,7 va fi trong danh gi4 (3.142) khong phu thuoc vao R neén tir (3.142), ta suy ra

w (?) < dw(R) + (%ﬂmiﬁff) < 0w(R) + (AR +7R%), VR< Ro.  (3.143)

€ (0,1),y=0€ (0,1) va o(R) = iR+ iR?

N | =

Do d6 ta c6 thé ap dung Bo6 dé 3.4.2 véi 7 =
va thu duge

R\ _ _
w(R) <C [(F) w(Ro) + iR Ry ™ + AR*™ RS |, VR < Ry, (3.144)
0
P . _ . _(l—u)logg
v6i moi pu € (0, 1), trong d6 C' = C:(’)/,T) =C(n,\,A) va g = Tlogl2
1 —p)logd log ¢
Ta chon p sao cho p = %. Khidé ag = p = °8 =€ (0,1) va tur (3.144),
log1/2 log1/2 +logd
ta thu ducc
R\
w(R) <C (R ) (w(Ro) + iRy + IRY) , VR < Ry, (3.145)
0

trong d6 C' va o € (0,1) 1a cac hang s6 chi phu thudc vao n, A va A.
T (3.124) va (3.133), ta c6

Bk, Bk,

N
1
w(Ro) = Z osc Do, < N oscD*u < nin+1) oscD?u, (3.146)
2(1+ MQ “— Br,

trong do bat dang thic thi hai dé dang dude suy ra tit danh gia sau

| Dy ti() = Dyeu(y)l = |((D*u(z) — D*ul(y)) . m)| < [D*u(x) — D*uly)], Va,y.
Tiép theo, ta s danh gia can dudi doi véi w(R). Ta co:

e VGi i, = ¢;, thi osc D, u = osc D;u.
BR BR

1
—(6i + 6]'), thi

[ J VGI Y =
V2

1 1 . 1 1
OBSIS D%%u = sglp EDMU + Diju + §Djju — lél}f §D”u + Diju + §Djju .

R

o VGi = e;), thi

=
V2
1 1 . 1 1
%SRC D u= sui) EDiiu — Djju+ éDjju — %115 §Diiu — Djju + §Djju

(-1 1 —1 1
= —%115 (7Duu + Diju - §D]~ju) + Sél;) (TDMU + Dz-ju - §Djju> .
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Tt cac hé thic trén va cha § tap {yw,k = 1,..., N} chia cac tap {e;,i = 1,...,n} va
{1/v2(e; £¢;),1 <i < j<n}, tadé dang suy ra

N
Z OSCDW%U > osc Dyu+ 2 Z (supDUu me”u) Z osc Djju > osc D?u.

1<j B 3,j=1
Tw day va (3.124), (3.133), ta co

N
1
R § D —— osc D*u. 3.147
w(k) = 1+M2 e EETIES AR e (3.147)

Tit cac danh gid (3.145)-(3.147), ta nhan duge

RN\

osc D*u < C(1 + My) (—) (osc D*u+ iRy + ER%) , VR < Ry,
Bpr .Ro Br,

trong d6 C' va ag € (0, 1) 1a cac hdng s6 chi phu thuoc vao n, A va A, 1@ va ji 1a cac hing s6

duong lan lugt duge xac dinh béi (3.132) va (3.140). T danh gid nay va chi ¥ cac hing

s6 A, A phu thuoc vao My, My, Mo, n, 5, A, f va 2, ta nhan duge danh gia (3.109). Dinh 1y

duge chiing minh. ]
T Dinh 1y 3.4.1, ta dé dang suy ra duge hé qua sau day.
Hé qua 3.4.8 Gid si cdc gid thiét ciia Dinh Iy 3.4.1 duge théa man. Khi dé vdi mién con
tuy 4y Q' CC Q, ta c¢é dinh gid
[D%u], o < C. (3.148)

trong dé ag € (0,1) la hang so da dugc xdc dinh trong Dinh lyj 3.4.1, C la hdng so duong
phu thuoc vao My, My, Mo, n,d, A, B, f,Q va dist (€, 09).

3.4.2 Danh gia Holder tai diém tuy § trén bién dbéi véi cac dao ham cép
hai ctia nghiém é-elliptic ctia bai toan Dirichlet cho phuong trinh kiéu
Monge-Ampeére khong déi xing

Trong muc nay, luan an sé thiét lap danh gia Holder do6i v6i cac dao ham cap hai clia
nghigm J-elliptic ctia bai todn Dirichlet (3.1)-(3.2) tai diém tuy ¥ trén bien v v6i bac

a € (0,1) tuy §. Két qua chinh ctia muc nay 1a dinh 1y dudi day.

Dinh 1y 3.4.9 Cho u(x) € C*(Q) la nghiém d0-elliptic ciia bai todn Dirichlet (3.1)-(3.2),
trong dé f(x,z,p) > 0 trong T, p(x) € CH(Q) va 00 € C*. Gid st u théa man

sup |u(z)| < My, sup |Du(z)| < My, sup |D?u(z)| < My, (3.149)
x€eQ ze)

e

trong dé Mo, My va Mo la cdc hang so duong. Khi dé vdi hang so o € (0,1) tuy v, ta cé
|D?u(z) — D*u(2°)] < Ol — 20|, Va° € 09, z € Q, (3.150)

trong dé C' la hang s6 duong phu thuoc vao o, My, My, My, n, 5, A, B, f, ¢ va €.
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Chitng minh cta dinh 1y trén duge dya trén chiing minh ctia cdc Dinh 1y 17.26, 17.26
([11]) va tai lieu tham khao [14]. Y tudng ¢ day 1a ta can thiét lap danh gia nita chudn
Holder déi vé6i cac dao ham cap hai ciia nghiém trong lan can dt nhé ciia diém bien 20 € 99
tily ¥ cho truée, roi dung ly thuyét pht bien 9Q bdi mot ho hitu han cac lan can da nhé.
Dé lam duge didu do, ta lam phéng phan bién trong lan can dt nhé ctia 20, r6i thiét lap
danh gi4 trong khong gian LP, p € (1, +o00) dbi véi cac dao ham cap ba ctia nghiem dé tit d6
c6 thé ap dung duge Dinh 1y Morrey 1.2.6. Theo Dinh 1y 1.3.9, viéc thiét lap cac danh gia
trong LP lien quan mat thiét dén viec danh gia modun lién tuc clia cac ham hé s6 clia mot
toan tit elliptic tuyén tinh héa cap hai va tit d6 dan dén viéc phai danh gia dude modun

lien tuc ctia cac dao ham cap hai clia nghiem tai z°.

a) Lam phang bién va dua vé diéu kién bién bing khong

Ta nhan thay dang ctia bai toan Dirichlet (3.1)-(3.2) va céc gia thiét clia Dinh 1y 3.4.9
la bat bién dusi cac phép tinh tién va phép quay céc toa do. Do dé, véi diem z° € 99 tuy
¥ cho trude, khong mat tinh tong quét, ta co thé gia thiét 2° triing véi gbc toa do va véc
to phap tuyén trong don vi ctia bien 02 tai diém nay c6 gid nam tren truc toa do z, va
huéng theo chiéu duong clia truc nay. Khi d6 phan bién 9, ndm trong mot lan can N du
nhoé cta 20, 14 do thi cia ham

T, = h(z'), 2= (x1,...,00_1),

trong d6 h € C*, h(0) = 0 va Dh(0) = 0. Bay gid, ta sé lam phang phan bién nay. Cu thé,
ta xét vi dong phoi ¢ = (¢1, ... ,%,) cho bdi

y=v(x) = (2,2, — h(2'), = (2" 2,) €Q, y € Q:=v(Q). (3.151)
Véi phép doi bién (3.151), ta dit
v(y) = u(z) —p(r) hay u(z) = v(y) + ¢(z). (3.152)
Bang tinh toan, ta co

Du = JDv + Do,

n 3.153
D*u=JD*J" +) v D%y, + D, (3.153)
k=1
trong do J = [Jy],., = [gﬁﬂnxn 14 ma tran duge xac dinh tuong tu nhu trong (3.50).

Chu ¥ det J = 1, khi d6 bai toan Dirichlet (3.1)-(3.2) duge dua vé dang

det[D?*v — A(y, v, Dv) — B(y, v, Dv)| = f(y,v, Dv) trong €, (3.154)
v =0 trén O, (3.155)
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trong do

Ay, zp) = J AW W), 2 + @, Jp+ D) — Si_y kD2 — D) (1)

B(y.z.p) =J "B\ (y).z+¢,Jp+Dy)(J )", (3.156)
fly,2p) = fW W),z + ¢ Jp+ D).

Ro6 rang AT = A, BT = —B wa f > () trong Q xR x R”. Hon nita, bang cac lap luan tuong
tu nhu trong Muc 3.4.1, ta suy ra ton tai hiing s6 py > 0 dit nhé sao cho B, (0) € N va
v(y) 1a nghiem d-elliptic clia (3.154) trong on =QnN B,,(0) véi 0 < 6 < 1.

Mit khac, vi ¢ € C* va kha nghich nén ta suy ra ton tai cac hing 0 < p; < e sao cho

pale = < J(x) = ()] < pole — 7|, Vo, T € Q. (3.157)

Diéu nay c6 nghia la khodng cach trong z-khong gian 1a tuong duong véi khodng cach trong
y-khong gian.
b) Chitng minh cia Dinh ly 8.4.9
Gia stt 20 € 99 1a diém tiy ¥ cho trude. Tit céc lap luan trong muc trén, ta cé thé gia
thiét 2% = 0 va phan bien 99 nam trong mot lan can dd nhé cla 2° ¢6 dang phing. Cu
thé, ton tai hing s6 po € (0,1) dit nho sao cho
Qo =QN B, (0) ={z € R" | |z] < po, zn, > 0},
Ty, = 00N By, (0) ={z € R" | |z] < po, xn, = 0}.
Thay vi bai toan (3.154)-(3.155), ta xét bai toan sau, trong dé an ham v(y) duge ky higu
trd lai thanh u(z),
det[D*u — A(z,u, Du) — B(z,u, Du)] = f(z,u, Du), trong Q,,, (3.158)
u=0, tréenT),,. (3.159)
Cac gid thiét cia Dinh 1§ 3.4.9 tiép tuc dugc thda man trong Q,,. Cu thé, ta gid thiét
u(z) € C*(Q,,) 1a nghiem d-elliptic ctia bai toan (3.158)-(3.159) va théa man (3.149), trong
ds f(z,z,p) > 0 trong Q,) x R x R", cac hiing s6 méi My, My, Ma, § phu thude vao 9, ¢
va cac gid tri ban dau ctia né. Khi d6 ta van nhan duge cac he thic (3.112), (3.113), Bo
de 3.4.5, He qué 3.4.6 va He qué 3.4.7 trong .
Meénh dé sau day thiét lap danh gia Holder déi véi cac dao ham cap hai ciia nghiém

trong lan can du nhé cia diem 20 = 0.
Meénh dé 3.4.10 Vi hang s6 o € (0,1) tuy 4, ta cé danh gid
|D*u(x) — D*u(7)| < Clz —7|%, Vz,T € Q,,, (3.160)

trong dé p1 € (0, p0) va C' la cdc hang so duong phu thudc vao a, Mo, My, M, n,d, A, B, f,
po va .
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Dé chting minh ménh dé trén, trudc tien ta sé thiét lap danh gia déi véi modun lien tuc

ctia cac dao ham cap hai tai diém bien 20 = 0. Cu thé, ta c6 cac bd dé sau day.
B6 dé 3.4.11 Ta cé danh gid

| D*u(z) — D*u(0)| < Clal?, V& €Ty, (3.161)
trong do B € (0,1) phu thuoc vao My, My, My, n,d, A, f va Q,,, con C > 0 phu thuoc them
vao B wva py.

Chiing minh. Ky hieu H;; la phan b dai s6 cia R;; trong dinh thic det R véi R = R(z, u).
Khai trién dinh thitc nay theo cot n, tit (3.158) ta co

n—1

(unn - Ann)Hnn = Rnann = f - Z R'mHzn (3162)
=1

Tit (3.113), (3.114) va (3.158), ta suy ra
Hyp = R"™det R = R" f(x,u, Du) > Afo >0, trong €2,,

trong d6 fo= _  min f(z, z,p) > 0. Do dé tit (3.162), ta c6
2€Qpq,|2|< Mo, |p| <My

f - Z;:ll Ranzn + Anann
Unn = H

= L (x,u, Du, (uge)1<k<n—1,1<t<n) -

Bing cach sit dung dinh 1y gia tri trung binh ddi véi vé phai clia hé thiic trén, ta suy ra

[t () — Ui (0)| < C ( sup |uge(z) — uge(0)| + ]m]) . VYreT,, (3.163)

1<k<n—1,1<¢<n

trong d6 C' 1a hang s6 duong phu thuoc vao A, Mo, My, Mo, n, 8, A, B, f va Q.
Tt (3.159), ta ¢6 uge|r,, =0, k,£ =1,...,n — 1. Tt h¢ thic nay va (3.163) ta nhan thay
dé chiing minh (3.161), ta chi can chiing minh danh gia sau

ukn () — upn (0)] < Cl2|?, Yo €Ty, k=1,...,n— 1. (3.164)
That vay, bang cach lay dao ham hai vé ctia (3.112) theo bién zy, ta c6

Fij (Dwku — kaAzj — DZAZJDkU — DpeAijDkgu — kaBz] — DZBZJD]CU

o ' (3.165)
— ngBijDkéu) = Dackf + DZkau + Dpekagu, k= 1,...,n—1.

V6i chi 86 k ¢6 dinh, k = 1,...,n—1, tit (3.159) va (3.165), ta suy ra ham uy thuoc C2(Q,,)
va thoa man
Lug = g(z) trong Q,, up =0 trén T, (3.166)
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trong d6 L 1a todn tit tuyén tinh cho béi (3.120) v6i cac ham hé s6 a(z) € C(Q,,), ham
vé phai gi(z) € C(Q,,) cho bdi

gk(l') = Fij (kaAZj + DZAZJDkU + DpeAijDkgu + Dl’kBZj + DZBZjDkU + DpeBijDkgu)
+ Dy, f + D.fDyu+ Dy, f Dygu.

Tt (3.166) va Hé qua 3.4.7, ta c6 thé ap dung Dinh 1y Krylov 1.3.10 trong Bl = Q,, va
nhan dugce danh gia

8uk

B
osc—gC(ﬁ) sup|Duk|+@sup|gk| , Vp<po, k=1,...,n—1,
7, Oy, Po D A Q,

trong dé B € (0,1) va C' chi phu thuoc vao n, A va A. Tt day suy ra

oTscuanC’pﬁ, Vp<po, k=1,...,n—1,
P

trong d6 C' phu thudc vao n, A, A, po, |D2u|0;§p(J VA |gk|0;§p0. T danh gia nay va chia y céc
hang s6 A va A phu thudc vao My, My, Ma,n,d, A, f va Q,,, ta lan luot suy ra (3.164) va
(3.161). Bo dé dugc chitng minh. O

Bo6 dé 3.4.12 Gid su
|D*u(x) — D*u(0)| < &', Va €T, (3.167)

trong dé p' € (0, pg) va €' la cic hing s6 duong. Khi dé ta cé
|D*u(x) — D*u(0)| < O’ + C"|x|, Vr € Qy, (3.168)

trong dé C' > 1 phu thuoc vao My, My, Ma,n,0, A, f va Q,,, C" > 0 phu thuéc théem vao
B, po va p'.

Chatng minh. Cho véc to don vi v € R™ tuy y. Tit (3.122) va bat déng thitc Cauchy, ta c6
-~ 1
FZJDZ'jWVU > €0|DZ’J’7U|2 + (—E|Kij7|2 - 50|Dij7u|2) + L7 > —(1, trong on, (3169)
0

trong d6 Cy 1a hing s6 duong phu thuoc vao My, My, My, n, 8, A, B, f va Q,,.
Gia st Br(y) 1a hinh cau ngoai tiép bien 99, tai 2° = 0. Xét ham w cho béi

wx)=7(R7—|z—y|7)=7(R7=r"7), r=lz—y (3.170)
trong d6 7 va o 1a cac hiang s6 duong sé duge xac dinh sau. Bang tinh toan, ta c6
D; (R*" — 7“*‘7) = or " 'Dr,
D;; (R*U — r*") =—o(o+ 1)7“*”*2D¢7“Djr + m“*aleijr

= —o (o + 1)r=7 ey — yi)(x; — y;) +or™77 (% _ (@i i)l — yj))

r3

= —o(o+2)r 7 Ya; — yi)(zj — y;) + or™ 725,
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Tt hé thic nay va (3.170), ta cd

FijDijw = 7‘0‘7’_0_2Fij [52 — (U + 2)7“_2(.%‘1' — yi)(xj — yj)}
=701 7 2 [F" — (04 2)r *F9(z; — y;)(z; — y;)] <7or™[nA — (0 +2))],

trong d6 bat dang thic cudi dugc suy ra tit (3.114). Ta chon ¢ > 0 di l16n sao cho
nA — (0 +2)A < —1. Tt he thic nay va chi ¥ r < R+ pg, ta c6 thé chon 7 du lén
sao FD;;w < —7o(R+ po) 7 2 < —1. Nhu vay, v6i cac hing s6 7 va o di 16n, phu thuoc
vao n, A\, A, po va R, ta co

FYDjw < —1, trong Q. (3.171)

Tir (3.114), (3.169) va (3.171), ta ¢6 danh gié sau véi hiing s6 Co > 0 dit 16n

4nM2A
,0/2

_ 2
L <€I + ng(x) + 2M2|Z—/2) < —Co+

< —Cy < L(Du(z) — Dyyu(0)), Vo € Qy,

trong d6 L 1a toan tit cho béi (3.120), Cy phu thuoe vao n, M, A, p' va Ci.
Tit (3.149), (3.167) va chi § w > 0 trong Q,r, 90, =T,y U (2N 0B,(0)), ta suy ra

]

Du(z) — Dypu(0) < &'+ Cow(z) + 2M peR

VI' < anl.

Tt cac hé thiic trén, ta c6 thé ap dung nguyén 1y so sanh (Dinh 1y 1.3.3) va nhan dugc
|z
p/2 ’

D u(z) — Dyu(0) < & + Cow(x) + 2Ms Vo e Q,.
vy vy p

Mat khac, ta luon c6 thé gia thiét o € N*. Bing cach sit dung cong thiic nhi thiic Newton,
tr (3.170) va chi § 0 < p’ < 1, ta suy ra

[z —yl” = R” _ |e—yl” =R _ (je|+R)” - R°
w(z) =71 Relo =y <7 T3 <rT T2 < Cslz|, VreQy,

trong d6 Cs 1a hing s6 duong phu thuoc vao 7, R va o.
Tit cac danh gid trén va chi ¥ ta c6 thé chon hinh cau ngoai tiép Br(y) véiy = (0,...,0, —po/4)
va R = pp/4, ta suy ra

Dyu(z) — Dyyu(0) < &'+ Cylz|, Vo € Qy,
v6i moi véc to don vi v € R™ va do do
Dy, vou(x) — Doy u(0) <& + Cylz], Vo eQy, k=1,...,N, (3.172)

trong do6 71, ...,y 1a cic véc to don vi da duge xac dinh trong Hé qua 3.4.6, Oy 1a hing
s6 duong phu thuoc vao My, My, Mz, n, 8, A, B, f,Q,,, po va p'.
Bay gio, ta sé ching minh

D%%u(O) — D%%u(x) < 056/ + 06|I|, Vx € Qpl, k=1,...,N, (3173)
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trong d6 Cs > 1 1a hing s6 phu thuoc vao Mo, My, Ma,n, 8, A, f va Q,,, Cs > Cy ciing phu
thudc vao cac dai lugng nay va B, pg va p’. That vay, tu (3.113), (3.119) va 1y luan tuong
tu nhu trong chiing minh ctia Dinh 1y 3.4.1, ta nhan duge danh gia tuong tu (3.139),

(F + F7") (R(0))

Pr(0)(Dryy u(0) = Doy ul)) = 5 (Diju(0) = Diju(z)) < Dolz,

WE

k=1

v6i moi & € Q,,, trong d6 0 < \* < 5,(0) < A*, k=1,...,N va Dy la hing s6 duong phu
thuoc vao Mo, My, Ma,n, 6, A, B, f va Q,,. Tt danh gia nay va (3.172), ta co

] =

B1(0) (Dvmu(m - D’Yk’qu(‘T)) = Be(0) (wau(()) - wau(x))

/=1
+ Zﬁg(()) (wau(x) - Dw.wu(o)) < Dolz| + (N = DA™ (e + Cylz|), k=1,...,N.
£k

Béng cach chia hai vé ctia bat phuong trinh trén cho 8¢ (0) va chi § 8(0) > A*, N < @,
ta dé dang thu duge (3.173) v6i C5 > 1 va Cg > Cy.
Béng cach két hop (3.172) va (3.173), ta c6

| Dy t(2) = Doy u(0)| < Cse” + Cglz|, Vo€ Qy, k=1,...,N. (3.174)
Ap dung danh gia (3.174) v6i v, = e;, ta nhan duge
|Djiu(z) — Dyu(0)] < Cse’ + Colz|, i=1,...,n.
Tir he thic trén va ap dung danh gia (3.174) véi 1, = 1/v/2(e; + ¢;), ta nhan dugce
IDyu(a) ~ Diyu(O)] < 5| Dyule) ~ Digu(0)| + 51Dy5u(a) — Dyyu(0)

2
< 2(C5e" + Cglz|), 1<i<j<n.

+ ' (lDiiu(x) + Djju(x) + % jJU(x)) - <%Diiu(0) + Dyju(0) + %Djju(0)> ’

Tit cac danh gid trén ta d& dang suy ra (3.168). Bo dé dugc chitng minh. O

Chitng minh ciia Ménh dé 3.4.10. Ta sé thiét 1ap danh gia trong LP cho |D3u| trong mot
lan can di nhé ctia 2° = 0. Vi moi p € (1, +00), tit He qua 3.4.7 va (3.166), ta c6 thé ap
dung Dinh 1y 1.3.9 va nhan dugc danh gia trong LP doi v6i cac dao ham cap hai ciia ug,

||D2uk||LP(Qp*/2) < C(n,p, A A, p") (Huk”L?’(Qp*) + ||gk||LP(Qp*)) , k=1,...,n—1, (3.175)
trong do6 p* 13 hang s6 duong théa man

m(p*) = sup a(w) —a(0)] <m*, a(z) =[a(2)],p (3.176)

T€Qp,|z|<p*
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trong d6 m* 1a hing s6 duong phu thudc vao n,p va .

Bay gio ta sé danh gia p*. Ky hiéu H;; 1a phan bu dai s6 ctia R;; (4,5 = 1,...,n) trong
dinh thic det R(z,w). Tu (3.113) va (3.158), ta c6 v6i i,j = 1,...,n,
B 2 © 2detR  2f

a" () = Lij(v,u(z), Du(z), D*u(x)).

Do d6, bang cach ap dung dinh 1y Lagrange cho cac ham so
hij(t) = Lyj(tz, tu(z) + (1 — t)u(0), tDu(z) + (1 — t) Du(0), tD*u(z) + (1 — t)D*u(0)),

véii,7 = 1,...,n, ta thu dudgc danh gia sau véi moi = € €2,

(@) = a(O)] £ 3 a¥(@) = (O = 3 Ihiy(1) = his(0)

(3.177)

n

< Y sup [hi(t)] < Kol|z| + [D*u(x) — D*u(0))),

ij=1 te[0,1]

trong d6 Ko 1a hang sé duong phu thudc vao My, My, Ma, n, 8, A, B, f va Q,,. Tu day suy ra
modun lién tuc ctia ma tran a(z) duge danh gia qua modun lien tuc ctia ma tran D?u(x).

V6i C’" > 1 1a hing s6 da dugce xac dinh trong Bé dé 3.4.12, ta chon hing s6 ' > 0 sao
cho KoC'e’ < mT hay &' < %OC' V6i ' > 0 vita duge xac dinh, tit B6 dé 3.4.11 ta suy ra
ton tai hing s6 o’ € (0, po) sao cho |[D?u(z) — D*u(0)| < C|p'|? < &, v6i moi « € T,y. Do
d6 tir B6 dé 3.4.12, ta nhan duoe (3.168). Két hop (3.168) vi (3.177), ta c6

*

la(z) — a(0)] < Ko(|z| + C'e" + C"|z]) < Ko(1+ C")|z| + m77 Vo e Q.

Tu day ta dé dang suy ra (3.176) bang cach chon p* théa man p* < min{p/, W}
Nhu vay, p* phu thudc vao p, Mo, My, Mo, n,0, A, B, f, po va Q.

T (3.175) va phuong trinh (3.165) v6i k = n, ta dé dang suy ra duge dénh gié tuong
tu cho dao ham cap ba Dy,,u. Tt cac danh gia nay va dit p” = p* /2, ta nhan duge

1D%u]l g, ) < C (3.178)

trong dé p"” € (0, po) va C' > 0 phu thudc vao p, My, My, My, n,0, A, B, f, po va Q.
Cha y Q,» = By(0) N {x, > 0}. VGi cac chi s6 i, ¢6 dinh, i,j = 1,...,n, ta dit

uii (), x € By(0)N{z, > 0},
—3uij(z1, ..., Tpot, =) +4ugi(xr, .. 21, =20 /2), x € By(0) N {x, <0}

v(x) =

Khi d6 v € C*(B,#(0)) va v 1a thac trién clia u;; lén hinh cau B,/ (0). T (3.178), ta c6

[ Dvl| <C.

P (Bp// (0)) -
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Gia st a € (0,1) 1a hdang s6 tuy ¥ cho trude. Khi d6 tit danh gia trén va ap dung bat
déng thic Hélder (Dinh 1y 1.2.5) véi p = 2= € (n, +00), ta co

n\1/q n—1l+o
D <D 1 < C(w, ~K ,
[ 10e@lde <1000, 40 s (5 ) < Clont™) " = Ko
Bp('y)ﬂBp// (0)
v6i moi y € B, (0) va p > 0, trong d6 K = Cw,ll/q, wy, 13 thé tich hinh cau don vi, ¢ = ﬁ
va ¢ =n—1+a. T Dinh Iy Morrey (Dinh Iy 1.2.6), ta suy ra oscv < C(n,a, K)p®, véi
P

moi hinh cau B, C B,(0) va do d6 [U]a;ﬁpu/g = [uij]a;ﬁpu/Q < C(n,a, K). T day suy ra
[uij(z) — ui(T)] < C(n, o, K)|z —7|*, Va,7T € ﬁpu/Q, i,j=1,...,n.
Do d6 ta nhan dugce danh gia (3.160) v6i p; = p”/2. Meénh dé dugc chiing minh. O

Chitng minh ctia Dinh Iij 8.4.9. Cho diem 2° € 9Q tuy y. Nho céc lap luan trong muc a)
va Meénh dé 3.4.10, ta c6 danh gia

|D*u(z) — D*u(Z)| < Clz — 7%, V2,7 € Q,, Q,:= QN B,(z"),

véi moi a € (0, 1), trong d6 p va C'1a cac hiang s6 duong phu thuoc vao a, Mo, My, Mo, n, 0, A,
B, f, ¢, va . Do do, tit tinh compact ctia bien 052, ta c6 thé phii bien 02 béi mot sé hitu
han hinh cau Bpi/g(xi),z' =1,...,m, trong d6 z* € 9 sao cho

|D?u(x) — D*u(Z)| < Cilz —7|%, Va,7 € Q,,, Q,, := QN B, ("), (3.179)
trong d6 p;, C; 1a cac hing s6 duong phu thuoc vao o, My, My, My, n,d, A, B, f,p va Q. Dat

Co = max C;, po = min p;. (3.180)

i=1m i=1m

Gia stt 20 € 9 la diém tuy ¥ cho trude. Khi dé 20 € Bpi0/2<fli’io) v6i ig nao do. Cho
diém = € Q tly ¥, ta xét hai truong hgp sau:
(i) Truong hop 1: |v — 2° > p;,/2. Khi dé tit (3.149) va (3.180), ta c6

’DZU(.T) _ DQU,(ZL‘O)‘ < ’D2U(l‘) — DQU(xO)
- (Pin/2)

(ii) Truong hop 2: |x — 2°| < p;, /2. Khi d6 |x — 2%| < |2 — 20| + |20 — 2%] < p;,. Do d6
2,z € By, (¢') va vi thé 2%z € ﬁpio- Tu (3.179) va (3.180), ta ¢

‘\x—xo\o‘ < 2(2/po)*My|z — 2. (3.181)

|D?u(x) — D*u(2®)| < Cy |z — 2°|* < Colz — 2°|*. (3.182)

Tu (3.181) va (3.182), ta nhan duge danh gia (3.150) v6i C' = max{2(2/po)* Mz, Cy}.
Dinh 1y dugc ching minh. U
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Hé qua 3.4.13 Gid st cdc gid thiét cia Dinh lyj 3.4.9 dugc théa man. Khi dé vdi hang so
a € (0,1) tay 4, ta cé danh gid

osc D*u < CR®% Vi°€ 9O, R >0, (3.183)
BR(IO)QQ

trong dé C' la hang s6 duong phu thuoc vao o, Mo, My, My, n, 5, A, B, f,p va Q.
Chitng minh. Gia sit T v T 1 cac diém tity ¥ thuoc Br(z®) N Q. Tit Dinh 1y 3.4.9, ta c6
|D?*u(Z) — D*u(Z)| < |D*w(T) — D*u(2®)| + |D*u(Z) — D*u(z?)|
< C|z — 2%+ C|7 — 2%~ < 20R".
T d6 ta dé dang suy ra (3.183). Hé qua duge chitng minh. O
3.4.3 Danh gia Holder toan cuc dbéi véi cac dao ham cap hai ctia nghiém 6-
elliptic ctia bai toan Dirichlet

Bing viec két hgp cac danh gia Holder & bén trong mién va tai cac diém bien tuy ¥ da

thiét lap trong cac muc trude, ta nhan duge dinh 1y sau day.

Dinh ly 3.4.14 Gid st cdc gid thiét cia Dinh Iy 3.4.9 duoc théa man. Khi dé ta cé
[D?u] 0 < C, (3.184)

trong dé ag € (0,1) va C la cdc hang s6 duong phu thudc vao My, My, Mo, n, 5, A, B, f, ¢

va 2.

Chitng minh. Gia stt x,y € Q 1a cac diém tiy ¥ cho trude. Dat d := dist (x,00Q) = |z — 29|,
v6i diem 20 € 9Q nao d6. Ta xét hai truong hgp sau:

(i) Truong hop 1:|z—y| < d. Khi d6 Bj,_,(z) C Ba(z) C Q. Bang cach lan lugt ap dung
Dinh 1y 3.4.1 v6i Br = Bj;_y(¢), Br, = Ba(x) va He qua 3.4.13 v6i Bg(z") = Bag(a?),
a = ag, trong d6 o € (0, 1) 1a hang s6 dugce xac dinh bdi Dinh 1y 3.4.1, ta c6

ap
D?u(z) — D*u < osc D*u<cC <|a: _ y|> ( osc D?*u + da°>
| Du(z) (y)] < 5.5 < y 25

_ @0 - a0
<C lz =9l osc  D*u+d™)<C e~y d*" < Clz —y|*.
d Baa(29)n d

(3.185)

(ii) Truong hop 2: |x —y| > d. Khi d6 ta c6
=2l <o —yl+le -2l =z —y[+d < 20w —yl.

Suy ra z,y € B(2";2|z — y|). Bing céch ap dung He qua 3.4.13 véi Br(a®) = Bojy—y|(2?)

va a = ag, ta co

|D?u(x) — D*u(y)| < osc D*u < C(2x —y))* < Clz — y|*. (3.186)

B2|ac—y| (:L.O)
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T (3.185) va (3.186), ta suy ra
|D*u(z) = D*u(y)| < Clo —y|™, Yo,y €Q,

va do d6 ta nhan duge danh gia (3.184). Dinh 1y duge ching minh. O

3.5 Danh gia chuan C?%(Q)) déi véi nghiém J-elliptic ciia bai

toan Dirichlet

Dé két thic chuong nay, luan an sé phat biéu va chiing minh mot trong nhiing két qua
chinh vé danh gi4 tién nghiem trong C%(Q) déi v6i nghiem S-elliptic ctia bai toan Dirichlet
cho phuong trinh kiéu Monge-Ampeére khong déi xting. Dinh 1y sau day la mé rong cla
Dinh Iy 0.0.2 sang truong hop phuong trinh kiéu Monge-Ampere khong ddi xtng.

Dinh Iy 3.5.1 Gid st u(z) € C*Q) la nghiém d-elliptic ctia bai todn Dirichlet (3.1)-
(3.2), trong do A(z, z,p) = [Aij(x, z,p)], ., € C*(T;R™™), B(x,z,p) = [Byj(z, z,p)] €

nxn
BC?(I;R™™M), f(z,2,p) € CHT;R), ¢(x) € CHQ) va 90 € C* Ta cing gid sit ton
tai mot nghiem dudi S-elliptic u(z) € C%(Q) cia bai todn Dirichlet (3.3)-(3.2), trong dé
B(z,z,p) =0 va u(z) = o(x) trén Q. Gid si cac dieu kién sau dugc théa man:

(i) Ma tran A(z, z,p) théa man dieu kién cau tric
A(z,z,p) > —70(1 + \p[Q)E, (3.187)
Amax(A(z, z,0)) > 0, (3.188)
vdi moi x € Q,z € R,p € R™, trong dé o la hang s6 duong;
(ii) D.A(z,z,p) = [D.Aij(z, 2,p)],,y,, = 0, trong T';
(iii) A(x, z,p) la chinh quy chat trong I' théa man (3.18) vdi ag > 0;
(iv) | Bij (@, z,p)&E; | < 6 min{Ay, Au}€]?;
(v) |D.Bij(%,z,p)&&;| < B min{ Ay, Au}E[%
(vi) |Day, Bij(x, 2, p)&&mk |, | Dp,, Bij (z, 2, p)&i& e | < Bo min{ Ay, Ay }E[Pml;

(Vll) |DmkaBw(I, Zap)glgjnk’nd? }kapeBZ](I7 Z7p)§zgjnkn€‘ S ﬁ3|§|2|77|27
| D2 Bij (2, 2, 0)&& |, | Dapy Bij (@, 2, p)&&smi| < B3l€]?(nl,
|D...Bij(x, 2, p)&é&;| < Bslf%

Y

(viil) | Dpp Bij(, 2, p)&E jmmne| < bol&]2[n[?;

(ix) f(x,2,p) >0, trong T';
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(x) inf (DZf)(x,z,p)>n—6ﬁ1,

(z,z,p)€l f
trong do 6, B1, Ba, B3, by la cdc hing s6, 0 < § < 1,8, > 0,82 > 0,63 > 0,0 < by < ayg, cdc
dieu kién (iv)-(viil) théa man vdi moi (x,z,p) €T va & € C*, n € R™.

Khi do ta co cac danh gia sau

sup |u(x)| < My, sup|Du(z)| < My, (3.189)
z€Q z€Q
SUp Amax(w(z,u)) < Co, (3.190)
e
Au = Ao, (3.191)
[l 0p < C1, (3.192)

trong dé My, My, Cy, Mo, 0 < a9 < 1,C la cde hing s6 duong chi phu thudc vao n, Yy, ag, 9,
ﬁhﬂQ?ﬁS; b07A7f7u790 va Q7 MO > sup ‘H|7 Ml > sup |DH‘7 /\0 dUUC zac dlnh bdi
Q Q

1+ 62!
Ao = At =i n),l fo’ fo= _ min f(z, z,p). (3.193)
Cy €8, |2|< Mo, [p|< My

Chiing minh. Tru6e tién, ta sé thiét lap cac danh gia tien nghiém trong (3.189). Két qua

va chiing minh ctia ménh dé sau day dugce dya trén cac tai lieu tham khao [11] va [18].

Ménh dé 3.5.2 Dudi cic gid thiét cia Dinh lij 8.5.1, ta co cic danh gid sau

sup |u(z)| < Mo, (3.194)
e
sup | Du(z)| < My, (3.195)
e

trong do My phu thudc vao |ulyq va |¢|g.q, Mo > sup |u|, My phu thuoc vao n, o, [ul;.q,
) ) Q )

|olo.q va Q, My > sup |Dul.
’ Q

Chaing minh. Tit cac gia thiét ctia Dinh 1y 3.5.1, ta c¢6 thé st dung cac lap luan nhu trong
Nhan xét 3.3.2 va nhan ducc
u(z) > u(z), Yz e Q. (3.196)

Ta sé danh gid can trén cta u. Gid st w dat gia tri cuc dai trén Q tai diém 7 € Q. Khi dé
Du(T) = 0, D*u(T) < 0 va do d6 tir tinh elliptic ctia u, ta c6 A(T,u(T),0) < 0. Diéu nay
mau thuan véi gia thiét (3.188) va tit d6 ta suy ra u dat gid tri cyc dai tai diém thuoc bien
0f), nghia la

u(r) < max g, Vo € Q. (3.197)

Két hop (3.196) va (3.197), ta thu duoc (3.194) véi My = max { |ulyg, [¢loq}-
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Tiép theo, ta sé chiing minh (3.195). Xét ham s6 ¢(z) = e?0%®)| Du(z)| va gia sit ¢ dat
gia tri cuc dai trén Q tai diém 2*. Néu |Du(x*)] < 1 thi tit (3.194), ta suy ra

|Du(z)| < e2o@)—u@) < edoMo - yy e Q) (3.198)

Do d6 ta chi can xét trudng hop |Du(z*)| > 1. Gid st 2* € Q, khi d6 D (z*) = 0,
i=1,...,n. Bang tinh toan, ta c6

n

Z DijuDiuDju,

4,j=1

e?fygu

| Dul

Z DZuDﬂ/) = 2’)/062’YOU|DU|3 +

=1

suy ra

n
20| Dul* + Z D;juDyuDju =0, tai x*.
ij=1

Do d6, tit tinh elliptic cia u va (3.187), ta c¢6
270/ Du|* — 7o (1 + |Dul?)[Dul* < 0, tai z*. (3.199)

Vi g > 0 va |Du(x*)] > 1 nén vé trai ctia (3.199) 1a duong va do d6 (3.199) khong thé xay
ra. Didu nay c6 nghia 13 ham 1) = €?79%| Du| phai dat gia tri cuc dai tai 2* € 9Q. Do d6

sup |Du(z)| < C, C = C’(Mo,%,satg) |Du|> (3.200)

€

Bay gio, ta sé danh gia dai lugng sup |Du|. Chu y D;u(z) = D u(z), do do6
o0

sup |Dyu(x)| = sup |Dyu(x)|, (3.201)
€082 x€oN

trong do 7 1a véc to tiép tuyén don vi ciia bien 0 tai diém z.
Mat khac, tit Nhan xét 3.3.2, ta co

Dyu(x) > Dyu(x), Yz € 09, (3.202)

trong d6 v 1a véc to phap tuyén trong don vi ctia bien 0N tai diém 2. Danh gia déi véi can

tren ctia D,u dude thiét lap qua bo dé sau day.
B dé 3.5.3 Dudi gid thiét clia Ménh dé 3.5.2, ta ¢6 danh gid
Dyu < C, trén 09, (3.203)

trong dé C' la hang s6 duong phu thuoc vao n, o, Mo, ](p|2;§ va €.

Chitng minh. Chiing minh ctia bd dé nay duge dua trén chitng minh ctia Dinh 1y 14.1 ([11]).
Tru6e tien, tit (3.187), ta c¢6 Ay;(z,u, Du) > —vo(1 + |Dul?), i = 1,...,n. Do d6 tit tinh

elliptic cua u, ta suy ra

0 < Tr (D*u — A(x,u, Du)) = Au — ZAii(x,u, Du) < Au+nyo(1 + [Dul?), trong €.
i=1
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Tu danh gia nay va diéu kién bién (3.2), ta suy ra ham u théa man
Au +nyp(1 4 |Dul?) > 0 trong Q, u = trén 9.
Diat v = u — ¢, khi d6 tit hé thic trén ta suy ra ham v thoa man
Qv = Av + b(z, Dv) > 0 trong Q, v =0 trén 0S, (3.204)

trong d6 b(z,p) = Ap + ny (1 + [p+ Dg|?) . Ta sé chi ra toén ti @ thoa man diéu kien
cau tric

Il + 18 < h(l2))pl?, (3.205)
v6i moi (z,z,p) € Q@ X R x R™ théa man |p| > h(|z]), trong d6 h 1a ham khong gidm xac
dinh trén [0, +00). That vay, ta c6

[pl + 0] < Ipl +[A@| +n30 (L + p + Dyl?)
< |pl + |Ap] + 70 (1 + 2[pf* + 2[ D) < holpl?,

2
v6i moi |p| > hg, trong d6 hg = (3nyy + 1) + 2nyo (sup |Dg0|> +sup |Ap|. Nhu vay, toan tit
Q Q
@ théa méan diéu kién cau tric (3.205) v6i ham h = hy.
Bay gio, gia st 2° € 09 la diém tiy ¥ cho trude. Tir gia thiét 09 € C4, ta suy ra Q
thoa man diéu kien hinh cau ngoai tiép déu.va do d6 ton tai hinh cau B = Bg(y) sao cho
¥ € BNQ = BNoN. Taxét ham d(x) = dist (z,0B), v € Q va dit

w = Y(d), (3.206)

trong d6 ¢ 1a ham s6 nao do sé duge xac dinh sau, ¥ € C?([0, +00)) va ¥’ > 0.
Xét lan can N = Ny = {z € Q| d(z) < a}, trong d6 a la hing s6 duong s& dudc xac

dinh sau. Ta sé& xay dyng ham ¢ sao cho w(x?) =0 va

Qv > Quw, trong N N, (3.207)
v<w, trén N NQ). (3.208)
Bang tinh toan, ta c6 véii,j =1,...,n,
!
Diw = w/Did; Dijw = w”DidD]'d + w/Dijd = WDZU)D]U) + wlDUd (3209)

Dé thay, d(z) = |x —y| — R va do d6

i = Yi dij i = Yi) (T —
|z —y] |z =yl

2 —y|’

, 1,7 =1,...,n.

Tt céc hé thice trén va cha ¥ |z — y| > R, ta ¢

" ,
Qu = (w,)Q\Dwa

n—1

R

n — 1 "
+b <
— | (v')?

|Dw[2+(1+ >(¢’+yb|), trong 2, (3.210)

|
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trong dé b = b(z, Dw). Gid st ham ¢ théa méan
Y'(d) > hy, Vd € |0,al. (3.211)

Tir (3.209) va (3.211), ta c6

Dw| =4’ > hy. Do d6, tir (3.205) va (3.210), ta suy ra

" _ 1
Qu < <($)2 + Vo) |Dw]?, trong NNQ, 1= (1 + nR ) ho. (3.212)
Bay gio, ta sé tim ham ¢ dudi dang

1

W(d) = - log(1 + kd), (3.213)
0

1
trong dé k 1a hing s6 duong sé dude xac dinh sau. Dé thay, WP = —1p va do d6 tir

(3.212), ta suy ra Qw < 0, trong N’ N . T hé thiic nay va (3.204), ta nhan duge (3.207).
Tiép theo, ta sé xac dinh cac hing s6 a va k dé (3.208) dugc théa man. Nhan thay:

o Tren ON NOQ, tacov=0,w >0 vadodov < w.

e Tréen ON NQ, tacé d = a va w = 1(a). Do d6 he thic v < w sé duge théa man néu

1
YP(a) = V—Olog(l + ka) = Ky, hay ka=e"%0 -1, Ky= M,+ log-  (3:214)

Tu cac dénh gia trén va chia y 9N N Q) = (ON NIN) U (ON N Q), ta nhan duge (3.208).
Cudi cling, ta can kiém tra didu kién (3.211). Tit (3.213) va (3.214), ta c6
k k k

/
vi(d) vo(l+ kd) — vo(1 + ka)  pyevoko’ vd € 0,a]

Do do, (3.211) dugc théa man véi k = hovgeoXo.

Nhu vay, ta da xay dung duge ham w sao cho cac hé thite (3.207), (3.208) duge thoa
méan. Bang cach dp dung He qua 1.3.5, ta suy ra v < w trong N N Q. Tu day va cha y
v(z%) = w(2®) = 0, ta suy ra

D,v(z") < Dyw(2?).

Tt (3.206), (3.213) va chid ¥ d(2°) = 0, |2° — y| = R, ta c6

Dyw(2°) = (Dw(2°),v(2)) = V%(Dd(:co),u(xo)) = Vﬁo (:c }; y’ ‘ ]; y) = Vﬁo = hge”o Ko,

Tt cac hé thic trén, ta suy ra
D,(z%) < C, (3.215)

trong d6 C' 1a hang s6 duong phu thuoc vao n, o, Mo, |[¢lyg va R. Hon nita, vi 2% € 9Q
la diém tiy ¥ va hing s6 R c6 thé dugce chon chung cho moi 2% nén tit (3.215) va chd y
u = v+ ¢, ta dé dang suy ra (3.203). B6 dé dugc chiing minh. O
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Nhu vay, néu ham @ = €?°%|Du| dat gia tri cyc dai tai z* théa man |Du(z*)] > 1
thi tur (3.194) va (3.200)-(3.203), ta suy ra sup|Du| < K, trong d6 K phu thudc vao
Q

70, Ul ¢l va Q. T day va (3.198), ta suy ra (3.195) bang cach chon M; =
max{e*° K sup |Dul}. Ménh dé 3.5.2 dugc ching minh. O
Q

Tiép tuc chitng minh Dinh lyj 8.5.1. Tt cac gia thiét ctia Dinh 1y 3.5.1 va Ménh dé 3.5.2, ta
c6 the ap dung cac Dinh 1y 3.2.1, 3.3.1 va 3.4.14 va lan lugt nhan dugc cac danh gia (3.19)-
(3.20), (3.47)-(3.48) va (3.184). Tir (3.19), (3.48) va (3.189), ta suy ra (3.190). Tit (3.190)
va st dung cac lap luan nhu trong chitng minh B6 dé 3.4.5, ta suy ra (3.191) véi hang
s6 Ao cho béi (3.193). Tit (3.20), (3.47), (3.184), (3.189)-(3.191) va || B(z, 2, p)l| pery <
C(n, 0, b1, B2, B3, bo, Au), ta suy ra (3.192). Dinh 1y duge ching minh. O

KET LUAN CHUONG 3

Trong chuong nay, luan an da thiét 1ap cac danh gia tién nghiém trong C**(Q) vdi
a € (0,1) nao d6 doéi véi nghiem d-elliptic ctia bai toan Dirichlet cho phuong trinh kiéu
Monge-Ampeére khong déi xtng. Cu thé, luan 4n da chiing minh dudc cac két qua sau:

- Da thiét lap nguyén 1y so sanh cho phuong trinh kiéu Monge-Ampere khong déi xiing
khi n6 1a §-elliptic d6i véi cac ham duge so sanh (Dinh 1y 3.1.1). Day 14 mot cong cu quan
trong trong viéc thiét lap cac danh gia tién nghiem.

- Da thiét lap danh gia ctia chuan trong C?(Q) dbi v6i nghiem d-elliptic ciia bai toan
Dirichlet qua chuan ctia né trong C1(2) (Dinh 1y 3.2.1 va Dinh Iy 3.3.1).

- Da thiét lap danh gia Holder toan cuc bac a déi v6i cac dao ham cap hai ctia nghiem
d-elliptic ctia bai toan Dirichlet qua chuan ctia nghiem trong C?(Q) (Dinh Iy 3.4.14).

- D4 dua vao cac diéu kien du déi véi cac dit kién ctia bai toan Dirichlet ddi véi phuong
trinh kiéu Monge-Ampeére khong déi xiing dé nhan dugc danh gia tien nghiem trong C1(9Q)
va tit d6 nhan duge danh gia ctia chuan trong C%(Q) déi véi nghiem é-elliptic clia bai
toan Dirichlet (Dinh 1y 3.5.1).



Chuong 4

Tinh giai dugc cua bai toan Dirichlet
cho phuong trinh kiéu

Monge-Ampere khong déi xing

Trong chuong nay, luan an nghién citu sy ton tai duy nhat nghiém d-elliptic trong
C?2(Q) dbi v6i bai toan Dirichlet cho phuong trinh kiéu Monge-Ampere khong dbi xting
dang sau day

det [D*u — A(x,u, Du) — B(x,u, Du)| = f(z,u, Du) trong Y, (4.1)
u(z) = p(z) trén 09, (4.2)

trong d6 2 C R™ la mién bi chan ¢6 bien 99 tron, A(z, z, p) = [A;;(z, z,p)] B(x,z,p) =

[Bij(x,2,p)],,,, V& f(z,z p) lan lugt 1a ma tran di xing, ma tran phan doi xing va ham

nxn’

vo huéng tron xac dinh trén I' := Q x R x R", o(z) 1a ham vo huéng tron xéac dinh trén €.
Khi B(x,z,p) = 0, ta c6 phuong trinh kiéu Monge-Ampere déi xing tuong ting vdéi

(4.1),
det [D2u — A(z,u, Du)] = f(z,u, Du), trong Q. (4.3)

Noi dung ctia chuong nay duge viét dya trén bai bao [2] trong Danh muc cac cong trinh

lien quan dén luan an.

4.1 Mot diéu kién can cho su ton tai nghiém J-elliptic cua
phuong trinh kiéu Monge-Ampere khong d6i xing
Dinh 1y sau cho chiing ta mot diéu kién can d6i v6i ma tran phan déi xing B(z, z,p) cho

sit ton tai nghiem Jd-elliptic ctia phuong trinh kiéu Monge-Ampere khong d6i xtng (4.1).
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Dinh ly 4.1.1 Ky hiéu Us(Q) vdi § € (0,1) la tap hop tat cd cic nghiém -elliptic u cia
phuong trinh (4.1) trong Q sao cho

sup |u(z)| < My, sup |Du(z)| < My, (4.4)
z€) z€)

trong dé My, My la cdc hang so duong. Khi dé, néu tap Us(Q) la khdc rong thi dieu kién

can la bat ding thic sau duge théa man
1lin
u(B) < 6(1+ %) A, (4.5)

trong dé p(B) la dai lugng duge xac dinh bdi (0.22) va fi =  max f(z, z,p).
$697|Z|§M0a|p|SMl

Chiing minh. Gia st u € Us(2). Khi d6 R = R(z, u,y, z,p) = w(z,u) — B(y, z,p) € Ds up),
véi moi z,y € Q, 2 € R va p € R™. Béng cach ap dung Ménh dé 2.2.2 cho R(x,u) va Ménh
dé 2.2.4 cho R, ta nhan dugc

(%nHB(y,Z,p)H” + (2[%] — 1)det B(y,z,p) < det R(z,u,y, z,p) < (1 + 52)[%}det w(z,u)
<(1+ 52)[%]R(x,u) =(1+ 52)[%]f(fv,u, Du), Vr,y € Q,ze R peR™
Vi B la ma tran phan d6i xing nén det B(y, z,p) > 0, va do d6 tit he thiic trén ta co
1B 2" < (14 0) (@0, Du), Yy ez eRpeR
T danh gia trén ta dé dang suy ra (4.5). Dinh 1y duge chiing minh. O

Nhan xét 4.1.2 Diéu kién can (4.5) néi len riang bai toan Dirichlet (4.1)-(4.2) khong phai
liic ndo ciing c6 nghiém. Dé bai toan c6 nghiém thi do 16n ctia B(x, z, p) phai bi khdng ché

bdi do 16n cia vé phai f(x, 2, p).

4.2 Cac dieu kién du cho su ton tai nghiém J-elliptic ctia bai
toan Dirichlet cho phuong trinh kiéu Monge-Ampeére
khéng déi xing

Tt Nhan xét 4.1.2 ching ta thiy rang, dé ching minh tinh gidi dugc clia bai toan
Dirichlet cho phuong trinh kiéu Monge-Ampere elliptic khong ddi xtng (4.1)-(4.2), ching
ta phai dit ra mot s6 diéu kien vé do 16n doi véi ma tran phan déi xing B(z, z, p). Trong
muc nay, luan an sé thiét 1lap cac dieu kien du vé do 16n ctia B(z,z,p) va cdc dao ham
riéng cap mot ctia né cho sy ton tai va duy nhat nghiem J-elliptic ctia bai toan Dirichlet
(4.1)-(4.2).

Cho 6, B1, by 1a cac hang sd khong am va 39, 83 1a cac hing s6 duong, trong d6 0 < 6 <
1,0 < by < ag, ap 1a hing s6 duong duge xac dinh trong cong thitc (4.8) duéi day. Gia si
ton tai ham u(z) € C%(Q) 1a nghiem dudi elliptic ctia (4.3) sao cho u = ¢ trén 9.
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Dinh nghia 4.2.1 Ta ky hieu W = W (4, 81, B2, s, bo, A\u) 1a tap hop cédc ma tran phan
d6i xting B(z, z,p) = [Byj(z, 2,p)],,,.,, € BC?(I; R™™) va théa méan cac diéu kién sau véi
moi £ € C", n €R", §,n #0,

(a) sup |Bij(x, z,p)ﬁigj’ < A€ néu 6 >0, vi B =0 néu § = 0;
(z,2,p)el

(b) sup ‘DZBij(x, z,p)&%ﬂ < B1AJ€]? néu By > 0, va D, B =0 néu B = 0;

(z,z,p)eT

(C) ( SUI)) F(|Dﬂkaij($7 va)gigjnk‘a ‘DPkBij(xv Zap)gigjnk‘) < B2A2‘€‘2|77|;
x,2,p)E

(d) | Dagay Bij (. 2, 0)&&mune|, | Daype Bij (%, 2, p)&Emme| < B3l€|n|?,
‘Dzsz'j(xa Z,p)fiﬁj‘ S 63|£|27 V($,27p> € P;

(e) ‘D;kazBij(aj?Zap)gigjnknd < b0|§‘2‘77‘2? V(z,z,p) €T

Dinh nghia 4.2.2 Gia st B = [Bj;(z,2,p)], ., la ma tran tuy y thuoc W. Ta ky hieu
U =U(, By, B2, B) 1a tap hop cac ham u(x) € C? (ﬁ) va théa man cac diéu kién sau:

1. Ay :==min  min (Dju(x) — A;j(z,u(z), Du(x)))&E > 0;
zeQ §ER™[E]=1

2. sup ‘Bij(x,z,p)&zj| < O |E]?, VEECM, £ #£ 0 néu b > 0;

(x,z,p)€l

3. ( SUI)) |D.Bij(x, 2,p)&&;| < Brhul€]?, VE € C, € # 0 néu B > 0;
z,z,p)el’

(z,2,p)eT
R™ &1 #0.

Viée sit dung céc két qua danh gia tien nghiem déi véi nghiem d-elliptic trong C%<(Q)
dua t6i dinh 1y dudi day, mot trong cac két qua chinh clia luan an, trong dé khéng dinh
rang véi nhitng diéu kien nhat dinh, tuong ti nhu truong hgp phuong trinh déi xing tuong
tng (Dinh 1y 0.0.3), bai toan Dirichlet (4.1)-(4.2) sé c6 duy nhat nghiem d-elliptic néu ma
tran phan déi xting B(z, z,p) 1a d nhd, theo nghia 1a n6 théa man cac diéu kién (a)’, (b)’

va (¢)” duge néi dén trong dinh ly dudi day.

Dinh 1y 4.2.3 Gid st Q C R™ la mién bi chan cé bién 02 € C° va gid st cac dieu kiéen
sau dugc thoa man:

(i) Ma tran A(z, z,p) = [Aij(z, 2,p)], ., € C3(T;R™ ") la doi zing va théa man diéu kién
cau tric

Az, z,p) > = (1 + |p]*) E, (4.6)
Amax(A(z, 2,0)) >0, (4.7)

vdi moi x € Q,z € R,p € R", trong dé o la hing so6 duong;
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(ii) D, A(x, z,p) = [D.Aij(z, 2,p)],,,, = 0, trong I';
(iii) A(z, z,p) la chinh quy chat trong T, nghia la ton tai hing so ag > 0 sao cho
A, 2, p)&lmine > aol€?[nl, (4.8)
vdi moi (x,z,p) € T wa &, eR™ & Ln;

(iv) Ham vo hudng f(z,z,p) € C3(T;R) théa man f(x,z,p) > 0, trong T;

D.f no
inf > "5
) (z,g;)er( f )(x’z’p) - 1+62ﬁ1’

(vi) Ton tai mot nghiem dudi elliptic u(x) € C3(Q) ciia phuong trinh (4.3), théa man
u = @ trén 09, trong dé ¢ € C°(Q).

Gia st W =W (9, b1, B2, B3, bo, Au) la tap hop da duge mo td trong Dinh nghia 4.2.1. Khi
dé ton tai cac hing s6 duong A < Ay, va a, € (0,1), chi phu thudc vao n, o, ao, 3, b1, B2, B3,
bo, A, f, u, o va Q sao cho, néu B(x,z,p) la ma tran tuy 1 di nhé thuge W N C3 (F;R”X”),
tiéc la né théa man thém cac dieu kién sau vdi moi € € C*, n € R™, £,n # 0,

(a) sup |Bj(z, z,p)&gj‘ < ONJE2 méu 6 >0, va B=0 néu § = 0;
(z,z,p)€l

(b)”  sup }DzBij(a:,z,p)giEA < BiA€|? néu By > 0, va D,B =0 néu 31 = 0;
(z,z,p)el

(c)’ sup (’kaBij($7Z>p)§igjnk
(z,2,p)el

thi bai todn Dirichlet (4.1)-(4.2) c¢6 duy nhat nghiém &-elliptic thuoe O (ﬁ)

Y

Nhan xét 4.2.4 Dinh Iy 4.2.3 la mé rong cia Dinh 1y 0.0.3 tit truong hgp phuong trinh
kiéu Monge-Ampere elliptic déi xting sang truong hop néi chung la khong déi xing. Nhu
da giai thich trong phan Md dau, luan an dat ra gid thiét vé do tron ctia cic dit kién cla
bai toan Dirichlet (4.1)-(4.2) 13 manh hon so véi gid thiét dat ra trong Dinh ly 0.0.3 dé
dam bao cho viéc ap dung dugc phuong phéap lién tuc vao viéc chiing minh tinh giai dugc
cuia bai toan nay.
Chatng minh. V6i ham w(x) € C%(Q) tuy ¥, ta dit
Flw](z) := F(R(z,w)) = log det[D*w — A(x,w, Dw) — B(z,w, Dw)], (49)
Glw|(z) := Flw] —log f(x,w, Dw). .
Gia st B(z, 2z, p) 1a ma tran tity y thuoc W. Dé ap dung phuong phép lién tuc giai bai todn
Dirichlet (4.1)-(4.2), v6i méi ¢ € [0, 1], ta xét bai toan Dirichlet sau day:
det [Dgu(t) — A(:U,u(t), Du(t))—B(x, u®, Du(t))} =¢® trong Q, (4.10)
u=¢ trén 01, (4.11)

trong d6 g® = g (z,u®, Du®)= f(z,u®, Du®)e1-DCME).
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B6 dé 4.2.5 Gid st cic diéu kien (i)-(vi) cia Dinh lj 4.2.8 dugc théa man. Gid si
B(z,z,p) € W va u® € UnN 04(5) la nghiém §-elliptic cia bai toan Dirichlet tuong
ing (4.10)-(4.11), trong dé U = U(0, 1, B2, B) la tap dugc zdc dinh bdi Dinh nghia 4.2.2.
Khi dé ton tai cac hing so6 duong My, My, Cy, A, e @ Cas, s € (0,1), My > sup |ul,
Q
My = sup ‘DQL A < Ay7 chi phu thudc vao n, Y0, a0757 61aﬁ27537b0a/47 f?g7(10 va §) sao cho
Q

u® € C?2(Q) wa ta ¢ cic danh gid sau

sup |u(t)(ac)‘§ My, sup |Du(t) (z)|< My, (4.12)
z€e) €N
SUP Amax (w(z, u(t))) <, (4.13)
ze)
Aut) 2 As, (4.14)
’u(t) ‘Q,a*;ﬁ < O**’ (415)

trong do A\, duogc zdc dinh boi

2\—[3]
A+07) > fo fo= min fx,z,p). (4.16)

Av = n—1 ) —
Ci 2€Q),|2|<Mo,|p|<M;

Hon nita, cdc danh gia nay la deu doi véi B(x,z,p) € W va t € [0,1].
Ching minh. Trudc tién, ta nhan thay bai toan Dirichlet (4.10)-(4.11) ¢6 dang tuong ti
v6i bai toan Dirichlet (3.1)-(3.2), trong d6 ham vé phéi f(z, z,p) trong (3.1) duge thay bdi
gDz, z,p) = f(x, z,p)et VM), (4.17)
Tu dieu kien (vi) va Menh dé 2.2.2, ta ¢6
Glu](z) = logdet [D*u— A(z, u, Du) — B(z,u, Du)| —log f(z,u, Du) > 0, trong 2. (4.18)
T (4.17), (4.18) va céac diéu kieén (iv)-(v), ta c6

g(t)($>zap) > f(z,2,p) >0, trong I,
D39 . D.f nd
inf — = f — > —f3.
it ( 40 (z,2,p) P (z,2,p) 2 7 n 5201
Mit khac, tir (4.18) ta c6 Glu)(z) > (1—1)G|u)(z), v6i moi x € Q,t € [0, 1]. Do d6 ta suy ra
u ciing 1a nghiem dudi d-elliptic ctia (4.10). Tit gia thiét ciia bo dé va cac lap luan vita thu
duge, ta suy ra tat ca cdc gia thiét ctia Dinh 1y 3.5.1 cho bai toan Dirichlet (4.10)-(4.11)
duge théa man va do dé ta c6 thé ap dung cac két qua ctia dinh 1y nay. Bing cach ap
dung Menh dé 3.5.2 cho bai toan (4.10)-(4.11), ta nhan duge (4.12) v6i cac hang s6 My, M
théa man (3.194) va (3.195). Tu (4.12), ta nhan dugce cdc danh gia tuong tu véi (3.190) va
(3.191) 1a (4.13) va Ay > A, trong dé

1 52 _[%] (t)
>‘(()t):< - 2—1 L , ét): _ min g(t)($727p)-
Cy 2€Q,| 2| <Mo,|p| <M
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Tu day va cha y g(()t) > fo, v6i moi t € [0, 1], ta dé dang suy ra danh gia (4.14) bang cach

chon hing s6 . cho bdi cong thitc (4.16). Vi u 1a nghiém clia bai toén (4.10)-(4.11) khi

t =0 nén ta c6 A\, > A.. Cudi cung, tur (4.12)-(4.14), ta nhan duge danh gia tuong tu véi

(3.192) 1a danh gia (4.15). B dé duge chiing minh. O
Véi hing s6 a, € (0,1) da duge xac dinh trong Bo dé 4.2.5, ta dat

V= V(5, 51,52,04*, B) = L{((S, 51752, B) N CQ,a* (ﬁ)

Khi d6 tap V 1a md trong C%(Q2). Dé chitng minh dinh 1y, ta s& tim nghiém ctia bai toin
Dirichlet (4.1)-(4.2) trong V. Xét toan ti G cho béi (4.9), khi d6 G anh xa V vao 0 (Q).
Hon nita, bd dé sau day sé chi ra G 1a kha vi lien tuc Fréchet trong V.

Bo dé 4.2.6 Todn ti G : V — C%(Q) la kha vi lien tuc Fréchet tai moi u € V vdi dao
ham G, cho bdi

Guh = a”(z)Dijh + b'(z)D;h + c(x)h, Yh € C**(Q), (4.19)
trong do
0l () = FU[U](%)—;Fﬁ[u](:O’ i1
bi(z) = — f: F*[u)(2) Dy, (Are + Bre) (@, u, Du) — (Dj;f>(ac,u, Du), i=1,....n,
k=1
c(x) =— Zn: FM[U](I)DZ(AM + Bie)(z,u, Du) — <D;f>(x,u, Du),
o (4.20)
¢ day, Flu)(z) = W = R¥(x,u) vdi R=[Ry) ., R™' = [RY], . Hon nia, toin

tit G, la elliptic deu trong Q vdi cdc ham hé s6 a¥,bi, ¢ thugec C¥(Q) va ¢ < 0 trong ).

Chitng minh. Lay u € V tity ¥ va c¢d dinh n6. Gia st h(z) € C%*(Q) la ham tiy ¥ cho
trude. V6i ¢ di nho, ta dp dung dinh 1y Lagrange cho ham ¢(t) := G[u + th] va nhan dugc

Glu+th] — Glu] = g(t) — 9(0) = ¢'(T)t,
trong d6 7 13 s6 nam gitta 0 va ¢, va khi ¢ — 0 thi 7 — 0. Do d6

lim Sl =Gl O ) = ¢(0) = L, (4.21)

t—0 t t—0 t 7—0

trong d6 dang thiic thit ba duge suy ra tit tinh lién tuc ctia ham ¢/(¢) trong mot lan can
di nhé cua 0, L, 1a toan ti duge xac dinh bdi

Lu = aij(x)Dij + bl<$)Dz + C(:L'), (422)
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trong d6 cac ham hé s6 a(z),b'(z) va c(z) duge cho béi (4.20). D& thay anh xa L, €
L(C?(Q),C%(Q)), trong do L(C**(Q),C**(Q)) 1a tap hop tat ci cic anh xa tuyén
tinh bi chan di tit C**+(Q) vao C%+(Q). Nhu vay, toan tit G kha vi Gateaux tai u € V véi
dao ham Gateaux 14 dnh xa L,. Ta dé thay anh xa di tit V vao £(C?%+(Q), C%*+(Q)) bién
phan tit « thanh 4nh xa L, 1a lién tuc trén V. Tt d6 suy ra G 1a kha vi lién tuc Gateaux
trén V va do d6 né kha vi lién tuc Fréchet trén V véi dao ham Fréchet G, tai w 1a L,,. Hon
nita, tit cic danh gia (4.13)-(4.14), ta c6 thé stt dung céc lap luan tuong tu nhu trong chiing
minh ctia B6 dé 3.4.5 dé suy ra G, la elliptic déu trong Q. Mat khac, vi u € V nén ta suy
ra cac ham he s6 @, b’, ¢ thuoc C%*+(Q), con khang dinh ¢(z) < 0 trong  dugc suy ra tit
cac lap luan tuong tu nhu trong chiing minh ciia Dinh 1y 3.1.1. B6 dé dugc ching minh. O

Tinh gidi dugc ctia bai toan Dirichlet (4.1)-(4.2) dugc suy ra tit bo dé sau day vé phuong
phép lién tuc giai phuong trinh toan ti.

B6 dé 4.2.7 Cho A\, va o, € (0,1) la cdc hing s6 duong da duge zdc dinh trong Bo de
4.2.5. Gid sit B = B(x,z,p) la ma tran tuy § thuoe W 0 C*(T;R™™) va théa man thém
cac dieu kién (a)’, (b)" va (c)’. Khi dé bai todn Dirichlet (4.10)-(4.11) la gidi dugc trong V
vdi moi t € [0, 1].

Chaing minh. Gia sit u® € V 1a mot nghiem ctia bai toan (4.10)-(4.11), nghia la u® €
C?+(€2) la nghiem d-elliptic ctia bai toan (4.10)-(4.11). Khi d6 tit cac gid thiét vé do tron
cia A, B, f,p,u va 9Q, ta c6 the ap dung Dinh 1y 1.4.3 vé tinh chinh quy ctia nghiém va
suy ra u € % (Q). Do d6 u¥ € C*(Q) va vi thé ta c6 thé ap dung B dé 4.2.5 dé
nhan duge céac danh gia (4.12)-(4.15).
Dat v = u® —y va T[v(t), t]: G[v(t) —|—g} —(1 —1t)Gu). Cha y u = ¢ trén 092, khi d6
bai toan (4.10)-(4.11) dugc dua vé dang
T[v(t),t]: 0 trong Q, v® =0 tren 9. (4.23)
bat
X:{UEC’2’O‘* (Q) | v =0 tren 00}, X={veX|v+uecV}, Y=0C0 Q).
Khi d6 X la khong gian Banach va X 1a tap mé trong X. Ta dat
I— {t €[0,1]| I e X : T[v® 1] = o} ,
£ = {v(t) eX|3tel1]: Tl = o} .
Tinh gidi dugc clia bai toan (4.23) tuong duong véi khang dinh ¢ € I. D& thay, T'[0,0] = 0.
Tit d6 suy ra 0 € I va I # . Ta sé chiing minh I = [0,1]. Dé lam dugc didu nay, ta sé
chiing minh 7 la tap vita mé vita déng trong doan [0, 1].

Khang dinh 1: I la tap md. Trudc tien, ta nhan thay anh xa T : X x [0,1] — Y la
kha vi lien tuc Fréchet trén tap X x [0, 1] vd dao ham rieng Fréchet theo bién thit nhét tai
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(v(t), t)e X x[0,1], ky hiéu 1a T, tring v6i dao ham Fréchet G, ctia G tai u® = v® 4,
duge xac dinh bdi (4.19)-(4.20) v6i u thay bdi u. Do d6 tit He qua 1.3.7 va B dé 4.2.6,
ta suy ra dao ham riéng Fréchet T la kha nghich.

Gia sit tg € I, nghia la T [v(®) ¢]= 0 v6i ham o) € X nao d6. Khi d6 tit cac lap luan
§ trén, ta c6 thé ap dung Dinh 1y ham an 1.4.7 v& suy ra, véi moi ¢ € [0, 1] thudoc mot lan
can du nhd cla o, luon ton tai mot ham v® € X sao cho T[v(t), ﬂ = 0. Nhu vay t € I véi
moi ¢ di gan tg, va do dé6 I 1a tap md.

Khang dinh 2: 1 la tap déng. Cho {tx} C I la day s hoi tu t6i t* € [0,1]. Gid st
{ot)}c X théa man T t;]= 0. Khi d6 ul® = v +y € V va u™) la nghiem
ctia bai toén Dirichlet (4.10)-(4.11) véi moi k. Tit (4.15), day {u®)} 1a bi chan déu trong
C?2+(Q) v do d6 tit dinh 1y Arzela-Ascoli ta suy ra ton tai mot diy con {u(ti)} hoi tu
trong C? (Q) t6i mot ham u € C** (Q) nao d6. Khi do, tir (4.14) ta c6 A, > A > 0.
Do d6 tit cac dieu kien (a)’, (b)’ va (c)’, ta suy ra uw € V. Cha y T[v,t] 1a lién tuc ti
C%(Q) x [0,1] vao C(Q), nén tit d6 ta c6 day {v) }= {ul) —u} hoi tu trong C?(Q) toi
ham v = u — u € X thoa man T[v,t*] = 0. Diéu nay c6 nghia la t* € I va do d6 I la tap
dong.

Ta da chitng minh sy ton tai clia nghiém d-elliptic ctia bai toan Dirichlet (4.1)-(4.2)
trong V. Tinh duy nhat clia nghiém d-elliptic dé dang duge suy ra tit nguyén 1y so sanh
(Dinh 1y 3.1.1). Dinh 1y dugc ching minh. O

Nhan xét 4.2.8 Dé gin két cac didu kien du (a)’, (b)’ va (c)’ v6i didu kién can (4.5), ta
sé viét lai cac dieu kién nay dudi dang khac. Dat
(1+ 52)*[%}]05”—1)/”
C«nfl :
Khi d6 héng s6 A, cho béi (4.16) c6 dang \* = vf(}/n. Do dé, tuong tu nhu trong Nhan xét

3.2.2, cac dieu kien (a)’, (b)’ va (c)’ c6 thé viét lai nhu sau

(a)” u(B) < 5fyf(}/n néu d >0, B=0néu § = 0;
(b u(D.B) < Bivfy" néu B > 0, D,B =0 néu f; = 0;
(¢)” 1(Ds, B). 1Dy, 5) < Borfy"", k=1,....n.
Mit khac, tit (3.26), (4.10), (4.13) va (4.17), ta suy ra
cy > detw(m,u(t)) > (14 (52)7%]9(” (x,u(t),Du(t)) > (14 52)7[%}]‘”0.

T day suy ra Cy > (1 + (52)7%%}‘}”01/” va do d6

2)~la] pn=)/n lin 2 7%[3] 1/n nl 1rn
MR T R ((1+5) fo ) < (1467 w18,

crt C.

Tit bat déng thitc trén vi chi ¥ fo < fi1, ta nhan thay ngoai cac didu kien (b)”, (c)” phai

duge thoa man, ban than diéu kién (a)” la chit hon so véi diéu kién can (4.5).
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4.3 Mot sbd vi du

Trong muc nay, luan an dua ra mot s6 vi du ma ¢ dé ta co thé kiém tra cac gid thiét
cua Dinh 1y 4.2.3.

4.3.1 Phuong trinh kiéu Monge-Ampére khong d6i xting trong Hinh hoc bao
giac
Vi du 4.3.1 Xét bai toan Dirichlet cho phuong trinh kiéu Monge-Ampere khong déi xiing

sau day

1 1
det [DQU — <§\Du\2E — Du® Du)—B(x, Du)} = 5—n(1 +¢e")(1+ |Dul?) trong ©,
(4.24)
u=0 trén 05, (4.25)

; 1
trong d6 Q = B1(0) = {z € R" : |z| < 1}. O day, A= A(p) = §|p\2E —p®@p, BT (z,p) =

1 .
—B(x,p), f(z,z,p) = 5—n(1 +€7)(1 + [p[?). Phuong trinh (4.24) v6i B(z,p) = 0 xuat hien
trong linh vuc Hinh hoc bao giac ([41]).
Ta sé& chi ra bai toan (4.24)-(4.25) thda man cac diéu kién (i)-(vi) ctia Dinh 1y 4.2.3.

1 1 .z
That vay, i 0 < p®p < |p|*E nén A > —§|p|2E > —5(1 + |p|?) E. Do d6 ta dé thay ma

tran A théa man cac dicu kien (i) va (ii) v6i vo = 3 Hon nita, bang tinh toan, ta c6 vdi
moi §,n € R", & L7,

A ke&i&imene = (80,0 — 0ibje — 6;60:0) & 5mene = |E17In]* — 2(&,m)? = [€*|n*.

Diéu nay c6 nghia la A 1a chinh quy chat trong I' = Q x R x R” va théa méan (4.8) vdi
ap = 1. Nhu vay, diéu kien (iii) duge thoéa man.

Z ~ Z Dz N
Tiép theo, ta dé dang nhan thay f(z,z,p) > 0 trong I' va  inf (—f) (z,z,p) = 0. Dieu

(z,z,p)el’ f
nay c6 nghia la cac diéu kién (iv) va (v) duge théa méan véi 81 = 0.
. ? N 1 <z —
Cudi cung, ta kiem tra dieu kién (vi). Ta chon u(z) = §(|x]2 —1). Dé thay u € C=(Q) va

théa man u = 0 tréen 9. Hon nita, ta ¢c6 Du(x) = z, D*u(x) = E va do d6

1 1 _
w(z,u) = D*u — A(x,u, Du) = E — <§]$]2E - ®93>2 §E, Vo € Q.

1
Suy ra, A\, = 3 Do dé, ta c6 véin > 2,

I\ 4 1 _
det w(z,u) > <§> > > o (1 + e%(‘“"z*l)) (14 |z*) = f(z,u, Du), Vz € Q.
T danh gia trén ta suy ra u la mot nghiém duéi elliptic ctia phuong trinh tuong ting véi

(4.24) ma trong d6 B = 0.
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Gia st 6, B2, B3, by 1a cac so thuc cho trude thda man 0 < 6 < 1,5, > 0,83 > 0,0 <
bo < ap = 1. Khi dé Dinh 1y 4.2.3 khéng dinh ring, ton tai cac s6 thuc duong 0 < A, <
%,O < ay < 1, phu thudc vao n,d, Bs, B3, by sao cho néu B(z,p) 1a ma tran tuy y thuoc
W (6,0, Ba, B3, bo, Au) N C3(I;R™™) va thoa méan céc diéu kien (a)’ va (c)’ thi bai toan
Dirichlet (4.24)-(4.25) ¢6 duy nhat mot nghiem d-elliptic thuoe C%*+ (Q).

Vi du 4.3.2 Xét bai toan Dirichlet cho phuong trinh kiéu Monge-Ampeére khong déi xing
sau day

det [DQU — (a|Du*E — bDu ® Du) — B(x,u, Du)| = f(z,u, Du) trong , (4.26)
u=0 trén OS2, (4.27)

trong dé a,b 1a cic hing s6, a > 0, A(p) = a|p|*E — bp ® p, B (z, z,p) = —B(x, z,p) v&

Q={r=(v1,...,2,) ER" | kyad + - + kpa? < 1,k; >0,i=1,...,n}.

Ta sé kiém tra cdc cac diéu kién (i)-(vi) ctia Dinh 1y 4.2.3 ddi v6i bai toan (4.26)-(4.27).
Vio<p®p < |[plPE nen A > (a— [b])[pl*E > —(|la — [b]])(1 + |p|?) E. Do d6 ta dé& thay

ma tran A thdéa man cac diéu kien (i) va (ii) v6i v9 = |a — [b|| + 1 > 0. Hon ntta, bang tinh
toan, ta c6 véi moi &,n € R*, & L n,

A ke&i&imine = (2a6;50k0 — b(0ik00 + 0%0:)) &i&imMme
= 2a&7n; — 2b&&5min; = 2alE*[nl* — 2b(&,m)? = 2al¢?|n]>.

Diéu nay c6 nghia 1a A 1a chinh quy chit trong I' va théa man (4.8) véi ag = 2a > 0. Nhu
vay, dieu kien (iii) duge théa man.

Diat u(x) = g(k‘w% + -+ kyx2 — 1), trong d6 ¢ 1a hing s6 duong sé chon sau. Dé thay
u € C™(Q) v thdéa man u = 0 trén 0. Dat kuyin = mink;, kmax = maxk;. Khi d6 ta c6

1 (2
trong €2,
|DQ|2 = 02 (1{7%1}2 + -+ kil}%) < Ckaax (klx% + -+ k?nl’i) < C2kmax;
D?*u = cdiag (ky,. .., kp) > ckmink,

va vi thé

w(z,u) = D*u— A(x,u, Du) > D*u— (a+ |b|)|Dul*E > dE, d= c(kmin —c(a+ |b])k:max).

Tu d6 ta suy ra u 1a nghiem dudi elliptic ctia bai toan Dirichlet (4.26)-(4.27) néu hang s6
duong ¢ 14 di nhd sao cho d > 0 v& ham vé phai f(x, z,p) € C3(I'; R) dugc chon sao cho

f>0,D,f >0, trong ' va f(z,u, Du) <d", trong €.

Viéc chon ham vé phai f(z,z,p) théa man cac diéu kién trén 1a kha dé dang. Khi d6 doi
v6i bai toan (4.26)-(4.27), ta ciing c6 két luan tuong tu nhu doi véi bai toan (4.24)-(4.25).
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4.3.2 Phuong trinh kiéu Monge-Ampére khong d6i xing phu thudoc tham sb

Vi du 4.3.3 Xét bai toan Dirichlet sau day cho phuong trinh kicu Monge-Ampere khong
d6i xiing phu thudc vao tham s6 o, |o| < 3, 3 > 0,

det[D*u — A(x, u, Du) — oBO(z,u, Du)] = f(z,u, Du) trong Q, (4.28)
u = p(z) trén OS2, (4.29)

trong do 2 C R™ 1a mién bi chan c6 bien 09 € C5.
Gié st cac gia thiét ctia Dinh 1y 4.2.3 duge thoa man va W = W (4, 51, Ba, B3, bo, M) 1a
tap hop da dugc mo ta trong Dinh nghia 4.2.1, trong d6 6, 81, 82, B33, bg 1 cac hing sd duong

cho trude véi 0 < § < 1,0 < by < ag. Gia sit BO(z, z,p) € BC?*(I'; R™™) N C3(T'; R™ ") 1a

ma tran phan déi xing va théa man céc diéu kién sau véi cac hing sé duong 6, 6;0), éo)’

éo),béo) va v6i moi (z,z,p) € I', £ € C", n € R",

1 | B (2, 2, p)&E;| < 5O €I

2. |D.BY (x, 2. p)&&;| < B A€

3. | D BY (2, 2, p)&€ e, | Dy BYEGE | < B NJEPI;

4. \Da:mBg-))(%Zap)figﬂkm, |Dx,€pri(;-))(fE,ij)figjnkw}é EITE

DB (x, 2, p)&i€; | < B¢

d. ‘DpkpeBi(]Q) (z, Z,p)&@nkm\é b(()O) ‘€|2’77’2-

Khi dé ton tai cac hing s6 duong 0 < a, < 1va 0 < X, < X, trong d6 o, phu thuoc vao
n, Y0, @0, 0, 51, B2, 083, bo, A, f,u, p va Q, ¥, phu thudc thém vao 5(0),/39)),650), ?SO) va béo),
sao cho v6i o tuy ¥ thdéa man |o| < X, bai toan Dirichlet (4.28)-(4.29) ¢6 duy nhat mot
nghiem d-elliptic thuoc U(8, 1, B2, 0 BO) N C%+(Q), trong dé U(8, 1, f2, 0 B?) dugc xac
dinh béi Dinh nghia 4.2.2 véi B dudc thay béi o B©.

That vay, ta dat

. 0 B B2 Bz by A
7y = min <5(0) 7 (0)7 ,(0)7 4(0)7 1(0)° b ) Z>l< = fy>\_7 (430)
1 2 P37 by “

trong d6 0 < A\, < A, 1a hing s6 da dugc xac dinh trong Dinh 1y 4.2.3.

Gid stt o 14 s6 thyc tuy ¥ thoa man |o| < .. Suy ra |o| < 3, <. Do d6 tit cac gia thiét
va (4.30), ta suy ra ma tran ¢ B (z, z,p) thuoc W N C3 (F;R"X”) va théa man cac dicu
kign bo sung (a)’-(c)’ ctia Dinh 1§ 4.2.3. Do d6, tit Dinh 1y 4.2.3 ta suy ra bai toan Dirichlet
(4.28)-(4.29) c¢6 duy nhat mot nghiem d-elliptic thuoc U(5, f1, B2, o B) N C22+(Q), trong
do U(6, Br, Ba, o B®) 1a tap duge xéac dinh béi Dinh nghia 4.2.2 véi B duge thay béi o BO),
ay € (0,1) 1a hang s6 phu thudc vao cac dai lugng tuong tw nhu ., da duge xac dinh trong
Dinh Iy 4.2.3.
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KET LUAN CHUONG 4

Chuong nay nghién citu vé tinh gidi duge ciia bai toan Dirichlet cho phuong trinh kicu
Monge-Ampere khong déi xtng. Cu thé, luan an da chiing minh duge cac két qua sau:

- Da thiét lap mot diéu kién can cho su ton tai nghiem d-elliptic ctia phuong trinh kiéu
Monge-Ampere khong d6i xting (Dinh 1y 4.1.1).

- Da thiét lap cac diéu kien du 4p dat léen ma tran doi xing va vé phai clia phuong
trinh kiéu Monge-Ampere khong déi xiing dé nghiem d-elliptic clia bai toan Dirichlet ton
tai duy nhat trong C*%*(Q) véi a, € (0, 1) nao d6 khi ma tran phan déi xting c6 mat trong
phuong trinh 13 di nhé theo mot nghia nao dé (Dinh 1y 4.2.3). Viéc chiing minh sy ton
tai duy nhéat nghiem é-elliptic ciia bai toan Dirichlet dira trén phuong phap lien tuc dé giai
phuong trinh toan ti phi tuyén da dugc gidi thieu trong Chuong 1 va cdc danh gia tién
nghiem da duge thiét lap trong Chuong 3.

- Da trinh bay mot s6 vi du cu thé doéi véi bai toan Dirichlet cho phuong trinh kiéu
Monge-Ampere elliptic khong d6i xiing.
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KET LUAN VA KIEN NGHI

1. Cac két qua dat dudc ciia luan an

Luan an da nghién citu tinh gidi duge trong khong gian C*%(Q), a € (0,1) dbi v6i bai
toan Dirichlet cho phuong trinh kicu Monge-Ampere elliptic khong déi xiing trong mién bi
chan  C R™ va nhan dudc cac két qua chinh sau day:

- Dua vio mot 16p nghiém d-elliptic v6i § € [0, 1) cho phuong trinh kiéu Monge-Ampere
khong ddi xting va nhan duge mot dieu kién can cho st ton tai loai nghiém nay.

- Dua vao khai niém d-16m v6i d > 0, mot mé rong ctia khéi niém 16m thong thuong;
da ching minh tinh d-16m ctia ham s6 kiéu Monge-Ampeére trén mot tap 16i khong bi chan
clia tap hgp cac ma tran xac dinh duong khong déi xing. Tinh d-16m 13 mot cong cu quan
trong trong viéc thiét lap cac danh gia tién nghiém doi véi nghiem J-elliptic.

- Bing cach dat ra cac diéu kien dé ma tran phan déi xtng c6 mat trong phuong trinh la
nhé theo nghia ndo dé, qua mot s6 bude tién hanh, luan an da thiét lap duge danh gia tien
nghigm trong C%%(Q) véi a € (0,1) ndo d6 ddi v6i nghiem J-elliptic ctia bai toan Dirichlet
cho phuong trinh kiéu Monge-Ampere khong déi xiing, dong thoi cac danh gia nay 1a déu
do6i v6i mot 16p cac ma tran phan ddi xing.

- Stt dung phuong phép lién tuc giadi phuong trinh toan tit phi tuyén trong khong gian
Banach, luan an dua ra cac diéu kien du ap dat len cac dit kién ctia bai toan Dirichlet
cho phuong trinh kiéu Monge-Ampeére khong dbi xiing dé nghiem d-elliptic ctia bai toan
Dirichlet ton tai va duy nhat trong C%(Q) khi ma tran phan déi xitng c6 mat trong phuong

trinh 1a di nho6 theo mot nghia nao do.

2. Kién nghi mot sé van dé nghién citu tiép theo

Bén canh cac két qua dat dugc trong luan an, chting toi kién nghi mot s6 van dé can
dugc tiép tuc nghién citu nhu:

- Nghién citu cac phuong trinh kiéu Monge-Ampeére khong déi xiing xuat hién trong cac
linh vitc nhu: Van chuyén téi wu, Hinh hoc bao giac, Dut béo khi tugng,...

- Nghién citu bai toan Neumann cho phuong trinh kiéu Monge-Ampeére khong déi xing.
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