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1.5 Lipschitz-Hölder Property . . . . . . . . . . . . . . . . . . . . 20

1.6 Some Economic Interpretations . . . . . . . . . . . . . . . . . 25

1.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

Chapter 2. Differential Stability of Parametric Consumer Prob-

lems 28

2.1 Auxiliary Concepts and Results . . . . . . . . . . . . . . . . . 28

2.2 Coderivatives of the Budget Map . . . . . . . . . . . . . . . . 35

2.3 Fréchet Subdifferential of the Function −v . . . . . . . . . . . 44

2.4 Limiting Subdifferential of the Function −v . . . . . . . . . . 49

2.5 Some Economic Interpretations . . . . . . . . . . . . . . . . . 55

2.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

Chapter 3. Parametric Optimal Control Problems with Unilat-

eral State Constraints 61

3.1 Problem Statement . . . . . . . . . . . . . . . . . . . . . . . . 62

iii



3.2 Auxiliary Concepts and Results . . . . . . . . . . . . . . . . . 63

3.3 Solution Existence . . . . . . . . . . . . . . . . . . . . . . . . 69

3.4 Optimal Processes for Problems without State Constraints . . 71

3.5 Optimal Processes for Problems with Unilateral State Con-

straints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

3.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

Chapter 4. Parametric Optimal Control Problems with Bilat-

eral State Constraints 92

4.1 Problem Statement . . . . . . . . . . . . . . . . . . . . . . . . 92

4.2 Solution Existence . . . . . . . . . . . . . . . . . . . . . . . . 93

4.3 Preliminary Investigations of the Optimality Condition . . . . 94

4.4 Basic Lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

4.5 Synthesis of the Optimal Processes . . . . . . . . . . . . . . . 107

4.6 On the Degeneracy Phenomenon of the Maximum Principle . 122

4.7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

Chapter 5. Finite Horizon Optimal Economic Growth Problems124

5.1 Optimal Economic Growth Models . . . . . . . . . . . . . . . 124

5.2 Auxiliary Concepts and Results . . . . . . . . . . . . . . . . . 128

5.3 Existence Theorems for General Problems . . . . . . . . . . . 130

5.4 Solution Existence for Typical Problems . . . . . . . . . . . . 135

5.5 The Asymptotic Behavior of φ and Its Concavity . . . . . . . 138

5.6 Regularity of Optimal Processes . . . . . . . . . . . . . . . . . 140

5.7 Optimal Processes for a Typical Problem . . . . . . . . . . . . 143

5.8 Some Economic Interpretations . . . . . . . . . . . . . . . . . 156

5.9 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

General Conclusions 158

List of Author’s Related Papers 159

References 160

iv



Table of Notations

IR the set of real numbers

IR := IR ∪ {+∞,−∞} the extended real line

∅ the empty set

||x|| the norm of a vector x

intA the topological interior of A

clA (or A) the topological closure of a set A

cl∗A the closure of a set A in the weak∗ topology

coneA the cone generated by A

convA the convex hull of A

dom f the effective domain of a function f

epi f the epigraph of f

resp. respectively

w.r.t. with respect to

l.s.c. lower semicontinuous

u.s.c. upper semicontinuous

i.s.c. inner semicontinuous

a.e. almost everywhere

N̂(x; Ω) the Fréchet normal cone to Ω at x

N(x; Ω) the limiting/Mordukhovich normal cone

to Ω at x
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Introduction

Mathematical economics is the application of mathematical methods to

represent theories and analyze problems in economics. The language of math-

ematics allows one to address the latter with rigor, generality, and simplicity.

Formal economic modeling began in the 19th century with the use of differ-

ential calculus to represent and explain economic behaviors, such as the util-

ity maximization problem and the expenditure minimization problem, early

applications of optimization in microeconomics. Economics became more

mathematical as a discipline throughout the first half of the 20th century

with the introduction of new and generalized techniques, including ones from

calculus of variations and optimal control theory applied in dynamic analysis

of economic growth models in macroeconomics.

Although consumption economics, production economics, and optimal eco-

nomic growth have been studied intensively (see the fundamental textbooks

[19,42,61,71,79], the papers [44,47,55,64,65,80] on consumption economics

or production economics, the papers [4, 7, 51] on optimal economic growth,

and the references therein), new results on qualitative properties of these

models can be expected. They can lead to a deeper understanding of the

classical models and to more effective uses of the latter. Fast progresses in

optimization theory, set-valued and variational analysis, and optimal control

theory allow us to hope that such new results are possible.

This dissertation focuses on qualitative properties (solution existence, op-

timality conditions, stability, and differential stability) of optimization prob-

lems arisen in consumption economics, production economics, and optimal

economic growth models. Five chapters of the dissertation are divided into

two parts.

Part I, which includes the first two chapters, studies the stability and the

differential stability of the consumer problem named maximizing utility sub-
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ject to consumer budget constraint with varying prices. Mathematically, this

is a parametric optimization problem; and it is worthy to stress that the prob-

lem considered here also presents the producer problem named maximizing

profit subject to producer budget constraint with varying input prices. Both

problems are basic ones in microeconomics.

Part II of the dissertation includes the subsequent three chapters. We an-

alyze a maximum principle for finite horizon optimal control problems with

state constraints via parametric examples in Chapters 3 and 4. Our analysis

serves as a sample of applying advanced tools from optimal control theory

to meaningful prototypes of economic optimal growth models in macroeco-

nomics. Chapter 5 is devoted to solution existence of optimal economic

growth problems and synthesis of optimal processes for one typical problem.

We now briefly review some basic facts related to the consumer problem

considered in the first two chapters of the dissertation.

In consumption economics, the following two classical problems are of com-

mon interest. The first one is maximizing utility subject to consumer budget

constraint (see Intriligator [42, p. 149]); and the second one is minimizing

consumer’s expenditure for the utility of a specified level (see Nicholson and

Snyder [61, p. 132]). In Chapters 1 and 2, we pay attention to the first one.

Qualitative properties of this consumer problem have been studied by

Takayama [79, pp. 241–242, 253–255], Penot [64, 65], Hadjisavvas and Penot

[32], and many other authors. Diewert [25], Crouzeix [22], Mart́ınez-Legaz

and Santos [54], and Penot [65] studied the duality between the utility func-

tion and the indirect utility function. Relationships between the differentia-

bility properties of the utility function and of the indirect utility function

have been discussed by Crouzeix [22, Sections 2 and 6], who gave sufficient

conditions for the indirect utility function in finite dimensions to be differen-

tiable. He also established [23] some relationships between the second-order

derivatives of the direct and indirect utility functions. Subdifferentials of the

indirect utility function in infinite-dimensional consumer problems have been

computed by Penot [64].

Penot’s recent papers [64, 65] on the first consumer problem stimulated

our study and lead to the results presented in Chapters 1 and 2. In some

sense, the aims of Chapter 1 (resp., Chapter 2) are similar to those of [65]
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(resp., [64]). We also adopt the general infinite-dimensional setting of the

consumer problem which was used in [64, 65]. But our approach and results

are quite different from the ones of Penot [64,65].

Namely, various stability properties and a result on solution sensitivity of

the consumer problem are presented in Chapter 1. Focusing on some nice

features of the budget map, we are able to establish the continuity and the

locally Lipschitz continuity of the indirect utility function, as well as the

Lipschitz-Hölder continuity of the demand map under minimal assumptions.

Our approach seems to be new. An implicit function theorem of Borwein [15]

and a theorem of Yen [86] on solution sensitivity of parametric variational

inequalities are the main tools in the subsequent proofs. To the best of our

knowledge, the results on the Lipschitz-like property of the budget map, the

Lipschitz property of the indirect utility function, and the Lipschitz-Hölder

continuity of the demand map in the present chapter have no analogues in

the literature.

In Chapter 2, by an intensive use of some theorems from Mordukhovich [58],

we will obtain sufficient conditions for the budget map to be Lipschitz-like

at a given point in its graph under weak assumptions. Formulas for comput-

ing the Fréchet coderivative and the limiting coderivative of the budget map

can be also obtained by the results of [58] and some advanced calculus rules

from [56]. The results of Mordukhovich et al. [60] and the just mentioned

coderivative formulas allow us to get new results on differential stability of

the consumer problem where the price is subject to change. To be more pre-

cise, we establish formulas for computing or estimating the Fréchet, limiting,

and singular subdifferentials of the infimal nuisance function, which is ob-

tained from the indirect utility function by changing its sign. Subdifferential

estimates for the infimal nuisance function can lead to interesting economic

interpretations. Namely, we will show that if the current price moves forward

a direction then, under suitable conditions, the instant rate of the change of

the maximal satisfaction of the consumer is bounded above and below by real

numbers defined by subdifferentials of the infimal nuisance function.

The second part of this dissertation studies some optimal control problems,

especially, ones with state constraints. It is well-known that optimal control

problems with state constraints are models of importance, but one usually

faces with a lot of difficulties in analyzing them. These models have been
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considered since the early days of the optimal control theory. For instance,

the whole Chapter VI of the classical work [69, pp. 257–316] is devoted to

problems with restricted phase coordinates. There are various forms of the

maximum principle for optimal control problems with state constraints; see,

e.g., [34], where the relations between several forms are shown and a series

of numerical illustrative examples have been solved.

To deal with state constraints, one has to use functions of bounded vari-

ation, Borel measurable functions, Lebesgue-Stieltjes integral, nonnegative

measures on the σ−algebra of the Borel sets, the Riesz Representation The-

orem for the space of continuous functions, and so on.

By using the maximum principle presented in [43, pp. 233–254], Phu [66,67]

has proposed an ingenious method called the method of region analysis to

solve several classes of optimal control problems with one state variable and

one control variable, which have both state and control constraints. Mini-

mization problems of the Lagrange type were considered by the author and,

among other things, it was assumed that integrand of the objective function

is strictly convex with respect to the control variable. To be more precise,

the author considered regular problems, i.e., the optimal control problems

where the Pontryagin function is strictly convex with respect to the control

variable.

In Chapters 3 and 4, the maximum principle for finite horizon state con-

strained problems from the book by Vinter [82, Theorem 9.3.1] is analyzed

via parametric examples. The latter has origin in a recent paper by Basco,

Cannarsa, and Frankowska [12, Example 1], and resembles the optimal eco-

nomic growth problems in macroeconomics (see, e.g., [79, pp. 617–625]). The

solution existence of these parametric examples, which are irregular opti-

mal control problems in the sense of Phu [66, 67], is established by invoking

Filippov’s existence theorem for Mayer problems [18, Theorem 9.2.i and Sec-

tion 9.4]. Since the maximum principle is only a necessary condition for local

optimal processes, a large amount of additional investigations is needed to

obtain a comprehensive synthesis of finitely many processes suspected for be-

ing local minimizers. Our analysis not only helps to understand the principle

in depth, but also serves as a sample of applying it to meaningful prototypes

of economic optimal growth models. In the vast literature on optimal control,

we have not found any synthesis of optimal processes of parametric problems
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like the ones presented herein.

Just to have an idea about the importance of analyzing maximum prin-

ciples via typical optimal control problems, observe that Section 22.1 of the

book by Clarke [21] presents a maximum principle [21, Theorem 22.2] for an

optimal control problem without state constraints denoted by (OC). The

whole Section 22.2 of [21] (see also [21, Exercise 26.1]) is devoted to solving

a very special example of (OC) having just one parameter. The analysis

contains a series of additional propositions on the properties of the unique

global solution.

Note that the maximum principle for finite horizon state constrained prob-

lems in [82, Chapter 9] covers several known ones for smooth problems and

allows us to deal with nonsmooth problems by using the concepts of lim-

iting normal cone and limiting subdifferential of Mordukhovich [56, 57, 59].

This principle is a necessary optimality condition which asserts the existence

of a nontrivial multipliers set consisting of an absolutely continuous func-

tion, a function of bounded variation, a Borel measurable function, and a

real number, such that the four conditions (i)–(iv) in Theorem 3.1 in Chap-

ter 3 are satisfied. The relationships between these conditions are worthy a

detailed analysis. Towards that aim, we will use the maximum principle to

analyze in details three parametric examples of optimal control problems of

the Lagrange type, which have five parameters: the first one appears in the

description of the objective function, the second one appears in the differen-

tial equation, the third one is the initial value, the fourth one is the initial

time, and the fifth one is the terminal time. Observe that, in Example 1

of [12], the terminal time is infinity, the initial value and the initial time are

fixed.

Problems without state constraints, as well as problems with unilateral

state constraints, are studied in Chapter 3. Problems with bilateral state

constraints are considered in Chapter 4. To deal with bilateral state con-

straints, we have to prove a series of nontrivial auxiliary lemmas. Moreover,

the synthesis of finitely many processes suspected for being local minimizers

is rather sophisticated, and it requires a lot of refined arguments.

Models of economic growth have played an essential role in economics and

mathematical studies since the 30s of the twentieth century. Based on differ-

ent consumption behavior hypotheses, they allow ones to analyze, plan, and
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predict relations between global factors, which include capital, labor force,

production technology, and national product, of a particular economy in a

given planning interval of time. Principal models and their basic properties

have been investigated by Ramsey [70], Harrod [33], Domar [26], Solow [77],

Swan [78], and others. Details about the development of the economic growth

theory can be found in the books by Barro and Sala-i-Martin [11] and Ace-

moglu [1].

Along with the analysis of the global economic factors, another major

issue regarding an economy is the so-called optimal economic growth problem,

which can be roughly stated as follows: Define the amount of consumption

(and therefore, saving) at each time moment to maximize a certain target of

consumption satisfaction while fulfilling given relations in the growth model

of that economy. Economically, this is a basic problem in macroeconomics,

while, in mathematical form, it is an optimal control problem. This optimal

consumption/saving problem was first formulated and solved to a certain

extent by Ramsey [70]. Later, significant extensions of the model in [70] were

suggested by Cass [17] and Koopmans [50].

Characterizations of the solutions of optimal economic growth problems

(necessary optimality conditions, sufficient optimality conditions, etc.) have

been discussed in the books [79, Chapter 5], [68, Chapters 5, 7, 10, and

11], [19, Chapter 20], [1, Chapters 7 and 8], and some papers cited therein.

However, results on the solution existence of these problems seem to be quite

rare. For infinite horizon models, some solution existence results were given

in [1, Example 7.4] and [24, Subsection 4.1]. For finite horizon models, our

careful searching in the literature leads just to [24, Subsection 4.1 and Corol-

lary 1] and [62, Theorem 1]. This observation motivates the investigations in

the first part of Chapter 5.

The first part of Chapter 5 considers the solution existence of finite horizon

optimal economic growth problems of an aggregative economy ; see, e.g., [79,

Sections C and D in Chapter 5]. It is worthy to stress that we do not assume

any special saving behavior, such as the constancy of the saving rate as in

growth models of Solow [77] and Swan [78] or the classical saving behavior

as in [79, p. 439]. Our main tool is Filippov’s Existence Theorem for optimal

control problems with state constraints of the Bolza type from the monograph

of Cesari [18]. Our new results on the solution existence are obtained under
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some mild conditions on the utility function and the per capita production

function, which are two major inputs of the model in question. The results

for general problems are also specified for typical ones with the production

function and the utility function being either in the form of AK functions or

Cobb–Douglas ones (see, e.g., [11] and [79]). Some interesting open questions

and conjectures about the regularity of the global solutions of finite horizon

optimal economic growth problems are formulated in the final part of the

paper. Note that, since the saving policy on a compact segment of time

would be implementable if it has an infinite number of discontinuities, our

concept of regularity of the solutions of the optimal economic growth problem

has a clear practical meaning.

The solution existence theorems in this Chapter 5 for finite horizon optimal

economic growth problems cannot be derived from the above cited results

in [24, Subsection 4.1 and Corollary 1] and [62, Theorem 1], because the

assumptions of the latter are more stringent and more complicated than ours.

For solution existence theorems in optimal control theory, apart from [18],

the reader is referred to [52], [10], and the references therein.

Our focus point in the second part of Chapter 5 is to solve one of the four

typical optimal economic growth problems mentioned in the first part of the

same chapter. More precisely, our aim is to give a complete synthesis of the

optimal processes for the parametric finite horizon optimal economic growth

problem, where the production function and the utility function are both

in the form of AK functions (see, e.g., [11]). By using a solution existence

theorem in the first part of this chapter and the maximum principle for

optimal control problems with state constraints in the book by Vinter [82,

Theorem 9.3.1], we are able to prove that the problem has a unique local

solution, which is also a global one, provided that the data triple satisfies

a strict linear inequality. Our main theorem will be obtained via a series

of nine lemmas and some involved technical arguments. Roughly speaking,

we will combine an intensive treatment of the system of necessary optimality

conditions given by the maximum principle with the specific properties of the

given parametric optimal economic growth problem. The approach adopted

herein has the origin in preceding Chapters 3 and 4. From the obtained

results it follows that if the total factor productivity A is relatively small,

then an expansion of the production facility does not lead to a higher total

consumption satisfaction of the society.
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Last but not least, notice that there are interpretations of the economic

meanings for the majority of the mathematical concepts and obtained results

in Chapter 1, 2, and 5, which form an indispensable part of the present

dissertation. Needless to say that such economic interpretations of new results

are most desirable in a mathematical study related to economic topics.

So, as mentioned above, the dissertation has five chapters. It also has a

list of the related papers of the author, a section of general conclusions, and

a list of references. A brief description of the contents of each chapter is as

follows.

In Chapter 1, we study the stability of a parametric consumer problem.

The stability properties presented in this chapter include: the upper con-

tinuity, the lower continuity, and the continuity of the budget map, of the

indirect utility function, and of the demand map; the Robinson stability and

the Lipschitz-like property of the budget map; the Lipschitz property of the

indirect utility function; the Lipschitz-Hölder property of the demand map.

Chapter 2 is devoted to differential stability of the parametric consumer

problem considered in the preceding chapter. The differential stability here

appears in the form of formulas for computing the Fréchet/limitting coderiva-

tives of the budget map; the Fréchet/limitting subdifferentials of the infimal

nuisance function (which is obtained from the indirect utility function by

changing its sign), upper and lower estimates for the upper and the lower

Dini directional derivatives of the indirect utility function. In addition, an-

other result on the Lipschitz-like property of the budget map is also given in

this chapter.

In Chapters 3 and 4, a maximum principle for finite horizon optimal control

problems with state constraints is analyzed via parametric examples. The

difference among those are in the appearance of state constraints: The first

one does not contain state constraints, the second one is a problem with

unilateral state constraints, and the third one is a problem with bilateral

state constraints. The first two problems are studied in Chapter 3. The last

one with bilateral state constraints is addressed in Chapter 4.

Chapter 5 establishes three theorems on solution existence for optimal

economic growth problems in general forms as well as in some typical ones

and a synthesis of optimal processes for one of such typical problems. Some
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open questions and conjectures about the uniqueness and regularity of the

global solutions of optimal economic growth problems are formulated in this

chapter.

The dissertation is written on the basis of the paper [35] published in

Journal of Optimization Theory and Applications, the papers [36] and [37]
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Chapter 1

Stability of Parametric Consumer

Problems

The present chapter, which is written on the basis of the paper [35], studies

the stability of parametric consumer problems. Namely, we will establish

sufficient conditions for

- the upper continuity, the lower continuity, and the continuity of the

budget map, of the indirect utility function, and of the demand map;

- the Robinson stability and the Lipschitz-like property of the budget map;

- the Lipschitz property of the indirect utility function; the Lipschitz-

Hölder property of the demand map.

Throughout this dissertation, we use the following notations. For a norm

space X, the norm of a vector x is denoted by ||x||. The topological dual

space of X is denoted by X∗. The notations 〈x∗, x〉 or x∗ · x are used for the

value x∗(x) of an element x∗ ∈ X∗ at x ∈ X. The interior (resp., the closure)

of a subset Ω ⊂ X in the norm topology is abbreviated to int Ω (resp., Ω).

The open (resp., closed) unit ball in X is denoted by BX (resp., B̄X).

The set of real numbers (resp., nonnegative real numbers, nonpositive real

numbers, extended real numbers, and positive integers) is denoted by IR

(resp., IR+, IR−, IR, and IN).

1



1.1 Maximizing Utility Subject to Consumer Budget

Constraint

Following [64, 65], we consider the consumer problem named maximiz-

ing utility subject to consumer budget constraint in the subsequent infinite-

dimensional setting.

The set of goods is modeled by a nonempty, closed and convex cone X+ in

a reflexive Banach space X. The set of prices is

Y+ := {p ∈ X∗ : 〈p, x〉 ≥ 0, ∀x ∈ X+} . (1.1)

It is well-known (see, e.g., [14, Proposition 2.40]) that Y+ is a closed and

convex cone in X∗, and

X+ = {x ∈ X : 〈p, x〉 ≥ 0, ∀p ∈ Y+} .

We may normalize the prices and assume that the budget of the consumer

is 1. Then, the budget map is the set-valued map B : Y+ ⇒ X+ associating

to each price p ∈ Y+ the budget set

B(p) :=
{
x ∈ X+ : 〈p, x〉 ≤ 1

}
. (1.2)

We assume that the preferences of the consumer are presented by a function

u : X → IR, called the utility function. This means that u(x) ∈ IR for every

x ∈ X+, and a goods bundle x ∈ X+ is preferred to another one x′ ∈ X+

if and only if u(x) > u(x′). For a given price p ∈ Y+, the problem is to

maximize u(x) subject to the constraint x ∈ B(p). It is written formally as

max {u(x) : x ∈ B(p)} . (1.3)

The indirect utility function v : Y+ → IR of (1.3) is defined by

v(p) = sup{u(x) : x ∈ B(p)}, p ∈ Y+. (1.4)

The demand map of (1.3) is the set-valued map D : Y+ ⇒ X+ defined by

D(p) = {x ∈ B(p) : u(x) = v(p)} , p ∈ Y+. (1.5)

For convenience, we can put B(p) = ∅ and D(p) = ∅ for every p ∈ X∗ \Y+.

In this way, we have set-valued maps B and D defined on X∗ with values in

X. As B(p) = ∅ and sup ∅ = −∞ by an usual convention, one has v(p) = −∞
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for all p /∈ X∗\Y+, meaning that v is an extended real-valued function defined

on X∗.

Mathematically, the problem (1.3) is an parametric optimization problem,

where the prices p varying in Y+ play as the role of parameters, the function

v(·) is called the optimal value function, and the set-valued map D(·) is called

the solution map.

Let us present three illustrative examples of the consumer problem. The

first one is the problem considered in finite dimension, while the second and

the third are the ones in infinite-dimensional setting.

Example 1.1 (See [42, pp. 143–148]) Suppose that there are n types of

available goods. The quantities of each of these goods purchased by the

consumer are summarized by the good bundle x = (x1, . . . , xn), where xi is

the quantity of ith good purchased by the consumer, i = 1, . . . , n. Assume

that each good is perfectly divisible so that any nonnegative quantity can be

purchased. Good bundles are vectors in the commodity space X := IRn. The

set of all possible good bundles

X+ :=
{
x = (x1, . . . , xn) ∈ IRn : x1 ≥ 0, . . . , xn ≥ 0

}
is the nonnegative orthant of IRn. The set of prices is

Y+ = {p = (p1, . . . , pn) ∈ IRn : p1 ≥ 0, . . . , pn ≥ 0}.

For every p = (p1, . . . , pn) ∈ Y+, pi is the price of ith good, i = 1, . . . , n. If the

consumer’s budget is 1 unit of money, then the budget constraint, that the

total expenditure cannot exceed the budget, can be written as

B(p) =
{
x = (x1, . . . , xn) ∈ X+ :

n∑
i=1

pixi ≤ 1
}
, p ∈ Y+.

If the preferences of the consumer are presented by an utility function in the

logarithmic type

u(x) :=
n∑
i=1

µi log(xi + εi), x ∈ X+

with µi > 0, εi > 0 for all i = 1, . . . , n, being given numbers, then the

consumer problem (1.3) is to choose a “most preferred” good bundle in the

budget set B(p).
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Example 1.2 (See [79, p. 59]) Consider a consumer who wants to maximize

the sum of the utility stream U(x(t)) attained by the consumption stream

x(t) over the lifetime [0, T ]. Suppose that at any time t ∈ [0, T ], the consumer

knows the budget y(t), and the price of goods P (t). Let ρ and r respectively

denote the subjective discount rate and the market rate of interest, both of

which are assumed to be positive constants. Assume that the choice of x(t)

does not affect the price P (t) and rate r that prevail in the market. Then

the problem can be formulated as follows: Maximize

u(x(·)) :=

∫ T

0

U(x(t))e−ρtdt

subject to

p(x(·)) :=

∫ T

0

P (t)x(t)e−rtdt ≤M, x(·) ∈ X+

with M :=
∫ T

0 y(t)e−rtdt being the total budget and X+ being a closed and

convex cone in a suitable space of functions, say, Lp([0 T ], IR), p ∈ (1,∞).

This is a problem in the form of (1.3), where the budget set is

B(p(·)) =
{
x(·) ∈ X+ :

1

M
p(x(·)) ≤ 1

}
.

Example 1.3 A goods bundle usually contains a finite number of nonzero

components representing the quantities of different goods (rice, bread, milk,

vegetable oil, cloths, electronic appliances, books,...) purchased by the con-

sumer. Since there are thousands different goods available in the market

and since the need of the consumer changes from time to time, it is not al-

ways reasonable to assume that the set of goods belongs to an Euclidean

space of fixed dimension. To deal with that situation, one can embed goods

bundles into the subspace of the Banach space X = `p with p ∈ (1,+∞),

denoted by X0, which is formed by sequences of real numbers having finitely

many nonzero components. As X0 = X, every continuous linear functional

p0 : X0 → IR has a unique continuous linear extension p : X → IR with

〈p, x〉 = 〈p0, x〉 for all x ∈ X0. In particular, given a nonempty closed con-

vex cone X0,+ ⊂ X0, one sees that any continuous linear functional p0 on X0

satisfying 〈p, x〉 ≥ 0 for all x ∈ X0,+ (a price defined on X0,+) has a unique

continuous linear extension p on X satisfying 〈p, x〉 ≥ 0 for all x ∈ X+, where

X+ is the topological closure of X0,+ in X. Naturally, X+ can be interpreted

as a set of goods in X and p belongs to Y+, where Y+ is defined by (1.1).

So, p is a price defined on X+. Any function u : X → IR with u(x) ∈ IR for
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every x ∈ X+ defines a utility function on X, which can be considered as an

extension of the utility function u0 on X0, where u0(x) := u(x) for x ∈ X0.

In this sense, the consumer problem in (1.3) is an extension of the consumer

problem max {u0(x) : x ∈ B0(p)} with B0(p) := {x ∈ X0,+ : p0 · x ≤ 1}.

It worthy to stress that the consumer problem (1.3) considered in Chap-

ters 1 and 2 has the same mathematical form to the producer problem named

maximizing profit subject to producer budget constraint with varying input

prices in the production theory, which is recalled bellow. Thus, all the re-

sults and proofs in these two chapters for the former problem are valid for

the latter one.

Assume that a firm produces a single product under the circumstances of

pure competition. The price of both inputs and output must be taken as

exogenous. Keeping the same mathematical setting of problem (1.3), let each

x ∈ X+ be a collection of inputs which costs a corresponding price p ∈ Y+.

The utility function u(·) is replaced by Q(·), the production function, whose

values represent the output quantities. Denote by p̄ the price of the output.

The manufacturer’s aim is to maximize the profit

Π := p̄Q(x)− 〈p, x〉,

where TR := p̄Q(x) is the total revenue, TC := 〈p, x〉 is the total cost. If

the manufacturer takes a given amount of total cost, say, 1 unit of money,

for implementing the production process, then the task of maximizing the

profit leads to a maximization of the total revenue. As the output price p̄

is exogenous, this amounts to maximize the quantity Q(x). The problem of

maximizing profit subject to producer budget constraint (see, e.g., [71, p. 38])

is the following:

max {Q(x) : x ∈ B(p)} , (1.6)

where B(p) := {x ∈ X+ : 〈p, x〉 ≤ 1} is the budget constraint for the

producer at a price p ∈ Y+ of inputs. It is not hard to see that (1.6) has the

same structure as that of (1.3).

1.2 Auxiliary Concepts and Results

In order to establish the stability properties of the function v(·) and the

multifunctions B(·), D(·), we need some concepts and results from set-valued
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analysis and variational inequalities.

Let T : E ⇒ F be a set-valued map between two topological spaces. The

graph of T is defined by gphT := {(a, b) ∈ E × F : b ∈ T (a)}. If gphT is

closed in the product topology of E × F , then T is said to be closed. The

map T is said to be upper semicontinuous (u.s.c.) at a ∈ E if, for each

open subset V ⊂ F with T (a) ⊂ V , there exists a neighborhood U of a

satisfying T (a′) ⊂ V for all a′ ∈ U . One says that T is lower semicontinuous

(l.s.c.) at a if, for each open subset V ⊂ F with T (a)∩ V 6= ∅, there exists a

neighborhood U of a such that T (a′) ∩ V 6= ∅ for every a′ ∈ U. If T is u.s.c.

(resp., l.s.c.) at every point a in a subset M ⊂ E, then T is said to be u.s.c.

(resp., l.s.c.) on M .

If T is both l.s.c. and u.s.c. at a, we say that it is continuous at a. If

T is continuous at every point a in a subset M ⊂ E, then T is said to be

continuous on M . Thus, the verification of the continuity of the set-valued

map T consists of the verifications of the lower semicontinuity and of the

upper semicontinuity of T .

One says that T is inner semicontinuous (i.s.c.) at (a, b) ∈ gphT if, for

each open subset V ⊂ F with b ∈ V , there exists a neighborhood U of a such

that T (a′) ∩ V 6= ∅ for every a′ ∈ U. (In [56, p. 42], the terminology “inner

semicontinuous map” has a little bit different meaning.) Clearly, T is l.s.c.

at a if and only if it is i.s.c. at any point (a, b) ∈ gphT .

If E and F are some norm spaces, one says that T is Lipschitz-like or T

has the Aubin property, at a point (a0, b0) ∈ gphT , if there exists a constant

l > 0 along with neighborhoods U of a0 and V of b0, such that

T (a) ∩ V ⊂ T (a′) + l ‖ a− a′‖B̄F , ∀a, a′ ∈ U.

This fundamental concept was suggested by Aubin [8]. As it has been noted

in [87, Proposition 3.1] (see also the related proof), if T is Lipschitz-like

(a0, b0) ∈ gphT and l > 0, U , V are as above, then the map T̃ : U ⇒ F ,

T̃ (a) := T (a) ∩ V for all a ∈ U , is lower semicontinuous on U . In particular,

both T̃ and T are i.s.c. at (a0, b0).

Let A be a closed subset of a Banach space X, x0 ∈ A. The Clarke tangent
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cone to A at x0 is

TA(x0) :=
{
v ∈ X : ∀(tk ↓ 0, xk → x0, xk ∈ A)

∃x′k → x0, x
′
k ∈ A, t−1

k (x′k − xk)→ v
}

;

see [20, p. 51 and Theorem 2.4.5], [15, pp. 16–17], and [9, p. 127]. This tangent

cone is closed and convex. Clearly, if x0 ∈ intA, then TA(x0) = X. By [9,

Lemma 4.2.5], if A is a closed and convex cone of X, then TA(x0) = A+ IRx0.

The Clarke normal cone (see [20, p. 51]) to A at x0 is

NA(x0) := {x∗ ∈ X∗ : 〈x∗, x〉 ≤ 0 ∀x ∈ TA(x0)} .

The notation N×A (x0) will be used to indicate the set NA(x0) \ {0}.

Given a function f : X × P → IR, where X is a Banach space and P is a

metric space, as in [15, p. 14], we say that f is locally equi-Lipschitz in x at

(x0, p0) if there exists γ > 0 such that

|f(x, p)− f(x′, p)| ≤ γ‖x− x′‖

for all x, x′ in a neighborhood of x0, all p in a neighborhood of p0. Slightly

modifying the terminology of Borwein [15], we call the number

d0
xf(x0, p0; d) := lim sup

x→x0,p→p0,t↓0
[f(x+ td, p)− f(x, p)]/t

the partial generalized derivative of f at (x0, p0) in a direction d ∈ X, and

the set

∂xf(x0, p0) :=
{
x∗ ∈ X∗ : d0

xf(x0, p0; d) ≥ x∗.d ∀d ∈ X
}

the partial subdifferential of f with respect to x at (x0, p0).

Let B and C be nonempty closed subsets of IR and X, respectively. As

in [15], we consider the set-valued map Ω : X ⇒ P ,

Ω(x) :=

{p ∈ P : f(x, p) ∈ B}, x ∈ C,
∅, x /∈ C,

(1.7)

where f is given above. The inverse of Ω is the implicit set-valued map

Ω−1 : P ⇒ X defined by

Ω−1(p) := {x ∈ C : f(x, p) ∈ B} (p ∈ P ). (1.8)

One says that Ω is metrically regular at (x0, p0) ∈ gph Ω if there exist µ ≥ 0,

and neighborhoods V of x0 and U of p0 such that

d(x,Ω−1(p)) ≤ µd(f(x, p), B) ∀x ∈ V ∩ C, ∀p ∈ U. (1.9)
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Here, d(·, K) stands for the distance function to a nonempty closed subset K

in a Banach space, i.e., d(x,K) = inf {‖x− u‖ : u ∈ K}.

Remark 1.1 In the terminology of Gfrerer and Mordukhovich [30, Defini-

tion 1.1], the property in (1.9) is the Robinson stability of the constraint

system

f(x, p) ∈ B with x ∈ C and p ∈ P

at (x0, p0) with modulus µ ≥ 0.

The next statement is a special case of [15, Theorem 3.2].

Theorem 1.1 (See [15, p. 20]) Let X be a Banach space and P be a metric

space. Suppose that f : X × P → IR is continuous and locally equi-Lipschitz

in x at (x0, p0) and that

0 /∈ N×B (f(x0, p0))∂xf(x0, p0) +NC(x0). (1.10)

Then, the set-valued map Ω given by (1.7) is metrically regular at (x0, p0).

Finally, let us recall a result of [86] on solution sensitivity of a parametric

variational inequality. Suppose that X is a Hilbert space, M and Λ are

subsets of some norm spaces. Given a function f : X × M → X and a

set-valued map K : Λ ⇒ X with nonempty, closed and convex values, we

consider the following parametric variational inequality depending on a pair

of parameters (µ, λ) ∈M × Λ:

Find x ∈ K(λ) such that 〈f(x, µ), y − x〉 ≥ 0 for all y ∈ K(λ), (1.11)

where 〈., .〉 stands for the scalar product in X.

Let x̄ be a solution to problem (1.11) at (µ̄, λ̄) ∈ M × Λ. As in [86], we

make two assumptions on f around the point (x̄, µ̄). Namely, suppose that

there exist a closed and convex neighborhood V of x̄, a neighborhood W of

µ̄ and constants α > 0, ` > 0 satisfying

‖f(x′, µ′)− f(x, µ)‖ ≤ `(‖x′ − x‖+ ‖µ′ − µ‖) ∀x, x′ ∈ V, ∀µ, µ′ ∈M ∩W
(1.12)

and

〈f(x′, µ)− f(x, µ), x′ − x〉 ≥ α‖x′ − x‖2 ∀x, x′ ∈ V, ∀µ ∈M ∩W. (1.13)
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Remark 1.2 Condition (1.12) states that f is locally Lipschitz at (x̄, µ̄),

while (1.13) is the requirement that f(·, µ) is locally strongly monotone at x̄

with a coefficient independent of µ ∈M ∩W .

Theorem 1.2 (See Theorem 2.1 and Remark 2.3 in [86]) Assume that x̄ is a

solution to problem (1.11) with respect to the given parameters (µ̄, λ̄) ∈M×Λ,

condition (1.12) and (1.13) hold, and the set-valued map K : Λ ⇒ X is

Lipschitz-like at (λ̄, x̄). Then, there exist constants κµ̄ > 0, κλ̄ > 0, and

neighborhoods W1 of µ̄, U1 of λ̄ such that:

(i) For every (µ, λ) ∈ (M ∩ W1) × (Λ ∩ U1), a unique solution to (1.11),

denoted by x(µ, λ), exists in V .

(ii) For all (µ′, λ′), (µ, λ) ∈ (M ∩W1)× (Λ ∩ U1),

‖x(µ′, λ′)− x(µ, λ)‖ ≤ κµ̄‖µ′ − µ‖+ κλ̄‖λ′ − λ‖1/2.

1.3 Continuity Properties

Adopting the above notations and assumptions, we shall study continuity

properties of the budget map, the indirect utility function, and the demand

map.

The following property of the values of the budget map B : Y+ ⇒ X+ is a

known result (see [65, Proof of Proposition 4.1]). The proof below is given

to make our presentation shelf-contained.

Lemma 1.1 For every p ∈ intY+, B(p) is a nonempty, closed, convex and

bounded set in X. Hence, it is a weakly compact set.

Proof. For any p ∈ intY+, by the assumptions made on X+ and the inclusion

p ∈ X∗, we can assert that B(p) is closed and convex. In addition, B(p) 6= ∅
because 0 ∈ B(p). We shall prove that B(p) is bounded. Since p ∈ intY+,

there exists αp > 0 satisfying p + αpB̄X∗ ⊂ Y+. Taking any y ∈ X∗ \ {0}, we

have ‖y‖−1y ∈ B̄X∗. It follows that p−αp‖y‖−1y ∈ Y+ and p+αp‖y‖−1y ∈ Y+.

Hence, for each x ∈ B(p), (p− αp‖y‖−1y) · x ≥ 0 and (p+ αp‖y‖−1y) · x ≥ 0.

Therefore, one has

y · x ≤ α−1
p ‖y‖p · x = α−1

p ‖y‖,
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and

−y · x ≤ α−1
p ‖y‖p · x = α−1

p ‖y‖,
which yield |y · x| ≤ α−1

p ‖y‖. This inequality is also valid for y = 0; so we

have ‖x‖ ≤ α−1
p . It follows that B(p) is bounded by α−1

p . Since X is reflexive,

by the Banach-Alaoglu Theorem and the Mazur Lemma [76, Theorems 3.15

and 3.12], the last property implies that the closed, convex set B(p) is weakly

compact. 2

In the forthcoming statements, we consider X+ (resp., Y+) with the topolo-

gies induced from the topologies of X (resp., of Y ). For example, an open set

in the strong (resp., weak) topology X+ is the intersection of X+ and a subset

of X, which is open in the strong (resp., weak) topology of X. Similarly, an

open set in the strong (resp., weak, weak*) topology of Y+ is the intersection

of Y+ and a subset of X∗, which is open in the strong (resp., weak, weak*)

topology of X∗. By abuse of terminology, we shall speak about the weak and

weak* topologies of X+ (resp., of Y+). Note that if X is finite-dimensional,

then the weak topology of X+ (resp., the weak∗ topology of Y+) coincides

with its norm topology.

The lower semicontinuity property of the budget map can be stated as

follows.

Proposition 1.1 The set-valued map B : Y+ ⇒ X+ is l.s.c. on Y+ in the

weak* topology of Y+ and the strong topology of X+. Hence, B : Y+ ⇒ X+ is

l.s.c. on Y+ in the strong topologies of Y+ and X+.

Proof. Let p0 ∈ Y+, and let V be an open set in the strong topology of X+

such that B(p0) ∩ V 6= ∅. Take any x ∈ B(p0) ∩ V . For every t ∈ (0, 1),

xt := (1 − t)x belongs to X+. Since xt → x when t → 0, and V is a

neighborhood of x, one can find t0 ∈ (0, 1) such that xt0 ∈ V . As

p0 · xt0 = 〈p0, (1− t0)x〉 = (1− t0)p0 · x < 1,

U := {p ∈ Y+ : p · xt0 < 1} is an open neighborhood of p0 in the weak*

topology of Y+. For every p ∈ U , since p · xt0 < 1 and xt0 ∈ X+, one has

xt0 ∈ B(p). It follows that V ∩B(p) 6= ∅ for all p ∈ U . The proof of the first

claim is complete. The second claim is immediate from the first one. 2

Unlike the preceding result on the l.s.c. property, the upper semicontinuity

property of the budget map can be obtained only for internal points of the

set of prices, and it requires a more stringent condition on topologies.
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Proposition 1.2 The set-valued map B : Y+ ⇒ X+ is u.s.c. on intY+ in the

strong topology of Y+ and the weak topology of X+.

Proof. Let p0 ∈ intY+. For a given number r ∈ (0, 1), we set q0 = rp0. It is

easily seen that q0 ∈ intY+ and (1− r)p0 ∈ intY+. Since

p0 = q0 + (1− r)p0 ∈ q0 + intY+ ⊂ q0 + Y+,

the set q0 + Y+ is a strong neighborhood of p0. Taking any p ∈ q0 + Y+, one

can find y ∈ Y+ such that p = q0 + y. Hence, for every x ∈ B(p), one has

1 ≥ p · x = q0 · x+ y · x ≥ q0 · x

which implies that x ∈ B(q0). Thus, B(p) ⊂ B(q0) for all p ∈ q0 + Y+.

To prove that B(·) is u.s.c. at p0 in the strong topology of Y+ and the

weak topology of X+, we assume the contrary that there exist a weakly open

set V containing B(p0) and a sequence {pk}∞k=1 in q0 + Y+, which converges

in norm to p0 such that B(pk) \ V 6= ∅ for all k ∈ IN . For each k ∈ IN , select

a point xk ∈ B(pk) \ V . Due to the choice of q0 and the above arguments,

we have B(pk) ⊂ B(q0) for k ∈ IN . Since B(q0) is a weakly compact set

in X by Lemma 1.1 and V is weakly open, the whole sequence {xk}∞k=1 lies

the the weakly compact set B(q0) \ V . By taking a subsequence if necessary,

we may assume that {xk}∞k=1 converges weakly to a point x̄ ∈ B(q0) \ V .

Since B(p0) ⊂ V , we must have x̄ /∈ B(p0). As {xk}∞k=1 converges weakly

to x̄ and {pk}∞k=1 converges strongly to p0, using a well-known result [16,

Proposition 3.5] we can assert that {pk · xk}∞k=1 converges to p0 · x̄. Hence,

passing the inequality pk · xk ≤ 1 to the limit when k →∞, we get p0 · x̄ ≤ 1.

It follows that x̄ ∈ B(p0). We have thus arrived at a contradiction.

The proof is complete. 2

From Lemma 1.1 and Propositions 1.1, 1.2, we obtain the next result on

the continuity of the budget map.

Theorem 1.3 The set-valued map B : Y+ ⇒ X+ has nonempty weakly com-

pact, convex values and is continuous on intY+ in the strong topology of Y+

and the weak topology of X+. Specifically, if X is finite-dimensional, then

B(·) has nonempty compact, convex values and is continuous on intY+.

Based on the above results, we are now in a position to present several

continuity properties of the indirect utility function.
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The forthcoming statement on the lower semicontinuity of v(·) is weaker

than Lemma 3.1 from [65], where it was only assumed that the utility function

is lower radially l.s.c. on X+. It is worthy to notice that our approach is new.

Namely, we derive the desired result from the l.s.c. property of B(·), which

is guaranteed by Proposition 1.1. In some sense, our proof arguments are

simpler than those of [65].

Proposition 1.3 (cf. [65, Lemma 3.1]) If u : X+ → IR is l.s.c. on X+ in the

strong topology of X+, then v : Y+ → IR is l.s.c. on Y+ in the weak* topology

of Y+.

Proof. Let p0 ∈ Y+ and ε > 0 be given arbitrarily. On one hand, since

B(p0) is nonempty and v(p0) = sup{u(x) : x ∈ B(p0)}, there is x0 ∈ B(p0)

with u(x0) > v(p0) − 2−1ε. On the other hand, as u is l.s.c. at x0 in the

strong topology of X+, we can choose a strong neighborhood V of x0 such

that u(x) > u(x0) − 2−1ε for all x ∈ V . Therefore, u(x) > v(p0) − ε for all

x ∈ V . Besides, the lower semicontinuity of B(·) at p0 in Proposition 1.1

implies that there is a weak* neighborhood U of p0 satisfying V ∩ B(p) 6= ∅
for all p ∈ U . For every p ∈ U , by taking an element xp ∈ V ∩B(p), we have

v(p) ≥ u(xp) > v(p0)− ε.

This shows that v is l.s.c. at p0 in the weak* topology of Y+ and completes

the proof. 2

The next result on the upper semicontinuity of v(·) is due to Penot [65].

Here we give a new proof by using the u.s.c. property of B(·) provided by

Proposition 1.2.

Proposition 1.4 (See [65, Proposition 3.2]) If u : X+ → IR is u.s.c. on X+

in the weak topology of X+, then v : Y+ → IR is u.s.c. on intY+ in the strong

topology of Y+.

Proof. Fix any point p0 ∈ intY+ and let ε > 0. For every x ∈ B(p0),

since u is u.s.c. at x in the weak topology of X+, there exists a weakly open

neighborhood Vx of x satisfying u(z) < u(x) + ε for all z ∈ Vx. By Lemma

1.1, B(p0) is a weakly compact set. Hence, there is a finite covering {Vxi}i∈I
of B(p0). For every z ∈ V :=

⋃
i∈I

Vxi, one can find an index i(z) ∈ I such that
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z ∈ Vxi(z); so u(z) < u(xi(z)) + ε. Thus

u(z) < max {u(xi) : i ∈ I}+ ε ≤ sup {u(x) : x ∈ B(p0)}+ ε = v(p0) + ε

(1.14)

for every z ∈ V . According to Proposition 1.2, B(·) is u.s.c. at p0 in the

strong topology of Y+ and the weak topology of X+. So, having the weakly

open set V that contains B(p0), we can find a strong neighborhood U of p0

such that B(p) ⊂ V for all p ∈ U . Consequently, for every p ∈ U , by invoking

(1.14) we have

v(p) = sup {u(x) : x ∈ B(p)} ≤ sup {u(z) : z ∈ V } < v(p0) + ε.

It follows that v is strongly u.s.c. at p0. 2

As a consequence of Propositions 1.3 and 1.4, we get the following result

on the continuity of the indirect utility function.

Theorem 1.4 If u is weakly u.s.c. and strongly l.s.c. on X+, then v is

strongly continuous on intY+. Especially, if X is finite-dimensional and u is

continuous on X+, then v is continuous on intY+.

We conclude this section by considering some properties of the demand

map. The first assertion of the next proposition follows from Lemma 1.1 and

the Weierstrass theorem. By the same theorem and a delicate argument, one

can get the second assertion. Let ∂Y+ := Y+ \ intY+ be the boundary of Y+.

Proposition 1.5 (See [65, Proposition 4.1]) Suppose that u is weakly u.s.c.

on X+. Then, for every p ∈ intY+, the demand set D(p) is nonempty and

weakly compact. If p ∈ ∂Y+ and if one has

v(p) > lim sup
x∈B(p), ‖x‖→∞

u(x), (1.15)

then D(p) is nonempty.

Concerning this proposition, we first remark that for every p ∈ ∂Y+, the

budget set B(p) is unbounded. To verify this claim, we can apply the separa-

tion theorem [76, Theorem 3.4] for the disjoint convex nonempty subsets {p}
and intY+ of X∗, that is equipped with the norm topology, to find a nonzero

vector x ∈ X = X∗∗ such that

p · x ≤ q · x (∀q ∈ intY+). (1.16)
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From (1.16) it follows that p ·x ≤ 0 and q ·x ≥ 0 for all q ∈ Y+. Hence x ∈ X+

and, moreover, tx ∈ B(p) for every t > 0. Since x 6= 0, the last property

shows that B(p) is unbounded. Next, let us give a simple illustrative example

where u is quasiconcave and continuous on X+, and the special assumption

(1.15) is fulfilled. Let X = IR, X+ = IR+, and

u(x) =


1, for x ∈ [0, 1],

−1
2
x+ 3

2
, for x ∈ (1, 2],

1
2
, for x ∈ (2,+∞).

Since Y+ = IR+, p := 0 belongs to ∂Y+ and B(p) = IR+. As v(p) = 1 and

lim sup
x∈B(p), ‖x‖→∞

u(x) = 1/2, condition (1.15) is satisfied. Clearly, D(p) = [0, 1].

An example given by Penot [65, p. 1082] shows that the demand map D(·)
may fail to be i.s.c. at a point (p0, x0) ∈ gphD, where p0 ∈ intY+, even if u is

continuous and concave on X+, with X being a finite-dimensional Euclidean

space. This means that the lower semicontinuity of the demand map requires

rather strong assumptions. Later, we will give a set of conditions guaranteeing

the continuity of D(·); see Theorem 1.8 in Section 4.

The following statement is an analogue of [65, Proposition 6.5]. Here we

do not use any assumption on the indirect utility function v(·).

Proposition 1.6 If u is weakly u.s.c. and strongly l.s.c. on X+, then the

demand map D : Y+ ⇒ X+ is u.s.c. on intY+ in the strong topology of Y+

and the weak topology of X+.

Proof. First, we shall prove that the set-valued map ∆ : Y+ ⇒ X+ given by

∆(p) = {x ∈ X+ : u(x) ≥ v(p)} (p ∈ Y+)

has closed graph w.r.t. the weak* topology of Y+ and the weak topology

of X+. Suppose that (p̄, x̄) ∈ Y+ × X+, x̄ /∈ ∆(p̄). Then u(x̄) < v(p̄), so

we can choose an α > 0 satisfying u(x̄) < α < v(p̄). Since u is weakly

u.s.c. at x̄, there exists a neighborhood V of x̄ in the weak topology of X+

such that u(x) < α for all x ∈ V . According to Proposition 1.3, the lower

semicontinuity of u(·) in the strong topology of X+ implies that v is l.s.c.

at p̄ in the weak* topology of Y+. Hence, there is a weak* neighborhood U

of p̄ satisfying α < v(p) for all p ∈ U . Taking any (p, x) ∈ U × V , we have
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u(x) < v(p). This implies that gph ∆∩(U×V ) = ∅ and proves the closedness

of gph ∆.

Now, in order to show that D is u.s.c. on intY+, fix a point p0 ∈ intY+. For

p ∈ Y+, since D(p) = {x ∈ B(p) : u(x) = v(p)}, we have D(p) = B(p)∩∆(p).

Let W be a weakly open set with D(p0) ⊂ W .

If B(p0) ⊂ W , then the upper semicontinuity of B(·) in Proposition 1.2

implies the existence of a neighborhood U of p0 in the strong topology of Y+

with B(p) ⊂ W for every p ∈ U . Then we have D(p) ⊂ W for every p ∈ U .

Consider the case where B(p0) 6⊂ W . Since B(p0) is a nonempty and

weakly compact set by Lemma 1.1, K := B(p0) \W is nonempty and weakly

compact. For every x ∈ K, as (p0, x) /∈ gph ∆ and ∆(·) has closed graph

w.r.t. the weak* topology of Y+ and the weak topology of X+, there exist

a weak* neighborhood Ux of p0 and a weakly open neighborhood Vx of x

satisfying gph ∆∩ (Ux× Vx) = ∅. Then we have ∆(p)∩ Vx = ∅ for all p ∈ Ux.
Therefore, by the weak compactness of K, we can find a finite family of points

{xi}i∈I of K such that K ⊂
⋃
i∈I
Vxi. Setting V =

⋃
i∈I
Vxi, V ∪W is a weakly

open set in X+ satisfying B(p0) ⊂ V ∪W . Hence, by using again the upper

semicontinuity of B(·) in Proposition 1.2, we can find a neighborhood U ′ of

p0 in the strong topology of Y+ with B(p) ⊂ V ∪W for all p ∈ U ′. The set

U := (
⋂
i∈I
Uxi)

⋂
U ′ is a neighborhood of p0 in the strong topology of Y+. For

every p ∈ U , by the construction of V and U , we have ∆(p) ∩ V = ∅ and

B(p) ⊂ V ∪W , which implies that D(p) = ∆(p) ∩B(p) ⊂ W .

Thus we have proved the existence of a neighborhood U of p0 in the strong

topology of Y+ with the property D(p) ⊂ W for every p ∈ U and, therefore,

we get the desired upper semicontinuity of D(·) at p0. 2

1.4 Lipschitz-like and Lipschitz Properties

We shall investigate the Lipschitz property of the indirect utility function

by using the Lipschitz-like property of the budget map. The results from [15],

which have been recalled in Section 1.2, will be the principal tools in our

proofs.

Let us start with a stability property of the budget map in the form of a

uniform local error bound.
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Theorem 1.5 For any p0 ∈ intY+ and x0 ∈ B(p0), there exists µ ≥ 0 along

with a neighborhood U of p0 and a neighborhood V of x0 such that

d(x,B(p)) ≤ µ[p · x− 1]+, ∀p ∈ U ∩ Y+, ∀x ∈ V ∩X+, (1.17)

where α+ := max{0, α}.

Proof. We now apply Theorem 1.1 with X being the reflexive Banach space

containing the closed and convex cone X+ that appeared in formula (1.2) for

B(p), P = Y+ being the positive dual cone of X+ with the metric induced by

the norm of X∗. For the function f : X × P 7→ IR with f(x, p) := p · x − 1,

B := IR−, and C := X+, formula (1.8) gives us

Ω−1(p) = {x ∈ X+ : f(x, p) ∈ IR−} = B(p), ∀p ∈ Y+.

The fact that f(x, p) = p · x− 1 is continuous on X × P is obvious.

Let p0 ∈ intY+ and x0 ∈ B(p0). Then (x0, p0) ∈ gph Ω. To prove that f is

locally equi-Lipschitz in x at (x0, p0), select an r > 0 as small as B̄(p0, r) ⊂ Y+.

For all p ∈ B̄(p0, r) and x, x′ ∈ X, we have

|f(x, p)− f(x′, p)| = |p · (x− x′)| ≤ ‖p‖‖x− x′‖ ≤ (r + ‖p0‖)‖x− x′‖.

This shows that f is locally equi-Lipschitz in x at (x0, p0).

Next, let us show that condition (1.10) is fulfilled. Since x0 ∈ B(p0), we

have f(x0, p0) ∈ IR−. If f(x0, p0) < 0, then TIR−(f(x0, p0)) = IR. Therefore,

NIR−(f(x0, p0)) = 0 and one has N×IR−(f(x0, p0)) = ∅. Hence, (1.10) is fulfilled.

If f(x0, p0) = 0, i.e., p0 · x0 = 1, then

TIR−(f(x0, p0)) = IR− + IR.0 = IR−.

Hence, NIR−(f(x0, p0)) = IR+ and N×IR−(f(x0, p0)) = {t ∈ IR : t > 0}. It holds

that ∂xf(x0, p0) = {p0}. Indeed, for every d ∈ X,

d0
xf(x0, p0; d) = lim sup

x→x0,p→p0,t↓0
[f(x+ td, p)− f(x, p)]/t

= lim sup
x→x0,p→p0,t↓0

[(p · (x+ td)− 1)− (p · x− 1)]/t

= lim sup
x→x0,p→p0,t↓0

p · d = p0 · d.

Consequently, the partial subdifferential of f w.r.t. x at (x0, p0) is

∂xf(x0, p0) = {p ∈ X∗ : d0
xf(x0, p0; d) ≥ p · d ∀d ∈ X}

= {p ∈ X∗ : p0 · d ≥ p · d ∀d ∈ X} = {p0}.
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Then, we have

N×IR−(f(x0, p0))∂xf(x0, p0) +NX+(x0) = {tp0 : t > 0}+NX+(x0).

If (1.10) is invalid, then 0 ∈ {tp0 : t > 0} + NX+(x0). So, one can choose

t0 < 0 such that t0p0 ∈ NX+(x0). Since X+ is a closed and convex cone of X,

we get TX+(x0) = X+ + IRx0 (see Section 1.2). Clearly,

−x0 = x0 − 2x0 ∈ X+ + IRx0.

It follows that (t0p0) · (−x0) ≤ 0. Hence, the equality p0 ·x0 = 1 forces t0 ≥ 0,

which contradicts the choice of t0. And thus, we also have (1.10) in the case

f(x0, p0) = 0.

In summary, we have proved that all the assumptions of Theorem 1.1 are

satisfied. Therefore, the set-valued map Ω given by (1.7) is metrically regular

at (x0, p0). Hence, there exist µ > 0 and neighborhoods V of x0 and U0 of p0

in P such that

d(x,Ω−1(p)) ≤ µd(f(x, p), IR−) = µ[f(x, p)]+, ∀x ∈ V ∩X+, ∀p ∈ U0.

Choosing a neighborhood U of p0 in the norm topology of X∗ such that

U0 = U ∩Y+ and substituting f(x, p) = p ·x− 1, Ω−1(p) = B(p), into the last

expression, we obtain (1.17). The proof is complete. 2

We now show that the Robinson stability property (1.17) of the constraint

system

f(x, p) = p · x− 1 ≤ 0, x ∈ X+

depending on the parameter p ∈ Y+, implies the Lipschitz-likeness of B(·)
at (p0, x0). It is worthy to remark that the Robinson stability property and the

Lipschitz-likeness of an implicit set-valued map are not equivalent (see [45]).

However, under some additional assumptions, the first property implies the

second one; see [30,41].

Theorem 1.6 For any p0 ∈ intY+ and x0 ∈ B(p0), the map B : Y+ ⇒ X+

is Lipschitz-like at (p0, x0).

Proof. Fix any p0 ∈ intY+, x0 ∈ B(p0). For a given r ∈ (0, 1), as shown

in the proof of Proposition 1.2, the vector q0 := rp0 belongs to intY+, the

set q0 + intY+ is a strong neighborhood of p0 in Y+, and B(p) ⊂ B(q0) for

every p ∈ q0 + intY+. According to Lemma 1.1, we can find αq0 > 0 such

that ‖x‖ ≤ α−1
q0

for all x ∈ B(q0). By Theorem 1.5, there exists µ > 0 along
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with a neighborhood U of p0 and a neighborhood V of x0 satisfying (1.17).

Therefore, for any p, p′ from the neighborhood U0 := U ∩ (q0 + intY+) of p0,

and for any x ∈ V ∩B(p) ⊂ V ∩B(q0), we have

d(x,B(p′)) ≤ µ[p′ · x− 1]+ ≤ µ|p′ · x− 1− a|,

where a := p · x− 1 ≤ 0. Hence,

d(x,B(p′)) ≤ µ(|p′ · x− 1− a| − |p · x− 1− a|)
≤ µ|(p′ · x− 1− a)− (p · x− 1− a)|
= µ|p′ · x− p · x| ≤ µα−1

q0
‖p− p′‖.

Moreover, since the function u 7→ ‖x − u‖ is convex and continuous (hence

it is weakly lower semicontinuous by the Mazur Lemma [76, Theorems 3.15

and 3.12]) and the set B(p′) is weakly compact by Lemma 1.1, there exists

x′ ∈ B(p′) such that ‖x− x′‖ ≤ µα−1
q0
‖p− p′‖. Thus, we have

B(p) ∩ V ⊂ B(p′) + µα−1
q0
‖p− p′‖B̄X , ∀p, p′ ∈ U0.

The Lipschitz-like property of B(·) at (p0, x0) has been established. 2

From Theorem 1.6 it follows that B(·) is i.s.c. at every (p0, x0) ∈ gphB,

where p0 ∈ intY+. Hence B(·) is l.s.c. at every p0 ∈ intY+ (see Section 2),

provided that Y+ and X+ are considered with the strong topologies. This fact

has been obtained in Proposition 1.1 for any p0 ∈ Y+.

Theorem 1.7 Suppose that X is finite-dimensional and u : X+ → IR is

locally Lipschitz on X+. Then the indirect utility function v : Y+ → IR is

locally Lipschitz on intY+.

Proof. (Some arguments from [88, pp. 217–219] will be used in this proof.)

Given a point p0 ∈ intY+, we have to prove that there exist γ > 0 and a

neighborhood U0 of p0 such that

|v(p)− v(p′)| ≤ γ‖p− p′‖ ∀p, p′ ∈ U0. (1.18)

As it has been shown in the proof of Proposition 1.2, for any r ∈ (0, 1) we

have q0 := rp0 ∈ intY+, U := q0 + intY+ is an open neighborhood of p0, and

B(p) ⊂ B(q0) for every p ∈ U . Hence, B(q0) is a compact set by Theorem

1.3 and D(p) is nonempty for all p ∈ U by Proposition 1.5. In addition, we

have

∅ 6= D(p) ⊂ B(q0), ∀p ∈ U.
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Since u : X+ → IR is locally Lipschitz on X+, for each x ∈ B(q0), there exist

a neighborhood Vx of x, and lx > 0 satisfying

|u(x′′)− u(x′)| ≤ lx‖x′′ − x′‖, ∀x′, x′′ ∈ Vx. (1.19)

The compactness of B(q0) implies that B(q0) ⊂
⋃
i∈I
Vxi, with I being a finite

set. Taking any x, x′ ∈ B(q0), we remark that the whole segment [x, x′] lies in

B(q0) as the latter is convex. Consequently, there exists a sequence of points

a0 := x, a1, a2, . . . , as := x′ of the segment [x, x′] such that for each index

j ∈ {0, 1, . . . , s − 1}, there exists i ∈ I satisfying [aj, aj+1] ⊂ Vxi. Hence, for

l := max{lxi : i ∈ I}, by using (1.19) we have

|u(x)− u(x′)| ≤ |u(a0)− u(a1)|+ |u(a1)− u(a2)|+ · · ·+ |u(as−1)− u(as)|
≤ l‖a0 − a1‖+ l‖a1 − a2‖+ · · ·+ l‖as−1 − as‖ = l‖x− x′‖.

For every z ∈ B(p0), since B(·) : Y+ ⇒ X+ is Lipschitz-like at (p0, z), there

exist a neighborhood Uz of p0, a neighborhood Wz of z, and kz > 0 such that

B(p) ∩Wz ⊂ B(p′) + kz‖p− p′‖ ∀p, p′ ∈ Uz. (1.20)

Besides, as D(p0) ⊂ B(p0) and D(p0) is nonempty and compact by Propo-

sition 1.5, one can find a finite covering {Wzj}j∈J of D(p0). Now, by the

upper semicontinuity of D(·) : Y+ ⇒ X+ at p0 (see Proposition 1.6) and by

the inclusion D(p0) ⊂
⋃
i∈J
Wzj , we can find a neighborhood U1 of p0 such that

D(p) ⊂
⋃
i∈J
Wzj for all p ∈ U1. Set U0 = U∩U1∩

( ⋂
j∈J

Uzj

)
. For every p, p′ ∈ U0,

since D(p) 6= ∅, we can select an x ∈ D(p). Let j0 ∈ J be such that x ∈ Wzj0
.

Applying (1.20) for z = zj0, we have

x ∈ D(p) ∩Wzj0
⊂ B(p) ∩Wzj0

⊂ B(p′) + kzj0‖p− p
′‖B̄X .

Hence, there exists x′ ∈ B(p′) satisfying ‖x − x′‖ ≤ kzj0‖p − p
′‖. Moreover,

since p, p′ ∈ U , one has B(p) ⊂ B(q0) and B(p′) ⊂ B(q0); so x, x′ ∈ B(q0).

Therefore, |u(x)− u(x′)| ≤ l‖x− x′‖. It follows that

u(x)− u(x′) ≤ |u(x)− u(x′)| ≤ l‖x− x′‖ ≤ lkzj0‖p− p
′‖. (1.21)

As the inclusions x ∈ D(p), x′ ∈ B(p′) yield u(x) = v(p) and u(x′) ≤ v(p′),

from (1.21) we can deduce that v(p) ≤ v(p′) + lkzj0‖p− p
′‖. Similarly, we can

show that v(p′) ≤ v(p) + lkzj0‖p− p
′‖. So, setting γ = lkzj0 , we get (1.18).

The proof is complete. 2
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1.5 Lipschitz-Hölder Property

We shall study the Lipschitz-Hölder property of the demand map by using

the Lipschitz-like property of the budget map. The results from [86], which

have been recalled in Section 1.2, will be the principal tools in our proofs.

Now, assume that X is a Hilbert space, M is a parameter set in a norm

space, and u : X+×M → IR is a utility function depending on the parameter

µ ∈ M . The appearance of µ signifies the fact that the utility function is

subject to change, due to the changes of customs, the scale of values, time,

etc. Consider the parametric consumer problem

max {u(x, µ) : x ∈ B(p)} (1.22)

depending on a pair (µ, p) ∈ M × Y+ where, as before, B : Y+ ⇒ X+ is the

budget map given by (1.2). It is clear that (1.22) is a generalization of (1.3).

Indeed, if M reduces to a singleton, then (1.22) coincides with (1.3).

In the sequel, it is assumed that there exists an open set Ω containing X+

such that u is defined on Ω × M and, for each µ ∈ M , u(·, µ) is Fréchet

differentiable at every point of X+. By ∇xu(x, µ) we denote the Fréchet

derivative of u(·, µ) at x ∈ X+. Let x0 be a solution of (1.22) at a given pair

of parameters (µ0, p0) ∈M×Y+. Suppose that there exist a closed and convex

neighborhood V of x0, a neighborhood W of µ0, and constants α > 0, ` > 0

satisfying

‖∇xu(x′, µ′)−∇xu(x, µ)‖ ≤ `(‖x′−x‖+‖µ′−µ‖), ∀x, x′ ∈ V, ∀µ, µ′ ∈M∩W
(1.23)

and

〈∇x(−u)(x′, µ)−∇x(−u)(x, µ), x′−x〉 ≥ α‖x′−x‖2, ∀x, x′ ∈ V, ∀µ ∈M∩W.
(1.24)

Condition (1.23) states that the map ∇xu(·) : X+ × M → X is locally

Lipschitz at (x0, µ0), while (1.24) requires that ∇x(−u)(·, µ) is locally strongly

monotone on V uniformly w.r.t. µ ∈ M ∩W . The latter is equivalent [81]

to the requirement that (−u)(·, µ) is locally strongly convex on V uniformly

w.r.t. µ ∈M ∩W , i.e., there exists α > 0 such that

(−u)((1− t)x+ tx′, µ) ≤ (1− t)(−u)(x, µ)+ t(−u)(x′, µ)− 1

2
αt(1− t)‖x′−x‖2

(1.25)
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for all x, x′ ∈ V , µ ∈ M ∩W . According [81, Lemma 1, p. 184], (1.25) is

valid if and only if, for all µ ∈M ∩W , the function x 7→ (−u)(x, µ)− α
2
‖x‖2

is convex on V .

Theorem 1.8 Assume that, for every µ ∈M , the function u(·, µ) is concave

on X+ and the operator ∇x(−u)(·, µ) : X+ → X∗ is continuous, where the

dual space X∗ is considered with the weak topology. Suppose that x0 is a

solution to the parametric consumer problem (1.22) with respect to a given

pair of parameters (µ0, p0) ∈ M × intY+ and conditions (1.23), (1.24) are

satisfied. Then, there exist constants κµ0
> 0, κp0

> 0, and neighborhoods W1

of µ0, U1 of p0 such that

(a) For every (µ, p) ∈ (M ∩W1) × (Y+ ∩ U1), (1.22) has a unique solution,

denoted by x(µ, p), and x(µ, p) ∈ intV ;

(b) For all (µ′, p′), (µ, p) ∈ (M ∩W1)× (Y+ ∩ U1),

‖x(µ′, p′)− x(µ, p)‖ ≤ κµ0
‖µ′ − µ‖+ κp0

‖p′ − p‖1/2. (1.26)

Proof. First, let us show that the parametric consumer problem (1.22) is

equivalent to a parametric variational inequality of the form (1.11). To do so,

choose Λ = Y+ and write p for λ. Put f(x, µ) = ∇x(−u)(x, µ), K(p) = B(p)

for every (x, µ) ∈ X+×M and p ∈ Y+. Fix any (µ, p) ∈M × intY+. Let x̄ be

a solution to (1.22). For every x ∈ B(p) and t ∈ (0, 1), set xt = (1− t)x̄+ tx.

Since B(p) is convex, xt ∈ B(p) for all t ∈ (0, 1). Hence,

u(x̄, µ) ≥ u(xt, µ) = u((1− t)x̄+ tx, µ) = u(x̄+ t(x− x̄), µ), ∀t ∈ (0, 1).

It follows that

(−u)(x̄+ t(x− x̄), µ)− (−u)(x̄, µ)

t
≥ 0, ∀t ∈ (0, 1).

Letting t → 0+ and using the Fréchet differentiability of u(·, µ) at x̄, we

obtain

〈∇x(−u)(x̄, µ), x− x̄〉 ≥ 0, ∀x ∈ B(p);

so x̄ is a solution of (1.11) (with the above-defined f , K, Λ, and λ being

replaced by p). Conversely, let x̄ be a solution of the latter problem (1.11).

By the convexity of B(p) and the concavity of u(·, µ),

u((1− t)x̄+ tx, µ) ≥ (1− t)u(x̄, µ) + tu(x, µ), ∀x ∈ B(p),∀t ∈ (0, 1).
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Equivalently,

u(x̄, µ)− u(x, µ) ≥ (−u)(x̄+ t(x− x̄), µ)− (−u)(x̄, µ)

t

for all x ∈ B(p) and t ∈ (0, 1). Hence, by letting t→ 0+, we obtain

u(x̄, µ)− u(x, µ) ≥ 〈∇x(−u)(x̄, µ), x− x̄〉, ∀x ∈ B(p).

Since x̄ is a solution of the problem (1.11) (with the above-defined f , K, Λ,

and λ being replaced by p), the latter shows that x̄ is a solution of (1.22).

Now, let x0 be a solution to (1.22) for (µ, p) = (µ0, p0) ∈M × intY+. Since

p0 ∈ intY+ and x0 ∈ B(p0), the budget map B : Y+ ⇒ X+ is Lipschitz-like

at (p0, x0) by Theorem 1.6. Besides, the assumptions (1.23) and (1.24) make

the requirements (1.12) and (1.13) on f(x, µ) = ∇x(−u)(x, µ) be fulfilled

with x̄ := x0, µ̄ := µ0, λ̄ := p0. Hence, according to Theorem 1.2, there exist

constants κµ0
> 0, κp0

> 0, and neighborhoods W1 of µ0, U1 of p0 such that

(a’) For every (µ, p) ∈ (M ∩W1) × (Y+ ∩ U1), (1.11) has a unique solution,

denoted by x(µ, p), in V

and (1.26) holds. It remains to prove that (a’) implies (a). The property

x(µ, p) ∈ intV for all (µ, p) ∈ (M ∩W1) × (Y+ ∩ U1) has been established

in [86, formula (2.17)]. By the equivalence between (1.11) and (1.22), this

vector x(µ, p) is a solution of (1.22). To show that it is the unique solution of

(1.22), suppose on the contrary that the problem has another solution x̃(µ, p),

which also is a solution of (1.11). By (a’), x̃(µ, p) /∈ V . As the function u(·, µ)

is concave on X+, the operator ∇x(−u)(·, µ) : X+ → X∗ is monotone (see the

characterization of convexity of a function in [81] and note the proof is valid

for a Hilbert space setting). By virtue of this monotonicity and the assumed

continuity of ∇x(−u)(·, µ), we can apply the Minty Lemma [48, Lemma 1.5

in Chap. III] to assert that the solution of (1.11) coincides with the solution

set of the following Minty variational inequality :

Find x ∈ B(p) such that 〈∇x(−u)(y, µ), y − x〉 ≥ 0 for all y ∈ B(p).

Hence, the solution set of (1.11) is the intersection of the closed and convex

sets {
x ∈ B(p) : 〈∇x(−u)(y, µ), y − x〉 ≥ 0

}
, y ∈ B(p).

It follows that the solution set of (1.11) is closed and convex; so the solution

set of (1.22) is closed and convex. In particular, the whole line segment
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[x(µ, p), x̃(µ, p)] lies in that solution set. Since x(µ, p) ∈ intV , (1.22) must

have some solutions in V which are different from x(µ, p). We have arrived

at a contradiction. The solution uniqueness of the problem (1.22) for all

(µ, p) ∈ (M ∩W1)× (Y+∩U1) together with the implication “(a’)⇒ (a)” has

been proved. 2

Clearly, (1.26) implies that x(µ, p) is continuous at (µ0, p0).

Remark 1.3 In the above proof, the fact saying that if x̄ is a solution to the

optimization problem (1.22) then it is a solution to a parametric variational

inequality of the form (1.11) is not new. In fact, it is the content of the cele-

brated generalized Fermat rule (see [48, Proposition 5.1 in Chap. I] and note

that the proof is effective for a Banach space setting). The converse state-

ment, which holds under the convexity (or pseudo-convexity) of (−u)(·, µ) is

also well-known.

We now give an illustrative example for Theorem 1.8.

Example 1.4 Let X = IRn, X+ = IRn
+, where IRn

+ denotes the nonnegative

orthant of IRn, and let

M = {µ = (µ1, . . . , µn) ∈ IRn : µi ∈ (0, 1), i = 1, . . . , n}.

One has Y+ = IRn
+. Given positive constants εi > 0, i = 1, . . . , n, we consider

the parametric utility function

u(x, µ) :=
n∑
i=1

µi ln(xi + εi).

(Since expu(x, µ) = (x1 + ε1)
µ1 . . . (xn + εn)

µn is a modified Cobb-Douglas

function, this utility function u(x, µ) is the image of the latter after the

logarithmic transformation.) Setting Ω = {x ∈ IRn : xi > −εi, i = 1, . . . , n},
we see that Ω contains X+, u is defined on Ω×M and, for each µ ∈M , u(·, µ)

is Fréchet differentiable at every point of X+. For a given pair of parameters

(µ0, p0) ∈M × Y+, denote by x0 the unique solution of (1.22), where (µ0, p0)

plays the role of (µ, p). The existence of a closed and convex neighborhood V

of x0, a neighborhood W of µ0, and constants α > 0, ` > 0 satisfying (1.23)

and (1.24) follows from the fact that u is twice continuously differentiable on

Ω ×M and [81, Theorem 4, p. 185]. Thus, all the assumptions of Theorem

1.8 are satisfied. It follows that there are constants κµ0
> 0, κp0

> 0, and

neighborhoods W1 of µ0, U1 of p0 such that the claims (a) and (b) are valid.
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Note that the technical assumptions (1.23) and (1.24) play a decisive role

for Theorem 1.8. We now provide an example of a general utility function

which fulfills both assumptions.

Example 1.5 In practice, it may happen that, for a good bundle x, its coor-

dinates represent amounts of distinct goods having different levels of impor-

tance for the consumer. The utilities of different groups of goods are not the

same for the latter. So, different utilities functions are applied to different

groups of goods, and the combined utility is the sum of the sectional utili-

ties. These ideas lead to the following model of consumption. Let X1, X2 be

Hilbert spaces, (X1)+ ⊂ X1 and (X2)+ ⊂ X2 be nonempty, closed and convex

cones. Let Ω1 ⊂ X1 and Ω2 ⊂ X2 be open sets containing (X1)+ and (X2)+,

respectively. Clearly, X := X1×X2 is a Hilbert space with the inner product

〈x, y〉 := 〈x1, y1〉+ 〈x2, y2〉, ∀x = (x1, x2), y = (y1, y2) ∈ X,

where the right-hand side is the sum of the inner products in X1 and X2.

Put X+ = (X1)+ × (X2)+ and Ω = Ω1 × Ω2. The positive dual cone of X+

is given by Y+ := (Y1)+ × (Y2)+, where (Yi)+ is the positive dual cone of

(Xi)+, i = 1, 2. Let M be a parameter set in some norm space. Suppose

that ui : Ωi ×M → IR, i = 1, 2, are such that for each µ ∈ M , ui(·, µ) is

concave and Fréchet differentiable on (Xi)+, i = 1, 2. Consider the function

u : Ω×M → IR mapping each x = (x1, x2) ∈ Ω to u1(x1, µ)+u2(x2, µ). Then,

for any µ ∈M , u(·, µ) is concave and Fréchet differentiable on X+. Besides,

∇xu(x̄, µ̄) = (∇x1
u1(x̄1, µ̄),∇x2

u2(x̄2, µ̄)), ∀x̄ = (x̄1, x̄2) ∈ X+, µ̄ ∈M.

Take a pair of parameters (µ̄, p̄) ∈ M × Y+ and suppose that x̄ is a unique

solution of (1.22), where (µ̄, p̄) plays the role of (µ, p). In addition, suppose

that both functions u1, u2 satisfy the conditions (1.23) and (1.24) (see Ex-

ample 1.4 for some functions of this type). It is easy to show that those

conditions are also valid for u.

Remark 1.4 In Theorem 1.8, one can replace the assumption “for every

µ ∈M , the function u(·, µ) is concave on X+ and ∇x(−u)(·, µ) : X+ → X∗ is

continuous, where X∗ is considered with the weak topology” with the follow-

ing one: “for every µ ∈ M , the function (−u)(·, µ) is pseudo-convex on X+

and the operator ∇x(−u)(·, µ) : X+ → X∗ is hemicontinuous, where X∗ is

considered with the weak topology”. The proof of the theorem remains the

same. The interested reader is referred to [31, 83–85] for the definitions of
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hemicontinuity of function, pseudo-convex function, pseudo-monotone opera-

tor, relationships between the pseudo-convexity of functions and the pseudo-

monotonicity of their gradient mappings, and the generalized Minty lemma,

which works for variational inequalities with pseudo-monotone and hemicon-

tinuous operators on reflexive Banach spaces.

Remark 1.5 Note that there are some results on the local Lipschitz property

of the demand map provided that it is single-valued. For instance, such a

result is given by Beggs in [13, Lemma 3 and the subsequent comments] under

special assumptions including the following: X = IRn, X+ is given by finitely

linear constraints, and u is twice continuously differentiable, strictly concave

in the neighborhood of x0.

1.6 Some Economic Interpretations

Going back to the consumer problem (1.3), we see that the budget map

B(·) is l.s.c. at p̄ ∈ Y+ if and only if for any x̄ ∈ B(p̄) and for any open

set V ⊂ X satisfying x̄ ∈ V , there exists a neighborhood U of p̄ such that

B(p)∩V 6= ∅ for every p ∈ U ∩Y+. This means that although the good bundle

x̄ which the consumer can buy when the price is p̄ may not be purchased if

the price of goods is shifted to the value p ∈ U ∩ Y+ (this happens when

x̄ /∈ B(p)) but, in the given neighborhood V ∩X+ of x̄, there still exist some

goods (namely the elements of B(p)∩V ) that the consumer can afford to buy,

using his fixed budget. Similar interpretations are valid for the l.s.c. property

of the demand map D(·) at p̄ ∈ Y+, where D(p̄) (resp., D(p)) is the collection

of the optimal good bundles for the consumer when the price is p̄ (resp., when

the price is p). Thus, the l.s.c. property of B(·) (resp., of D(·)) at p̄ signifies

the fact that every element x̄ ∈ B(p̄) (resp., x̄ ∈ D(p̄)) is persistent to the

changes of the price p̄. In contrast to the l.s.c. property, the budget map

B(·) is u.s.c. at p̄ ∈ Y+ if and only if for any open set V ⊂ X with B(p̄) ⊂ V ,

one can find a neighborhood U of p̄ such that B(p) ⊂ V for every p ∈ U ∩Y+.

The meaning of the latter is the following: If the reference price is perturbed

slightly (in the sense that p̄ is shifted to another price p ∈ U ∩ Y+), then the

whole set of good bundles that the consumer can purchase must lie within the

given open set V . Thus, for any price p ∈ U ∩ Y+, no good bundles outside

V can be bought by the consumer. Similar interpretations are valid for the

25



u.s.c. property of the demand map D(·) at p̄ ∈ Y+.

The continuity of the function v(·) : Y+ → IR at p̄ ∈ Y+ in the strong

topology means that if the norm ‖p − p̄‖, p ∈ Y+, tends to 0, then the

absolute value |v(p) − v(p̄)| also tends to 0. Hence, if the function v(·) is

discontinuous at the price p̄, then there must exists ε > 0 and a sequence of

prices {pk} ⊂ Y+, pk → p̄ as k → ∞, such that |v(pk) − v(p̄)| ≥ ε for all k.

Thus, in any neighborhood of p̄ there exist prices at which the indirect utility

differs greatly from v(p̄). Such a price p̄ is abnormal as it should be treated

by the model analyst with a care. If v(·) is not only continuous, but also

locally Lipschitz at p̄ (see Theorem 1.7 and formula (1.7) in Section 4), then

the magnitude |v(p)− v(p′)| of the change of the indirect utilities is bounded

by the magnitude ‖p − p′‖ of the change in the prices multiplied by a fixed

constant, i.e., the ratio
|v(p)− v(p′)|
‖p− p′‖

is bounded above by a constant for all

p, p′ ∈ Y+ from a neighborhood of p̄. In other words, the rate of the change

of the indirect utility w.r.t. the change of prices around p̄ can be controlled.

Similar interpretations can be made for the Lipschitz-like property of the

map B(·) (resp., the map D(·)) at a point (p̄, x̄) in the graph of B(·) (resp.,

of D(·)).

The demand map D : M × Y+ ⇒ X+ with its values

D(µ, p) := {x ∈ B(p) : u(x, µ) = v(µ, p)}

where, for each µ ∈ M , v(µ, ·) is the indirect utility function of the problem

(1.22) with p ∈ Y+ being subject to change, is aslo called the Walrasian or

Marshallian demand correspondence (see, e.g., [32]), and plays a crucial role

in microeconomics. Economists are always interested in the sensitivity of the

vector x(µ, p) demanded to price p at the perturbation µ of the utility func-

tion, provided that D(µ, p) is a singleton for each pair (µ, p) ∈ M × Y+. For

some goods, a small change in price results in a significant change in quanti-

ties demanded. Meanwhile, for other goods, a big change in price results in

a little bit change in quantities demanded. To estimate such sensitivity, they

use a measure called the price elasticity of demand (see, e.g., [3, p. 92]). It

is defined to be the percentage change in the quantities demanded resulting

from a 1 percent change in price and denoted by ε. More precisely, if D(µ, ·)
is single-valued around a price p0, and Fréchet differentiable at that point,
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then one has (see, e.g., [3, p .92])

ε(µ, p0) =
p0

x(µ, p0)
.x′p(µ, p0),

where x′p(µ, p0) denotes the partial derivative of x(µ, p) w.r.t. p at (µ, p0).

However, if D(µ, ·) is not Fréchet differentiable at p0 or we do not know

explicitly about the demand function D(·), then (1.26) gives us a type of

sensitivity estimate, which can replace the price elasticity of demand.

1.7 Conclusions

We have studied various stability properties and a result on solution sen-

sitivity of a consumer problem in this chapter. Especially, by focusing on

some nice features of the budget map, we have been able to establish the

continuity and the Lipschitz continuity of the indirect utility function, as

well as the Lipschitz-Hölder continuity of the demand map under a minimal

set of assumptions. We have also presented some economic interpretations

for mathematical concepts and property involving directly to the consumer

problem: the continuity, Lipschitz continuity, and Lipschitz-Hölder continu-

ity.
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Chapter 2

Differential Stability of Parametric

Consumer Problems

Written on the basis of the paper [36], the present chapter is devoted to

differential stability of the parametric consumer problem considered in the

preceding chapter. The differential stability here appears in the form of for-

mulas for computing the Fréchet/limitting coderivatives of the budget map;

the Fréchet/limitting subdifferentials of the infimal nuisance function (which

is obtained from the indirect utility function by changing its sign), upper and

lower estimates for the upper and the lower Dini directional derivatives of

the indirect utility function. In addition, a new result on the Lipschitz-like

property of the budget map is also given in this chapter.

2.1 Auxiliary Concepts and Results

In this section, it is assumed that X, Y are Banach spaces.

Let F : X ⇒ Y be a set-valued map. The graph of F is the set

gphF := {(x, y) ∈ X × Y : y ∈ F (x)}.

If gphF is closed (resp., convex) in X × Y , then F is said to be closed

(resp., convex ). Here, the norm in the product space X × Y is given by

‖(x, y)‖ = ‖x‖+ ‖y‖ with the first norm in the right-hand side denoting the

norm in X and the second one standing for the norm in Y . For an extended

real-valued function ϕ : X → IR, the epigraph and hypograph of ϕ are defined
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respectively by

epiϕ = {(x, µ) ∈ X × IR : µ ≥ ϕ(x)}

and

hypoϕ = {(x, µ) ∈ X × IR : µ ≤ ϕ(x)}.

For a set-valued map F : X ⇒ X∗, the notation

Lim sup
x→x̄

F (x) :=
{
x∗ ∈ X∗ : ∃ sequences xk → x̄ and x∗k

ω∗→ x∗

with x∗k ∈ F (xk) for all k ∈ IN
}

signifies the sequential Painlevé-Kuratowski upper/outer limit w.r.t. the norm

topology of X and the weak* topology (that denoted by ω∗) of X∗. For a

function ϕ : X → IR and a set Ω ⊂ X, the notations x
ϕ→ x̄ and x

Ω→ x̄,

respectively, mean x→ x̄ with ϕ(x)→ ϕ(x̄) and x→ x̄ with x ∈ Ω.

We now recall several basic concepts of generalized differentiation. For

more details, the reader is referred to [56,57].

Let Ω be a subset of X. Given x ∈ Ω and ε ≥ 0, define the set of ε-normals

to Ω at x by

N̂ε(x; Ω) :=
{
x∗ ∈ X∗ : lim sup

u
Ω→x

〈x∗, u− x〉
‖u− x‖

≤ ε
}
. (2.1)

When ε = 0, elements of (2.1) are called Fréchet normals and their collection,

denoted by N̂(x; Ω), is the prenormal cone or Fréchet normal cone to Ω at

x. If x /∈ Ω, we put N̂ε(x; Ω) = ∅ for all ε ≥ 0. Consider a vector x̄ ∈ Ω.

One say that x∗ ∈ X∗ is a limiting/Mordukhovich normal to Ω at x̄ if there

are sequences εk ↓ 0, xk
Ω→ x̄, and x∗k

ω∗→ x∗ such that x∗k ∈ N̂εk(xk; Ω) for all

k ∈ IN . The collection of such normals

N(x̄; Ω) := Lim sup
x→x̄ ε↓0

N̂ε(x; Ω)

is the limiting/Mordukhovich normal cone to Ω at x. Put N(x̄; Ω) = ∅ for

x̄ /∈ Ω.

Let F : X ⇒ Y be a set-valued map. Given (x̄, ȳ) ∈ X × Y and ε ≥ 0, the

ε-coderivative of F at (x̄, ȳ) is the set-valued map D̂∗εF (x̄, ȳ) : Y ∗ ⇒ X∗ with

the values

D̂∗εF (x̄, ȳ)(y∗) :=
{
x∗ ∈ X∗ : (x∗,−y∗) ∈ N̂ε((x̄, ȳ); gphF )

}
. (2.2)

29



When ε = 0 in (2.2), this construction is called the precoderivative or Fréchet

coderivative of F at (x̄, ȳ) and is denoted by D̂∗F (x̄, ȳ). The set-valued map

D∗F (x̄, ȳ) : Y ∗ ⇒ X∗, which is defined by

D∗F (x̄, ȳ)(y∗) = {x∗ ∈ X∗ : (x∗,−y∗) ∈ N((x̄, ȳ); gphF )} ,

is said to be the limiting/Mordukhovich coderivative of F at (x̄, ȳ). It follows

from the definition that D̂∗εF (x̄, ȳ)(y∗) = D∗F (x̄, ȳ)(y∗) = ∅ for all ε ≥ 0 and

y∗ ∈ Y ∗ if (x̄, ȳ) /∈ gphF . We shall omit ȳ in the coderivative notation if

F (x̄) = {ȳ}. It follows from above definitions that

D̂∗F (x̄, ȳ)(y∗) ⊂ D∗F (x̄, ȳ)(y∗) (2.3)

for any y∗ ∈ Y ∗. There are examples showing that inclusions in (2.3) is strict

(see [56, p. 43]). When (2.3) holds as equality, F is said to be graphically reg-

ular at (x̄, ȳ). As shown in the following propositions, the class of graphically

regular mappings includes convex set-valued maps and strictly differentiable

functions. The reader is referred to [56, Def. 1.13] for the definition of strictly

differentiable function.

Proposition 2.1 (See [56, Prop. 1.37]) Let F : X ⇒ Y be a convex set-

valued map. Then F is graphically regular at (x̄, ȳ) ∈ gphF and one has the

codervative representations

D̂∗F (x̄, ȳ)(y∗) = D∗F (x̄, ȳ)(y∗)

=
{
x∗ ∈ X∗ : 〈x∗, x̄〉 − 〈y∗, ȳ〉 = max

(x,y)∈gphF
[〈x∗, x〉 − 〈y∗, y〉]

}
.

Proposition 2.2 (See [56, Prop. 1.38]) Let f : X → Y be Fréchet differen-

tiable at x̄. Then

D̂∗f(x̄)(y∗) = {∇f(x̄)∗y∗}, ∀y∗ ∈ Y ∗,

where ∇f(x̄)∗ : Y ∗ → X∗ denotes the adjoint operator of the Fréchet deriva-

tive ∇f(x̄) : X → Y . If, moreover, f is strictly differentiable at x̄, then

D∗f(x̄)(y∗) = D̂∗f(x̄)(y∗) = {∇f(x̄)∗y∗}, ∀y∗ ∈ Y ∗,

and thus f is graphically regular at x̄.

A set Ω ⊂ X is said to be sequentially normally compact (SNC) at x̄ ∈ Ω

if for any sequence (εk, xk, x
∗
k) ∈ [0,∞)× Ω×X∗ satisfying

εk ↓ 0, xk → x̄, x∗k ∈ N̂εk(xk; Ω), and x∗k
ω∗→ 0
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one has ‖x∗k‖ → 0 as k → ∞. A map F : X ⇒ Y is sequentially normally

compact (SNC) at (x̄, ȳ) ∈ gphF if its graph is SNC at (x̄, ȳ). Let Ω1 and Ω2

be respectively subsets of Banach spaces X1 and X2 and (x1, x2) ∈ Ω1 × Ω2.

It follows from definition of SNC of sets and properties of the normal cone to

a Cartesian product (see [56, Proposition 1.2]) that Ω1×Ω2 is SNC at (x1, x2)

if Ω1 is SNC at x1 and Ω2 is SNC at x2.

One says that Ω ⊂ X is locally closed around x̄ ∈ Ω if there is a neighbor-

hood U of x̄ for which Ω ∩ U is closed. If the set gphF of some set-valued

map F is locally closed around (x̄, ȳ) ∈ gphF , then F is said to be locally

closed around (x̄, ȳ). Clearly, if gphF is a closed set, then F is locally closed

around any point belonging to its graph.

Let ϕ : X → IR be an extended real-valued function. The Fréchet subdiffer-

ential, limiting/Mordukhovich subdifferential, and the singular subdifferential

of ϕ at x̄ ∈ X with |ϕ(x̄)| <∞ are defined, respectively, by

∂̂ϕ(x̄) :=
{
x∗ ∈ X∗ : (x∗,−1) ∈ N̂

(
(x̄, ϕ(x̄)); epiϕ

)}
,

∂ϕ(x̄) :=
{
x∗ ∈ X∗ : (x∗,−1) ∈ N

(
(x̄, ϕ(x̄)); epiϕ

)}
,

and

∂∞ϕ(x̄) :=
{
x∗ ∈ X∗ : (x∗, 0) ∈ N

(
(x̄, ϕ(x̄)); epiϕ

)}
.

If |ϕ(x)| = ∞, then one puts ∂̂ϕ(x̄) = ∂ϕ(x̄) = ∂∞ϕ(x̄) = ∅. It follows from

above definitions that for all x̄ ∈ X, one has ∂̂ϕ(x̄) ⊂ ∂ϕ(x̄). When this

holds as equality, one says that ϕ is lower regular at x̄. The Fréchet up-

per subdifferential, limiting/Mordukhovich upper subdifferential, and singular

upper subdifferential of ϕ at x̄ are respectively defined by

∂̂+ϕ(x̄) := −∂̂(−ϕ)(x̄), ∂+ϕ(x̄) := −∂(−ϕ)(x̄),

and

∂∞,+ϕ(x̄) := −∂∞(−ϕ)(x̄).

When ϕ(x̄) is finite, it follows from definition of the singular subdifferen-

tial and the singular upper subdifferential that ∂∞ϕ(x̄) and ∂∞,+ϕ(x̄) always

contain zero, while (see [56, Corollary 1.81]) ∂∞ϕ(x̄) = {0} (and therefore,

∂∞,+ϕ(x̄) = {0}) if ϕ is locally Lipschitz around x̄, i.e., there is a neighbor-

hood U of x̄ and a constant ` ≥ 0 such that

|ϕ(x)− ϕ(x′)| ≤ `‖x− x′‖, ∀x, x′ ∈ U.
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We will need two theorems from [58] on parametric generalized equations,

which are recalled now.

Let f : X × Y → Z be a single-valued map, and Q : X × Y ⇒ Z be

a set-valued map between Banach spaces X, Y, Z. Consider a parametric

generalized equation

0 ∈ f(x, y) +Q(x, y) (2.4)

with the decision variable y and the parameter x. The solution map to (2.4)

is the set-valued map given by

S(x) := {y ∈ Y : 0 ∈ f(x, y) +Q(x, y)} , x ∈ X. (2.5)

The limiting coderivative of the solution map (2.5) can be estimated or

computed in term of the initial data of (2.4) by using the following result.

Theorem 2.1 (See [58, Theorem 4.1]) Suppose that X, Y, Z are Asplund

spaces, (x̄, ȳ) satisfy (2.4), f is continuous around (x̄, ȳ), and Q is locally

closed around (x̄, ȳ, z̄) with z̄ := −f(x̄, ȳ). If Q is SNC at (x̄, ȳ, z̄), and

[(x∗, y∗) ∈ D∗f(x̄, ȳ)(z∗) ∩ (−D∗Q(x̄, ȳ, z̄)(z∗))] =⇒ (x∗, y∗, z∗) = (0, 0, 0),

(2.6)

then the inclusion

D∗S(x̄, ȳ)(y∗) ⊂
{
x∗ ∈ X∗ : ∃z∗ ∈ Z∗ with

(x∗,−y∗) ∈ D∗f(x̄, ȳ)(z∗) +D∗Q(x̄, ȳ, z̄)(z∗)
}

(2.7)

holds for every y∗ ∈ Y ∗. If, in addition, f is strictly differentiable at (x̄, ȳ)

and Q is graphically regular at (x̄, ȳ, z̄), then S is graphically regular at (x̄, ȳ)

and (2.7) holds as equality.

The next theorem states a necessary and sufficient condition for Lipschitz-

like property of the solution map (2.5).

Theorem 2.2 (See [58, Theorem 4.2]) Let X, Y, Z be Asplund spaces and let

(x̄, ȳ) satisfy (2.4). Suppose that f is strictly differentiable at (x̄, ȳ) and that

Q is locally closed around (x̄, ȳ, z̄) with z̄ := −f(x̄, ȳ), graphically regular and

SNC at this point. If[
(0, 0) ∈ ∇f(x̄, ȳ)∗z∗ +D∗Q(x̄, ȳ, z̄)(z∗)

]
=⇒ z∗ = 0, (2.8)

then S is Lipschitz-like at (x̄, ȳ) if and only if[
(x∗, 0) ∈ ∇f(x̄, ȳ)∗z∗ +D∗Q(x̄, ȳ, z̄)(z∗)

]
=⇒ [x∗ = 0, z∗ = 0]. (2.9)
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Following [60], we consider the parametric optimization problem

min{ϕ(x, y) : y ∈ G(x)}, (2.10)

where ϕ : X × Y → IR is a cost function, G : X ⇒ Y is a constraint set-

valued map between Banach spaces. The marginal function or the optimal

value function µ(·) : X → IR and the solution map M(·) : X ⇒ Y of this

problem are defined, respectively, by

µ(x) := inf{ϕ(x, y) : y ∈ G(x)},

and

M(x) := {y ∈ G(x) : µ(x) = ϕ(x, y)} .

The forthcoming theorem gives an upper estimate for the Fréchet subd-

ifferential of the general marginal function µ(·) at a given point x̄ via the

Fréchet coderivative of the constraint mapping G and the Fréchet upper sub-

differential of the value function ϕ.

Theorem 2.3 (See [60, Theorem 1]) Let x̄ be such that M(x̄) 6= ∅ and

|µ(x̄)| 6=∞, and let ȳ ∈M(x̄) be such that ∂̂+ϕ(x̄, ȳ) 6= ∅. Then

∂̂µ(x̄) ⊂
⋂

(x∗,y∗)∈∂̂+ϕ(x̄,ȳ)

[
x∗ + D̂∗G(x̄, ȳ)(y∗)

]
. (2.11)

To recall the sufficient conditions of [60] for the inclusion in (2.11) to hold

as equality, we need the following definitions. Let X, Y be Banach spaces,

D ⊂ X. A map h : D → Y is said to be locally upper Lipschitzian at x̄ ∈ D
if there are a neighborhood U of x̄ and a constant ` > 0 such that

‖h(x)− h(x̄)‖ ≤ `‖x− x̄‖, ∀x ∈ D ∩ U.

We say that a set-valued map F : D ⇒ Y admits a local upper Lipschitzian

selection at (x̄, ȳ) ∈ gphF if there is a map h : D → Y , such that h is

locally upper Lipschitzian at x̄, h(x̄) = ȳ, and h(x) ∈ F (x) for all x ∈ D in

a neighborhood of x̄.

Theorem 2.4 (See [60, Theorem 2]) In addition to the assumptions of The-

orem 2.3, suppose that ϕ is Fréchet differentiable at (x̄, ȳ) and the map

M : domG ⇒ Y admits a local upper Lipschitzian selection at (x̄, ȳ). Then

∂̂µ(x̄) = x∗ + D̂∗G(x̄, ȳ)(y∗),

where (x∗, y∗) := ∇ϕ(x̄, ȳ).

33



Next, we will use Theorem 7 from [60] to estimate the limiting and singular

subdifferentials of the function −v. The formulation of that theorem is based

on some definitions related to the solution map M(·) of problem (2.10). Let

x̄ ∈ domM and ȳ ∈ M(x̄). One says that M(·) is µ-inner semicontinuous

at (x̄, ȳ) if for every sequence xk
µ→ x̄ there is a sequence yk ∈ M(xk) that

contains a subsequence converging to ȳ. The map M(·) is said to be µ-inner

semicompact at x̄ if for every sequence xk
µ→ x̄ there is a sequence yk ∈M(xk)

that contains a convergent subsequence.

Theorem 2.5 (See [60, Theorem 7]) Let X and Y be two Asplund spaces,

M(·) : X ⇒ Y be the solution map of the parametric problem (2.10), and

let (x̄, ȳ) ∈ gphM be such that ϕ is lower semicontinuous at (x̄, ȳ) and G is

locally closed around this point. The following statements hold:

(i) Assume that M(·) is µ-inner semicontinuous at (x̄, ȳ), that either epiϕ

is SNC at (x̄, ȳ, ϕ(x̄, ȳ)) or G is SNC at (x̄, ȳ), and that the qualification

condition

∂∞ϕ(x̄, ȳ) ∩ (−N((x̄, ȳ); gphG)) = {(0, 0)} (2.12)

is satisfied; the above assumptions are automatic if ϕ is locally Lipschitz

around (x̄, ȳ). Then one has the inclusions

∂µ(x̄) ⊂
⋃
{x∗ +D∗G(x̄, ȳ)(y∗) : (x∗, y∗) ∈ ∂ϕ(x̄, ȳ)} ,

∂∞µ(x̄) ⊂
⋃
{x∗ +D∗G(x̄, ȳ)(y∗) : (x∗, y∗) ∈ ∂∞ϕ(x̄, ȳ)} .

(ii) Assume that M(·) is µ-inner semicompact at x̄ and that the other as-

sumption of (i) are satisfied at any (x̄, ȳ) ∈ gphM . Then one has the

inclusions

∂µ(x̄) ⊂
⋃

ȳ∈M(x̄)

{x∗ +D∗G(x̄, ȳ)(y∗) : (x∗, y∗) ∈ ∂ϕ(x̄, ȳ)} ,

∂∞µ(x̄) ⊂
⋃

ȳ∈M(x̄)

{x∗ +D∗G(x̄, ȳ)(y∗) : (x∗, y∗) ∈ ∂∞ϕ(x̄, ȳ)} .

(iii) In addition to (i), assume that ϕ is strictly differentiable at (x̄, ȳ), the

map M :domG ⇒ Y admits a local upper Lipschitzian selection at (x̄, ȳ),

and G is normally regular at (x̄, ȳ). Then µ is lower regular at x̄ and

∂µ(x̄) = ∇xϕ(x̄, ȳ) +D∗G(x̄, ȳ)(∇yϕ(x̄, ȳ)).
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2.2 Coderivatives of the Budget Map

To study the budget map B : Y+ ⇒ X+ of the consumer problem (1.3) in

Section 1.1 with the values B(p) = {x ∈ X+ : 〈p, x〉 ≤ 1}, p ∈ Y+ given

in (1.2), we define a single-valued map f : X∗×X → IR×X and a set-valued

map Q : X∗ ×X ⇒ IR×X by

f(x∗, x) = (〈x∗, x〉 − 1,−x), Q(x∗, x) = IR+ ×X+ (2.13)

for all (x∗, x) ∈ X∗ ×X. From the definition for B(p), we have

B(p) = {x ∈ X : 0 ∈ f(p, x) +Q(p, x)}, ∀p ∈ Y+.

Thus, the budget map B : Y+ ⇒ X+ is the restriction on Y+ of the solution

map B̃ : X∗ ⇒ X,

B̃(x∗) = {x ∈ X : 0 ∈ f(x∗, x) +Q(x∗, x)}, x∗ ∈ X∗, (2.14)

of the parametric generalized equation 0 ∈ f(x∗, x) + Q(x∗, x) with x∗ ∈ X∗

playing as parameters.

Lemma 2.1 The single-valued map f : X∗ × X → IR × X is strictly dif-

ferentiable on X∗ × X. Besides, for any (x̄∗, x̄) ∈ X∗ × X, the coderivative

D∗f(x̄∗, x̄) : IR×X∗ → (X∗ ×X)∗ is the adjoint operator of ∇f(x̄∗, x̄) map-

ping each (λ, y∗) ∈ IR×X∗ to an element of (X∗ ×X)∗ which is determined

by 〈
D∗f(x̄∗, x̄)(λ, y∗), (u∗, u)

〉
=
〈
∇f(x̄∗, x̄)∗(λ, y∗), (u∗, u)

〉
= λ〈x̄∗, u〉+ λ〈u∗, x̄〉 − 〈y∗, u〉

(2.15)

for all (u∗, u) ∈ X∗ ×X. Moreover, if x̄ is a nonzero vector, then the linear

operator D∗f(x̄∗, x̄) is injective.

Proof. Fix any (x̄∗, x̄) ∈ X∗ × X. Consider T (x̄∗, x̄) : X∗ × X → IR × X
defined by

T (x̄∗, x̄)(u∗, u) =
(
〈x̄∗, u〉+ 〈u∗, x̄〉,−u

)
((u∗, u) ∈ X∗ ×X). (2.16)

Clearly, T (x̄∗, x̄) is a linear operator. Putting γ = max{‖x̄∗‖ + 1, ‖x̄‖}, for

every (u∗, u) ∈ X∗ ×X, we have

‖T (x̄∗, x̄)(u∗, u)‖ =
∣∣〈x̄∗, u〉+ 〈u∗, x̄〉

∣∣+ ‖u‖
≤ (‖x̄∗‖+ 1)‖u‖+ ‖u∗‖‖x̄‖
≤ γ(‖u∗‖+ ‖u‖) = γ‖(u∗, u)‖.
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Thus, T (x̄∗, x̄) is a bounded linear operator. Moreover,

lim
(u∗,u)→(x̄∗,x̄)

f(u∗, u)− f(x̄∗, x̄)− T (x̄∗, x̄)((u∗, u)− (x̄∗, x̄))

‖(u∗, u)− (x̄∗, x̄)‖

= lim
(u∗,u)→(x̄∗,x̄)

[(〈u∗, u〉 − 1,−u
)
−
(
〈x̄∗, x̄〉 − 1,−x̄

)
‖(u∗ − x̄∗, u− x̄)‖

−〈x̄
∗, u− x̄〉+ 〈u∗ − x̄∗, x̄〉,−(u− x̄)

‖(u∗ − x̄∗, u− x̄)‖

]
= lim

(u∗,u)→(x̄∗,x̄)

( 〈u∗ − x̄∗, u− x̄〉
‖(u∗ − x̄∗, u− x̄)‖

, 0

)
.

Since

|〈u∗ − x̄∗, u− x̄〉|
‖(u∗ − x̄∗, u− x̄)‖

≤ ‖u∗ − x̄∗‖‖u− x̄‖
‖u∗ − x̄∗‖+ ‖u− x̄‖

≤ ‖u
∗ − x̄∗‖‖u− x̄‖
‖u∗ − x̄∗‖

= ‖u− x̄‖

and ‖u− x̄‖ converges to 0 when u tends to x̄, this implies that f is Fréchet

differentiable at (x̄∗, x̄), and we have ∇f(x̄∗, x̄) = T (x̄∗, x̄). From (2.16)

it follows that the operator (x̄∗, x̄) 7→ T (x̄∗, x̄) from X∗ ×X to the space of

bounded linear operators L(X∗×X, IR×X) is continuous on X∗×X. Hence,

f is strictly differentiable at (x̄∗, x̄). Therefore, for each (λ, y∗) ∈ IR×X∗, by

Proposition 2.2 we have

D̂∗f(x̄∗, x̄)(λ, y∗) = D∗f(x̄∗, x̄)(λ, y∗) = {∇f(x̄∗, x̄)∗(λ, y∗)},

where ∇f(x̄∗, x̄)∗ denotes the adjoint operator of ∇f(x̄∗, x̄). In addition, by

(2.16) and the equality ∇f(x̄∗, x̄) = T (x̄∗, x̄) one has〈
∇f(x̄∗, x̄)∗(λ, y∗), (u∗, u)

〉
=
〈
(λ, y∗),∇f(x̄∗, x̄)(u∗, u)

〉
=
〈
(λ, y∗),

(
〈x̄∗, u〉+ 〈u∗, x̄〉,−u

)〉
= λ〈x̄∗, u〉+ λ〈u∗, x̄〉 − 〈y∗, u〉

for every (u∗, u) ∈ X∗ ×X. This establishes formula (2.15).

If x̄ 6= 0, then ∇f(x̄∗, x̄) : X∗ × X → IR × X is surjective. Indeed, let

us show that for any (µ, v) ∈ IR × X there exits (u∗, u) ∈ X∗ × X with

∇f(x̄∗, x̄)(u∗, u) = (µ, v). Since x̄ 6= 0, by the Hahn-Banach Theorem we can

find u∗1 ∈ X∗ such that 〈u∗1, x̄〉 = 1. Setting u∗ = (µ+ 〈x̄∗, v〉)u∗1 and u = −v,

we have

u = −v, 〈u∗, x̄〉 = µ+ 〈x̄∗, v〉
⇔ [−u = v, 〈x̄∗, u〉+ 〈u∗, x̄〉 = µ]

⇔
(
〈x̄∗, u〉+ 〈u∗, x̄〉,−u

)
= (µ, v)

⇔ T (x̄∗, x̄)(u∗, u) = (µ, v).
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Hence, ∇f(x̄∗, x̄)(u∗, u) = (µ, v). Now, since D∗f(x̄∗, x̄) = ∇f(x̄∗, x̄)∗ and

∇f(x̄∗, x̄) is surjective, we obtain the desired injectivity of D∗f(x̄∗, x̄) from

[76, Theorem 4.15] and complete the proof. 2

Lemma 2.2 The map Q : X∗×X ⇒ IR×X given in (2.13) is locally closed

around and graphically regular at every point of gphQ = X∗×X× IR+×X+.

For any (x̄∗, x̄, µ̄, ȳ) ∈ gphQ, we have

D̂∗Q(x̄∗, x̄, µ̄, ȳ)(λ, y∗) = D∗Q(x̄∗, x̄, µ̄, ȳ)(λ, y∗)

=

{(0, 0)} if− λ ∈ N(µ̄; IR+) and − y∗ ∈ N(ȳ;X+)

∅ otherwise

(2.17)

with (λ, y∗) ∈ IR×X∗. Moreover, Q is SNC at (x̄∗, x̄, µ̄, ȳ) ∈ gphQ whenever

X+ is SNC at ȳ. Especially, if intX+ 6= ∅, then Q is SNC at every point of

its graph.

Proof. Since X+ is closed and convex, gphQ = X∗×X×IR+×X+ is a closed

and convex subset of X∗ ×X × IR×X. Take any (x̄∗, x̄, µ̄, ȳ) ∈ gphQ. The

closeness of gphQ implies that Q is locally closed around (x̄∗, x̄, µ̄, ȳ), while

the the convexity of gphQ and Proposition 2.1 yields that Q is graphically

regular at this point, and

D̂∗Q(x̄∗, x̄, µ̄, ȳ) = D∗Q(x̄∗, x̄, µ̄, ȳ).

Take any (λ, y∗) ∈ IR × X∗. By the definition of limiting coderivative and

properties of the normal cone to a Cartesian product (see [56, Proposition

1.2]), we have

D∗Q(x̄∗, x̄, µ̄, ȳ)(λ, y∗)

=
{

(x, x∗) : (x, x∗,−λ,−y∗) ∈ N((x̄∗, x̄, µ̄, ȳ); gphQ)
}

=
{

(x, x∗) : (x, x∗,−λ,−y∗) ∈ N(x̄∗;X∗)×N(x̄;X)×N(µ̄; IR+)×N(ȳ;X+)
}

=

{(0, 0)} if − λ ∈ N(µ̄; IR+) and − y∗ ∈ N(ȳ;X+)

∅ otherwise.

Thus, formula (2.17) is valid.

Next, suppose that (x̄∗, x̄, µ̄, ȳ) ∈ gphQ. By [56, Theorem 1.21], any convex

set with nonempty interior is SNC at every point belonging to it. Hence, X∗,

X, IR+ are SNC at x̄∗, x̄, µ̄, respectively. If, in addition, X+ is SNC at ȳ (which
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is automatically satisfied if intX+ 6= ∅), then gphQ = X∗×X × IR+×X+ is

SNC at (x̄∗, x̄, µ̄, ȳ). So, Q is SNC at (x̄∗, x̄, µ̄, ȳ) whenever X+ is SNC at ȳ.

The proof is complete. 2

Lemma 2.3 Let x̄∗ ∈ X∗, x̄ ∈ B̃(x̄∗), where B̃ is the map in (2.14), be such

that x̄ 6= 0 and X+ is SNC at x̄. Then B̃ : X∗ ⇒ X is graphically regular at

(x̄∗, x̄). Moreover, for every x∗ ∈ X∗,
D̂∗B̃(x̄∗, x̄)(x∗) = D∗B̃(x̄∗, x̄)(x∗)

=


{λx̄ : λ ≥ 0, x∗ + λx̄∗ ∈ −N(x̄;X+)} if 〈x̄∗, x̄〉 = 1

{0} if 〈x̄∗, x̄〉 < 1, x∗ ∈ −N(x̄;X+)

∅ if 〈x̄∗, x̄〉 < 1, x∗ /∈ −N(x̄;X+).

(2.18)

Proof. Suppose that x̄∗ ∈ X∗, x̄ ∈ B̃(x̄∗)\{0}, and X+ is SNC at x̄. Since X

is reflexive, so are X∗, X∗×X, and IR×X. Hence, these spaces are Asplund

and (X∗)∗ = X, (X∗ × X)∗ = X × X∗, (IR × X)∗ = IR × X∗. The proof is

divided into two steps. In the first step, we will apply Theorem 2.1 to show

that, for every x∗ ∈ X∗,
D∗B̃(x̄∗, x̄)(x∗) =

{
x ∈ X : ∃λ ∈ −N(1− 〈x̄∗, x̄〉; IR+), ∃y∗ ∈ −N(x̄;X+)

such that (x,−x∗) = ∇f(x̄∗, x̄)∗(λ, y∗)
}
.

(2.19)

In the second step, we will prove that the set A(x∗) in the right-hand side of

(2.19) can be computed by the formula

A(x∗) =


{λx̄ : λ ≥ 0, x∗ + λx̄∗ ∈ −N(x̄;X+)} , if 〈x̄∗, x̄〉 = 1

{0}, if 〈x̄∗, x̄〉 < 1, x∗ ∈ −N(x̄;X+)

∅, if 〈x̄∗, x̄〉 < 1, x∗ /∈ −N(x̄;X+).

(2.20)

Step 1. From Lemma 2.1, f is strictly differentiable at (x̄∗, x̄) and its

coderivative is given by formula (2.15). Besides, since x̄ ∈ B̃(x̄∗), x̄ ∈ X+

and 1−〈x̄∗, x̄〉 ∈ IR+. Thus, (x̄∗, x̄, 1−〈x̄∗, x̄〉, x̄) ∈ gphQ. Lemma 2.2 implies

that Q is locally closed around (x̄∗, x̄, 1− 〈x̄∗, x̄〉, x̄), graphically regular and

SNC at this point if X+ is SNC at x̄. So, if condition (2.6) is satisfied, then

B̃ is graphically regular at (x̄∗, x̄) and we can estimate the coderivatives of

B̃ at (x̄∗, x̄) by formula (2.7) when it holds as equality. To check (2.6), we fix

any (x, x∗, λ, y∗) ∈ X ×X∗ × IR×X∗ satisfying the inclusion

(x, x∗) ∈ D∗f(x̄∗, x̄)(λ, y∗)
⋂(
−D∗Q(x̄∗, x̄, 1− 〈x̄∗, x̄〉, x̄)(λ, y∗)

)
. (2.21)
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By Lemma 2.2, one has D∗Q(x̄∗, x̄, 1−〈x̄∗, x̄〉, x̄)(λ, y∗) ⊂ {(0, 0)} ⊂ X ×X∗.
Combining this with (2.21) and noting thatD∗f(x̄∗, x̄)(λ, y∗) is a singleton, we

obtain (x, x∗) = (0, 0) and D∗f(x̄∗, x̄)(λ, y∗) = (0, 0). In addition, since x̄ 6= 0,

it follows from Lemma 2.1 that D∗f(x̄∗, x̄) is injective. This implies that

(λ, y∗) = (0, 0) ∈ IR×X∗. Thus, if (x, x∗, λ, y∗) ∈ X ×X∗× IR×X∗ satisfies

(2.21), then (x, x∗, µ, y∗) = (0, 0, 0, 0). Thus, condition (2.6) is fulfilled.

By the second assertion of Theorem 2.1, the set-valued map B̃ : X∗ ⇒ X

is graphically regular at (x̄∗, x̄), and the coderivative D∗B̃(x̄∗, x̄) : X∗ ⇒ X

maps each x∗ ∈ X∗ to the set

D∗B̃(x̄∗, x̄)(x∗)

=
{
x ∈ X : ∃(λ, y∗) ∈ IR×X∗ such that

(x,−x∗) ∈ D∗f(x̄∗, x̄)(λ, y∗) +D∗Q(x̄∗, x̄, 1− 〈x̄∗, x̄〉, x̄)(λ, y∗)
}
.

In addition, by (2.17),

D∗Q(x̄∗, x̄, 1− 〈x̄∗, x̄〉, x̄)(λ, y∗)

=

{(0, 0)} if − λ ∈ N(1− 〈x̄∗, x̄〉; IR+) and − y∗ ∈ N(x̄;X+)

∅ otherwise.

Hence, we obtain formula (2.19).

Step 2. For any x∗ ∈ X∗, x ∈ X, λ ∈ IR, y∗ ∈ X∗, the equality

(x,−x∗) = ∇f(x̄∗, x̄)∗(λ, y∗) (2.22)

holds if and only if

〈(x,−x∗), (u∗, u)〉 = 〈∇f(x̄∗, x̄)∗(λ, y∗), (u∗, u)〉, ∀u∗ ∈ X∗,∀u ∈ X.

So, by (2.15), (2.22) means that

〈(x− λx̄, y∗ − x∗ − λx̄∗), (u∗, u)〉 = 0, ∀u∗ ∈ X∗,∀u ∈ X.

Clearly, the latter is equivalent to the following system

x = λx̄, y∗ = x∗ + λx̄∗. (2.23)

Now, fix an x∗ ∈ X∗. If 〈x̄∗, x̄〉 < 1, then −N(1 − 〈x̄∗, x̄〉; IR+) = {0}. So,

x ∈ A(x∗) if and only if the equality (2.22) holds for λ = 0 and for some

y∗ ∈ −N(x̄;X+). From this property and (2.23) it follows that A(x∗) = {0}
when x∗ ∈ −N(x̄;X+) and A(x∗) = ∅ when x∗ /∈ −N(x̄;X+). If 〈x̄∗, x̄〉 = 1,

then −N(1 − 〈x̄∗, x̄〉; IR+) = IR+. Therefore, x ∈ A(x∗) if and only if (2.22)
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holds for some λ ≥ 0 and y∗ ∈ −N(x̄;X+). So, x ∈ A(x∗) if and only if x

fulfills (2.23) with λ ∈ IR+ satisfying the condition x∗ + λx̄∗ ∈ −N(x̄;X+).

Formula (2.20) has been obtained.

The proof is complete. 2

In Chapter 1, a Lipschitz-Hölder property of the demand map D(·) was

obtained by using the Lipschitz-like property of the budget map B(·) at point

(p̄, x̄) ∈ gphB with p̄ being an interior point of the cone of prices Y+. Now, we

will show that if x̄ 6= 0 and X+ is SNC at x̄, then we can get the Lipschitz-

like property of B(·) without imposing the condition p̄ ∈ int Y+. Hence,

Theorem 1.8 in the previous chapter can be extended to the case where p̄

may belong to the boundary of Y+.

Theorem 2.6 Assume that x̄∗ ∈ X∗, x̄ ∈ B̃(x̄∗) \ {0}, and X+ is SNC at

x̄. Then, the solution map B̃(·) is Lipschitz-like at (x̄∗, x̄) ∈ gph B̃. Conse-

quently, if p̄ ∈ Y+, x̄ ∈ B(p̄) \ {0}, and X+ is SNC at x̄, then the budget map

B(·) is Lipschitz-like at (p̄, x̄) in the sense that there exist a neighborhood U

of p̄, a neighborhood V of x̄, and a constant ` > 0 satisfying

B(p) ∩ V ⊂ B(p′) + `‖p− p′‖B̄X , ∀p, p′ ∈ U ∩ Y+. (2.24)

Proof. Suppose that x̄∗ ∈ X∗, x̄ ∈ B̃(x̄∗) \ {0}, and X+ is SNC at x̄. We

apply Theorem 2.2 with f, Q being given by (2.13), (x̄∗, x̄) and B̃(·) playing

the roles of (x̄, ȳ) and S(·), respectively. Thus, we are dealing with the

generalized equation 0 ∈ f(x∗, x) +Q(x∗, x) appeared in (2.14).

Since X is reflexive, so are X∗ and IR × X. Hence, X∗, X, and IR × X
are Asplund spaces. Besides, it follows from Lemma 2.1 that f is strictly

differentiable at (x̄∗, x̄). Moreover, as x̄ ∈ B̃(x̄∗), one has x̄ ∈ X+ and

1− 〈x̄∗, x̄〉 ∈ IR+. Thus, for z̄ := (1− 〈x̄∗, x̄〉, x̄), one has

(x̄∗, x̄, z̄) ∈ gphQ = X∗ ×X × IR+ ×X+.

Since X+ is SNC at x̄, Lemma 2.2 assures that Q is locally closed around

(x̄∗, x̄, z̄), graphically regular and SNC at this point. Therefore, it remains to

check (2.8) and (2.9).

Condition (2.8) requires[
(0, 0) ∈ ∇f(x̄∗, x̄)∗(λ, y∗) +D∗Q(x̄∗, x̄, z̄)(λ, y∗)

]
=⇒ (λ, y∗) = (0, 0).

Fix any (λ, y∗) ∈ IR×X∗ with the property

(0, 0) ∈ ∇f(x̄∗, x̄)∗(λ, y∗) +D∗Q(x̄∗, x̄, z̄)(λ, y∗). (2.25)
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By (2.17), the inclusion D∗Q(x̄∗, x̄, z̄)(λ, y∗) ⊂ {(0, 0)} is valid. Hence, (2.25)

implies that ∇f(x̄∗, x̄)∗(λ, y∗) = (0, 0). On one hand, combining this with

(2.15), we get D∗f(x̄∗, x̄)(λ, y∗) = ∇f(x̄∗, x̄)∗(λ, y∗) = (0, 0). On the other

hand, since x̄ 6= 0, D∗f(x̄∗, x̄) is injective by Lemma 2.1. It follows that

(λ, y∗) = (0, 0). Thus, condition (2.8) is satisfied.

Condition (2.9) is the following[
(x, 0) ∈ ∇f(x̄∗, x̄)∗(λ, y∗) +D∗Q(x̄∗, x̄, z̄)(λ, y∗)

]
=⇒ (x, λ, y∗) = (0, 0, 0).

Let (x, λ, y∗)× IR×X∗ be such that

(x, 0) ∈ ∇f(x̄∗, x̄)∗(λ, y∗) +D∗Q(x̄∗, x̄, z̄)(λ, y∗).

In combination with (2.17), this inclusion implies that λ ∈ −N(1−〈x̄∗, x̄〉; IR+),

y∗ ∈ −N(x̄;X+), and (x, 0) = ∇f(x̄∗, x̄)∗(λ, y∗). Hence, using formula (2.19)

for x∗ = 0, we obtain x ∈ D∗B̃(x̄∗, x̄)(0). Let us show that

D∗B̃(x̄∗, x̄)(0) = {0}. (2.26)

Since X+ is a convex cone, N(x̄;X+) is the normal cone in the sense of convex

analysis. Clearly, 0 ∈ −N(x̄;X+). As x̄ ∈ B̃(x̄∗), one has 〈x̄∗, x̄〉 ≤ 1. In the

case 〈x̄∗, x̄〉 < 1, by formula (2.18), one gets (2.26). In the case 〈x̄∗, x̄〉 = 1,

(2.18) implies

D∗B̃(x̄∗, x̄)(0) = {tx̄ : t ≥ 0, tx̄∗ ∈ −N(x̄;X+)}. (2.27)

By (2.27), if D∗B̃(x̄∗, x̄)(0) contains a nonzero vector, then the latter must

have the form tx̄ with t > 0 and −tx̄∗ ∈ N(x̄;X+). For x̃ := 0 ∈ X+, we have

〈−tx̄∗, x̃− x̄〉 = t〈x̄∗, x̄〉 = t > 0,

which contradicts the inclusion −tx̄∗ ∈ N(x̄;X+). Thus, (2.26) is valid.

Since x belongs to D∗B̃(x̄∗, x̄)(0), it follows from (2.26) that x = 0. So, as

∇f(x̄∗, x̄)∗(λ, y∗) = (x, 0), we get ∇f(x̄∗, x̄)∗(λ, y∗) = (0, 0). Hence, by (2.15),

D∗f(x̄∗, x̄)(λ, y∗) = ∇f(x̄∗, x̄)∗(λ, y∗) = (0, 0).

Since D∗f(x̄∗, x̄) is injective by Lemma 2.1, this yields (λ, y∗) = (0, 0). We

have shown that (x, λ, y∗) = (0, 0, 0); thus (2.9) is fulfilled.

The above analysis allows us to invoke Theorem 2.2 to assert that the

map B̃ : X∗ ⇒ X is Lipschitz-like at (x̄∗, x̄). Now, take any p̄ ∈ Y+ and

x̄ ∈ B(p̄) \ {0}. Since x̄ ∈ B(p̄) = B̃(p̄), one has x̄ ∈ B̃(p̄). Thus, if X+ is
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SNC at x̄, then B̃ is Lipschitz-like at (p̄, x̄). Hence, there exist a neighborhood

U of p̄, a neighborhood V of x̄, and a constant ` > 0 satisfying

B̃(p) ∩ V ⊂ B̃(p′) + `‖p− p′‖B̄X , ∀p, p′ ∈ U. (2.28)

Remembering that B̃(p) = B(p) for all p ∈ U ∩ Y+, we obtain (2.24) from

(2.28) and complete the proof. 2

Under some mild conditions, we can have exact formulas for both Fréchet

and limiting coderivatives of the budget map.

Theorem 2.7 Suppose that p̄ ∈ intY+, x̄ ∈ B(p̄)\{0}, and X+ is SNC at x̄.

Then the budget map B : Y+ ⇒ X+ is graphically regular at (p̄, x̄). Moreover,

for every x∗ ∈ X∗, one has

D̂∗B(p̄, x̄)(x∗) = D∗B(p̄, x̄)(x∗)

=


{λx̄ : λ ≥ 0, x∗ + λp̄ ∈ −N(x̄;X+)} if 〈p̄, x̄〉 = 1

{0} if 〈p̄, x̄〉 < 1, x∗ ∈ −N(x̄;X+)

∅ if 〈p̄, x̄〉 < 1, x∗ /∈ −N(x̄;X+).

(2.29)

Proof. Since p̄ ∈ intY+, there exists an open set U in the norm topology of

X∗ such that p̄ ∈ U ⊂ Y+. Then B(p) = B̃(p) for all p ∈ U . It follows that

(gphB) ∩ (U ×X) = (gph B̃) ∩ (U ×X). (2.30)

By definitions of Fréchet and limiting normal cones, N̂((p̄, x̄); gphB) and

N((p̄, x̄); gphB) (resp., N̂((p̄, x̄); gph B̃) and N((p̄, x̄); gph B̃)) are defined

just by vectors of gphB (resp., of gph B̃) in a neighborhood W of (p̄, x̄).

ChoosingW = U×X, from (2.30) one has N̂((p̄, x̄); gphB) = N̂((p̄, x̄); gph B̃)

and N((p̄, x̄); gphB) = N((p̄, x̄); gph B̃). Consequently, for any x∗ ∈ X∗,

D̂∗B(p̄, x̄)(x∗) = D̂∗B̃(p̄, x̄)(x∗) and D∗B(p̄, x̄)(x∗) = D∗B̃(p̄, x̄)(x∗). Hence,

letting p̄ play the role of x̄∗ in (2.18), we obtain formula (2.29) from the latter.

The proof is complete. 2

Theorem 2.7 requires that X+ is SNC at x̄ and intY+ 6= ∅. As any convex

set with nonempty interior is SNC at every point belonging to it (see the

proof of Lemma 2.2), the cones of goods and cones of prices constructed in

the following example satisfy these requirements.
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Example 2.1 Let X be a reflexive Banach space. Take any a ∈ X \ {0} and

fix a value ε ∈ (0, 1
2
‖a‖). As the set of goods, we choose X+ = cone (B̄(a, ε)),

where

cone Ω := {tv : v ∈ Ω, t > 0}

denotes the cone generated by Ω. Clearly, X+ is a closed convex cone in X

with nonempty interior. Select a unit vector x̄∗ ∈ X∗ such that 〈x̄∗, a〉 > 3
4
‖a‖.

It is a simple matter to show that B̄(x̄∗, 1
8
) is contained in the cone of prices Y+

corresponding to X+. Thus, Y+ ⊂ X∗ is a closed convex cone with nonempty

interior.

If 〈p̄, x̄〉 = 1 then, for any x∗ ∈ X∗, using (2.29) one can compute the

coderivative values D̂∗B(p̄, x̄)(x∗) and D∗B(p̄, x̄)(x∗) via the set of real num-

bers {λ ≥ 0 : x∗ + λp̄ ∈ −N(x̄;X+)}. The forthcoming lemma, which will

be used intensively in Sections 2.3 and 2.4, describes explicitly latter set in a

situation where x̄ ∈ D(p̄) and x∗ = −∇u(x̄).

Lemma 2.4 Suppose that (p̄, x̄) ∈ gphD and u is Fréchet differentiable at

x̄. Then

{λ ≥ 0 : λp̄ ∈ ∇u(x̄)−N(x̄;X+)} = {〈∇u(x̄), x̄〉} (2.31)

when 〈p̄, x̄〉 = 1, and ∇u(x̄) ∈ N(x̄;X+) when 〈p̄, x̄〉 < 1.

Proof. Let p̄, x̄, u satisfy our assumptions.

Suppose that 〈p̄, x̄〉 = 1. We first establish the inclusion “⊂” in (2.31), and

then show that the set on the left-hand side, which will be denoted by Λ, is

nonempty.

Given any λ ∈ Λ, we have λp̄ = ∇u(x̄)− z∗ for some z∗ ∈ N(x̄;X+). From

the last equality and the condition 〈p̄, x̄〉 = 1, we have λ = 〈∇u(x̄), x̄〉−〈z∗, x̄〉.
Besides, since z∗ ∈ N(x̄;X+) and X+ is convex, 〈z∗, x− x̄〉 ≤ 0 for all x ∈ X+.

In addition, as X+ is a nonempty closed cone, x1 := 0 and x2 := 2x̄ belong

to X+. Therefore, −〈z∗, x̄〉 = 〈z∗, x1 − x̄〉 ≤ 0 and 〈z∗, x̄〉 = 〈z∗, x2 − x̄〉 ≤ 0.

Hence, we must have 〈z∗, x̄〉 = 0. Thus, λ = 〈∇u(x̄), x̄〉 and we obtain the

inclusion “⊂” in (2.31).

Next, fix an arbitrary x ∈ B(p̄). As B(p̄) is convex, xt := tx + (1 − t)x̄
belongs to B(p̄) for all t ∈ (0, 1). Since x̄ ∈ D(p̄), u(x̄) ≥ u(xt) for all

t ∈ (0, 1). Thus, [u(x̄+t(x−x̄))−u(x̄)]/t ≤ 0 for all t ∈ (0, 1). Letting t→ 0+

and using the Fréchet differentiability of u at x̄, we obtain 〈∇u(x̄), x−x̄〉 ≤ 0.
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Since the latter holds for any x ∈ B(p̄), by the convexity of B(p̄) we have

∇u(x̄) ∈ N(x̄;B(p̄)). Now, as B(p̄) = X+∩Ω with Ω := {x ∈ X : 〈p̄, x〉 ≤ 1}
and 0 ∈ X+ ∩ int Ω, applying the fundamental intersection rule of convex

analysis [43, Proposition 1, p. 205], we have

N(x̄;B(p̄)) = N(x̄;X+) +N(x̄; Ω). (2.32)

Clearly, N(x̄; Ω) = IR+p̄ when 〈p̄, x̄〉 = 1. So, the inclusion∇u(x̄) ∈ N(x̄;B(p̄))

and (2.32) imply the existence of λ ≥ 0 satisfying ∇u(x̄) ∈ N(x̄;X+) + λp̄.

This shows that Λ 6= ∅.
If 〈p̄, x̄〉 < 1, then N(x̄; Ω) = {0}. Thus, the inclusion ∇u(x̄) ∈ N(x̄;B(p̄))

and (2.32) yield ∇u(x̄) ∈ N(x̄;X+).

The proof is complete. 2

2.3 Fréchet Subdifferential of the Function −v

As discussed in Section 1.1, the consumer problem (1.3) is a maximization

problem depending on parameters p when the prices p vary in the cone Y+.

Thus, we can consider the optimal value function and the solution map of the

problem, which are respectively called the indirect utility function and the

demand map in the economic terminology and their values are respectively

defined by (1.4) and (1.5). Concerning a parametric optimization problem,

whether a maximization or a minimization one, people always pay attention

to study the stability (the continuity, the Lipschitz/Lipschitz-like/Lipschitz-

Höder property) and the differential stability (in some sense) of its optimal

value function and solution map. To continue the investigations presented

in Chapter 1, we will study the Fréchet and limiting subdifferentials of the

optimal value function of (1.3). A natural question arises: Why are Fréchet

and limiting subdifferentials instead of simpler ones, for examples, one in

the sense of convex analysis? To answer, we raise another question: Is this

optimal value function convex or concave so that we can consider the subdif-

ferential in the latter sense? As will be shown in Example 2.3, this optimal

value function v(·) is generally neither convex nor concave.

Technically, we will transform this maximization problem into an equiv-

alent minimization one which has available advanced results on estimating
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subdifferentials of the optimal value function. By that way, we will get

−v(p) = inf{−u(x) : x ∈ B(p)}, p ∈ Y+;

hence, we can consider a counterpart of v(·), the infimal nuisance function

−v(·) obtained from the former by changing its sign, as the role of the optimal

value function of the corresponding minimization problem.

Results on estimating Fréchet subdifferential of the function −v are pre-

sented in this section, while those on estimating limiting one will be addressed

in the next section.

Theorem 2.8 Let p̄ ∈ intY+ and x̄ ∈ D(p̄) \ {0} be such that D(p̄) 6= ∅, X+

is SNC at x̄, and ∂̂u(x̄) 6= ∅. The following assertions hold:

(i) If 〈p̄, x̄〉 = 1, then

∂̂(−v)(p̄) ⊂
⋂

x∗∈−∂̂u(x̄)

{λx̄ : λ ≥ 0, x∗ + λp̄ ∈ −N(x̄;X+)}; (2.33)

(ii) If 〈p̄, x̄〉 < 1, then

∂̂(−v)(p̄) ⊂ {0}; (2.34)

(iii) If 〈p̄, x̄〉 < 1 and ∂̂u(x̄) \N(x̄, X+) 6= ∅, then

∂̂(−v)(p̄) = ∅; (2.35)

(iv) If u is Fréchet differentiable at x̄, and the map D : domB ⇒ X+ admits

a local upper Lipschitzian selection at (p̄, x̄), then

∂̂(−v)(p̄) =

{〈∇u(x̄), x̄〉x̄} if 〈p̄, x̄〉 = 1

{0} if 〈p̄, x̄〉 < 1.
(2.36)

Proof. To transform the problem (1.3) to the minimization problem (2.10),

we let X∗ (resp., X) play the role of X (resp., Y ). Put ϕ(x∗, x) = −u(x) for

(x∗, x) ∈ X∗ × X. Besides, let G(x∗) = {x ∈ X+ : 〈x∗, x〉 ≤ 1} for x∗ ∈ Y+,

G(x∗) = ∅ otherwise. From (1.2), (1.4), (1.5), and the conventions made, one

deduces that G(x∗) = B(x∗), µ(x∗) = −v(x∗), and M(x∗) = D(x∗) for all

x∗ ∈ X∗.
Let p̄ ∈ intY+ and x̄ ∈ D(p̄) \ {0} satisfy the assumptions of the theorem.

Using the definitions of Fréchet subdifferential and Fréchet upperdifferential,

one can show that

∂̂+ϕ(x∗, x) = {0} ×
(
− ∂̂u(x)

)
, ∀(x∗, x) ∈ X∗ ×X.
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Hence, the assumption ∂̂u(x̄) 6= ∅ implies ∂̂+ϕ(p̄, x̄) 6= ∅. Applying Theorem

2.3 for µ(·) = (−v)(·), M(·) = D(·), and (x̄, ȳ) := (p̄, x̄), we have

∂̂(−v)(p̄) ⊂
⋂

(x,x∗)∈∂̂+ϕ(p̄,x̄)

[
x+ D̂∗B(p̄, x̄)(x∗)

]
=

⋂
x∗∈−∂̂(u)(x̄)

D̂∗B(p̄, x̄)(x∗).

(2.37)

(i) If 〈p̄, x̄〉 = 1, then (2.37) and (2.29) imply (2.33).

(ii) If 〈p̄, x̄〉 < 1, then by (2.29) one has D̂∗B(p̄, x̄)(x∗) ⊂ {0} for every

x∗ ∈ X∗. It follows that ⋂
x∗∈−∂̂(u)(x̄)

D̂∗B(p̄, x̄)(x∗) ⊂ {0}.

Hence, (2.37) yields (2.34).

(iii) If 〈p̄, x̄〉 < 1 and ∂̂u(x̄) \N(x̄;X+) 6= ∅, then there exist x̄∗ ∈ −∂̂u(x̄)

such that x̄∗ /∈ −N(x̄;X+). By (2.37) and (2.29), we have

∂̂(−v)(p̄) ⊂
⋂

x∗∈−∂̂(u)(x̄)

D̂∗B(p̄, x̄)(x∗) ⊂ D̂∗B(p̄, x̄)(x̄∗) = ∅.

Hence, (2.35) is valid.

(iv) Now, suppose that the function u(·) is Fréchet differentiable at x̄, and

the map D : domB ⇒ X+ admits a local upper Lipschitzian selection at

(p̄, x̄). Since u is Fréchet differentiable at x̄, ∇ϕ(p̄, x̄) = (0,−∇u(x̄)). By

Theorem 2.4, one gets

∂̂(−v)(p̄) = D̂∗B(p̄, x̄)(−∇u(x̄)). (2.38)

Since D̂∗B(p̄, x̄)(−∇u(x̄)) can be computed by (2.29) with x∗ := −∇u(x̄)

and by Lemma 2.4, formula (2.36) follows from (2.38). 2

The upper estimates for the subdifferential ∂̂(−v)(p̄) provided by Theorem

2.8 are sharp. Moreover, under some mild conditions, the set on the right-

hand side of (2.33) is a singleton. In addition, if the indirect utility function

v is Fréchet differentiable at p̄, then its derivative at p̄ can be easily computed

by using (2.33) and (2.34). The following statement justifies our observations.

Corollary 2.1 Let p̄ ∈ intY+ and x̄ ∈ D(p̄) \ {0} be such that X+ is SNC at

x̄, and u is Fréchet differentiable at x̄. Then

∂̂(−v)(p̄) ⊂

{〈∇u(x̄), x̄〉x̄} if 〈p̄, x̄〉 = 1

{0} if 〈p̄, x̄〉 < 1.
(2.39)
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Consequently, if the indirect utility function v is Fréchet differentiable at p̄,

then

∇v(p̄) =

−〈∇u(x̄), x̄〉x̄ if 〈p̄, x̄〉 = 1

0 if 〈p̄, x̄〉 < 1.
(2.40)

Proof. Let p̄, x̄, and u satisfy our assumptions. Then, ∂̂u(x̄) = {∇u(x̄)}.
Hence, (2.39) follows from Theorem 2.8 and Lemma 2.4.

If v is Fréchet differentiable at p̄, then ∂̂v(p̄) = −∂̂(−v)(p̄) = {∇v(p̄)}
by [56, Proposition 1.87]. So, (2.40) follows from (2.39).

The proof is complete. 2

To obtain another corollary from Theorem 2.8, we now recall a well-known

concept in mathematical economics. One says (see, e.g., [65, p. 1076]) that

the consumer problem (1.3) satisfies the non satiety condition (NSC) if

[(x, p) ∈ X+ × Y+, 〈p, x〉 < 1] =⇒ [∃x′ ∈ X+, u(x′) > u(x)] .

As it has been noted in [65], NSC is equivalent to the following condition:

[(x, p) ∈ X+ × Y+, 〈p, x〉 < 1] =⇒ u(x) < v(p).

Moreover, one can easily prove the next lemma, which characterizes NSC via

the demand map.

Lemma 2.5 (See [65, Lemma 4.2]) The NSC is satisfied if and only if for all

p ∈ Y+, one has D(p) ⊂ {x ∈ X : 〈p, x〉 = 1}.

Consumer problems with the Cobb-Douglas utility functions satisfy the

non satiety condition.

Example 2.2 Suppose that there are n types of available goods. The quanti-

ties of goods purchased by the consumer form the good bundle x = (x1, . . . , xn),

where xi is the purchased quantity of the i-th good, i = 1, . . . , n. Assume

that each good is perfectly divisible so that any nonnegative quantity can

be purchased. Good bundles are vectors in the commodity space X := IRn.

The set of all possible good bundles

X+ :=
{
x = (x1, . . . , xn) ∈ IRn : x1 ≥ 0, . . . , xn ≥ 0

}
is the nonnegative orthant of IRn. The set of prices is

Y+ = {p = (p1, . . . , pn) ∈ IRn : p1 ≥ 0, . . . , pn ≥ 0}.
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For every p = (p1, . . . , pn) ∈ Y+, pi is the price of the i-th good, i = 1, . . . , n.

Given some numbers A > 0, α1, α2, . . . , αn ∈ (0, 1), consider the utility func-

tion u : X → IR+ defined by u(x) = Axα1
1 x

α2
2 . . . xαnn for any x ∈ intX+.

(Recall [89, p. 96] that 0α = 0 for any α > 0.) Clearly, u is strictly

increasing in each variable on intX+. Take p = (p1, . . . , pn) ∈ Y+ and

x = (x1, . . . , xn) ∈ X+ satisfying 〈p, x〉 < 1. If x /∈ intX+, then we choose

x′ = (x′1, x
′
2, . . . , x

′
n) such that x′i ∈ (0, 1) and

∑n
1 pix

′
i ≤ 1. Then 〈p, x′〉 ≤ 1

and x′ ∈ intX+, and therefore u(x′) > 0 = u(x). Consider the case where

x ∈ intX+. If p = 0, then by choosing x′ = (x′1, x2, . . . , xn) with x′1 > x1,

one gets 〈p, x′〉 < 1 and x′ ∈ intX+. Hence, u(x′) > u(x) as u is strictly in-

creasing on int IR+ w.r.t. the first variable. If p 6= 0, then there exists i0 such

that pi0 > 0. We choose x′ = (x′1, x
′
2, . . . , x

′
n) with x′i0 = (1 −

∑
i6=i0 pixi)/pi0

and x′i = xi for all i 6= i0. It follows that 〈p, x′〉 = 1, x′ ∈ intX+, and

x′i0 > xi0. As u is strictly increasing on int IR+ w.r.t. the i0-th variable, one

gets u(x′) > u(x). We have shown that, for any pair (p, x) ∈ Y+ ×X+ with

〈p, x〉 < 1, there exists x′ ∈ X+ such that 〈p, x′〉 ≤ 1 and u(x′) > u(x). Thus,

the NSC is satisfied.

In the following corollary, it is not assumed a priori that the demand set

D(p̄) is nonempty.

Corollary 2.2 Suppose that X+ has nonempty interior and the NSC is sat-

isfied. If u(·) is concave and upper semicontinuous on X+, and Fréchet dif-

ferentiable on D(p̄) then, for any p̄ ∈ intY+, one has

∂̂(−v)(p̄) ⊂ {〈∇u(x̄), x̄〉x̄ : x̄ ∈ D(p̄)}. (2.41)

Proof. Let p̄ ∈ intY+. Since u(·) is concave and upper semicontinuous on

X+, it is weakly upper semicontinuous on X+. Hence, by [65, Proposition 4.1]

we have D(p̄) 6= ∅. Take any x̄ ∈ D(p̄). Since X+ is a convex set with

nonempty interior, it is SNC at x̄. Besides, as the NSC is satisfied, Lemma

2.5 implies 〈p̄, x̄〉 = 1. Due to this and the Fréchet differentiability of u(·) on

D(p̄), formula (2.33) and Lemma 2.4 give ∂̂(−v)(p̄) ⊂ {〈∇u(x̄), x̄〉x̄}. Since

x̄ ∈ D(p̄) is arbitrarily chosen, from the last inclusion we obtain (2.41). 2
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2.4 Limiting Subdifferential of the Function −v

Our results on limiting and singular subdifferentials of −v are stated in

the following theorem.

Theorem 2.9 Let p̄ ∈ intY+ and x̄ ∈ D(p̄)\{0} be such that D(p̄) 6= ∅, X+ is

SNC at x̄, u is upper semicontinuous at x̄, and D is v-inner semicontinuous

at (p̄, x̄). Assume that either hypou is SNC at (x̄, ϕ(x̄)) or X is finite-

dimensional, and the qualification condition

∂∞,+u(x̄) ∩N(x̄;X+) = {0} (2.42)

is satisfied. Then, the following assertions hold:

(i) If 〈p̄, x̄〉 = 1, then

∂(−v)(p̄) ⊂
⋃

x∗∈∂+u(x̄)

{λx̄ : λ ≥ 0, x∗ − λp̄ ∈ N(x̄;X+)}, (2.43)

∂∞(−v)(p̄) ⊂
⋃

x∗∈∂∞,+u(x̄)

{λx̄ : λ ≥ 0, x∗ − λp̄ ∈ N(x̄;X+)}; (2.44)

(ii) If 〈p̄, x̄〉 < 1, then

∂(−v)(p̄) ⊂ {0}, (2.45)

∂∞(−v)(p̄) = {0}; (2.46)

(iii) If 〈p̄, x̄〉 < 1 and ∂+u(x̄) ∩N(x̄;X+) = ∅, then

∂(−v)(p̄) = ∅; (2.47)

(iv) If u is strictly differentiable at x̄, and the map D : domB ⇒ X+ admits

a local upper Lipschitzian selection at (p̄, x̄), then (−v) is lower regular

at x̄ and

∂(−v)(p̄) =

{〈∇u(x̄), x̄〉x̄} if 〈p̄, x̄〉 = 1

{0} if 〈p̄, x̄〉 < 1.
(2.48)

Proof. Let p̄ ∈ intY+ and x̄ ∈ D(p̄) \ {0} satisfy the assumptions of the

theorem. At the beginning of the proof of Theorem 2.8, we have transformed

the consumer problem in (1.3) to the minimization problem (2.10), where

ϕ(x∗, x) = −u(x) for (x∗, x) ∈ X∗ ×X, G(x∗) = B(x∗), µ(x∗) = −v(x∗), and

M(x∗) = D(x∗) for all x∗ ∈ X∗.
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Now, we will show that the limiting and singular sudifferential of −v at

p̄ can be estimated by assertion (i) of Theorem 2.5. Since X is a reflexive

Banach space, so is X∗. Hence, X and X∗ are Asplund spaces. Moreover,

B is locally closed around (p̄, x̄) because gphB is closed and (p̄, x̄) ∈ gphB.

Since u is upper semicontinuous at x̄, ϕ is lower semicontinuous at (p̄, x̄).

If hypou is SNC at (x̄, ϕ(x̄)), then epiϕ is SNC at (p̄, x̄, ϕ(p̄, x̄)). If X is

finite-dimensional, B is SNC at (p̄, x̄).

Letting (p̄, x̄) play the role of (x̄, ȳ), we now show that (2.42) implies (2.12).

The latter means that

∂∞ϕ(p̄, x̄) ∩ (−N((p̄, x̄); gphB)) = {(0, 0)}. (2.49)

The inclusion “⊃” is trivial. Take any (x, x∗) ∈ X × X∗ belonging to the

left-hand side of (2.49). On one hand, since ∂∞ϕ(p̄, x̄) = {0} × ∂∞(−u)(x̄),

x = 0 and x∗ ∈ ∂∞(−u)(x̄). This implies that −x∗ ∈ ∂∞,+(−u)(x̄). On the

other hand, because (−x,−x∗) ∈ N((p̄, x̄); gphB) and x = 0, it follows that

(0,−x∗) ∈ N((p̄, x̄); gphB). Hence, 0 ∈ D∗B(p̄, x̄)(x∗). Combining this with

(2.29) implies −x∗ ∈ N(x̄;X+). Thus, one has

−x∗ ∈ ∂∞,+(−u)(x̄) ∩N(x̄;X+).

So, by (2.42) one obtains x∗ = 0. We have just shown that (x, x∗) = (0, 0);

hence the inclusion “⊂” in (2.49) is true.

Since all the assumptions for the validity of assertion (i) of Theorem 2.5

are satisfied, we have

∂(−v)(p̄) ⊂
⋃
{x+D∗B(p̄, x̄)(x∗) : (x, x∗) ∈ ∂ϕ(p̄, x̄)} , (2.50)

∂∞(−v)(p̄) ⊂
⋃
{x+D∗B(p̄, x̄)(x∗) : (x, x∗) ∈ ∂∞ϕ(p̄, x̄)} . (2.51)

Since ∂ϕ(p̄, x̄) = {0} × ∂(−u)(x̄), and ∂∞ϕ(p̄, x̄) = {0} × ∂∞(−u)(x̄), the

inclusions (2.50) and (2.51) respectively imply

∂(−v)(p̄) ⊂
⋃

x∗∈∂(−u)(x̄)

D∗B(p̄, x̄)(x∗), (2.52)

∂∞(−v)(p̄) ⊂
⋃

x∗∈∂∞(−u)(x̄)

D∗B(p̄, x̄)(x∗). (2.53)

(i) If 〈p̄, x̄〉 = 1, then (2.52), (2.53), and (2.29) imply

∂(−v)(p̄) ⊂
⋃

x∗∈∂(−u)(x̄)

{λx̄ : λ ≥ 0, x∗ + λp̄ ∈ −N(x̄;X+)},

∂∞(−v)(p̄) ⊂
⋃

x∗∈∂∞(−u)(x̄)

{λx̄ : λ ≥ 0, x∗ + λp̄ ∈ −N(x̄;X+)}.
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As −∂(−u)(x̄) = ∂+u(x̄) and −∂∞(−u)(x̄) = ∂∞,+(−u)(x̄), these inclusions

yield (2.43) and (2.44), respectively.

(ii) If 〈p̄, x̄〉 < 1, then by (2.29) one has D∗B(p̄, x̄)(x∗) ⊂ {0} for every

x∗ ∈ X∗. It follows that⋃
x∗∈∂(−u)(x̄)

D∗B(p̄, x̄)(x∗) ⊂ {0},
⋃

x∗∈∂∞(−u)(x̄)

D∗B(p̄, x̄)(x∗) ⊂ {0}.

So, (2.52) implies (2.45), and (2.53) yields ∂∞(−v)(p̄) ⊂ {0}. Remembering

that ∂∞(−v)(p̄) always contains the origin, one obtains (2.46).

(iii) If 〈p̄, x̄〉 < 1 and ∂+u(x̄) ∩N(x̄;X+) = ∅, then for any x∗ ∈ ∂(−u)(x̄)

one has x∗ /∈ −N(x̄;X+). Therefore, by (2.29), D∗B(p̄, x̄)(x∗) = ∅ for all

x∗ ∈ ∂(−u)(x̄). Combining this with (2.52) implies (2.47).

(iv) Since p̄ ∈ intY+ and x̄ ∈ B(p̄) \ {0}, B is graphically regular at (p̄, x̄)

by Theorem 2.7. Besides, as u is strictly differentiable at x̄, so is ϕ at (p̄, x̄)

and one has ∇ϕ(p̄, x̄) = (0,−∇u(x̄)). Applying assertion (iii) of Theorem

2.5, we have

∂(−v)(p̄) = D∗B(p̄, x̄)(−∇u(x̄)). (2.54)

Since D∗B(p̄, x̄)(−∇u(x̄)) can be computed via (2.29) with x∗ := −∇u(x̄)

and Lemma 2.4, formula (2.48) follows from (2.54).

The proof is complete. 2

We now give an illustrative example for Theorem 2.9.

Example 2.3 Choose X = IR, X+ = IR+, and define the concave utility

function u : X → IR by

u(x) =

x if x ≤ 1

1 if x > 1.

One has Y+ = IR+ and

B(p) =

[0,+∞) if p = 0

[0, 1/p] if p > 0.

It is easy to show that

v(p) =

1 if 0 ≤ p < 1

1/p if p ≥ 1
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Figure 2.1: Utility function Figure 2.2: Budget map

and

D(p) =


[1,+∞) if p = 0

[1, 1/p] if 0 < p < 1

{1/p} if p ≥ 1.

We see that both functions v and −v are neither convex nor concave on

Figure 2.3: Indirect utility function Figure 2.4: Demand map

X+. Consider the pair (p̄, x̄) = (1, 1) belonging to gphD. It is obvious that

p̄ ∈ intY+, x̄ 6= 0, X+ is SNC at x̄, and 〈p̄, x̄〉 = 1. Besides, as u is locally

Lipschitz on X, u is upper semicontinuous at x̄ and ∂∞,+u(x̄) = {0}. Thus,

the qualification (2.42) is satisfied. Moreover, the formulas of v and D imply

that D is v-inner semicontinuous at (p̄, x̄).

It follows from definitions that

∂+u(x̄) = [0, 1], ∂(−v)(p̄) = [0, 1], and ∂∞(−v)(p̄) = {0}
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while, by direct computation, we have⋃
x∗∈∂+u(x̄)

{λx̄ : λ ≥ 0, x∗ − λp̄ ∈ N(x̄;X+)} = [0, 1],

⋃
x∗∈∂∞,+u(x̄)

{λx̄ : λ ≥ 0, x∗ − λp̄ ∈ N(x̄;X+)} = {0}.

Thus, the inclusions (2.43) and (2.44) hold as equalities.

Now, we present a counterpart of Theorem 2.9, where the assumption on

the v-inner semicontinuity of D at (p̄, x̄) is removed. In fact, here one has the

v-inner semicompactness of D at p̄, which is guaranteed by the assumptions

saying that X is finite-dimensional and p̄ ∈ intY+.

Theorem 2.10 Suppose that X is a finite-dimensional Banach space, the

non satiety condition is satisfied, and u is upper semicontinuous on X+. For

any p̄ ∈ intY+, if the qualification condition (2.42) is satisfied for every

x̄ ∈ D(p̄), then one has

∂(−v)(p̄) ⊂
⋃

x̄∈D(p̄)

⋃
x∗∈∂+u(x̄)

{λx̄ : λ ≥ 0, x∗ − λp̄ ∈ N(x̄;X+)}, (2.55)

∂∞(−v)(p̄) ⊂
⋃

x̄∈D(p̄)

⋃
x∗∈∂∞,+u(x̄)

{λx̄ : λ ≥ 0, x∗ − λp̄ ∈ N(x̄;X+)}. (2.56)

Proof. Fix a vector p̄ ∈ intY+ and suppose that all the assumptions of

the theorem are satisfied. We transform (1.3) to (2.10) in same manner

as in the proofs of Theorem 2.8 and Theorem 2.9. Let us show that the

limiting and singular sudifferential of −v at p̄ can be estimated by assertion

(ii) of Theorem 2.5. To do so, we have to prove that the map D is v-inner

semicompact at p̄.

On one hand, for a given r ∈ (0, 1), as shown in the proof of Proposition 3.2

in [35], the vector q̄ := rp̄ belongs to intY+, the set U1 := q̄ + intY+ is an

open neighborhood of p̄, and B(p) ⊂ B(q̄) for every p ∈ U1. On the other

hand, since X is a finite-dimensional Banach space, the weak topology of

X coincides with its norm topology. Hence, by the upper semicontinuity of

u on X+ and [65, Proposition 4.1], D(p) is nonempty for every p ∈ intY+.

So, the set U := U1 ∩ intY+ is an open neighborhood of p̄ and one has

∅ 6= D(p) ⊂ B(q̄) for every p ∈ U . Take any sequence pk
v→ p̄. Without

loss of generality, one may assume that pk ∈ U for all k. Thus, for each k,

one can select a vector xk ∈ D(pk). Since {xk} ⊂ B(q̄), the compactness
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of B(q̄) (see [65, Proof of Proposition 4.1]) implies that {xk}k∈IN contains a

convergent subsequence. We have thus proved that D is v-inner semicompact

at p̄.

By assertion (ii) of Theorem 2.5, where we let ϕ(x∗, x) = −u(x) for every

(x∗, x) ∈ X∗ ×X, G(x∗) = B(x∗), µ(x∗) = −v(x∗), M(x∗) = D(x∗) for every

x∗ ∈ X∗, and x̄ = p̄, we have

∂(−v)(p̄) ⊂
⋃

x̄∈D(p̄)

{x+D∗B(p̄, x̄)(x∗) : (x, x∗) ∈ ∂ϕ(p̄, x̄)} ,

∂∞(−v)(p̄) ⊂
⋃

x̄∈D(p̄)

{x+D∗B(p̄, x̄)(x∗) : (x, x∗) ∈ ∂∞ϕ(p̄, x̄)} .

Since ∂ϕ(p̄, x̄) = {0} × ∂(−u)(x̄), and ∂∞ϕ(p̄, x̄) = {0} × ∂∞(−u)(x̄), these

inclusions imply

∂(−v)(p̄) ⊂
⋃

x̄∈D(p̄)

⋃
x∗∈∂(−u)(x̄)

D∗B(p̄, x̄)(x∗), (2.57)

∂∞(−v)(p̄) ⊂
⋃

x̄∈D(p̄)

⋃
x∗∈∂∞(−u)(x̄)

D∗B(p̄, x̄)(x∗). (2.58)

As the NSC is satisfied, we have x̄ 6= 0 and 〈p̄, x̄〉 = 1 for any x̄ ∈ D(p̄).

Thus, it follows from (2.57), (2.58), and (2.29) that

∂(−v)(p̄) ⊂
⋃

x̄∈D(p̄)

⋃
x∗∈∂(−u)(x̄)

{λx̄ : λ ≥ 0, x∗ + λp̄ ∈ −N(x̄;X+)}

∂∞(−v)(p̄) ⊂
⋃

x̄∈D(p̄)

⋃
x∗∈∂∞(−u)(x̄)

{λx̄ : λ ≥ 0, x∗ + λp̄ ∈ −N(x̄;X+)}.

Remembering that −∂(−u)(x̄) = ∂+u(x̄) and −∂∞(−u)(x̄) = ∂∞,+(−u)(x̄),

one obtains (2.55) and (2.56) from these inclusions and thus completes the

proof. 2

Corollary 2.3 Let p̄ ∈ intY+. If X is finite-dimensional, the NSC is satis-

fied, and u is strictly differentiable on D(p̄), then

∂(−v)(p̄) ⊂ {〈∇u(x̄), x̄〉x̄ : x̄ ∈ D(p̄)}, (2.59)

∂∞(−v)(p̄) = {0}. (2.60)

Proof. Under the assumptions of the corollary, take any x̄ ∈ D(p̄). By

the strict differentiability of u on D(p̄), one has ∂+u(x̄) = {∇u(x̄)} (see [56,

Corollary 1.82]), and u is locally Lipschitz around x̄ (see [56, p. 19]). Thus,
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∂∞,+u(x̄) = {0}; hence the qualification condition (2.42) is satisfied at x̄. It

follows from Theorem 2.10 that

∂(−v)(p̄) ⊂
⋃

x̄∈D(p̄)

{λx̄ : λ ≥ 0, λp̄ ∈ ∇u(x̄)−N(x̄;X+)}, (2.61)

∂∞(−v)(p̄) ⊂
⋃

x̄∈D(p̄)

{λx̄ : λ ≥ 0, λp̄ ∈ −N(x̄;X+)}. (2.62)

For any x̄ ∈ D(p̄), by Lemma 2.4 one has

{λ ≥ 0 : λp̄ ∈ ∇u(x̄)−N(x̄;X+)} = {〈∇u(x̄), x̄〉},

while {λ ≥ 0 : λp̄ ∈ −N(x̄;X+)} = {0}. Thus, (2.59) follows from (2.61),

and (2.60) follows from (2.62), because 0 ∈ ∂∞(−v)(p̄).

The proof is complete. 2

2.5 Some Economic Interpretations

In order to give some economic interpretations for the obtained results on

estimating subdifferentials, we need to clarify the relationships between the

concepts of subdifferential and derivative.

Suppose that p̄ ∈ intY+ and ξ̄ ∈ ∂̂(−v)(p̄). By [56, Theorem 1.88], there

exists a function s : X∗ → IR that is finite around p̄, Fréchet differentiable at

p̄, such that

s(p̄) = −v(p̄), ∇s(p̄) = ξ̄, and s(x∗) ≤ −v(x∗) for all x∗ ∈ X∗.
(2.63)

Fix a vector q ∈ X∗. If t > 0 is small enough, then the Fréchet differentiability

of s at p̄ implies

s(p̄+ tq) = s(p̄) + t〈∇s(p̄), q〉+ o(t)

with lim
t→0+

o(t)

t
= 0. Combining this with (2.63) gives

−〈ξ̄, q〉 ≥ v(p̄+ tq)− v(p̄)

t
+
o(t)

t
,

for t > 0 small enough. Hence, we get

−〈ξ̄, q〉 ≥ lim sup
t→0+

v(p̄+ tq)− v(p̄)

t
=: d+v(p̄; q),
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where d+v(p̄; q) stands for the upper Dini directional derivative of v at p̄ in

direction q. Thus, if ∂̂(−v)(p̄) is nonempty, then

d+v(p̄; q) ≤ inf
ξ∈∂̂(−v)(p̄)

[−〈ξ, q〉]. (2.64)

If a formula for exact computation of ∂̂(−v)(p̄) is available, then (2.64) pro-

vides us with a sharp upper estimate for the value d+v(p̄; q).

Since
v(p̄+ tq)− v(p̄)

t
is the average rate of the change of the maximal

satisfaction, represented by the indirect utility function v, of the consumer

when the price moves slightly forward direction q from the current price p̄,

the upper Dini directional derivative d+v(p̄; q) can be interpreted as an upper

bound for the instant rate of the change of the maximal satisfaction of the

consumer. Therefore, the estimate given by (2.64) reads as follows: If the

current price is p̄ and the price moves forward a direction q ∈ X∗, then the

instant rate of the change of the maximal satisfaction of the consumer is

bounded above by the real number inf
ξ∈∂̂(−v)(p̄)

[−〈ξ, q〉].

If ∂̂(−v)(p̄) = ∅, then the estimate in (2.64) is trivial because inf ∅ = +∞.

If u is weakly upper semicontinuous and strongly lower semicontinuous onX+,

then v is strongly continuous on intY+ by [35, Theorem 3.2]. In particular,

if X is finite-dimensional and u is continuous on X+, then v is continuous on

intY+. Another sufficient condition for the continuity of v is the following:

u is concave and strongly continuous on X+ (then u is both weakly upper

semicontinuous and strongly lower semicontinuous on X+). Now, suppose

that v is continuous and concave on intY+. Then, for every p̄ ∈ intY+,

∂̂(−v)(p̄) and bounded in the weak∗ topology by [43, Prop. 3, p. 199]. In

fact, since the continuity and concavity of v on intY+ imply that −v is locally

Lipschitz and convex on intY+ (see, e.g., [63, Corollary 3.10]), ∂̂(−v)(p̄) is

weakly∗ compact for every p̄ ∈ intY+.

Let ϕ : X → IR be finite at x̄ ∈ X. The Clarke subdifferential of ϕ at x̄ is

given by

∂Cϕ(x̄) := {x∗ ∈ X : (x∗,−1) ∈ Nepiϕ((x̄, ϕ(x̄))} ,
where recall that Nepiϕ((x̄, ϕ(x̄)) is denoted for the Clarke normal cone to

epiϕ at (x̄, ϕ(x̄) (see Section 1.2).

The relationships between the Clarke subdifferential and the Mordukhovich

subdifferential is as follows.
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Theorem 2.11 (See [56, Theorem 3.57]) Suppose that X is an Asplund space

and ϕ : X → IR \ {−∞} is finite and lower semicontinuous at x̄ ∈ X. Then

∂Cϕ(x̄) = cl ∗[co ∂ϕ(x̄) + co ∂∞ϕ(x̄)] = cl ∗co [∂ϕ(x̄) + ∂∞ϕ(x̄)], (2.65)

where coA stands for the convex closure of A ⊂ X∗ and cl ∗A denotes the

weak∗ topological closure of A.

Following [74], we write (x, α) ↓ϕ x̄ when (x, α) ∈ epiϕ, x → x̄, and

α→ ϕ(x̄). The upper subderivative of ϕ at x̄ with respect to v ∈ X (see [74,

formula (4.2)] or [73, formula (2.3)]) is defined by

ϕ↑(x̄; v) := lim
ε→0+

lim sup
t→0+

(x,α)↓ϕx̄

inf
w∈v+εB

ϕ(x+ tw)− α
t

.

By [74, Theorem 2], the function v → ϕ↑(x̄; v) is convex, homogeneous, lower

semicontinuous, not identical +∞. When ϕ is lower semicontinuous at x̄,

ϕ↑(x̄; v) can be given by a slightly simpler expression

ϕ↑(x̄; v) := lim
ε→0+

lim sup
t→0+

x
ϕ→x̄

inf
w∈v+εB

ϕ(x+ tw)− ϕ(x)

t
.

Theorem 2.12 (See [20, p. 97]) Let ϕ : X → IR be finite at x̄. One has

∂Cϕ(x̄) = ∅ if and only if ϕ↑(x̄; 0) = −∞. Otherwise, one has

∂Cϕ(x̄) = {x∗ ∈ X∗ : ϕ↑(x̄; v) ≥ 〈x∗, v〉, ∀v ∈ X},

and

ϕ↑(x̄; v) = sup{〈x∗, v〉 : x∗ ∈ ∂Cϕ(x̄)} (2.66)

for any v ∈ X.

The generalized Clarke derivative of ϕ at x̄ with respect to v ∈ X (see [74,

formula (5.2)]) is

ϕ0(x̄; v) := lim sup
t→0+

(x,α)↓ϕx̄

ϕ(x+ tv)− α
t

.

If ϕ is lower semicontinuous at x̄, then the above formula becomes

ϕ0(x̄; v) := lim sup
t→0+

x
ϕ→x̄

ϕ(x+ tv)− ϕ(x)

t
.
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The function ϕ is said to be directionally Lipschitzian at x̄ with respect to

v ∈ X (see [74, formula (5.2)]) if f is finite at x and

lim sup
w→v, t→0+

(x,α)↓ϕx̄

ϕ(x+ tw)− α
t

< +∞,

a condition which can be simplified when f is lower semicontinuous at x to

lim sup
w→v, t→0+

x
ϕ→x̄

ϕ(x+ tw)− ϕ(x)

t
< +∞.

It follows from the definition that f is Lipschitz around x̄ if and only if it is

directionally Lipschitzian at x̄ w.r.t. v = 0. One says that f is directionally

Lipschitzian at x̄ if there is at least one v, not necessarily 0, such that f is

directionally Lipschitzian at x̄ w.r.t. v. We refer to [74, Sect. 6] for some

conditions guaranteeing that f is directionally Lipschitzian at x̄.

Theorem 2.13 (See [74, Theorem 3]) Let ϕ : X → IR be finite at x̄. If ϕ is

directionally Lipschitzian at x̄ w.r.t. v ∈ X, then ϕ↑(x̄; v) = ϕ0(x̄; v).

Turning back to the indirect utility function v of (1.3), we suppose that

v is finite at p̄ ∈ intY+. Combining formulas (2.43) and (2.44) (resp., (2.55)

and (2.56)), we obtain an upper estimate for the sum ∂(−v)(p̄) +∂∞(−v)(p̄).

Thus, if v is upper semicontinuous at p̄ and v(p) 6= +∞ for all p ∈ Y+, then

by (2.65) we get an upper estimate for the Clarke subdifferential ∂C(−v)(p̄).

In other words, we find a subset A of X in an explicit form such that

∂C(−v)(p̄) ⊂ A. Since 0 ∈ ∂∞(−v)(p̄), one has ∂C(−v)(p̄) 6= ∅ if and only if

∂(−v)(p̄) 6= ∅. Therefore, if the latter is valid then, for any q ∈ X∗, by (2.66)

one has

(−v)↑(p̄; q) = sup
ξ∈∂C(−v)(p̄)

〈ξ, q〉;

hence

(−v)↑(p̄; q) ≤ sup
ξ∈A
〈ξ, q〉 =: α(q).

So, if v is upper semicontinuous at p̄, then

lim
ε→0+

lim sup
t→0+

p
v→p̄

inf
w∈q+εB

(−v)(p+ tw)− (−v)(p)

t
= sup

ξ∈∂C(−v)(p̄)

〈ξ, q〉, (2.67)

and

lim
ε→0+

lim sup
t→0+

p
v→p̄

inf
w∈q+εB

(−v)(p+ tw)− (−v)(p)

t
≤ α(q). (2.68)
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If, in addition, −v is directionally Lipschitzian at p̄ w.r.t. q, then by Theorem

2.13 one has (−v)↑(p̄; q) = (−v)0(p̄; q). Hence, (2.67) and (2.68) respectively

yield

lim sup
t→0+

p
v→p̄

(−v)(p+ tq)− (−v)(p)

t
= sup

ξ∈∂C(−v)(p̄)

〈ξ, q〉, (2.69)

and

lim sup
t→0+

p
v→p̄

(−v)(p+ tq)− (−v)(p)

t
≤ α(q). (2.70)

Formula (2.69) is equivalent to

lim inf
t→0+

p
v→p̄

v(p+ tq)− v(p)

t
= − sup

ξ∈∂C(−v)(p̄)

〈ξ, q〉,

and therefore

d−v(p̄; q) := lim inf
t→0+

v(p̄+ tq)− v(p̄)

t
≥ − sup

ξ∈∂C(−v)(p̄)

〈ξ, q〉,

with d−v(p̄; q) denoting the lower Dini directional derivative of v at p̄ in

direction q. Similarly, (2.70) is equivalent to

lim inf
t→0+

p
v→p̄

v(p+ tq)− v(p)

t
≥ −α(q),

and thus we have the following lower estimate for the lower Dini directional

derivative of v at p̄ in direction q:

d−v(p̄; q) ≥ −α(q). (2.71)

In the first part of this section, we have explained the economic meaning of

an upper estimate for the upper Dini directional derivative d+v(p̄; q). Anal-

ogously, the lower Dini directional derivative d−v(p̄; q) can be interpreted as

an lower bound for the instant rate of the change of the maximal satisfaction

of the consumer. Therefore, the estimate given by (2.71) reads as follows: If

the current price is p̄ and the price moves forward a direction q ∈ X∗, then

the instant rate of the change of the maximal satisfaction of the consumer is

bounded below by the real number −α(q) = inf
ξ∈A
〈−ξ, q〉. Here, the set A is an

upper bound for the Clarke subdifferential ∂C(−v)(p̄), which is provided either

by Theorem 2.9 or by Theorem 2.10.

59



2.6 Conclusions

We have studied the differential stability of the budget map and the in-

direct utility function of the parametric consumer problem. Namely, by uti-

lizing some nice features of the budget map, we have been able to establish

formulas for estimating the Fréchet, limiting, and singular subdifferentials

of the infimal nuisance function, which is obtained from the indirect utility

function by changing its sign. Besides, economic meanings of the obtained

subdifferential estimates are explained in details.
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Chapter 3

Parametric Optimal Control Problems

with Unilateral State Constraints

This chapter is written on the basis of the paper [37]. In the present

chapter and the following one, a maximum principle for finite horizon opti-

mal control problems with state constraints is analyzed via three parametric

examples. The difference among those are in the appearance of state con-

straints: The first one does not contain state constraints, the second one is

a problem with unilateral state constraints, and the third one is a problem

with bilateral state constraints. The first two problems are studied herein.

The last one with bilateral state constraints will be addressed in the next

chapter. These problems have the origin in the studies of a recent paper by

Basco, Cannarsa, and Frankowska [12, 12, Example 1] and of the book by

Clarke [21, Section 22.2 and Exercise 26.1], where the choices of the objective

functions and the differential equations in these problems are motivated by

optimal economic growth models (see Chapter 5). Thus, our analysis in this

and the next chapter not only helps to understand the maximum principle in

depth, but also serves as a sample of applying it to meaningful prototypes of

economic optimal growth models.

Throughout Chapters 3–5, we will use the following standard notations.

The norm (resp., the inner product) in the n-dimensional Euclidean space

IRn is denoted by ‖.‖ (resp., 〈·, ·〉). For a given segment [t0, T ] of the real

line, we denote the σ-algebra of its Lebesgue measurable subsets (resp., the

σ-algebra of its Borel sets) by L (resp., B). The σ-algebra of the Borel sets

in IRm is denoted by Bm. The Sobolev space W 1,1([t0, T ], IRn) is the linear

space of the absolutely continuous functions x : [t0, T ] → IRn endowed with
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the norm

‖x‖W 1,1 = ‖x(t0)‖+

∫ T

t0

‖ẋ(t)‖dt (3.1)

(see, e.g., [43, p. 21] for this and another equivalent norm).

The normal cone N(x̄; Ω) of a subset Ω ⊂ IRn (resp., the subdifferential

∂ϕ(x̄) of an extended real-valued function ϕ : IRn → IR) at a point x̄ is under-

stood in the sense of the Mordukhovich normal cone (resp., the Mordukhovich

subdifferential) given in Section 2.1.

3.1 Problem Statement

Let a > λ > 0, T > t0 ≥ 0, and x0 ∈ IR be given as five parameters. In

this chapter, we consider two finite horizon optimal control problems of the

Lagrange type denoted by (FP1) and (FP2).

The first problem (FP1) is the following

Minimize J(x, u) =

∫ T

t0

[
− e−λt(x(t) + u(t))

]
dt

over x ∈ W 1,1([t0, T ], IR) and measurable functions u : [t0, T ]→ IR satisfying
ẋ(t) = −au(t), a.e. t ∈ [t0, T ]

x(t0) = x0

u(t) ∈ [−1, 1], a.e. t ∈ [t0, T ].

(3.2)

The second problem (FP2) is formed from (FP1) by adding the requirement

x(t) ≤ 1 for all t ∈ [t0, T ] to the constraint system (3.2), i.e.,

Minimize J(x, u) =

∫ T

t0

[
− e−λt(x(t) + u(t))

]
dt

over x ∈ W 1,1([t0, T ], IR) and measurable functions u : [t0, T ]→ IR satisfying
ẋ(t) = −au(t), a.e. t ∈ [t0, T ]

x(t0) = x0

u(t) ∈ [−1, 1], a.e. t ∈ [t0, T ]

x(t) ≤ 1, ∀t ∈ [t0, T ].
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Later, we will treat (FP1) and (FP2) as problems of the Mayer type by

setting x(t) = (x1(t), x2(t)), where x1(t) plays the role of the variable x(t)

in (FP1) and (FP2), and

x2(t) :=

∫ t

t0

[
− e−λτ(x1(τ) + u(τ))

]
dτ (3.3)

for all t ∈ [0, T ]. Then, (FP1) is equivalent to the problem

Minimize x2(T )

over x = (x1, x2) ∈ W 1,1([t0, T ], IR2) and measurable functions u : [t0, T ]→ IR

satisfying 
ẋ1(t) = −au(t), a.e. t ∈ [t0, T ]

ẋ2(t) = −e−λt(x1(t) + u(t)), a.e. t ∈ [t0, T ]

(x(t0), x(T )) ∈ {(x0, 0)} × IR2

u(t) ∈ [−1, 1], a.e. t ∈ [t0, T ],

(3.4)

which is abbreviated to (FP1a). Similarly, (FP2) is equivalent to the problem

(FP2a) described as follows.

Minimize x2(T )

over x = (x1, x2) ∈ W 1,1([t0, T ], IR2) and measurable functions u : [t0, T ]→ IR

satisfying 

ẋ1(t) = −au(t), a.e. t ∈ [t0, T ]

ẋ2(t) = −e−λt(x1(t) + u(t)), a.e. t ∈ [t0, T ]

(x(t0), x(T )) ∈ {(x0, 0)} × IR2

u(t) ∈ [−1, 1], a.e. t ∈ [t0, T ]

x1(t) ≤ 1, ∀t ∈ [t0, T ].

(3.5)

3.2 Auxiliary Concepts and Results

As in [82, p. 321], we consider the following finite horizon optimal control

problem of the Mayer type, denoted by M,

Minimize g(x(t0), x(T )), (3.6)
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over x ∈ W 1,1([t0, T ], IRn) and measurable functions u : [t0, T ]→ IRm satisfy-

ing 
ẋ(t) = f(t, x(t), u(t)), a.e. t ∈ [t0, T ]

(x(t0), x(T )) ∈ C
u(t) ∈ U(t), a.e. t ∈ [t0, T ]

h(t, x(t)) ≤ 0, ∀t ∈ [t0, T ],

(3.7)

where [t0, T ] is a given interval, g : IRn×IRn → IR, f : [t0, T ]×IRn×IRm → IRn,

and h : [t0, T ] × IRn → IR are given functions, C ⊂ IRn × IRn is a closed set,

and U : [t0, T ] ⇒ IRm is a set-valued map.

A measurable function u : [t0, T ] → IRm satisfying u(t) ∈ U(t) for almost

every t ∈ [t0, T ] is called a control function. A process (x, u) consists of a

control function u and an arc x ∈ W 1,1([t0, T ]; IRn) that is a solution to the

differential equation in (3.7). A state trajectory x is the first component of

some process (x, u). A process (x, u) is called feasible if the state trajectory

satisfies the endpoint constraint (x(t0), x(T )) ∈ C and the state constraint

h(t, x(t)) ≤ 0 for all t ∈ [t0, T ].

Due to the appearance of the state constraint h(t, x(t)) ≤ 0, t ∈ [t0, T ],

the problem M in (3.6)–(3.7) is said to be an optimal control problem with

state constraints or a state constrained optimal control problem. But, if the

state constraint is fulfilled for any state trajectory x with (x(t0), x(T )) ∈ C,

i.e., the state constraint can be removed from (3.7), then one says thatM an

optimal control problem without state constraints or an unconstrained optimal

control problem.

Definition 3.1 A feasible process (x̄, ū) is called a W 1,1 local minimizer for

M if there exists δ > 0 such that

g(x̄(t0), x̄(T )) ≤ g(x(t0), x(T )) (3.8)

for any feasible process (x, u) satisfying ‖x̄ − x‖W 1,1 ≤ δ. If (3.8) holds true

for every feasible process (x, u), then (x̄, ū) is called a W 1,1 global minimizer

for M.

Definition 3.2 The Hamiltonian H : [t0, T ]× IRn × IRn × IRm → IR of (3.7)

is defined by

H(t, x, p, u) := 〈p, f(t, x, u)〉 =
n∑
i=1

pifi(t, x, u). (3.9)
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Definition 3.3 The partial hybrid subdifferential (see [82, p. 329]) ∂>x h(t, x)

of h(t, x) w.r.t. x is given by

∂>x h(t, x) := co
{
ξ : there exists (tk, xk)

h→ (t, x) such that

h(tk, xk) > 0 for all k and ∇xh(tk, xk)→ ξ
}
, (3.10)

where (tk, xk)
h→ (t, x) means that (tk, xk)→ (t, x) and h(tk, xk)→ h(t, x) as

k →∞.

To deal with the state constraint h(t, x(t)) ≤ 0 inM, one has to introduce

a multiplier that is an element in the topological dual C∗([t0, T ]; IR) of the

space of continuous functions C([t0, T ]; IR) with the supremum norm. By the

Riesz Representation Theorem (see, e.g., [49, Theorem 6, p. 374] and [53,

Theorem 1, pp. 113–115]), any bounded linear functional f on C([t0, T ]; IR)

can be uniquely represented in the form

f(x) =

∫
[t0,T ]

x(t)dv(t),

where v is a function of bounded variation on [t0, T ] which vanishes at t0
and which are continuous from the right at every point τ ∈ (t0, T ), and∫

[t0,T ]

x(t)dv(t) is the Riemann-Stieltjes integral of x with respect to v (see,

e.g., [49, p. 364]). The set of the elements of C∗([t0, T ]; IR) which are given

by nondecreasing functions v is denoted by C⊕(t0, T ).

Every v ∈ C∗([t0, T ]; IR) corresponds to a finite regular measure, denoted

by µv, on the σ-algebra B of the Borel subsets of [t0, T ] by the formula

µv(A) :=

∫
[t0,T ]

χA(t)dv(t),

where

χA(t) :=

1, if t ∈ A
0, if t /∈ A.

Due to the correspondence v 7→ µv, we call every element v ∈ C∗([t0, T ]; IR)

a “measure” and identify v with µv. Clearly, the measure corresponding to

each v ∈ C⊕(t0, T ) is nonnegative.

The integrals

∫
[t0,t)

ν(s)dµ(s) and

∫
[t0,T ]

ν(s)dµ(s) of a Borel measurable

function ν in the next theorem are understood in the sense of the Lebesgue-

Stieltjes integration [49, p. 364].
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Theorem 3.1 (See [82, Theorem 9.3.1]) Let (x̄, ū) be a W 1,1 local minimizer

for M. Assume that for some δ > 0, the following hypotheses are satisfied:

(H1) f(·, x, ·) is L × Bm measurable, for fixed x. There exists a Borel mea-

surable function k(·, ·) : [t0, T ] × IRm → IR such that the function

t 7→ k(t, ū(t)) is integrable and, for almost every t ∈ [t0, T ],

‖f(t, x, u)−f(t, x′, u)‖ ≤ k(t, u)‖x−x′‖,∀x, x′ ∈ x̄(t)+δB̄IRn,∀u ∈ U(t);

(H2) gphU is a Borel set in [t0, T ]× IRm;

(H3) g is Lipschitz continuous on the ball (x̄(t0), x̄(T )) + δB̄IR2n;

(H4) h is upper semicontinuous and there exists K > 0 such that

‖h(t, x)− h(t, x′)‖ ≤ K‖x− x′‖, ∀x, x′ ∈ x̄(t) + δB̄IRn, ∀t ∈ [t0, T ].

Then there exist p ∈ W 1,1([t0, T ]; IRn), γ ≥ 0, µ ∈ C⊕(t0, T ), and a Borel

measurable function ν : [t0, T ] → IRn such that (p, µ, γ) 6= (0, 0, 0), and for

q(t) := p(t) + η(t) with

η(t) :=

∫
[t0,t)

ν(s)dµ(s), if t ∈ [t0, T )

and

η(T ) :=

∫
[t0,T ]

ν(s)dµ(s),

the following holds true:

(i) ν(t) ∈ ∂>x h(t, x̄(t)) µ-a.e.;

(ii) −ṗ(t) ∈ co ∂xH(t, x̄(t), q(t), ū(t)) a.e.;

(iii) (p(t0),−q(T )) ∈ γ∂g(x̄(t0), x̄(T )) +N((x̄(t0), x̄(T ));C);

(iv) H(t, x̄(t), q(t), ū(t)) = maxu∈U(t)H(t, x̄(t), q(t), u) a.e.

Applying Theorem 3.1 to unconstrained optimal control problems, one has

the next proposition.

Proposition 3.1 (See [82, Theorem 6.2.1]) Suppose that M is an optimal

control problem without state constraints. Let (x̄, ū) be a W 1,1 local minimizer

for M. Assume that for some δ > 0, the following hypotheses are satisfied.
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(H1) The function f(·, x, ·) : [t0, T ] × IRm → IRn is L × Bm measurable, for

every x ∈ IRn. In addition, there exits a Borel measurable function

k : [t0, T ] × IRm → IR such that t 7→ k(t, ū(t)) is integrable and, for

almost every t ∈ [t0, T ],

‖f(t, x, u)−f(t, x′, u)‖ ≤ k(t, u)‖x−x′‖, ∀x, x′ ∈ x̄(t)+δB̄IRn, u ∈ U(t);

(H2) gphU is an L × Bm measurable set in [t0, T ]× IRm;

(H3) g is locally Lipschitz continuous.

Then there exist p ∈ W 1,1([t0, T ]; IRn) and γ ≥ 0 such that (p, γ) 6= (0, 0) and

the following holds true:

(i) −ṗ(t) ∈ co ∂xH(t, x̄(t), p(t), ū(t)) a.e.;

(ii) (p(t0),−p(T )) ∈ γ∂g(x̄(t0), x̄(T )) +N((x̄(t0), x̄(T ));C);

(iii) H(t, x̄(t), p(t), ū(t)) = maxu∈U(t)H(t, x̄(t), p(t), u).

To recall a solution existence theorem for optimal control problems with

state constraints of the Mayer type, we will use the notations and concepts

given in [18, Section 9.2]. Let A be a subset of IR× IRn and U : A ⇒ IRm be

a set-valued map defined on A. Let

M := {(t, x, u) ∈ IR× IRn × IRm : (t, x) ∈ A, u ∈ U(t, x)},

and f = (f1, f2, . . . , fn) : M → IRn be a single-valued map defined on M . Let

B be a given subset of IR× IRn × IR× IRn and g : B → IR be a real function

defined on B. Consider the optimal control problem of the Mayer type

Minimize g(t0, x(t0), T, x(T )) (3.11)

over x ∈ W 1,1([t0, T ]; IRn) and measurable functions u : [t0, T ] → IRm satis-

fying 
ẋ(t) = f(t, x(t), u(t)), a.e. t ∈ [t0, T ]

(t, x(t)) ∈ A, for all t ∈ [t0, T ]

(t0, x(t0), T, x(T )) ∈ B
u(t) ∈ U(t, x(t)), a.e. t ∈ [t0, T ],

(3.12)

where [t0, T ] is a given interval. The problem (3.11)–(3.12) is denoted byM1.

A feasible process forM1 is a pair of functions (x, u) with x : [t0, T ]→ IRn

being absolutely continuous on [t0, T ], u : [t0, T ] → IRm being measurable,
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such that all the requirements in (3.12) are satisfied. If (x, u) is a feasible

process for M1, then x is said to be a feasible trajectory, and u a feasible

control function for M1. The set of all feasible processes for M1 is denoted

by Ω.

Let A0 =
{
t ∈ R : ∃x ∈ Rn s.t. (t, x) ∈ A

}
, i.e., A0 is the projection of A

on the t-axis. Set

A(t) =
{
x ∈ IRn : (t, x) ∈ A

}
, t ∈ A0

and

Q(t, x) =
{
z ∈ IRn : z = f(t, x, u), u ∈ U(t, x)

}
, (t, x) ∈ A.

The forthcoming statement is called Filippov’s Existence Theorem for Mayer

problems.

Theorem 3.2 (See [18, Theorem 9.2.i and Section 9.4]) Suppose that Ω is

nonempty, B is closed, g is lower semicontinuous on B, f is continuous on

M and, for almost every t ∈ [t0, T ], the sets Q(t, x), x ∈ A(t), are convex.

Moreover, assume either that A and M are compact or that A is not compact

but closed and the following three conditions hold

(a) For any ε ≥ 0, the set Mε := {(t, x, u) ∈M : ‖x‖ ≤ ε} is compact;

(b) There is a compact subset P of A such that every feasible trajectory x of

M1 passes through at least one point of P ;

(c) There exists a constant c ≥ 0 such that 〈x, f(t, x, u)〉 ≤ c(‖x‖2 + 1) for

all (t, x, u) in M .

Then, M1 has a W 1,1 global minimizer.

Clearly, condition (b) is satisfied if the initial point (t0, x(t0)) or the end

point (T, x(T )) is fixed. As shown in [18, p. 317], the following condition

yields (c):

(c0) There exists a constant c ≥ 0 such that ‖f(t, x, u)‖ ≤ c(‖x‖ + 1) for all

(t, x, u) in M .

68



3.3 Solution Existence

It is not hard to see that (FP1a) is a problem of the Mayer form M1 with

n = 2, m = 1, A = [t0, T ] × IR2, U(t, x) = [−1, 1] for all (t, x) ∈ A,

B = {t0}×{(x0, 0)}× IR× IR2, g(t0, x(t0), T, x(T )) = x2(T ), M = A× [−1, 1],

f(t, x, u) = (−au,−e−λt(x1 + u)) for all (t, x, u) ∈ M . We are going to show

that (FP1a) satisfies all the assumptions of Theorem 3.2.

Clearly, the pair (x, u), with u(t) = 0, x1(t) = x0, and x2(t) = −x0

∫ t

t0

e−λτdτ

for all t ∈ [t0, T ], is a feasible process for (FP1a). Thus, the set Ω of feasible

processes is nonempty. Besides, B is closed, g is lower semicontinuous on B,

f is continuous on M . Moreover, from the formula for A, one has A0 = [t0, T ]

and A(t) = IR2 for all t ∈ A0. In addition, by the formulas for M , U , and f ,

one gets

Q(t, x) =
{
z ∈ IR2 : z = f(t, x, u), u ∈ U(t, x)

}
=
{
z ∈ IR2 : z = (−au,−e−λt(x1 + u)), u ∈ [−1, 1]

}
=
{

(0,−e−λtx1)}+ {(−a,−e−λt)u : u ∈ [−1, 1]
}

for any (t, x) ∈ A. Thus, for every t ∈ [t0, T ], the sets Q(t, x), x ∈ A(t), are

line segments; hence they are convex. Since A is closed, but not compact, we

have to check the conditions (a)–(c) in Theorem 3.2.

Condition (a): For any ε ≥ 0, since

Mε = {(t, x, u) ∈M : ‖x‖ ≤ ε}
= {(t, x, u) ∈ [t0, T ]× IR2 × [−1, 1] : ‖x‖ ≤ ε}
= [t0, T ]× {x ∈ IR2 : ‖x‖ ≤ ε} × [−1, 1],

one sees that Mε is compact.

Condition (b): Obviously, P := {t0} × {(x0, 0)} is a compact subset of A,

and every feasible trajectory passes through the unique point of P . Thus,

condition (b) is fulfilled.

Condition (c): Choosing c = a+ 1, we have

‖f(t, x, u)‖ = ‖(−au,−e−λt(x1 + u))‖ ≤ a|u|+ e−λt|x1 + u|
≤ a+ |x1|+ 1

≤ c(‖x‖+ 1)

69



for any (t, x, u) ∈ M , because u ∈ [−1, 1] and e−λt ≤ 1 for t ≥ t0 ≥ 0. Thus,

condition (c0), which implies (c), is satisfied.

By Theorem 3.2, (FP1a) has a W 1,1 global minimizer. Therefore, (FP1)

has a W 1,1 global minimizer by the equivalence of (FP1a) and (FP1).

To check that (FP2a) is of the form M1, we choose n = 2, m = 1,

A = [t0, T ] × (−∞, 1]× IR,

U(t, x) = [−1, 1] for all (t, x) ∈ A, B = {t0} × {(x0, 0)} × IR× IR2,

g(t0, x(t0), T, x(T )) = x2(T ),

M = A × [−1, 1], f(t, x, u) = (−au,−e−λt(x1 + u)) for all (t, x, u) ∈ M. In

comparison with the problem (FP1a), the only change in the formulation of

(FP2a) is that we have A = [t0, T ] ×(−∞, 1]× IR instead of A = [t0, T ] × IR2.

Thus, to show that (FP2a) satisfies all the assumptions of Theorem 3.2, we

can use the arguments showing that (FP1a) has a W 1,1 global minimizer,

except those related to the convexity of the sets Q(t, x) and the compactness

of Mε, which have to be verified in a slightly different manner.

By the above formula for A, we have A0 = [t0, T ] and A(t) = (−∞, 1]× IR

for all t ∈ A0, and

Q(t, x) =
{

(0,−e−λtx1)}+ {(−a,−e−λt)u : u ∈ [−1, 1]
}

for any (t, x) ∈ A. Thus, the assumption of Theorem 3.2 on the convexity of

the sets Q(t, x), x ∈ A(t), for almost every t ∈ [t0, T ], is satisfied. Since

M = [t0, T ] × (−∞, 1]× IR× [−1, 1],

for any ε ≥ 0, one has

Mε = {(t, x, u) ∈M : ‖x‖ ≤ ε}
= {(t, x, u) ∈ [t0, T ] × (−∞, 1]× IR× [−1, 1] : ‖x‖ ≤ ε}.

As Mε is closed and contained in the compact set

[t0, T ]× {x ∈ IR2 : ‖x‖ ≤ ε} × [−1, 1],

it is compact.

It follows from Theorem 3.2 that (FP2a) has a W 1,1 global minimizer.

Therefore, by the equivalence of (FP2) and (FP2a), we can assert that (FP2)

has a W 1,1 global minimizer.
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3.4 Optimal Processes for Problems without State Con-

straints

To obtain necessary optimality conditions for (FP1a), we note that (FP1a)

is in the form of M with g(x, y) = y2, f(t, x, u) = (−au,−e−λt(x1 + u)),

C = {(x0, 0)} × IR2, U(t) = [−1, 1], and h(t, x) = 0 for all x = (x1, x2) ∈ IR2,

y = (y1, y2) ∈ IR2, t ∈ [t0, T ], and u ∈ IR. Since (FP1a) is an optimal control

problem without state constraints, we can apply both Proposition 3.1 and

Theorem 3.1 to this problem. In accordance with (3.9), the Hamiltonian of

(FP1a) is given by

H(t, x, p, u) = −aup1 − e−λt(x1 + u)p2, ∀(t, x, p, u) ∈ [t0, T ]× IR2 × IR2 × IR,

(3.13)

while by (3.10) we have ∂>x h(t, x) = ∅ for all (t, x) ∈ [t0, T ] × IR2. Let (x̄, ū)

be a W 1,1 local minimizer of (FP1a).

We first study necessary optimality conditions for (FP1a) in terms of Propo-

sition 3.1. It is clear that the assumptions (H1)–(H3) of Proposition 3.1 are

satisfied for (FP1a). Thus, there exist p ∈ W 1,1([t0, T ]; IR2) and γ ≥ 0 such

that (p, γ) 6= (0, 0), and conditions (i)–(iii) of Proposition 3.1 hold true. Let

us analyze these conditions.

Condition (i): By (3.13), H is differentiable in x and

∂xH(t, x, p, u) = {(−e−λtp2, 0)}, ∀(t, x, p, u) ∈ [t0, T ]× IR2 × IR2 × IR.

Thus, condition (i) implies that ṗ1(t) = e−λtp2(t) for a.e. t ∈ [t0, T ] and p2(t)

is a constant for all t ∈ [t0, T ].

Condition (ii): By the formulas for g and C, we have

∂g(x̄(t0), x̄(T )) = {(0, 0, 0, 1)} and N((x̄(t0), x̄(T ));C) = IR2 × {(0, 0)}.

Thus, condition (ii) implies that

(p(t0),−p(T )) ∈ γ{(0, 0, 0, 1)}+ IR2 × {(0, 0)};

hence p1(T ) = 0 and p2(T ) = −γ. As p2(t) is a constant function, it follows

that p2(t) = −γ for all t ∈ [t0, T ]. Therefore, the above analysis of condi-

tion (i) gives p1(t) =
γ

λ

(
e−λt − e−λT

)
for all t ∈ [t0, T ]. Since (p, γ) 6= (0, 0),

we must have γ > 0.
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Condition (iii): Due to (3.13), condition (iii) means that

−aū(t)p1(t)−e−λt[x1(t)+ ū(t)]p2(t) = max
u∈[−1,1]

{
−aup1(t)− e−λt[x1(t) + u]p2(t)

}
for a.e. t ∈ [t0, T ]. Equivalently,

[ap1(t) + e−λtp2(t)]ū(t) = min
u∈[−1,1]

{
[ap1(t) + e−λtp2(t)]u

}
, a.e. t ∈ [t0, T ].

(3.14)

Setting ϕ(t) := ap1(t) + e−λtp2(t) for t ∈ [t0, T ], we have

ϕ(t) = a
γ

λ

(
e−λt − e−λT

)
− γe−λt = γ(

a

λ
− 1)e−λt − γ a

λ
e−λT , ∀t ∈ [t0, T ].

As
a

λ
> 1, ϕ is decreasing on IR. Besides, it is clear that ϕ(T ) = −γe−λT < 0,

and ϕ(t) = 0 if and only if t = t̄, where

t̄ := T − 1

λ
ln

a

a− λ
.

We have the following cases.

Case A: t0 ≥ t̄. Then ϕ(t) < 0 for all t ∈ (t0, T ]. Therefore, condition

(3.14) implies ū(t) = 1 for all t ∈ [t0, T ]. Hence, by (3.4), x̄1(t) = x0−a(t−t0)
for a.e. t ∈ [t0, T ].

Case B: t0 < t̄. Then ϕ(t) > 0 for t ∈ [t0, t̄) and ϕ(t) < 0 for t ∈ (t̄, T ].

Thus, (3.14) yields ū(t) = −1 for t ∈ [t0, t̄) and ū(t) = 1 for a.e. t ∈ (t̄, T ];

hence x̄1(t) = x0 + a(t− t0) for every t ∈ [t0, t̄] and x̄1(t) = x0− a(t+ t0− 2t̄)

for every t ∈ (t̄, T ].

Now, let us examine necessary optimality conditions for (FP1a) in terms

of Theorem 3.1. Since the assumptions (H1)–(H4) of Theorem 3.1 are sat-

isfied for (FP1a), by that theorem one can find p ∈ W 1,1([t0, T ]; IR2), γ ≥ 0,

µ ∈ C⊕(t0, T ), and a Borel measurable function ν : [t0, T ] → IR2 such that

(p, µ, γ) 6= (0, 0, 0), and for q(t) := p(t) + η(t) with η : [t0, T ] → IR2 being

given by

η(t) :=

∫
[t0,t)

ν(s)dµ(s), t ∈ [t0, T )

and

η(T ) :=

∫
[t0,T ]

ν(s)dµ(s),

conditions (i)–(iv) in Theorem 3.1 hold true.
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Since ∂>x h(t, x̄(t)) = ∅ for all t ∈ [t0, T ], the inclusion ν(t) ∈ ∂>x h(t, x̄(t)) is

violated at every t ∈ [t0, T ]. Hence, condition (i) forces µ = 0. We see that

condition (iv) is fulfilled and the conditions (ii)–(iv) in Theorem 3.1 recover

the conditions (i)–(iii) of Proposition 3.1.

Going back to the original problem (FP1), we can put the obtained results

in the following theorem.

Theorem 3.3 Given any a, λ with a > λ > 0, define ρ =
1

λ
ln

a

a− λ
> 0 and

t̄ = T − ρ. Then, problem (FP1) has a unique local solution (x̄, ū), which is

a global solution, where ū(t) = −a−1 ˙̄x(t) for almost every t ∈ [t0, T ] and x̄(t)

can be described as follows:

(a) If t0 ≥ t̄ (i.e., T − t0 ≤ ρ), then

x̄(t) = x0 − a(t− t0), t ∈ [t0, T ].

(b) If t0 < t̄ (i.e., T − t0 > ρ), then

x̄(t) =

x0 + a(t− t0), t ∈ [t0, t̄]

x0 − a(t+ t0 − 2t̄), t ∈ (t̄, T ].

Figure 3.1: The optimal trajectories x̄(·) of (FP1) w.r.t. parameters a = 0.53, λ = 0.3, x0 = 0, T = 5, and

varying t0

Proof. The assertions (a) and (b) are straightforward from the results

obtained in Case A and Case B, because x̄1(t) in (FP1a) coincides with x̄(t)

in (FP1). 2
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3.5 Optimal Processes for Problems with Unilateral

State Constraints

In order to apply Theorem 3.1 for solving (FP2), we observe that (FP2a) is

in the form ofM if one defines g(x, y) = y2, f(t, x, u) = (−au,−e−λt(x1 +u)),

C = {(x0, 0)}× IR2, U(t) = [−1, 1], and lets h(t, x) = x1− 1 for all t ∈ [t0, T ],

x = (x1, x2) ∈ IR2, y = (y1, y2) ∈ IR2 and u ∈ IR.

The forthcoming two propositions describe a fundamental properties of the

local minimizers of the problem (FP2a), which is obtained from the optimal

control problem of the Lagrange type (FP2) by introducing the artificial

variable x2. Similar statements as those in the first proposition are valid for

any optimal control problem of the Mayer type, which is obtained from an

optimal control problem of the Lagrange type in the same manner. While, the

claims in the second proposition hold true for every optimal control problem

of the Mayer type, whose objective function does not depend on the initial

point.

Proposition 3.2 Suppose that (x̄, ū) is a W 1,1 local minimizer for (FP2a).

Then, for any τ1, τ2 ∈ [t0, T ] with τ1 < τ2, the restriction of (x̄, ū) on [τ1, τ2],

i.e., the process (x̄(t), ū(t)) with t ∈ [τ1, τ2], is a W 1,1 local minimizer for the

following optimal control problem of the Mayer type

Minimize x2(τ2)

over x = (x1, x2) ∈ W 1,1([τ1, τ2], IR
2) and measurable functions u : [τ1, τ2]→ IR

satisfying

ẋ1(t) = −au(t), a.e. t ∈ [τ1, τ2]

ẋ2(t) = −e−λt(x1(t) + u(t)), a.e. t ∈ [τ1, τ2]

(x(τ1), x(τ2)) ∈ {(x̄1(τ1), x̄2(τ1))} × {x̄1(τ2)} × IR

u(t) ∈ [−1, 1], a.e. t ∈ [τ1, τ2]

x1(t) ≤ 1, ∀t ∈ [τ1, τ2],

which is denoted by (FP2a)|[τ1,τ2]. In other words, for any subsegment [τ1, τ2]

of [t0, T ], the restriction of a W 1,1 local minimizer for (FP2a) on [τ1, τ2] is a

W 1,1 local minimizer for the Mayer problem (FP2a)|[τ1,τ2], which is obtained

from (FP2a) by replacing t0 with τ1, T with τ2, and C with

C̃ := {(x̄1(τ1), x̄2(τ1))} × {x̄1(τ2)} × IR.

74



Proof. Since (x̄, ū) is a W 1,1 local minimizer for (FP2a), by Definition 3.1

there is δ > 0 such that (x̄, ū) minimizes the quantity g(x(t0), x(T )) = x2(T )

over all feasible processes (x, u) of (FP2a) with ‖x̄− x‖W 1,1 ≤ δ.

Clearly, the restriction of (x̄, ū) on [τ1, τ2] satisfies the conditions given in

(3.2). Thus, it is a feasible process for (FP2a)|[τ1,τ2].

Let (x(t), u(t)), t ∈ [τ1, τ2], be an arbitrary feasible process of (FP2a)|[τ1,τ2]

satisfying ‖x̄−x‖W 1,1([τ1,τ2],IR2) ≤ δ. Consider the pair of functions (x̃, ũ), where

x̃ = (x̃1, x̃2), which is given by

x̃1(t) :=

x̄1(t), t ∈ [t0, τ1] ∪ [τ2, T ]

x1(t), t ∈ (τ1, τ2),

x̃2(t) :=


x̄2(t), t ∈ [t0, τ1]

x2(t), t ∈ (τ1, τ2)

x2(τ2) +

∫ t

τ2

[
− e−λτ(x̄1(τ) + ū(τ))

]
dτ, t ∈ [τ2, T ],

and

ũ(t) :=

ū(t), t ∈ [t0, τ1] ∪ [τ2, T ]

u(t), t ∈ (τ1, τ2).

Clearly, (x̃, ũ) is a feasible process of (FP2a) satisfying ‖x̄−x̃‖W 1,1([t0,T ],IR2) ≤ δ.

Thus, one must have g(x̃(T )) ≥ g(x̄(T )) or, equivalently,

x2(τ2) +

∫ T

τ2

ω(τ)dτ ≥ x̄(τ2) +

∫ T

τ2

ω(τ)dτ,

where ω(τ) := −e−λτ(x̄1(τ) + ū(τ)). Hence, we get x2(τ2) ≥ x̄(τ2), which

proves that the restriction of the process (x̄, ū) on [τ1, τ2] is a W 1,1 local

minimizer for (FP2a)|[τ1,τ2]. 2

Proposition 3.3 Suppose that (x̄, ū) is a W 1,1 local minimizer for (FP2a).

Then, for any τ1 ∈ [t0, T ), the restriction of the process (x̄, ū) on the time

segment [τ1, T ], i.e., the process (x̄(t), ū(t)) with t ∈ [τ1, T ], is a W 1,1 local

minimizer for the following optimal control problem of the Mayer type

Minimize x2(T )

over x = (x1, x2) ∈ W 1,1([τ1, T ], IR2) and measurable functions u : [τ1, T ]→ IR
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satisfying 

ẋ1(t) = −au(t), a.e. t ∈ [τ1, T ]

ẋ2(t) = −e−λt(x1(t) + u(t)), a.e. t ∈ [τ1, T ]

(x(τ1), x(T )) ∈ {(x̄1(τ1), x̄2(τ1))} × IR2

u(t) ∈ [−1, 1], a.e. t ∈ [τ1, T ]

x1(t) ≤ 1, ∀t ∈ [τ1, T ],

which is denoted by (FP2b). In other words, for any τ1 ∈ [t0, T ), the restriction

of a W 1,1 local minimizer for (FP2a) on the time segment [τ1, T ] is a W 1,1 local

minimizer for the Mayer problem (FP2b), which is obtained from (FP2a) by

replacing t0 with τ1.

Proof. For a fixed τ1 ∈ [t0, T ), let (FP2b) be defined as in the formulation of

the lemma. It is clear that the process (x̄(t), ū(t)), t ∈ [τ1, T ], is feasible for

(FP2b). Since (x̄, ū) is a W 1,1 local minimizer of (FP2a), it follows from the

Definition 3.1 that there exists δ > 0 such that the process (x̄, ū) minimizes

the quantity g(x(t0), x(T )) = x2(T ) over all feasible processes (x, u) of (FP2a)

with ‖x̄− x‖W 1,1([t0,T ],IR2) ≤ δ. Let (x(t), u(t)) with t ∈ [τ1, T ], be an arbitrary

feasible process of (FP2b) satisfying ‖x̄ − x‖W 1,1([τ1,T ],IR2) ≤ δ. Consider the

pair of functions (x̃, ũ) given by

x̃(t) :=

x̄(t), t ∈ [t0, τ1)

x(t), t ∈ [τ1, T ]
and ũ(t) :=

ū(t), t ∈ [t0, τ1)

u(t), t ∈ [τ1, T ].

Clearly, (x̃, ũ) is a feasible process of (FP2a) satisfying ‖x̄− x̃‖W 1,1([t0,T ]) ≤ δ.

Thus, one must have g(x̃(T )) ≥ g(x̄(T )). Since x̃(T ) = x(T ), one obtains the

inequality g(x(T )) ≥ g(x̄(T )), which justifies our assertion. 2

In accordance with (3.9), the Hamiltonian of (FP2a) is given by

H(t, x, p, u) = −aup1− e−λt(x1 + u)p2, ∀(t, x, p, u) ∈ [t0, T ]× IR2× IR2× IR.

(3.15)

By (3.10), the partial hybrid subdifferential of h at (t, x) ∈ [t0, T ] × IR2 is

given by

∂>x h(t, x) =

∅, if x1 < 1

{(1, 0)}, if x1 ≥ 1.
(3.16)

From now on, let (x̄, ū) be a W 1,1 local minimizer for (FP2a).
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Since the assumptions (H1)–(H4) of Theorem 3.1 are satisfied for (FP2a),

by that theorem one can find p ∈ W 1,1([t0, T ]; IR2), γ ≥ 0, µ ∈ C⊕(t0, T ), and

a Borel measurable function ν : [t0, T ] → IR2 such that (p, µ, γ) 6= (0, 0, 0),

and for q(t) := p(t) + η(t) with

η(t) :=

∫
[t0,t)

ν(τ)dµ(τ), t ∈ [t0, T ) (3.17)

and

η(T ) :=

∫
[t0,T ]

ν(τ)dµ(τ), (3.18)

conditions (i)–(iv) in Theorem 3.1 hold true.

Condition (i): Note that

µ{t ∈ [t0, T ] : ν(t) /∈ ∂>x h(t, x̄(t))}
= µ{t ∈ [t0, T ] : ∂>x h(t, x̄(t)) = ∅}

+ µ{t ∈ [t0, T ] : ∂>x h(t, x̄(t)) 6= ∅, ν(t) /∈ ∂>x h(t, x̄(t))}.

Since x̄1(t) ≤ 1 for every t, combining this with (3.16) gives

µ{t ∈ [t0, T ] : ν(t) /∈ ∂>x h(t, x̄(t))}
= µ{t ∈ [t0, T ] : x̄1(t) < 1}+ µ{t ∈ [t0, T ] : x̄1(t) = 1, ν(t) 6= (1, 0)}.

So, from (i) it follows that

µ{t ∈ [t0, T ] : x̄1(t) < 1} = 0 (3.19)

and

µ
{
t ∈ [t0, T ] : x̄1(t) = 1, ν(t) 6= (1, 0)

}
= 0. (3.20)

Condition (ii): By (3.15), H is differentiable in x and one has

∂xH(t, x, p, u) = {(−e−λtp2, 0)}, ∀(t, x, p, u) ∈ [t0, T ]× IR2 × IR2 × IR.

Therefore, (ii) yields −ṗ(t) = (−e−λtq2(t), 0) for a.e. t ∈ [t0, T ]. Hence,

ṗ1(t) = e−λtq2(t) for a.e t ∈ [t0, T ] and p2(t) is a constant for all t ∈ [t0, T ].

Condition (iii): Using the formulas for g and C, we can show that

∂g(x̄(t0), x̄(T )) = {(0, 0, 0, 1)} and N((x̄(t0), x̄(T ));C) = IR2 × {(0, 0)}. So,

(iii) yields (p(t0),−q(T )) ∈ {(0, 0, 0, γ)} + IR2 × {(0, 0)}, which means that

q1(T ) = 0 and q2(T ) = −γ.

Condition (iv): By (3.15), from (iv) one gets

−aū(t)q1(t)−e−λt[x̄1(t)+ ū(t)]q2(t) = max
u∈[−1,1]

{
−auq1(t)− e−λt[x̄1(t) + u]q2(t)

}
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for a.e. t ∈ [t0, T ] or, equivalently,

[aq1(t) + e−λtq2(t)]ū(t) = min
u∈[−1,1]

{
[aq1(t) + e−λtq2(t)]u

}
a.e. t ∈ [t0, T ]. (3.21)

Thanks to Proposition 3.2 and the above analysis of Conditions (i)–(iv),

we will be able to prove the next statement.

Proposition 3.4 Suppose that [τ1, τ2] is a subsegment of [t0, T ] such that

h(t, x̄(t)) < 0 for all t ∈ [τ1, τ2]. Then, the curve t 7→ x̄1(t), t ∈ [τ1, τ2],

cannot have more than one turning point. To be more precise, the curve

must be of one of the following three categories C1−C3:

x̄1(t) = x̄1(τ1) + a(t− τ1), t ∈ [τ1, τ2], (3.22)

x̄1(t) = x̄1(τ1)− a(t− τ1), t ∈ [τ1, τ2], (3.23)

and

x̄1(t) =

x̄1(τ1) + a(t− τ1), t ∈ [τ1, tζ]

x̄1(tζ)− a(t− tζ), t ∈ (tζ, τ2],
(3.24)

where tζ is a certain point in (τ1, τ2) (see Figures 3.2–3.4).

Figure 3.2: Category C1 Figure 3.3: Category C2

Figure 3.4: Category C3

Proof. Let [τ1, τ2] be a subsegment of [t0, T ] with h(t, x̄(t)) < 0 for all

t ∈ [τ1, τ2], i.e., x̄1(t) < 1 for all t ∈ [τ1, τ2]. Then, it follows from Propo-

sition 3.2 that the restriction of (x̄, ū) on [τ1, τ2] is a W 1,1 local minimizer
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for (FP2a)|[τ1,τ2]. As the latter satisfies the assumptions (H1)–(H4) of The-

orem 3.1, by that theorem there exist the multipliers p̃ ∈ W 1,1([τ1, τ2]; IR2),

γ̃ ≥ 0, µ̃ ∈ C⊕(τ1, τ2), and a Borel measurable function ν̃ : [τ1, τ2]→ IR2 with

the property (p̃, µ̃, γ̃) 6= (0, 0, 0), and for q̃(t) := p̃(t) + η̃(t) with

η̃(t) :=

∫
[τ1,τ2)

ν̃(τ)dµ̃(τ), t ∈ [τ1, τ2) (3.25)

and

η̃(τ2) :=

∫
[τ1,τ2]

ν̃(τ)dµ̃(τ), (3.26)

the conditions (i)–(iv) in Theorem 3.1 hold true, provided that t0, T, p, µ, γ, ν, η,

and q are changed respectively to τ1, τ2, p̃, µ̃, γ̃, ν̃, η̃, and q̃.

By Condition (i), one hasµ̃{t ∈ [τ1, τ2] : x̄1(t) < 1} = 0,

µ̃
{
t ∈ [τ1, τ2] : x̄1(t) = 1, ν̃(t) 6= (1, 0)

}
= 0.

(3.27)

By Condition (ii), ˙̃p1(t) = e−λtq̃2(t) for a.e. t ∈ [τ1, τ2] and p̃2(t) is a constant

for all t ∈ [τ1, τ2].

Since N((x̄(τ1), x̄(τ2)); C̃) = IR3 × {0}, by Condition (iii) one has

(p̃(τ1),−q̃(τ2)) ∈ {(0, 0, 0, γ̃)}+ IR3 × {0}.

This amounts to saying that q̃2(τ2) = −γ̃.

Condition (iv) means that

[aq̃1(t) + e−λtq̃2(t)]ū(t) = min
u∈[−1,1]

{
[aq̃1(t) + e−λtq̃2(t)]u

}
, a.e. t ∈ [τ1, τ2].

(3.28)

Since x̄1(t) < 1 for all t ∈ [τ1, τ2], it follows from (3.27) that µ̃([τ1, τ2]) = 0,

i.e., µ̃ = 0. Combining this with (3.25) and (3.26), one gets η̃(t) = 0 for all

t ∈ [τ1, τ2]. Thus, the relation q̃(t) = p̃(t)+ η̃(t) implies that q̃(t) = p̃(t) for all

t ∈ [τ1, τ2]. Therefore, together with the Lebesgue Theorem [49, Theorem 6,

p. 340], the properties of p̃(t) and q̃(t) established in the above analyses of the

conditions (ii) and (iii) give p̃2(t) = q̃2(t) = −γ̃ and p̃1(t) = q̃1(t) =
γ̃

λ
e−λt+ζ

for all t ∈ [τ1, τ2], where ζ is a constant. Substituting these formulas for q̃1(t)

and q̃2(t) to (3.28), we have[
a(
γ̃

λ
e−λt+ζ)−γ̃e−λt

]
ū(t) = min

u∈[−1,1]

{
[a(
γ̃

λ
e−λt + ζ)− γ̃e−λt]u

}
, a.e. t ∈ [τ1, τ2]
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or, equivalently,

[γ̃(
a

λ
− 1)e−λt + aζ]ū(t) = min

u∈[−1,1]

{
[γ̃(

a

λ
− 1)e−λt + aζ]u

}
, a.e. t ∈ [τ1, τ2].

(3.29)

Set ϕ̃(t) = γ̃(
a

λ
− 1)e−λt + aζ for all t ∈ [τ1, τ2].

If γ̃ = 0, then ϕ̃(t) ≡ aζ on [τ1, τ2]. Since a > 0, from the condition

(p̃, µ̃, γ̃) 6= (0, 0, 0) we have ζ 6= 0. If ζ > 0, then ϕ̃(t) > 0 for all t ∈ [τ1, τ2].

If ζ < 0, then ϕ̃(t) < 0 for all t ∈ [τ1, τ2]. Thus, if ζ > 0, then (3.29) implies

that ū(t) = −1 a.e. t ∈ [τ1, τ2]. Similarly, if ζ < 0, then ū(t) = 1 a.e.

t ∈ [τ1, τ2]. Hence, applying the Lebesgue Theorem [49, Theorem 6, p. 340]

to the absolutely continuous function x̄1(t), one has

x̄1(t) = x̄1(τ1) + a(t− τ1), ∀t ∈ [τ1, τ2] (3.30)

in the first case, and

x̄1(t) = x̄1(τ1)− a(t− τ1), ∀t ∈ [τ1, τ2] (3.31)

in the second case.

If γ̃ > 0 then, due to the assumption a > λ > 0, ϕ̃ is strictly decreasing on

[τ1, τ2]. When there exists tζ ∈ (τ1, τ2) such that ϕ̃(tζ) = 0, one has ϕ̃(t) > 0

for t ∈ (τ1, tζ) and ϕ̃(t) < 0 for t ∈ (tζ, τ2). Hence, (3.29) forces ū(t) = −1 a.e.

t ∈ [τ1, tζ] and ū(t) = 1 a.e. t ∈ [tζ, τ2]. Thus, by the cited above Lebesgue

Theorem,

x̄1(t) =

x̄1(τ1) + a(t− τ1), t ∈ [τ1, tζ]

x̄1(tζ)− a(t− tζ), t ∈ (tζ, τ2].

As x̄1(t) < 1 for all t ∈ [τ1, τ2], one has x̄1(tζ) < 1, i.e., tζ < τ1+a−1(1−x̄1(τ1)).

When ϕ̃(t) > 0 for all t ∈ (τ1, τ2), condition (3.29) implies that ū(t) = −1 a.e.

t ∈ [τ1, τ2]. So, x̄1(t) is defined by (3.30). When ϕ̃(t) < 0 for all t ∈ (τ1, τ2),

condition (3.29) implies that ū(t) = 1 a.e. t ∈ [τ1, τ2]. So, x̄1(t) is defined by

(3.31).

In summary, for any τ1, τ2 with t0 ≤ τ1 < τ2 ≤ T and x̄1(t) < 1 for all

t ∈ [τ1, τ2], the curve t 7→ x̄1(t), t ∈ [τ1, τ2], cannot have more than one

turning point. Namely, the curve must be of one of the three categories

(3.22)–(3.24). 2

To proceed furthermore, put T1 := {t ∈ [t0, T ] : x̄1(t) = 1}. Since x̄1(t) is

a continuous function, T1 is a compact set (which may be empty).
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Case 1: T1 = ∅, i.e., x̄1(t) < 1 for all t ∈ [t0, T ]. Then, by (3.19) one has

µ([t0, T ]) = 0, i.e., µ = 0. Combining this with (3.17) and (3.18), one gets

η(t) = 0 for all t ∈ [t0, T ]. Thus, the relation q(t) = p(t) + η(t) allows us to

have q(t) = p(t) for every t ∈ [t0, T ]. Therefore, together with the Lebesgue

Theorem [49, Theorem 6, p. 340], the properties of p(t) and q(t) established

in the above analyses of the conditions (ii) and (iii) give

p2(t) = q2(T ) = −γ, ∀t ∈ [t0, T ]

and

p1(t) = p1(T ) +

∫ t

T

ṗ1(τ)dτ = q1(T ) +

∫ t

T

(
− γe−λτ

)
dτ =

γ

λ

(
e−λt − e−λT

)
for all t ∈ [t0, T ]. Now, observe that substituting q(t) = p(t) into (3.21) yields

[ap1(t) + e−λtp2(t)]ū(t) = min
u∈[−1,1]

{
[ap1(t) + e−λtp2(t)]u

}
a.e. t ∈ [t0, T ].

(3.32)

Setting ϕ(t) = ap1(t) + e−λtp2(t) for t ∈ [t0, T ] and using the above formulas

of p1(t) and p2(t), we have

ϕ(t) = a
γ

λ

(
e−λt − e−λT

)
− γe−λt = γ(

a

λ
− 1)e−λt − γ a

λ
e−λT

for t ∈ [t0, T ]. Due to the condition (p, γ, µ) 6= 0, one must have γ > 0.

Moreover, the assumption a > λ > 0 implies
a

λ
> 1. Thus, the function ϕ(t)

is decreasing on [t0, T ]. In addition, it is clear that ϕ(T ) = −γe−λT < 0, and

ϕ(t) = 0 if and only if t = t̄, where

t̄ := T − 1

λ
ln

a

a− λ
. (3.33)

The assumption a > λ > 0 implies that t̄ < T . Note that the number

ρ :=
1

λ
ln

a

a− λ
(3.34)

does not depend on the initial time t0 and the terminal time T .

If t0 ≥ t̄, then one has ϕ(t) < 0 for all t ∈ (t0, T ). This situation happens

if and only if T − t0 ≤ ρ (the time interval of the optimal control problem

is rather small). Clearly, condition (3.32) forces ū(t) = 1 a.e. t ∈ [t0, T ].

Since (3.5) is fulfilled for x(t) = x̄(t) and u(t) = ū(t), applying the Lebesgue

Theorem [49, Theorem 6, p. 340] to the absolutely continuous function x̄1(t),

one has

x̄1(t) = x̄1(t0) +

∫ t

t0

˙̄x1(τ)dτ = x̄1(t0) +

∫ t

t0

(−aū(τ))dτ = x0− a(t− t0) (3.35)
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for all t ∈ [t0, T ]. In addition, by (3.3) one finds that

x̄2(t) =

∫ t

t0

[
−e−λτ(x̄1(τ)+ū(τ))

]
dτ =

∫ t

t0

[
−e−λτ

(
x0−a(τ−t0)+1

)]
dτ (3.36)

for all t ∈ [t0, T ].

If t0 < t̄, then ϕ(t) > 0 for t ∈ (t0, t̄) and ϕ(t) < 0 for t ∈ (t̄, T ). This

situation happens if and only if T − t0 > ρ (the time interval of the optimal

control problem is large enough). Condition (3.32) yields ū(t) = −1 for a.e.

t ∈ [t0, t̄] and ū(t) = 1 for a.e. t ∈ [t̄, T ]. Hence, by the above-cited Lebesgue

Theorem, one has

x̄1(t) =

x0 + a(t− t0), t ∈ [t0, t̄]

x̄1(t̄)− a(t− t̄), t ∈ (t̄, T ].
(3.37)

Therefore, from (3.3), we have

x̄2(t) =


∫ t

t0

[
− e−λτ

(
x0 + a(τ − t0) + 1

)]
dτ, t ∈ [t0, t̄]∫ t

t0

[
− e−λτ

(
x̄1(t̄)− a(τ − t̄) + 1]dτ, t ∈ (t̄, T ].

(3.38)

Noting that x̄1(t) < 1 for all t ∈ [t0, T ] by our assumption, we must have

x̄1(t̄) < 1, i.e., t̄ < t0 + a−1(1 − x0). Since t̄ = T − ρ, the last inequality is

equivalent to T − t0 < ρ+ a−1(1− x0).

Thus, if T1 = ∅ and T −t0 ≤ ρ, then the unique process (x̄, ū) suspected for

a W 1,1 local minimizer of (FP2a) is the one with ū(t) = 1 for a.e. t ∈ [t0, T ]

and x̄(t) = (x̄1(t), x̄2(t)), where x̄1(t) and x̄2(t) are given respectively by

(3.35) and (3.36). Otherwise, if T1 = ∅ and ρ < T − t0 < ρ+a−1(1−x0), then

the unique process (x̄, ū) serving as a W 1,1 local minimizer of (FP2a) is the

one with ū(t) = −1 for almost every t ∈ [t0, t̄] and ū(t) = 1 for almost every

t ∈ [t̄, T ], x̄(t) = (x̄1(t), x̄2(t)), where x̄1(t) and x̄2(t) are defined respectively

by (3.37) and (3.38). The situation where T1 = ∅ and T − t0 ≥ ρ+a−1(1−x0)

cannot occur. The situation where T1 = ∅ and x0 ≥ 1− a(t̄− t0) also cannot

occur.

Now, suppose that T1 6= ∅, i.e., there exists t ∈ [t0, T ] with x̄1(t) = 1. Put

α1 = min{t ∈ [t0, T ] : x̄1(t) = 1}, α2 = max{t ∈ [t0, T ] : x̄1(t) = 1}.

Then one has t0 ≤ α1 ≤ α2 ≤ T and the following situations can occur.
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Case 2: t0 = α1 = α2 < T , i.e., x0 = 1 and x̄1(t) < 1 for t ∈ (t0, T ].

Let ε̄ > 0 be such that t0 + ε̄ < T . For any k ∈ IN with k−1 ∈ (0, ε̄), by

Proposition 3.3 we know that the restriction of (x̄, ū) on [t0 +k−1, T ] is a W 1,1

local minimizer for the Mayer problem (FP2b), which is obtained from (FP2a)

by replacing t0 with t0 + k−1. As x̄1(t) < 1 for all t ∈ [t0 + k−1, T ], repeating

the arguments used in Case 1, we get that either

x̄1(t) = x̄1(t0 + k−1)− a(t− t0 − k−1), t ∈ [t0 + k−1, T ]

or

x̄1(t) =

x̄1(t̄) + a(t− t̄), t ∈ [t0 + k−1, t̄]

x̄1(t̄)− a(t− t̄), t ∈ (t̄, T ]

with t̄ = T − ρ, t̄ ∈ [t0 + k−1, T ], and x̄1(t̄) < 1. By the Dirichlet principle,

there must exist an infinite number of indexes k with k−1 ∈ (0, ε̄) such that

x̄1(t) has the first form (resp., the second form). Without loss of generality, we

may assume that this happens for all k with k−1 ∈ (0, ε̄). If the first situation

occurs, then by letting k →∞ we can assert that x̄1(t) = 1− a(t− t0) for all

t ∈ [t0, T ]. If the second situation occurs, then we have

x0 = lim
k→∞

x̄1(t0 + k−1) = lim
k→∞

[
x̄1(t̄) + a(t0 + k−1 − t̄)

]
= x̄1(t̄) + a(t0 − t̄).

Since x̄1(t̄) + a(t0 − t̄) ≤ x̄1(t̄) < 1 and x0 = 1, we have arrived at a contra-

diction.

Case 3: t0 ≤ α1 < α2 ≤ T . If α2 < T , to find a formula for (x̄, ū)

on [α2, T ], we observe from Proposition 3.3 that the restriction of (x̄, ū) on

[α2, T ] is a W 1,1 local minimizer for the Mayer problem obtained from (FP2a)

by replacing t0 with α2. Therefore, applied to (x̄(t), ū(t)), t ∈ [α2, T ], the

result in Case 2 implies that

x̄1(t) = 1− a(t− α2), t ∈ [α2, T ]

and

x̄2(t) =

∫ t

α2

[
− e−λτ

(
2− a(τ − α2)

)]
dτ, t ∈ [α2, T ].

By the first differential equation in (3.5), we have ū(t) = 1 for a.e. t ∈ [α2, T ].

Now, if t0 < α1, then to find a formula for x̄1(·) on [t0, α1], we temporarily

fix a value α ∈ (t0, α1) (later, we will let α converge to α1). As x̄1(t) < 1

for all [t0, α], applying Proposition 3.4 with τ1 := t0 and τ2 := α, we can
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assert that the restriction of x̄1(·) on [t0, α] is defined by one of the next three

formulas:

x̄1(t) = x0 + a(t− t1), t ∈ [t0, α], (3.39)

x̄1(t) = x0 − a(t− t1), t ∈ [t0, α], (3.40)

and

x̄1(t) =

x0 + a(t− t1), t ∈ [t0, tζ]

x̄1(tζ)− a(t− tζ), t ∈ (tζ, α],
(3.41)

where tζ ∈ (t0, α). Hence, the graph of x̄1(·) on [t0, α] is of one of the following

types: C1α) Going up as in Fig. 3.5; C2α) Going down as in Fig. 3.6; C3α)

Going up first and then going down as in Fig. 3.7.

Figure 3.5: Category C1α Figure 3.6: Category C2α

Figure 3.7: Category C3α

Let α = α(k) with α(k) := α1 −
1

k
, where k ∈ IN is as large as α ∈ (t0, α1).

Since for each k the restriction of the graph of x̄1(·) on [t0, α
(k)] must be of

one of the three types C1α–C3α, by the Dirichlet principle we can find a

subsequence {k′} of {k} such that the corresponding graphs belong to a fixed

category. If the latter is C2α, then by (3.40) and the continuity of x̄1(·) one

has

x̄1(α1) = lim
k′→∞

x̄1(α
(k′)) = lim

k′→∞

[
x0 − a(α(k′) − t0)

]
= x0 − a(α1 − t0).
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This is impossible, because x̄1(α1) = 1. Similarly, the situation where the

fixed category is C3α can be excluded by using (3.41). If the graphs belong

to the category C1α, from (3.39) we deduce that

x̄1(t) = x0 + a(t− t0), ∀t ∈ [t0, α1]. (3.42)

By (3.42) and the first differential equation in (3.5), we have ū(t) = −1 for

a.e. t ∈ [t0, α1]. Clearly, the condition x̄1(α1) = 1 is satisfied if and only if

α1 = t0 + a−1(1− x0). (3.43)

Finally, we are going to obtain a formula for (x̄, ū) on [α1, α2]. Suppose

that there exists t̂ ∈ (α1, α2) such that x̄1(t̂) < 1. Then, the constants

α̂1 := max{t ∈ [α1, t̂] : x̄1(t) = 1} and α̂2 := min{t ∈ [t̂, α2] : x̄1(t) = 1} are

well defined by the continuity of x̄1(·). Note that t̂ ∈
(
α̂1, α̂2

)
and x̄1(t) < 1

for every t ∈ (α̂1, α̂2). If ε > 0 is small enough, then α̂1 + ε ∈
(
α̂1, t̂

)
.

Repeating the arguments used for establishing a formula for x̄1(·) on [t0, α1]

when t0 < α1 (with α̂1 + ε playing the role of t0 and α̂2 taking the place of

α1), one finds that

x̄1(t) = x̄1(α̂1 + ε) + a(t− α̂1 − ε), ∀t ∈ [α̂1 + ε, α̂2].

Clearly, x̄1(·) is strictly increasing on [α̂1 + ε, α̂2]. As t̂ ∈
(
α1 + ε, α̂2

)
, this

implies that x̄1(α̂1 + ε) < x̄1(t̂). Then, by the continuity of x̄1(t) we get

x̄1(α̂1) = lim
ε→0+

x̄1(α̂1 + ε) ≤ x̄1(t̂) < 1.

Since x̄1(α̂1) = 1, we have arrived at a contradiction. Thus, we must have

x̄1(t) = 1 for all t ∈ [α1, α2]. The latter implies that ū(t) = 0 for almost every

t ∈ [α1, α2]. Noting that α1 has already been given by (3.43), we are now

proving that α2 = t̄.

Since (x̄, ū) is a W 1,1 local minimizer of (FP2a), by Definition 3.1 we can

find δ > 0 such that the process (x̄, ū) minimizes g(x(t0), x(T )) = x2(T ) over

all feasible processes (x, u) of (FP2a) with ‖x̄ − x‖W 1,1 ≤ δ. Fix a number

α ∈ (α1, α2] and consider the pair of functions (x̃α, ũα) with

x̃α1 (t) :=

x̄1(t), t ∈ [t0, α)

1− a(t− α), t ∈ [α, T ]
and ũα(t) :=

ū(t), t ∈ [t0, α)

1, t ∈ [α, T ].

Clearly, (x̃α, ũα) is a feasible process of (FP2a). Set ∆(α) = x̄2(T ) − x̃α2 (T )

and observe that x̃α1 (t) = x̄1(t) + a(α − α2) for every t ∈ [α2, T ]. Using the
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formula for integration by parts, we have

∆(α) =

∫ T

t0

[
− e−λτ

((
x̄1(τ)− x̃α1 (τ)

)
+
(
ū(τ)− ũα(τ)

))]
dτ

=

∫ α2

α

[
− e−λτ

(
a(τ − α)− 1

)]
dτ + a(α2 − α)

∫ T

α2

(
− e−λτ

)
dτ

=
a

λ

∫ α2

α

τd
(
e−λτ

)
+ (aα + 1)

∫ α2

α

e−λτdτ +
a

λ
(α2 − α)

[
e−λT − e−λα2

]
=
a

λ

([
α2e

−λα2 − αe−λα
]
−
∫ α2

α

e−λτdτ
)

+ (aα + 1)

∫ α2

α

e−λτdτ

+
a

λ
(α2 − α)

[
e−λT − e−λα2

]
=
a

λ

[
α2e

−λα2 − αe−λα
]

+
(
aα + 1− a

λ

) ∫ α2

α

e−λτdτ

+
a

λ
(α2 − α)

[
e−λT − e−λα2

]
=
a

λ

[
α2e

−λα2 − αe−λα
]
− 1

λ

(
aα + 1− a

λ

)[
e−λα2 − e−λα

]
+
a

λ
(α2 − α)

[
e−λT − e−λα2

]
=
a

λ
α2e

−λα2 − 1

λ

(
aα + 1− a

λ

)
e−λα2 +

(1

λ
− a

λ2

)
e−λα

+
a

λ
(α2 − α)

[
e−λT − e−λα2

]
.

Therefore, ∆(α2) = 0 and one has for every α ∈ (α1, α2) the following:

∆̇(α) = −a
λ
e−λα2 −

(
1− a

λ

)
e−λα − a

λ

[
e−λT − e−λα2

]
=
a

λ

[(
1− λ

a

)
e−λα − e−λT

]
.

So, due to the fact that a > λ > 0, we have ∆̇(α) < 0 if and only if

α > T +
1

λ
ln
(
1− λ

a

)
.

This is equivalent to saying that

α > t̄, (3.44)

where the value t̄ = T − 1

λ
ln

a

a− λ
has been defined in (3.33).

If α2 > t̄, then we have (3.44) for all α ∈ (α1, α2) sufficiently close to α2.

So, we can find ε > 0 such that the function ∆(α) is strictly decreasing on

the subsegment [α2 − ε, α2] of [α1, α2]. Since ∆(α2) = 0, we can assert that

∆(α) > 0 for every α ∈ (α2 − ε, α2). As lim
α→α2

‖x̄ − x̃α‖W 1,1 = 0, one has

‖x̄ − x̃α‖W 1,1 ≤ δ for all α ∈ (α1, α2) sufficiently close to α2. Hence, the fact

that x̄2(T )−x̃α2 (T ) = ∆(α) > 0 contradicts the assumed W 1,1 local optimality

of the process (x̄, ū). Thus, we must have α2 ≤ t̄.
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To prove that α2 = t̄, we suppose on the contrary that α2 < t̄. Consider

the pair of functions (x̂, û) with

x̂1(t) :=


x̄1(t), t ∈ [t0, α2)

1, t ∈ [α2, t̄)

1− a(t− t̄), t ∈ [t̄, T ]

and û(t) :=


ū(t), t ∈ [t0, α2)

0, t ∈ [α2, t̄)

1, t ∈ [t̄, T ].

Clearly, (x̂, û) is a feasible process of (FP2a). Fix a number α ∈ (α1, t̄] and

consider the new pair of functions (x̃α, ũα) with

x̃α1 (t) :=

x̂1(t), t ∈ [t0, α)

1− a(t− α), t ∈ [α, T ]
and ũα(t) :=

û(t), t ∈ [t0, α)

1, t ∈ [α, T ].

Note that (x̃α, ũα) is a feasible process of (FP2a). Set ∆1(α) = x̂2(T )− x̃α2 (T )

and apply the above integration and differentiation calculations with ∆1(α),

t̄, and (x̂, û) playing the roles of ∆(α), α2, and (x̄, ū), respectively. In the

result, we have

∆̇1(α) =
a

λ

[(
1− λ

a

)
e−λα − e−λT

]
for every α ∈ (α1, t̄). Since α < t̄, this implies that ∆̇1(α) > 0 for every

α ∈ (α1, t̄). So, the function ∆1(α) = x̂2(T ) − x̃α2 (T ) is strictly increasing

on the segment [α1, t̄]. Thus, the function α 7→ x̃α2 (T ) is strictly decreasing

on the segment [α1, t̄]. As one has α2 ∈ (α1, t̄) and the process (x̃α2, ũα2)

coincides with the process (x̄, ū), the latter cannot be a W 1,1 local minimizer

of (FP2a). We have arrived at a contradiction, which completes the proof of

the equality α2 = t̄.

We have obtained formula for (x̄, ū) on the whole time segment [t0, T ].

Namely, one has

x̄1(t) =


x0 + a(t− t0), t ∈ [t0, α1)

1, t ∈ [α1, t̄)

1− a(t− α2), t ∈ [t̄, T ]

and ū(t) =


−1, a.e. t ∈ [t0, α1)

0, a.e. t ∈ [α1, t̄)

1, a.e. t ∈ [t̄, T ]

with α1 being given by (3.43).

Case 4: t0 < α1 = α2 < T . Here we have x̄1(α2) = 1 and x̄1(t) < 1 for

all t ∈ [t0, T ] \ {α2}. The formulas for (x̄, ū) on [t0 < α1] and on [α2, T ] are

obtained similarly as in Case 3. We now show that α2 = t̄. If α2 < t̄, then

we can have a contradiction by the arguments used in Case 3 for proving
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α2 = t̄. Now, suppose that α2 > t̄, i.e., α1 > t̄. Then, for an arbitrarily given

α ∈ (t̄, α1), we consider the problem (FP1b) (resp., the problem (FP2b)) which

is obtained from the problem (FP1a) in Section 3.4 (resp., from the above

problem (FP2a)) by letting α play the role of the initial time t0. Since α > t̄,

it follows from Theorem 3.3 that (FP1b) has a unique global solution (x̄α, ūα),

where ū(t) = 1 for almost everywhere t ∈ [α, T ], x̄α1 (t) = x̄1(α) − a(t − α)

for all t ∈ [α, T ], and x̄α2 (t) =
∫ t
α

[
− e−λτ(x1(τ) + u(τ))

]
dτ for all t ∈ [α, T ].

Clearly, the restriction of (x̄, ū) on [α, T ] is a feasible process for (FP1b).

Thus, we have

x̄α2 (T ) < x̄2(T ). (3.45)

Besides, by Proposition 3.3, the restriction of (x̄, ū) on [α, T ] is a W 1,1 local

solution for (FP2b). So, there exits δ > 0 such that the restriction of (x̄, ū)

on [α, T ] minimizes the quantity x2(T ) over all feasible processes (x, u) of

(FP2b) with ‖x − x̄‖W 1,1([α,T ];IRn) ≤ δ. Clearly, (x̄α, ūα) is a feasible process of

(FP2b). Therefore, since ‖x̄α − x̄‖W 1,1([α,T ];IRn) ≤ δ for all α sufficiently close

to α1, we have x̄α2 (T ) ≥ x̄2(T ) for those α. This contradicts (3.45). We have

thus proved that α1 = α2 = t̄. Therefore, the formulas for (x̄, ū) on the whole

time segment [t0, T ] is given by

x̄1(t) =

x0 + a(t− t0), t ∈ [t0, t̄)

1− a(t− t̄), t ∈ [t̄, T ]
and ū(t) =

−1, a.e. t ∈ [t0, t̄)

1, a.e. t ∈ [t̄, T ].

Case 5: t0 < α1 = α2 = T , i.e., x̄1(t) < 1 for t ∈ [t0, T ) and x̄1(T ) = 1.

Repeating the arguments used to find the formula for x̄1(·) on [t0, α1] in Case 3

with T playing the role of α1, we get ū(t) = −1 for almost every t ∈ [t0, T ]

and x̄1(t) = x0 + a(t− t0) for all t ∈ [t0, T ]. But this cannot happen. Indeed,

since (x̄, ū) is a W 1,1 local minimizer of (FP2a), by Definition 3.1 we can

find δ > 0 such that the process (x̄, ū) minimizes the quantity x2(T ) over all

feasible processes (x, u) of (FP2a) with ‖x̄− x‖W 1,1 ≤ δ. For a number ε > 0

such that T − ε ∈ (t0, T ), consider the pair of functions (x̃ε, ũε) with

x̃ε1(t) :=

x̄1(t), t ∈ [t0, T − ε]
x̄1(T − ε)− a(t− T + ε), t ∈ (T − ε, T ]

and

ũε(t) :=

ū(t), t ∈ [t0, T − ε]
1, t ∈ (T − ε, T ].
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Clearly, (x̃ε, ũε) is a feasible process of (FP2a). For ∆ε := x̄2(T ) − x̃ε2(T ),

one has

∆ε =

∫ T

t0

[
− e−λt(x̄1(t) + ū(t))

]
dt−

∫ T

t0

[
− e−λτ(x̃ε1(t) + ũε(t))

]
dt

=

∫ T

T−ε

[
x̃ε1(t)− x̄1(t) + ũε(t)− ū(t)

]
e−λtdt

=

∫ T

T−ε

[
x̄1(T − ε)− a(t− T + ε)− (x0 + a(t− t0)) + 1− (−1)

]
e−λtdt

=

∫ T

T−ε

[
2a(T − ε− t) + 2

]
e−λtdt =

−1

λ

∫ T

T−ε

[
2a(T − ε− t) + 2

]
d(e−λt)

Thus, using the formula for integration by parts, we can deduce that

−λ∆ε =
([

2a(T − ε− t) + 2
]
e−λt

)∣∣T
T−ε −

∫ T

T−ε
e−λtd[2a(T − ε− t) + 2]

= (2− 2aε)e−λT − 2e−λ(T−ε) − 2a

λ
(e−λT − e−λ(T−ε))

= 2
(

1− a

λ

)
(e−λT − e−λ(T−ε))− 2aεe−λT .

Since λ > 0, one has ∆ε > 0 if and only if −λ∆ε < 0. The latter means that

2
(

1− a

λ

)
(e−λT − e−λ(T−ε))− 2aεe−λT < 0.

Dividing both sides of this inequality by e−λ(T−ε), one gets

2
(

1− a

λ

)
(e−λε − 1)− 2aεe−λε < 0.

Let z(t) := 2
(

1− a
λ

)
(e−λt−1)−2ate−λt for t ∈ IR. Clearly, for any t ∈ [0, a−1)

one has

ż(t) = 2(a− λ)e−λt − 2ae−λt + 2aλte−λt = 2λ(at− 1)e−λt < 0.

Hence the function z(·) is strictly decreasing on [0, a−1). This and the fact

that z(0) = 0 yield z(ε) < 0 for every ε ∈ (0, a−1). The latter means that

∆ε > 0, i.e., x̄2(T ) > x̃ε2(T ) for every ε ∈ (0, a−1). Since lim
ε→0
‖x̄− x̃ε‖W 1,1 = 0,

one has ‖x̄ − x̃ε‖W 1,1 ≤ δ for all ε sufficiently close to 0. This contradicts

the assumed W 1,1 local optimality of the process (x̄, ū). We have thus proved

that the situation described in this case is excluded.

Going back to the original problem (FP2), we can summarize the results

of this section in the next theorem.
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Theorem 3.4 Given any a, λ with a > λ > 0, define ρ =
1

λ
ln

a

a− λ
> 0,

t̄ = T − ρ, x̄0 = 1− a(t̄− t0), and α1 = t0 + a−1(1− x0). Then, (FP2) has a

unique local solution (x̄, ū), which is a global solution, where ū(t) = −a−1 ˙̄x(t)

for almost every t ∈ [t0, T ] and x̄(t) is described as follows:

(a) If t0 ≥ t̄ (i.e, T − t0 ≤ ρ), then

x̄(t) = x0 − a(t− t0), t ∈ [t0, T ].

(b) If t0 < t̄ and x0 < x̄0 (i.e, ρ < T − t0 < ρ+ a−1(1− x0)), then

x̄(t) =

x0 + a(t− t0), t ∈ [t0, t̄]

x0 − a(t+ t0 − 2t̄), t ∈ (t̄, T ].

(c) If t0 < t̄ and x0 = x̄0 (i.e, T − t0 = ρ+ a−1(1− x0)), then

x̄(t) =

x0 + a(t− t0), t ∈ [t0, t̄)

1− a(t− t̄), t ∈ [t̄, T ].

(d) If t0 < t̄ and x0 > x̄0 (i.e, T − t0 > ρ+ a−1(1− x0)), then

x̄(t) =


x0 + a(t− t0), t ∈ [t0, α1)

1, t ∈ [α1, t̄)

1− a(t− t̄), t ∈ [t̄, T ].

Figure 3.8: The optimal trajectories x̄(·) of (FP2) w.r.t. parameters a = 0.53, λ = 0.3, T = 5, and

varying t0, x0

Proof. To prove the assertions (a)–(d), it suffices to combine the results

formulated in the above Cases 1–5, having in mind that x̄1(t) in (FP2a) plays

the role of x̄(t) in (FP2). 2
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Geometrically, depending on the parameters tube (λ, a, x0, t0, T ), by The-

orem 3.4 we know that the unique optimal trajectory
{

(t, x̄(t)) : t ∈ [t0, T ]
}

of (FP2) must be of one the following four types:

(a) “interior straight trajectory” – a line segment, which does not touch

the boundary line x = 1;

(b) “interior triangular trajectory” – the union of two line segments, which

does not touch the boundary line x = 1 and which has a turning point at the

time moment t = t̄;

(c) “boundary triangular trajectory” – the union of two line segments, which

touches the boundary line x = 1 and has a turning point at the time moment

t = t̄;

(d) “boundary trapezoidal trajectory” – the union of three line segments,

which moves on the boundary x = 1 from the time moment t = α1 to the

time moment t = t̄ and has two turning points at the moments α1 and t̄.

Correspondingly, the optimal control function ū(·) may have no switching

point (in situation (a)), one switching point (in the situations (b) and (c)) or

two switching points (in situation (d)).

3.6 Conclusions

We have analyzed a maximum principle for finite horizon state constrained

problems via two parametric examples of optimal control problems of the

Lagrange type, which have five parameters. These problems resemble the

optimal economic growth problems in macroeconomics. The first example is

related to control problems without state constraints. The second one belongs

to the class of irregular control problems with unilateral state constraints.

We have proved that the control problem in each example has a unique local

solution, which is a global solution. Moreover, we have presented an explicit

description of the optimal process with respect to the five parameters.

The obtained results allow us to have a deep understanding of the maxi-

mum principle in question.

We believe that economic optimal growth models can be studied by ad-

vanced tools from functional analysis and optimal control theory via the

approach adopted in this chapter.
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Chapter 4

Parametric Optimal Control Problems

with Bilateral State Constraints

The present chapter is written on the basis of the paper [38]. Here, fi-

nite horizon optimal control problems with bilateral state constraints will be

considered.

4.1 Problem Statement

By (FP3) we denote the finite horizon optimal control problem of the

Lagrange type

Minimize J(x, u) =

∫ T

t0

[
− e−λt(x(t) + u(t))

]
dt (4.1)

over x ∈ W 1,1([t0, T ], IR) and measurable functions u : [t0, T ]→ IR satisfying
ẋ(t) = −au(t), a.e. t ∈ [t0, T ]

x(t0) = x0

u(t) ∈ [−1, 1], a.e. t ∈ [t0, T ]

−1 ≤ x(t) ≤ 1, ∀t ∈ [t0, T ]

(4.2)

with a > λ > 0, T > t0 ≥ 0, and −1 ≤ x0 ≤ 1 being given as five parame-

ters. Thus, it is instantly seen that the only difference among (FP3) and the

problems (FP1) and (FP2) is the appearance of the bilateral state constraints

−1 ≤ x(t) ≤ 1, for all t ∈ [t0, T ].

We want to know about the change of the optimal solutions when one

more state constraint is added. We will follow the approach adopted in the
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preceding chapter for dealing with (FP1) and (FP2). This means that we

will first show the solution existence and then study the necessary conditions

provided by the maximum principle [82, Theorem 9.3.1]. It turns out that, in

comparison with previous chapter, herein we have to prove a series of delicate

lemmas. Moreover, the synthesis of finitely many processes suspected for

being local minimizers is rather sophisticated, and it requires a lot of refined

arguments.

Similarly as it was done in the case of the problems (FP1) and (FP2), we

now treat (FP3) in (4.1)–(4.2) as a problem of the Mayer type by setting

x(t) = (x1(t), x2(t)), where x1(t) plays the role of x(t) in (FP3) and

x2(t) :=

∫ t

t0

[
− e−λτ(x1(τ) + u(τ))

]
dτ, t ∈ [0, T ]. (4.3)

Thus, (FP3) is equivalent to the problem

Minimize x2(T ) (4.4)

over x = (x1, x2) ∈ W 1,1([t0, T ], IR2) and measurable functions u : [t0, T ]→ IR

satisfying 

ẋ1(t) = −au(t), a.e. t ∈ [t0, T ]

ẋ2(t) = −e−λt(x1(t) + u(t)), a.e. t ∈ [t0, T ]

(x(t0), x(T )) ∈ {(x0, 0)} × IR2

u(t) ∈ [−1, 1], a.e. t ∈ [t0, T ]

−1 ≤ x1(t) ≤ 1, ∀t ∈ [t0, T ].

(4.5)

The problem (4.4)–(4.5) is abbreviated to (FP3a).

4.2 Solution Existence

To verify that (FP3a) is of the form M1 (see Section 3.2), one can choose

n = 2, m = 1, A = [t0, T ] × [−1, 1]× IR, U(t, x) = [−1, 1] for all (t, x) ∈ A,

B = {t0} × {(x0, 0)} × IR× IR2, g(t0, x(t0), T, x(T )) = x2(T ),

M = A× [−1, 1], f(t, x, u) = (−au,−e−λt(x1 + u))

for all (t, x, u) ∈ M . To show that (FP3a) satisfies all the assumptions of

Theorem 3.2, we can use the arguments showing that (FP1a) has a W 1,1
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global minimizer (see Section 3.3), except those related to the convexity of

the sets Q(t, x) and the compactness of Mε, which will be verified as follows.

By the formula for A, one has A0 = [t0, T ] and A(t) = [−1, 1] × IR for all

t ∈ A0. Thus, the requirement in Theorem 3.2 on the convexity of the sets

Q(t, x), x ∈ A(t), for almost every t ∈ [t0, T ] is satisfied. Since

M = [t0, T ] × [−1, 1]× IR× [−1, 1],

for any ε ≥ 0, one has the expression

Mε = {(t, x, u) ∈ [t0, T ] × [−1, 1]× IR× [−1, 1] : ‖x‖ ≤ ε},

which justifies the compactness of Mε.

Theorem 3.2 tells us that (FP3a) has a W 1,1 global minimizer. Thus, by

the equivalence of (FP3) and (FP3a), we can assert that (FP3) has a W 1,1

global solution.

4.3 Preliminary Investigations of the Optimality Con-

dition

To solve problem (FP3) by applying Theorem 3.1, note that (FP3a) is in

the form of M with g(x, y) = y2,

f(t, x, u) = (−au,−e−λt(x1 + u)),

C = {(x0, 0)} × IR2, U(t) = [−1, 1], and h(t, x) = |x1| − 1 for all t ∈ [t0, T ],

x = (x1, x2) ∈ IR2, y = (y1, y2) ∈ IR2 and u ∈ IR. According to (3.9), the

Hamiltonian of (FP3a) is the function

H(t, x, p, u) = −aup1− e−λt(x1 + u)p2, ∀(t, x, p, u) ∈ [t0, T ]× IR2× IR2× IR.

(4.6)

By (3.10), the partial hybrid subdifferential of h at (t, x) ∈ [t0, T ]× IR2 is the

set

∂>x h(t, x) =


{(−1, 0)}, if x1 ≤ −1

∅, if |x1| < 1

{(1, 0)}, if x1 ≥ 1.

(4.7)

Let (x̄, ū) be a W 1,1 local minimizer for (FP3a). Since the assumptions

(H1)–(H4) of Theorem 3.1 are satisfied for (FP3a), applying that theorem one
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can find p ∈ W 1,1([t0, T ]; IR2), γ ≥ 0, µ ∈ C⊕(t0, T ), and a Borel measurable

function ν : [t0, T ] → IR2 such that (p, µ, γ) 6= (0, 0, 0), and for q(t) :=

p(t) + η(t) with

η(t) :=

∫
[t0,t)

ν(τ)dµ(τ), t ∈ [t0, T )

and

η(T ) :=

∫
[t0,T ]

ν(τ)dµ(τ),

conditions (i)–(iv) in Theorem 3.1 hold true.

Condition (i): Note that

µ{t ∈ [t0, T ] : ν(t) /∈ ∂>x h(t, x̄(t))}
= µ{t ∈ [t0, T ] : ∂>x h(t, x̄(t)) = ∅}

+ µ{t ∈ [t0, T ] : ∂>x h(t, x̄(t)) 6= ∅, ν(t) /∈ ∂>x h(t, x̄(t))}.

Since −1 ≤ x1(t) ≤ 1 for every t, combining this with (4.7) gives

µ{t ∈ [t0, T ] : ν(t) /∈ ∂>x h(t, x̄(t))}
= µ{t ∈ [t0, T ] : −1 < x̄1(t) < 1}

+ µ{t ∈ [t0, T ] : x̄1(t) = 1, ν(t) 6= (1, 0)}
+ µ{t ∈ [t0, T ] : x̄1(t) = −1, ν(t) 6= (−1, 0)}.

So, from (i) it follows that

µ{t ∈ [t0, T ] : −1 < x̄1(t) < 1} = 0, (4.8)

µ
{
t ∈ [t0, T ] : x̄1(t) = 1, ν(t) 6= (1, 0)

}
= 0, (4.9)

µ
{
t ∈ [t0, T ] : x̄1(t) = −1, ν(t) 6= (−1, 0)

}
= 0. (4.10)

Condition (ii): By (4.6), H is differentiable in x and

∂xH(t, x, p, u) = {(−e−λtp2, 0)}, ∀(t, x, p, u) ∈ [t0, T ]× IR2 × IR2 × IR.

Thus, (ii) implies that −ṗ(t) = (−e−λtq2(t), 0) for a.e. t ∈ [t0, T ]. Hence,

ṗ1(t) = e−λtq2(t) for a.e. t ∈ [t0, T ] and p2(t) is a constant for all t ∈ [t0, T ].

Condition (iii): Using the formulas for g and C, we can show that

∂g(x̄(t0), x̄(T )) = {(0, 0, 0, 1)} and N((x̄(t0), x̄(T ));C) = IR2 × {(0, 0)}. So,

(iii) yields

(p(t0),−q(T )) ∈ {(0, 0, 0, γ)}+ IR2 × {(0, 0)},
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which means that q1(T ) = 0 and q2(T ) = −γ.

Condition (iv): By (4.6), from (iv) one gets

−aū(t)q1(t)− e−λt[x̄1(t) + ū(t)]q2(t) = max
u∈[−1,1]

{
−auq1(t)− e−λt[x̄1(t) + u]q2(t)

}
for almost every t ∈ [t0, T ]. or, equivalently,

[aq1(t) + e−λtq2(t)]ū(t) = min
u∈[−1,1]

{
[aq1(t) + e−λtq2(t)]u

}
a.e. t ∈ [t0, T ].

4.4 Basic Lemmas

If the curve x̄1(t) remains in the interior of the domain [−1, 1] for all t

from an open interval (τ1, τ2) of the time axis and touches the boundary of

the domain at the moments τ1 and τ2, then it must have some special form.

A formal formulation of this observation is as follows.

Lemma 4.1 Suppose that [τ1, τ2], τ1 < τ2, is a subsegment of [t0, T ] with

x̄1(t) ∈ (−1, 1) for all t ∈ (τ1, τ2). Then, next statements hold true.

S1) If x̄1(τ1) = −1 and x̄1(τ2) = 1, then τ2 − τ1 = 2a−1 and

x̄1(t) = −1 + a(t− τ1), t ∈ [τ1, τ2].

S2) If x̄1(τ1) = 1 and x̄1(τ2) = −1, then τ2 − τ1 = 2a−1 and

x̄1(t) = 1− a(t− τ1), t ∈ [τ1, τ2].

S3) If x̄1(τ1) = x̄1(τ2) = −1, then τ2 − τ1 < 4a−1 and

x̄1(t) =

−1 + a(t− τ1), t ∈ [τ1, t̂]

−1− a(t− τ2), t ∈ (t̂, τ2],

where t̂ := (τ1 + τ2)/2.

S4) The situation where x̄1(τ1) = x̄1(τ2) = 1 cannot happen.

Proof. Choose ε1 > and ε2 > 0 small enough so as [τ1 + ε1, τ2− ε2] ⊂ [τ1, τ2].

Then, x̄1(t) ∈ (−1, 1) for all t ∈ [τ1 + ε1, τ2 − ε2], i.e., h(t, x̄(t)) < 0 for all

t ∈ [τ1 + ε1, τ2 − ε2]. Thus, applying Proposition 3.4 in the previous chapter

with (FP3a) in the place of (FP2a) in its formulation, one finds that the
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formula for x̄1(·) on [τ1 + ε1, τ2− ε2] belongs to one of the following categories

C1−C3:

x̄1(t) = x̄1(τ1 + ε1) + a(t− τ1 − ε1), t ∈ [τ1 + ε1, τ2 − ε2],

x̄1(t) = x̄1(τ1 + ε1)− a(t− τ1 − ε1), t ∈ [τ1 + ε1, τ2 − ε2],

and

x̄1(t) =

x̄1(τ1 + ε1) + a(t− τ1 − ε1), t ∈ [τ1 + ε1, tζ]

x̄1(tζ)− a(t− tζ), t ∈ (tζ, τ2 − ε2],

where tζ is some point in (τ1 + ε1, τ2 − ε2).

To prove the statement S1, let ε2 = k−1 with k being a positive integer, as

large as k−1 ∈ (τ1 + ε1, τ2). Since the formula for x̄1(·) on [τ1 + ε1, τ2 − k−1]

for each k must be of the three types C1–C3, by the Dirichlet principle there

must exist a subsequence {k′} of {k} such that the corresponding formulas

belong to a fixed category. If the latter is happens to be C2, then by the

continuity of x̄1(·) one has

x̄1(τ2) = lim
k′→∞

x̄1(τ2 −
1

k′
) = lim

k′→∞

[
x̄1(τ1 + ε1)− a(τ2 −

1

k′
− τ1 − ε1)

]
= x̄1(τ1 + ε1)− a(τ2 − τ1 − ε1).

This is impossible, because x̄1(τ2) = 1. Similarly, the situation where the

fixed category is C3 must also be excluded. In the case where the formulas

for x̄1(·) belong to the category C1, we have

x̄1(t) = x̄1(τ1 + ε1) + a(t− τ1 − ε1), t ∈ [τ1 + ε1, τ2].

Now, letting ε1 tend to zero and using continuity of x̄1(·), we obtain

x̄1(t) = x̄1(τ1) + a(t− τ1), t ∈ [τ1, τ2].

As x̄1(τ1) = −1, the statement S1 is proved.

The statements S2 and S3 are proved similarly.

To prove the assertion S4, it suffices to apply the arguments of the second

part (dealing with the segment [α̂1, α̂2]) of the analysis of Subcase 3a in

Section 3.5 2

The forthcoming technical lemma will be in use very frequently.
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Lemma 4.2 Given any t1, t2 ∈ [t0, T ], t1 < t2, one puts

J(x, u)|[t1,t2] :=

∫ t2

t1

[
− e−λt

(
x1(t) + u(t)

)]
dt (4.11)

for any feasible process (x, u) of (FP3a). If (x̃, ũ) and (x̌, ǔ) are feasible

processes for (FP3a) with x̃1(t) = 1 for all t ∈ [t1, t2] and

x̌1(t) =

1− a(t− t1), t ∈ [t1, ť]

1 + a(t− t2), t ∈ (ť, t2],

where ť := 2−1(t1 + t2), then one has

J(x̌, ǔ)|[t1,t2] − J(x̃, ũ)|[t1,t2] =
1

λ

(a
λ
− 1

)
∆(t1, t2) (4.12)

with

∆(t1, t2) := e−λt1 − 2e−
1
2λ(t1+t2) + e−λt2. (4.13)

Besides, it holds that ∆(t1, t2) > 0 and J(x̌, ǔ)|[t1,t2] > J(x̃, ũ)|[t1,t2].

Proof. Using the equation ẋ1(t) = −au(t) in (4.5), which is fulfilled for

almost all t ∈ [t0, T ], and the assumed properties of the processes (x̃, ũ) and

(x̌, ǔ), we have ũ(t) = 0 for almost all t ∈ [t1, t2] and

ǔ(t) =

1, a.e. t ∈ [t1, ť]

−1, a.e. t ∈ (ť, t2].

As x̌(·) is a feasible trajectory for (FP3a), x̌(ť) ≥ −1, i.e., t2 − t1 ≤ 4a−1.

By the formulas for x̃1 and ũ on [t1, t2],

J(x̃, ũ)|[t1,t2] =

∫ t2

t1

[
− e−λt

(
x̃1(t) + ũ(t)

)]
dt = −

∫ t2

t1

e−λtdt =
1

λ
e−λt2 − 1

λ
e−λt1.

Similarly, from the formulas for x̌1 and ǔ on [t1, t2] it follows that

J(x̌, ǔ)|[t1,t2] =

∫ t2

t1

[
− e−λt

(
x̌1(t) + ǔ(t)

)]
dt

=

∫ ť

t1

[
− e−λt

(
(1− a(t− t1)) + 1

)]
dt

+

∫ t2

ť

[
− e−λt

(
(1 + a(t− t2))− 1

)]
dt

=

∫ ť

t1

e−λt
[
a(t− t1)− 2

]
dt−

∫ t2

ť

e−λta(t− t2)dt.
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We have J(x̌, ǔ)|[t1,t2] = I1− I2 by denoting the last two integrals respectively

by I1 and I2. By regrouping and applying the formula for integration by

parts, one has

I1 = −a
λ

∫ ť

t1

(t− t1)d(e−λt)− 2

∫ ť

t1

e−λtdt

= −a
λ

[
(t− t1)e−λt

]∣∣ť
t1
−
∫ ť

t1

e−λtdt
]
− 2

∫ ť

t1

e−λtdt

= (
a

λ
− 2)

∫ ť

t1

e−λtdt− a

2λ
(t2 − t1)e−λť

= (
2

λ
− a

λ2
)
(
e−λť − e−λt1

)
− a

2λ
(t2 − t1)e−λť.

Similarly,

I2 = −a
λ

∫ t2

ť

(t− t2)d(e−λt)

=
a

λ

[
(t− t2)e−λt

]∣∣ť
t2

+
a

λ

[ ∫ t2

ť

e−λtdt
]

= − a

2λ
(t2 − t1)e−λť −

a

λ2

[
e−λt2 − e−λť

]
.

Thus,

J(x̌, ǔ)|[t1,t2] = (
2

λ
− a

λ2
)
(
e−λť − e−λt1

)
− a

2λ
(t2 − t1)e−λť +

a

2λ
(t2 − t1)e−λť

+
a

λ2

[
e−λt2 − e−λť

]
= (

2

λ
− 2a

λ2
)e−λť + (

a

λ2
− 2

λ
)e−λt1 +

a

λ2
e−λt2.

Therefore,

J(x̌, ǔ)|[t1,t2] − J(x̃, ũ)|[t1,t2] =
(2

λ
− 2a

λ2

)
e−λť +

( a
λ2
− 1

λ

)
e−λt1 +

( a
λ2
− 1

λ

)
e−λt2

=
1

λ

(a
λ
− 1

)(
e−λt1 − 2e−λť + e−λt2

)
.

(4.14)

Thus, formula (4.12) is proved. To obtain the second assertion of the lemma,

put ψ(t) = e−λt for all t ∈ IR. Since ψ′′(t) > 0 for every t, the function ψ is

strictly convex. So,

ψ
(1
2
t1 +

1

2
t2
)
<

1

2
ψ(t1) +

1

2
ψ(t2).

It follows that ∆(t1, t2) > 0 for any t1 < t2. Combining this with (4.14) and

the inequality
a

λ
− 1 > 0, we obtain J(x̌, ǔ)|[t1,t2] > J(x̃, ũ)|[t1,t2]. 2

The following analogue of Lemma 4.2 will be used latter on.
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Lemma 4.3 Let t1, t2 be as in Lemma 4.2. Let J(x, u)|[t1,t2] and ∆(t1, t2) be

defined, respectively, by (4.11) and (4.13). If (x̃, ũ) and (x̂, û) are feasible

processes for (FP3a) with x̃1(t) = −1 for all t ∈ [t1, t2] and

x̂1(t) =

−1 + a(t− t1), t ∈ [t1, t̂]

−1− a(t− t2), t ∈ (t̂, t2],

where t̂ := 2−1(t1 + t2), then one has

J(x̂, û)|[t1,t2] − J(x̃, ũ)|[t1,t2] = −1

λ

(a
λ
− 1

)
∆(t1, t2).

Therefore, J(x̂, û)|[t1,t2] < J(x̃, ũ)|[t1,t2].

Proof. By (4.5), from our assumptions it follows that ũ(t) = 0 for almost

every t ∈ [t1, t2] and

û(t) =

−1, a.e. t ∈ [t1, t̂]

1, a.e. t ∈ (t̂, t2].

Since x̂(·) is a feasible trajectory for (FP3a), x̂(t̂) ≤ 1, i.e., t2 − t1 ≤ 4a−1.

One has

J(x̃, ũ)|[t1,t2] =

∫ t2

t1

[
− e−λt

(
x̃1(t) + ũ(t)

)]
dt =

∫ t2

t1

e−λtdt = −1

λ
e−λt2 +

1

λ
e−λt1.

Besides, the formulas for x̂1 and û on [t1, t2] imply that

J(x̂, û)|[t1,t2] =

∫ t̂

t1

[
− e−λt

(
(−1 + a(t− t1))− 1

)]
dt

+

∫ t2

t̂

[
− e−λt

(
(−1− a(t− t2)) + 1

)]
dt

=−
∫ t̂

t1

e−λt
[
a(t− t1)− 2

]
dt+

∫ t2

t̂

e−λta(t− t2)dt.

Thus, changing the sign of the expression J(x̂, û)|[t1,t2] − J(x̃, ũ)|[t1,t2] we get

the expression on the left-hand-side of (4.12). So, the desired results follow

from Lemma 4.2. 2

We will need two more lemmas.

Lemma 4.4 Consider the function ∆ : IR2 → IR defined by (4.13). For any

t1, t2 ∈ IR with t1 < t2 and for any ε̄ ∈ (0, t2 − t1), one has

∆(t1 + ε̄, t2) < ∆(t1, t2) (4.15)
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and

∆(t1, t2) > ∆(t1, t1 + ε̄) + ∆(t1 + ε̄, t2). (4.16)

Proof. Fix a value ε̄ ∈ (0, t2 − t1). To obtain (4.15), consider the function

ψ1(ε) := ∆(t1 + ε, t2) of the variable ε ∈ IR. Since

ψ1(ε) = e−λ(t1+ε) − 2e−
1
2λ(t1+ε+t2) + e−λt2,

one sees that ψ1(·) is continuously differentiable on IR and

ψ′1(ε) = λ
(
e−

1
2λ(t1+ε+t2) − e−λ(t1+ε)

)
.

As the function r(t) := e−λt is strictly decreasing on IR, the last equality

implies that ψ′1(ε) < 0 for every ε ∈ [0, t2 − t1). Hence, the function ψ1(·) is

strictly decreasing on [0, t2 − t1). So, the inequality (4.15) is valid.

To obtain (4.16), observe from (4.13) that

∆(t1, t2)−∆(t1, t1 + ε̄)−∆(t1 + ε̄, t2)

= e−λt1 − 2e−λ
t1+t2

2 + e−λt2 −
(
e−λt1 − 2e−λ(t1+ ε̄

2 ) + e−λ(t1+ε̄)
)

−
(
e−λ(t1+ε̄) − 2e−λ(

t1+t2
2 + ε̄

2 ) + e−λt2
)

= 2
[
e−λ(

t1+t2
2 + ε̄

2 ) − e−λ
t1+t2

2
]
− 2

[
e−λ(t1+ε̄) − e−λ(t1+ ε̄

2 )
]

Applying the classical mean value theorem to the differentiable function

r(t) = e−λt, one can find τ1 ∈ (t1 + ε̄
2
, t1 + ε̄) and τ2 ∈ ( t1+t2

2
, t1+t2

2
+ ε̄

2
) such

that

e−λ(t1+ε̄) − e−λ(t1+ ε̄
2 ) =

ε̄

2
(−λ)e−λτ1,

e−λ(
t1+t2

2 + ε̄
2 ) − e−λ

t1+t2
2 =

ε̄

2
(−λ)e−λτ2.

Thus, ∆(t1, t2)−∆(t1, t1+ ε̄)−∆(t1+ ε̄, t2) = ε̄λ
[
e−λτ1−e−λτ2

]
. As the function

r(t) is strictly decreasing on IR and τ1 < τ2, one gets e−λτ1 − e−λτ2 > 0; hence

the inequality (4.16) is proved. 2

Lemma 4.5 Let there be given t1, t2 ∈ [t0, T ], t1 < t2, and ξ > 0. Suppose

that (x̃ξ, ũξ) and (x̌ξ, ǔξ) are feasible processes for (FP3a) with x̃ξ1(t) = ξ for

all t ∈ [t1, t2] and

x̌ξ1(t) =

ξ − a(t− t1), t ∈ [t1, ť]

ξ + a(t− t2), t ∈ (ť, t2],
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where ť := 2−1(t1 + t2). Then one has

J(x̌ξ, ǔξ)|[t1,t2] − J(x̃ξ, ũξ)|[t1,t2] =
1

λ

(a
λ
− 1

)
∆(t1, t2),

with J(x, u)|[t1,t2] and ∆(t1, t2) being defined respectively by (4.11) and (4.13).

Besides, the strict inequality J(x̌ξ, ǔξ)|[t1,t2] > J(x̃ξ, ũξ)|[t1,t2] is valid.

Proof. The proof is similar to that of Lemma 4.2. 2

The following two lemmas are crucial for describing the behavior of the

local solutions of (FP3a).

Lemma 4.6 The situation where x̄1(t) = −1 for all t from a subsegment

[t1, t2] of [t0, T ] with t1 < t2 cannot happen.

Proof. Since (x̄, ū) is a W 1,1 local minimizer of (FP3a), by Definition 3.1

there exists δ > 0 such that the process (x̄, ū) minimizes the quantity x2(T )

over all feasible processes (x, u) of (FP3a) with ‖x̄− x‖W 1,1([t0,T ];IR2) ≤ δ.

To prove our assertion, suppose on the contrary that there are t1, t2 with

t0 ≤ t1 < t2 ≤ T such that x̄1(t) = −1 for all t ∈ [t1, t2]. Fixing a number

ε ∈ (0, t2 − t1), we consider the pair of functions (x̂ε, ûε), where

x̂ε1(t) :=


x̄1(t), t ∈ [t0, t1) ∪ (t1 + ε, T ]

−1 + a(t− t1), t ∈ [t1, t1 + 2−1ε]

−1− a(t− t1 − ε), t ∈ (t1 + 2−1ε, t1 + ε]

and

ûε(t) := −a−1dx̂
ε
1(t)

dt
, t ∈ [t0, T ].

Clearly, (x̂ε, ûε) is a feasible process of (FP3a). By (4.3), (4.11), and the

definition of x̂ε1(·), we have

x̄2(T )− x̂ε2(T ) = J(x̄, ū)|[t1,t1+ε] − J(x̂ε, ûε)|[t1,t1+ε]. (4.17)

Besides, it follows from Lemma 4.3 and the constructions of x̄ and x̂ε on

[t1, t1 + ε] that

J(x̄, ū)|[t1,t1+ε] − J(x̂ε, ûε)|[t1,t1+ε] > 0.

Combining this with (4.17) yields x̄2(T ) > x̂ε2(T ), which contradicts the W 1,1

local optimality of (x̄, ū), because ‖x̄ − x̂ε‖W 1,1([t0,T ];IR2) ≤ δ for ε > 0 small

enough. 2
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Lemma 4.7 One must have x̄1(t) > −1 for all t ∈ (t0, T ).

Proof. By our standing assumption, (x̄, ū) is a W 1,1 a local minimizer for

(FP3a). Let δ > 0 be chosen as in the proof of Lemma 4.6. If the assertion is

false, there would exist ť ∈ (t0, T ) with x̄1(ť) = −1.

If there exist two positive numbers ε1 and ε2 such that x̄1(t) > −1 for all

t ∈ (ť−ε1, ť)∪(ť, ť+ε2). Then, thanks to the continuity of x̄1(·), by shrinking

ε1 > 0 and ε2 > 0 (if necessary) one may assume that x̄1(t) ∈ (−1, 1) for all

t ∈ (ť− ε1, ť)∪ (ť, ť+ ε2). Then, since the curve x̄1(·) cannot have more than

one turning on the interval (ť− ε1, ť) (resp., on the interval (ť, ť+ ε2)) by the

observation given at the beginning of the proof of Lemma 4.1. So, replacing

ε1 (resp., ε2) by a smaller positive number, one may assume that

x̄1(t) =

−1− a(t− ť), t ∈ [ť− ε1, ť]

−1 + a(t− ť), t ∈ (ť, ť+ ε2].

To get a contradiction, we can apply the construction given in Lemma 4.5.

Namely, choose ε > 0 as small as ε < min{ε1, ε2} and define a feasible process

(x̃ε, ũε) for (FP3a) by setting

ũε(t) =

0, t ∈ [ť− ε, ť+ ε]

ū(t), t ∈ [t0, ť− ε) ∪ (ť+ ε, T ]

and

x̃ε(t) =

x̄1(ť− ε), t ∈ [ť− ε, ť+ ε]

x̄(t), t ∈ [t0, ť− ε) ∪ (ť+ ε, T ].

Then, by Lemma 4.5 one has J(x̄, ū) > J(x̃ε, ũε). This contradicts the W 1,1

local optimality of (x̄, ū), because ‖x̄ − x̂ε‖W 1,1([t0,T ];IR2) ≤ δ for ε > 0 small

enough.

Since one cannot find ε1 > 0 and ε2 > 0 such that the strict inequality

x̄1(t) > −1 holds for all t ∈ (ť− ε1, ť)∪ (ť, ť+ ε2), there must exist a sequence

{tk} in (t0, T ) converging to ť such that either tk < ť for all k or tk > ť for all

k, and x̄1(tk) = −1 for each k. It suffices to consider the case tk < ť for all k,

as the other case can be treated similarly. By considering a subsequence (if

necessary), we may assume that tk < tk+1 for all k.

Choose k̄ as large as

ť− tk̄ < min{2δa−1, 4a−1}. (4.18)
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This choice of k̄ guarantees that x̄1(t) < 1 for every t ∈ [tk̄, ť]. Indeed,

otherwise there is some α ∈ (tk̄, ť) with x̄1(α) = 1. Setting

α1 = min
{
t ∈ [tk̄, α] : x̄1(t) = 1

}
, α2 = max

{
t ∈ [α, ť] : x̄1(t) = 1

}
,

one has α1 ≤ α2, [α1, α2] ⊂ [tk̄, ť], and x̄1(t) ∈ (−1, 1) for all t in intervals

(tk̄, α1) and (α2, ť). Then, it follows from assertion S1 of Lemma 4.1 that

α1−tk̄ = 2a−1. Similarly, by assertion S2 in that lemma, one has ť−α2 = 2a−1.

So, one gets ť− tk̄ ≥ 4a−1, which comes in conflict with (4.18).

By Lemma 4.6, one cannot have x̄1(t) = −1 for all t ∈ [tk̄, tk̄+1]. Thus,

there is some τ ∈ (tk̄, tk̄+1) with x̄1(τ) > −1. Setting

τ1 = max
{
t ∈ [tk̄, τ ] : x̄1(t) = −1

}
, τ2 = min

{
t ∈ [τ, tk̄+1] : x̄1(t) = −1

}
,

one has τ1 < τ2, [τ1, τ2] ⊂ [tk̄, tk̄+1], and x̄1(t) ∈ (−1, 1) for all t ∈ (τ1, τ2).

Hence, replacing tk̄ (resp., tk̄+1) by τ1 (resp., τ2), one sees that all the above-

described properties of the sequence {tk} remain and, in addition,

x̄1(t) ∈ (−1, 1), ∀t ∈ (tk̄, tk̄+1). (4.19)

Let F := {t ∈ [tk̄, ť] : x̄1(t) = −1} and E := [tk̄, ť] \ F . Since F is a closed

subset of IR and E = (tk̄, ť) \ F , E is an open subset of IR. So, E is the

union of a countable family of disjoint open intervals (see [75, Proposition 9,

p. 17]). Since tk /∈ E for all k, we have a representation E =
∞⋃
i=1

Ei, where

the intervals Ei = (τ
(i)
1 , τ

(i)
2 ), i ∈ IN , are nonempty and disjoint. Thanks to

(4.19), one may suppose that E1 = (τ
(1)
1 , τ

(1)
2 ) = (tk̄, tk̄+1). Note also that, for

any i ∈ IN , x̄1(t) ∈ (−1, 1) for all t ∈ Ei. Since x̄1(τ
(i)
1 ) = x̄1(τ

(i)
2 ) = −1, by

assertion S3 of Lemma 4.1 one gets

x̄1(t) =

−1 + a(t− τ (i)
1 ), t ∈ [τ

(i)
1 , 2−1(τ

(i)
1 + τ

(i)
2 )]

−1− a(t− τ (i)
2 ), t ∈ (2−1(τ

(i)
1 + τ

(i)
2 ), τ

(i)
2 ].

If the set F1 := F \ {tk̄} has an isolated point in the induced topology of

[tk̄, ť], says, t̄. Then, one must have t̄ ∈ [tk̄+1, ť). So, there exists ε > 0 such

that (t̄− ε, t̄+ ε) ⊂ (tk̄, ť) and x̄1(t) ∈ (−1, 1) for all t ∈ (t̄− ε, t̄) ∪ (t̄, t̄+ ε).

Applying the construction given in the first part of this proof, we find a

feasible process (x̃ε, ũε) for (FP3a) with the property J(x̄, ū) > J(x̃ε, ũε).

This contradicts the W 1,1 local optimality of (x̄, ū), because (4.18) assures

that ‖x̄− x̂ε‖W 1,1([t0,T ];IR2) ≤ δ.

104



Now, suppose that every point in the compact set F1 is a limit point of this

set in the induced topology of [tk̄, ť]. Then, if the Lebesgue measure µL(F1)

of F1 is null, then the structure of F1 is similar to that of the Cantor set1,

constructed from the segment [tk̄+1, ť] ⊂ IR. If µL(F1) > 0, the structure of F1

is similar to that of a fat Cantor set, which is also called a Smith-Volterra-

Cantor set2.

Putting

ũ(t) =

0, t ∈ [tk̄, ť]

ū(t), t ∈ [t0, tk̄) ∪ (ť, T ]
(4.20)

and

x̃1(t) =

−1, t ∈ [tk̄, ť]

x̄1(t), t ∈ [t0, tk̄) ∪ (ť, T ],
(4.21)

we see that (x̃, ũ) is a feasible process for (FP3a). Similarly, define

u(t) =


−1, t ∈ [tk̄+1, 2

−1(tk̄+1 + ť)]

1, t ∈ (2−1(tk̄+1 + ť), ť]

ū(t), t ∈ [t0, tk̄+1) ∪ (ť, T ]

(4.22)

and

x1(t) =


−1 + a(t− tk̄+1), t ∈ [tk̄+1, 2

−1(tk̄ + ť)]

−1− a(t− ť), t ∈ (2−1(tk̄+1 + ť), ť]

x̄1(t), t ∈ [t0, tk̄+1) ∪ (ť, T ],

(4.23)

and observe that (x, u) is a feasible process for (FP3a). Using (4.18), it is

easy to verify that ‖x− x̄‖W 1,1([t0,T ];IR2) ≤ δ. Thus, if it can be shown that

J(x, u) < J(x̄, ū), (4.24)

then we get a contradiction to the W 1,1 local optimality of (x̄, ū). Hence, the

proof of the lemma will be completed.

By (4.20)–(4.23) and Lemma 4.3, one has

J(x̃, ũ)− J(x, u) = J(x̃, ũ)|[tk̄,ť] − J(x, u)|[tk̄,ť].

Therefore,

J(x̃, ũ)− J(x, u) =
1

λ

(a
λ
− 1

)[
∆(tk̄, tk̄+1) + ∆(tk̄+1, ť)

]
, (4.25)

1https://en.wikipedia.org/wiki/Cantor set.
2https://en.wikipedia.org/wiki/Smith-Volterra-Cantor set.
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where ∆(t1, t2), for any t1, t2 with t1 < t2, is given by (4.13). In addition,

using (4.20), (4.21), the decomposition [tk̄+1, ť] =
( ∞⋃
i=2

Ei

)
∪ F1, and the sum

rule [49, Theorem 1’, p. 297] and the decomposition formula [49, Theorem 4,

p. 298] for the Lebesgue integrals, one gets

J(x̄, ū)− J(x̃, ũ) = J(x̄, ū)|[tk̄,ť] − J(x̃, ũ)|[tk̄,ť]

=

∫
[tk̄,ť]

[
− e−λt(

[
x̄1(t) + ū(t)

]
−
[
x̃1(t) + ũ(t)]

)]
dt

=
∞∑
i=2

∫
Ei

[
− e−λt(

[
x̄1(t) + ū(t)

]
−
[
x̃1(t) + ũ(t)]

)]
dt

+

∫
F1

[
− e−λt(

[
x̄1(t) + ū(t)

]
−
[
x̃1(t) + ũ(t)]

)]
dt.

Hence, it holds that

J(x̄, ū)− J(x̃, ũ) = −1

λ

(a
λ
− 1

) ∞∑
i=2

∆
(
τ

(i)
1 , τ

(i)
2

)
+ I, (4.26)

where I :=

∫
F1

[
− e−λt(

[
x̄1(t) + ū(t)

]
−
[
x̃1(t) + ũ(t)]

)]
dt. Given any t ∈ F1,

we observe that x̄1(t) = x̃1(t) = −1 and ũ(t) = 0. Since every point in F1 is a

limit point of this set in the induced topology of [tk̄, ť], we can find a sequence

{ξtj} in F1 satisfying lim
j→∞

ξtj = t. As the derivative x̄1(t) exists a.e. on [t0, T ],

it exists a.e. on F1. In combination with the first differential equation in

(4.5), this yields ˙̄x1(t) = −aū(t) a.e. t ∈ F1. Since x̄1(t) = −1 for all t ∈ F1,

for a.e. t ∈ F1 it holds that

ū(t) = −1

a
˙̄x1(t) = −1

a
lim
j→∞

x̄1(ξ
t
j)− x̄1(t)

ξtj − t
= 0.

We have thus shown that
[
x̄1(t) + ū(t)

]
−
[
x̃1(t) + ũ(t)] = 0 for a.e. t ∈ F1.

This implies that I = 0. Now, adding (4.25) (4.26), we get

J(x̄, ū)− J(x, u)

=
1

λ

(a
λ
− 1

)[
∆(tk̄, tk̄+1) + ∆(tk̄+1, ť)−

∑∞
i=2 ∆

(
τ

(i)
1 , τ

(i)
2

)]
.

(4.27)

We have
∞∑
i=2

∆
(
τ

(i)
1 , τ

(i)
2

)
≤ ∆(tk̄+1, ť). (4.28)

To establish this inequality, we first show that
m∑
i=2

∆
(
τ

(i)
1 , τ

(i)
2

)
< ∆(tk̄+1, ť) (4.29)
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for any integer m ≥ 2. Taking account of the fact that every point in F1 is

a limit point of this set in the induced topology of [tk̄, ť], by reordering the

intervals
(
τ

(i)
1 , τ

(i)
2

)
for i = 2, . . . ,m, we may assume that

tk̄+1 < τ
(2)
1 < τ

(2)
2 < τ

(3)
1 < τ

(3)
2 < · · · < τ

(m)
1 < τ

(m)
2 < ť.

Then, by Lemma 4.4 and by induction, we have
m∑
i=2

∆
(
τ

(i)
1 , τ

(i)
2

)
<
[
∆
(
tk̄+1, τ

(2)
1 ) + ∆

(
τ

(2)
1 , τ

(2)
2

)]
+

m∑
i=3

∆
(
τ

(i)
1 , τ

(i)
2

)
<
[
∆
(
tk̄+1, τ

(2)
2 ) + ∆

(
τ

(2)
2 , τ

(3)
1

)]
+

m∑
i=3

∆
(
τ

(i)
1 , τ

(i)
2

)
...

< ∆
(
tk̄+1, τ

(m)
2 ) + ∆

(
τ

(m)
2 , ť

)
< ∆(tk̄+1, ť).

Thus, (4.29) is valid. Since ∆
(
τ

(i)
1 , τ

(i)
2

)
> 0 for all i = 2, 3, . . . , the estimate

(4.29) shows that the series
∞∑
i=2

∆
(
τ

(i)
1 , τ

(i)
2

)
is convergent. Letting m → ∞,

from (4.29) one obtains (4.28). Since ∆(tk̄, tk̄+1) > 0, the equality (4.27) and

the inequality (4.28) imply (4.24).

The proof is complete. 2

4.5 Synthesis of the Optimal Processes

To continue, using the parameters tube (λ, a, x0, t0, T ) of (FP3a), we define

ρ =
1

λ
ln

a

a− λ
> 0 and t̄ = T − ρ.

Besides, for a given x0 ∈ [−1, 1], let

ρ1 := a−1(1 + x0) and ρ2 := a−1(1− x0). (4.30)

As x0 ∈ [−1, 1], one has ρ1 ∈ [0, 2a−1] and ρ2 ∈ [0, 2a−1]. Moreover, since

x̄1(t) is a continuous function, the set

T1 := {t ∈ [t0, T ] : x̄1(t) = 1}

is a compact set (which may be empty). If T1 is nonempty, then we consider

the numbers

α1 := min{t : t ∈ T1} andα2 := max{t : t ∈ T1}.
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By Lemma 4.7, one of the next four cases must occur.

Case 1: x0 > −1 and x̄1(t) > −1 for all t ∈ (t0, T ]. Then, condition (i)

means that (4.8) and (4.9) are satisfied, while conditions (ii)–(iv) remain the

same as those in Section 3.5 of Chapter 3. Moreover, it is clear that (x̄, ū) is

a W 1,1 local minimizer of the problem considered therein. So, the curve x̄1(t)

must be of one of the four types (a)–(d) depicted in Theorem 3.4, where we

let x̄1(t) play the role of x̄(t). Of course, the condition x̄1(t) > −1 for all

t ∈ [t0, T ] must be satisfied. With respect to the just mentioned four types

of x̄(t), we have the following four subcases.

Subcase 1a: x̄1(t) is given by

x̄1(t) = x0 − a(t− t0), t ∈ [t0, T ]. (4.31)

By statement (a) of Theorem 3.4, this situation happens when T−t0 ≤ ρ (i.e.,

t̄ ≤ t0). By (4.31), the condition x̄1(t) > −1 for all t ∈ (t0, T ] is equivalent

to x̄1(T ) > −1 or, equivalently, T − t0 < ρ1. Therefore, if either ρ < ρ1 and

T − t0 ≤ ρ or ρ ≥ ρ1 and T − t0 < ρ1, then x̄1(t) is given by (4.31).

Subcase 1b: x̄1(t) is given by

x̄1(t) =

x0 + a(t− t0), t ∈ [t0, t̄]

x0 − a(t+ t0 − 2t̄), t ∈ (t̄, T ].
(4.32)

Accordingly, statement (b) of Theorem 3.4 requires that ρ < T − t0 < ρ+ ρ2.

By (4.32), the condition x̄1(t) > −1 for all t ∈ (t0, T ] is equivalent to the

requirement x̄1(T ) > −1, which means that T − t0 > 2ρ − ρ1. Thus, if

max{ρ; 2ρ− ρ1} < T − t0 < ρ+ ρ2, then x̄1(t) is given by (4.32).

Subcase 1c: x̄1(t) is given by

x̄1(t) =

x0 + a(t− t0), t ∈ [t0, t̄]

1− a(t− t̄), t ∈ (t̄, T ].
(4.33)

Then, statement (c) of Theorem 3.4 requires that ρ < T − t0 = ρ + ρ2. By

(4.33), the condition x̄1(t) > −1, ∀t ∈ (t0, T ] is equivalent to the requirement

x̄1(T ) > −1, which means that ρ < 2a−1. Thus, if ρ < T − t0 = ρ + ρ2 and

ρ < 2a−1, then x̄1(t) is given by (4.33).
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Subcase 1d : x̄1(t) is given by

x̄1(t) =


x0 + a(t− t0), t ∈ [t0, t0 + ρ2)

1, t ∈ [t0 + ρ2, t̄)

1− a(t− t̄), t ∈ [t̄, T ].

(4.34)

In this situation, statement (d) of Theorem 3.4 requires that ρ+ ρ2 < T − t0.
Meanwhile, by (4.34), the condition x̄1(t) > −1, ∀t ∈ (t0, T ] is equivalent to

the requirement x̄1(T ) > −1, which means that ρ < 2a−1. So, if ρ+ρ2 < T−t0
and ρ < 2a−1, then x̄1(t) is given by (4.34).

Case 2: x0 = −1 and x̄1(t) > −1 for all t ∈ (t0, T ]. Let ε̄ > 0 be such that

t0 + ε̄ < T . For any k ∈ IN with k−1 ∈ (0, ε̄), based on the comments before

Propositions 3.2 and 3.3, the restriction of (x̄, ū) on [t0+k−1, T ] is a W 1,1 local

minimizer for the Mayer problem obtained from (FP3a) by replacing t0 with

t0 +k−1. Since x̄1(t) > −1 for every t ∈ [t0 +k−1, T ], repeating the arguments

already used in Case 1 yields a formula for x̄1(t) on [t0 + k−1, T ]. With the

numbers ρ1(k) := a−1[1 + x̄1(t0 + k−1)] and ρ2(k) := a−1[1− x̄1(t0 + k−1)], for

every k ∈ IN we see that the function x̄1(t) on [t0 + k−1, T ] must belong to

one of the following four categories, which correspond to the four forms of

the function x̄1(t) in Case 1.

(C1) x̄1(t) is given by

x̄1(t) = x̄1(t0 + k−1)− a(t− t0 − k−1), t ∈ [t0 + k−1, T ],

provided that ρ < ρ1(k) and T − t0 − k−1 ≤ ρ or that ρ ≥ ρ1(k) and

T − t0 − k−1 < ρ1(k).

(C2) x̄1(t) is given by

x̄1(t) =

x̄1(t0 + k−1) + a(t− t0 − k−1), t ∈ [t0 + k−1, t̄]

x̄1(t0 + k−1)− a(t+ t0 + k−1 − 2t̄), t ∈ (t̄, T ],

provided that max{ρ; 2ρ− ρ1(k)} < T − t0 − k−1 < ρ+ ρ2(k).

(C3) x̄1(t) is given by

x̄1(t) =

x̄1(t0 + k−1) + a(t− t0 − k−1), t ∈ [t0 + k−1, t̄]

1− a(t− t̄), t ∈ (t̄, T ],

provided that ρ < T − t0 − k−1 = ρ+ ρ2(k) and ρ < 2a−1.
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(C4) x̄1(t) is given by

x̄1(t) =


x̄1(t0 + k−1) + a(t− t0 − k−1), t ∈ [t0 + k−1, t0 + ρ2(k)]

1, t ∈ (t0 + ρ2(k), t̄]

1− a(t− t̄), t ∈ (t̄, T ],

provided that ρ+ ρ2(k) < T − t0 − k−1 and ρ < 2a−1.

By the Dirichlet principle, there exist an infinite number of indexes k with

k−1 ∈ (0, ε̄) such that the formula for x̄1(t) is given in the category C1 (resp.,

C2, C3 or C4). By considering a subsequence if necessary, we may assume

that this happens for all k with k−1 ∈ (0, ε̄).

If the first situation occurs, then x̄1(t) = −1 − a(t − t0) for all t ∈ [t0, T ]

by letting k → ∞. This is impossible since the requirement x̄1(t) > −1 for

all t ∈ (t0, T ] is violated.

If the second situation occurs, then by letting k →∞ we have

x̄1(t) =

−1 + a(t− t0), t ∈ [t0, t̄]

−1− a(t+ t0 − 2t̄), t ∈ (t̄, T ],

provided that max{ρ; 2ρ − ρ1} ≤ T − t0 ≤ ρ + ρ2. Since x̄1(t) > −1 for all

t ∈ (t0, T ], one must have x̄1(T ) > −1; hence 2ρ < T − t0. Since x0 = −1,

by (4.30) one has ρ1 = 0 and ρ2 = 2a−1. Thus, this situation happens when

2ρ < T − t0 ≤ ρ+ 2a−1.

If the third situation occurs, then x̄1(t) is given by

x̄1(t) =

−1 + a(t− t0), t ∈ [t0, t̄]

1− a(t− t̄), t ∈ (t̄, T ],

provided that T − t0 = ρ+ 2a−1, and ρ < 2a−1.

If the fourth situation occurs, then x̄1(t) is given by

x̄1(t) =


x̄1(t0) + a(t− t0), t ∈ [t0, t0 + 2a−1]

1, t ∈ (t0 + 2a−1, t̄]

1− a(t− t̄), t ∈ (t̄, T ],

provided that ρ+ 2a−1 < T − t0 and ρ < 2a−1.

Case 3: x̄1(T ) = −1 and x̄1(t) > −1 for all t ∈ [t0, T ).
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Subcase 3a: T1 = ∅. Then x̄1(t) ∈ (−1, 1) for all t ∈ [t0, T ) and x̄1(T ) = −1.

By some arguments similar to those of the proof of Lemma 4.1, one can show

that formula for x̄1(.) on [t0, T ] is one of the following two types:

x̄1(t) = x0 − a(t− t0), t ∈ [t0, T ]; (4.35)

x̄1(t) =

x0 + a(t− t0), t ∈ [t0, tζ]

−1− a(t− T ), t ∈ (tζ, T ]
(4.36)

with tζ ∈ (t0, T ).

If x̄1(.) is given by (4.35), then x̄1(T ) = −1 if and only if T − t0 = ρ1. Since

x0 ∈ (−1, 1], the latter yields 0 < T − t0 = ρ1 ≤ 2a−1.

If x̄1(.) is of the form (4.36), then tζ = 2−1[T +t0−ρ1] as x̄1(T ) = −1. Since

tζ > t0, one must have T − t0 > ρ1. Meanwhile, by (4.36) and our standing

assumption in this subcase, x̄1(tζ) < 1. So, T − t0 < ρ1 + 2ρ2 = a−1(3− x0).

Combining this and the inequality T−t0 > ρ1 yields ρ1 < T−t0 < a−1(3−x0).

Our results in this subcase can be summarized as follows:

• x̄1(.) is given by (4.35), provided that T − t0 = ρ1.

• x̄1(.) is given by (4.36), provided that ρ1 < T − t0 < a−1(3− x0).

Subcase 3b: T1 6= ∅. Then we have t0 ≤ α1 ≤ α2 < T . It follows from

assertion S2 of Lemma 4.1 that T − α2 = 2a−1 and x̄1(t) = 1− a(t− α2) for

all t ∈ [α2, T ]. Thus, we have α2 = T − 2a−1 and x̄1(t) = 1− a(t− T + 2a−1)

for all t ∈ [T − 2a−1, T ].

If α1 < α2, then x̄1(t) = 1 for all t ∈ [α1, α2]. Indeed, suppose on the

contrary that there exists t̄ ∈ (α1, α2) satisfying x̄1(t̄) < 1. Set

ᾱ1 = max{t ∈ [α1, t̄] : x̄1(t) = 1} and ᾱ2 = min{t ∈ [t̄, α2] : x̄1(t) = 1}.

Clearly, [ᾱ1, ᾱ2] ⊂ [α1, α2] ⊂ [t0, T ) and x̄1(t) < 1 for all t ∈ (ᾱ1, ᾱ2). This

and the condition x̄1(t) > −1 for all t ∈ [t0, T ) imply that x̄1(t) ∈ (−1, 1) for

all t ∈ (ᾱ1, ᾱ2). So, by assertion S4 of Lemma 4.1, we obtain a contradiction.

Our claim has been proved.

If t0 < α1, then x̄1(t) ∈ (−1, 1) for all t ∈ [t0, α1) and x̄1(α1) = 1. Thus,

repeating the arguments in the proof of assertion S1 of Lemma 4.1, we find

that x̄1(t) = x0+a(t−t0) for all t ∈ [t0, α1]. As x̄1(α1)=1, we have α1 = t0+ρ2.

Consequently, the inequality as T − t0 ≥ (α1 − t0) + (T − α2) implies that

T−t0 ≥ ρ2+2a−1 = a−1(3−x0). Our results in this subcase can be summarized

as follows:
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• x̄1(.) is given by

x̄1(t) =

x0 + a(t− t0), t ∈ [t0, T − 2a−1]

−1− a(t− T ), t ∈ (T − 2a−1, T ],

provided that T − t0 = a−1(3− x0).

• x̄1(.) is given by

x̄1(t) =


x0 + a(t− t0), t ∈ [t0, t0 + ρ2]

1, t ∈ (t0 + ρ2, T − 2a−1]

−1− a(t− T ), t ∈ (T − 2a−1, T ],

provided that T − t0 > a−1(3− x0).

Case 4: x̄1(t0) = x̄1(T ) = −1 and x̄1(t) > −1 for all t ∈ (t0, T ).

Subcase 4a: T1 = ∅. Then, x̄1(t) ∈ (−1, 1) for all t ∈ (t0, T ). Thus, by

assertion S3 of Lemma 4.1 one has T − t0 < 4a−1 and

x̄1(t) =

−1 + a(t− t0), t ∈ [t0, 2
−1(t0 + T )]

−1− a(t− T ), t ∈ (2−1(t0 + T ), T ].

Subcase 4b: T1 6= ∅. Then, the numbers α1 and α2 exist and we have

t0 < α1 ≤ α2 < T . It follows from statements S1 and S2 of Lemma 4.1 that

α1 − t0 = T − α2 = 2a−1, x̄1(t) = −1 + a(t − t0) on the segment [t0, α1],

and x̄1(t) = 1 − a(t − α2) on the segment [α2, T ]. Thus, α1 = t0 + 2a−1,

α2 = T − 2a−1, x̄1(t) = −1 + a(t − t0) for every t ∈ [t0, t0 + 2a−1], and

x̄1(t) = 1− a(t−T + 2a−1) for all t ∈ [T − 2a−1, T ]. Note that one must have

T − t0 ≥ 4a−1 in this subcase as T − t0 ≥ (α1 − t0) + (T − α2).

If T − t0 > 4a−1, i.e., α1 < α2, then by the result given in Subcase 3b we

have x̄1(t) = 1 for all t ∈ [t0 + 2a−1, T − 2a−1].

Our results in this case can be summarized as follows:

• x̄1(.) is given by

x̄1(t) =

−1 + a(t− t0), t ∈ [t0, 2
−1(t0 + T )]

−1− a(t− T ), t ∈ (2−1(t0 + T ), T ],

provided that T − t0 ≤ 4a−1.
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• x̄1(.) is given by

x̄1(t) =


−1 + a(t− t0), t ∈ [t0, t0 + 2a−1]

1, t ∈ (t0 + 2a−1, T − 2a−1]

−1− a(t− T ), t ∈ (T − 2a−1, T ],

provided that T − t0 > 4a−1.

Now we turn our attention back to the original problem (FP3). In Sec-

tion 4.2, it was observed that (FP3) has a global solution. So, the set of

the local solutions of (FP3) is nonempty. Consequently, given the param-

eters tube (λ, a, x0, t0, T ), if we can show that for any local solution (x̄, ū)

of (FP3), x̄ is described by a unique formula, then we can assert that the

pair (x̄, ū) is a unique local solution of (FP3), which is also a unique global

solution of the problem.

Using the given constants a, λ with a > λ > 0, we define

ρ =
1

λ
ln

a

a− λ
> 0 and t̄ = T − ρ.

The number ρ is a characteristic constant of (FP3). From the analysis given

in the present section we can obtain a complete synthesis of optimal processes.

Due to the complexity of the possible trajectories, we prefer to present our

results in six separate theorems. The first one deals with the situation where

ρ ≥ 2a−1, while the other five treat the situation where ρ < 2a−1.

Based on the results obtained in Cases 1–4, we will provide a complete

synthesis of the global solutions of (FP3). Recall that x̄1(t) in (FP3a) plays

the role of x̄(t) in (FP3).

Theorem 4.1 If ρ ≥ 2a−1, then problem (FP3) has a unique local solution

(x̄, ū), which is a unique global solution, where ū(t) = −a−1 ˙̄x(t) for almost

every t ∈ [t0, T ] and x̄(t) can be described as follows:

(a) If T − t0 ≤ a−1(1 + x0), then

x̄(t) = x0 − a(t− t0), t ∈ [t0, T ].

(b) If a−1(1 + x0) < T − t0 < a−1(3− x0), then

x̄(t) =

x0 + a(t− t0), t ∈ [t0, tζ]

−1− a(t− T ), t ∈ (tζ, T ]

with tζ := 2−1[T + t0 − a−1(1 + x0)].
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(c) If T − t0 ≥ a−1(3− x0), then

x̄(t) =


x0 + a(t− t0), t ∈ [t0, t0 + a−1(1− x0)]

1, t ∈ (t0 + a−1(1− x0), T − 2a−1]

−1− a(t− T ), t ∈ (T − 2a−1, T ].

Proof. Suppose that ρ ≥ 2a−1. Let ρ1, ρ2 be defined as in (4.30). Then,

one has ρ ≥ ρ1, 2ρ − ρ1 ≥ ρ + ρ2, ρ + ρ2 ≥ 2a−1 + ρ2, 2ρ ≥ ρ + 2a−1, and

ρ + 2a−1 ≥ 4a−1. Thus, the above Case 2 and the situations in Subcase 1b,

Subcase 1c, Subcase 1d of Case 1 cannot happen. The situation in Subcase 1a

happens when T − t0 < ρ1. Combining this with the results formulated in

Case 3 and Case 4, we obtain the assertions of the theorem. 2

If ρ < 2a−1, then the locally optimal processes of (FP3) depend greatly on

the relative position of x0 in the segment [−1, 1]. In the forthcoming theorems,

we distinguish five alternatives (one instance must occur, and any instance

excludes others):

(i) x0 = −1;

(ii) x0 > −1 and a−1(1 + x0) ≤ ρ;

(iii) x0 > −1, ρ < a−1(1 + x0), and a−1(1 + x0) < ρ+ a−1(1− x0);

(iv) x0 > −1, ρ < a−1(1 + x0), and a−1(1 + x0) = ρ+ a−1(1− x0);

(v) x0 > −1, ρ < a−1(1 + x0), and ρ+ a−1(1− x0) < a−1(1 + x0).

It is worthy to stress that to describe the possibilities (i)–(v) we have

used just the parameters a, λ, and x0. In each one of the situations (i)–(v),

the synthesis of the trajectories suspected for local minimizers of (FP3) is

obtained by considering the position of the number T − t0 > 0 on the half-line

[0,+∞), which is divided into sections by the values ρ, 2ρ, ρ + 2a−1, 4a−1,

and other constants appeared in (i)–(v).

Theorem 4.2 If ρ < 2a−1 and x0 = −1, then any local solution of problem

(FP3) must have the form (x̄, ū), where ū(t) = −a−1 ˙̄x(t) for a.e. t ∈ [t0, T ]

and x̄(t) is described as follows:

(a) If T − t0 ≤ 2ρ, then

x̄(t) =

−1 + a(t− t0), t ∈ [t0, 2
−1(t0 + T )]

−1− a(t− T ), t ∈ (2−1(t0 + T ), T ].
(4.37)
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In this situation, (x̄, ū) is a unique local solution of (FP3), which is also

a unique global solution of the problem.

(b) If 2ρ < T − t0 < ρ+ 2a−1, then x̄(t) is given by either

x̄(t) =

−1 + a(t− t0), t ∈ [t0, t̄]

−1− a(t+ t0 − 2t̄), t ∈ (t̄, T ]
(4.38)

or (4.37).

(c) If T − t0 = ρ+ 2a−1, then x̄(t) is given by either

x̄(t) =

−1 + a(t− t0), t ∈ [t0, t̄]

1− a(t− t̄), t ∈ (t̄, T ]
(4.39)

or (4.37).

(d) If ρ+ 2a−1 < T − t0 ≤ 4a−1, then x̄(t) is given by either

x̄(t) =


−1 + a(t− t0), t ∈ [t0, t0 + 2a−1]

1, t ∈ (t0 + 2a−1, t̄]

1− a(t− t̄), t ∈ (t̄, T ]

(4.40)

or (4.37).

(e) If T − t0 > 4a−1, then x̄(t) is given by either (4.40) or

x̄(t) =


−1 + a(t− t0), t ∈ [t0, t0 + 2a−1]

1, t ∈ (t0 + 2a−1, T − 2a−1]

−1− a(t− T ), t ∈ (T − 2a−1, T ].

In situations (b)–(e), the unique global solution of the problem (FP3) is given

correspondingly by (4.38), (4.39), (4.40), and (4.40), where the last switching

time of the optimal control function ū(·) is t̄.

Proof. Suppose that ρ < 2a−1 and x0 = −1. Since the above Case 1 and

Case 3 are excluded, to obtain the assertions (a)–(e) we just need to combine

the results formulated in Case 2 and Case 4. Here we have

2ρ < ρ+ 2a−1 < 4a−1.

In what follows, we will consider the position of the number T − t0 on the

half-line [0,+∞) marked by the values 2ρ, ρ+ 2a−1, and 4a−1.
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First, consider situation (a), where T − t0 ≤ 2ρ. Since all the three possi-

bilities depicted in the conclusion part of Case 2 are excluded, Case 4 must

occur. Since T − t0 ≤ 2ρ < 4a−1, from the results in Case 4 it follows that x̄

is described by (4.37). Thus, assertion (a) of the theorem is proved.

Now, consider situations (b)–(e). Here we have T − t0 > 2ρ. So, our

assertions follow from the results formulated in Case 2 and Case 4.

The fact that (FP3) has a global solution has been observed before. To

prove the last assertion of the theorem about the uniqueness of the global

solution of (FP3) in situations (b)–(e), we suppose on the contrary that the set

of the global optimal processes of (FP3) is not a singleton. In each situation,

by assertions (b)–(e) we know that the set of the local optimal processes

contains no more than two elements. Hence, our supposition means that both

distinctly feasible processes depicted therein in each situation are global ones.

Observe that, in situations (b)–(c), 2−1(t0 + T ) < t̄ because T − t0 > 2ρ and

t̄ = T −ρ. Moreover, the formulas given in each situation show that the state

trajectories of the two global processes coincide on [t0, 2
−1(t0 + T )]. Consider

the problem denoted by (FP2)|[2−1(t0+T ),T ], which is obtained from (FP3) by

replacing the initial time t0 and the bilateral state constraints −1 ≤ x(t) ≤ 1

respectively by 2−1(t0 + T ) and the unilateral state constraints x(t) ≤ 1. As

2−1(t0 + T ) < t̄, it follows from Theorem 3.4 that (FP2)|[2−1(t0+T ),T ] has a

unique global process, in which the switching time of the optimal control is t̄.

Consequently, (FP3) has a unique global process, in which the switching time

of the optimal control function is t̄, a contradiction. Similarly, observing that

2−1(t0 + T ) ≤ t0 + 2a−1 < t̄ in situation (d) (resp., T − 2a−1 < t̄ in situation

(e)) and using the previous arguments, we will arrive at a contradiction. 2

Theorem 4.3 If ρ < 2a−1, x0 > −1, and a−1(1 + x0) ≤ ρ, then any local

solution of problem (FP3) must have the form (x̄, ū), where ū(t) = −a−1 ˙̄x(t)

for almost everywhere t ∈ [t0, T ] and x̄(t) can be described as follows:

(a) If T − t0 ≤ a−1(1 + x0), then x̄(t) is given by

x̄(t) = x0 − a(t− t0), t ∈ [t0, T ]. (4.41)

In this situation, (x̄, ū) is a unique local solution of (FP3), which is also

a unique global solution of the problem.
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(b) If a−1(1 + x0) < T − t0 ≤ 2ρ− a−1(1 + x0), then x̄(t) is given by

x̄(t) =

x0 + a(t− t0), t ∈ [t0, tζ]

−1− a(t− T ), t ∈ (tζ, T ]
(4.42)

with tζ := 2−1[T+t0−a−1(1+x0)]. In this situation, (x̄, ū) is a unique local

solution of (FP3), which is also a unique global solution of the problem.

(c) If 2ρ−a−1(1 +x0) < T − t0 < ρ+a−1(1−x0), then x̄(t) is given by either

x̄(t) =

x0 + a(t− t0), t ∈ [t0, t̄]

x0 − a(t+ t0 − 2t̄), t ∈ (t̄, T ]
(4.43)

or (4.42).

(d) If T − t0 = ρ+ a−1(1− x0), then x̄(t) is given by either

x̄(t) =

x0 + a(t− t0), t ∈ [t0, t̄]

1− a(t− t̄), t ∈ (t̄, T ]
(4.44)

or (4.42).

(e) If ρ+ a−1(1− x0) < T − t0 < a−1(3− x0), then x̄(t) is given by either

x̄(t) =


x0 + a(t− t0), t ∈ [t0, t0 + a−1(1− x0))

1, t ∈ [t0 + a−1(1− x0), t̄)

1− a(t− t̄), t ∈ [t̄, T ]

(4.45)

or (4.42).

(f) If T − t0 = a−1(3− x0), then x̄(t) is given by either (4.45) or

x̄(t) =

x0 + a(t− t0), t ∈ [t0, T − 2a−1]

−1− a(t− T ), t ∈ (T − 2a−1, T ].
(4.46)

(g) If T − t0 > a−1(3− x0), then x̄(t) is given by either (4.45) or

x̄(t) =


x0 + a(t− t0), t ∈ [t0, t0 + a−1(1− x0)]

1, t ∈ (t0 + a−1(1− x0), T − 2a−1]

−1− a(t− T ), t ∈ (T − 2a−1, T ].

In situations (c)–(g), the unique global solution of the problem (FP3) is the

one in which the last switching time of the optimal control function ū(·) is t̄.
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Proof. Suppose that ρ < 2a−1, x0 > −1, a−1(1 + x0) ≤ ρ, and let ρ1, ρ2 be

given by (4.30). Then, it is easy to verify that max{ρ, 2ρ−ρ1} = 2ρ−ρ1 and

ρ1 ≤ 2ρ− ρ1 < ρ+ ρ2 < a−1(3− x0).

The above Case 2 and Case 4 are excluded by the condition x0 > −1. So,

to obtain the desired assertions (a)–(g), it suffices to combine the results

formulated in Case 1 and Case 3 with an observation on the position of the

number T − t0 on the half-line [0,+∞), which is marked by the values ρ1,

2ρ− ρ1, ρ+ ρ2, and a−1(3− x0).

Recall that (FP3) has a global solution. To prove the last assertion of the

theorem about the uniqueness of the global solution of (FP3) in situations (c)–

(g), we suppose on the contrary that the set of the global optimal processes of

(FP3) is not a singleton. In each situation, by assertions(c)–(g) we know that

the set of the local optimal processes contains no more than two elements.

Hence, our supposition means that both distinctly feasible processes depicted

in each situation are global ones. In situations (c)–(g), as T−t0 > 2ρ−ρ1 ≥ ρ

and t̄ = T − ρ, we have t0 < t̄. Thus, by Theorem 3.4, the problem (FP2)

obtained from (FP3) by replacing the constraint −1 ≤ x(t) ≤ 1 by x(t) ≤ 1

has a unique global solution, which is the one where the last switching time

of the optimal control function ū(·) is t̄. Consequently, (FP3) has a unique

global solution, in which the switching time of the optimal control function

is t̄, a contradiction. 2

Theorem 4.4 If ρ < 2a−1, x0 > −1, ρ < a−1(1 + x0), and

a−1(1 + x0) < ρ+ a−1(1− x0), (4.47)

then any local solution of problem (FP3) must have the form (x̄, ū), where

ū(t) = −a−1 ˙̄x(t) for a.e. t ∈ [t0, T ] and x̄(t) is described as follows:

(a) If T − t0 ≤ ρ, then x̄(t) is given by (4.41). In this situation, (x̄, ū) is a

unique local solution of (FP3), which is also a unique global solution of

the problem.

(b) If ρ < T−t0 < a−1(1+x0), then x̄(t) is given by (4.43). In this situation,

(x̄, ū) is a unique local solution of (FP3), which is also a unique global

solution of the problem.

(c) If T − t0 = a−1(1 + x0), then x̄(t) is given by either (4.43) or (4.41).
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(d) If a−1(1 + x0) < T − t0 < ρ + a−1(1 − x0), then x̄(t) is given by either

(4.43) or (4.42).

(e) If T − t0 = ρ+ a−1(1− x0), then x̄(t) is given by either (4.44) or (4.42).

(f) If ρ+a−1(1−x0) < T−t0 < a−1(3−x0), then x̄(t) is given by either (4.45)

or (4.42).

(g) If T − t0 = a−1(3− x0), then x̄(t) is given by either (4.45) or (4.46).

(h) If T − t0 > a−1(3− x0), then x̄(t) is given by either (4.45) or (4.3).

In situations (c)–(h), the unique global solution of (FP3) is the one in which

the last switching time of the optimal control function ū(·) is t̄.

Proof. Suppose that ρ < 2a−1, x0 > −1, ρ < a−1(1 + x0), and the inequal-

ity (4.47) holds. Let ρ1, ρ2 be defined as in (4.30). By the assumptions made,

max{ρ, 2ρ − ρ1} = ρ and ρ < ρ1 < ρ + ρ2 < a−1(3 − x0). Due to the condi-

tion x0 > −1, the above Case 2 and Case 4 are excluded. So, to obtain the

assertions in (a)–(h), it suffices to combine the results formulated in Case 1

and Case 3 and observe the position of the number T − t0 on the half-line

[0,+∞), which is marked by the values ρ, ρ1, ρ+ ρ2, and a−1(3− x0).

The last assertion of the theorem about the uniqueness of the global solu-

tion of (FP3) in situations (c)–(h) is proved similarly as in the second part

of the proof of Theorem 4.3. 2

Theorem 4.5 If ρ < 2a−1, x0 > −1, ρ < a−1(1 + x0), and

a−1(1 + x0) = ρ+ a−1(1− x0), (4.48)

then any local solution of problem (FP3) must have the form (x̄, ū), where

ū(t) = −a−1 ˙̄x(t) for a.e. t ∈ [t0, T ] and x̄(t) is described as follows:

(a) If T − t0 ≤ ρ, then x̄(t) is given by (4.41). In this situation, (x̄, ū) is a

unique local solution of (FP3), which is also a unique global solution of

the problem.

(b) If ρ < T−t0 < a−1(1+x0), then x̄(t) is given by (4.43). In this situation,

(x̄, ū) is a unique local solution of (FP3), which is also a unique global

solution of the problem.

(c) If T − t0 = a−1(1 + x0), then x̄(t) is given by either (4.44) or (4.41).
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(d) If a−1(1 + x0) < T − t0 < a−1(3− x0), then x̄(t) is given by either (4.45)

or (4.42).

(e) If T − t0 = a−1(3− x0), then x̄(t) is given by either (4.45) or (4.46)

(f) If T − t0 > a−1(3− x0), then x̄(t) is given by either (4.45) or (4.3).

In situations (c)–(f), the unique global solution of the problem (FP3) is the

one in which the last switching time of the optimal control function ū(·) is t̄.

Proof. Suppose that ρ < 2a−1, x0 > −1, ρ < a−1(1 + x0), and (4.48) holds.

Let ρ1, ρ2 be as in (4.30). Then, we have max{ρ, 2ρ− ρ1} = ρ and

ρ < ρ1 = ρ+ ρ2 < a−1(3− x0).

Since x0 > −1, the above Case 2 and Case 4 are excluded. Hence, the desired

assertions (a)–(g) follow from combining the results formulated in Case 1

and Case 3 with an observation on the position of the number T − t0 on the

half-line [0,+∞), which is marked by the values ρ, ρ1, and a−1(3− x0).

The assertion on the uniqueness of the global solution of (FP3) in situations

(c)–(g) is proved similarly as in the second part of the proof of Theorem 4.3.

2

Finally, consider the situation where ρ < 2a−1, x0 > −1, ρ < a−1(1 + x0),

and ρ + a−1(1 − x0) < a−1(1 + x0). As x0 ≤ 1, we have ρ ≤ ρ + a−1(1 − x0).

Combining the latter with the inequality ρ+ a−1(1− x0) < a−1(1 + x0) yields

ρ < a−1(1 + x0). So, the last inequality can be omitted in the formulation of

the following theorem.

Theorem 4.6 If ρ < 2a−1, x0 > −1, and ρ + a−1(1 − x0) < a−1(1 + x0),

then any local solution of problem (FP3) must have the form (x̄, ū), where

ū(t) = −a−1 ˙̄x(t) for a.e. t ∈ [t0, T ] and x̄(t) is described as follows:

(a) If T − t0 ≤ ρ, then x̄(t) is given by (4.41).

(b) If ρ < T − t0 < ρ+ a−1(1− x0), then x̄(t) is given by (4.43).

(c) If T − t0 = ρ+ a−1(1− x0), then x̄(t) is given by (4.44).

(d) If ρ+ a−1(1− x0) < T − t0 < a−1(1 + x0), then x̄(t) is given by (4.45).

(e) If T − t0 = a−1(1 + x0), then x̄(t) is given by either (4.45) or (4.41).
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(f) If a−1(1 + x0) < T − t0 < a−1(3− x0), then x̄(t) is given by either (4.45)

or (4.42).

(h) If T − t0 = a−1(3− x0), then x̄(t) is given by either (4.45) or (4.46).

(g) If T − t0 > a−1(3− x0), then x̄(t) is given by (4.45) or (4.3).

In situations (a)–(d), (x̄, ū) is a unique local solution of (FP3), which is

also a unique global solution of the problem. In situations (e)–(g), the unique

global solution of (FP3) is the one in which the last switching time of the

optimal control function ū(·) is t̄.

Proof. Suppose that ρ < 2a−1, x0 > −1, and ρ+ a−1(1− x0) < a−1(1 + x0).

With ρ1, ρ2 being defined (4.30), one has max{ρ, 2ρ− ρ1} = ρ and

ρ ≤ ρ+ ρ2 < ρ1 ≤ a−1(3− x0).

Since x0 > −1, to obtain the desired assertions (a)–(g) we just need to

combine the results formulated in Case 1 and Case 3 with an observation on

the position of the number T − t0 on the half-line [0,+∞), which is marked

by the values ρ, ρ+ ρ2, ρ1, and a−1(3− x0).

The uniqueness of the global solution of (FP3) in situations (a)–(d) is

obvious. The uniqueness of the global solution of (FP3) in situations (e)–(g)

can be proved similarly as in the final part of the proof of Theorem 4.3. 2

An anonymous referee of the paper [38] noticed that we may face with

the degeneracy phenomenon of the maximum principle in our analysis of the

optimal control problems with state constraints in question. Although we

have overcome the phenomenon by employing the special structure of the

problem and several technical arguments, the next section is devoted to a

discussion on the degeneracy phenomenon of the maximum principle, which

sheds new lights on the synthesis of the optimal processes given in this and

previous chapter as well as to highlight the tools one may use to deal with

the degeneracy phenomenon.
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4.6 On the Degeneracy Phenomenon of the Maximum

Principle

Regarding maximum principles for optimal control problems with state

constraints, there is a so-called degeneracy phenomenon, which has been

widely discussed in the literature (see, e.g., the books [5, 82], the papers

[6, 27–29, 46], and the references therein). In our notations, when the left

endpoint t0 is fixed and the initial state x0 lies in the boundary of the state

constraint, i.e., h(t0, x0) = 0, then standard variants of Pontryagin’s maxi-

mum principle may be degenerate. This means that such maximum principles

are satisfied by trivial multipliers (see [6,27] and the following paragraph for

details); hence no useful information is obtained. For problem (FP3a), the

analysis given after Lemma 4.7 may face with the degeneracy phenomenon

in Case 2 and Case 4. We have overcome the phenomenon by employing the

special structure of (FP3a) and several technical arguments (consider the re-

strictions of the trajectories in question on a sequence of a strict subintervals

of [t0, T ] and classify their shapes into four categories, apply the Dirichlet

principle, and use the valuable observation in Lemma 4.1 for a trajectory

which remains in the interior of the domain [−1, 1] for all t from an open

interval (τ1, τ2) of the time axis and touches the boundary of the domain at

the moments τ1 and τ2).

As shown in [6, p. 932 and Section 5] and [5, Chapter 2]3, the degeneracy

phenomenon can be dealt with by new versions of the maximum principle. It

can be also effectively studied by using the concept of hybrid subdifferential.

Namely, as mentioned in [82, Remark (b), pp. 330–331], regarding a W 1,1 local

minimizer (x̄, ū) forM, the maximum principle formulated in Theorem 3.1 for

the problemM is of interest only when the state constraint is nondegenerate,

in the sense that 0 /∈ ∂>x h(t, x̄(t)) for every t satisfying h(t, x̄(t)) = 0. The

reason is that the necessary conditions (i)–(iv) automatically hold if

0 ∈ ∂>x h(t′, x̄(t′)) and h(t′, x̄(t′)) = 0

for some time t′, with the choice of multipliers µ = δ{t′} (the unit measure

concentrated on {t′}), p(t) ≡ 0, ν : [t0, T ] → IRn is a Borel measurable

function with the property that ν(t′) = 0, and γ = 0. (It is worthy to

3See also Theorem 10.6.1 and Corollary 10.6.2 in the book by Vinter [82], which are based on the preceding works of

A. V. Arutyunov, S. M. Aseev, and V. I. Blagodat.skikh on extra conditions to eliminate degeneracy.
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stress that our problem (FP3a) is nondegenerate. Indeed, applied to any

feasible process (x̄, ū) of (FP3a), formula (4.7) shows that 0 /∈ ∂>x h(t, x̄(t))

for every t satisfying h(t, x̄(t)) = 0. Furthermore, if the state constraint of

M is nondegenerate w.r.t. a W 1,1 local minimizer (x̄, ū), then one can apply

some regularity conditions to assure that γ > 0 (in that case, not only the

necessary conditions (i)–(iv) are meaningful, but the objective function g is

taken into full account in condition (iii)). The reader is referred to [27–29]

for further information in this direction. As concerning our analysis in Cases

1–4 above, we have not used these regularity conditions.

4.7 Conclusions

We have analyzed a maximum principle for finite horizon optimal control

problems with state constraints via one parametric example, which resembles

the optimal economic growth problems in macroeconomics. This example is

an optimal control problem with bilateral state constraints of the Lagrange

type and has five parameters. We have proved that the optimal control prob-

lem can have at most two local optimal processes. Moreover, we have obtained

explicit descriptions of the unique global optimal process with respect to all

possible configurations of the five parameters.
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Chapter 5

Finite Horizon Optimal Economic

Growth Problems

Written on the basis of the papers [39, 40], this chapter establishes sev-

eral theorems on solution existence for optimal economic growth problems

in general forms as well as in some typical ones and a synthesis of optimal

processes for one of such typical problems. Some open questions and conjec-

tures about the uniqueness and regularity of the global solutions of optimal

economic growth problems are formulated herein.

5.1 Optimal Economic Growth Models

Following Takayama [79, Sections C and D in Chapter 5], we consider

the problem of optimal growth of an aggregative economy. Suppose that the

economy can be characterized by one sector, which produces the national

product Y (t) at time t. Suppose that Y (t) depends on two factors, the labor

L(t) and the capital K(t), and the dependence is described by a production

function F . Namely, one has

Y (t) = F (K(t), L(t)), ∀t ≥ 0.

It is assumed that F : IR2
+ → IR+ is a function defined on the nonnegative or-

thant IR2
+ of IR2 having nonnegative real values, and that it exhibits constant

returns to scale, i.e.,

F (αK,αL) = αF (K,L) (5.1)

for any (K,L) ∈ IR2
+ and α > 0.

124



For every t ≥ 0, by C(t) and I(t), respectively, we denote the consumption

amount and the investment amount of the economy. The equilibrium relation

in the output market is depicted by

Y (t) = C(t) + I(t), ∀t ≥ 0. (5.2)

The relationship between the capital K(t) and the investment amount I(t)

is given by the differential equation

K̇(t) = I(t), ∀t ≥ 0, (5.3)

where K̇(t) =
dK(t)

dt
denotes the Fréchet derivative of K(·) at time instance

t (see, e.g., [19, pp. 465–466]). If the investment function I(·) is continuous,

then one can compute the capital stock K(t) at time t by the formula

K(t) = K(0) +

∫ t

0

I(τ)dτ,

where the integral is Riemannian and K(0) signifies the initial capital stock.

In particular, the rate of increase of the capital stock K̇(t) at every time

moment t exists and it is finite.

If the initial labor amount is L0 > 0 and the rate of labor force is a constant

σ > 0 (i.e., L̇(t) = σL(t) for all t ≥ 0), then the labor amount at time moment

t is

L(t) = L0e
σt, ∀t ≥ 0. (5.4)

For any t ≥ 0, as L(t) > 0, from (5.1) we have

Y (t)

L(t)
= F

(K(t)

L(t)
, 1
)
, ∀t ≥ 0.

By introducing the capital-to-labor ratio k(t) :=
K(t)

L(t)
and the function

φ(k) := F (k, 1) for k ≥ 0, from the last equality we have

φ(k(t)) =
Y (t)

L(t)
, ∀t ≥ 0. (5.5)

Due to (5.5), one calls φ(k(t)) the output per capita at time t and φ(·) the

per capita production function. Since F has nonnegative values, so does

φ. Combining the continuous differentiability of K(·) and L(·), which is

guaranteed by (5.3) and (5.4), with the equality defining the capital-to-labor

ratio, one can assert that k(·) is continuously differentiable. Thus, from the
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relation K(t) = k(t)L(t) one obtains

K̇(t) = k̇(t)L(t) + k(t)L̇(t), ∀t ≥ 0.

Dividing both sides of the above equality by L(t) and invoking L̇(t) = σL(t),

we get
K̇(t)

L(t)
= k̇(t) + σk(t), ∀t ≥ 0. (5.6)

Similarly, dividing both sides of the equality in (5.3) by L(t) and using (5.2),

we have
K̇(t)

L(t)
=
Y (t)

L(t)
− C(t)

L(t)
, ∀t ≥ 0.

So, by considering the per capita consumption c(t) :=
C(t)

L(t)
of the economy

at time t and invoking (5.5), one obtains

K̇(t)

L(t)
= φ(k(t))− c(t), ∀t ≥ 0.

Combining this with (5.6) yields

k̇(t) = φ(k(t))− σk(t)− c(t), ∀t ≥ 0. (5.7)

The amount of consumption at time t is

C(t) = (1− s(t))Y (t), ∀t ≥ 0, (5.8)

with s(t) ∈ [0, 1] being the propensity to save at time t (thus, 1− s(t) is the

propensity to consume at time t). Then, by dividing both sides of (5.8) by

L(t) and referring to (5.5), one gets

c(t) = (1− s(t))φ(k(t)), ∀t ≥ 0. (5.9)

Thanks to (5.9), one can rewrite (5.7) equivalently as

k̇(t) = s(t)φ(k(t))− σk(t), ∀t ≥ 0. (5.10)

In the special case where s(·) is a constant function, i.e., s(t) = s > 0 for

all t ≥ 0, relation (5.10) is the fundamental equation of the neo-classical

aggregate growth model of Solow [77].

One major concern of the planners is to choose a pair of functions (k, c) (or

(k, s)) defined on a planning interval [t0, T ] ⊂ [0,+∞], that satisfies (5.7) (or

(5.10)) and the initial condition k(t0) = k0, to maximize a certain target of
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consumption. Here k0 > 0 is a given value. As the target function one may

choose is

∫ T

t0

c(t)dt, which is the total amount of per capita consumption

on the time period [t0, T ]. A more general kind of the target function is∫ T

t0

ω(c(t))e−λtdt, where ω : IR+ → IR is a utility function associated with the

representative individual consumption c(t) in the society and e−λt is the time

discount factor. The number λ ≥ 0 is called the real interest rate. Clearly,

the former target function is a particular case of the latter one with ω(c) = c

being a linear utility function and the real interest rate λ = 0. For more

discussions about the length of the planning interval, the choice the utility

function ω(·) (it must be linear, or it can be nonlinear? ), as well the choice

of the real interest rate (one must have λ = 0, or one can have λ > 0? ), we

refer the reader to [79, pp. 445–447].

The just mentioned planning task is a state constrained optimal control

problem. Interpreting k(t) as the state trajectory and s(t) as the control

function, we can formulate the problem as follows.

Let there be given a production function F : IR2
+ → IR+ satisfying (5.1) for

any (K,L) from IR2
+ and α > 0. Define the function φ(k) on IR+ by setting

φ(k) = F (k, 1). Assume that a finite time interval [t0, T ] with T > t0 ≥ 0, a

utility function ω : IR+ → IR, and a real interest rate λ ≥ 0 are given. Since

c(t) = (1−s(t))φ(k(t)) by (5.9), the target function can be expressed via k(t)

and s(t) as ∫ T

t0

ω(c(t))e−λtdt =

∫ T

t0

ω[(1− s(t))φ(k(t))]e−λtdt.

So, the problem of finding an optimal growth process for an aggregative

economy is the following one:

Maximize I(k, s) :=

∫ T

t0

ω[(1− s(t))φ(k(t))]e−λtdt (5.11)

over k ∈ W 1,1([t0, T ], IR) and measurable functions s : [t0, T ]→ IR satisfying
k̇(t) = s(t)φ(k(t))− σk(t), a.e. t ∈ [t0, T ]

k(t0) = k0

s(t) ∈ [0, 1], a.e. t ∈ [t0, T ]

k(t) ≥ 0, ∀t ∈ [t0, T ].

(5.12)
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This problem has five parameters: t0, T, λ ≥ 0, σ > 0, and k0 > 0.

The optimal control problem in (5.11)–(5.12) will be denoted by (GP ).

According to [18], (GP ) is a finite horizon optimal control problem of the

Lagrange type. In addition, due to the requirement that k(t) ≥ 0 for all

t ∈ [t0, T ], this is an optimal control problem with state constraints.

To make (GP ) competent with the given modeling presentation, one has

to explain why the state trajectory can be sought in W 1,1([t0, T ], IR) and the

control function is just required to be measurable. If one assumes that the

investment function I(·) is continuous on [t0, T ], then (5.3) implies that K(·)
is continuously differentiable; hence so is k(·). However, in practice, the in-

vestment function I(·) can be discontinuous at some points t ∈ [t0, T ] (say,

the policy has a great change, and the government decides to allocate a large

amount of money into the production field, or to cancel a large amount of

money from it). Thus, the requirement that k(·) is differentiable at these

points may not be fulfilled. To deal with this situation, it is reasonable to

assume that the state trajectory k(·) belongs to the space of continuous,

piecewise continuously differentiable functions on [t0, T ], which is endowed

with the norm ‖k‖ = max
t∈[t0,T ]

|k(t)|. Since the latter space is incomplete one

embeds it into the space W 1,1([t0, T ], IR), which possesses many good proper-

ties (see [49]). In that way, tools from the Lebesgue integration theory and

results from the conventional optimal control theory can be used for (GP ).

Now, concerning the control function s(·), one has the following observation.

Since the derivative k̇(t) exists almost everywhere on [t0, T ] and k̇(·) is a mea-

surable function, for the fulfillment of the relation k̇(t) = s(t)φ(k(t))− σk(t)

almost everywhere on [t0, T ], it suffices to assume that s(·) is a measurable

function. Recall that a function ϕ : [t0, T ] → IR is said to be measurable if

for any α ∈ IR the set {t ∈ [t0, T ] : ϕ ∈ (−∞, α)} is Lebesgue measurable.

This is equivalent to saying that the inverse ϕ−1(B) := {t ∈ [t0, T ] : ϕ ∈ B}
of any Borel set B in IR via ϕ is Lebesgue measurable.

5.2 Auxiliary Concepts and Results

To recall a solution existence theorem for finite horizon optimal control

problems with state constraints of the Bolza type, we will use the notations

and concepts given in the monograph of Cesari [18, Sections 9.2, 9.3, and
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9.5]. Let A be a subset of IR × IRn and U : A ⇒ IRm be a set-valued map

defined on A. Let

M := {(t, x, u) ∈ IR× IRn × IRm : (t, x) ∈ A, u ∈ U(t, x)},

f0(t, x, u) and f(t, x, u) = (f1, f2, . . . , fn) be functions defined on M . Let B

be a given subset of IR × IRn × IR × IRn and g(t1, x1, t2, x2) be a real valued

function defined on B. Let there be given an interval [t0, T ] ⊂ IR. Consider

the problem of the Bolza type

Minimize I(x, u) := g(t0, x(t0), T, x(T )) +

∫ T

t0

f0(t, x(t), u(t))dt (5.13)

over pairs of functions (x, u) with x(·) ∈ W 1,1([t0, T ], IRn), u(·) : [t0, T ] → IRm

being measurable, f0(., x(·), u(·)) : [t0, T ] → IR being Lebesgue integrable

on [t0, T ], and satisfying
ẋ(t) = f(t, x(t), u(t)), a.e. t ∈ [t0, T ]

(t, x(t)) ∈ A, ∀t ∈ [t0, T ]

(t0, x(t0), T, x(T )) ∈ B
u(t) ∈ U(t, x(t)), a.e. t ∈ [t0, T ].

(5.14)

Such a pair (x, u) is called a feasible process. The problem (5.13)–(5.14) will

be denoted by B.

If (x, u) is a feasible process for B, then x is said to be a feasible trajectory,

and u a feasible control. The set of all the feasible processes for B is denoted

by Ω. A feasible process (x̄, ū) is said to be a global minimizer for B if one

has I(x̄, ū) ≤ I(x, u) for any feasible process (x, u).

Let A0 be the projection of A on the t-axis, i.e.,

A0 =
{
t : ∃x ∈ Rn s.t. (t, x) ∈ A

}
.

Set A(t) =
{
x ∈ IRn : (t, x) ∈ A

}
for every t ∈ A0 and

Q̃(t, x) =
{

(z0, z) ∈ IRn+1 : z0 ≥ f0(t, x, u), z = f(t, x, u) for some u ∈ U(t, x)
}

for every (t, x) ∈ A.

The forthcoming statement is known as Filippov’s Existence Theorem for

Bolza problems. It is an analogue of Theorem 3.2 addressing the solution ex-

istence for Mayer problems, which has been used repeatedly in the preceding

two chapters.
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Theorem 5.1 (See [18, Theorem 9.3.i, p. 317, and Section 9.5]) It is sup-

posed that Ω is nonempty, B is closed, g is lower semicontinuous on B, f0

and f is continuous on M and, for almost every t ∈ [t0, T ], the sets Q̃(t, x),

x ∈ A(t), are convex. Moreover, assume either that A and M are compact

or that A is not compact but closed and contained in a slab [t1, t2]× IRn with

t1 and t2 being finite, and the following conditions are fulfilled:

(a) For any ε ≥ 0, the set Mε := {(t, x, u) ∈M : ‖x‖ ≤ ε} is compact;

(b) There is a compact subset P of A such that every feasible trajectory x of

B passes through at least one point of P ;

(c) There exists a constant c ≥ 0 such that 〈x, f(t, x, u)〉 ≤ c(‖x‖2 + 1) for

all (t, x, u) ∈M.

Then, B has a global minimizer.

Clearly, condition (b) is satisfied if the initial point (t0, x(t0)) or the end

point (T, x(T )) is fixed. As shown in [18, p. 317], the following condition

implies (c):

(c0) There exists c ≥ 0 such that ‖f(t, x, u)‖ ≤ c(‖x‖+1) for all (t, x, u) ∈M .

In the next two sections, several results on the solution existence of optimal

economic growth problems will be derived from Theorem 5.1.

5.3 Existence Theorems for General Problems

Our first result on the solution existence of the finite horizon optimal eco-

nomic growth problem (GP ) in (5.11)–(5.12) is stated as follows.

Theorem 5.2 For the problem (GP ), suppose that ω(·) and φ(·) are contin-

uous on IR+. If, in addition, ω(·) is concave on IR+ and the function φ(·)
satisfies the condition

(c1) There exists c ≥ 0 such that φ(k) ≤ (c− σ)k + c for all k ∈ IR+,

then (GP ) has a global solution.

Proof. To apply Theorem 5.1, we have to interpret (GP ) in the form of B.

For doing so, we let the variable k (resp., the variable s) play the role of the
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phase variable x in B (resp., the control variable u in B). Then, (GP ) has

the form of B with n = m = 1, A = [t0, T ] × IR+, U(t, k) = [0, 1] for all

(t, k) ∈ A, B = {t0} × {k0} × {T} × IR, M = [t0, T ] × IR+ × [0, 1], g ≡ 0

on B, f0(t, k, s) = −ω((1 − s)φ(k))e−λt, and f(t, k, s) = sφ(k) − σk for all

(t, k, s) ∈M .

Setting s(t) = 0 and k(t) = k0e
−σ(t−t0) for all t ∈ [t0, T ], one can easily

verify that the pair (k(·), s(·)) is a feasible process for (GP ). Thus, the set

Ω of the feasible processes is nonempty. It is clear that B is closed, g is

continuous on B and, by the assumed continuity of ω(·) and φ(·), f0 and f

are continuous on M . Besides, the formula for A implies that A0 = [t0, T ]

and A(t) = IR+ for all t ∈ A0. In addition, by the formulas for f0, f and U ,

one has for any (t, k) ∈ A the following:

Q̃(t, k) =
{

(z0, z) ∈ IR2 : z0 ≥ f0(t, k, s), z = f(t, k, s) for some s ∈ U(t, k)
}

=
{

(z0, z) ∈ IR2 : ∃s ∈ [0, 1] s.t. z0 ≥ −ω((1− s)φ(k))e−λt,

z = sφ(k)− σk
}
.

Let us show that, for any t ∈ [t0, T ] and k ∈ A(t) = IR+, the set Q̃(t, k) is

convex. Indeed, given any (z0
1, z1), (z0

2, z2) ∈ Q̃(t, k) and µ ∈ [0, 1], one can

find s1, s2 ∈ [0, 1] such that

z0
1 ≥ −ω((1− s1)φ(k))e−λt, z1 = s1φ(k)− σk,
z0

2 ≥ −ω((1− s2)φ(k))e−λt, z2 = s2φ(k)− σk.

Therefore, it holds that

µz0
1 + (1−µ)z0

2 ≥ −µω((1− s1)φ(k))e−λt− (1−µ)ω((1− s2)φ(k))e−λt (5.15)

and

µz1 + (1− µ)z2 = µ[s1φ(k)− σk] + (1− µ)[s2φ(k)− σk]. (5.16)

Setting sµ = µs1 + (1 − µ)s2, one has sµ ∈ [0, 1] and it follows from (5.16)

that

µz1 + (1− µ)z2 = sµφ(k)− σk. (5.17)

Clearly, the concavity of ω(·) on IR+ yields

−µω((1− s1)φ(k))− (1− µ)ω((1− s2)φ(k))

≥ −ω[µ(1− s1)φ(k) + (1− µ)(1− s2)φ(k)]

= −ω((1− sµ)φ(k)).
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Hence, by (5.15) we obtain

µz0
1 + (1− µ)z0

2 ≥ −ω[(1− sµ)φ(k)]e−λt,

which together with (5.17) implies that µ(z0
1, z1) + (1− µ)(z0

2, z2) ∈ Q̃(t, k).

Now, although A = [t0, T ] × IR+ is noncompact, the fact that A is closed

and contained in a slab [t1, t2] × IR with t1 and t2 being finite is clear. It

remains to check the conditions (a)–(c) in Theorem 5.1.

For any ε ≥ 0, the set Mε is compact because

Mε = {(t, k, s) ∈ [t0, T ]× IR+ × [0, 1] : |k| ≤ ε}
= [t0, T ]× [0, ε]× [0, 1].

So, condition (a) is satisfied. As P := {(t0, k0)} is a compact subset of A,

and every feasible trajectory of (GP ) passes through (t0, k0), condition (b)

is fulfilled. Applied to the case of (GP ), where f(t, k, s) = sφ(k) − σk and

M = [t0, T ] × IR+ × [0, 1] as explained above, condition (c) in Theorem 5.1

can be rewritten as

(c′) There exists c ≥ 0 such that skφ(k) ≤ (c + σ)k2 + c for all (k, s) in

IR+ × [0, 1].

By the comment given after Theorem 5.1, (c) is valid if (c0) holds. As

f(t, k, s) = sφ(k)− σk and M = [t0, T ]× IR× [0, 1], the latter can be stated

as

(c′0) There exists c ≥ 0 such that |sφ(k) − σk| ≤ c(k + 1) for all (k, s) in

IR+ × [0, 1].

To prove (c′0), observe that the estimates

|sφ(k)− σk| ≤ sφ(k) + σk ≤ φ(k) + σk (5.18)

hold for any (k, s) ∈ IR+× [0, 1]. Furthermore, thanks to the assumption (c1),

we can find a constant c ≥ 0 such that φ(k) ≤ (c − σ)k + c for all k ∈ IR+.

Since the last inequality can be rewritten as φ(k)+σk ≤ c(k+1), from (5.18)

we get (c′0).

Since our problem (GP ) in the interpretation given above satisfies all the

assumptions of Theorem 5.1, we conclude that it has a global solution. 2

In Theorem 5.2, it is not required that φ(·) is concave on IR+. It turns

out that if the concavity of φ(·) is available, then there is no need to check
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(c1). Since the assumption saying that the per capita production function

φ(k) := F (k, 1) is concave on IR+ is reasonable in practice, the next theorem

seems to be interesting.

Theorem 5.3 If both functions ω(·) and φ(·) are continuous and concave on

IR+, then (GP ) has a global solution.

Proof. Set ψ = −φ and put ψ(k) = +∞ for every k ∈ (−∞, 0). Then,

ψ : IR → IR ∪ {+∞} is a proper convex function and the effective domain

domψ of ψ is IR+. Select any k̄ > 0. Since k̄ belongs to the interior of domψ,

by [72, Theorem 23.4] we know that the subdifferential (see, e.g., [72, p. 215])

∂ψ(k̄) of ψ at k̄ is nonempty. Thus, taking an element a ∈ ∂ψ(k̄), one has

ψ(k)− ψ(k̄) ≥ a(k − k̄), ∀k ≥ 0,

or, equivalently,

φ(k) ≤ −ak + ak̄ + φ(k̄), ∀k ≥ 0. (5.19)

For c := max{0, σ − a, φ(k̄) + ak̄}, one has c ≥ 0 and

− ak + ak̄ + φ(k̄) ≤ (c− σ)k + c, ∀k ≥ 0. (5.20)

Combining (5.19) and (5.20), one can assert that condition (c1) in Theo-

rem 5.2 is fulfilled. Thus, the assumed continuity of ω(·) and φ(·) together

with the concavity of ω(·) allows us to apply Theorem 5.2 to conclude that

(GP ) has a global solution. 2

The next proposition reveals the nature of condition (c1), which is essential

for the validity of Theorem 5.2.

Proposition 5.1 Condition (c1) and the conditions (c′) and (c′0), which were

formulated in the proof of Theorem 5.2, are equivalent. Moreover, each of

these conditions is equivalent to the condition

lim sup
k→+∞

φ(k)

k
< +∞ (5.21)

on the asymptotic behavior of φ.

Proof. The implications (c1) ⇒ (c′0) and (c′0) ⇒ (c′) were obtained in the

proof of Theorem 5.2. So, the proposition will be proved if we can show that

(c′) implies (5.21) and (5.21) implies (c1).
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To get the implication (c′)⇒ (5.21), suppose that (c′) holds. Then, there

exists c ≥ 0 satisfying skφ(k) ≤ (c + σ)k2 + c for all (k, s) ∈ IR+ × [0, 1].

Thus, choosing s = 1, one has

φ(k)

k
≤ c+ σ +

c

k2
, ∀k ∈ (0,+∞).

By taking the limsup on both sides of the last inequality when k tends to

infinity, one gets (5.21).

Now, to obtain the implication (5.21) ⇒ (c′), suppose that (5.21) holds.

Then, there exist γ1 > 0 and µ > 0 such that
φ(k)

k
≤ γ1 for every k > µ.

Thanks to the continuity of φ at k = 0, one can find γ2 > 0 and ε ∈ (0, µ)

such that φ(k) ≤ γ2 for all k ∈ [0, ε). Moreover, by the continuity of the

function k 7→ φ(k)/k on the compact interval [ε, µ], the number

γ3 := max
{φ(k)

k
: k ∈ [ε, µ]

}
is well defined. Thus, for any c ≥ max{γ1 + σ, γ2, γ3 + σ}, it holds that

φ(k) ≤ γ2 ≤ c ≤ (c− σ)k + c ∀k ∈ [0, ε),

φ(k) ≤ γ3k ≤ (c− σ)k + c ∀k ∈ [ε, µ],

and

φ(k) ≤ γ1k ≤ (c− σ)k + c ∀k ∈ (µ,+∞).

Thus, one has φ(k) ≤ (c− σ)k + c for every k ≥ 0, which justifies (c1). 2

Remark 5.1 There are many continuous functions φ : IR+ → IR+ that are

nonconcave on IR+ but satisfy condition (c1) in Theorem 5.2. Indeed, suppose

that the values k̄ > 0, φ0 ≥ 0, and a > 0 are given arbitrarily. Setting

φ(k) =

φ0, if k ∈ [0, k̄]

a(k − k̄) + φ0, if k ∈ (k̄,+∞),

one has a function φ, that is continuous and nonconcave on IR+. But, since

the coercivity condition (5.21) is fulfilled, this φ satisfies (c1). More generally,

the continuous function

φ(k) =

φ1(k), if k ∈ [0, k̄]

a(k − k̄)α + φ1(k̄), if k ∈ (k̄,+∞),

where α ∈ (0, 1] is a constant and φ : [0, k̄] → IR+ is a continuous function,

also satisfies (c1) because (5.21) is fulfilled. Clearly, there are many ways to

choose φ1(k) such that this function φ in nonconcave on IR+.
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Economic growth problems with utility functions ω(·) and production func-

tions F (·) of two typical types will be the subject of our consideration in the

next section.

5.4 Solution Existence for Typical Problems

As observed by Takayama [79, p. 450], the production function given by

F (K,L) =
1

a
K, ∀(K,L) ∈ IR2

+, (5.22)

where a > 0 is a constant representing the capital-to-output ratio, is of a great

importance. This function is in the form of the AK function (see, e.g., [11,

Subsection 1.3.2]) with the diminishing returns to capital being absent, which

is a key property of endogenous growth models. The function in (5.22) is

also referred to in connection with the Harrod-Domar model of which a main

assumption is that the labor factor is not explicitly involved in the production

function (see, e.g., [79, Footnote 5, p. 464]). In the notations of Section 5.1,

by (5.22) one has

φ(k) =
1

a
k, ∀k ≥ 0.

So, the differential equation in (5.12) becomes

k̇(t) =
1

a
s(t)k(t)− σk(t), a.e. t ∈ [t0, T ].

Another popular type of the production function F is the Cobb-Douglas

function (see, e.g., [11, p. 29]), which is given by

F (K,L) = AKαL1−α, ∀(K,L) ∈ IR2
+ (5.23)

with A > 0 and α ∈ (0, 1) being constants. In the terminology of eco-

nomics, the exponent α (resp., 1−α) refers to the output elasticity of capital

(resp., the output elasticity of labor), which represents the share of the con-

tribution of the capital (resp., of the labor) to the total product F (K,L).

Meanwhile, the coefficient A expresses the total factor productivity1 (TFP).

This measure of economic efficiency is calculated by dividing output by the

weighted average of labour and capital input. TFP represents the increase

in total production which is in excess of the increase that results from in-

crease in inputs and depends on some intangible factors such as technological
1See, e.g., https://en.wikipedia.org/wiki/Total factor productivity.
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change, education, research and development, etc. As α ∈ (0, 1), F exhibits

diminishing returns to capital and labor (see, e.g., [79, p. 433]). The latter

means that the marginal products of both capital and labor are diminishing

(see, e.g., [1, p. 29]). The presence of diminishing returns to capital, which

plays a very important role in many results of the basic growth model (see,

e.g., [1, p. 29]), distinguishes the production given by (5.23) with the one in

(5.22). The per capita production function corresponding to (5.23) is

φ(k) = Akα, ∀k ≥ 0. (5.24)

Figure 5.1: Cobb-Douglas production function Figure 5.2: Cobb-Douglas per capita function

Therefore, (5.12) collapses to

k̇(t) = As(t)kα(t)− σk(t), a.e. t ∈ [t0, T ]. (5.25)

Since (5.22) can be written in the form of (5.23) with α := 1 and A := 1/a,

one can combine the above two types of production functions in a general one

by considering (5.23) with A > 0 and α ∈ (0, 1]. This means that one has deal

with the model (5.24)–(5.25), where A > 0 and α ∈ (0, 1] are given constants.

In the same manner, concerning the utility function ω(·), the formula

ω(c) = cβ, ∀c ≥ 0 (5.26)

with β ∈ (0, 1] can be considered. For β = 1, ω(·) is a linear function. For

β ∈ (0, 1), it is a Cobb-Douglas function.

In the rest of this section, for the problem (GP ), we assume that φ(·) and

ω(·) are given respectively by (5.24) and (5.26). Then, the target function of

(GP ) is

I(k, s) =

∫ T

t0

[1− s(t)]βφβ(k(t))e−λtdt = Aβ

∫ T

t0

[1− s(t)]βkαβ(t)e−λtdt.
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Thus, we have to solve the following equivalent problem:

Maximize

∫ T

t0

[1− s(t)]βkαβ(t)e−λtdt (5.27)

over k ∈ W 1,1([t0, T ], IR) and measurable functions s : [t0, T ]→ IR satisfying
k̇(t) = Akα(t)s(t)− σk(t), a.e. t ∈ [t0, T ]

k(t0) = k0

s(t) ∈ [0, 1], a.e. t ∈ [t0, T ]

k(t) ≥ 0, ∀ t ∈ [t0, T ]

(5.28)

with T > t0 ≥ 0, λ ≥ 0, A > 0, σ > 0, and k0 > 0 being given parameters.

We denote the problem (5.27)–(5.28) by (GP1).

The forthcoming result is a consequence of Theorem 5.3.

Theorem 5.4 For any constants α ∈ (0, 1] and β ∈ (0, 1], the optimal eco-

nomic growth problem (GP1) possesses a global solution.

Proof. By the assumptions A > 0, α ∈ (0, 1], and β ∈ (0, 1], the functions

φ(k) = Akα and ω(c) = cβ are continuous on IR+. The concavity of φ(·) on

(0,+∞) follows from the fact that φ′′(k) = Aα(α − 1)kα−2 < 0 for all k ≥ 0

(see, e.g., [72, Theorem 4.4]). As φ(·) is continuous at 0, we can assert that

φ(·) is concave on IR+. The concavity of φ(·) on IR+ is verified similarly. Since

both ω(·) and φ(·) are continuous and concave on IR+, Theorem 5.3 assures

the solution existence for the problem (5.27)–(5.28).

Remark 5.2 Depending on the displacement of α and β on (0, 1], we have

four types of the model (5.27)–(5.28):

(T1) “Linear-linear”: φ(k) = Ak and ω(c) = c (both the per capita produc-

tion function and the utility function are linear);

(T2) “Linear-nonlinear”: φ(k) = Ak and ω(c) = cβ with β ∈ (0, 1) (the per

capita production function is linear, but the utility function is nonlin-

ear);

(T3) “Nonlinear-linear”: φ(k) = Akα and ω(c) = c with α ∈ (0, 1) (the

per capita production function is nonlinear, but the utility function is

linear);
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(T4) “Nonlinear-nonlinear”: φ(k) = Akα and ω(c) = cβ with α ∈ (0, 1)

and β ∈ (0, 1) (both the per capita production function and the utility

function are nonlinear).

Although the problem in question of each type has a global solution by The-

orem 5.4, the above classification arranges the difficulties of solving (5.27)–

(5.28), say, by the Maximum Principle given in [82, Theorem 9.3.1]. Obvi-

ously, problems of the first type (T1) are the easiest ones, while those of the

fourth type (T4) are the most difficult ones.

In the next section, we will discuss some assumptions used for getting

Theorems 5.2 and 5.3.

5.5 The Asymptotic Behavior of φ and Its Concavity

The results in Section 5.3 were obtained under certain assumptions on the

per capita production function φ, which is defined via the production function

F (K,L) by the formula

φ(k) = F (k, 1) =
F (K,L)

L
(5.29)

with k :=
K

L
signifying the capital-to-labor ratio. We want to know: How

the assumptions made on φ can be traced back to F?

Proposition 5.2 The per capita production function φ : IR+ → IR+ satisfies

condition (c1) if and only if the production function F : IR2
+ → IR+ has the

following property:

(c′1) There exists c ≥ 0 such that F (K,L) ≤ (c− σ)K + cL for all K ≥ 0 and

L > 0.

Proof. Suppose that (c1) is satisfied, i.e., there exists c ≥ 0 such that

φ(k) ≤ (c − σ)k + c for all k ∈ IR+. Then, given any K ≥ 0 and L > 0, by

substituting k =
K

L
into the last inequality and using (5.29), one gets

F (K,L)

L
≤ (c− σ)

K

L
+ c.
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This justifies (c′1). Conversely, suppose that F (K,L) ≤ (c− σ)K + cL holds

for all K ≥ 0 and L > 0, where c ≥ 0 is a constant. Then, letting L = 1 and

K = k, where k ≥ 0 is given arbitrarily, one gets the inequality

φ(k) ≤ (c− σ)k + c.

Thus, (c1) is fulfilled.

Proposition 5.3 The function φ satisfies (5.21) if and only if F fulfills the

following inequality:

lim sup
K
L→+∞

F (K,L)

K
< +∞. (5.30)

Proof. By (5.29), for any K > 0 and L > 0, one has

F (K,L)

K
=
L−1F (K,L)

L−1K
=
φ(k)

k

with k :=
K

L
. Thus, the equivalence between (5.21) and (5.30) is straightfor-

ward.

Propositions 5.2 and 5.3 show that the assumption made on φ in Theo-

rem 5.2 and its equivalent representations given in Proposition 5.1 can be

checked directly on the original function F .

Proposition 5.4 The per capita production function φ : IR+ → IR+ is con-

cave on IR+ if and only if the production function F : IR2
+ → IR+ is concave

on IR+ × (0,+∞).

Proof. Firstly, suppose that F is concave on IR+× (0,+∞). Let k1, k2 ∈ IR+

and λ ∈ [0, 1] be given arbitrarily. The concavity of F and (5.29) yield

F (λ(k1, 1)+(1−λ)(k2, 1)) ≥ λF (k1, 1)+(1−λ)F (k2, 1) = λφ(k1)+(1−λ)φ(k2).

Since F (λ(k1, 1) +(1−λ)(k2, 1)) = F (λk1 + (1−λ)k2, 1), combining this with

(5.29), one obtains φ(λk1 + (1− λ)k2) ≥ λφ(k1) + (1− λ)φ(k2). This justifies

the concavity of φ.

Now, suppose that φ is concave on IR+. If F is not concave on IR+ ×
(0,+∞), then there exist (K1, L1), (K2, L2) in IR+ × (0,+∞) and λ ∈ (0, 1)

such that

F (λK1 + (1− λ)K2, λL1 + (1− λ)L2) < λF (K1, L1) + (1− λ)F (K2, L2).
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By (5.29), it holds that F (K,L) = Lφ
(K
L

)
for any (K,L) ∈ IR+ × (0,+∞).

Therefore, we have

[λL1 + (1− λ)L2]φ
(λK1 + (1− λ)K2

λL1 + (1− λ)L2

)
< λL1φ

(K1

L1

)
+ (1− λ)L2φ

(K2

L2

)
.

Dividing both sides of this inequality by λL1 + (1− λ)L2 gives

φ
(λK1 + (1− λ)K2

λL1 + (1− λ)L2

)
<

λL1

λL1 + (1− λ)L2

φ
(K1

L1

)
+

(1− λ)L2

λL1 + (1− λ)L2

φ
(K2

L2

)
.

(5.31)

Setting µ =
λL1

λL1 + (1− λ)L2

, one has 1 − µ =
(1− λ)L2

λL1 + (1− λ)L2

, µ ∈ (0, 1),

and

µ
K1

L1

+ (1− µ)
K2

L2

=
λK1 + (1− λ)K2

λL1 + (1− λ)L2

.

Thus, (5.31) means that

φ
(
µ
K1

L1

+ (1− µ)
K2

L2

)
< µφ

(K1

L1

)
+ (1− µ)φ

(K2

L2

)
,

a contradiction to the assumed concavity of φ. The proof is complete. 2

We have seen that the assumption on the concavity of φ used in Theo-

rem 5.3 can be verified directly on F .

Now, we will look deeper into Theorems 5.2 and 5.3 and the typical optimal

economic growth problems in Section 5.4 by raising some open questions and

conjectures about the uniqueness and the regularity of the global solutions

of (GP ).

5.6 Regularity of Optimal Processes

Solution regularity is an important concept which helps one to look deeper

into the structure of the problem in question. One may have deal with Lip-

schitz continuity, Hölder continuity, and degree of differentiability of the ob-

tained solutions. We refer to [82, Chapter 11] for a solution regularity theory

in optimal control and to [48, Theorem 9.2, p. 140] for a result on the solution

regularity for variational inequalities.

The results of Sections 5.3 and 5.4 assure that, if some mild assumptions

on the per capital function and the utility function are satisfied, then (GP )
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has a global solution (k̄, s̄) with k̄(·) being absolutely continuous on [t0, T ]

and s̄(·) being measurable. Since the saving policy s̄(·) on the time segment

[t0, T ] cannot be implemented if it has an infinite number of discontinuities,

the following concept of regularity of the solutions of the optimal economic

growth problem (GP ) appears in a natural way.

Definition 5.1 A global solution (k̄, s̄) of (GP ) is said to be regular if the

propensity to save function s̄(·) only has finitely many discontinuities of first

type on [t0, T ]. This means that there is a positive integer m such that the

segment [t0, T ] can be divided into m subsegments [τi, τi+1], i = 0, . . . ,m− 1,

with τ0 = t0, τm = T , τi < τi+1 for all i, s̄(·) is continuous on each open

interval (τi, τi+1), and the one-sided limit lim
t→τi+

s̄(t) (resp., lim
t→τi−

s̄(t)) exists for

each i ∈ {0, 1, . . .m− 1} (resp., for each i ∈ {1, . . .m}).

In Definition 5.1, as s̄(t) ∈ [0, 1] for every t ∈ [t0, T ], the one-sided limit

lim
t→τi+

s̄(t) (resp., lim
t→τi−

s̄(t)) must be finite for each i ∈ {0, 1, . . .m− 1} (resp.,

for each i ∈ {1, . . .m}).

Proposition 5.5 Suppose that the function φ is continuous on [t0, T ]. If

(k̄, s̄) is a regular global solution of (GP ), then the capital-to-labor ratio k̄(t)

is a continuous, piecewise continuously differentiable function on the segment

[t0, T ]. In particular, the function k̄(·) is Lipschitz on [t0, T ].

Proof. Since (k̄, s̄) is a regular global solution of (GP ), there is a positive

integer m such that the segment [t0, T ] can be divided into m subsegments

[τi, τi+1], i = 0, . . . ,m − 1, and all the requirements stated in Definition 5.1

are fulfilled. Then, for each i ∈ {0, . . . ,m − 1}, from the first relation in

(5.12) we have

˙̄k(t) = s̄(t)φ(k̄(t))− σk̄(t), a.e. t ∈ (τi, τi+1). (5.32)

Hence, by the continuity of φ on [t0, T ] and the continuity of s̄(·) on (τi, τi+1),

we can assert that the derivative ˙̄k(t) exists for every t ∈ (τi, τi+1). Indeed,

fixing any point t̄ ∈ (τi, τi+1) and using the Lebesgue Theorem [49, Theorem 6,

p. 340] for the absolutely continuous function k̄(·), we have

k̄(t) =

∫ t

t̄

˙̄k(τ)dτ, ∀t ∈ (τi, τi+1), (5.33)

where integral on the right-hand-side of the equality is understood in the the

Lebesgue sense. Since the Lebesgue integral does not change if one modifies
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the integrand on a set of zero measure, thanks to (5.32) we have

k̄(t) =

∫ t

t̄

[s̄(τ)φ(k̄(τ))− σk̄(τ)]dτ. (5.34)

As the integrand of the last integral is a continuous function on (τi, τi+1), the

integration in the Lebesgue sense coincides with that in the Riemanian sense,

(5.34) proves our claim that the derivative ˙̄k(t) exists for every t ∈ (τi, τi+1).

Moreover, taking derivative of both sides of the equality (5.33) yields

˙̄k(t) = s̄(t)φ(k̄(t))− σk̄(t), ∀t ∈ (τi, τi+1). (5.35)

So, the function k̄(·) is continuously differentiable of (τi, τi+1). In addition,

the relation (5.35) and the existence of the finite one-sided limit lim
t→τi+

s̄(t)

(resp., lim
t→τi−

s̄(t)) for each i ∈ {0, 1, . . .m− 1} (resp., for each i ∈ {1, . . .m})

implies that the one-sided limit lim
t→τi+

˙̄k(t) (resp., lim
t→τi−

˙̄k(t)) is finite for each

i ∈ {0, 1, . . .m − 1} (resp., for each i ∈ {1, . . .m}. Thus, the restriction of

k̄(·) on each segment [τi, τi+1], i = 0, . . . ,m−1, is a continuously differentiable

function. We have shown that the capital-to-labor ratio k̄(t) is a continuous,

piecewise continuously differentiable function on the segment [t0, T ].

We omit the proof of the Lipschitz property of on [t0, T ] of k̄(·), which

follows easily from the continuity and piecewise continuously differentiablity

of the function by using the classical mean value theorem. 2

We conclude this section by two open questions and three independent

conjectures, whose solutions or partial solutions will reveal more the beauty

of the optimal economic growth model (GP ).

Open question 1: The assumptions of Theorem 5.2 are not enough to

guarantee that (GP ) has a regular global solution?

Open question 2: The assumptions of Theorem 5.3 are enough to guar-

antee that every global solution of (GP ) is a regular one?

Conjectures: The assumptions of Theorem 5.4 guarantee that

(a) (GP ) has a unique global solution;

(b) Any global solution of (GP ) is a regular one;

(c) If (k̄, s̄) is a regular global solution of (GP ), then the optimal propensity

to save function s̄(·) can have at most one discontinuity on the time segment

[t0, T ].
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5.7 Optimal Processes for a Typical Problem

To apply Theorem 3.1 for finding optimal processes for (GP1), we have to

interpret (GP1) in the form of the Mayer problem M in Section 3.2. For

doing so, we set x(t) = (x1(t), x2(t)), where x1(t) plays the role of k(t) in

(5.27)–(5.28) and

x2(t) := −
∫ t

t0

[1− s(τ)]βxαβ1 (τ)e−λτdτ (5.36)

for all t ∈ [0, T ]. Thus, (GP1) is equivalent to the following problem:

Minimize x2(T ) (5.37)

over x = (x1, x2) ∈ W 1,1([t0, T ], IR2) and measurable functions s : [t0, T ]→ IR

satisfying 

ẋ1(t) = Axα1 (t)s(t)− σx1(t), a.e. t ∈ [t0, T ]

ẋ2(t) = −[1− s(t)]βxαβ1 (t)e−λt, a.e. t ∈ [t0, T ]

(x(t0), x(T )) ∈ {(k0, 0)} × IR2

s(t) ∈ [0, 1], a.e. t ∈ [t0, T ]

x1(t) ≥ 0, ∀t ∈ [t0, T ].

(5.38)

The optimal control problem in (5.37)–(5.38) is denoted by (GP1a).

To see (GP1a) in the form ofM, we choose n = m = 1, C = {(k0, 0)}× IR2,

U(t) = [0, 1] for all t ∈ [t0, T ], g(x, y) = y2 for all x = (x1, x2) ∈ IR2 and

y = (y1, y2) ∈ IR2, h(t, x) = −x1 for every (t, x) ∈ [t0, T ] × IR2. When

it comes to the function f , for any (t, x, s) ∈ [t0, T ] × IR2 × IR, one lets

f(t, x, s) = (Axα1s − σx1,−(1 − s)βxαβ1 e−λt) if x1 ≥ 0 and s ∈ [0, 1], and

defines f(t, x, s) in a suitable way if x1 /∈ IR+, or s /∈ [0, 1].

Let (x̄, s̄) be a W 1,1 local minimizer for (GP1a). To satisfy the assumption

(H1) in Theorem 3.1, for any s ∈ [0, 1], the function f(t, ·, s) must be locally

Lipschitz around x̄(t) for almost every t ∈ [t0, T ]. This requirement cannot

be satisfied if α ∈ (0, 1) and the set of t ∈ [t0, T ] when the curve x̄1(t) hits the

lower bound x1 = 0 of the state constraint x1(t) ≥ 0 has a positive measure.

To overcome this situation, we may use one of the following two additional

assumptions:

(A1) α = 1;

(A2) α ∈ (0, 1) and the set {t ∈ [t0, T ] : x̄1(t) = 0} has the Lebesgue

measure 0, i.e., x̄1(t) > 0 for almost every t ∈ [t0, T ].

143



Regarding the exponent β ∈ (0, 1] in the formula of ω(·), we distinguish

two cases:

(B1) β = 1;

(B2) β ∈ (0, 1).

From now on, we will consider problem (GP1a) under the condi-

tions (A1) and (B1). Thanks to these assumptions, we have

f(t, x, s) = (Axα1s− σx1,−(1− s)βxαβ1 e−λt) = ((As− σ)x1, (s− 1)x1e
−λt)

if x1 ∈ IR+ and s ∈ [0, 1]. Clearly, the most natural extension of the function

f from the domain [t0, T ]× IR+× IR× [0, 1] to [t0, T ]× IR2× IR, which is the

domain of variables required by Theorem 3.1, is as follows:

f(t, x, s) = ((As−σ)x1, (s−1)x1e
−λt), ∀(t, x, s) ∈ [t0, T ]× IR2× IR. (5.39)

In accordance with (3.9) and (5.39), the Hamiltonian of (GP1a) is given by

H(t, x, p, s) = (As− σ)x1p1 + (s− 1)x1e
−λtp2 (5.40)

for every (t, x, p, s) ∈ [t0, T ] × IR2 × IR2 × IR. Since the function in (5.40) is

continuously differentiable in x, we have

∂xH(t, x, p, u) =
{

((As− σ)p1 + (s− 1)e−λtp2, 0)
}

(5.41)

for all (t, x, p, s) ∈ [t0, T ] × IR2 × IR2 × IR. By (3.10), the partial hybrid

subdifferential of h at (t, x) ∈ [t0, T ]× IR2 is given by

∂>x h(t, x) =

∅, if x1 > 0

{(−1, 0)}, if x1 ≤ 0.
(5.42)

The relationships between a control function s(·) and the corresponding

trajectory x(·) of (5.38) can be described as follows.

Lemma 5.1 For each measurable function s : [t0, T ] → IR with s(t) ∈ [0, 1],

there exists a unique trajectory x = (x1, x2) ∈ W 1,1([t0, T ], IR2) such that (x, s)

is a feasible process of (5.38). Moreover, for every τ ∈ [t0, T ], one has

x1(t) = x1(τ)e
∫ t
τ

(As(z)−σ)dz, ∀t ∈ [t0, T ]. (5.43)

In particular, x1(t) > 0 for all t ∈ [t0, T ].

Proof. Given a function s satisfying the assumptions of the proposition,

we suppose that x = (x1, x2) ∈ W 1,1([t0, T ], IR2) such that (x, s) is a feasible
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process of (5.38). Then, the condition α = 1 implies thatẋ1(t) = [As(t)− σ]x1(t), a.e. t ∈ [t0, T ]

x1(t0) = k0.
(5.44)

As s(·) is measurable and bounded on [t0, T ], so is the function t 7→ As(t)−σ.

In particular, the latter is Lebesgue integrable on [t0, T ]. Hence, by the lemma

in [2, pp. 121–122] on the solution existence and uniqueness of the Cauchy

problem for linear differential equations, one knows that (5.44) has a unique

solution. Thus, x1(·) is defined uniquely via s(·). This and the equality

x2(t) = −
∫ t

t0

[1 − s(τ)]x1(τ)e−λτdτ , which follows from (5.36) together with

the conditions α = 1 and β = 1, imply the uniqueness of x2(·). To prove the

second assertion, put

Ω(t, τ) = e
∫ t
τ

(As(z)−σ)dz, ∀t, τ ∈ [t0, T ]. (5.45)

By the Lebesgue integrability of the function t 7→ As(t)−σ on [t0, T ], Ω(t, τ)

is well defined on [t0, T ]× [t0, T ], and by [49, Theorem 8, p. 324] one has

d

dt

(∫ t

τ

(As(z)− σ)dz

)
= As(t)− σ, a.e. t ∈ [t0, T ]. (5.46)

Therefore, from (5.45) and (5.46) it follows that Ω(·, τ) is the solution of the

Cauchy problem
d

dt
Ω(t, τ) = (As(t)− σ)Ω(t, τ), a.e. t ∈ [t0, T ]

Ω(τ, τ) = 1.

In other words, the real-valued function Ω(t, τ) of the variables t and τ is

the principal matrix solution (see [2, p. 123]) specialized to the homogeneous

differential equation in (5.44). Hence, by the theorem in [2, p. 123] on the

solution of linear differential equations, we obtain (5.43). As x1(t0) = k0 > 0,

applying (5.43) for τ = t0 implies that x1(t) > 0 for all t ∈ [t0, T ]. 2

The next two remarks are aimed at clarifying the tool used to solve (GP1a).

Remark 5.3 By Lemma 5.1, any process satisfying the first four condi-

tions in (5.38) automatically satisfies the state constraint x1(t) ≥ 0 for all

t ∈ [t0, T ]. Thus, the latter can be omitted in the problem formulation.

This means that, for the case α = 1, instead of the maximum principle in

Theorem 3.1 for problems with state constraints one can apply the one in
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Proposition 3.1 for problems without state constraints. Note that both The-

orem 3.1 and Proposition 3.1 yield the same necessary optimality conditions

in such a situation (see Section 3.4).

Remark 5.4 For the case α ∈ (0, 1), one cannot claim that any process

satisfying the first four conditions in (5.38) automatically satisfies the state

constraint x1(t) ≥ 0 for all t ∈ [t0, T ]. Thus, if we consider problem (GP1a)

under the conditions (A2) and (B1), or (A2) and (B2), then we have to rely

on Theorem 3.1. Referring to the classification of optimal economic growth

models given in Remark 5.2, we can say that models of the types “Nonlinear-

linear” and “Nonlinear-nonlinear” may require the use of Theorem 3.1. For

this reason, we prefer to present the latter in this paper to prepare a suitable

framework for dealing with (GP1a) under different sets of assumptions.

Recall that (x̄, s̄) is a W 1,1 local minimizer for (GP1a). It is easy to show

that, for any δ > 0, there are constants M1 > 0 and M2 > 0 such that

k(t, x) := M1 + M2e
−λt satisfies the conditions described in the hypothesis

(H1) of Theorem 3.1. The fulfillment of the hypotheses (H2)–(H4) is ob-

vious. Applying Theorem 3.1, we can find p ∈ W 1,1([t0, T ]; IR2), γ ≥ 0,

µ ∈ C⊕(t0, T ), and a Borel measurable function ν : [t0, T ] → IR2 such that

(p, µ, γ) 6= (0, 0, 0), and for q(t) := p(t) + η(t) with

η(t) :=

∫
[t0,t)

ν(τ)dµ(τ), t ∈ [t0, T ) (5.47)

and

η(T ) :=

∫
[t0,T ]

ν(τ)dµ(τ), (5.48)

conditions (i)–(iv) in Theorem 3.1 hold true.

Let us expose the meanings of the conditions (i)–(iv) in Theorem 3.1.

Condition (i): Note that

µ{t ∈ [t0, T ] : ν(t) /∈ ∂>x h(t, x̄(t))}
= µ{t ∈ [t0, T ] : ∂>x h(t, x̄(t)) = ∅}

+ µ{t ∈ [t0, T ] : ∂>x h(t, x̄(t)) 6= ∅, ν(t) /∈ ∂>x h(t, x̄(t))}.

Since x̄1(t) ≥ 0 for every t, combining this with (5.42) gives

µ{t ∈ [t0, T ] : ν(t) /∈ ∂>x h(t, x̄(t))}
= µ{t ∈ [t0, T ] : x̄1(t) > 0}+ µ{t ∈ [t0, T ] : x̄1(t) = 0, ν(t) 6= (−1, 0)}.
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So, from (i) it follows that

µ{t ∈ [t0, T ] : x̄1(t) > 0} = 0 (5.49)

and µ{t ∈ [t0, T ] : x̄1(t) = 0, ν(t) 6= (−1, 0)} = 0.

Condition (ii): By (5.41), (ii) implies that

−ṗ(t) = ((As̄(t)− σ)q1(t) + (s̄(t)− 1)e−λtq2(t), 0), a.e. t ∈ [t0, T ].

Hence, p2(t) is a constant for all t ∈ [t0, T ] and

ṗ1(t) = −(As̄(t)− σ)q1(t) + (1− s̄(t))e−λtq2(t), a.e. t ∈ [t0, T ].

Condition (iii): Using the formulas for g and C, we can show that

∂g(x̄(t0), x̄(T )) = {(0, 0, 0, 1)} and N((x̄(t0), x̄(T ));C) = IR2 × {(0, 0)}. So,

(iii) yields

(p(t0),−q(T )) ∈ {(0, 0, 0, γ)}+ IR2 × {(0, 0)},
which means that q1(T ) = 0 and q2(T ) = −γ.

Condition (iv): By (5.40), from (iv) one gets

(As̄(t)− σ)x̄1(t)q1(t) + (s̄(t)− 1)x̄1(t)e
−λtq2(t)

= max
s∈[0,1]

{
(As− σ)x̄1(t)q1(t) + (s− 1)x̄1(t)e

−λtq2(t)
}

for almost every t ∈ [t0, T ]. Equivalently, we have(
Aq1(t)+e

−λtq2(t)
)
x̄1(t)s̄(t) = max

s∈[0,1]

{(
Aq1(t) + e−λtq2(t)

)
x̄1(t)s

}
, a.e. t ∈ [t0, T ].

Since x̄1(t) > 0 for all t ∈ [t0, T ], it follows that(
Aq1(t) + e−λtq2(t)

)
s̄(t) = max

s∈[0,1]

{(
Aq1(t) + e−λtq2(t)

)
s
}
, a.e. t ∈ [t0, T ].

(5.50)

To prove that the optimal control problem in question has a unique optimal

solution under a mild condition imposed on the data tube (A, σ, λ), we have

to deepen the above analysis of the conditions (i)–(iv). As x̄1(t) > 0 for

all t ∈ [t0, T ] by Lemma 5.1, the equality (5.49) implies that µ([t0, T ]) = 0,

i.e., µ = 0. Combining this with (5.47) and (5.48), one gets η(t) = 0 for all

t ∈ [t0, T ]. Thus, the relation q(t) = p(t) + η(t) allows us to have q(t) = p(t)

for every t ∈ [t0, T ]. Therefore, the properties of p(t) and q(t) established in

the above analysis of the conditions (ii) and (iii) imply that p2(t) = −γ for

every t ∈ [t0, T ], p1(T ) = 0, and

ṗ1(t) = −(As̄(t)− σ)p1(t) + γ(s̄(t)− 1)e−λt, a.e. t ∈ [t0, T ]. (5.51)
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Now, by substituting q1(t) = p1(t) and q2(t) = −γ into (5.50), we have(
Ap1(t)− γe−λt

)
s̄(t) = max

s∈[0,1]

{(
Ap1(t)− γe−λt

)
s
}
, a.e. t ∈ [t0, T ]. (5.52)

Describing the adjoint trajectory p corresponding to (x̄, s̄) in (5.51), the

next lemma is an analogue of Lemma 5.1.

Lemma 5.2 The Cauchy problem defined by the differential equation (5.51)

and the condition p1(T ) = 0 possesses a unique solution p1(·) : [t0, T ]→ IR,

p1(t) = −
∫ T

t

c(z)Ω̄(z, t)dz, ∀t ∈ [t0, T ], (5.53)

where Ω̄(t, τ) is defined by (5.45) for s(t) = s̄(t), i.e.,

Ω̄(t, τ) := e
∫ t
τ

(As̄(z)−σ)dz, t, τ ∈ [t0, T ], (5.54)

and

c(t) := γ(s̄(t)− 1)e−λt, t ∈ [t0, T ]. (5.55)

In addition, for any fixed value τ ∈ [t0, T ], one has

p1(t) = p1(τ)Ω̄(τ, t)−
∫ τ

t

c(z)Ω̄(z, t)dz, ∀t ∈ [t0, T ]. (5.56)

Proof. Since s̄(·) is measurable and bounded, the function t 7→ c(t) defined

by (5.55) is also measurable and bounded on [t0, T ]. Moreover, the function

t 7→ As̄(t)− σ is also measurable and bounded on [t0, T ]. In particular, both

functions c(·) and As̄(·) − σ are Lebesgue integrable on [t0, T ]. Hence, by

the lemma in [2, pp. 121–122] we can assert that, for any τ ∈ [t0, T ] and

η ∈ R, the Cauchy problem defined by the linear differential equation (5.51)

and the initial condition p1(τ) = η has a unique solution p1(·) : [t0, T ] → IR.

As shown in the proof of Lemma 5.1, Ω̄(t, τ) given in (5.54) is the principal

solution of the homogeneous equation

˙̄x1(t) = (As̄(t)− σ)x̄1(t), a.e. t ∈ [t0, T ].

Besides, by the form of (5.51) and by the theorem in [2, p. 123], the solution

of (5.51) is given by (5.56). Especially, applying this formula for the case

τ = T and note that p1(T ) = 0, we obtain (5.53). 2

In Theorem 3.1, the objective function g plays a role in condition (iii) only

if γ > 0. In such a situation, the maximum principle is said to be normal.

Investigations on the normality of maximum principles for optimal control
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problems are available in [27–29]. For the problem (GP1a), by using (5.53)–

(5.55) and the property (p, µ, γ) 6= (0, 0, 0), we now show that the situation

γ = 0 cannot happen.

Lemma 5.3 One must have γ > 0.

Proof. Suppose on the contrary that γ = 0. Then, c(t) ≡ 0 by (5.55).

Hence, from (5.53) it follows that p1(t) ≡ 0. Combining this with the facts

that p2(t) = −γ = 0 for all t ∈ [t0, T ] and µ = 0, we get a contradiction to

the requirement (p, µ, γ) 6= (0, 0, 0) in Theorem 3.1. 2

In accordance with (5.52), to define the control value s̄(t), it is important

to know the sign of the real-valued function

ψ(t) := Ap1(t)− γe−λt (5.57)

for each t ∈ [t0, T ]. Namely, one has s̄(t) = 1 whenever ψ(t) > 0 and s̄(t) = 0

whenever ψ(t) < 0. Hence s̄(·) is a constant function on each segment where

ψ(·) has a fixed sign. The forthcoming lemma gives formulas for x̄1(·) and

p1(·) on such a segment.

Lemma 5.4 Let [t1, t2] ⊂ [t0, T ] and τ ∈ [t1, t2] be given arbitrarily.

(a) If s̄(t) = 1 for a.e. t ∈ [t1, t2], then

x̄1(t) = x̄1(τ)e(A−σ)(t−τ), ∀t ∈ [t1, t2] (5.58)

and

p1(t) = p1(τ)e−(A−σ)(t−τ), ∀t ∈ [t1, t2]. (5.59)

(b) If s̄(t) = 0 for a.e. t ∈ [t1, t2], then

x̄1(t) = x̄1(τ)e−σ(t−τ), ∀t ∈ [t1, t2] (5.60)

and

p1(t) = p1(τ)eσ(t−τ) +
γ

σ + λ
eσt
[
e−(σ+λ)t − e−(σ+λ)τ

]
, ∀t ∈ [t1, t2]. (5.61)

Proof. If s̄(t) = 1 for a.e. t ∈ [t1, t2], then (5.58) is obtained from (5.43)

with x1(·) = x̄1(·) and s(·) = s̄(·). Besides, as s̄(·) ≡ 1 a.e. on [t1, t2], the

function c(t) defined in (5.55) equals 0 a.e. on [t1, t2], which implies that the

integral in (5.56) vanishes. In addition, substituting the formulas for s̄(·) and
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x̄1(·) on [t1, t2] to (5.54), we get Ω̄(τ, t) = e−(A−σ)(t−τ) for all t ∈ [t1, t2]. Thus,

(5.59) follows from (5.56).

If s̄(t) = 0 for a.e. t ∈ [t1, t2], then we get (5.60) by applying (5.43) with

x1(·) = x̄1(·) and s(·) = s̄(·). To prove (5.61), we use (5.56) and the formulas

for s̄(·) and x̄1(·) on [t1, t2]. Namely, we have Ω̄(τ, t) = eσ(t−τ), Ω̄(z, t) = eσ(t−z),

and c(z) = −γe−λz for all t, z ∈ [t1, t2]. Substituting these formulas to (5.56)

yields

p1(t) = p1(τ)eσ(t−τ) −
∫ τ

t

(−γe−λz)(eσ(t−z))dz

= p1(τ)eσ(t−τ) + γeσt
∫ τ

t

e−(σ+λ)zdz

= p1(τ)eσ(t−τ) − γ

σ + λ
eσt
[
e−(σ+λ)τ − e−(σ+λ)t

]
for all t ∈ [t1, t2]. This shows that (5.61) is valid. 2

For any t ∈ [t0, T ], if ψ(t) = 0, then (5.52) holds automatically no matter

what s̄(t) is. Thus, by (5.52) we can assert nothing about the control function

s̄(·) at this t. Motivated by this observation, we consider the set

Γ = {t ∈ [t0, T ] : ψ(t) = 0}.

As the functions p1(·) is absolutely continuous on [t0, T ], so is ψ(·). It follows

that Γ is a compact set. Besides, since p1(T ) = 0 and γ > 0, the equality

ψ(T ) = Ap1(T )− γe−λT implies that ψ(T ) < 0. Thus, T /∈ Γ.

First, consider the situation where Γ = ∅. Then we have ψ(t) < 0 on the

whole segment [t0, T ]. Indeed, otherwise we would find a point τ ∈ [t0, T )

such that ψ(τ) > 0. Since ψ(τ)ψ(T ) < 0, by the continuity of ψ(·) on [t0, T ]

we can assert that Γ ∩ (τ, T ) 6= ∅. This contradicts our assumption that

Γ = ∅. Now, as ψ(t) < 0 for all t ∈ [t0, T ], from (5.52) we have s̄(t) = 0 for

a.e. t ∈ [t0, T ]. Applying Lemma 5.4 for t1 = t0, t2 = T , and τ = t0, we get

x̄1(t) = k0e
−σ(t−t0) for all t ∈ [t0, T ].

Now, consider the situation where Γ 6= ∅. Let

α1 := min{t : t ∈ Γ} and α2 := max{t : t ∈ Γ}. (5.62)

Since ψ(T ) < 0, we see that t0 ≤ α1 ≤ α2 < T . Moreover, by the continuity

of ψ(·), and the fact that ψ(T ) < 0, we have ψ(t) < 0 for every t ∈ (α2, T ].

This and (5.52) imply that s̄(t) = 0 for almost every t ∈ [α2, T ]. Invoking
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Lemma 5.4 for t1 = α2, t2 = T , and τ = α2, we obtain x̄1(t) = x̄1(α2)e
−σ(t−α2)

for all t ∈ [α2, T ]. If t0 < α1, then to find s̄(·) and x̄1(·) on [t0, α1], we will use

the following observation.

Lemma 5.5 Suppose that t0 < α1. If ψ(t0) < 0, then s̄(t) = 0 for a.e.

t ∈ [t0, α1] and x̄1(t) = k0e
−σ(t−t0) for all t ∈ [t0, α1]. If ψ(t0) > 0, then

s̄(t) = 1 for a.e. t ∈ [t0, α1] and x̄1(t) = k0e
(A−σ)(t−t0) for all t ∈ [t0, α1].

Proof. As t0 < α1, one has ψ(t0)ψ(t) > 0 for every t ∈ [t0, α1). Indeed,

otherwise there is some τ ∈ (t0, α1) satisfying ψ(t0)ψ(τ) < 0, which together

with the continuity of ψ(·) implies that there is some t̄ ∈ Γ with t̄ < α1. This

contradicts the definition of α1. If ψ(t0) < 0, then ψ(t) < 0 for all t ∈ [t0, α1).

Hence, by (5.52), s̄(t) = 0 for a.e. t ∈ [t0, α1]. If ψ(t0) > 0, then ψ(t) > 0 for

all t ∈ [t0, α1). In this situation, by (5.52) we have s̄(t) = 1 for a.e. t ∈ [t0, α1].

Thus, in both situations, applying Lemma 5.4 for t1 = t0, t2 = α1, and τ = t0,

we obtain the desired formulas for x̄1(·) on [t0, α1]. 2

If α1 6= α2, then we must have a complete understanding of the behavior

of the function ψ(t) on the whole interval [α1, α2]. Towards that aim, we are

going to establish three lemmas.

Lemma 5.6 There does not exist any subinterval [t1, t2] of [t0, T ] with t1 < t2
such that ψ(t1) = ψ(t2) = 0, and ψ(t) > 0 for every t ∈ (t1, t2).

Proof. On the contrary, suppose that there is a subinterval [t1, t2] of [t0, T ]

with t1 < t2 such that ψ(t) > 0 for all t ∈ (t1, t2) and ψ(t1) = ψ(t2) = 0.

Then, by (5.52) we have s̄(t) = 1 almost everywhere on [t1, t2]. So, using

claim (a) in Lemma 5.4 with τ = t1, we have p1(t) = p1(t1)e
−(A−σ)(t−t1) for

all t ∈ [t1, t2]. The condition ψ(t1) = 0 implies that p1(t1) =
γ

A
e−λt1. Thus,

p1(t) =
γ

A
e−λt1e−(A−σ)(t−t1) for all t ∈ [t1, t2]. As γe−λt > 0 for all t ∈ [t0, T ], the

function ψ1(t) :=
ψ(t)

γe−λt
is well defined on [t1, t2]. By the definition of ψ(·),

the above formulas for x̄1(·) and p1(·) on [t1, t2], we have

ψ1(t) =
Ap1(t)

γe−λt
− 1 =

γe−λt1e−(A−σ)(t−t1)

γe−λt
− 1 = e(σ+λ−A)(t−t1) − 1

for all t ∈ [t1, t2]. If σ + λ − A 6= 0, then it is easy to see that the equation

ψ1(t) = 0 has a unique solution t1 on [t1, t2]. Hence ψ(t2) 6= 0, and we have

arrived at a contradiction. If σ+λ−A = 0, then ψ1(t) = 0 for every t ∈ (t1, t2).
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This implies that ψ(t) = 0 for every t ∈ (t1, t2). The latter contradicts our

assumption on ψ(t).

The proof is complete. 2

Lemma 5.7 There does not exist a subinterval [t1, t2] of [t0, T ] with t1 < t2
such that ψ(t1) = ψ(t2) = 0 and ψ(t) < 0 for all t ∈ (t1, t2).

Proof. To argue by contradiction, suppose that there is a subinterval [t1, t2]

of [t0, T ] with t1 < t2, ψ(t) < 0 for all t ∈ (t1, t2), and ψ(t1) = ψ(t2) = 0.

Then, by (5.52) we have s̄(t) = 0 almost everywhere on [t1, t2]. Therefore,

using claim (b) in Lemma 5.4 with τ = t1, we obtain

p1(t) = p1(t1)e
σ(t−t1) +

γ

σ + λ
eσt
[
e−(σ+λ)t − e−(σ+λ)t1

]
, ∀t ∈ [t1, t2].

The assumption ψ(t1) = 0 yields p1(t1) =
γ

A
e−λt1. Thus,

p1(t) =
γ

A
e−λt1eσ(t−t1) +

γ

σ + λ
eσt
[
e−(σ+λ)t − e−(σ+λ)t1

]
, ∀t ∈ [t1, t2].

By the definition of ψ(·) and the formulas for x̄1(·) and p1(·) on [t1, t2], we

have

ψ(t) = γe−λt1eσ(t−t1) +
Aγ

σ + λ
eσt
[
e−(σ+λ)t − e−(σ+λ)t1

]
− γe−λt, ∀t ∈ [t1, t2].

Consider the function ψ2(t) :=
ψ(t)

γeσt
, which is well defined for every t ∈ [t1, t2].

Then, by an elementary calculation one has

ψ2(t) =

(
A

σ + λ
− 1

) [
e−(σ+λ)t − e−(σ+λ)t1

]
, ∀t ∈ [t1, t2]. (5.63)

If
A

σ + λ
− 1 = 0, then ψ2(t) = 0 for all t ∈ [t1, t2]. This yields ψ(t) = 0 for all

t ∈ [t1, t2], a contradiction to our assumption that ψ(t) < 0 for all t ∈ (t1, t2).

If
A

σ + λ
− 1 6= 0, then by (5.63) one can assert that ψ2(t) = 0 if and only if

t = t1. Equivalently, ψ(t) = 0 if and only if t = t1. The latter contradicts the

conditions ψ(t2) = 0 and t2 6= t1. 2

Lemma 5.8 If the condition

A 6= σ + λ (5.64)

is fulfilled, then we cannot have ψ(t) = 0 for all t from an open subinterval

(t1, t2) of [t0, T ] with t1 < t2.
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Proof. Suppose that (5.64) is valid. If the claim is false, then we would find

t1, t2 ∈ [t0, T ] with t1 < t2 such that ψ(t) = 0 for t ∈ (t1, t2). So, from (5.57)

it follows that

p1(t) =
γ

A
e−λt, ∀t ∈ (t1, t2). (5.65)

Therefore, one has ṗ1(t) = −λγ
A
e−λt for almost every t ∈ (t1, t2). This

and (5.51) imply that

−(As̄(t)− σ)p1(t) + γ(s̄(t)− 1)e−λt = −λγ
A
e−λt, a.e. t ∈ (t1, t2).

Combining this with (5.65) yields

−(As̄(t)− σ)
γ

A
e−λt + γ(s̄(t)− 1)e−λt = −λγ

A
e−λt, a.e. t ∈ (t1, t2).

for almost every t ∈ (t1, t2). Since γ > 0, simplifying the last equality yields

A = σ + λ. This contradicts a (5.64). 2

Under a mild condition, the constants α1 and α2 defined by (5.62) coincide.

Namely, the following statement holds true.

Lemma 5.9 If (5.64) is fulfilled, then the situation α1 6= α2 cannot occur.

Proof. Suppose on the contrary that (5.64) is satisfied, but α1 6= α2. Then,

we cannot have ψ(t) = 0 for all t ∈ (α1, α2) by Lemma 5.8. This means that

there exists t̄ ∈ (α1, α2) such that ψ(t̄) 6= 0. Put

ᾱ1 = max{t ∈ [α1, t̄] : ψ(t) = 0} and ᾱ2 = min{t ∈ [t̄, α2] : ψ(t) = 0}.

It is not hard to see that ψ(ᾱ1) = ψ(ᾱ2) = 0 and ψ(t̄)ψ(t) > 0 for all

t ∈ (ᾱ1, ᾱ2). This is impossible by either Lemma 5.6 when ψ(t̄) > 0 or

Lemma 5.7 when ψ(t̄) < 0. 2

We are now in a position to formulate and prove the main result of this

section.

Theorem 5.5 Suppose that the assumptions (A1) and (B1) are satisfied. If

A < σ + λ, (5.66)

then (GP1a) has a unique W 1,1 local minimizer (x̄, s̄), which is a global min-

imizer, where s̄(t) = 0 for a.e. t ∈ [t0, T ] and x̄1(t) = k0e
−σ(t−t0) for all

t ∈ [t0, T ]. This means that the problem (GP1) has a unique solution (k̄, s̄),

where s̄(t) = 0 for a.e. t ∈ [t0, T ] and k̄(t) = k0e
−σ(t−t0) for all t ∈ [t0, T ].
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Figure 5.3: The optimal process (k̄, s̄) of (GP1) corresponding to parameters α = 1, β = 1, A = 0.045,

σ = 0.015, λ = 0.034, k0 = 1, t0 = 0, and T = 6

Proof. Suppose that (A1), (B1), and the condition (5.66) are satisfied.

According to Theorem 5.4, (GP1) has a global solution. Hence (GP1a) also

has a global solution.

Let (x̄, s̄) be a W 1,1 local minimizer of (GP1a). As it has already been ex-

plained in this section, applying Theorem 3.1, we can find p ∈ W 1,1([t0, T ]; IR2),

γ ≥ 0, µ ∈ C⊕(t0, T ), and a Borel measurable function ν : [t0, T ] → IR2

such that (p, µ, γ) 6= (0, 0, 0) and conditions (i)–(iv) in Theorem 3.1 hold

true for q(t) := p(t) + η(t) with η(t) (resp., η(T )) being given by (5.47) for

t ∈ [t0, T ) (resp., by (5.48)). In the above notations, we consider the set

Γ = {t ∈ [t0, T ] : ψ(t) = 0}.
In the case Γ = ∅, we have shown that s̄(t) = 0 for a.e. t ∈ [t0, T ] and

x̄1(t) = k0e
−σ(t−t0) for all t ∈ [t0, T ] (see the arguments given after Lemma 5.4).

In the case Γ 6= ∅, we define the numbers α1 and α2 by (5.62). Thanks to

the condition (5.66), which implies (5.64), by Lemma 5.9 we have α2 = α1.

Then, as it was shown before Lemma 5.5, we must have s̄(t) = 0 for a.e.

t ∈ [α1, T ] and x̄1(t) = x̄1(α1)e
−σ(t−α1) for all t ∈ [α1, T ]. If t0 = α1, then we

obtain the desired formulas for s̄(·) and x̄1(·).
Suppose that t0 < α1. If ψ(t0) < 0, then we can get the desired formulas

for s̄(·) and x̄1(·) on [t0, T ] from the formulas for s̄(·) and x̄1(·) on [t0, α1] in

Lemma 5.5 and the just mentioned formulas for s̄(·) and x̄1(·) on [α1, T ]. If

ψ(t0) > 0, by Lemma 5.5 one has s̄(t) = 1 for a.e. t ∈ [t0, α1]. Then we have

s̄(t) =

1, a.e. t ∈ [t0, α1]

0, a.e. t ∈ (α1, T ]
and x̄1(t) =

k0e
(A−σ)(t−t0), t ∈ [t0, α1]

x̄1(α1)e
−σ(t−α1), t ∈ (α1, T ].
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To proceed furthermore, fix an arbitrary number ε ∈ (0, α1 − t0] and put

tε = α1 − ε. Consider the control function sε(t) defined by setting sε(t) = 1

for all t ∈ [t0, tε] and sε(t) = 0 for all t ∈ (tε, T ]. Denote the trajectory

corresponding to sε(·) by xε(·). Then one has

xε1(t) =

k0e
(A−σ)(t−t0), t ∈ [t0, tε]

xε1(tε)e
−σ(t−tε), t ∈ (tε, T ].

Note that

x̄2(T ) = −
∫ T

t0

[1− s̄(τ)]x̄1(τ)e−λτdτ

= −
∫ T

α1

x̄1(τ)e−λτdτ

= −
∫ T

α1

x̄1(α1)e
−σ(τ−α1)e−λτdτ

=
x̄1(α1)e

σα1

σ + λ

[
e−(σ+λ)T − e−(σ+λ)α1

]
.

Since x̄1(α1) = k0e
(A−σ)(α1−t0), it follows that

x̄2(T ) =
k0

σ + λ
e(σ−A)t0eAα1

[
e−(σ+λ)T − e−(σ+λ)α1

]
.

Similarly, one gets

xε2(T ) =
k0

σ + λ
e(σ−A)t0eAtε

[
e−(σ+λ)T − e−(σ+λ)tε

]
.

Therefore, one gets

x̄2(T )− xε2(T ) =
k0e

(σ−A)t0

σ + λ
×
{
eAα1

[
e−(σ+λ)T − e−(σ+λ)α1

]
−eAtε

[
e−(σ+λ)T − e−(σ+λ)tε

]}
=
k0e

(σ−A)t0

σ + λ
×
{
e−(σ+λ)T

[
eAα1 − eAtε

]
+
[
e(A−σ−λ)tε − e(A−σ−λ)α1

]}
.

Since tε ∈ [t0, α1), we have eAα1 − eAtε > 0. In addition, as A − σ − λ < 0

by (5.66), we get e(A−σ−λ)tε−e(A−σ−λ)α1 > 0. Combining these inequalities with

the above expression for x̄2(T )− xε2(T ), we conclude that xε2(T ) < x̄2(T ). By

using (3.1), it is not difficult to show that the norm ‖x̄ − xε‖W 1,1 tends to

0 as ε goes to 0. So, the inequality xε2(T ) < x̄2(T ), which holds for every

ε ∈ (0, α1− t0], implies that the process (x̄, s̄) under our consideration cannot

be a W 1,1 local minimizer of (GP1a) (see Definition 3.1).
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Summing up the above analysis and taking into account the fact that

(GP1a) has a global minimizer, we can conclude that (GP1a) has a unique

W 1,1 local minimizer (x̄, s̄), which is a global minimizer, where s̄(t) = 0 for

a.e. t ∈ [t0, T ] and x̄1(t) = k0e
−σ(t−t0) for all t ∈ [t0, T ]. 2

5.8 Some Economic Interpretations

Needless to say that investigations on the solution existence of any opti-

mization problem, including finite horizon optimal economic growth prob-

lems, are important. However, it is worthy to state clearly some economic

interpretation of Theorem 5.5.

Recall that σ and λ are the rate of labor force and the real interest rate,

respectively (see Section 5.1) and that A is the total factor productivity (see

Section 5.4). Therefore, the result in Theorem 5.5 can be interpreted as

follows: If the total factor productivity A is smaller than the sum of the rate

of labor force σ and the real interest rate λ, then optimal strategy is to keep

the saving equal to 0. In other words, if the total factor productivity A is

relatively small, then an expansion of the production facility does not lead to

a higher total consumption satisfaction of the society.

Remark 5.5 The rate of labor force σ is around 1.5%. The real interest

rate λ is in general 3.4%. Hence σ + λ = 0.049. Thus, roughly speaking,

the assumption A < σ + λ in Theorem 5.5 means that A < 0.05. Since

weak and very weak economies do exist, the latter assumption is acceptable.

Theorem 5.5 is meaningful as here the barrier A = σ + λ for the total factor

productivity appears for the first time. Due to Theorem 5.5, the notions of

weak economy (with A < σ + λ) and strong economy (with A > σ + λ) can

have exact meanings. Moreover, the behaviors of a weak economy and of a

strong economy might be very different.

Remark 5.6 By Theorem 5.5 we have solved the problem (GP1) in the situa-

tion where A < σ+λ. A natural question arises: What happens if A > σ+λ?

The latter condition means that if the total factor productivity A is relatively

large. In this situation, it is likely that the optimal strategy requires to make

the maximum saving until a special time t̄ ∈ (t0, T ), which depends on the

data tube (A, σ, λ), then switch the saving to minimum. Further investiga-
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tions in this direction are going on.

5.9 Conclusions

We have studied the solution existence of finite horizon optimal economic

growth problems. Several existence theorems have been obtained not only

for general problems but also for typical ones with the production function

and the utility function being either the AK function or the Cobb–Douglas

one. Besides, we have raised some open questions and conjectures about the

regularity of the global solutions of finite horizon optimal economic growth

problems. Moreover, we have solved one of the above-mentioned typical

problems and stated the economic interpretation for this obtained results.
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General Conclusions

In this dissertation, we have applied different tools from set-valued analysis,

variational analysis, optimization theory, and optimal control theory to study

qualitative properties (solution existence, optimality conditions, stability, and

sensitivity) of some optimization problems arisen in consumption economics,

production economics, optimal economic growths and their prototypes in the

form of parametric optimal control problems.

The main results of the dissertation include:

1) Sufficient conditions for: the upper continuity, the lower continuity, and

the continuity of the budget map, the indirect utility function, and the

demand map; the Robinson stability and the Lipschitz-like property of

the budget map; the Lipschitz property of the indirect utility function;

the Lipschitz-Hölder property of the demand map.

2) Formulas for computing the Fréchet/limitting coderivatives of the budget

map; the Fréchet/limitting subdifferentials of the infimal nuisance func-

tion, upper and lower estimates for the upper and the lower Dini directional

derivatives of the indirect utility function.

3) The syntheses of finitely many processes suspected for being local mini-

mizers for parametric optimal control problems without/with state con-

straints.

4) Three theorems on solution existence for optimal economic growth prob-

lems in general forms as well as in some typical ones, and the synthesis of

optimal processes for one of such typical problems.

5) Interpretations of the economic meanings for most of the obtained results.
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