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Introduction

Mathematical economics is the application of mathematical methods to
represent theories and analyze problems in economics. The language of math-
ematics allows one to address the latter with rigor, generality, and simplicity.
Formal economic modeling began in the 19th century with the use of differ-
ential calculus to represent and explain economic behaviors, such as the util-
ity maximization problem and the expenditure minimization problem, early
applications of optimization in microeconomics. Economics became more
mathematical as a discipline throughout the first half of the 20th century
with the introduction of new and generalized techniques, including ones from
calculus of variations and optimal control theory applied in dynamic analysis
of economic growth models in macroeconomics.

Although consumption economics, production economics, and optimal eco-
nomic growth have been studied intensively (see the fundamental textbooks
[19,/42,61,71},79], the papers [44,47,55,64,/65,80] on consumption economics
or production economics, the papers [4,7,/51] on optimal economic growth,
and the references therein), new results on qualitative properties of these
models can be expected. They can lead to a deeper understanding of the
classical models and to more effective uses of the latter. Fast progresses in
optimization theory, set-valued and variational analysis, and optimal control
theory allow us to hope that such new results are possible.

This dissertation focuses on qualitative properties (solution existence, op-
timality conditions, stability, and differential stability) of optimization prob-
lems arisen in consumption economics, production economics, and optimal
economic growth models. Five chapters of the dissertation are divided into
two parts.

Part I, which includes the first two chapters, studies the stability and the
differential stability of the consumer problem named maximizing utility sub-
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ject to consumer budget constraint with varying prices. Mathematically, this
is a parametric optimization problem; and it is worthy to stress that the prob-
lem considered here also presents the producer problem named mazimizing
profit subject to producer budget constraint with varying input prices. Both
problems are basic ones in microeconomics.

Part II of the dissertation includes the subsequent three chapters. We an-
alyze a mazimum principle for finite horizon optimal control problems with
state constraints via parametric examples in Chapters 3 and 4. Our analysis
serves as a sample of applying advanced tools from optimal control theory
to meaningful prototypes of economic optimal growth models in macroeco-
nomics. Chapter 5 is devoted to solution existence of optimal economic
growth problems and synthesis of optimal processes for one typical problem.

We now briefly review some basic facts related to the consumer problem
considered in the first two chapters of the dissertation.

In consumption economics, the following two classical problems are of com-
mon interest. The first one is maximizing utility subject to consumer budget
constraint (see Intriligator [42, p. 149]); and the second one is minimizing
consumer’s expenditure for the utility of a specified level (see Nicholson and
Snyder [61, p. 132]). In Chapters 1 and 2, we pay attention to the first one.

Qualitative properties of this consumer problem have been studied by
Takayama [79, pp. 241-242, 253-255], Penot [64,65], Hadjisavvas and Penot
[32], and many other authors. Diewert [25], Crouzeix [22], Martinez-Legaz
and Santos [54], and Penot [65] studied the duality between the utility func-
tion and the indirect utility function. Relationships between the differentia-
bility properties of the utility function and of the indirect utility function
have been discussed by Crouzeix [22, Sections 2 and 6], who gave sufficient
conditions for the indirect utility function in finite dimensions to be differen-
tiable. He also established [23] some relationships between the second-order
derivatives of the direct and indirect utility functions. Subdifferentials of the
indirect utility function in infinite-dimensional consumer problems have been
computed by Penot [64].

Penot’s recent papers [64,65] on the first consumer problem stimulated
our study and lead to the results presented in Chapters 1 and 2. In some
sense, the aims of Chapter 1 (resp., Chapter 2) are similar to those of [65]
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(resp., [64]). We also adopt the general infinite-dimensional setting of the
consumer problem which was used in [64,65]. But our approach and results
are quite different from the ones of Penot [64}65].

Namely, various stability properties and a result on solution sensitivity of
the consumer problem are presented in Chapter 1. Focusing on some nice
features of the budget map, we are able to establish the continuity and the
locally Lipschitz continuity of the indirect utility function, as well as the
Lipschitz-Holder continuity of the demand map under minimal assumptions.
Our approach seems to be new. An implicit function theorem of Borwein |15]
and a theorem of Yen [86] on solution sensitivity of parametric variational
inequalities are the main tools in the subsequent proofs. To the best of our
knowledge, the results on the Lipschitz-like property of the budget map, the
Lipschitz property of the indirect utility function, and the Lipschitz-Holder
continuity of the demand map in the present chapter have no analogues in
the literature.

In Chapter 2, by an intensive use of some theorems from Mordukhovich [5§]|,
we will obtain sufficient conditions for the budget map to be Lipschitz-like
at a given point in its graph under weak assumptions. Formulas for comput-
ing the Fréchet coderivative and the limiting coderivative of the budget map
can be also obtained by the results of [58] and some advanced calculus rules
from [56]. The results of Mordukhovich et al. [60] and the just mentioned
coderivative formulas allow us to get new results on differential stability of
the consumer problem where the price is subject to change. To be more pre-
cise, we establish formulas for computing or estimating the Fréchet, limiting,
and singular subdifferentials of the infimal nuisance function, which is ob-
tained from the indirect utility function by changing its sign. Subdifferential
estimates for the infimal nuisance function can lead to interesting economic
interpretations. Namely, we will show that if the current price moves forward
a direction then, under suitable conditions, the instant rate of the change of
the maximal satisfaction of the consumer is bounded above and below by real
numbers defined by subdifferentials of the infimal nuisance function.

The second part of this dissertation studies some optimal control problems,
especially, ones with state constraints. It is well-known that optimal control
problems with state constraints are models of importance, but one usually
faces with a lot of difficulties in analyzing them. These models have been
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considered since the early days of the optimal control theory. For instance,
the whole Chapter VI of the classical work [69, pp. 257-316] is devoted to
problems with restricted phase coordinates. There are various forms of the
maximum principle for optimal control problems with state constraints; see,
e.g., [34], where the relations between several forms are shown and a series
of numerical illustrative examples have been solved.

To deal with state constraints, one has to use functions of bounded vari-
ation, Borel measurable functions, Lebesgue-Stieltjes integral, nonnegative
measures on the o—algebra of the Borel sets, the Riesz Representation The-
orem for the space of continuous functions, and so on.

By using the maximum principle presented in [43, pp. 233-254], Phu [66,67]
has proposed an ingenious method called the method of region analysis to
solve several classes of optimal control problems with one state variable and
one control variable, which have both state and control constraints. Mini-
mization problems of the Lagrange type were considered by the author and,
among other things, it was assumed that integrand of the objective function
is strictly convex with respect to the control variable. To be more precise,
the author considered reqular problems, i.e., the optimal control problems
where the Pontryagin function is strictly convex with respect to the control
variable.

In Chapters 3 and 4, the maximum principle for finite horizon state con-
strained problems from the book by Vinter [82, Theorem 9.3.1] is analyzed
via parametric examples. The latter has origin in a recent paper by Basco,
Cannarsa, and Frankowska [12, Example 1], and resembles the optimal eco-
nomic growth problems in macroeconomics (see, e.g., [79, pp. 617-625]). The
solution existence of these parametric examples, which are irreqular opti-
mal control problems in the sense of Phu [66],67], is established by invoking
Filippov’s existence theorem for Mayer problems [18, Theorem 9.2.i and Sec-
tion 9.4]. Since the maximum principle is only a necessary condition for local
optimal processes, a large amount of additional investigations is needed to
obtain a comprehensive synthesis of finitely many processes suspected for be-
ing local minimizers. Our analysis not only helps to understand the principle
in depth, but also serves as a sample of applying it to meaningful prototypes
of economic optimal growth models. In the vast literature on optimal control,
we have not found any synthesis of optimal processes of parametric problems
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like the ones presented herein.

Just to have an idea about the importance of analyzing maximum prin-
ciples via typical optimal control problems, observe that Section 22.1 of the
book by Clarke [21] presents a maximum principle |21, Theorem 22.2] for an
optimal control problem without state constraints denoted by (OC). The
whole Section 22.2 of [21] (see also |21}, Exercise 26.1]) is devoted to solving
a very special example of (OC) having just one parameter. The analysis
contains a series of additional propositions on the properties of the unique
global solution.

Note that the mazimum principle for finite horizon state constrained prob-
lems in [82, Chapter 9] covers several known ones for smooth problems and
allows us to deal with nonsmooth problems by using the concepts of [im-
iting normal cone and limiting subdifferential of Mordukhovich [56,57,[59].
This principle is a necessary optimality condition which asserts the existence
of a nontrivial multipliers set consisting of an absolutely continuous func-
tion, a function of bounded variation, a Borel measurable function, and a
real number, such that the four conditions (i)—(iv) in Theorem in Chap-
ter 3 are satisfied. The relationships between these conditions are worthy a
detailed analysis. Towards that aim, we will use the maximum principle to
analyze in details three parametric examples of optimal control problems of
the Lagrange type, which have five parameters: the first one appears in the
description of the objective function, the second one appears in the differen-
tial equation, the third one is the initial value, the fourth one is the initial
time, and the fifth one is the terminal time. Observe that, in Example 1

of [12], the terminal time is infinity, the initial value and the initial time are
fixed.

Problems without state constraints, as well as problems with unilateral
state constraints, are studied in Chapter 3. Problems with bilateral state
constraints are considered in Chapter 4. To deal with bilateral state con-
straints, we have to prove a series of nontrivial auxiliary lemmas. Moreover,
the synthesis of finitely many processes suspected for being local minimizers
is rather sophisticated, and it requires a lot of refined arguments.

Models of economic growth have played an essential role in economics and
mathematical studies since the 30s of the twentieth century. Based on differ-
ent consumption behavior hypotheses, they allow ones to analyze, plan, and
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predict relations between global factors, which include capital, labor force,
production technology, and national product, of a particular economy in a
given planning interval of time. Principal models and their basic properties
have been investigated by Ramsey [70], Harrod [33], Domar [26], Solow [77],
Swan 78], and others. Details about the development of the economic growth
theory can be found in the books by Barro and Sala-i-Martin [11] and Ace-
moglu [1].

Along with the analysis of the global economic factors, another major
issue regarding an economy is the so-called optimal economic growth problem,
which can be roughly stated as follows: Define the amount of consumption
(and therefore, saving) at each time moment to mazimize a certain target of
consumption satisfaction while fulfilling given relations in the growth model
of that economy. Economically, this is a basic problem in macroeconomics,
while, in mathematical form, it is an optimal control problem. This optimal
consumption/saving problem was first formulated and solved to a certain
extent by Ramsey [70]. Later, significant extensions of the model in [70] were
suggested by Cass [17] and Koopmans [50].

Characterizations of the solutions of optimal economic growth problems
(necessary optimality conditions, sufficient optimality conditions, etc.) have
been discussed in the books [79, Chapter 5], [68, Chapters 5, 7, 10, and
11], [19, Chapter 20], |1, Chapters 7 and 8], and some papers cited therein.
However, results on the solution existence of these problems seem to be quite
rare. For infinite horizon models, some solution existence results were given
in [1, Example 7.4] and [24, Subsection 4.1]. For finite horizon models, our
careful searching in the literature leads just to |24, Subsection 4.1 and Corol-
lary 1] and |62, Theorem 1]. This observation motivates the investigations in
the first part of Chapter 5.

The first part of Chapter 5 considers the solution existence of finite horizon
optimal economic growth problems of an aggregative economy; see, e.g., [79,
Sections C and D in Chapter 5]. It is worthy to stress that we do not assume
any special saving behavior, such as the constancy of the saving rate as in
growth models of Solow [77] and Swan [78] or the classical saving behavior
as in 79, p. 439]. Our main tool is Filippov’s Existence Theorem for optimal
control problems with state constraints of the Bolza type from the monograph
of Cesari [18]. Our new results on the solution existence are obtained under
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some mild conditions on the wutility function and the per capita production
function, which are two major inputs of the model in question. The results
for general problems are also specified for typical ones with the production
function and the utility function being either in the form of AK functions or
Cobb—Douglas ones (see, e.g., [11] and [79]). Some interesting open questions
and conjectures about the reqularity of the global solutions of finite horizon
optimal economic growth problems are formulated in the final part of the
paper. Note that, since the saving policy on a compact segment of time
would be implementable if it has an infinite number of discontinuities, our
concept of regularity of the solutions of the optimal economic growth problem
has a clear practical meaning.

The solution existence theorems in this Chapter 5 for finite horizon optimal
economic growth problems cannot be derived from the above cited results
in [24, Subsection 4.1 and Corollary 1] and [62, Theorem 1], because the
assumptions of the latter are more stringent and more complicated than ours.
For solution existence theorems in optimal control theory, apart from [18],
the reader is referred to [52], [10], and the references therein.

Our focus point in the second part of Chapter 5 is to solve one of the four
typical optimal economic growth problems mentioned in the first part of the
same chapter. More precisely, our aim is to give a complete synthesis of the
optimal processes for the parametric finite horizon optimal economic growth
problem, where the production function and the utility function are both
in the form of AK functions (see, e.g., [11]). By using a solution existence
theorem in the first part of this chapter and the maximum principle for
optimal control problems with state constraints in the book by Vinter [82,
Theorem 9.3.1], we are able to prove that the problem has a unique local
solution, which is also a global one, provided that the data triple satisfies
a strict linear inequality. Our main theorem will be obtained via a series
of nine lemmas and some involved technical arguments. Roughly speaking,
we will combine an intensive treatment of the system of necessary optimality
conditions given by the maximum principle with the specific properties of the
given parametric optimal economic growth problem. The approach adopted
herein has the origin in preceding Chapters 3 and 4. From the obtained
results it follows that if the total factor productivity A is relatively small,
then an expansion of the production facility does not lead to a higher total
consumption satisfaction of the society.
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Last but not least, notice that there are interpretations of the economic
meanings for the majority of the mathematical concepts and obtained results
in Chapter 1, 2, and 5, which form an indispensable part of the present
dissertation. Needless to say that such economic interpretations of new results
are most desirable in a mathematical study related to economic topics.

So, as mentioned above, the dissertation has five chapters. It also has a
list of the related papers of the author, a section of general conclusions, and
a list of references. A brief description of the contents of each chapter is as
follows.

In Chapter 1, we study the stability of a parametric consumer problem.
The stability properties presented in this chapter include: the upper con-
tinuity, the lower continuity, and the continuity of the budget map, of the
indirect utility function, and of the demand map; the Robinson stability and
the Lipschitz-like property of the budget map; the Lipschitz property of the
indirect utility function; the Lipschitz-Holder property of the demand map.

Chapter 2 is devoted to differential stability of the parametric consumer
problem considered in the preceding chapter. The differential stability here
appears in the form of formulas for computing the Fréchet /limitting coderiva-
tives of the budget map; the Fréchet/limitting subdifferentials of the infimal
nuisance function (which is obtained from the indirect utility function by
changing its sign), upper and lower estimates for the upper and the lower
Dini directional derivatives of the indirect utility function. In addition, an-
other result on the Lipschitz-like property of the budget map is also given in
this chapter.

In Chapters 3 and 4, a maximum principle for finite horizon optimal control
problems with state constraints is analyzed via parametric examples. The
difference among those are in the appearance of state constraints: The first
one does not contain state constraints, the second one is a problem with
unilateral state constraints, and the third one is a problem with bilateral
state constraints. The first two problems are studied in Chapter 3. The last
one with bilateral state constraints is addressed in Chapter 4.

Chapter 5 establishes three theorems on solution existence for optimal
economic growth problems in general forms as well as in some typical ones
and a synthesis of optimal processes for one of such typical problems. Some
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open questions and conjectures about the uniqueness and regularity of the
global solutions of optimal economic growth problems are formulated in this
chapter.

The dissertation is written on the basis of the paper [35] published in
Journal of Optimization Theory and Applications, the papers [36] and [37]
published in Journal of Nonlinear and Conver Analysis, the paper [40] pub-
lished in Taiwanese Journal of Mathematics, and two preprints [38,39], which
were submitted for publication.
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Chapter 1

Stability of Parametric Consumer

Problems

The present chapter, which is written on the basis of the paper [35], studies
the stability of parametric consumer problems. Namely, we will establish
sufficient conditions for

- the upper continuity, the lower continuity, and the continuity of the
budget map, of the indirect utility function, and of the demand map;

- the Robinson stability and the Lipschitz-like property of the budget map;

- the Lipschitz property of the indirect utility function; the Lipschitz-
Holder property of the demand map.

Throughout this dissertation, we use the following notations. For a norm
space X, the norm of a vector x is denoted by ||z||. The topological dual
space of X is denoted by X*. The notations (z*, x) or 2* -  are used for the
value *(x) of an element * € X* at x € X. The interior (resp., the closure)
of a subset  C X in the norm topology is abbreviated to int Q (resp., ).
The open (resp., closed) unit ball in X is denoted by By (resp., Bx).

The set of real numbers (resp., nonnegative real numbers, nonpositive real

numbers, extended real numbers, and positive integers) is denoted by IR
(resp., Ry, R_, IR, and IV).



1.1 Maximizing Utility Subject to Consumer Budget

Constraint

Following [64,|65], we consider the consumer problem named mazimiz-
ing utility subject to consumer budget constraint in the subsequent infinite-
dimensional setting.

The set of goods is modeled by a nonempty, closed and convex cone X in
a reflexive Banach space X. The set of prices is

Yi={peX : (px)>0, VrelX,}. (1.1)

It is well-known (see, e.g., [14, Proposition 2.40]) that Y, is a closed and
convex cone in X*, and

We may normalize the prices and assume that the budget of the consumer
is 1. Then, the budget map is the set-valued map B : Y, = X, associating
to each price p € Y, the budget set

B(p) ={z e X, : (p,x) <1}. (1.2)

We assume that the preferences of the consumer are presented by a function
u: X — R, called the utility function. This means that u(x) € IR for every
r € X,, and a goods bundle x € X, is preferred to another one 2’ € X
if and only if u(x) > u(x’). For a given price p € Y, the problem is to
mazximize u(x) subject to the constraint x € B(p). It is written formally as

max {u(x) : = € B(p)}. (1.3)

The indirect utility function v : Y, — IR of (1.3) is defined by

v(p) = sup{u(x) : x € B(p)}, pevY,. (1.4)
The demand map of (1.3)) is the set-valued map D : Y, = X, defined by
D(p) = {z € B(p) : uz) =o(p)}, peY. (15)

For convenience, we can put B(p) = () and D(p) = () for every p € X*\Y,.
In this way, we have set-valued maps B and D defined on X* with values in
X. As B(p) = 0 and sup () = —oc by an usual convention, one has v(p) = —oo
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for all p ¢ X*\Y,, meaning that v is an extended real-valued function defined
on X*.

Mathematically, the problem ((1.3) is an parametric optimization problem,
where the prices p varying in Y, play as the role of parameters, the function
v(-) is called the optimal value function, and the set-valued map D(-) is called
the solution map.

Let us present three illustrative examples of the consumer problem. The
first one is the problem considered in finite dimension, while the second and
the third are the ones in infinite-dimensional setting.

Example 1.1 (See |42, pp. 143-148]) Suppose that there are n types of
available goods. The quantities of each of these goods purchased by the
consumer are summarized by the good bundle x = (zy,...,x,), where z; is
the quantity of i* good purchased by the consumer, i = 1,...,n. Assume
that each good is perfectly divisible so that any nonnegative quantity can be
purchased. Good bundles are vectors in the commodity space X := IR". The
set of all possible good bundles

X, ={x=(v1,....,2,) €eR" : 2, >0,...,2, >0}
is the nonnegative orthant of IR". The set of prices is
Y+:{p: (P1,--,pn) €R" 1 py ZQ--anZO}‘

For every p = (py,...,pn) € Yy, p; is the price of i good, i = 1,...,n. If the
consumer’s budget is 1 unit of money, then the budget constraint, that the
total expenditure cannot exceed the budget, can be written as

B(p):{x:(xl,... )e X, Zplas <1} peY,..

If the preferences of the consumer are presented by an utility function in the
logarithmic type

= ZM log(z; +&), z€X,

with p; > 0,¢; > 0 for all ¢ = 1,...,n, being given numbers, then the
consumer problem ([1.3) is to choose a “most preferred” good bundle in the
budget set B(p).



Example 1.2 (See |79, p. 59]) Consider a consumer who wants to maximize
the sum of the utility stream U(xz(t)) attained by the consumption stream
x(t) over the lifetime [0, 7]. Suppose that at any time ¢ € [0, 7], the consumer
knows the budget y(¢), and the price of goods P(t). Let p and r respectively
denote the subjective discount rate and the market rate of interest, both of
which are assumed to be positive constants. Assume that the choice of z(t)
does not affect the price P(t) and rate r that prevail in the market. Then
the problem can be formulated as follows: Maximize

() = /0 U (x(t))e " dt
subject to .
() == /O P(O)x(te™dt < M, 2(-) € X,

with M := fOTy(t)e_”dt being the total budget and X, being a closed and
convex cone in a suitable space of functions, say, LP([0 T],IR), p € (1,00).
This is a problem in the form of ([1.3]), where the budget set is

B() = {a() € X. + Tpla()) <1}

Example 1.3 A goods bundle usually contains a finite number of nonzero
components representing the quantities of different goods (rice, bread, milk,
vegetable oil, cloths, electronic appliances, books,...) purchased by the con-
sumer. Since there are thousands different goods available in the market
and since the need of the consumer changes from time to time, it is not al-
ways reasonable to assume that the set of goods belongs to an Euclidean
space of fixed dimension. To deal with that situation, one can embed goods
bundles into the subspace of the Banach space X = ¢ with p € (1,+00),
denoted by X, which is formed by sequences of real numbers having finitely
many nonzero components. As X, = X, every continuous linear functional
po : Xo — IR has a unique continuous linear extension p : X — IR with
(p,x) = (py,x) for all z € X,. In particular, given a nonempty closed con-
vex cone Xy C X, one sees that any continuous linear functional p, on X,
satisfying (p,x) > 0 for all z € Xy, (a price defined on X, ) has a unique
continuous linear extension p on X satisfying (p,z) > 0 for all z € X, where
X is the topological closure of X, in X. Naturally, X, can be interpreted
as a set of goods in X and p belongs to Y., where Y, is defined by (L.1).
So, p is a price defined on X,. Any function v : X — IR with u(z) € R for
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every x € X, defines a utility function on X, which can be considered as an
extension of the utility function uy on X,, where ug(x) := u(x) for x € X,.
In this sense, the consumer problem in is an extension of the consumer
problem max {ug(z) : = € By(p)} with By(p) :={z € Xo, : po-z < 1}.

It worthy to stress that the consumer problem (1.3]) considered in Chap-
ters 1 and 2 has the same mathematical form to the producer problem named
mazximizing profit subject to producer budget constraint with varying input
prices in the production theory, which is recalled bellow. Thus, all the re-
sults and proofs in these two chapters for the former problem are valid for
the latter one.

Assume that a firm produces a single product under the circumstances of
pure competition. The price of both inputs and output must be taken as
exogenous. Keeping the same mathematical setting of problem ([1.3), let each
x € X, be a collection of inputs which costs a corresponding price p € Y..
The utility function u(-) is replaced by Q(+), the production function, whose
values represent the output quantities. Denote by p the price of the output.
The manufacturer’s aim is to maximize the profit

II := pQ(x) - <p7 $>,

where TR := pQ(x) is the total revenue, TC := (p,x) is the total cost. If
the manufacturer takes a given amount of total cost, say, 1 unit of money,
for implementing the production process, then the task of maximizing the
profit leads to a maximization of the total revenue. As the output price p
is exogenous, this amounts to maximize the quantity Q(x). The problem of
maximizing profit subject to producer budget constraint (see, e.g., [71, p. 38])
is the following:

max{Q(z) : =z € B(p)}, (1.6)

where B(p) := {x € X, : (p,x) < 1} is the budget constraint for the
producer at a price p € Y, of inputs. It is not hard to see that (1.6)) has the
same structure as that of ((1.3)).

1.2 Auxiliary Concepts and Results

In order to establish the stability properties of the function v(:) and the
multifunctions B(-), D(-), we need some concepts and results from set-valued
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analysis and variational inequalities.

Let T : E = F' be a set-valued map between two topological spaces. The
graph of T is defined by gphT = {(a,b) € E X F : b€ T(a)}. If gphT is
closed in the product topology of E x F', then T is said to be closed. The
map 7 is said to be upper semicontinuous (u.s.c.) at a € FE if, for each
open subset V' C F with T'(a) C V, there exists a neighborhood U of a
satisfying T'(a’) C V for all ' € U. One says that T is lower semicontinuous
(l.s.c.) at a if, for each open subset V' C F with T'(a) NV # (), there exists a
neighborhood U of a such that T'(a’) NV # ) for every o’ € U. If T' is u.s.c.
(resp., l.s.c.) at every point a in a subset M C FE, then T is said to be u.s.c.
(resp., l.s.c.) on M.

If T is both l.s.c. and u.s.c. at a, we say that it is continuous at a. If
T is continuous at every point a in a subset M C E, then T is said to be
continuous on M. Thus, the verification of the continuity of the set-valued
map 1’ consists of the verifications of the lower semicontinuity and of the
upper semicontinuity of T

One says that T is inner semicontinuous (i.s.c.) at (a,b) € gphT if, for
each open subset V' C F with b € V, there exists a neighborhood U of a such
that T'(a") NV # 0 for every a' € U. (In [56, p. 42], the terminology “inner
semicontinuous map” has a little bit different meaning.) Clearly, T is Ls.c.
at a if and only if it is i.s.c. at any point (a,b) € gph T

If £ and F' are some norm spaces, one says that T is Lipschitz-like or T
has the Aubin property, at a point (ag,by) € gph T, if there exists a constant
[ > 0 along with neighborhoods U of ay, and V' of by, such that

T@nNV cT()+1|a—d|Br, Va,adeU.

This fundamental concept was suggested by Aubin [8]. As it has been noted
in [87, Proposition 3.1] (see also the related proof), if T' is Lipschitz-like
(ag,bg) € gphT and | > 0, U, V are as above, then the map T : U = F,

~

T(a) :=T(a)NV for all a € U, is lower semicontinuous on U. In particular,
both T and T are i.s.c. at (ag, by).

Let A be a closed subset of a Banach space X, xy € A. The Clarke tangent
6



cone to A at xg is
Ta(zg) :i={ve X : V(t, L 0,2 — zg, 23, € A)
3}, — xo, x, € A, £, (2}, — xp) — v}
see |20, p. 51 and Theorem 2.4.5], [15, pp. 16-17], and [9, p. 127]. This tangent
cone is closed and convex. Clearly, if xy € int A, then Ty(xy) = X. By [9,
Lemma 4.2.5], if A is a closed and convex cone of X, then T4 (z¢) = A + Ruz,.
The Clarke normal cone (see |20, p. 51]) to A at x, is
Na(zg) :={x" € X* : (x%,2) <0 Ve &€ Ty(xy)}.
The notation N (z,) will be used to indicate the set N4 (xg) \ {0}.
Given a function f : X x P — IR, where X is a Banach space and P is a

metric space, as in [15, p. 14], we say that f is locally equi-Lipschitz in x at
(o, po) if there exists v > 0 such that

|[f(x,p) = [z, p)| < Alle =2
for all x, 2" in a neighborhood of xg, all p in a neighborhood of p,. Slightly
modifying the terminology of Borwein [15], we call the number

dy f(x0,po;d) := limsup [f(z +td,p) — f(z,p)]/t

T—x0,p—p0o,t0
the partial generalized derivative of f at (xg,py) in a direction d € X, and
the set

Ouf (xo, po) :={x" € X* : d)f(x0,po;d) > 2*.d Vd € X'}
the partial subdifferential of f with respect to x at (z, po).

Let B and C be nonempty closed subsets of IR and X, respectively. As
in [15], we consider the set-valued map Q2 : X = P,

() = {{p e P : f(x,p) € B}, xeC, ()
0, x ¢ C,

where f is given above. The inverse of €2 is the implicit set-valued map
Q7' P = X defined by

QO '(p)={xeC : f(lx,p) € B} (peP). (1.8)

One says that Q) is metrically reqular at (xy,py) € gph € if there exist p > 0,
and neighborhoods V' of zy and U of p, such that

d(z, Q' (p)) < pd(f(x,p),B) YreVnC, VpeUl. (1.9)
7



Here, d(-, K) stands for the distance function to a nonempty closed subset K
in a Banach space, i.e., d(z, K) = inf {||z —u|| : ve K}.

Remark 1.1 In the terminology of Gfrerer and Mordukhovich [30, Defini-
tion 1.1, the property in ((1.9) is the Robinson stability of the constraint
system

f(z,p) € B with x € C' and p€ P
at (zg, pg) with modulus p > 0.

The next statement is a special case of [15, Theorem 3.2].

Theorem 1.1 (See [15, p. 20]) Let X be a Banach space and P be a metric
space. Suppose that f : X x P — IR is continuous and locally equi-Lipschitz
in x at (xg,po) and that

0 §é Ng(f(xmpO))axf(anpO) + Nc(ZCo). (110)
Then, the set-valued map Q given by (1.7)) is metrically reqular at (z, py)-

Finally, let us recall a result of [86] on solution sensitivity of a parametric
variational inequality. Suppose that X is a Hilbert space, M and A are
subsets of some norm spaces. Given a function f : X x M — X and a
set-valued map K : A = X with nonempty, closed and convex values, we
consider the following parametric variational inequality depending on a pair
of parameters (u, \) € M x A:

Find x € K(\) such that (f(x,p),y —x) >0 for all y € K(\), (1.11)

where (.,.) stands for the scalar product in X.

Let T be a solution to problem (1.11)) at (1, \) € M x A. As in [86], we
make two assumptions on f around the point (z, ). Namely, suppose that
there exist a closed and convex neighborhood V' of Z, a neighborhood W of
it and constants a > 0, £ > 0 satistying

Hf('rlalul) T f(;c,,u)H < K(HSL’/ - ‘,’UH + H/L/ - :u“) V.CC,SC/ € Va VMJMI eMnw
(1.12)
and

(f(a',p) — fla,p), 2" —2) > al|’ —z|* Vo, €V, Vue MnW. (1.13)



Remark 1.2 Condition ((1.12) states that f is locally Lipschitz at (z, ),

while ([1.13)) is the requirement that f(-, u) is locally strongly monotone at T
with a coefficient independent of p € M NW.

Theorem 1.2 (See Theorem 2.1 and Remark 2.3 in [86]) Assume that T is a
solution to problem (1.11)) with respect to the given parameters (i, \) € M x A,
condition (1.12)) and hold, and the set-valued map K : A = X s
Lipschitz-like at (X\,Z). Then, there exist constants r, > 0, k5 > 0, and

neighborhoods W, of [i, Uy of A such that:

(i) For every (u,A) € (M NnWy) x (ANU,), a unique solution to (1.11)),
denoted by x(u, \), ezists in V.

(ii) For all (g, X), (t, A) € (M NW;) x (ANTL),

(i, X) — 2(p, M| < sl — pll + B3| X = A2

1.3 Continuity Properties

Adopting the above notations and assumptions, we shall study continuity
properties of the budget map, the indirect utility function, and the demand
map.

The following property of the values of the budget map B : Y, = X, is a
known result (see [65, Proof of Proposition 4.1]). The proof below is given
to make our presentation shelf-contained.

Lemma 1.1 For every p € intY,, B(p) is a nonempty, closed, conver and
bounded set in X. Hence, it is a weakly compact set.

Proof. For any p € int Y., by the assumptions made on X and the inclusion
p € X*, we can assert that B(p) is closed and convex. In addition, B(p) # ()
because 0 € B(p). We shall prove that B(p) is bounded. Since p € intY,,
there exists o, > 0 satisfying p + o, Bx- C Y,. Taking any y € X* \ {0}, we
have ||y|| "'y € Bx-. It follows that p—a,||y|| "'y € Y, and p+ay,||y|| "'y € Y.
Hence, for each x € B(p), (p — ||yl 'y) -2 > 0 and (p+ o, ||yl 'y) - = > 0.
Therefore, one has

vz <o lyllp-a = o, |yl
9



and

—y- -z <o, yllp -z = o, lyll,
which yield |y - 2| < o '[Jy|. This inequality is also valid for y = 0; so we
have [|z]| < o' It follows that B(p) is bounded by o' Since X is reflexive,
by the Banach-Alaoglu Theorem and the Mazur Lemma [76, Theorems 3.15
and 3.12], the last property implies that the closed, convex set B(p) is weakly
compact. O

In the forthcoming statements, we consider X (resp., Y, ) with the topolo-
gies induced from the topologies of X (resp., of V). For example, an open set
in the strong (resp., weak) topology X, is the intersection of X, and a subset
of X, which is open in the strong (resp., weak) topology of X. Similarly, an
open set in the strong (resp., weak, weak™) topology of Y, is the intersection
of Y, and a subset of X* which is open in the strong (resp., weak, weak™)
topology of X*. By abuse of terminology, we shall speak about the weak and
weak™ topologies of X, (resp., of Y, ). Note that if X is finite-dimensional,
then the weak topology of X, (resp., the weak* topology of Y,) coincides
with its norm topology.

The lower semicontinuity property of the budget map can be stated as
follows.

Proposition 1.1 The set-valued map B : Y, = X, is l.s.c. on Y, in the
weak™ topology of Y. and the strong topology of X,. Hence, B : Y, = X 1is
l.s.c. onY, in the strong topologies of Y. and X .

Proof. Let p, € Y., and let V' be an open set in the strong topology of X,
such that B(py) NV # 0. Take any x € B(p,) N'V. For every t € (0,1),
x; := (1 — t)x belongs to X,. Since ; — = when t — 0, and V is a
neighborhood of z, one can find ¢, € (0,1) such that z,, € V. As

Do - Ty, = (po, (1 —to)x) = (1 —to)po - x < 1,
U:={peY,: p-x, <1} is an open neighborhood of py in the weak*
topology of Y,. For every p € U, since p-x;,, < 1 and x;,, € X, one has
xy, € B(p). Tt follows that V N B(p) # 0 for all p € U. The proof of the first
claim is complete. The second claim is immediate from the first one. O

Unlike the preceding result on the l.s.c. property, the upper semicontinuity
property of the budget map can be obtained only for internal points of the
set of prices, and it requires a more stringent condition on topologies.
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Proposition 1.2 The set-valued map B : Y, = X is u.s.c. onintY, in the
strong topology of Y, and the weak topology of X .

Proof. Let py € intY,. For a given number r € (0,1), we set gy = rpy. It is
easily seen that ¢y € intY, and (1 — r)py € int Y. Since

Po=¢q + (1 —r)py € q+intY, C g+ Y,

the set gy + Y, is a strong neighborhood of p,. Taking any p € ¢y + Y., one
can find y € Y, such that p = ¢y + y. Hence, for every x € B(p), one has

1Zp-z2=q-x+y-c=>q-

which implies that x € B(qy). Thus, B(p) C B(q) for all p € ¢ + Y.

To prove that B(:) is u.s.c. at py in the strong topology of Y, and the
weak topology of X, we assume the contrary that there exist a weakly open
set V' containing B(p,) and a sequence {p;};>; in gy + Y., which converges
in norm to py such that B(py) \ V # 0 for all k € IN. For each k € IV, select
a point z; € B(py) \ V. Due to the choice of ¢, and the above arguments,
we have B(p,) C B(q) for k € IN. Since B(q) is a weakly compact set
in X by Lemma and V is weakly open, the whole sequence {z;}72, lies
the the weakly compact set B(q) \ V. By taking a subsequence if necessary,
we may assume that {x;}2, converges weakly to a point = € B(q) \ V.
Since B(py) C V, we must have T ¢ B(p). As {x3};>, converges weakly
to T and {px}2, converges strongly to py, using a well-known result [16,
Proposition 3.5] we can assert that {py - x4 }32, converges to p, - . Hence,
passing the inequality p;. -z, < 1 to the limit when £ — oo, we get py -z < 1.
It follows that £ € B(py). We have thus arrived at a contradiction.

The proof is complete. O

From Lemma [I.1] and Propositions [I.1], [1.2, we obtain the next result on
the continuity of the budget map.

Theorem 1.3 The set-valued map B :Y, = X, has nonempty weakly com-
pact, convexr values and is continuous on int Y, in the strong topology of Y.
and the weak topology of X,. Specifically, if X s finite-dimensional, then
B(+) has nonempty compact, convezr values and is continuous on intY,.

Based on the above results, we are now in a position to present several
continuity properties of the indirect utility function.
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The forthcoming statement on the lower semicontinuity of v(-) is weaker
than Lemma 3.1 from [65], where it was only assumed that the utility function
is lower radially l.s.c. on X . It is worthy to notice that our approach is new.
Namely, we derive the desired result from the l.s.c. property of B(-), which
is guaranteed by Proposition [I.I In some sense, our proof arguments are
simpler than those of [65].

Proposition 1.3 (cf. [65, Lemma 3.1]) Ifu: X, — R is L.s.c. on X, in the
strong topology of X, thenv:Y, = R is l.s.c. onY, in the weak* topology
of Y.

Proof. Let po € Y, and € > 0 be given arbitrarily. On one hand, since
B(po) is nonempty and v(py) = sup{u(x) : x € B(py)}, there is o € B(py)
with u(zg) > v(py) — 27'c. On the other hand, as u is l.s.c. at x, in the
strong topology of X, we can choose a strong neighborhood V' of x4 such
that u(x) > u(xg) — 27'e for all z € V. Therefore, u(x) > v(py) — ¢ for all
x € V. Besides, the lower semicontinuity of B(:) at py in Proposition
implies that there is a weak* neighborhood U of p, satisfying V N B(p) # ()
for all p € U. For every p € U, by taking an element x, € V N B(p), we have

v(p) > u(z,) > v(py) — €.

This shows that v is l.s.c. at p, in the weak™ topology of Y, and completes
the proof. O

The next result on the upper semicontinuity of v(-) is due to Penot [65].
Here we give a new proof by using the u.s.c. property of B(:) provided by

Proposition [I.2]

Proposition 1.4 (See [65, Proposition 3.2]) If u: X, — R is u.s.c. on X,
in the weak topology of X, thenv : Y, — IR is u.s.c. onintY, in the strong
topology of Y. .

Proof. Fix any point p, € intY, and let ¢ > 0. For every x € B(py),

since u is u.s.c. at x in the weak topology of X, there exists a weakly open

neighborhood V, of = satisfying u(z) < u(x) + ¢ for all z € V,. By Lemma

, B(po) is a weakly compact set. Hence, there is a finite covering {V,. }ic;

of B(py). For every z € V := U V.., one can find an index i(z) € I such that
iel
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z €V, 180 u(z) < u(w,)+¢e. Thus

‘TZ(Z) )

u(z) < max{u(x;) : i€l}+e<sup{u(z) : x€ B(po)} +e=v(py) +¢
(1.14)
for every z € V. According to Proposition , B(+) is w.s.c. at py in the
strong topology of Y, and the weak topology of X_. So, having the weakly
open set V' that contains B(p,), we can find a strong neighborhood U of pj
such that B(p) C V for all p € U. Consequently, for every p € U, by invoking
(1.14)) we have

v(p) =sup{u(z) : x € B(p)} <sup{u(z) : z€ V} <wv(py) +e.
It follows that v is strongly u.s.c. at p,. O

As a consequence of Propositions [1.3] and [1.4], we get the following result
on the continuity of the indirect utility function.

Theorem 1.4 If u is weakly u.s.c. and strongly l.s.c. on X, then v 1is
strongly continuous on int Y, . Especially, if X s finite-dimensional and u is
continuous on X, then v is continuous on intY,.

We conclude this section by considering some properties of the demand
map. The first assertion of the next proposition follows from Lemma and
the Weierstrass theorem. By the same theorem and a delicate argument, one
can get the second assertion. Let dY, := Y, \ int Y, be the boundary of Y.

Proposition 1.5 (See [65, Proposition 4.1)) Suppose that u is weakly u.s.c.
on X,. Then, for every p € intY,, the demand set D(p) is nonempty and
weakly compact. If p € OY, and if one has

v(p) > limsup u(x), (1.15)

zeB(p), [lz]|—o0

then D(p) is nonempty.

Concerning this proposition, we first remark that for every p € 9Y,, the
budget set B(p) is unbounded. To verify this claim, we can apply the separa-
tion theorem [76, Theorem 3.4] for the disjoint convex nonempty subsets {p}
and int Y, of X*, that is equipped with the norm topology, to find a nonzero
vector x € X = X* such that

p-x<qg-xz (VgeintY,). (1.16)
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From ([1.16)) it follows that p-x < 0 and g-o > 0 for all ¢ € Y,. Hence z € X
and, moreover, tx € B(p) for every t > 0. Since x # 0, the last property
shows that B(p) is unbounded. Next, let us give a simple illustrative example
where u is quasiconcave and continuous on X, and the special assumption

1.15]) is fulfilled. Let X =R, X, =IR,, and
=Ry

1, for z € [0, 1],
u(r) =9 —itx+3, forxe (1,2,
: for z € (2, 4+00).

Since Y, = IR,, p := 0 belongs to dY, and B(p) = IR,. As v(p) = 1 and
limsup wu(x) = 1/2, condition is satisfied. Clearly, D(p) = [0, 1].
z€B(p), [|x[|—o0
An example given by Penot [65, p. 1082] shows that the demand map D(+)
may fail to be i.s.c. at a point (pgy, zo) € gph D, where p, € int Y., even if u is
continuous and concave on X, with X being a finite-dimensional Euclidean
space. This means that the lower semicontinuity of the demand map requires

rather strong assumptions. Later, we will give a set of conditions guaranteeing
the continuity of D(-); see Theorem (1.8 in Section 4.

The following statement is an analogue of |65, Proposition 6.5]. Here we
do not use any assumption on the indirect utility function v(-).

Proposition 1.6 If u is weakly u.s.c. and strongly l.s.c. on X, then the
demand map D : Y, = X, 1s u.s.c. on intY, in the strong topology of Y.
and the weak topology of X .

Proof. First, we shall prove that the set-valued map A : Y, = X given by

Alp) ={z € X. : u(z) 2 v(p)} (peYi)

has closed graph w.r.t. the weak™ topology of Y, and the weak topology
of X,. Suppose that (p,z) € Y, x X, T ¢ A(p). Then u(z) < v(p), so
we can choose an o > 0 satisfying u(Z) < a < v(p). Since u is weakly
u.s.c. at x, there exists a neighborhood V' of Z in the weak topology of X,
such that u(z) < « for all © € V. According to Proposition [I.3] the lower
semicontinuity of u(-) in the strong topology of X, implies that v is ls.c.
at p in the weak™® topology of Y,. Hence, there is a weak™ neighborhood U
of p satisfying a < v(p) for all p € U. Taking any (p,x) € U x V, we have
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u(z) < v(p). This implies that gph AN (U x V') = () and proves the closedness
of gph A.

Now, in order to show that D is u.s.c. on int Y., fix a point p, € int Y... For
p €Y, since D(p) = {xz € B(p) : u(z) =v(p)}, we have D(p) = B(p)NA(p).
Let W be a weakly open set with D(py) C W.

If B(py) € W, then the upper semicontinuity of B(-) in Proposition
implies the existence of a neighborhood U of p, in the strong topology of Y,
with B(p) C W for every p € U. Then we have D(p) C W for every p € U.

Consider the case where B(py) ¢ W. Since B(p,) is a nonempty and
weakly compact set by Lemma 1.1, K := B(py) \ W is nonempty and weakly
compact. For every x € K, as (py,x) ¢ gph A and A(-) has closed graph
w.r.t. the weak* topology of Y, and the weak topology of X, there exist
a weak™ neighborhood U, of p, and a weakly open neighborhood V, of z
satisfying gph AN (U, x V) = (). Then we have A(p) NV, =0 for all p € U,.
Therefore, by the weak compactness of K, we can find a finite family of points
{z;}ier of K such that K C JV,,. Setting V = JV,,, VUW is a weakly

open set in X, satisfying B (ﬁj cCVUW. Hence,zel;y using again the upper
semicontinuity of B(-) in Proposition [1.2, we can find a neighborhood U’ of
po in the strong topology of Y, with B(p) C VU W for all p € U’. The set
U:=(NU,)NU'"is a neighborhood of p, in the strong topology of Y. For
every ]ZDGIE U, by the construction of V' and U, we have A(p) NV = () and
B(p) € V. UW, which implies that D(p) = A(p) N B(p) C W.

Thus we have proved the existence of a neighborhood U of p, in the strong

topology of Y, with the property D(p) C W for every p € U and, therefore,
we get the desired upper semicontinuity of D(-) at py. O

1.4 Lipschitz-like and Lipschitz Properties

We shall investigate the Lipschitz property of the indirect utility function
by using the Lipschitz-like property of the budget map. The results from [15],
which have been recalled in Section [I.2] will be the principal tools in our
proofs.

Let us start with a stability property of the budget map in the form of a
uniform local error bound.
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Theorem 1.5 For any py € int Y, and xy € B(py), there exists pu > 0 along
with a neighborhood U of py and a neighborhood V' of x, such that

where o, = max{0, a}.

Proof. We now apply Theorem with X being the reflexive Banach space
containing the closed and convex cone X, that appeared in formula for
B(p), P =Y, being the positive dual cone of X, with the metric induced by
the norm of X*. For the function f : X x P+ IR with f(z,p) :==p- -z — 1,
B :=1R_, and C := X, formula gives us

Q(p)={reX;: flxz,p) eR_}=B(p), YpeY,

The fact that f(x,p) = p-x — 1 is continuous on X x P is obvious.

Let py € intY, and xy € B(py). Then (z4,py) € gph Q. To prove that f is
locally equi-Lipschitz in x at (z¢, py), select an r > 0 as small as B(py,r) C Y.
For all p € B(py,r) and z,2’' € X, we have

[f(@,p) = f(@,p)| = Ip- (x —2)| < lplllz — 2’| < (r + [Ipol) |z — 2']|.
This shows that f is locally equi-Lipschitz in z at (xq, po)-

Next, let us show that condition ((1.10]) is fulfilled. Since z, € B(py), we
have f(xo,po) € R_. If f(zg,po) < 0, then Tr_(f(xo,po)) = IR. Therefore,

Nr_(f(x0,p0)) = 0 and one has Ny; (f(x,p0)) = (0. Hence, (1.10)) is fulfilled.
If f(xo,po) =0, i.e., po-xy=1, then
T[R_(f(ZCo,p())) =R_+R.O0=1IR_.

Hence, Nr_(f(xo,po)) = IRy and N (f(zo,p0)) = {t € R : t > 0}. It holds
that 0, f(xo,po) = {po}. Indeed, for every d € X,

) f(xo, po;d) = limsup [f(x+td,p) — f(x,p)]/t

T—x0,p—p0,t0

= limsup [(p-(z+td)—1)—(p-xz—1)]/t

T—x0,p—p0,t0

= limsup p-d=p,-d.

T—=T0,p—po,t40

Consequently, the partial subdifferential of f w.r.t. x at (xg,pg) is

Ouf (0, p0) = {p € X* : d) f (20, po;d) > p-d Vd € X}
={peX*:p-d>p-dVde X}={p}
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Then, we have

Ng (f(zo,p0))0sf (20, p0) + Nx, (z0) = {tpy : t > 0} + Nx, (o).

If (1.10) is invalid, then 0 € {tpy : t > 0} + Ny, (z0). So, one can choose
to < 0 such that top, € Ny, (xy). Since X, is a closed and convex cone of X,

we get T, (z0) = X, + IRx (see Section 1.2). Clearly,
—Tyg = Ty — 2370 - X+ + ]1:{1'0.

It follows that (¢opo) - (—x9) < 0. Hence, the equality py -z = 1 forces t, > 0,
which contradicts the choice of ¢;. And thus, we also have ((1.10)) in the case

f (o, po) = 0.
In summary, we have proved that all the assumptions of Theorem are
satisfied. Therefore, the set-valued map €2 given by (1.7 is metrically regular

at (zo,po). Hence, there exist y > 0 and neighborhoods V' of xy and Uy of py
in P such that

d(l’,Q_l(p)) < #d(f(x7p)7]1:{—) - M[f(x7p)]+7 VeeVn X+7 vp S UO-

Choosing a neighborhood U of p, in the norm topology of X* such that
Uy = UNY, and substituting f(xz,p) =p-z—1, Q7' (p) = B(p), into the last
expression, we obtain (1.17)). The proof is complete. O

We now show that the Robinson stability property (1.17)) of the constraint
system
f(x,p):px—lﬁo, xEX-l-

depending on the parameter p € Y,, implies the Lipschitz-likeness of B(-)
at (pg, o). It is worthy to remark that the Robinson stability property and the
Lipschitz-likeness of an implicit set-valued map are not equivalent (see [45]).
However, under some additional assumptions, the first property implies the
second one; see [30,41].

Theorem 1.6 For any py € intY, and oy € B(py), the map B : Y, = X,
is Lipschitz-like at (po, o).

Proof. Fix any py € intY,, o, € B(py). For a given r € (0,1), as shown
in the proof of Proposition [I.2] the vector g, := rp, belongs to intY,, the
set qo + int Y, is a strong neighborhood of py in Y,, and B(p) C B(q) for
every p € qo + intY,. According to Lemma [I.1, we can find o, > 0 such
that ||z|| < o' for all 2 € B(gy). By Theorem [1.5] there exists p > 0 along
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with a neighborhood U of p, and a neighborhood V' of z, satisfying (1.17)).
Therefore, for any p, p’ from the neighborhood U, := U N (g + int Y, ) of py,

and for any x € VN B(p) C V N B(q), we have

d(z, B(p)) < plp’ -z =1, <plp’ -z —1—al,
where a :=p-x — 1 < 0. Hence,
d(z, Bp)) <p(lp’-z—1—a|—|p-z—1-al)
<plp'rr—1-a)—(p-z—1-a)
=plp' - —p-al < poylllp —pl
Moreover, since the function u — ||z — ul| is convex and continuous (hence
it is weakly lower semicontinuous by the Mazur Lemma [76, Theorems 3.15

and 3.12]) and the set B(p') is weakly compact by Lemma [1.1], there exists
x' € B(p') such that ||z — /|| < pa,'|p — p||. Thus, we have

B(p) NV C B(p) + pay'lp— ¢l Bx, Vp,p' € Us.
The Lipschitz-like property of B(-) at (pg, y) has been established. O

From Theorem [1.6] it follows that B(-) is i.s.c. at every (pg, zo) € gph B,
where p, € intY,. Hence B(:) is l.s.c. at every py € intY, (see Section 2),
provided that Y, and X, are considered with the strong topologies. This fact
has been obtained in Proposition for any py € Y, .

Theorem 1.7 Suppose that X 1is finite-dimensional and u : X, — IR 1s
locally Lipschitz on X,. Then the indirect utility function v : Y, — R is
locally Lipschitz on intY,.

Proof. (Some arguments from [88] pp. 217-219] will be used in this proof.)
Given a point p, € intY,, we have to prove that there exist v > 0 and a
neighborhood U, of py such that

[v(p) —v(@)l <llp =PI Vp, P’ € Uh. (1.18)

As it has been shown in the proof of Proposition , for any r € (0,1) we
have gy := rpy € intY,, U := gy + int Y, is an open neighborhood of p,, and
B(p) € B(qo) for every p € U. Hence, B(qy) is a compact set by Theorem
and D(p) is nonempty for all p € U by Proposition [I.5 In addition, we
have

0# D(p) C B(q), VpeU.
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Since u : X, — R is locally Lipschitz on X, for each x € B(q), there exist
a neighborhood V,, of z, and [, > 0 satisfying

lu(z") —u(2")| < L)|2" — 2|, Va' 2" €V, (1.19)

The compactness of B(qy) implies that B(q) C U V,,, with I being a finite
icl

set. Taking any z, 2’ € B(qp), we remark that the whole segment [z, 2] lies in

B(qo) as the latter is convex. Consequently, there exists a sequence of points

Qg = T,a1,0ds,...,a, = x' of the segment [x,2] such that for each index

g €{0,1,...,s — 1}, there exists i € I satisfying [a;, a;,1] C V,,. Hence, for

| :=max{l,, : i € I}, by using (1.19) we have

[u(r) — u(2)| < fu(ag) — u(ar)| + |ular) — u(az)| + - - + |u(as—1) — u(ay)]
<Illag — ar|| + lljay — asl| + - - - + ||as_1 — as|| = U||Jz — 2.

For every z € B(py), since B(+) : Y, = X, is Lipschitz-like at (py, ), there
exist a neighborhood U, of py, a neighborhood W, of 2z, and k, > 0 such that

B(p) "W, € B(p') + k:|lp =Pl Vp,p' €U.. (1.20)

Besides, as D(py) C B(py) and D(p,) is nonempty and compact by Propo-

sition [1.5, one can find a finite covering {W.,};c; of D(py). Now, by the

upper semicontinuity of D(-) : Y, = X, at p, (see Proposition and by

the inclusion D(p,) C U W,, we can find a neighborhood U, of p, such that
=

D(p) c UW,, forall p € U;. Set U, = UﬂUlﬂ( N Uzj). For every p, p’ € U,,
icJ

jeJ

since D(p) # ), we can select an x € D(p). Let jy € J be such that x € W__ .
Applying ([1.20) for z = z;,, we have

z € D(p)NW,, C B(p)nW., C B(p)+k, |lp—p|Bx.
Hence, there exists 2’ € B(p') satisfying ||z — 2| < k., ||p — p[|. Moreover,

since p,p’ € U, one has B(p) C B(qy) and B(p') C B(q); so x,2' € B(qo).
Therefore, |u(x) —u(z')| < l||Jz — 2'||. It follows that

u(@) —u(e) < |u(z) —u(e)] < Uz — 2| < ik [lp — 2| (1.21)

As the inclusions x € D(p), 2’ € B(p') yield u(z) = v(p) and u(z’) < v(p'),
from ([1.21]) we can deduce that v(p) < v(p') + 1k, ||p —p'[|. Similarly, we can

show that v(p') < v(p) + Ik, |lp — p'[|- So, setting v = lk., , we get (1.18).
The proof is complete. O
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1.5 Lipschitz-Holder Property

We shall study the Lipschitz-Holder property of the demand map by using
the Lipschitz-like property of the budget map. The results from [86], which
have been recalled in Section 1.2, will be the principal tools in our proofs.

Now, assume that X is a Hilbert space, M is a parameter set in a norm
space, and u : X, X M — IR is a utility function depending on the parameter
i € M. The appearance of u signifies the fact that the utility function is
subject to change, due to the changes of customs, the scale of values, time,
etc. Consider the parametric consumer problem

max {u(z,p) : x € B(p)} (1.22)

depending on a pair (u,p) € M x Y, where, as before, B : Y, = X, is the

budget map given by ({1.2). It is clear that (1.22)) is a generalization of (|1.3)).
Indeed, if M reduces to a singleton, then ((1.22)) coincides with (1.3)).

In the sequel, it is assumed that there exists an open set ) containing X
such that u is defined on @ x M and, for each u € M, u(-,p) is Fréchet
differentiable at every point of X,. By V,u(z,u) we denote the Fréchet
derivative of u(-, ) at x € X, . Let z, be a solution of at a given pair
of parameters (19, po) € M XY, . Suppose that there exist a closed and convex

neighborhood V' of x,, a neighborhood W of pg, and constants a > 0, ¢ > 0
satisfying

[Vou(z', 1) = Vou(e, p)|| < (|2 —z[[+ ||’ —pl), Vo,2" €V, Vu, " € MOW
(1.23)
and

(Vo(=u) (@', p) =V (—=u)(z, ), ' —z) > a||lz’—z|?, Vo,2' €V, Vue MnW.

(1.24)

Condition states that the map V,u(-) : X, x M — X is locally

Lipschitz at (zo, 1), while ((1.24)) requires that V,(—u)(+, p) is locally strongly

monotone on V uniformly w.r.t. p € M NW. The latter is equivalent [81]

to the requirement that (—u)(-, p) is locally strongly conver on V uniformly
w.r.t. € M NW, ie., there exists a > 0 such that

(—u)(I=t)z+tz',p) < (1—t)(—lb)(fv,u)Jrlf(—lb)(fc’,/ﬁ)—%Oaf(l—t)l\x’—xll2
(1.25)
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for all z,2" € V, p € M NW. According [81, Lemma 1, p. 184], (1.25)) is
valid if and only if, for all 4 € M N, the function x — (—u)(z, ) — 5[z
is convex on V.

Theorem 1.8 Assume that, for every u € M, the function u(-, p) is concave
on X, and the operator V,(—u)(-,n) : Xy — X* is continuous, where the
dual space X* is considered with the weak topology. Suppose that xy is a
solution to the parametric consumer problem (1.22|) with respect to a given

pair of parameters (po,po) € M x intY, and conditions (1.23), (1.24) are

satisfied. Then, there exist constants k,, > 0, k,, > 0, and neighborhoods W
of o, Uy of po such that

(a) For every (p,p) € (M NWy) x (Y, NU,), (1.22) has a unique solution,
denoted by x(u,p), and x(u,p) € int V;

(b) For all (Mlap/>7 (,Lt,p) S (M N Wl) X (Y+ M Ul)f
(i, p) — 2 (i p)|| < mpgll’ — pll + ripollp” — )12, (1.26)

Proof. First, let us show that the parametric consumer problem is
equivalent to a parametric variational inequality of the form . To do so,
choose A =Y, and write p for A. Put f(z,u) = V.(—u)(z,n), K(p) = B(p)
for every (x,u) € X, x M and p € Y. Fix any (u,p) € M xintY,. Let Z be
a solution to (1.22)). For every x € B(p) and t € (0,1), set x, = (1 —t)T + tx.
Since B(p) is convex, z; € B(p) for all t € (0,1). Hence,

w(Z,p) >z, p) =u((l =07 +te,u) =w(Z+t(x —x),1), Vte(0,1).
It follows that

(0 te = D)) = 0 S oy o

. >0, ,1).

Letting ¢ — 0" and using the Fréchet differentiability of w(-,u) at Z, we

obtain
(Vo(—=u)(Z,p),z—2) >0, Vze B(p);

so Z is a solution of ((1.11)) (with the above-defined f, K, A, and A being
replaced by p). Conversely, let Z be a solution of the latter problem ([1.11)).
By the convexity of B(p) and the concavity of u(-, ),
u((1 =)z +tw, p) = (1 = t)u(, p) + tu(z, 1), Vo € B(p),Vt € (0,1).
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Equivalently,
(—w) (@ +t(z — ), 1) — (—u)(T, p)
t
for all x € B(p) and ¢ € (0,1). Hence, by letting t — 07, we obtain

u(f7 :u) o u(xv :u) 2>

w(@, p) = (@, p) 2 (Vo(=u) (@, p), v = ), Vo c B(p).

Since Z is a solution of the problem (1.11)) (with the above-defined f, K, A,
and A being replaced by p), the latter shows that Z is a solution of (1.22)).

Now, let xy be a solution to (1.22)) for (i, p) = (uo, po) € M x intY,. Since
po € intY, and z, € B(py), the budget map B : Y, = X, is Lipschitz-like
at (po, o) by Theorem [1.6] Besides, the assumptions (1.23]) and (1.24]) make

the requirements (1.12)) and (1.13) on f(z,u) = V.(—u)(z, ) be fulfilled
with Z := zg, i := 1o, A := py. Hence, according to Theorem , there exist

constants x,, > 0, k,, > 0, and neighborhoods W, of j, U; of py such that

(a”) For every (u,p) € (M NW;) x (Y, NUy), (1.11) has a unique solution,
denoted by x(u,p), in V.

and holds. It remains to prove that (a’) implies (a). The property
z(p,p) € intV for all (u,p) € (M N W) x (Y, NU;) has been established
in [86, formula (2.17)]. By the equivalence between and (1.22), this
vector z(p, p) is a solution of . To show that it is the unique solution of
, suppose on the contrary that the problem has another solution Z(u, p),
which also is a solution of (L.11)). By (a’), Z(x,p) ¢ V. As the function u(-, u)
is concave on X, the operator V,(—u)(-, ) : X, — X* is monotone (see the
characterization of convexity of a function in [81] and note the proof is valid
for a Hilbert space setting). By virtue of this monotonicity and the assumed
continuity of V,(—u)(+, ), we can apply the Minty Lemma [48, Lemma 1.5
in Chap. II1] to assert that the solution of coincides with the solution
set of the following Minty variational inequality:

Find x € B(p) such that (V,(—u)(y, ),y —x) > 0 for all y € B(p).

Hence, the solution set of (1.11]) is the intersection of the closed and convex
sets

{z€Bp) : (Vu—u)(y,n),y —z) 20}, y€B(p)
It follows that the solution set of ({1.11)) is closed and convex; so the solution
set of (1.22) is closed and convex. In particular, the whole line segment
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[z(p, p), T(1, p)] lies in that solution set. Since x(u,p) € int V, must
have some solutions in V' which are different from z(u,p). We have arrived
at a contradiction. The solution uniqueness of the problem ([1.22)) for all
(u,p) € (MNWy) x (Y. NU;) together with the implication “(a ’) = (a)” has
been proved. O

Clearly, ((1.26]) implies that x(u, p) is continuous at (ug, po)-

Remark 1.3 In the above proof, the fact saying that if z is a solution to the
optimization problem then it is a solution to a parametric variational
inequality of the form ([1.11)) is not new. In fact, it is the content of the cele-
brated generalized Fermat rule (see |48, Proposition 5.1 in Chap. I] and note
that the proof is effective for a Banach space setting). The converse state-
ment, which holds under the convexity (or pseudo-convexity) of (—u)(-, i) is
also well-known.

We now give an illustrative example for Theorem [1.8]

Example 1.4 Let X = IR", X, = R", where IR’} denotes the nonnegative
orthant of IR", and let

M={pu= (1, ., pn) ER" : pu; € (0,1), i=1,...,n}.

One has Y, = IR". Given positive constants ¢; > 0, ¢ =1,...,n, we consider
the parametric utility function

Z,ulln x; + &;).

(Since expu(z,p) = (x1 + )" ... (z, + €,)" is a modified Cobb-Douglas
function, this utility function wu(z, ) is the image of the latter after the
logarithmic transformation.) Setting 2 = {x € R" : x; > —¢;, i =1,...,n},
we see that (2 contains X, u is defined on 2 x M and, for each u € M, u(-, p)
is Fréchet differentiable at every point of X, . For a given pair of parameters
(40, 20) € M x Y., denote by x, the unique solution of ([1.22)), where (uq, po)
plays the role of (i, p). The existence of a closed and convex neighborhood V'
of xy, a neighborhood W of 11, and constants a > 0, £ > 0 satisfying
and follows from the fact that u is twice continuously differentiable on
2 x M and [81, Theorem 4, p. 185]. Thus, all the assumptions of Theorem
are satisfied. It follows that there are constants x,, > 0, k,, > 0, and
neighborhoods W, of pg, U; of py such that the claims (a) and (b) are valid.
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Note that the technical assumptions ((1.23) and ((1.24) play a decisive role
for Theorem [I.§ We now provide an example of a general utility function
which fulfills both assumptions.

Example 1.5 In practice, it may happen that, for a good bundle z, its coor-
dinates represent amounts of distinct goods having different levels of impor-
tance for the consumer. The utilities of different groups of goods are not the
same for the latter. So, different utilities functions are applied to different
groups of goods, and the combined utility is the sum of the sectional utili-
ties. These ideas lead to the following model of consumption. Let X;, X, be
Hilbert spaces, (X;), C X; and (X,), C X, be nonempty, closed and convex
cones. Let ; C X, and Q, C X, be open sets containing (X;), and (X,),,
respectively. Clearly, X := X, x X5 is a Hilbert space with the inner product

<Q?,y> = <$17y1> + <$27y2>7 V:C — (x17x2)7y = (yhyQ) < X7

where the right-hand side is the sum of the inner products in X; and X,.
Put X, = (X)), x (X5), and 2 = Q; x y. The positive dual cone of X,
is given by Y, := (Y7), x (Y3),, where (Y;), is the positive dual cone of
(Xi)y, i = 1,2. Let M be a parameter set in some norm space. Suppose
that u; : Q; x M — IR, i = 1,2, are such that for each p € M, w;(-, ) is
concave and Fréchet differentiable on (X;),, i = 1,2. Consider the function
u: Qx M — IR mapping each © = (x,x2) € Q to ui(xq, 1) +us(2, pt). Then,
for any p € M, u(-, ) is concave and Fréchet differentiable on X ,. Besides,

vau(fna) = (vmul(flna)?Vmu?(jbﬂ))? VI = (fhEZ) S XJraﬂ c M.

Take a pair of parameters (ji,p) € M x Y, and suppose that T is a unique
solution of (1.22), where (i, p) plays the role of (u,p). In addition, suppose
that both functions u;,u, satisfy the conditions and (see Ex-
ample for some functions of this type). It is easy to show that those
conditions are also valid for w.

Remark 1.4 In Theorem [[.8 one can replace the assumption “for every
p € M, the function (-, ) is concave on X, and V (—u)(-, pu) : X, — X* is
continuous, where X* is considered with the weak topology” with the follow-
ing one: “for every u € M, the function (—u)(-, ) is pseudo-convex on X
and the operator V,(—u)(-, 1) : X, — X* is hemicontinuous, where X* is
considered with the weak topology”. The proof of the theorem remains the
same. The interested reader is referred to [31,83-85] for the definitions of
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hemicontinuity of function, pseudo-convex function, pseudo-monotone opera-
tor, relationships between the pseudo-convexity of functions and the pseudo-
monotonicity of their gradient mappings, and the generalized Minty lemma,
which works for variational inequalities with pseudo-monotone and hemicon-
tinuous operators on reflexive Banach spaces.

Remark 1.5 Note that there are some results on the local Lipschitz property
of the demand map provided that it is single-valued. For instance, such a
result is given by Beggs in [13, Lemma 3 and the subsequent comments] under
special assumptions including the following: X = IR", X is given by finitely
linear constraints, and u is twice continuously differentiable, strictly concave
in the neighborhood of xy.

1.6 Some Economic Interpretations

Going back to the consumer problem ([1.3)), we see that the budget map
B(:) is l.s.c. at p € Y, if and only if for any * € B(p) and for any open
set V' C X satisfying * € V, there exists a neighborhood U of p such that
B(p)NV # () for every p € UNY,. This means that although the good bundle
Z which the consumer can buy when the price is p may not be purchased if
the price of goods is shifted to the value p € U NY, (this happens when
T ¢ B(p)) but, in the given neighborhood V N X, of Z, there still exist some
goods (namely the elements of B(p)NV') that the consumer can afford to buy,
using his fixed budget. Similar interpretations are valid for the l.s.c. property
of the demand map D(-) at p € Y, where D(p) (resp., D(p)) is the collection
of the optimal good bundles for the consumer when the price is p (resp., when
the price is p). Thus, the Ls.c. property of B(-) (resp., of D(-)) at p signifies
the fact that every element z € B(p) (resp., T € D(p)) is persistent to the
changes of the price p. In contrast to the l.s.c. property, the budget map
B(:) is u.s.c. at p € Y, if and only if for any open set V' C X with B(p) C V,
one can find a neighborhood U of p such that B(p) C V for every p € UNY,.
The meaning of the latter is the following: If the reference price is perturbed
slightly (in the sense that p is shifted to another price p € U NY,), then the
whole set of good bundles that the consumer can purchase must lie within the
given open set V. Thus, for any price p € U NY,, no good bundles outside
V' can be bought by the consumer. Similar interpretations are valid for the
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u.s.c. property of the demand map D(-) at p € Y.

The continuity of the function v(-) : Y, — IR at p € Y, in the strong
topology means that if the norm ||p — p|, p € Y., tends to 0, then the
absolute value |v(p) — v(p)| also tends to 0. Hence, if the function v(-) is
discontinuous at the price p, then there must exists € > 0 and a sequence of
prices {p.} C Yy, pr — P as k — oo, such that |v(py) — v(p)| > € for all k.
Thus, in any neighborhood of p there exist prices at which the indirect utility
differs greatly from v(p). Such a price p is abnormal as it should be treated
by the model analyst with a care. If v(-) is not only continuous, but also
locally Lipschitz at p (see Theorem and formula in Section 4), then
the magnitude |v(p) — v(p')| of the change of the indirect utilities is bounded
by the magnitude ||p — p'[| of the change in the prices multiplied by a fixed
[v(p) — v(p)]

lp—P|
p,p’ € Y, from a neighborhood of p. In other words, the rate of the change

constant, i.e., the ratio is bounded above by a constant for all

of the indirect utility w.r.t. the change of prices around p can be controlled.
Similar interpretations can be made for the Lipschitz-like property of the
map B(-) (resp., the map D(-)) at a point (p, Z) in the graph of B(:) (resp.,
of D()).

The demand map D : M x Y, = X, with its values

D(p,p) :={r € B(p) : u(w,pu) =v(p,p)}

where, for each u € M, v(u,-) is the indirect utility function of the problem
(1.22)) with p € Y, being subject to change, is aslo called the Walrasian or
Marshallian demand correspondence (see, e.g., [32]), and plays a crucial role
in microeconomics. Economists are always interested in the sensitivity of the
vector z(u, p) demanded to price p at the perturbation u of the utility func-
tion, provided that D(u,p) is a singleton for each pair (u,p) € M x Y,. For
some goods, a small change in price results in a significant change in quanti-
ties demanded. Meanwhile, for other goods, a big change in price results in
a little bit change in quantities demanded. To estimate such sensitivity, they
use a measure called the price elasticity of demand (see, e.g., [3, p. 92]). It
is defined to be the percentage change in the quantities demanded resulting
from a 1 percent change in price and denoted by €. More precisely, if D(u, -)
is single-valued around a price py, and Fréchet differentiable at that point,
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then one has (see, e.g., [3, p .92])

8(:uap()) = ':U/p(/vbvp()))

x(:uvp0)

where (1, po) denotes the partial derivative of z(u,p) w.r.t. p at (u,po).
However, if D(u,-) is not Fréchet differentiable at p, or we do not know
explicitly about the demand function D(-), then gives us a type of
sensitivity estimate, which can replace the price elasticity of demand.

1.7 Conclusions

We have studied various stability properties and a result on solution sen-
sitivity of a consumer problem in this chapter. Especially, by focusing on
some nice features of the budget map, we have been able to establish the
continuity and the Lipschitz continuity of the indirect utility function, as
well as the Lipschitz-Holder continuity of the demand map under a minimal
set of assumptions. We have also presented some economic interpretations
for mathematical concepts and property involving directly to the consumer
problem: the continuity, Lipschitz continuity, and Lipschitz-Holder continu-

ity.
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Chapter 2

Differential Stability of Parametric

Consumer Problems

Written on the basis of the paper [36], the present chapter is devoted to
differential stability of the parametric consumer problem considered in the
preceding chapter. The differential stability here appears in the form of for-
mulas for computing the Fréchet/limitting coderivatives of the budget map;
the Fréchet/limitting subdifferentials of the infimal nuisance function (which
is obtained from the indirect utility function by changing its sign), upper and
lower estimates for the upper and the lower Dini directional derivatives of
the indirect utility function. In addition, a new result on the Lipschitz-like
property of the budget map is also given in this chapter.

2.1 Auxiliary Concepts and Results

In this section, it is assumed that X, Y are Banach spaces.

Let F': X =Y be a set-valued map. The graph of F is the set
gph FF:={(z,y) e X XY : y € F(x)}.

If gph F is closed (resp., convex) in X x Y, then F is said to be closed
(resp., convex). Here, the norm in the product space X x Y is given by
| (z,y)|| = ||z]| + ||y|]| with the first norm in the right-hand side denoting the
norm in X and the second one standing for the norm in Y. For an extended
real-valued function ¢ : X — IR, the epigraph and hypograph of ¢ are defined
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respectively by

epio ={(z,p) € X xR : p = ()}

and
hypoy = {(z,p) € X x R : p < p(z)}.

For a set-valued map F': X = X*, the notation

Limsup F(z) := {z" € X* : I sequences z;, — T and zj = z*

T—T

with x; € F(x) for all k € IV}

signifies the sequential Painlevé- Kuratowski upper/outer limit w.r.t. the norm
topology of X and the weak™® topology (that denoted by w*) of X*. For a
function ¢ : X — IR and a set Q C X, the notations z - Z and z L z,
respectively, mean z — T with ¢(z) = ¢(Z) and x — T with z € (.

We now recall several basic concepts of generalized differentiation. For
more details, the reader is referred to [56,/57].

Let ©2 be a subset of X. Given x € €2 and € > 0, define the set of e-normals
to 2 at x by

Sy . (x*,u —x)
N (z;Q) := {x e X : hlzlgilpHU_—fUH < 5}. (2.1)

When € = 0, elements of are called Fréchet normals and their collection,
denoted by ]V(:z:, ), is the prenormal cone or Fréchet normal cone to Q) at
z. If x ¢ Q, we put N.(2;9) = 0 for all ¢ > 0. Consider a vector T € Q.
One say that x* € X* is a limiting/Mordukhovich normal to 2 at T if there
are sequences ¢ | 0, xy, X z, and zj “% 2* such that Ty € Nek(:ck; Q) for all
k € IN. The collection of such normals
N(z; Q) := Limsup N.(z; Q)
rz—Z €0

is the limiting/Mordukhovich normal cone to  at x. Put N(z;Q) = () for
z ¢ Q.

Let F': X = Y be a set-valued map. Given (Z,7) € X x Y and € > 0, the
e-coderivative of F at (z,7) is the set-valued map D*F(z,7) : Y* = X* with
the values

DiF(g)(y) = {a € X* ¢ (", ~y) € N((@.g)seph F)} . (22)
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When € = 0 in ([2.2)), this construction is called the precoderivative or Fréchet

~

coderivative of F' at (Z,y) and is denoted by D*F(z, 7). The set-valued map
D*F(z,y) : Y* = X*, which is defined by

D'F(z,y)(y") ={2" € X* : («*,—y") € N((%,9);eph F)},
is said to be the limiting/Mordukhovich coderivative of F' at (z,y). It follows
from the definition that D*F(z,9)(y*) = D*F(z,y)(y*) = () for all € > 0 and

y* € Y*if (z,9) ¢ gph F. We shall omit y in the coderivative notation if
F(z) = {y}. It follows from above definitions that

D*F(z,9)(y") C D*F(z,9)(y") (2.3)

for any y* € Y*. There are examples showing that inclusions in ([2.3)) is strict
(see [56), p. 43]). When holds as equality, F’ is said to be graphically reg-
ular at (Z,7). As shown in the following propositions, the class of graphically
regular mappings includes convex set-valued maps and strictly differentiable
functions. The reader is referred to [56|, Def. 1.13] for the definition of strictly
differentiable function.

Proposition 2.1 (See [56, Prop. 1.37]) Let F : X = Y be a convex set-
valued map. Then F' is graphically reqular at (Z,y) € gph F' and one has the
codervative representations

D*F(z,9)(y") = D*F(,9)(y")
:{x*ex* (2%, F) — (y',§) = max [(:z:*,a:>—<y*,y>]}-

(z,y)€gph F

Proposition 2.2 (See |56, Prop. 1.38]) Let f : X — Y be Fréchet differen-
tiable at x. Then

D'f(@)(y) ={Vf@)y}, Wy ey

where V f(Z)* : Y* — X* denotes the adjoint operator of the Fréchet deriva-
tive Vf(z): X = Y. If, moreover, f is strictly differentiable at T, then

D'f(@)(y") = D' f(@)(y") = {Vf(@) v}, Vy eYr,
and thus f s graphically reqular at .

A set Q C X is said to be sequentially normally compact (SNC) at = € €
if for any sequence (g, xy, z}) € [0,00) x £ x X* satisfying

e 40, T — T, xZENSk(xk;Q), and z; = 0

30



one has ||z;|| — 0 as k — oco. A map F : X = Y is sequentially normally
compact (SNC) at (z,y) € gph F if its graph is SNC at (z,7). Let ; and £,
be respectively subsets of Banach spaces X; and X, and (x1,x5) € ) X .
It follows from definition of SNC of sets and properties of the normal cone to
a Cartesian product (see [56, Proposition 1.2]) that €2; x €, is SNC at (xy, x5)
if 2, is SNC at z; and €2, is SNC at x».

One says that 2 C X is locally closed around z € € if there is a neighbor-
hood U of z for which Q2 N U is closed. If the set gph F' of some set-valued
map F' is locally closed around (Z,y) € gph F', then F is said to be locally
closed around (Z,y). Clearly, if gph F' is a closed set, then F' is locally closed
around any point belonging to its graph.

Let ¢ : X — IR be an extended real-valued function. The Fréchet subdiffer-
ential, limiting/Mordukhovich subdifferential, and the singular subdifferential
of o at T € X with |p(Z)| < oo are defined, respectively, by

dp(7) = {a" € X* : (2", =1) € N((z,0(7)); epig) }

0p(z) == {a" € X* : (2", —1) € N((z,0(z));epi®)},
and

0%p(z) :={a* € X* : (2,0) € N((Z, ¢(Z));epie) } .
If |¢(x)| = oo, then one puts 5@0(%) = 0p(T) = Qoogp(a_:) = (). Tt follows from
above definitions that for all £ € X, one has dp(Z) C dp(z). When this
holds as equality, one says that ¢ is lower regular at T. The Fréchet up-

per subdifferential, limiting/Mordukhovich upper subdifferential, and singular
upper subdifferential of ¢ at T are respectively defined by

and

077 p(T) := =07 (=¢)(T).
When ¢(Z) is finite, it follows from definition of the singular subdifferen-
tial and the singular upper subdifferential that 0% (z) and 0°"p(z) always
contain zero, while (see [56, Corollary 1.81]) 0*p(z) = {0} (and therefore,
0> p(x) = {0}) if ¢ is locally Lipschitz around Z, i.e., there is a neighbor-
hood U of z and a constant ¢ > 0 such that

o(z) = ()| <l =2, Ve, 2’ €U
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We will need two theorems from [58] on parametric generalized equations,
which are recalled now.

Let f : X XY — Z be a single-valued map, and ) : X XY = Z be
a set-valued map between Banach spaces X,Y,Z. Consider a parametric
generalized equation

0€ f(x,y) +Qx,y) (2.4)

with the decision variable y and the parameter x. The solution map to (12.4)
is the set-valued map given by

S(x)={yeY : 0€ f(z,y) +Q(x,y)}, =x€X. (2.5)

The limiting coderivative of the solution map (2.5)) can be estimated or
computed in term of the initial data of (2.4)) by using the following result.

Theorem 2.1 (See [58, Theorem 4.1]) Suppose that X,Y,Z are Asplund
spaces, (Z,y) satisfy (2.4), f is continuous around (Z,y), and Q is locally
closed around (z,y, z) with z :== —f(Z,y). If Q is SNC at (z,y,Z2), and
[(z",y") € D" f(z,9)(z") N (=D"Q(z,y,2)(2"))] = (2", y", 2") = (0,0,0),
(2.6)
then the inclusion
D*S(z,y)(y") C {z* € X* : 32" € Z* with
(:C*a _y*) S D*f(fv g)('Z*) + D*Q(CZ_J, v, 2)(2*)}
2.7)
holds for every y* € Y*. If, in addition, f is strictly differentiable at (Z,7)
and @ is graphically reqular ot (Z,7, Z), then S is graphically reqular at (Z,7)
and (2.7) holds as equality.

The next theorem states a necessary and sufficient condition for Lipschitz-
like property of the solution map ({2.5)).

—~
-3

Theorem 2.2 (See [58, Theorem 4.2]) Let X,Y, Z be Asplund spaces and let
(z,9) satisfy ([2.4)). Suppose that f is strictly differentiable at (Z,7y) and that
Q is locally closed around (Z,y, Z) with Z := —f(Z,y), graphically reqular and
SNC' at this point. If

[(0,0) € VF(7,9)"2" + D'Q(,7,2)(2")] = 2" =0, (2.8)
then S is Lipschitz-like at (Z,y) if and only if
[(2%,0) € V(3,5 + D'QE.5, 5)(=")] — [" =0, = =0 (29)
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Following [60], we consider the parametric optimization problem

min{p(x,y) : y € G(x)}, (2.10)

where ¢ : X xY — IR is a cost function, G : X = Y is a constraint set-
valued map between Banach spaces. The marginal function or the optimal
value function p(-) : X — IR and the solution map M(-) : X = Y of this
problem are defined, respectively, by

p(z) == inf{o(z,y) : y € G(z)},
and

M(z) ={y € G(x) : p(x)=p(z,y)}.

The forthcoming theorem gives an upper estimate for the Fréchet subd-
ifferential of the general marginal function p(-) at a given point T via the
Fréchet coderivative of the constraint mapping G and the Fréchet upper sub-
differential of the value function .

Theorem 2.3 (See [60, Theorem 1]) Let T be such that M(z) # 0 and
\u(Z)| # oo, and let §y € M(Z) be such that 0t (T, y) # 0. Then

oum e () [+ DG ). (211)

(a*,y*)€d p(2.7)
To recall the sufficient conditions of [60] for the inclusion in (2.11)) to hold
as equality, we need the following definitions. Let X,Y be Banach spaces,

D c X. Amap h: D — Y is said to be locally upper Lipschitzian at * € D
if there are a neighborhood U of ¥ and a constant ¢ > 0 such that

|h(z) — h(Z)|| </{||lx —Z|, VYxeDNU.

We say that a set-valued map F': D = Y admits a local upper Lipschitzian
selection at (Z,y) € gph F' if there is a map h : D — Y, such that h is
locally upper Lipschitzian at z, h(z) = g, and h(z) € F(x) for all z € D in
a neighborhood of Z.

Theorem 2.4 (See [60, Theorem 2|) In addition to the assumptions of The-
orem |2.5, suppose that ¢ is Fréchet differentiable at (Z,y) and the map
M :dom G =Y admits a local upper Lipschitzian selection at (z,y). Then

On(z) = 2" + D*G(z,9)(y"),
where (z*,y*) == Vp(z,7).
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Next, we will use Theorem 7 from [60] to estimate the limiting and singular
subdifferentials of the function —v. The formulation of that theorem is based
on some definitions related to the solution map M(-) of problem (2.10). Let
T € dom M and y € M(Z). One says that M(-) is p-inner semicontinuous
at (Z,7) if for every sequence z;, = Z there is a sequence y;, € M (x;) that
contains a subsequence converging to . The map M(-) is said to be p-inner
semicompact at T if for every sequence z, = 7 there is a sequence vy, € M ()
that contains a convergent subsequence.

Theorem 2.5 (See [60, Theorem 7]) Let X and Y be two Asplund spaces,
M(-) : X = Y be the solution map of the parametric problem (2.10), and
let (z,y) € gph M be such that ¢ is lower semicontinuous at (Z,y) and G is
locally closed around this point. The following statements hold:

(i) Assume that M(-) is p-inner semicontinuous at (T,7y), that either epig
is SNC at (z,7y,p(Z,y)) or G is SNC at (%,y), and that the qualification
condition

0% p(z,9) N (=N((Z,9);gph G)) = {(0,0)} (2.12)

is satisfied; the above assumptions are automatic if ¢ is locally Lipschitz
around (Z,y). Then one has the inclusions

() c J{z" + DGz, 9)(v") : (z",y") € Dp(Z,7)}
o=u(z) C | J{z" + DGz, 9)(y") : (+",y") € 0™p(z,7)} .

(ii) Assume that M(-) is p-inner semicompact at T and that the other as-
sumption of (i) are satisfied at any (T,y) € gph M. Then one has the

inclustons
ou( c |J {z"+ DG 9y : (2°,y") € 0p(z,7)},
yeM ()
@ c |J {="+ DG o) : (a",y) € ™p(z,9)} -
yeEM ()

(iii) In addition to (i), assume that ¢ is strictly differentiable at (Z,7), the
map M :dom G =Y admits a local upper Lipschitzian selection at (T, ),
and G is normally reqular at (Z,y). Then u is lower regular at T and

() = Vop(7,9) + D"G(7, §)(Vye(T, 7).
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2.2 Coderivatives of the Budget Map

To study the budget map B : Y, = X of the consumer problem ([1.3) in
Section with the values B(p) = {x € X, : (p,x) < 1}, p € Y, given
in (|1.2)), we define a single-valued map f : X* x X — IR x X and a set-valued
map @ : X* x X =R x X by

f(:c*,x) - (<ZU*,CC> - 17 _x)7 Q(.%'*,.CC) - ]R+ X X+ (213)
for all (z*,z) € X* x X. From the definition for B(p), we have

B(p)={reX : 0€ f(p.2) +Qp,x)}, VpeEY,.
Thus, the budget map B : Y, = X is the restriction on Y, of the solution
map B : X* = X,
B(z')={zeX : 0€ f(z*,2)+Qz*,z)}, z"e X, (2.14)

of the parametric generalized equation 0 € f(z*, x) + Q(z*, z) with z* € X*
playing as parameters.

Lemma 2.1 The single-valued map f : X* x X — IR x X s strictly dif-
ferentiable on X* x X. Besides, for any (z*,Z) € X* x X, the coderivative
D*f(z*,z) : R x X* — (X* x X)* is the adjoint operator of V f(Z*,Z) map-
ping each (\,y*) € R x X* to an element of (X* x X)* which is determined
by
(D" f(Z",Z)(\, y"), (u',u)) =(V (@, 2)"(\y), (u*,u)
= MZ"u) + \Nu", 7)) — (y*, u)

for all (u*,u) € X* x X. Moreover, if T is a nonzero vector, then the linear

(2.15)

operator D* f(Z*, ) is injective.

Proof. Fix any (z*,Z) € X* x X. Consider T(z*,7) : X* x X - R x X
defined by

T(@" z)(u u) = ((Tu) + (U, 7), —u) ((u',u) € X* x X). (2.16)

Clearly, T(z*, %) is a linear operator. Putting v = max{||z*|| + 1, ||Z| }, for
every (u*,u) € X* x X, we have

T2, 2)(w” w)l| = [(Z7, u) + (", 2)] + [lul
< ([IZ71 + Dlfull + [z
< (] + flull) = Al (", w)l].
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Thus, T(z*,Z) is a bounded linear operator. Moreover,

lim f(u*a u) - f(,f*,:l_j) - T(j*a'f)((u*vu) - (E*af))
(u* ) (7*,2) | (ur,u) — (Z*,7)||
((u*u) — 1, —u) — ((z*,2) — 1, —7)

= lim [
(u0) =(,2) l(wr =z, u = 7). .

{@u-3) + W=7 7), —(u— :1:)]

I(w =z u — z)|

(u*u)—(Z*,7)

Since
(v —Z%,u — T)| v —z*||||u — Z [ — z*||[Ju — zf| lu— 2
[(u* =z u—2)[ = lu =2 + flu—2Z[] = [Jur =7

and ||u — Z|| converges to 0 when u tends to Z, this implies that f is Fréchet
differentiable at (z*,z), and we have Vf(z*,z) = T(z*,z). From (2.16)
it follows that the operator (z*,z) — T(Z*,z) from X* x X to the space of
bounded linear operators L(X* x X, IR x X)) is continuous on X* x X. Hence,
f is strictly differentiable at (z*,Z). Therefore, for each (A, y*) € R x X*, by
Proposition [2.2] we have

B*f(j*7 j)()‘a y*) - D*f(ﬂ_]*, j) ()‘7 y*) - {Vf(ﬂj"*, 3_7)*(/\7 y*)}7
where V f(z*,Z)* denotes the adjoint operator of Vf(z*,Z). In addition, by
(2.16) and the equality V f(z*,z) = T'(z*,Z) one has
(V@ z) (N y), (u,u) = ((\y"), VT, z)(u, u)
= ((\y"), (", u) + (u*, T), —u))
= XNZ",u) + Mu", 2y — (y*, u)
for every (u*,u) € X* x X. This establishes formula (2.15)).

If £ # 0, then Vf(z*,7) : X* x X — R x X is surjective. Indeed, let
us show that for any (p,v) € IR x X there exits (u*,u) € X* x X with
Vf(z*, z)(u*,u) = (i, v). Since T # 0, by the Hahn-Banach Theorem we can
find uj € X* such that (uj,z) = 1. Setting u* = (u + (T*,v))u] and u = —v,
we have

*

u=—v, (u,T)=p+(T"0v)
& [—u=wv, (T"u)+ (U, z) =y
& (@) + (', 3), —u) = (4,0)
& T(x,7)(u,u) = (u,v).
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Hence, Vf(z*,Z)(u*,u) = (u,v). Now, since D*f(z*,z) = Vf(z*,Z)* and
V f(z*, &) is surjective, we obtain the desired injectivity of D*f(z*, x) from
[76, Theorem 4.15] and complete the proof. O

Lemma 2.2 The map @ : X* x X = IR x X given in (2.13) is locally closed
around and graphically reqular at every point of gph @ = X* x X xR x X,.
For any (z*,Z, ii,9) € gph Q, we have

Dz, 2,1, 9)(\ y') = D'QE, 2, 1, 7)(\, ¢°)
(0.0} if—re N@R,) and -y € N(; X,)

B 0 otherwise
(2.17)

with (\,y*) € R x X*. Moreover, Q is SNC at (z*,Z, fi,y) € gph Q whenever
X, is SNC at y. Especially, if int X, # 0, then QQ is SNC at every point of
its graph.

Proof. Since X is closed and convex, gph () = X* x X xR, x X, is a closed
and convex subset of X* x X x IR x X. Take any (z*, %, 1,9) € gph Q. The
closeness of gph () implies that @ is locally closed around (z*, Z, i, y), while
the the convexity of gph () and Proposition yields that @) is graphically
regular at this point, and

D*Q(z", 7, 1,7) = D'Q(Z", 7, [1, ).
Take any (A, y*) € IR x X*. By the definition of limiting coderivative and

properties of the normal cone to a Cartesian product (see [56, Proposition
1.2]), we have

D*Q(z", 2, 1, ) (A, y")

x) 1 (x,2", =\ —y") € N((Z",Z, 1,7);gph Q) }

(,2%) : (z,2%, =X\, —y") € N(T"; X*) x N(z; X) x N(;Ry) x N(7; X,)}
(0,0} if —Ae N(iIRy) and —y* € N(y; Xy)

otherwise.

Thus, formula (2.17)) is valid.

Next, suppose that (z*, Z, i1, y) € gph Q. By [56, Theorem 1.21], any convex
set with nonempty interior is SNC at every point belonging to it. Hence, X,
X, R, are SNC at %, 7, fi, respectively. If, in addition, X, is SNC at y (which
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is automatically satisfied if int X, # ), then gph@Q = X* x X x IR, x X, is
SNC at (z*, 7, 1,9). So, Q is SNC at (z*,z, i, y) whenever X, is SNC at .

The proof is complete. O

Lemma 2.3 Let 7* € X*, T € E(J‘:*), wizere B is the map in ([2.14), be such
that © # 0 and X, is SNC at . Then B : X* = X is graphically reqular at
(z*,Z). Moreover, for every z* € X*,
D*B(z*,7)(z") = D*B(7*,7)(x")
{AZ : A>0, 2"+ " e —N(z; X))} if (5,2) =1 (2.18)
=440} if (z",7) <1, 2 € —N(7; X,)
0 if (zr,7) <1, 2" ¢ —N(T; X).

Proof. Suppose that z* € X*, z € B(z*)\ {0}, and X, is SNC at Z. Since X
is reflexive, so are X*, X* x X, and IR x X. Hence, these spaces are Asplund
and (X*)" = X, (X*x X)*=X x X*, (R x X)" =R x X*. The proof is
divided into two steps. In the first step, we will apply Theorem to show
that, for every rre X,

D*B(z*,Z)(z") = {z € X : Ix e —N(1 - (z",2);R,), J* € —N(T; X,)
such that (z,—2") = Vf(z*,2)"(\,y")}.
(2.19)

In the second step, we will prove that the set A(z*) in the right-hand side of
(2.19) can be computed by the formula

{AT:A>0, 24+ X" € —=N(z; X,)}, if (z5,7) =1
A7) = {0}, if (7", 7) < 12" € —N(z; X.) (2.20)
0, if (z*,2) < 1,2° ¢ —N(z; X,).

STEP 1. From Lemma 2.1} f is strictly differentiable at (z*,7) and its
coderivative is given by formula (2.15). Besides, since 7 € B(7*), T € X,
and 1—(z*,7) € R,. Thus, (z*,7,1—(Z*,7), ) € gph Q. Lemma[2.2]implies
that @ is locally closed around (z*,z,1 — (z*, %), T), graphlcally regular and
SNC at this point if X, is SNC at z. So, if condition (| is satisfied, then
B is graphically regular at (z*,7) and we can estimate the coderivatives of
B at (z*,z) by formula (2.7) when it holds as equality. To check (2.6)), we fix
any (z,z*, \,y*) € X x X* x R x X* satisfying the inclusion

(w,2%) € D" f(7,2) (A y") ) ( — D*Q(F, 7,1 — (7", 7), f)(A,y*)). (2.21)
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By Lemma 2.2} one has D*Q(z*, 7,1 — (z*, %), Z)(\,y*) € {(0,0)} C X x X*.
Combining this with and noting that D* f(z*, Z)(\, y*) is a singleton, we
obtain (z,z*) = (0,0) and D*f(z*,z)(\,y*) = (0,0). In addition, since T # 0,
it follows from Lemma that D*f(z*,z) is injective. This implies that
(A, y*) = (0,0) € IR x X*. Thus, if (z,2*, X\, y*) € X x X* x R x X* satisfies
(2.21), then (z,z*, u,y*) = (0,0,0,0). Thus, condition is fulfilled.

By the second assertion of Theorem 2.1, the set-valued map B:X*"= X

is graphically regular at (z*, %), and the coderivative D*B(z*,z) : X* = X
maps each x* € X* to the set

D*B(z*,7)(z")
={zr e X : I\, y*) € R x X" such that
(z,—2") € D" f(z",2)(\,y") + D"Q(z", z,1 — (7", 7),2) (A, y") }.
In addition, by (2.17),
D'Q(z",z,1 —(2°,%),T)(\, y")
{(0,0)} if —Ae N1 —(z*,z2);IR;) and —y* € N(z;X,)
N {@ otherwise.

Hence, we obtain formula (2.19)).

STEP 2. For any 2" € X*, v € X, A € R, y* € X", the equality
(,—2") = V(@ 2)" (A y) (2.22)
holds if and only if
(z,—x"), (u",u)) = (Vf(@",z2)"(N\y"), (u,u), Yu €X' VuelX.
So, by (2.15), means that
((x = Az, y" — 2" = A\T"), (u",u)) =0, Vu' € X" VueX.
Clearly, the latter is equivalent to the following system
rT=AT, Y =x"+ A" (2.23)

Now, fix an z* € X*. If (z*,z) < 1, then —N(1 — (z*,z);IR,) = {0}. So,
x € A(z*) if and only if the equality holds for A = 0 and for some
y* € —N(z; X,). From this property and it follows that A(z*) = {0}
when z* € —N(z; X)) and A(z*) = ) when z* ¢ —N(z; X,). If (z*,7) =1,
then —N(1 — (z*,z);IR,) = R,. Therefore, x € A(z*) if and only if
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holds for some A > 0 and y* € —N(Z; X,). So, x € A(x*) if and only if x
fulfills (2.23) with A € IR, satisfying the condition z* + \z* € —N(z; X,).
Formula ([2.20)) has been obtained.

The proof is complete. U

In Chapter 1, a Lipschitz-Holder property of the demand map D(-) was
obtained by using the Lipschitz-like property of the budget map B(-) at point
(p, T) € gph B with p being an interior point of the cone of prices Y. Now, we
will show that if z # 0 and X, is SNC at z, then we can get the Lipschitz-
like property of B(:) without imposing the condition p € int Y,. Hence,
Theorem in the previous chapter can be extended to the case where p
may belong to the boundary of Y.

Theorem 2.6 Assume that z* € X*, z € B(z*) \ {0}, and X, is SNC at
Z. Then, the solution map E() is Lipschitz-like at (z*,Z) € gph B. Conse-
quently, ifp e Y., & € B(p) \ {0}, and X, is SNC at %, then the budget map
B(+) is Lipschitz-like at (p,x) in the sense that there exist a neighborhood U
of p, a neighborhood V' of &, and a constant £ > 0 satisfying

B(p) NV C B(p)) +{lp—p||Bx, Vp,p €eUNY,. (2.24)

Proof. Suppose that z* € X*, z € B(z*) \ {0}, and X, is SNC at z. We

apply Theorem [2.2| with f, @ being given by (2.13)), (z*,z) and B(-) playing
the roles of (Z,y) and S(-), respectively. Thus, we are dealing with the

generalized equation 0 € f(z*, x) + Q(x*, x) appeared in (2.14)).

Since X is reflexive, so are X* and R x X. Hence, X*, X, and IR x X
are Asplund spaces. Besides, it follows from Lemma that f is strictly
differentiable at (z*,z). Moreover, as & € B(Z*), one has z € X, and
1 —(z*,z) € Ry. Thus, for z := (1 — (z*,Z), ), one has

(z°,%,Z) €gph @ = X" x X xR, x X,.
Since X, is SNC at z, Lemma assures that @) is locally closed around
(z*, 7, z), graphically regular and SNC at this point. Therefore, it remains to

check ([2.8) and ({2.9)).
Condition (2.8) requires
[(0,0) € Vf(z*,2)" (N, y*) + D*Q(&", &, 2)(\, y")] = (\,y") = (0,0).
Fix any (A, y*) € IR x X* with the property
(0,0) e Vf(z",2)" (N, y") + D'Q(Z",Z,2)(\, y"). (2.25)
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By (2.17), the inclusion D*Q(z*, Z, Z)(A, y*) C {(0,0)} is valid. Hence,
implies that Vf(z*,2)*(\,y*) = (0,0). On one hand, combining this with
(2.15)), we get D*f(z*, x)(/\ y*) = Vi@, z)*(\y") = (0,0). On the other
hand, since & # 0, D*f(z*, %) is injective by Lemma 2.1} It follows that
(A, y*) = (0,0). Thus, condition is satisfied.

Condition is the following
(2,0 € V@, 2)(\y") + D'Q 2. 2)(Ay)] = (2.Ay") = (0,0,0).
Let (z, A\, y*) x IR x X* be such that
(z,0) € VA", 2)"(A\y") + D'Q(z", 2, 2) (A, ).

In combination with (2.17)), this inclusion implies that A € —N(1—(z*, z); R, ),
y* € —=N(z; X,), and (x,0) = V f(z*,2)*(\,y*). Hence, using formula (2.19)
for x* = 0, we obtain z € D*B(z*,7)(0). Let us show that

D*B(z*,%)(0) = {0}. (2.26)

Since X, is a convex cone, N (7; X, ) is the normal cone in the sense of convex
analysis. Clearly, 0 € —N(z; X,). As # € B(z*), one has (z*,z) < 1. In the
case (Z*,7) < 1, by formula (2.18), one gets (2.26). In the case (Z*,7) = 1,
implies

D*B(z*,7)(0) = {tz : t >0, tz* € —N(z; X,)}. (2.27)

By (2.27), if D*B(z*,%)(0) contains a nonzero vector, then the latter must
have the form tz with ¢ > 0 and —tz* € N(z; X, ). For 2 := 0 € X, we have
(—tz*,z —x) =t(z",z) =t >0,

which contradicts the inclusion —tz* € N(z; X,). Thus, (2.26) is valid.
Since x belongs to D*B(z*,z)(0), it follows from (2.26) that = 0. So, as

Vi@, z)* N\ y*) = (z,0), we get Vf(z*,Z)* (N, y*) = (0,0). Hence, by (2.15),
D f(z",z)(\,y") = V(" 2)"(A\y") = (0,0).

Since D*f(z*, ) is injective by Lemma [2.1] this yields (\,y*) = (0,0). We
have shown that (x, A, y*) = (0,0,0); thus is fulfilled.

The above analysis allows us to invoke Theorem to assert that the
map B : X* = X is Lipschitz-like at (z*,z). Now, take any p € Y, and
z € B(p) \ {0}. Since z € B(p) = B(p), one has z € B(p). Thus, if X, is
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SNC at z, then Bis Lipschitz-like at (p, Z). Hence, there exist a neighborhood
U of p, a neighborhood V' of z, and a constant ¢ > 0 satisfying

B(p) NV C B()) +llp — P Bx, Vp,p' €U. (2.28)

Remembering that E(p) = B(p) for all p € UNY,, we obtain (2.24) from
([2.28) and complete the proof. 0

Under some mild conditions, we can have exact formulas for both Fréchet
and limiting coderivatives of the budget map.

Theorem 2.7 Suppose that p € intY,, & € B(p)\{0}, and X, is SNC at T.
Then the budget map B : Y, = X, is graphically reqular at (p, ). Moreover,
for every x* € X*, one has

D*B(p,z)(z") = D*B(p, 7)(a")
(AZ : A>0, 2"+ p€-N@: X)) if (7)) =1
=< {0} if (p,x) <1, 2" € =N(z; X,)
0 if (p,x) <1, 2" ¢ —N(z; X,).
(2.29)

Proof. Since p € intY,, there exists an open set U in the norm topology of
X* such that p € U C Y,. Then B(p) = B(p) for all p € U. It follows that

(gph B) N (U x X) = (gph B) N (U x X). (2.30)

By definitions of Fréchet and limiting normal cones, N ((p, %); gph B) and
N((p,);gph B) (resp., N((p,z);gph B) and N((p,);gph B)) are defined
just by vectors of gph B (resp., of gph E) in a neighborhood W of (p, ).
Choosing W = Ux X, from one has N((ﬁ, Z);gph B) = N((ﬁ, T); gph E)
and N((p,7);gph B) = N((p, :E);gphé). Consequently, for any z* € X*,
D*B(p,z)(z*) = D*B(p,z)(z*) and D*B(p, z)(z*) = D*B(p, z)(z*). Hence,
letting p play the role of z* in (2.18)), we obtain formula from the latter.

The proof is complete. U

Theorem requires that X, is SNC at 7 and int Y, # (). As any convex
set with nonempty interior is SNC at every point belonging to it (see the
proof of Lemma [2.2)), the cones of goods and cones of prices constructed in
the following example satisfy these requirements.
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Example 2.1 Let X be a reflexive Banach space. Take any a € X \ {0} and
fix a value £ € (0, 1]|a]|). As the set of goods, we choose X, = cone (B(a, ¢)),

where
cone) :={tv : veEQ, t >0}

denotes the cone generated by (2. Clearly, X, is a closed convex cone in X
with nonempty interior. Select a unit vector Z* € X* such that (z*,a) > 3||al|.
It is a simple matter to show that B(z*, %) is contained in the cone of prices Y,
corresponding to X,. Thus, Y, C X* is a closed convex cone with nonempty
interior.

If (p,z) = 1 then, for any z* € X* using one can compute the
coderivative values D*B(p, z)(x*) and D*B(p, z)(z*) via the set of real num-
bers {\ >0 : x4+ A\p € —N(&; X,)}. The forthcoming lemma, which will
be used intensively in Sections and 2.4, describes explicitly latter set in a
situation where z € D(p) and * = —Vu(z).

Lemma 2.4 Suppose that (p,z) € gph D and u is Fréchet differentiable at
x. Then

{AN>0: \peVu(z)— Nz; X,)} ={(Vu(z),7)} (2.31)
when (p,z) =1, and Vu(z) € N(z; X,) when (p,z) < 1.

Proof. Let p, z, u satisfy our assumptions.

Suppose that (p, z) = 1. We first establish the inclusion “C” in (2.31]), and
then show that the set on the left-hand side, which will be denoted by A, is
nonempty.

Given any A € A, we have \p = Vu(z) — z* for some z* € N(z; X, ). From
the last equality and the condition (p, z) = 1, we have A = (Vu(z), Z)—(z*, 7).
Besides, since z* € N(z; X, ) and X, is convex, (z*,x—Z) < 0forall x € X,.
In addition, as X, is a nonempty closed cone, x; := 0 and z, := 2% belong
to X,. Therefore, —(2*,z) = (2*,2; —z) < 0 and (2*,7) = (2", 2, — ) < 0.
Hence, we must have (z*,z) = 0. Thus, A = (Vu(%),z) and we obtain the
inclusion “C” in ([2.31]).

Next, fix an arbitrary x € B(p). As B(p) is convex, x; := tx + (1 — )T
belongs to B(p) for all ¢t € (0,1). Since £ € D(p), u(z) > wu(x;) for all
t € (0,1). Thus, [u(z+t(x—2z))—u(z)]/t <O0forallt € (0,1). Letting t — 0F
and using the Fréchet differentiability of u at Z, we obtain (Vu(z),x—z) < 0.
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Since the latter holds for any x € B(p), by the convexity of B(p) we have
Vu(z) € N(z; B(p)). Now, as B(p) = X, NQ with Q :={x € X : (p,x) <1}
and 0 € X, Nint (), applying the fundamental intersection rule of convex
analysis [43, Proposition 1, p. 205], we have

N B(p) = N(3: X,) + N(3: Q). (2.32)

Clearly, N(z;Q) = IR, p when (p, ) = 1. So, the inclusion Vu(z) € N(z; B(p))
and imply the existence of A > 0 satisfying Vu(z) € N(z; X ;) + Ap.
This shows that A # 0.

If (p,z) < 1, then N(z;) = {0}. Thus, the inclusion Vu(z) € N(z; B(p))
and yield Vu(z) € N(z; X,).

The proof is complete. O

2.3 Fréchet Subdifferential of the Function —v

As discussed in Section [1.1], the consumer problem ([1.3) is a maximization
problem depending on parameters p when the prices p vary in the cone Y,.
Thus, we can consider the optimal value function and the solution map of the
problem, which are respectively called the indirect utility function and the
demand map in the economic terminology and their values are respectively
defined by and (L.5). Concerning a parametric optimization problem,
whether a maximization or a minimization one, people always pay attention
to study the stability (the continuity, the Lipschitz/Lipschitz-like/Lipschitz-
Hoder property) and the differential stability (in some sense) of its optimal
value function and solution map. To continue the investigations presented
in Chapter [, we will study the Fréchet and limiting subdifferentials of the
optimal value function of . A natural question arises: Why are Fréchet
and limiting subdifferentials instead of simpler ones, for erxamples, one in
the sense of convexr analysis? To answer, we raise another question: Is this
optimal value function convex or concave so that we can consider the subdif-
ferential in the latter sense? As will be shown in Example [2.3] this optimal
value function v(-) is generally neither convex nor concave.

Technically, we will transform this maximization problem into an equiv-

alent minimization one which has available advanced results on estimating
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subdifferentials of the optimal value function. By that way, we will get
—v(p) = inf{—u(z) : 2 € B(p)}, peYy;

hence, we can consider a counterpart of v(+), the infimal nuisance function
—u(+) obtained from the former by changing its sign, as the role of the optimal
value function of the corresponding minimization problem.

Results on estimating Fréchet subdifferential of the function —v are pre-
sented in this section, while those on estimating limiting one will be addressed
in the next section.

Theorem 2.8 Let p € int Y, and T € D(p) \ {0} be such that D(p) # 0, X,
is SNC at z, and 8u( ) £ 0. The following assertions hold:

(i) If (p,z) =1, then

I-v)p)C () {\d:A20, 2"+ \pe-N@Z:X)}  (233)
x*e—gu(f)

(ii) If (p,z) < 1, then

d(—v)(p) C {0}; (2.34)
(iii) If (p,Z) < 1 and Ou(z)\ N(Z, X,) # 0, then
o(—v)(p) = ; (2.35)

(iv) If u is Fréchet differentiable at T, and the map D : dom B = X, admits
a local upper Lipschitzian selection at (p,T), then

~ V@), )2} if (p,T) =
=v)(p) = {{0} if (5. 7) < 1.

Proof. To transform the problem to the minimization problem ,
we let X* (resp., X) play the role of X (resp., Y). Put p(z*,z) = —u(x) for
(z*,x) € X* x X. Besides, let G(z*) = {z € X, : (z*,x) < 1} for z* € Y.,
G(z*) = () otherwise. From ([1.2)), (1.4), (1.5]), and the conventions made, one
deduces that G(z*) = B(z*), p(z*) = —v(z*), and M(2*) = D(a*) for all
e X7

Let p € intY, and z € D(p) \ {0} satisfy the assumptions of the theorem.
Using the definitions of Fréchet subdifferential and Fréchet upperdifferential,

(2.36)

one can show that
oz, x2) = {0} x (—du(z)), V(& z)e X" x X.
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Hence, the assumption (9u( ) # ) implies ot ©(p, ) # (. Applying Theorem
B3 for u(-) = (~v)(), M() = D(), and (7,5) =
- c (1 [z+DBE)E)] = (] B*B(p, 7)(x").

(z,2%) €8+ ¢ (p,)

(i) If (p,z) = 1, then (2.37) and ((2.29) imply (2.33).
(ii) If (p,z) < 1, then by (2.29) one has D*B(p,z)(z*) C {0} for every
z* € X*. It follows that

(p, ), we have

(2.37)

N D'Bpa)(a")  {0}.
ve-0u)(@)

Hence, (2.37) yields (2

(iii) If (p,7) < 1 and 8u( )\N(m X,) # 0, then there exist 7% € —0u(z)
such that z* ¢ —N(z; X,). By (2.37) and (2.29), we have

o—v)p)c () DB C DBz @) =0,

a*€—0(u)(z)

Hence, ([2.35)) is valid.

(iv) Now, suppose that the function u(-) is Fréchet differentiable at z, and
the map D : domB = X, admits a local upper Lipschitzian selection at
(p,x). Since u is Fréchet differentiable at z, Vp(p,z) = (0, —Vu(z)). By
Theorem 2.4], one gets

0(=v)(p) = D"B(p, 7)(~Vu()) (2.38)
Since D*B(p,z)(—Vu(z)) can be computed by ([2.29) with z* := —Vu(z)
and by Lemma [2.4] formula ([2.36]) follows from ([2.38). O

The upper estimates for the subdifferential 9(—v)(p) provided by Theorem
are sharp. Moreover, under some mild conditions, the set on the right-
hand side of is a singleton. In addition, if the indirect utility function
v is Fréchet differentiable at p, then its derivative at p can be easily computed
by using and (2.34). The following statement justifies our observations.

Corollary 2.1 Let p € intY, and = € D(p) \ {0} be such that X, is SNC at
x, and u 1s Fréchet differentiable at x. Then

S o) Vu(@), )yt if (por) =1
e {{0} if (p,7) < 1.
46

(2.39)



Consequently, if the indirect utility function v is Fréchet differentiable at p,
then
)

=1
) < 1.

8

Vo) {—<w<x>,x>x if (b 010

0 if P,

8

Proof. Let p, Z, and u satisfy our assumptions. Then, du(z) = {Vu(z)}.

Hence, (2.39) follows from Theorem [2.§ and Lemma [2.4]
If v is Fréchet differentiable at p, then dv(p) = —d(—v)(p) = {Vu(p)}
by [56], Proposition 1.87]. So, ([2.40) follows from ([2.39)).

The proof is complete. O

To obtain another corollary from Theorem 2.8, we now recall a well-known
concept in mathematical economics. One says (see, e.g., [65, p. 1076]) that
the consumer problem ([1.3) satisfies the non satiety condition (NSC) if

[(z,p) € X0 x Yy, (pz) <1] = [F2 € Xy, u(z) > u(x)].
As it has been noted in [65], NSC is equivalent to the following condition:
[(z,p) € X, xY,, (p,x) < 1] = u(x) < v(p).

Moreover, one can easily prove the next lemma, which characterizes NSC via
the demand map.

Lemma 2.5 (See |65, Lemma 4.2]) The NSC is satisfied if and only if for all
peY,, one has D(p) C {x € X : (p,x) =1}.

Consumer problems with the Cobb-Douglas utility functions satisfy the
non satiety condition.

Example 2.2 Suppose that there are n types of available goods. The quanti-
ties of goods purchased by the consumer form the good bundle x = (z4, ..., z,),
where x; is the purchased quantity of the i-th good, 7 = 1,...,n. Assume
that each good is perfectly divisible so that any nonnegative quantity can
be purchased. Good bundles are vectors in the commodity space X := IR".
The set of all possible good bundles

X, ={z=(v1,...,2,) €R" : 2, >0,...,2, >0}
is the nonnegative orthant of IR". The set of prices is

Y,={p={p,....,pn) €ER" : py>0,...,p, >0}.
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For every p = (p1,...,pn) € Y., p; is the price of the i-th good, 1 =1,...,n.
Given some numbers A > 0, oy, o, . .., a, € (0,1), consider the utility func-
tion u : X — IR, defined by u(z) = Az{z5?...2% for any = € int X,.
(Recall [89, p. 96] that 0 = 0 for any a > 0.) Clearly, u is strictly
increasing in each variable on int X,. Take p = (py,...,p,) € Y, and
r = (r,...,2,) € X, satisfying (p,z) < 1. If x ¢ int X, then we choose
= (2,2, ..., 2)) such that 2} € (0,1) and Y | p;z; < 1. Then (p,2’) < 1
and 2z’ € int X, and therefore u(z’) > 0 = u(x). Consider the case where
x € int X,. If p = 0, then by choosing 2’ = (2, xs, ..., z,) with x| > z,
one gets (p,z') < 1 and 2’ € int X,. Hence, u(z’) > u(z) as u is strictly in-
creasing on int IR, w.r.t. the first variable. If p # 0, then there exists i, such
that p;, > 0. We choose 2’ = (2,75, ...,2,) with zj = (1 = > ., pizi)/pi
and z! = z; for all i # 4. It follows that (p,2’) = 1, 2’ € int X, and
T;, > x;,. As u is strictly increasing on int IR, w.r.t. the 4,-th variable, one
gets u(z’) > u(x). We have shown that, for any pair (p,z) € Y, x X, with
(p,x) < 1, there exists 2’ € X, such that (p,2’) <1 and u(z') > u(z). Thus,
the NSC is satisfied.

In the following corollary, it is not assumed a priori that the demand set
D(p) is nonempty.

Corollary 2.2 Suppose that X, has nonempty interior and the NSC is sat-
isfied. If u(-) is concave and upper semicontinuous on X, and Fréchet dif-
ferentiable on D(p) then, for any p € intY,, one has

(—v)(p) € {(Vu(z),7)z : = € D(p)}. (2.41)

Proof. Let p € intY,. Since u(-) is concave and upper semicontinuous on
X, it is weakly upper semicontinuous on X, . Hence, by [65, Proposition 4.1]
we have D(p) # (). Take any T € D(p). Since X, is a convex set with
nonempty interior, it is SNC at z. Besides, as the NSC is satisfied, Lemma
implies (p, Z) = 1. Due to this and the Fréchet differentiability of u(-) on
D(p), formula and Lemma [2.4] give d(—v)(p) C {(Vu(z),Z)z}. Since

T € D(p) is arbitrarily chosen, from the last inclusion we obtain (2.41)). O
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2.4 Limiting Subdifferential of the Function —v

Our results on limiting and singular subdifferentials of —v are stated in
the following theorem.

Theorem 2.9 Letp € intY, and € D(p)\{0} be such that D(p) # 0, X, is
SNC' at x, u is upper semicontinuous at &, and D 1is v-inner semicontinuous
at (p,x). Assume that either hypou is SNC at (Z,0(Z)) or X is finite-
dimensional, and the qualification condition

O™ u(z) N N(z; X,) = {0} (2.42)
is satisfied. Then, the following assertions hold:
(i) If (p,x) =1, then

o-v)p)c |J Az :A>0, 27— Ape Nz X)), (2.43)

x*edtu(z)

o*(—v)p)c | {Az:A=02"—MpeN@:X,)}h  (244)

x* €9 u(T)

(ii) If (p,z) < 1, then

d(—v)(p) C {0}, (2.45)
0> (—v)(p) = {0}; (2.46)

(iii) If (p,z) < 1 and 0" u(Z) N N(z; X,) =0, then
O(—v)(p) = 0; (2.47)

(iv) If u is strictly differentiable at T, and the map D : dom B = X, admits
a local upper Lipschitzian selection at (p,x), then (—v) is lower reqular
at T and

o)) {{<w<x>,w>x} if (. @) = .

{0} if (p,T) < 1.

Proof. Let p € intY, and z € D(p) \ {0} satisfy the assumptions of the
theorem. At the beginning of the proof of Theorem [2.8], we have transformed
the consumer problem in to the minimization problem (2.10), where
oz, z) = —u(zx) for (z*,2) € X* x X, G(z*) = B(z"), p(z*) = —v(x*), and
M(x*) = D(x*) for all z* € X*.
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Now, we will show that the limiting and singular sudifferential of —v at
p can be estimated by assertion (i) of Theorem 2.5, Since X is a reflexive
Banach space, so is X*. Hence, X and X* are Asplund spaces. Moreover,
B is locally closed around (p, Z) because gph B is closed and (p, ) € gph B.
Since u is upper semicontinuous at Z, ¢ is lower semicontinuous at (p, 7).

If hypow is SNC at (Z, p(Z)), then epip is SNC at (p, Z,¢(p,)). If X is
finite-dimensional, B is SNC at (p, Z).

Letting (p, Z) play the role of (Z, 7), we now show that (2.42) implies ([2.12]).
The latter means that

0%¢(p, ) N (=N((p,7);gph B)) = {(0,0)}. (2.49)
The inclusion “D” is trivial. Take any (z,z*) € X x X* belonging to the
left-hand side of (2.49). On one hand, since 0%¢(p, z) = {0} x 9°(—u)(z),
x =0 and z* € 9°(—u)(x). This implies that —x* € 9°"(—u)(Z). On the
other hand, because (—z, —z*) € N((p,z); gph B) and x = 0, it follows that
(0, —x*) € N((p,%);gph B). Hence, 0 € D*B(p, z)(x*). Combining this with
implies —x* € N(Z; X,). Thus, one has

—x* € 0% (—u)(Z) N N(z; X,).

So, by one obtains z* = 0. We have just shown that (x,z*) = (0,0);
hence the inclusion “C” in (2.49) is true.

Since all the assumptions for the validity of assertion (i) of Theorem
are satisfied, we have

d(—v)(p) C | J{z + D"B(p, 7)(z") : (z,27) € dp(p,T)}, (2.50)

0°(—v)(p) C U {r+ D"'B(p,z)(x*) : (x,2") € 0%¢p(p,T)}. (2.51)

Since dp(p,z) = {0} x O(—u)(Z), and 0*p(p,z) = {0} x 0°(—u)(%), the
inclusions and respectively imply

d-v)p)c  |J DB D)), (2.52)
z*€d(—u)(Z)
o>(-v)p)c |J DB (). (2.53)

x*€d>® (—u)(z)

(i) 1f (5.7) = 1, then (252), [53), and (2:29) imply

o—v)p)c |y {A@:A>0 2"+ e Nz X))},
x*€d(—u)(T)

o*(-v)p)c | {2 A>02"+Ape Nz X))

r*€d>®(—u)(T)
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As —0(—u)(Z) = 0Tu(Z) and —0®(—u)(Z) = 0°"(—u)(Z), these inclusions
yield and (2.44), respectively.

(ii) If (p,z) < 1, then by one has D*B(p,z)(z*) C {0} for every
x* € X*. It follows that

U DB(p.z)(a") c {0}, U D'B(pz)(") c {0}

2+ €d(—u) (@) * €0 (—u)(2)
So, implies (2.49)), and yields 9>°(—v)(p) C {0}. Remembering
that 9>(—v)(p) always contains the origin, one obtains (2.46).

(iii) If (p,z) < 1 and O*u(z) N N(z; X, ) = (), then for any z* € I(—u)(x)
one has z* ¢ —N(Z; X,). Therefore, by (2.29), D*B(p,z)(z*) = 0 for all
x* € O(—u)(z). Combining this with implies (2.47).

(iv) Since p € intY, and z € B(p) \ {0}, B is graphically regular at (p, z)
by Theorem . Besides, as u is strictly differentiable at z, so is ¢ at (p, T)
and one has Vo(p,z) = (0, —Vu(Z)). Applying assertion (iii) of Theorem
2.5, we have

d(—v)(p) = D*B(p, 7)(=Vu(7)). (2.54)
Since D*B(p, z)(—Vu(Z)) can be computed via with z* := —Vu(z)
and Lemma , formula follows from .

The proof is complete. U

We now give an illustrative example for Theorem 2.9

Example 2.3 Choose X = IR, X, = IR,, and define the concave utility
function u : X — IR by
if <1
u(z) = {aj if o<

1 it z>1.

One has Y, =R, and

~ J0,+00) if p=0
B(p){[(),l/p] it p>0.



u(x)

-u(x)

Figure 2.1: Utility function Figure 2.2: Budget map

and

[1,4+00) if p=0
D(p)=1<[1,1/p] if O0<p<1
{1/p} if p>1

We see that both functions v and —v are neither convex nor concave on

| w

Figure 2.3: Indirect utility function Figure 2.4: Demand map

X,. Consider the pair (p,z) = (1,1) belonging to gph D. It is obvious that
pEeintY, & # 0, X, is SNC at z, and (p,z) = 1. Besides, as u is locally
Lipschitz on X, u is upper semicontinuous at z and 0°*u(z) = {0}. Thus,
the qualification ([2.42)) is satisfied. Moreover, the formulas of v and D imply
that D is v-inner semicontinuous at (p, ).

It follows from definitions that

8+u(j) - [07 1]7 8(_7))(@) - [07 1]7 and 800(_7})(23) — {0}
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while, by direct computation, we have

U A2 x>0, 2= XpeNEX,)}=10,1],
x*€dtu(z)
U {7 :A>0 2"~ \pe Nz X,)} = {0},

x* €0 u(T)
Thus, the inclusions (2.43) and (2.44) hold as equalities.

Now, we present a counterpart of Theorem [2.9] where the assumption on
the v-inner semicontinuity of D at (p, ) is removed. In fact, here one has the
v-inner semicompactness of D at p, which is guaranteed by the assumptions
saying that X is finite-dimensional and p € int Y.

Theorem 2.10 Suppose that X is a finite-dimensional Banach space, the
non satiety condition is satisfied, and u is upper semicontinuous on X_,. For
any p € intY,, if the qualification condition 15 satisfied for every
T € D(p), then one has

cl U P2:xaz02"-xpeN@:X,)} (255
zeD(p) z*€dtu(x)
0> c U U {Az:A>0 2"-XpeN@: X))} (256)

zeD(p) x*€d>®Tu(T)

Proof. Fix a vector p € intY, and suppose that all the assumptions of
the theorem are satisfied. We transform to in same manner
as in the proofs of Theorem and Theorem 2.9, Let us show that the
limiting and singular sudifferential of —v at p can be estimated by assertion
(ii) of Theorem . To do so, we have to prove that the map D is v-inner
semicompact at p.

On one hand, for a given r € (0, 1), as shown in the proof of Proposition 3.2
n [35], the vector ¢ := rp belongs to intY,, the set U; := ¢+ intY, is an
open neighborhood of p, and B(p) C B(q) for every p € U;. On the other
hand, since X is a finite-dimensional Banach space, the weak topology of
X coincides with its norm topology. Hence, by the upper semicontinuity of
uw on X, and [65, Proposition 4.1}, D(p) is nonempty for every p € intY,.
So, the set U := U; NintY, is an open neighborhood of p and one has
D # D(p) C B(q) for every p € U. Take any sequence p, — p. Without
loss of generality, one may assume that p, € U for all k. Thus, for each k,
one can select a vector z; € D(py). Since {z,} C B(q), the compactness
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of B(q) (see [65, Proof of Proposition 4.1]) implies that {z;}ien contains a
convergent subsequence. We have thus proved that D is v-inner semicompact
at p.

By assertion (ii) of Theorem [2.5] where we let p(z*, ) = —u(x) for every
(x*,2) € X* x X, G(z*) = B(z*), p(x*) = —v(z*), M(2*) = D(z*) for every
r* € X*, and * = p, we have

o(—v)(p) ¢ |J {e+DB(p,7)(x") : (v,2") € 0p(p, 7))},
zeD(p)
0*(—v)(p) € |J {o+DB(p,7)(a") : (v,27) € 0%¢(p, )}
zeD(p)
Since dp(p,T) = {0} x I(—u)(Z), and I®p(p, =) = {0} x 0°(—u)(Z), these

inclusions imply

c U U DB z)(x), (2.57)
zeD(p) z*€d(—u)(T)
c U U D*B(p, z)(x"). (2.58)

ZeD(p) xz*€d>®(—u)(T)

As the NSC is satisfied, we have T # 0 and (p,z) = 1 for any & € D(p).

Thus, it follows from (2.57)), (2.58), and (2.29) that
o(-v)p) c | U {)\x cA>0, 2"+ \pe—N(z; X))}
z€D(p) z*€d(—u
c U U (A : A>0, 2"+ \pe —N(z; X,)}).
ZeD(p) z*€0°(—u)(T)
Remembering that —8(—u)(f) = 0"u(Z) and —0°(—u)(Z) = 0 (—u)(Z),
one obtains (2.55) and (2.56) from these inclusions and thus completes the
proof. O

Corollary 2.3 Let p € intY,. If X s finite-dimensional, the NSC s satis-
fied, and u is strictly differentiable on D(p), then

d(—v)(p) C {(Vu(z),7)7 : 7 € D(p)}, (2.59)
9% (=v)(p) = {0}. (2.60)

Proof. Under the assumptions of the corollary, take any z € D(p). By
the strict differentiability of u on D(p), one has 0" u(z) = {Vu(z)} (see [50,
Corollary 1.82]), and w is locally Lipschitz around Z (see [56, p. 19]). Thus,
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0> *u(z) = {0}; hence the qualification condition (2.42)) is satisfied at z. It
follows from Theorem that

d(—v)(p)C |J Az : A>0, A\p € Vu(z) — N(z; X,)}, (2.61)
zeD(p)

0>(—v)(p)c |J {M@: A>0, \pe —N(z; X,)}. (2.62)
zeD(p)

For any z € D(p), by Lemma 2.4 one has
D020 Ape Vul@) - N(@ X,)} = {(Vu(@), )},

while {\ >0 : Ap € =N (z;X,)} = {0}. Thus, (2.59) follows from ([2.61]),
and (2.60]) follows from (2.62)), because 0 € 9°(—v)(p).

The proof is complete. O

2.5 Some Economic Interpretations

In order to give some economic interpretations for the obtained results on
estimating subdifferentials, we need to clarify the relationships between the
concepts of subdifferential and derivative.

Suppose that p € intY, and € € d(—v)(p). By [56, Theorem 1.88], there
exists a function s : X* — IR that is finite around p, Fréchet differentiable at
p, such that

s(p) = —v(p), Vs(p)=¢, and s(a) < —v(z*) forall 2" € X*.
(2.63)
Fix a vector ¢ € X*. If t > 0 is small enough, then the Fréchet differentiability
of s at p implies

s(p +tq) = s(p) +t{Vs(p),q) + o(t)

t
with lim # = (. Combining this with (2.63|) gives

t—0+

_<57 q> > U(ﬁ+tqt) _ U(ﬁ) 4+ 0(;))

for ¢ > 0 small enough. Hence, we get

_(E.g) > limsup LT 10 = V(D)

t—0t t

25
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where d*v(p; q) stands for the upper Dini directional derivative of v at p in
direction ¢. Thus, if 9(—v)(p) is nonempty, then

d*v(p;q) < inf  [—(£,q)]. (2.64)
ced(-0)(p)

If a formula for exact computation of (—v)(p) is available, then (2.64) pro-
vides us with a sharp upper estimate for the value d*v(p; q).

54 ta) — u(B
v(p+tq) — v(p) is the average rate of the change of the maximal

Since
satisfaction, represented by the indirect utility function v, of the consumer
when the price moves slightly forward direction ¢ from the current price p,
the upper Dini directional derivative d*v(p;q) can be interpreted as an upper
bound for the instant rate of the change of the maximal satisfaction of the
consumer. Therefore, the estimate given by reads as follows: If the
current price is p and the price moves forward a direction q € X*, then the
instant rate of the change of the maximal satisfaction of the consumer is
bounded above by the real number —inf [—(£,q)].

£€d(—v)(p)

If 9(—v)(p) = 0, then the estimate in (2.64) is trivial because inf ) = +-oc0.
If u is weakly upper semicontinuous and strongly lower semicontinuous on X,
then v is strongly continuous on int Y, by [35, Theorem 3.2]. In particular,
if X is finite-dimensional and u is continuous on X, then v is continuous on
int Y. Another sufficient condition for the continuity of v is the following:
u is concave and strongly continuous on X, (then u is both weakly upper
semicontinuous and strongly lower semicontinuous on X,). Now, suppose
that v is continuous and concave on intY,. Then, for every p € intY,,
5(—@)(}5) and bounded in the weak* topology by [43, Prop. 3, p. 199]. In
fact, since the continuity and concavity of v on int Y, imply that —v is locally
Lipschitz and convex on int Y. (see, e.g., [63, Corollary 3.10]), d(—v)(p) is
weakly* compact for every p € int Y.

Let ¢ : X — IR be finite at # € X. The Clarke subdifferential of ¢ at 7 is
given by
aCQO(f) = {:1;‘* €X : (2 _1) = Neplcp(( gp(j))},
where recall that N, ((Z,¢(Z)) is denoted for the Clarke normal cone to
epip at (T, () (see Section [1.2)).
The relationships between the Clarke subdifferential and the Mordukhovich
subdifferential is as follows.
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Theorem 2.11 (See |56, Theorem 3.57]) Suppose that X is an Asplund space
and ¢ : X — IR\ {—o0o} is finite and lower semicontinuous at & € X. Then

Ocp(T) = cl*[co Dp(T) + co ()] = cl*co[0p(T) + 0%p(T)],  (2.65)

where co A stands for the convex closure of A C X* and cl*A denotes the

weak® topological closure of A.

Following [74], we write (z,a) |, T when (z,a) € epip, * — Z, and
a — o(Z). The upper subderivative of ¢ at T with respect to v € X (see [74,
formula (4.2)] or 73], formula (2.3)]) is defined by

tw) —
¢'(Z;v) ;= lim limsup inf olo + tw) “
e=0t g+ weEvteB t
(z,0)dpT

By [74, Theorem 2], the function v — ¢'(Z;v) is convex, homogeneous, lower
semicontinuous, not identical +00. When ¢ is lower semicontinuous at 7,
©'(Z;v) can be given by a slightly simpler expression

t —
¢'(z;v) ;= lim limsup inf plo £ tw) go(x)

e=0+t o+ wevteB t

xii

Theorem 2.12 (See [20, p. 97]) Let ¢ : X — TR be finite at T. One has
do(z) = 0 if and only if ¢'(z;0) = —oco. Otherwise, one has

Oop(z) = {a* € X* : o' (7;v) > (2*,v), Vv € X},

and
©'(z;v) = sup{{z*,v) : 2" € Dep(Z)} (2.66)
for anyv € X.

The generalized Clarke derivative of ¢ at T with respect to v € X (see [74,
formula (5.2)]) is

t —
©*(7;v) == limsup ple +1v) <
t—0+ t
(z, )T

If ¢ is lower semicontinuous at Z, then the above formula becomes
t _
©*(Z;v) := limsup plr+ Ut) QO(:C)
t—0t

:rfm"c
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The function ¢ is said to be directionally Lipschitzian at T with respect to
v e X (see [74, formula (5.2)]) if f is finite at x and

t —
lim sup plz+ tw) a < +o00,

w—v, t—0t
(z,a)lpT

a condition which can be simplified when f is lower semicontinuous at x to

t —
lim sup plz+ u;) 2() < +o00.

w—v, t—0t

Ry
It follows from the definition that f is Lipschitz around z if and only if it is
directionally Lipschitzian at z w.r.t. v = 0. One says that f is directionally
Lipschitzian at x if there is at least one v, not necessarily 0, such that f is
directionally Lipschitzian at £ w.r.t. v. We refer to [74, Sect. 6] for some
conditions guaranteeing that f is directionally Lipschitzian at z.

Theorem 2.13 (See |74, Theorem 3]) Let ¢ : X — R be finite at T. If ¢ is
directionally Lipschitzian at T w.r.t. v € X, then ©'(Z;v) = ©°(Z;v).

Turning back to the indirect utility function v of (1.3)), we suppose that

v is finite at p € intY,. Combining formulas (2.43)) and (2.44) (resp., (2.59)
and ([2.56])), we obtain an upper estimate for the sum 9(—v)(p) + 0 (—v)(p).

Thus, if v is upper semicontinuous at p and v(p) # +oco for all p € Y, , then
by we get an upper estimate for the Clarke subdifferential dc(—v)(p).
In other words, we find a subset A of X in an explicit form such that
Jc(—v)(p) C A. Since 0 € 0°(—v)(p), one has dc(—v)(p) # 0 if and only if
J(—v)(p) # 0. Therefore, if the latter is valid then, for any ¢ € X*, by

one has

(=)' (Big) = sup (& q);

£€0c (—v)(p)
hence
(=)' (73 q) < sup (€, q) =: a(q).
geA

So, if v is upper semicontinuous at p, then

— tw) — (—

lim limsup inf () +tw) = (=0)(p) = sup (§,¢q), (2.67)

o0t or wEateB t € (—v)(p)
g

and

lim li inf < : 2.68
ei%,i H:l?llp wel(%—aB t - Oé(Q) ( )
PP
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If, in addition, —wv is directionally Lipschitzian at p w.r.t. ¢, then by Theorem

one has (—v)'(5; ) = (—v)°(7; ). Hence, (2:67) and (2:68) respectively

yield
(—v)(p+tq) — (—v)(p)

lim sup = sup (£, q), (2.69)
oot t g€do(—v)(p)
PP
and
— ta) — (—
limsup( v)(p+tg) — (—v)(») <alg). (2.70)
t—0t t
PP
Formula ([2.69) is equivalent to
t —
timint 0@ e g,
-0t t £€0c(—0)(p)

oD

and therefore

S 1) ol
d”v(p; q) := liminf v(p+tq) = v(p) >— sup (£, q),
1-20* t £€dc(—v)(p)

with d~v(p;q) denoting the lower Dini directional derivative of v at p in
direction ¢. Similarly, (2.70)) is equivalent to

v(p +tq) — v(p)

lim inf
t—0t
v o_
p—p

> —a(q),

and thus we have the following lower estimate for the lower Dini directional
derivative of v at p in direction g:

d"v(p; q) > —a(q). (2.71)

In the first part of this section, we have explained the economic meaning of
an upper estimate for the upper Dini directional derivative d*v(p;q). Anal-
ogously, the lower Dini directional derivative d-v(p;q) can be interpreted as
an lower bound for the instant rate of the change of the mazximal satisfaction
of the consumer. Therefore, the estimate given by reads as follows: If
the current price is p and the price moves forward a direction ¢ € X*, then
the instant rate of the change of the maximal satisfaction of the consumer is
bounded below by the real number —a(q) = égg (—=&,q). Here, the set A is an

upper bound for the Clarke subdifferential Oc(—v)(p), which is provided either
by Theorem or by Theorem [2.10.
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2.6 Conclusions

We have studied the differential stability of the budget map and the in-
direct utility function of the parametric consumer problem. Namely, by uti-
lizing some nice features of the budget map, we have been able to establish
formulas for estimating the Fréchet, limiting, and singular subdifferentials
of the infimal nuisance function, which is obtained from the indirect utility
function by changing its sign. Besides, economic meanings of the obtained
subdifferential estimates are explained in details.
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Chapter 3

Parametric Optimal Control Problems

with Unilateral State Constraints

This chapter is written on the basis of the paper [37]. In the present
chapter and the following one, a maximum principle for finite horizon opti-
mal control problems with state constraints is analyzed via three parametric
examples. The difference among those are in the appearance of state con-
straints: The first one does not contain state constraints, the second one is
a problem with unilateral state constraints, and the third one is a problem
with bilateral state constraints. The first two problems are studied herein.
The last one with bilateral state constraints will be addressed in the next
chapter. These problems have the origin in the studies of a recent paper by
Basco, Cannarsa, and Frankowska [12, 12, Example 1] and of the book by
Clarke [21, Section 22.2 and Exercise 26.1], where the choices of the objective
functions and the differential equations in these problems are motivated by
optimal economic growth models (see Chapter . Thus, our analysis in this
and the next chapter not only helps to understand the maximum principle in
depth, but also serves as a sample of applying it to meaningful prototypes of
economic optimal growth models.

Throughout Chapters 3-5, we will use the following standard notations.
The norm (resp., the inner product) in the n-dimensional Euclidean space
IR" is denoted by ||.|| (resp., (-,-)). For a given segment [ty,T] of the real
line, we denote the o-algebra of its Lebesgue measurable subsets (resp., the
o-algebra of its Borel sets) by L (resp., B). The o-algebra of the Borel sets
in R™ is denoted by B™. The Sobolev space Wh([ty, T],IR") is the linear
space of the absolutely continuous functions z : [ty, T] — IR" endowed with
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the norm
T
[z][wra = [lz(to)]| +/t |2(t)||dt (3.1)

(see, e.g., |43, p. 21] for this and another equivalent norm).

The normal cone N(z;2) of a subset 2 C IR" (resp., the subdifferential
dp(7) of an extended real-valued function ¢ : IR" — IR) at a point 7 is under-

stood in the sense of the Mordukhovich normal cone (resp., the Mordukhovich
subdifferential) given in Section [2.1]

3.1 Problem Statement

Let a>A>0,T >t >0, and 2y € IR be given as five parameters. In
this chapter, we consider two finite horizon optimal control problems of the

Lagrange type denoted by (F'P;) and (FP).

The first problem (F'P;) is the following
T
Minimize J(z,u) = / [— e M(z(t) +u(t))]dt
to

over x € W ([ty, T],IR) and measurable functions u : [ty, T] — IR satisfying

t(t) = —au(t), a.e. t € [to,T]
z(ty) = o (3.2)
u(t) € [—1,1], a.e. t € [to, T].

The second problem (F'P,) is formed from (F P;) by adding the requirement
z(t) <1 for all t € [ty, T] to the constraint system (3.2)), i.e.,

Minimize J(x,u) = / [ — e M(@(t) + u(t))]dt

to

over € WhH([ty, T],R) and measurable functions u : [ty, T] — IR satisfying

t) = —au(t), a.e. t € [to, T]

[—1,1], a.e. t € [to, 1]
1, vt € [to, T1.
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Later, we will treat (F'P;) and (FP,) as problems of the Mayer type by
setting x(t) = (x.(t),x2(t)), where z1(t) plays the role of the variable x(t)
in (FP,) and (FP,), and

To(t) 1= / = e (an(r) + u(r)]dr (3.3)

to

for all ¢ € [0, T]. Then, (FP,) is equivalent to the problem
Minimize x5(T)

over x = (21, x3) € WY ([ty, T], R?) and measurable functions u : [t,, 7] — IR
satisfying

t(t) = —au(t), a.e. t € [to,T]

: do(t) = —e (2 (t) + u(t)), 2 a.e. t € [tg,T] (3.4)
(z(to), z(T)) € {(20,0)} x R

Lu(t) € [-1,1], a.e. t € [ty, T,

which is abbreviated to (F'Py,). Similarly, (F'P,) is equivalent to the problem
(F Py,) described as follows.

Minimize x5(T)

over & = (1, 25) € W' ([to, T],IR?) and measurable functions v : [ty, T] — IR
satisfying

i (t) = —au( ), a.e. t € [ty,T]
Bo(t) = —e M(x1(t) + u(t),  ae. t € [ty,T]

L et () € 1(om 00} % T (3.5)
u(t) € [—1,1], a.e. t € [ty,T]

() <1, Vit € [t T).

3.2 Auxiliary Concepts and Results

As in [82, p. 321], we consider the following finite horizon optimal control
problem of the Mayer type, denoted by M,

Minimize g(x(to),x(T)), (3.6)
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over x € W ([ty, T],IR") and measurable functions u : [ty, T] — IR™ satisfy-
ing

(i) = f(t,z(t),u(?), ae. t€[ty,T]
) (2t () € ©

u(t) € U(t), a.e. t € [ty,T]
LA(t, 2(t) <0, Vit € [to, T7,
where [ty, T is a given interval, g : R"xIR" — R, f : [to, T]xIR"xIR™ — R",
and h : [ty,T] x R" — R are given functions, C' C IR" x IR" is a closed set,
and U : [ty, T] = IR™ is a set-valued map.

(3.7)

A measurable function u : [ty, T] — IR™ satisfying u(t) € U(t) for almost
every t € [ty,T] is called a control function. A process (x,u) consists of a
control function u and an arc x € Wh([t,, T];IR") that is a solution to the
differential equation in (3.7). A state trajectory x is the first component of
some process (x,u). A process (x,u) is called feasible if the state trajectory
satisfies the endpoint constraint (z(ty),z(T)) € C and the state constraint
h(t,z(t)) <0 for all t € [ty, T].

Due to the appearance of the state constraint h(t,z(t)) < 0,t € [ty, T],
the problem M in — is said to be an optimal control problem with
state constraints or a state constrained optimal control problem. But, if the
state constraint is fulfilled for any state trajectory = with (x(t,),z(T)) € C,
i.e., the state constraint can be removed from (3.7)), then one says that M an
optimal control problem without state constraints or an unconstrained optimal
control problem.

Definition 3.1 A feasible process (Z,u) is called a W' local minimizer for
M if there exists 6 > 0 such that

9(@(to), 2(T)) < g(a(to), x(T)) (3-8)

for any feasible process (z,u) satisfying ||z — x|y < 0. If (3.8) holds true
for every feasible process (x,u), then (Z,u) is called a W global minimizer

for M.

Definition 3.2 The Hamiltonian H : [to, T] x R" x IR" x R™ — IR of (3.7)
is defined by

H(t,x,p,u) = (p, f(t,z,u) sz fi(t,z,u) (3.9)
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Definition 3.3 The partial hybrid subdifferential (see [82, p. 329]) 07 h(t, x)
of h(t,x) w.r.t. x is given by
87 h(t, x) := co {€ : there exists (t,x) — (t, ) such that
h(ty, zy) > 0 for all k and V, h(ty, ) — &}, (3.10)

where (ty, xy) Ly (t, z) means that (ty,x,) — (¢t,2) and h(ty, zx) — h(t,x) as
k — oo.

To deal with the state constraint A(t, z(t)) < 0 in M, one has to introduce
a multiplier that is an element in the topological dual C*([ty, T];IR) of the
space of continuous functions C'([ty, T]; IR) with the supremum norm. By the
Riesz Representation Theorem (see, e.g., [49, Theorem 6, p. 374] and [53,
Theorem 1, pp. 113-115]), any bounded linear functional f on C([ty, T]; R)
can be uniquely represented in the form

fla)= [ wtnte)

where v is a function of bounded variation on [ty, T] which vanishes at t,
and which are continuous from the right at every point 7 € (¢,,7), and

/ x(t)dv(t) is the Riemann-Stieltjes integral of x with respect to v (see,
[to,T]

e.g., [49, p. 364]). The set of the elements of C*([ty, T]; R) which are given
by nondecreasing functions v is denoted by C®(t,,T).

Every v € C*([to, T]; R) corresponds to a finite reqular measure, denoted
by t,, on the o-algebra B of the Borel subsets of [tg, 7] by the formula

uwﬂ:éﬂmwmw

1, if teA
Xa(t) ==

where

0, if t¢ A

Due to the correspondence v +— p,, we call every element v € C*([to, T]; IR)
a “measure” and identify v with u,. Clearly, the measure corresponding to
each v € C%(ty, T) is nonnegative.

The integrals / v(s)du(s) and v(s)du(s) of a Borel measurable
[tot) [to.T]
function v in the next theorem are understood in the sense of the Lebesgue-

Stieltjes integration [49, p. 364].
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Theorem 3.1 (See [82, Theorem 9.3.1]) Let (z,u) be a W local minimizer
for M. Assume that for some d > 0, the following hypotheses are satisfied:

(H1) f(-,x,-) is L x B™ measurable, for fived x. There exists a Borel mea-
surable function k(-,-) : [to,T] x IR™ — IR such that the function
t — k(t,u(t)) is integrable and, for almost every t € [ty, T,

| f(t, 2, u)—f(t, o', u)|| < k(t,u)||r—2a'||, Vo, 2’ € 2(t)+dBgrn, Vu € U(t);
(H2) gph U is a Borel set in [ty, T] x R™;
(H3) g is Lipschitz continuous on the ball (z(ty), (T)) + 6 B ;
(H4) h is upper semicontinuous and there exists K > 0 such that
|h(t,z) — h(t,2")|| < K||lx — 2'||, Va,2’ € Z(t) + dBgn, Vt € [to, T).

Then there exist p € Wh([to, T];IR"), v > 0, u € C%(ty,T), and a Borel
measurable function v : [ty,T] — IR" such that (p,p,vy) # (0,0,0), and for
q(t) :== p(t) +n(t) with

n(t) = /[ A, Lt T)

and
D(T) = /[ | vlshus),

the following holds true:

(i) v(t) € 97 h(t, Z(t)) p-a.e.;

(ii) —p(t) € coO,H (L, Z(1), q(t), u(t)) a.e.;

(iii) (p(to), —q(T)) € v9g(2(to), 2(T)) + N((2(t0), 2(T)); C);
(iv) H(t,2(t), q(t),u(t)) = max,eve H(t, 2(t),q(t),u) a.e.

Applying Theorem to unconstrained optimal control problems, one has
the next proposition.

Proposition 3.1 (See [82, Theorem 6.2.1]) Suppose that M is an optimal
control problem without state constraints. Let (Z,u) be a W' local minimizer
for M. Assume that for some § > 0, the following hypotheses are satisfied.
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(H1) The function f(-,z,-) : [te,T] x R™ — IR" is L x B™ measurable, for
every x € IR". In addition, there exits a Borel measurable function
ko [te,T] x R™ — IR such that t — k(t,u(t)) is integrable and, for
almost every t € [ty, T,

I f(t, 2z, u)—f(t, 2, u)|| < k(t,uw)||z—2'||, Vo,2" € Z(t)+6Bgrn,u € U(t);

(H2) gph U is an £ x B™ measurable set in [to, T] x IR"™;

(H3) g is locally Lipschitz continuous.

Then there exist p € Wh([to, T|; IR") and v > 0 such that (p,~) # (0,0) and
the following holds true:

(i) —p(t) € co 0, H(t, z(t),p(t), u(t)) a.e.;
(ii) (p(to), —p(T)) € ¥99(Z(to), 2(T)) + N((Z(t0), 2(T)); C);
(iil) H(t, 2(t), p(t), u(t)) = maxcpe) H(t, Z(t), p(t), u).

To recall a solution existence theorem for optimal control problems with
state constraints of the Mayer type, we will use the notations and concepts
given in [18| Section 9.2]. Let A be a subset of IR x IR" and U : A = IR™ be

a set-valued map defined on A. Let
M :={(t,z,u) e RxR"xIR" : (t,x) € A, ue U(t,z)},

and f = (f1, fo,..., fn) : M — IR" be a single-valued map defined on M. Let

B be a given subset of R x IR" x IR x IR" and ¢ : B — IR be a real function

defined on B. Consider the optimal control problem of the Mayer type
Minimize g(to, z(to), T, x(T)) (3.11)

over x € WHi([ty, T]; IR") and measurable functions u : [ty, 7] — IR™ satis-
fying

(i(t) = f(t,z(t),u(?)), ae. te[ty,T]
(t,z(t)) € A, for all t € [to, T (3.12)
(to, x(to), T, x(T)) € B

Lu(t) € U(t,x(t)), a.e. t € [ty, T,

where [ty, T'] is a given interval. The problem ({3.11)—(3.12)) is denoted by M.

A feasible process for M is a pair of functions (z,u) with = : [y, T] — R”"
being absolutely continuous on [ty, T], u : [ty, T] — IR™ being measurable,
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such that all the requirements in (3.12)) are satisfied. If (z,u) is a feasible
process for M, then x is said to be a feasible trajectory, and u a feasible
control function for M,. The set of all feasible processes for M is denoted

by 2.

Let Ag={t € R : x € R" s.t. (t,x) € A}, i.e., Ay is the projection of A
on the t-axis. Set

Aty ={z e R" : (t,x) € A}, te€ A
and

Qt,x)={z€eR" : z= f(t,z,u), ue U(t,x)}, (t )€ A

The forthcoming statement is called Filippov’s Existence Theorem for Mayer
problems.

Theorem 3.2 (See [18, Theorem 9.2.i and Section 9.4]) Suppose that Q is
nonempty, B s closed, g is lower semicontinuous on B, f is continuous on
M and, for almost every t € [ty,T], the sets Q(t,x), x € A(t), are convex.
Moreover, assume either that A and M are compact or that A is not compact
but closed and the following three conditions hold

(a) For any e > 0, the set M. :={(t,z,u) € M : ||z| < e} is compact;

(b) There is a compact subset P of A such that every feasible trajectory x of
M passes through at least one point of P;

(c) There exists a constant ¢ > 0 such that (x, f(t,z,u)) < c(||z]* + 1) for
all (t,z,u) in M.

Then, M, has a W' global minimizer.

Clearly, condition (b) is satisfied if the initial point (¢y,z(ty)) or the end
point (T, z(T)) is fixed. As shown in [18, p. 317], the following condition
yields (c):

(co) There exists a constant ¢ > 0 such that || f(t,z,u)| < c(||z|| + 1) for all
(t,z,u) in M.
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3.3 Solution Existence

It is not hard to see that (F'Py,) is a problem of the Mayer form M; with

=2, m =1, A= [t, T] x R’ U(t,z) = [~1,1] for all (t,z) € A,
B = {ty} x {(20,0)} x R x IR?, g(to, z(t,), T, x(T)) = 2o(T), M = Ax[-1,1],
f(t,z,u) = (—au, —e M(x; +u)) for all (t,z,u) € M. We are going to show
that (FP,,) satisfies all the assumptions of Theorem [3.2]

t
Clearly, the pair (x,u), with u(t) = 0, z1(t) = xo, and z5(t) = —xo/ e Mdr

for all ¢ € [ty, T], is a feasible process for (F'P,). Thus, the set {2 oftofeasible
processes is nonempty. Besides, B is closed, g is lower semicontinuous on B,
f is continuous on M. Moreover, from the formula for A, one has Ay = [ty, T
and A(t) = R” for all t € A,. In addition, by the formulas for M, U, and f,
one gets

Qt,x) ={z€R® : z= f(t,z,u), u€ U(t,x)}
= {z eR® : 2= (—au,—eM(z; +u)), u e [-1,1]}
= {(0,—e Mz} + {(—a,—eMu : ue[-1,1]}

for any (t,x) € A. Thus, for every t € [ty, T], the sets Q(t,x), v € A(t), are
line segments; hence they are convex. Since A is closed, but not compact, we
have to check the conditions (a)—(c) in Theorem [3.2]

Condition (a): For any ¢ > 0, since
M. ={(t,z,u) € M : [lz]| <&}
= {(t,z,u) € [to, T] x R* x [~1,1] : ||zf| < ¢}
= [to,T] x {z € R” : ||z| <&} x [-1,1],
one sees that M. is compact.

Condition (b): Obviously, P := {t,} x {(x0,0)} is a compact subset of A,
and every feasible trajectory passes through the unique point of P. Thus,
condition (b) is fulfilled.

Condition (c): Choosing ¢ = a + 1, we have

1tz u)|| = [(—au, —e (21 +u))|| < alu| + e |2y + ul
<a-+ |$1| +1
<c(|z] +1)
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for any (t,z,u) € M, because u € [—1,1] and e < 1 for t > t, > 0. Thus,
condition (¢y), which implies (c), is satisfied.

By Theorem [3.2 (FP,,) has a W' global minimizer. Therefore, (F'P;)
has a W' global minimizer by the equivalence of (FP,,) and (FP).

To check that (F'Py,) is of the form M, we choose n =2, m =1,
A=lty, T] x (—00,1] x IR,
U(t,r) = [—1,1] for all (t,x) € A, B = {to} x {(20,0)} x R x R’
9(to, (t0), T, x(T')) = x(T),

M= Ax[-1,1], f(t,z,u) = (—au, —e M(z; + u)) for all (t,z,u) € M. In
comparison with the problem (F'Py,), the only change in the formulation of
(FP,,) is that we have A = [ty, T] x (—o0, 1] x IR instead of A = [t,, T] xR”.
Thus, to show that (F'P,,) satisfies all the assumptions of Theorem , we
can use the arguments showing that (F'Py,) has a W' global minimizer,
except those related to the convexity of the sets Q(¢, ) and the compactness
of M., which have to be verified in a slightly different manner.

By the above formula for A, we have Ay = [to,T] and A(t) = (—o0,1] x R
for all t € Ap, and

Qt,z) = {(0,—e Mz} + {(—a,—eMu : ue[-1,1]}

for any (¢,x) € A. Thus, the assumption of Theorem on the convexity of
the sets Q(t,x), x € A(t), for almost every t € [ty, T}, is satisfied. Since

M = [ty, T] x (—o00,1] x R x [—1,1],
for any € > 0, one has
M. ={(t,z,u) e M : ||z|]| <¢e}
={(t,z,u) € [ty,T] X (—00,1] xR x [=1,1] : ||z|| < e}.
As M. is closed and contained in the compact set
to, T] x {x € R* : |jz]| < e} x [-1,1],
it is compact.

It follows from Theorem that (FP,,) has a W' global minimizer.
Therefore, by the equivalence of (F'P;) and (F'P,,), we can assert that (F'P,)
has a W global minimizer.
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3.4 Optimal Processes for Problems without State Con-

straints

To obtain necessary optimality conditions for (F'P,,), we note that (FPy,)
is in the form of M with g(x,y) = v, f(t,z,u) = (—au, —e (2, + u)),
C = {(x0,0)} x R*, U(t) = [~1,1], and h(t,x) = 0 for all x = (z,z,) € IR?
y = (y1,92) € R? t € [ty, T], and v € R. Since (FP,) is an optimal control
problem without state constraints, we can apply both Proposition and
Theorem to this problem. In accordance with , the Hamiltonian of
(F'Py,) is given by

H(t,x,p,u) = —aup; — e (zy +u)ps, Y(t,2,p,u) € [ty, T] x R* x IR* x IR,

(3.13)
while by we have 0>h(t,z) = () for all (t,z) € [ty,T] x IR*. Let (Z, )
be a W local minimizer of (FP,).

We first study necessary optimality conditions for (F'Py,) in terms of Propo-
sition [3.1] It is clear that the assumptions (H1)-(H3) of Proposition [3.1] are
satisfied for (FPy,). Thus, there exist p € W' ([ty, T];IR?) and v > 0 such

that (p,~v) # (0,0), and conditions (i)—(iii) of Proposition (3.1 hold true. Let
us analyze these conditions.

Condition (i): By (3.13), #H is differentiable in = and
O H(t, z,p,u) = {(—e Mpy, 00}, V(t,z,p,u) € [ty, T] x R* x IR? x IR.

Thus, condition (i) implies that p,(t) = e py(t) for a.e. t € [ty, T|] and p(t)
is a constant for all t € [ty, T.

Condition (ii): By the formulas for g and C, we have

09((to), #(T)) = {(0,0,0,1)} and  N((z(to),%(T)); C) = R* x {(0,0)}.

Thus, condition (ii) implies that

(p(to), —p(T)) € v{(0,0,0,1)} + R* x {(0,0)};

hence p1(T) = 0 and po(T) = —7. As py(t) is a constant function, it follows
that py(t) = — for all t € [tg,T]. Therefore, the above analysis of condi-
tion (i) gives pi(t) = %(e‘“ — e for all ¢ € [ty, T]. Since (p,7) # (0,0),

we must have v > 0.
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Condition (iii): Due to (3.13), condition (iii) means that

—au(t)p(t) _G_At[ﬂfl(t) +u(t)|pa(t) = max} {—Cmpl(t> —e [21(t) + u]p2(t)}

uel—1,1

for a.e. t € [ty, T]. Equivalently,

lap.(t) + e Mpo(8)]u(t) = ug[l_ilnl] {lapi(t) + e Mpa(D)]u}, ae. t € [t, T).
(3.14)
Setting p(t) := ap;(t) + e py(t) for ¢ € [ty, T], we have
e

)
@U)=a%('“”—eﬂw)—v@”t='ﬂ%——U€”t—7§€”T, vt € [to, T).

As % > 1, ¢ is decreasing on IR. Besides, it is clear that o(T) = —ye ™" < 0,
and (t) = 0 if and only if ¢t = ¢, where
1 a

t=T— =1 .
P

We have the following cases.

CASE A: ty > t. Then p(t) < 0 for all ¢t € (ty,T]. Therefore, condition

(3.14) implies u(t) = 1 for all t € [ty, T|. Hence, by (3.4), z1(t) = xo—a(t —to)
for a.e. t € [ty, T].

CASE B: ty < t. Then ¢(t) > 0 for t € [ty,t) and ¢(t) < 0 for t € (¢, T].
Thus, yields u(t) = —1 for t € [ty,t) and u(t) = 1 for a.e. ¢t € (¢,T7;
hence Z,(t) = xo + a(t — ty) for every t € [to, t] and T1(t) = xo — a(t + ty — 2t)
for every t € (¢,T].

Now, let us examine necessary optimality conditions for (F'P,) in terms
of Theorem 3.1 Since the assumptions (H1)—(H4) of Theorem are sat-
isfied for (F'P,,), by that theorem one can find p € Whi([ty, T]; IR?), v > 0,
p € C®(ty,T), and a Borel measurable function v : [t;,T] — IR* such that
(p, it,7) # (0,0,0), and for ¢(t) := p(t) + n(t) with 1 : [t,,T] — IR? being
given by

n(t) ::/[ )V(s)du(s), t € ty,T)
to,t
and
o) = [ (s)du(s)
[to,T]
conditions (i)—(iv) in Theorem [3.1| hold true.
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Since 07 h(t, z(t)) = 0 for all t € [ty, T], the inclusion v(t) € 9. h(t,Z(t)) is
violated at every t € [ty,T]. Hence, condition (i) forces u = 0. We see that
condition (iv) is fulfilled and the conditions (ii)—(iv) in Theorem [3.1| recover
the conditions (i)—(iii) of Proposition [3.1]

Going back to the original problem (F P;), we can put the obtained results
in the following theorem.

> 0 and

1
Theorem 3.3 Given any a, A with a > X\ > 0, define p = X In —2 X
a —
t =T — p. Then, problem (FP,) has a unique local solution (T,u), which is
a global solution, where w(t) = —a='x(t) for almost every t € [ty, T] and T(t)
can be described as follows:
() Iftg >t (i.e., T —ty < p), then

f(t) =Ty — a(t - to), t € [tQ,T]
(b) If to <t (i.e., T —ty > p), then

) {x0+a(tt0), t € [t 1]

zg —a(t +to—2t), te(tT].

15
— (b): to<T

— (@) tp=T

1.0 +

0.5

[ 0.0 ///

=1.0 4

-1.5

o
=
%)
|
w
e
w

Figure 3.1: The optimal trajectories Z(-) of (FP;) w.r.t. parameters a = 0.53, A\ = 0.3, 1o = 0, T' = 5, and
varying tg

Proof. The assertions (a) and (b) are straightforward from the results
obtained in Case A and Case B, because 7;(t) in (FPy,) coincides with Z(t)
n (FPl) O

-3
w



3.5 Optimal Processes for Problems with Unilateral

State Constraints

In order to apply Theorem [3.1| for solving (F'P,), we observe that (F P,,) is
in the form of M if one defines g(z,y) = s, f(t,z,u) = (—au, —e (z;+u)),
C = {(20,0)} xR?, U(t) = [-1,1], and lets h(t,z) = 2, — 1 for all t € [ty, T],
r = (x1,25) € R’ y = (y1,10) € R* and u € IR.

The forthcoming two propositions describe a fundamental properties of the
local minimizers of the problem (F'P,,), which is obtained from the optimal
control problem of the Lagrange type (F'P) by introducing the artificial
variable x,. Similar statements as those in the first proposition are valid for
any optimal control problem of the Mayer type, which is obtained from an
optimal control problem of the Lagrange type in the same manner. While, the
claims in the second proposition hold true for every optimal control problem
of the Mayer type, whose objective function does not depend on the initial
point.

Proposition 3.2 Suppose that (Z,u) is a W local minimizer for (FPy,).
Then, for any 71,7y € [to, T| with 7 < T, the restriction of (T,u) on [Ty, Ty,
i.e., the process (Z(t),u(t)) with t € [m, 7], is a W local minimizer for the
following optimal control problem of the Mayer type

Minimize xo(7)

over & = (21, 22) € W4 ([r, 7], IR?) and measurable functions u : [, 7] — IR

satisfying
(i'l(t) = —au(t), a.e. t € [Ty, )
To(t) = —e M(zy(t) + u(t)), a.e. t € [y, 7o
§ (@(1),2(2)) € {(Z1(11), Z2(1))} x {Z1(n)} x R
u(t) € [-1,1], a.e. t € [m, 7
Lz (t) <1, Vt € [11, 7o),

which is denoted by (F Pay)l|iryn)- In other words, for any subsegment [y, 7o)
of [to, T], the restriction of a W' local minimizer for (FPy,) on [11, 7] is a
WY local minimizer for the Mayer problem (F Pa,)l|i ), which is obtained
from (F Py,) by replacing to with 7, T with 7, and C with

C = {(z:(n), Z2(1))} x {Z:(1)} x R.
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Proof. Since (z,u) is a W' local minimizer for (F P,,), by Definition
there is 0 > 0 such that (z, @) minimizes the quantity g(z(ty), z(T")) = xo(T)
over all feasible processes (x,u) of (FP,,) with ||z — x||y11 < 9.

Clearly, the restriction of (z, @) on [, 75 satisfies the conditions given in
(3-2). Thus, it is a feasible process for (F Paqy)|ir.m)-

Let (z(t),u(t)), t € [11, 7], be an arbitrary feasible process of (F Pa,)|ir )
satisfying || — x|y, 1 m2) < 0. Consider the pair of functions (z, @), where

T = (1, T,), which is given by

7(t) = Ty (t), tE ty,n]U[m,T]
xy(t), tE€(m,m),

To(t), t € [ty, ]
To(t) := < (1), t te(m,m)
2o(7) + / (e (@ (7) + alr)]dr, t € [ T),

and

) = u(t), te [to,n]U][m,T)
u(t), te (r,m).

Clearly, (7, ) is a feasible process of (F'Py,) satisfying | Z —Z ||y rm2) < 6-
Thus, one must have g(z(7T")) > g(z(T')) or, equivalently,

T T
To(Ty) +/ w(T)dT > T(73) +/ w(T)dr,
where w(7) := —e(7,(7) + @(7)). Hence, we get xy(73) > Z(7), which

proves that the restriction of the process (Z,u) on [1, 7] is a W' local

minimizer for (FPaq)|ir - O

Proposition 3.3 Suppose that (Z,u) is a W local minimizer for (FPy,).
Then, for any 7, € [ty,T), the restriction of the process (T,u) on the time
segment [, T], i.e., the process (Z(t),u(t)) with t € [m,T], is a W local
minimazer for the following optimal control problem of the Mayer type

Minimize x(7T)
over & = (1, 2,) € W ([, T], R?) and measurable functions v : [, 7] — IR
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satisfying

Ty (t) = —au(t), a.e. t € [m,T]

To(t) = —e Mz (t) + ul(t)), a.e. t € [m,T]
{ (@(1), 2(T)) € {(7:(n1), 72(71))} x R

u(t) € [—1,1], a.e. t€[r,T]
L 21 (t) <1, vt € [m, T,

which is denoted by (F Py). In other words, for any Ty, € [ty,T), the restriction
of a WHt local minimizer for (F Py,) on the time segment |1y, T| is a W' local
minimaizer for the Mayer problem (F Py), which is obtained from (F Pa,) by
replacing ty with 7.

Proof. For a fixed 7, € [ty,T), let (F'Py) be defined as in the formulation of
the lemma. It is clear that the process (z(t),u(t)), t € [r,T], is feasible for
(F'Py). Since (Z,u) is a W' local minimizer of (F Py,), it follows from the
Definition 3.1| that there exists § > 0 such that the process (Z, %) minimizes
the quantity g(x(t), x(T")) = z2(T') over all feasible processes (z,u) of (FPy,)
with ||Z — z|| 1 rmrey < 0. Let (2(f),u(t)) with ¢ € [, T], be an arbitrary
feasible process of (F'Py) satisfying ||Z — z[yv1(, rr2) < 0. Consider the
pair of functions (7, u) given by

5 {x@), telnn) 0 e {u@), L€ [t )

o(t), te|n,T] u(t), teln,T).

Clearly, (z,u) is a feasible process of (F Py,) satisfying ||z — Z||wra ) < 9.
Thus, one must have g(z(7)) > ¢g(z(T)). Since z(T') = x(T), one obtains the
inequality g(x(T")) > g(Z(T)), which justifies our assertion. O

In accordance with (3.9)), the Hamiltonian of (F'P,,) is given by

H(t,z,p,u) = —aup; — e M(xy +u)ps, V(t,x,p,u) € [to, T] x R* x IR* x IR.

(3.15)
By (3.10), the partial hybrid subdifferential of h at (t,z) € [t),T] x IR? is
given by

ot z) = 1 e <1 (3.16)
‘ {(1,0)},  ifax > 1.

From now on, let (Z,u) be a W local minimizer for (FPy,).
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Since the assumptions (H1)—(H4) of Theorem are satisfied for (FPy,),
by that theorem one can find p € WU ([ty, T|;IR?), v > 0, u € C®(t,,T), and
a Borel measurable function v : [ty, T] — IR? such that (p,p,~y) # (0,0,0),
and for ¢(t) := p(t) + n(t) with

n(t) = /[t | vndu(r), el T) (3.17)
and
oT)= | vdute) (3.18)
conditions (i)—(iv) in Theorem [3.1| hold true.
Condition (i): Note that

pft € [to, T] = v(t) & O7h(t, (1))}
= p{t € [to, T 8>h(t z(t)) = }
+udt € [to, T] = O7h(t, z(t)) # 0, v(t) ¢ 07 h(t, 2(1))}-
Since T,(t) < 1 for every t, combining this with gives
pft € [to, T] - v(t) & O7h(t, z(1))}
= p{t € [to, T] : T1(t) <1} + p{t € [to, T] : Z:(t) =1, v(t) # (1,0)}.
So, from (i) it follows that
p{t € [to, T] : 1(t) <1} =0 (3.19)
and
p{t € [to, T = Z:(t) =1, v(t) # (1,0)} = 0. (3.20)
Condition (ii): By m, H is differentiable in x and one has
O H(t, z,p,u) = {(—eMpy, 00}, V(t,z,p,u) € [ty, T] x R” x IR? x IR.

Therefore, (ii) yields —p(t) = (—e Mg (t),0) for a.e. ¢ € [ty,T]. Hence,
pi(t) = e Mg(t) for ae t € [ty, T| and py(t) is a constant for all ¢ € [to, T1.

Condition (iii): Using the formulas for ¢ and C, we can show that

ag(i‘(to),f(T)) - {(070707 1)} and N((j(tO)uj(T));C) = R* x {(070)}' So,
(iii) yields (p(t,), —q(T)) € {(0,0,0,7)} + IR* x {(0,0)}, which means that

¢1(T) =0 and ¢(T) = —~.
Condition (iv): By (3.15), from (iv) one gets
—an(t)an(t) e M0 +a0la(t) = max {—aua () - e ) + )
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for a.e. t € [ty, T] or, equivalently,

lag,(t) + e Mgy (t)]u(t) = ug[l_ilr}l] {laqi(t) + e Mg(D)u} ae. t € [to,T]. (3.21)

Thanks to Proposition and the above analysis of Conditions (i)—(iv),
we will be able to prove the next statement.

Proposition 3.4 Suppose that |1, ] is a subsegment of [ty, T] such that
h(t,z(t)) < O for all t € [11,7]. Then, the curve t — Z\(t), t € [11, 7],
cannot have more than one turning point. To be more precise, the curve
must be of one of the following three categories C1—C3:

fl(t) = .f'l(Tl) + a(t - 7'1), t e [7’1, 7'2], (322)
T1(t) = T1(1) —a(t — ), t€[r,m, (3.23)
and
i) +alt—7), teln,t
#(t) = T1(11) + a(t —71) (71, t¢] (3.24)
Ti(te) —alt —tg), e (tm],
where t; is a certain point in (11, 7T2) (see Figures :
...................... 1 / TSRO, | HSTORION FROTONE SUGHUSIONS SUMOIOIN HORUUOIOL SHSIORUNN RSO
0 to t1 t2 T t 0 to t1 t2 T ¢

Figure 3.2: Category C1 Figure 3.3: Category C2
X1
............. 1 H SR ] RS NS DS S S [ SRR e )
0 to t1 t‘g t, Tt

Figure 3.4: Category C3

Proof. Let [r, 7] be a subsegment of [ty, T] with h(t,z(t)) < 0 for all
t € [, m], ie, 2,(t) < 1 for all t € [ry,7]. Then, it follows from Propo-
sition that the restriction of (Z,u) on [r, 7] is a W local minimizer
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for (F'Py)|irm- As the latter satisfies the assumptions (H1)-(H4) of The-
orem [3.1, by that theorem there exist the multipliers p € W' ([r, ]; R?),
¥ >0, i € C®(1y, 1), and a Borel measurable function  : [, 7] — IR* with

the property (p, it,7) # (0,0,0), and for ¢(t) := p(t) + n(t) with
W)= [ #dEr), e nm) (3.25)
[71,72)

and

fi(ry) = /[  PAr)le), (3.26)

the conditions (i)—(iv) in Theorem-hold true, provided that to, T, p, i, vy, v, m,

~ o~ o~ o~ o~

By Condition (i), one has

{ﬁ{te ) #(t) < 1} =0,

8 i (3.27)
it € m,m] s m(t) =1, 5(t) # (1,0)} = 0.

By Condition (ii), i (¢) = e g (t) for a.e. ¢ € [11, 7] and Po(t) is a constant
for all t € [ry, .

Since N((z(m), 2(12)); C) = IR® x {0}, by Condition (iii) one has

(ﬁ(ﬁ)? _EIV(TQ)) S {(070707§)} + IRS X {O}

This amounts to saying that ¢(7) = —7.

Condition (iv) means that

[aqu(t) + e M @(t)]u(t) = nin {laq(t) + e M @(D)]u}, ae. t € [m, 7).
(3.28)
Since 7;(t) < 1 for all t € [1y, 7], it follows from that p([m, 7)) =0,
i.e., g = 0. Combining this with and (3.20)), one gets 7(¢) = 0 for all
t € |11, 7). Thus, the relation ¢(t) = p(t)+7(t) implies that q(t) = p(t) for all
t € [11,2]. Therefore, together with the Lebesgue Theorem [49, Theorem 6,

p. 340], the properties of p(t) and q(t) established in the above analyses of the

%6)\1‘/_'_4'

for all ¢ € |1, 73], where ( is a constant. Substituting these formulas for ¢ ()

and () to (3.28]), we have

[aGe+0)=7eate) = min {laQe+¢) = Fe M}, e tefnm
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conditions (ii) and (iii) give po(t) = ¢@(t) = —7and pi(t) = ¢.(t) =



or, equivalently,

(5~ Ve +acla(t) = min {[(§ ~De™ +aclu}, ae. t€[n.m)
(3.29)

Set @(t) = ”Ny(% —1)e™ + a( for all ¢ € [1y, 7).

If ¥ = 0, then ¢(t) = al on |1, ]. Since a > 0, from the condition
(P, ;t,7) # (0,0,0) we have ¢ # 0. If ¢ > 0, then @(t) > 0 for all ¢t € [r, 75].
If ( <0, then ¢(t) < 0 for all t € [1, 7]. Thus, if ¢ > 0, then (3.29)) implies
that u(t) = —1 a.e. t € [m, . Similarly, if { < 0, then u(t) = 1 a.e.
t € [1, 7). Hence, applying the Lebesgue Theorem [49, Theorem 6, p. 340]
to the absolutely continuous function Z(¢), one has

i’l(t) = i’l(Tl) + Cl(t — 7'1), vt € [7’1, 7'2] (330)
in the first case, and
ff1<t) = 573'1(7’1) — Cl(t — 7'1), vVt € [7’1, 7’2] (331)

in the second case.

If ¥ > 0 then, due to the assumption a > A > 0, ¢ is strictly decreasing on
(71, T2]. When there exists t, € (71, 72) such that ¢(¢;) = 0, one has @(t) > 0
fort € (my,t;) and ¢(t) < 0 fort € (t¢, 72). Hence, forces u(t) = —1 a.e.
t € [m,t] and u(t) = 1 a.e. t € [t;, 7). Thus, by the cited above Lebesgue
Theorem,

~ z1(m) + a(t — ), t € m,t]
() =9
{xl(tc) —a(t —t;), t € (te, 1.
As Z,(t) < 1forallt € [m, ), one has Ty (t;) < 1,1i.e., t; < mi+a ' (1—2(1)).
When ¢(t) > 0 for all t € (74, ), condition (3.29)) implies that u(t) = —1 a.e.
t € [11, 7). So, Z,(t) is defined by (3.30). When ¢(¢) < 0 for all ¢ € (71, T),
condition (3.29)) implies that u(t) =1 a.e. t € [1, 7). So, Z;(t) is defined by
(3.31]).
In summary, for any 7,7 with t, < 7 < 7 < T and Z;(t) < 1 for all

t € |1, ], the curve t — Z(t), t € [r, 7], cannot have more than one
turning point. Namely, the curve must be of one of the three categories

E2) @29, =

To proceed furthermore, put 7y := {t € [to,T] : Z:(f) = 1}. Since Z;(¢) is
a continuous function, 7; is a compact set (which may be empty).
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Case 1: T, =0, i.e., T1(t) < 1 for all t € [ty,T]. Then, by (3.19) one has

w([to, T]) = 0, i.e., p = 0. Combining this with (3.17) and (3.18)), one gets
n(t) = 0 for all t € [ty,T]. Thus, the relation ¢(t) = p(t) + n(t) allows us to

have ¢(t) = p(t) for every t € [ty,T]. Therefore, together with the Lebesgue
Theorem [49, Theorem 6, p. 340], the properties of p(t) and ¢(t) established
in the above analyses of the conditions (ii) and (iii) give

pe(t) = @(T) = =y, Vte [t T

and
t

pi(®) = (@) + [ P =)+ [ (=re)dr =T (e =)

for all t € [ty, T]. Now, observe that substituting ¢(t) = p(t) into (3.21)) yields

lap,(t) + e Mpy(t)]u(t) = ug[l_i{ll] {lapi(t) + e Mpa(D)]u}  ace. t € [t, T
| (3.32)
Setting ¢(t) = ap;(t) + e Mpy(t) for t € [ty, T| and using the above formulas
of pi(t) and py(t), we have
gl

o(t) = aX (e—)\t _ e—AT) e N = ,y(% 1)eM - 7%6_”’

for t € [ty,T]. Due to the condition (p,~y,u) # 0, one must have v > 0.
Moreover, the assumption a > A > 0 implies % > 1. Thus, the function ¢(t)
is decreasing on [ty, T]. In addition, it is clear that o(T) = —ye " < 0, and
©(t) = 0 if and only if ¢ = ¢, where

_ 1
t:=T ——1In

: 3.33
Aa— A ( )
The assumption a > A > 0 implies that ¢ < T. Note that the number
1 a
pr=yln— (3.34)

does not depend on the initial time ¢, and the terminal time 7.

If ¢ty > ¢, then one has ¢(t) < 0 for all t € (ty,T). This situation happens
if and only if T'— ¢y < p (the time interval of the optimal control problem
is rather small). Clearly, condition forces u(t) = 1 a.e. t € [ty, 7).
Since is fulfilled for x(t) = Z(t) and u(t) = u(t), applying the Lebesgue
Theorem [49, Theorem 6, p. 340] to the absolutely continuous function z(t),

one has
t

T1(t) = T1(ty) + /t T (7)dT = 7,(1)) +/ (—au(T))dT = o —a(t —ty) (3.35)

to to
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for all t € [to, T]. In addition, by (3.3)) one finds that

To(t) = /t [—e (@ (1) +u(r))]dr = /t [—e ™ (zg—a(T—1to)+1)]dr (3.36)

to to
for all t € [to, T

If t, < t, then p(t) > 0 for t € (to,t) and p(t) < 0 for t € (¢,T). This
situation happens if and only if 7" — ¢, > p (the time interval of the optimal

control problem is large enough). Condition (3.32) yields u(t) = —1 for a.e.
t € [ty,t] and u(t) = 1 for a.e. t € [t,T]. Hence, by the above-cited Lebesgue
Theorem, one has

%@%_{%+a@mﬁ t € [to, 1] -

2@ —alt—19), te(ET).

Therefore, from (3.3)), we have

/t [— e (zo + a(r — ty) + 1)]dr, t € [to, 1]
To(t) = {77 (3.38)

/t[—e‘”(fﬂﬂ—a(T—f)—I-l]dn te(t,T).

to

Noting that Z;(t) < 1 for all ¢t € [t,,T] by our assumption, we must have
T(t) < 1,1e,t <ty+a (1l —mx). Since t =T — p, the last inequality is
equivalent to T'— ¢ty < p+ a (1 — o).

Thus, if 71 = () and T'—t, < p, then the unique process (Z, @) suspected for
a W1 local minimizer of (F'Py,) is the one with @(t) = 1 for a.e. ¢ € [ty, T
and Z(t) = (Z4(t),Z2(t)), where Z,(t) and Z,(t) are given respectively by
and (3.36)). Otherwise, if 7y =0 and p < T —t, < p+a (1 —x), then
the unique process (Z, ) serving as a W' local minimizer of (F Py,) is the
one with @(t) = —1 for almost every ¢ € [t,t] and u(t) = 1 for almost every
t€t,T], z(t) = (Z1(t), T2(t)), where Z;(t) and Zo(t) are defined respectively
by and (3.38)). The situation where 7; = 0 and T'— ¢y > p+a (1 — )
cannot occur. The situation where 7; = () and xy > 1 — a(f — ;) also cannot
occur.

Now, suppose that T; # 0, i.e., there exists ¢ € [ty, T] with z,(¢) = 1. Put
a1 = mln{t c [tQ,T] : jl(t) = 1}, Q9 = maX{t € [to,T] : fl(t) = 1}

Then one has t; < a; < ay < T and the following situations can occur.
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Case 2: tg = a; = ay < T, i.e., ;g = 1 and T,(t) < 1 fort € (ty, T).
Let € > 0 be such that t, + & < T. For any k € IN with k' € (0,&), by
Proposition 3.3 we know that the restriction of (Z, @) on [to+ k!, T] is a Wt
local minimizer for the Mayer problem (F Py,), which is obtained from (F P,,)
by replacing ¢, with ¢, + k~'. As Z,(t) < 1 for all t € [ty + k™!, T], repeating
the arguments used in Case 1, we get that either

() =T (tg+ k") —alt —ty— k™), telto+k T

or

2@ —alt—1), te(ET]

witht =T —p, t € [to + k', T], and Z,(t) < 1. By the Dirichlet principle,
there must exist an infinite number of indexes k with k=! € (0, &) such that

. {xl(f) valt—1), telty+ k]

Z1(t) has the first form (resp., the second form). Without loss of generality, we
may assume that this happens for all k& with £=! € (0,&). If the first situation
occurs, then by letting k — oo we can assert that z,(t) = 1 — a(t — t,) for all
t € [to, T]. If the second situation occurs, then we have

Lo = IGIL% .Q_fl(to + ]{371) = I}L% [i'l(f) + a(to + kil — 'E)} = .i'l(f) + a(to — f)

Since 71(t) + a(to — t) < z1(t) < 1 and xy = 1, we have arrived at a contra-
diction.

Case 3: t) < a; < ap < T. If ap < T, to find a formula for (z,u)
on [ay, T], we observe from Proposition that the restriction of (Z,u) on
[cte, T is & W1 local minimizer for the Mayer problem obtained from (F'Py,)
by replacing t, with a,. Therefore, applied to (Z(t),u(t)), t € [ay, T], the
result in Case 2 implies that

Ti(t)=1—a(t —ay), tE€ayT)|

and
To(t) = /a [—e (2 —a(r — ao))]dr, tE€ [as,T].

By the first differential equation in (3.5]), we have u(t) = 1 for a.e. t € [y, T7.

Now, if ty < aq, then to find a formula for z,(-) on [ty, a;], we temporarily
fix a value a € (ty, ;) (later, we will let o converge to ay). As Z;(f) < 1
for all [ty, a, applying Proposition with 7, := ¢, and 7 := «, we can
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assert that the restriction of z;(-) on [ty, ] is defined by one of the next three

formulas:
T (t) = xg +alt —t1), t € ty,ql, (3.39)
Ty (t) =xg —al(t —t,), tE [ty al, (3.40)
and
5y (t) = xo + a(t —ty), t € [to, t¢] (3.41)

jl(tC) - a(t - t()v le (tC,OdL

where t. € (t, «). Hence, the graph of z;(-) on [ty, @] is of one of the following
types: Cla) Going up as in Fig. B.5; C2a) Going down as in Fig. 3.6} C3«)
Going up first and then going down as in Fig. [3.7]

X1 X1
T W S S TS O O T o 10 RO SOV DU VUROS SUUNE NUUNN ROV AU A
D, (|} FEUUTET / "1 W ,\
0 to o T t 0 t.o ¢ T t
Figure 3.5: Category Cla Figure 3.6: Category C2a
X1

0 to .tgfl @ T t

Figure 3.7: Category C3a

Let a = a® with o™ = oy — %, where k € IN is as large as a € (ty, ay).
Since for each k the restriction of the graph of Z,(-) on [ty, ] must be of
one of the three types Cla—C3a, by the Dirichlet principle we can find a
subsequence {k'} of {k} such that the corresponding graphs belong to a fixed
category. If the latter is C2c, then by and the continuity of Z,(-) one
has

T1(ay) = klll_rgo T (™)) = kl/grgo [xo — a(a®) — to)} =1y — ala; — tp).

84



This is impossible, because Z;(a;) = 1. Similarly, the situation where the
fixed category is C3a can be excluded by using (3.41)). If the graphs belong
to the category Cla, from (3.39) we deduce that

T1(t) = zo+alt —ty), Vit € [ty, . (3.42)

By (3.42) and the first differential equation in (3.5)), we have u(t) = —1 for
a.e. t € [ty, a;]. Clearly, the condition Z;(ay) = 1 is satisfied if and only if

a1 = t() + Cl_l(l - I'()). (343)

Finally, we are going to obtain a formula for (Z,%) on [ay, ay]. Suppose
that there exists ¢ € (ay, o) such that Z;(f) < 1. Then, the constants
&y = max{t € [ay,t] : T;(t) = 1} and &, := min{t € [f,an] : 7,(t) = 1} are
well defined by the continuity of Z;(-). Note that ¢ € (a1, ds) and Z,(t) < 1
for every t € (&q,d4). If ¢ > 0 is small enough, then & + ¢ € (ézl,f).
Repeating the arguments used for establishing a formula for Z;(-) on [tg, o]
when t, < oy (with &; + € playing the role of t, and & taking the place of
aq), one finds that

fl(t):fl(d1+8)+a(t—&1—6), YVt € [(3&1—{—5,6[2].

Clearly, Z,(-) is strictly increasing on [&; + &, ds]. Ast € (ay + &,4y), this
implies that Z;(G; 4+ ¢) < Z;(f). Then, by the continuity of Z;(t) we get

3_31(&1) = 51i>r(?ﬁ- i’l(OAél + 8) S fl(f) < 1.

Since Z;(&;) = 1, we have arrived at a contradiction. Thus, we must have
T1(t) = 1 for all t € [ay, ay]. The latter implies that u(¢) = 0 for almost every
t € i, o). Noting that a; has already been given by (3.43), we are now
proving that cy = t.

Since (Z,u) is a W' local minimizer of (F'P,,), by Definition [3.1| we can
find § > 0 such that the process (Z, @) minimizes g(z(to), z(T)) = xo(T) over
all feasible processes (x,u) of (F'Py,) with || — x|y < 6. Fix a number
a € (ay, ay] and consider the pair of functions (Z°, u*) with

7(t) = {xl(t)’ eloe) :{

u(t), tet, )
l—a(t—a), telo,T] 1

: t € la,T].

Clearly, (z%,u®) is a feasible process of (F'Ps,). Set A(a) = zo(T) — 25(T)

and observe that z{(t) = Z;(t) + a(a — «ay) for every t € [ay, T]. Using the
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formula for integration by parts, we have

Ala) = /T [ e ((@lr) ~3(0) + (alr) (7)) ) |dr

:/:Q {—e‘”(a(T—a)—1)]d7’+a(a2—a)/ (—e_M)dT

a2

_ E 2 —AT 2 —AT g . AT o
_)\/a Td(€ >+(aa+13/a e d7+)\(042 o;)[e e "]
= %([0@6_“2 —ae ] — / e‘ATdT) + (ac + 1)/ e Mdr
+%(oz2 —a) e — e
= %[aze‘A” —ae™] + (aa +1— %) / e Ndr
—i—;(ozg —a)leM — e
1
_ ¢ [ape™2 — qe™] (a+1— g) [e72 — e72]
A A A
+X(C¥2 —a) e — e
a 1 a 1 a
= Xc;zge”)‘? — X(aoz +1-— X)e*m2 + (X — E)e*M
+X(oz2 —a) e — e
Therefore, A(ay) = 0 and one has for every o € (aq, ay) the following:
; S P AN VA (S VAT Vo RO ) N SN VO v
Ala) = ve (1 )\)e )\[e e ] = )\[(1 a)e e }
So, due to the fact that a > A > 0, we have A(a) < 0 if and only if
1 A
>T+ —In(1--).
o) +5 n ( a)
This is equivalent to saying that
a>7, (3.44)
_ 1
where the value t =T — X In ¢ 3 has been defined in ([3.33)).
a—

If a; > t, then we have for all @ € (ay, ay) sufficiently close to «s.
So, we can find € > 0 such that the function A(«) is strictly decreasing on
the subsegment [ay — €, aw| of [y, an]. Since A(ay) = 0, we can assert that
A(a) > 0 for every o € (ay — €,9). As 0}1_512 |z — z%||wr: = 0, one has
|Z — 2%y < 6 for all a € (ay, ay) sufficiently close to ay. Hence, the fact
that Z,(T)—z5(T) =
of the process (Z,u). Thus, we must have a, < t.
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To prove that oy, = ¢, we suppose on the contrary that a, < t. Consider
the pair of functions (z, @) with

T, (t), t € [ty, az) u(t), t € [ty, az)
Ty(t) == ¢ 1, t € [ag, 1) and  4(t) := <0, t € [ag, 1)
l—a(t—1t), telt,T] 1, telt,T).

Clearly, (#,4) is a feasible process of (F'P,,). Fix a number a € (a4, t] and
consider the new pair of functions (z%, u®) with

zi(t) = {jl(t)’ LE [t @) and  u®(t) := {

u(t), t € [to, )
1

l—a(t—a), tela,T] : t €, T].

Note that (z%,u) is a feasible process of (F'P,,). Set Aj(a) = 2o(T) — 25(T)
and apply the above integration and differentiation calculations with A;(«),
t, and (Z,u) playing the roles of A(«a), o, and (Z,u), respectively. In the
result, we have

Ai(a) = %[(1 — 2)6_)\& — e‘AT]

for every a € (aq,t). Since a < £, this implies that A;(a) > 0 for every
a € (ayq,t). So, the function Ai(a) = 2o(T) — 25(T) is strictly increasing
on the segment [ay,t]. Thus, the function o — Z5(T') is strictly decreasing
on the segment [ay,t]. As one has ay € («ay,t) and the process (T2, u%?)
coincides with the process (7, 1), the latter cannot be a W local minimizer
of (FP,,). We have arrived at a contradiction, which completes the proof of
the equality ay = ¢.

We have obtained formula for (Z,u) on the whole time segment [¢y, 7.
Namely, one has

To + a(t — to), t e [to, Ch) —1, a.e. t € [to, O[l)
T1(t) = < 1, telog,t) and u(t) =10, a.e. t € [y, 1)
l—a(t—ay), te]tT] 1, a.e. t €[t,T]

with a; being given by (3.43)).

Case 4: ty < a; = ay < T. Here we have Z;(ay) = 1 and 7,(t) < 1 for
all t € [ty,T] \ {ao}. The formulas for (z,u) on [ty < ay] and on [ay, T| are
obtained similarly as in Case 3. We now show that o, = . If oy < ¢, then
we can have a contradiction by the arguments used in Case 3 for proving
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ay = t. Now, suppose that o, > ¢, i.e., a; > t. Then, for an arbitrarily given
a € (t, ay), we consider the problem (F'Py;) (resp., the problem (F Py)) which
is obtained from the problem (F'P,,) in Section (resp., from the above
problem (FP,,)) by letting « play the role of the initial time ¢,. Since a > ¢,
it follows from Theorem [3.3|that (F'Py,) has a unique global solution (z%, u®),
where @(t) = 1 for almost everywhere ¢t € [a, T], Z(t) = Z;(a) — a(t — )
for all t € [a,T], and 75(t) = [ [ — e (21(7) 4 u(7))]dr for all t € [a, T).
Clearly, the restriction of (Z,u) on [, 7] is a feasible process for (FPyp).
Thus, we have

T5(T) < Zo(T). (3.45)
Besides, by Proposition [3.3, the restriction of (Z, %) on [o, T] is a W local
solution for (F'Py). So, there exits § > 0 such that the restriction of (z,u)
on [a, T] minimizes the quantity xo(7") over all feasible processes (z,u) of
(FPy) with ||z — Z||w11(armmy < 6. Clearly, (2%, 4) is a feasible process of
(F'Py). Therefore, since ||Z2% — Z|lw1ionrry < 6 for all a sufficiently close
to ay, we have 3(T) > Zo(T') for those . This contradicts ([3.45). We have
thus proved that a; = ay = t. Therefore, the formulas for (Z, @) on the whole
time segment [ty, T] is given by

Zf‘l(t) _ {x()—’_a(tt())? te [t_()af) and Z_L(t) _ {17 a.e. t € [{075)
1 —a(t—1), tet,T] 1, a.e. t € [t,T].

Case 5: tg < a; =ay =T, i.e., Ty(t) <1 fort € [ty, T) and 7,(T) = 1.
Repeating the arguments used to find the formula for z,(-) on [ty, o] in Case 3
with T" playing the role of «y, we get u(t) = —1 for almost every t € [to, T
and 7, (t) = xy + a(t — ty) for all t € [ty, T]. But this cannot happen. Indeed,
since (Z,u) is a W' local minimizer of (F P,), by Definition we can
find 6 > 0 such that the process (Z,4) minimizes the quantity zo(7") over all
feasible processes (z,u) of (F Py,) with ||z — z||y11 < 0. For a number € > 0
such that T'— e € (to,T), consider the pair of functions (z°, u®) with

- {xl(t), te [to, T —¢]
(T —¢e)—alt—T+¢), te((T—¢eT]
and
u(t), tety,T —e¢l
1, te (T —¢T).
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Clearly, (z°,u°) is a feasible process of (F'P,,). For A, := Z(T) — z5(T),
one has

A, = /t [— e (@, (t) +u(t))]dt — / [— e V(@5 () +a(t))]dt

to

= [ EO-a0+7 0 - aw)e

= /T [Z1(T —¢) —a(t —T+¢) — (zo+alt —ty)) +1— (=1)]e Mdt

_ /T_E [2a(T — e —t) +2]e Mdt = _71 /T_€ [2a(T — e —t) + 2]d(e™™)

Thus, using the formula for integration by parts, we can deduce that

T
“AA, = ([Qa(T —e—t)+ 2}6—“) \ig — / e Md2a(T — e —t) + 2]
T—¢
_ (2 _ 2a€)€—/\T _9eMT=¢) _ 27&(6—/\T _ e—A(T—s))

_ AN aT-e)y AT
—2(1 /\)(e e ) — 2age” .

Since A > 0, one has A, > 0 if and only if —AA, < 0. The latter means that
AN AT AT-e)y —AT
2(1 /\) (e e ) — 2ace” < 0.

T—¢)

Dividing both sides of this inequality by e "~ one gets

2(1 — %) (e — 1) — 2aee™™ < 0.

Let z(t) := 2(1 — %) (e —1)—2ate ™ for t € IR. Clearly, for any ¢t € [0,a™")

one has
2(t) =2(a— N)e ™ — 2ae™ + 2aMte ™ = 2\ (at — 1)e ™ < 0.

Hence the function z(-) is strictly decreasing on [0,a'). This and the fact
that z(0) = 0 yield z(¢) < 0 for every € € (0,a'). The latter means that
A, >0, i.e., To(T) > Z5(T) for every € € (0,a™t). Since Ll_r)% |z — z°||wr = 0,
one has ||z — Z°||y11 < 0 for all e sufficiently close to 0. This contradicts
the assumed W' local optimality of the process (Z,%). We have thus proved
that the situation described in this case is excluded.

Going back to the original problem (F'P,), we can summarize the results
of this section in the next theorem.
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1
Theorem 3.4 Given any a, X\ with a > X\ > 0, define p = —In

a
~ - A oa— A\
t=T—p, To=1—a(t —ty), and ay =ty +a (1 — xg). Then, (FP,) has a
unique local solution (Z,u), which is a global solution, where u(t) = —a 'z (t)

for almost every t € [ty, T] and z(t) is described as follows:

> 0,

() Iftg >t (i.e, T —ty < p), then
f(t) = Ty — Cl(t - to), t € [tQ,T]
(b) If to <t and xy < Ty (i.e, p<T —ty < p+a (1 —ux)), then

Z(t) = zo + a(t — ty), t € [to, 1]
B zo—a(t +t,—2t), te(tT].

(¢) If to <t and xg =Ty (i.e, T —to=p+a (1 —xg)), then

_ $0+a(t—t0), tE [to,f)
2(t) = .
1 —a(t—1t), telt,T].
(d) If to < t and xg > Ty (i.e, T —to > p+a (1 —x)), then
$0+a(t—t0), t e [to,Oél)
j(t) - 17 te [abﬂ
l—at—0), te[LT)

1.5 1.5

—_—(a) =t — (b): tp<tandxp<
—— (c):tg<tand xg=
d xp>

1.0 4

EEINN

(d): to<Tand xg> X

-1.0 4

=15

Figure 3.8: The optimal trajectories Z(-) of (FP2) w.r.t. parameters a = 0.53,\ = 0.3,7 = 5, and
varying tg, T

Proof. To prove the assertions (a)—(d), it suffices to combine the results
formulated in the above Cases 1-5, having in mind that z,(¢) in (F'P,,) plays
the role of Z(t) in (FP). O
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Geometrically, depending on the parameters tube (A, a, zg, ty,T), by The-

orem (3.4 we know that the unique optimal trajectory {(¢,Z(t)) : ¢ € [to, T}

of (F'P;) must be of one the following four types:

(a) “interior straight trajectory” — a line segment, which does not touch
the boundary line x = 1;

(b) “interior triangular trajectory” — the union of two line segments, which
does not touch the boundary line z = 1 and which has a turning point at the
time moment ¢ = ¢;

(¢) “boundary triangular trajectory” —the union of two line segments, which
touches the boundary line x = 1 and has a turning point at the time moment
t=1;

(d) “boundary trapezoidal trajectory” — the union of three line segments,
which moves on the boundary = = 1 from the time moment t = «; to the
time moment ¢ = ¢ and has two turning points at the moments «; and ¢.

Correspondingly, the optimal control function () may have no switching
point (in situation (a)), one switching point (in the situations (b) and (c)) or
two switching points (in situation (d)).

3.6 Conclusions

We have analyzed a maximum principle for finite horizon state constrained
problems via two parametric examples of optimal control problems of the
Lagrange type, which have five parameters. These problems resemble the
optimal economic growth problems in macroeconomics. The first example is
related to control problems without state constraints. The second one belongs
to the class of irregular control problems with unilateral state constraints.
We have proved that the control problem in each example has a unique local
solution, which is a global solution. Moreover, we have presented an explicit
description of the optimal process with respect to the five parameters.

The obtained results allow us to have a deep understanding of the maxi-
mum principle in question.

We believe that economic optimal growth models can be studied by ad-
vanced tools from functional analysis and optimal control theory via the
approach adopted in this chapter.
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Chapter 4

Parametric Optimal Control Problems

with Bilateral State Constraints

The present chapter is written on the basis of the paper [38]. Here, fi-
nite horizon optimal control problems with bilateral state constraints will be
considered.

4.1 Problem Statement

By (FP;) we denote the finite horizon optimal control problem of the
Lagrange type
T
Minimize J(z,u) = / [— e M(z(t) +u(t))]dt (4.1)
t

over x € W ([ty, T],IR) and measurable functions u : [ty, 7] — IR satisfying

;

t(t) = —aul(t), a.e. t € [to, T]

J ollo) = (4.2)
u(t) € [—1,1], a.e. t € [to, T]

|—1<z(t) <1, Vtelt,T)

witha > A >0,T >t, >0, and —1 < 2y < 1 being given as five parame-
ters. Thus, it is instantly seen that the only difference among (F'P3) and the

problems (F'P;) and (F'P,) is the appearance of the bilateral state constraints
—1<z(t) <1, forall t € [ty, T].

We want to know about the change of the optimal solutions when one
more state constraint is added. We will follow the approach adopted in the
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preceding chapter for dealing with (FP;) and (F'P). This means that we
will first show the solution existence and then study the necessary conditions
provided by the maximum principle [82, Theorem 9.3.1]. It turns out that, in
comparison with previous chapter, herein we have to prove a series of delicate
lemmas. Moreover, the synthesis of finitely many processes suspected for
being local minimizers is rather sophisticated, and it requires a lot of refined
arguments.

Similarly as it was done in the case of the problems (F'P;) and (F P,), we
now treat (F'P;) in (4.1)—(4.2) as a problem of the Mayer type by setting
x(t) = (x1(t), z2(t)), where x,(t) plays the role of x(¢) in (F'P;) and

1y(t) == /t [— e (x1(7) + u(r))]dr, t€]0,T). (4.3)

to

Thus, (F'P) is equivalent to the problem
Minimize x5(T) (4.4)

over © = (1, 25) € W4 ([to, T], IR?) and measurable functions v : [ty, T] — IR
satisfying

(i0(t) = —au( ), a.e. t € [ty,T]
Ty(t) = —e M(xy(t) +u(t)), ae. t€lty,T]

y (@(to), (T )) € {(20,0)} x R’ (4.5)
u(t) € [—1,1], a.e. t € [ty,T]

| —1 < m(t) <1, Vit € [to, T'.

The problem (4.4)—(4.5) is abbreviated to (F Ps,).

4.2 Solution Existence

To verify that (F'Ps,) is of the form M, (see Section [3.2), one can choose
n=2m=1 A=t,T] x[-1,1] xR, U(t,x) = [-1,1] for all (t,x) € A,
B = {tO} X {(‘7:070)} X R X IR27 g(t07x(t0)7Tax(T)) - xQ(T)u

M=Ax[-1,1, f(t,z,u)=(—au,—e(z, +u))

for all (t,z,u) € M. To show that (FP,) satisfies all the assumptions of
Theorem 3.2, we can use the arguments showing that (FP,) has a W*'!
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global minimizer (see Section [3.3]), except those related to the convexity of
the sets Q(¢, ) and the compactness of M., which will be verified as follows.

By the formula for A, one has Ay = [ty, T] and A(t) = [-1,1] x IR for all
t € Ay. Thus, the requirement in Theorem on the convexity of the sets
Q(t,x), v € A(t), for almost every t € [ty, T] is satisfied. Since

M = [ty, T] x[-1,1] x R x [-1,1],
for any € > 0, one has the expression
M, ={(t,z,u) € [to, T] x[-1,1] x R x [-1,1] : ||z|| <&},
which justifies the compactness of M..

Theorem [3.2] tells us that (FPs,) has a W'! global minimizer. Thus, by
the equivalence of (FP3) and (FPs,), we can assert that (FP3) has a W'
global solution.

4.3 Preliminary Investigations of the Optimality Con-
dition

To solve problem (FP;) by applying Theorem [3.1] note that (FP,) is in
the form of M with g(z,y) = v»,

flt,z,u) = (—au, —e M (z; +u)),

C = {(20,0)} x R*, U(t) = [~1,1], and h(t,z) = |z,| — 1 for all t € [ty, T],
r = (z1,25) € R*, y = (y1,2) € R? and v € IR. According to (3.9), the
Hamiltonian of (F'Ps,) is the function

H(t,z,p,u) = —aup; — e (21 +u)py, V(t,x,p,u) € [to, T] x R* x R* x IR.
(4.6)

By (3.10)), the partial hybrid subdifferential of h at (¢, z) € [t,, T] x IR* is the
set

(-1,0)}, ifar<—1
o7 h(t,x) = {0, i fo] < 1 (47

Let (Z,u) be a W' local minimizer for (F'Ps,). Since the assumptions
(H1)-(H4) of Theorem [3.1] are satisfied for (F Ps,), applying that theorem one
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can find p € WH([t,, T]); IR?), v > 0, u € C®(ty, T), and a Borel measurable
function v : [ty, 7] — IR® such that (p,p,y) # (0,0,0), and for ¢(t) :=
p(t) + n(t) with

o) = [ veG). re i T)
to,t
and
o) = [ v()duln),
[to,T]
conditions (i)—(iv) in Theorem [3.1] hold true.

Condition (i): Note that
e T 0 €010 ()
= pft € [to,T] - O7h(t, z(t)) =
+pft € [k, T] @? (&, z(t)) # 0, v(t) & O7h(t, Z(t))}.
Since —1 < x(t) < 1 for every ¢, combining this with gives
plt € 0. T) < v(t) ¢ 07h(t,2(1))
= u{t € [ty, T] : =1 <3(t) <1}
fulte [t T] 1 31(8) = 1, w(t) # (1,0)}
+pdt € [to, T] = 2 (t) = =1, v(t) # (=1,0)}.
So, from (i) it follows that

p{t € [to, T] : =1 < Z,(t) <1} =0, (4.8)
p{t € [to, 7]« 2:(t) = 1, v(t) # (1,0)} =0, (4.9)
pit € [to, T] = z,(t) = =1, v(t) # (-1,0)} = 0. (4.10)

Condition (ii): By (4.6), H is differentiable in z and
O H(t, x, p,u) = {(—eMpy, 0)}, V(t,z,p,u) € [ty, T] x R* x R* x IR.

Thus, (ii) implies that —p(t) = (—e Mg(t),0) for a.e. ¢ € [to,T]. Hence,
pi(t) = e Mg(t) for a.e. t € [ty, T] and py(t) is a constant for all t € [to, T1.

Condition (iii): Using the formulas for ¢ and C, we can show that
8g(f(t0),f(T)) - {(070707 1)} and N((:f(tO)aj(T));C) - ]R2 X {(070)}' SO,
(iii) yields

(p(to), —a(T)) € {(0,0,0,7)} +R* x {(0,0)},
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which means that ¢;(7) = 0 and ¢,(T) = —v.
Condition (iv): By (4.6)), from (iv) one gets

—at(t)qi(t) — e Mz (t) + a(t)]ga(t) = max {—auqi(t) — e [z (t) + ulga(t) }

ue[—1,1]

for almost every ¢ € [ty, T]. or, equivalently,

laq,(t) + e Mgy (t)]iu(t) = min} {laqi(t) + e Mqu(t)u} ae.t € [ty, T).

uel—1,1

4.4 Basic Lemmas

If the curve z;(t) remains in the interior of the domain [—1,1] for all ¢
from an open interval (71, 7;) of the time axis and touches the boundary of
the domain at the moments 7, and 7, then it must have some special form.
A formal formulation of this observation is as follows.

Lemma 4.1 Suppose that [1, 7], 71 < 7o, is a subsegment of [to, T] with
Ti(t) € (—1,1) for allt € (11, 72). Then, next statements hold true.

S1) If z1(11) = —1 and T1(12) = 1, then 7, — 71 = 2a™" and
T(t)=—-1+4a(t—m), te€n, n
S2) If z1(11) = 1 and Z,(12) = —1, then 7, — 71 = 2a™" and
T(t)=1—a(t—m), t€E][m,
S3) If z1(11) = T1(m) = —1, then 7o — 1y < 4a™' and

£ (t) = {1 +a(t —m), t € [n,i

—1—a(t —m), t € (t,7),
where t := (11 + 1) /2.
S4) The situation where T1(1) = Z1(72) = 1 cannot happen.
Proof. Choose £, > and &, > 0 small enough so as [11 + &1, 75 — &) C [11, T2].
Then, z,(t) € (—1,1) for all t € |1 + €1, 75 — &5, 1.e., h(t,Z(t)) < 0 for all

t € [11 + &1, T — &5]. Thus, applying Proposition in the previous chapter
with (F'Ps,) in the place of (F'Py,) in its formulation, one finds that the
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formula for z,(-) on [1; + &1, 75 — &5 belongs to one of the following categories

C1-C3:
.’fl(t) = .’,771(’7—1 + 51) + Cl(t — T — 81), t e [’7_1 + €1, Ty — 52],

T (t) =2 (i +e) —alt—m —e1), tE[M+e,m— e,
and
Ty +e1) +alt —m — &), tern+ent
Ty (te) — a(t —to), t € (te, 72 — €2,

T (t) =

where ¢ is some point in (1 + &1, 72 — €2).

To prove the statement S1, let €, = k~! with k being a positive integer, as
large as k™' € (11 + €1, 7). Since the formula for 7,(-) on [1 + &1, 75 — k7]
for each k£ must be of the three types C1-C3, by the Dirichlet principle there
must exist a subsequence {k'} of {k} such that the corresponding formulas
belong to a fixed category. If the latter is happens to be C2, then by the
continuity of Z;(-) one has

. T 1
i’l(Tg) = kl/l_l;rgo 1'1(7'2 — ?) = kl/l_l;rolo |:371(7'1 + 51) — CL(TQ — @ — 71 — 51):|
= fl(ﬂ + 51) — CL(TQ — T — 51).

This is impossible, because Z;(7,) = 1. Similarly, the situation where the
fixed category is C3 must also be excluded. In the case where the formulas
for z,(-) belong to the category C1, we have

T(t) =Z(n+e) +alt—m —e1), tE€[m+e,mn.
Now, letting &, tend to zero and using continuity of Z;(-), we obtain
T1(t) = z1(m) +alt —7), tE€[m, n
As Z,(m) = —1, the statement S1 is proved.
The statements S2 and S3 are proved similarly.

To prove the assertion S4, it suffices to apply the arguments of the second
part (dealing with the segment [&y,d,]) of the analysis of Subcase 3a in

Section [3.5] O

The forthcoming technical lemma will be in use very frequently.
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Lemma 4.2 Given any ti,ty € [ty, T], t; < ty, one puts
to
Tl = [ [= e o)+ u(e)]d (@.11)
3]
for any feasible process (x,u) of (F'Ps,). If (z,u) and (&,1) are feasible
processes for (F'Py,) with T,(t) = 1 for all t € [t,,t5] and

. {1 —a(t—t),  tend
L+alt—t), te (it

where £ 1= 27(t, + t,), then one has

J(£7 a)hthtz} - ‘](5’ a)l[thb] -

(

— 1) A(ty, ) (4.12)

> =
>

with
Aty 1) = e — 2e72M0H12) | =Nz, (4.13)
Besides, it holds that A(ty,ty) > 0 and J(Z, )|y, > J(Z,0)|p 10-

Proof. Using the equation #(t) = —au(t) in (4.5), which is fulfilled for
almost all t € [ty, T], and the assumed properties of the processes (z,u) and

(Z,1), we have u(t) = 0 for almost all t € [t;, ;] and
1, a.e. t € [ty,t
it) = o
—1, a.e. t € (t,1s].
As #(-) is a feasible trajectory for (FPs,), Z(f) > —1, i.e., ty —t; < da™".

By the formulas for Z; and u on [t;, t5],

t t 1 1
TG D)1y = /t (= e M () + ()] de = — /t oMt = Te e - e

Similarly, from the formulas for #; and % on [¢;,t,] it follows that

I g = [ [ (@0 + a0
=/ [—e (1 —a(t—t))+1)]dt

[l ot - ) - D)

:/Ee_M[a(t—tl)—Q}dt— e Ma(t —ty)dt.

t1 t
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We have J (&, )|, +,) = Iy — I> by denoting the last two integrals respectively
by I; and I,. By regrouping and applying the formula for integration by
parts, one has

t

t
O L T T / et
)\ t1 } tq

a et Y ! — At
:_X[(t_tl)e Htl—/e dﬂ—2/e dt

t1 t1

t
_ 4 Mgy @ Y
= (52 /tl e Nt — o (ty — th)e

2 a Y 3 a s
= (X — ﬁ)(e M) — ﬁ(tg —t))e M.
Similarly,
a [
I2 = _X . (t — tg)d(e_)\t)
a a. [?
=l - t)e™]|, + X[/{ e Mdt]
a _ a - _
— ol — e = e — o]
Thus,
. 2 a.\ . N At a i @ A
J(Z, )|t 1o :(X—ﬁ)@ f—eh) ﬁ(tz—tl)e t+ﬁ(t2—t1)€ :
AV
_|_ ﬁ[e At )\t]
2  2a a 2. _ a _
— (X - V)e At (E X) At1 + ﬁe Ao
Therefore,

o L 2 N 1 i
@ Wl =T @ Wl = (3= 55)e ™+ (5 =)™+ (g =3
1

Thus, formula (4.12)) is proved. To obtain the second assertion of the lemma,
put ¥ (t) = e for all t € IR. Since ¢"(t) > 0 for every t, the function % is
strictly convex. So,

1 1 1 1
¢<§t1 + §t2> < ¥(t) + 5u(ts).
It follows that A(t;,ty) > 0 for any ¢; < t,. Combining this with (4.14]) and
the inequality % — 1> 0, we obtain J(Z, @) > J(T,0) |4 1) O

The following analogue of Lemma [4.2 will be used latter on.
99



Lemma 4.3 Let t,,t, be as in Lemma[{.4 Let J(x,u)|p, ) and Aty ts) be

defined, respectively, by (A.11) and (A.13). If (Z,u) and (Z,4) are feasible
processes for (F'Py,) with T,(t) = —1 for all t € [t;,t,] and

£ (f) = {1 +a(t—ty), tE[ty,1]

—1—a(t—1t), te (it
where t == 27'(t, +t,), then one has

(

— 1) A(ty, t).

> =
>

J('ﬁ: ﬁ)‘[tlh] - ‘]('%7 a)‘[tlah] -
Therefore, J(Z, )|t < J(Z, Q)| 10]-

Proof. By (4.5), from our assumptions it follows that u(¢) = 0 for almost
every t € [t1,t,] and

alt) = {1, a.e. t €[ty

1, a.e. t € (t,t,].

Since Z(-) is a feasible trajectory for (FPs,), £(t) < 1, i.e., ty —t; < 4a™".
One has
b2 f2 1 1
(T, )| 00 = / [ — (@) +ut)]dt = / e Mdt = —Xe_m + Xe_m.
t1 tq

Besides, the formulas for #; and @ on [t;, ;] imply that

I Dl = [ [ e (1 +alt 1))~ 1)t

tq

.\ /;2 [_ e_At<(_1 —a(t —t,)) + 1)]dt
:_/t e Ma (t—t)—2}dt+/t2e—”a(t—t2)dt.

t1 i
Thus, changing the sign of the expression J(Z,0)|y, ) — J(Z,0)|1,.1,] We get
the expression on the left-hand-side of (4.12). So, the desired results follow
from Lemma [4.2] O

We will need two more lemmas.

Lemma 4.4 Consider the function A : R”> — R defined by ([{.13)). For any
ti,ty € R with t, < ty and for any &€ € (0,ty, —t,), one has
Aty + &, ty) < Alty, t2) (4.15)
100



and
At ty) > Aty t1 + &) + Aty + &, ts). (4.16)

Proof. Fix a value £ € (0,t, — t;). To obtain (4.15)), consider the function
() :== A(t; + €, 1) of the variable € € R. Since

Ui (e) = e Mtite) _ 9 —3A(titetts) Lo
one sees that v (-) is continuously differentiable on IR and
wi( ) — )\( A(t1+e+t2) 6*)\(151+€)>_

As the function r(t) := e is strictly decreasing on IR, the last equality
implies that ¢ (¢) < 0 for every € € [0,t, — ;). Hence, the function v(-) is
strictly decreasing on [0,ty — t;). So, the inequality (4.15]) is valid.

To obtain (4.16]), observe from (4.13) that

Altrts) — Albyty +2) — Aty + &, 1)
= e + e~ Aty (6—)\t1 — ¢~ A(t1+5 )+ e (tﬁ-é))
o (6—)\(1514—5_ . 26_)\ t1J2rt2—|—§) + e—Atz)

t1+to

= 2 [e‘k( 2

M1 _ 9 —aadt

e

+5) _ —A“;@} _ 2[6—>\(t1+5‘) e

—A(t1+§)}

Applying the classical mean value theorem to the differentiable function
r(t) = e, one can find 7, € (4, + 5,61 + &) and 7, € (852, 832 4 £) such
that

_ = _ £ € _
e At1+e) e At1+5) — _(_>\)€ /\le
2
_y(tatta g _yt1tto 5 o
D _ i S e,

Thus, A(ty, t2) —A(ty, t1+8) — At +&, t) = EX[e ™ —e ], As the function
r(t) is strictly decreasing on IR and 7, < 73, one gets e — e > (; hence
the inequality (4.16]) is proved. O

Lemma 4.5 Let there be given ty,ty € [to,T], t1 < to, and & > 0. Suppose
that (T, %) and (£, 4¢) are feasible processes for (F Py,) with T5(t) = € for
all t € [ty, 5] and

c £ —a(t—ty), t ety 1
: Etalt—t,), te (it
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where £ := 27Y(t, +t,). Then one has
1,a
X(X — D)A(ty, ),

with J(x,w)|p, 1, and A(ty,t2) being defined respectively by (4.11)) and (4.13)).
Besides, the strict inequality J (i, 05) |1, > J(T5,U)|j1y.19) 5 valid.

J(jéa a€)|[t1,t2] - J(%€7 af)l[tl,tz] -

Proof. The proof is similar to that of Lemma 4.2] O

The following two lemmas are crucial for describing the behavior of the
local solutions of (F'P,).

Lemma 4.6 The situation where T,(t) = —1 for all t from a subsegment
[t1,ts] of [to, T] with t; < ty cannot happen.

Proof. Since (Z,u) is a W! local minimizer of (F P,), by Definition
there exists 6 > 0 such that the process (Z, %) minimizes the quantity x,(7)
over all feasible processes (z,u) of (FPs,) with ||Z — 2|y, m1m2) < 9.

To prove our assertion, suppose on the contrary that there are t¢,t, with
to < t; < ty < T such that z,(t) = —1 for all t € [t},t,]. Fixing a number
e € (0,ty — t1), we consider the pair of functions (2, u°), where

fl(t)y t e [to,tl)U(t1+€,T]
T(t) == —1+a(t —t), te [ty t +27]
—1l—alt—t,—¢), te€(ti+2,t, +¢
and )
1 dai(t)
dt ’
Clearly, (z°,u°) is a feasible process of (F'P,). By (4.3), (4.11), and the

definition of Z5(+), we have

WE(t) == —a t € [to, T.

To(T) — 25(T) = J(Z, W) (11010 — J (25, 0°) 1,414 (4.17)

Besides, it follows from Lemma [4.3] and the constructions of  and z° on
[tl, tl -+ 5] that

J(ja 7“_L)Htl,lfﬁ—a] - ‘](iga as)l[thh-i-a] > 0.

Combining this with (4.17)) yields Zo(T') > #5(T'), which contradicts the W
local optimality of (7,u), because || — 2%y, me) < 0 for € > 0 small
enough. O
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Lemma 4.7 One must have z,(t) > —1 for all t € (t,,T).

Proof. By our standing assumption, (Z,u) is a W' a local minimizer for

(FPs,). Let 6 > 0 be chosen as in the proof of Lemma[4.6] If the assertion is
false, there would exist £ € (ty,T) with 7,(f) = —1.

If there exist two positive numbers £, and ¢, such that z,(t) > —1 for all
t € (f—e,1)U(f,f+¢&,). Then, thanks to the continuity of Z,(-), by shrinking
g, > 0 and g5 > 0 (if necessary) one may assume that z,(¢) € (—1,1) for all
t € (f—e,1)U(f, T+ &y). Then, since the curve Z;(-) cannot have more than
one turning on the interval (f — ey, %) (resp., on the interval (£, + &5)) by the
observation given at the beginning of the proof of Lemma [4.1l So, replacing
e, (resp., ;) by a smaller positive number, one may assume that

d—a(t—0), telfi-e,i]

fl(t) = . . -
—1+a(t—1), te(l,i+e)

To get a contradiction, we can apply the construction given in Lemma 4.5|
Namely, choose ¢ > 0 as small as ¢ < min{ey, €,} and define a feasible process
(%, u) for (FPy,) by setting

N 0, telt—et+¢
u(t) = § y
u(t), teltot—e)U(t+eT]
and
N T (t —¢), telt—et+e¢

z(t), t € [to,t —e)U(f+¢,T).
Then, by Lemma one has J(z,u) > J(Z°, u). This contradicts the W'
local optimality of (Z,u), because ||T — 2%y (4 rr2) < 0 for € > 0 small
enough.

Since one cannot find €; > 0 and e, > 0 such that the strict inequality
T1(t) > —1 holds for all t € (f —e,,1) U (£, +&,), there must exist a sequence
{t;.} in (to, T) converging to ¢ such that either ¢, < f for all k or ¢, > { for all
k, and Z(t;) = —1 for each k. It suffices to consider the case t; < t for all k,

as the other case can be treated similarly. By considering a subsequence (if
necessary), we may assume that ¢, < t;,, for all k.

Choose k as large as
f —t; < min{26a~', 4a™'}. (4.18)
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This choice of k guarantees that 7;(t) < 1 for every t € [t;,f]. Indeed,
otherwise there is some « € (t,1) with Z;(a) = 1. Setting

o =min {t € [tg,a] : 7(t) =1}, oy =max{t € [a,f] : 7,(t) =1},

one has o < ay, (o, 0] C [tg, 1], and Z,(t) € (=1,1) for all ¢ in intervals
(tz, 1) and (ay,t). Then, it follows from assertion S1 of Lemma that
a;—t; = 2a~!. Similarly, by assertion S2 in that lemma, one has t—ay, = 2a7'.

So, one gets ¢ — t;; > 4a~', which comes in conflict with (4.18)).

By Lemma [4.6] one cannot have z,(t) = —1 for all ¢ € [t;,tz,,]. Thus,
there is some 7 € (tz,t5,,) with Z,(7) > —1. Setting

i =max {t € [tg,7] : T,(t) = =1}, n=min{t € [r,tz1] : T1(t) = -1},

one has 7y < 7o, [11, 7] C [ti, tiz), and Zi(t) € (=1,1) for all t € (7, 7).
Hence, replacing t; (resp., t.1) by 7 (resp., 73), one sees that all the above-
described properties of the sequence {t;} remain and, in addition,

T (t) € (=1,1), Vt € (tp, tis)- (4.19)

Let F:={t € [t;,f] : 7,(t) = —1} and E := [t;, ] \ F. Since F is a closed
subset of R and F = (t;,f) \ I, E is an open subset of IR. So, F is the
union of a countable family of disjoint open intervals (see [75, Proposition 9,

p. 17]). Since t; ¢ E for all k, we have a representation F = UEi, where
i=1

the intervals E; = (", 7{"), i € IN, are nonempty and disjoint. Thanks to
(4.19)), one may suppose that F; = (7'1(1), V) = (¢, tr.1). Note also that, for
any i € IN, 7,(t) € (—1,1) for all t € E,. Since 7,(7\") = 7;(r{") = —1, by
assertion S3 of Lemma [4.1] one gets

[, e 2 o)

(1) = (0 L) )y ()

—1—a(t—mn"), te (27" +mn7),

If the set F} := F'\ {t;} has an isolated point in the induced topology of
[t;, 1], says, . Then, one must have ¢ € [t;,1,1). So, there exists ¢ > 0 such
that (t —e,t +¢) C (t,f) and 7,(t) € (—=1,1) for all t € (f —,t) U (£, + ¢).
Applying the construction given in the first part of this proof, we find a
feasible process (z°,u®) for (F'P3,) with the property J(z,u) > J(z° u%).
This contradicts the Wt local optimality of (Z,u), because (4.18) assures
that ||.’E - £5‘|W171([t0,T1;R2) S 5
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Now, suppose that every point in the compact set Fj is a limit point of this
set in the induced topology of [t;,f]. Then, if the Lebesgue measure p(F})
of F is null, then the structure of F} is similar to that of the Cantor seffl
constructed from the segment [tz.1, ] C IR. If up(Fy) > 0, the structure of F}
is similar to that of a fat Cantor set, which is also called a Smith-Volterra-
Cantor setfl

Putting

(t) = {0’ teltnd (4.20)

and

7 (t) = {1’ L€l (4.21)

(1), t € [to, 1) U (£, T1,

we see that (Z,u) is a feasible process for (F'P3,). Similarly, define

-1 t € [ther, 27 (tpgs +1)]
u(t) = 4 1, t € (27t +1),1] (4.22)
u(t),  t€ [totrp) U (LT
and
—1+a(t —tpp),  t € [tig, 27 (G + 1)
z1(t) = ¢ —1 —a(t — 1), t € (27 tpey + 1), (4.23)
z1(¢), t € [to, tryr) U (£, T,
and observe that (z,u) is a feasible process for (FPy,). Using (4.18), it is
easy to verify that ||z — :Z'le,l([to’ﬂ;mz) < ¢. Thus, if it can be shown that

J(z,u) < J(z,u), (4.24)

then we get a contradiction to the W' local optimality of (Z, ). Hence, the
proof of the lemma will be completed.

By (4.20)—(4.23) and Lemma [4.3] one has
J(f, ﬂ) - J(J,‘, u) - ‘](EL:? a)ht;;f] - J(l‘, U)’[t,;j]-
Therefore,

J(z,u) — J(z,u) = %( — 1) [A(trs ter) + At D], (4.25)

>

Thttps://en.wikipedia.org/wiki/Cantor_set.
2https:/ /en.wikipedia.org/wiki/Smith-Volterra-Cantor_set.
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where A(ty,ty), for any t,t, with ¢, < to, is given by m In addition,
using (4.20), (4.21)), the decomposition [tz , ] UE ) U Fy, and the sum

rule [49, Theorem 17, p. 297] and the decomposition formula [49, Theorem 4,
p. 298] for the Lebesgue integrals, one gets

J(@,u) = J(2,0) = (T, )]0 — (T )]0
_ /[t . = (@) + a(t)] - [Fa(t) + ()] |dt

- Z/ e ([2:(t) + a(®)] — [T:(1) + a(t)])} dt
* /F { — e M([m(t) +a)] — [#(t) + ﬂ(t)])] dt.

Hence, it holds that

_ ~ ~ 1 a - i i
J@w = J@E = (=)L AR L (@420)
where [ := / [— e M([7(t) +u(t)] — [7.(t) + ﬂ(t)])}dt. Given any t € Fy,
Fy
we observe that Z,(t) = Z,(t) = —1 and u(t) = 0. Since every point in Fj is a

limit point of this set in the induced topology of [t;, ], we can find a sequence
{&;} in FY satisfying JILI?O £ =t. As the derivative T, (t) exists a.e. on [t, 17,
it exists a.e. on Fj. In combination with the first differential equation in
(4.5)), this yields z,(t) = —au(t) a.e. t € Fy. Since Z;(t) = —1 for all t € F,
for a.e. t € F) it holds that

a(t) = —%:i:l(t) _ _% i T ( ? :fl(t) o

We have thus shown that [7,(t) + @(t)] — [Z:(t) + u(t)] = 0 for a.e. ¢t € F.
This implies that I = 0. Now, adding (4.25)) (4.26]), we get

J(z,u) — J(x,u)

= L) [Alt b + Al D) - S5 AG ] D
We have
ZA 7)) < Aty 1) (4.28)
To establish this inequahty, we first show that
ZA T ,72 < A(tjq, 1) (4.29)
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for any integer m > 2. Taking account of the fact that every point in F} is
a limit point of this set in the induced topology of [t;, 1], by reordering the

intervals (Tl ), To ) for © = 2,...,m, we may assume that
ti <71()<72()<71(3) <t << M g
Then, by Lemma [4.4] and by induction, we have
> A < (Al ) +AE )]+ 3 A7)
— i=3
< {A(tk—l-la Ty ) + A<7-2 77-1( ))} + Z A(7-1(1)7 TQ(Z))
i=3

< A(tkﬂﬂ'z )"‘A( )
< A(tE+17 )

Thus, ([#.29) is valid. Since A(Tl 7)) > 0 for all i = 2,3,..., the estimate

(4.29)) shows that the series Z A(Tli e ) is convergent. Letting m — oo,
1=2

from (4.29) one obtains (4.28). Since A(tz, tz41) > 0, the equality (4.27) and

the inequality (4.28]) imply (4.24]).

The proof is complete. U

4.5 Synthesis of the Optimal Processes

To continue, using the parameters tube (A, a, zg, ty, T') of (F'P,), we define

1 _
p:XlnaiA>0 and t=T —p.
Besides, for a given z, € [—1,1], let
pri=a '(1+z) and pyi=a (1 —z). (4.30)

As xy € [-1,1], one has p; € [0,2a7'] and p, € [0,2a7']. Moreover, since
Z1(t) is a continuous function, the set

To={t € [to,T] : Z1(t) = 1}

is a compact set (which may be empty). If 7, is nonempty, then we consider
the numbers

ap :=min{t : t € T} anday :=max{t : t € T1}.
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By Lemma 4.7, one of the next four cases must occur.

Case 1: zq > —1 and z,(t) > —1 for all t € (ty,T]. Then, condition (i)
means that and are satisfied, while conditions (ii)—(iv) remain the
same as those in Section of Chapter 3. Moreover, it is clear that (Z,u) is
a W' local minimizer of the problem considered therein. So, the curve Z,(t)
must be of one of the four types (a)-(d) depicted in Theorem 3.4, where we
let z,(t) play the role of z(t). Of course, the condition Z,(t) > —1 for all
t € [to, T] must be satisfied. With respect to the just mentioned four types
of Z(t), we have the following four subcases.

Subcase 1a: Z(t) is given by
jl(t) = Xy — Cl(t — to), t e [to, T] (431)

By statement (a) of Theorem [3.4] this situation happens when T'—t, < p (i.e.,
t <ty). By (4.31), the condition 7,(t) > —1 for all ¢ € (o, T] is equivalent
to 7, (T) > —1 or, equivalently, ' — t, < p;. Therefore, if either p < p; and
T—ty<porp>p and T —ty < py, then Z,(¢) is given by ([4.31).

Subcase 1b:  T(t) is given by

7(t) = (4.32)

ZEQ—CL(t—FtQ—QE), tE(LT,T]

{x0+a(t—t0), t € [to, 7]

Accordingly, statement (b) of Theorem [3.4 requires that p < T —ty < p+ po.
By (4.32), the condition Z;(t) > —1 for all ¢t € (ty,T] is equivalent to the

requirement z,(7) > —1, which means that T — t, > 2p — p;. Thus, if
max{p;2p — p1} <T —ty < p+ pa, then T,(t) is given by (4.32)).

Subcase 1c:  T(t) is given by

. {xo +alt—ty), 1€ [to] .

1 —a(t—1), te (T

Then, statement (c¢) of Theorem requires that p < T — 1ty = p + po. By
(4.33)), the condition 7 (t) > —1, Vt € (ty, T is equivalent to the requirement
71(T) > —1, which means that p < 2a™'. Thus, if p < T —t, = p + p, and
p < 2a7', then 7(t) is given by (4.33).
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Subcase 1d: T,(t) is given by

To+a(t —ty), tE [to,to+ pa)
T1(t) = 1 1, t € [ty + po, 1) (4.34)
1 —a(t—1), tet,T].
In this situation, statement (d) of Theorem [3.4| requires that p+ ps < T — t,.

Meanwhile, by (4.34), the condition z,(t) > —1, Vt € (t,T] is equivalent to
the requirement 7,(T") > —1, which means that p < 2a™!. So, if p+p, < T—1,

and p < 2a™', then T (¢) is given by ({4.34]).

Case 2: zy= —1 and Z,(t) > —1 for allt € (t,,T]. Let & > 0 be such that
to+& < T. For any k € IN with k~' € (0, ), based on the comments before
Propositions 3.2/ and 3.3}, the restriction of (z, @) on [to+k~", 7] is a W' local
minimizer for the Mayer problem obtained from (F' Ps,) by replacing t, with
to+ k', Since 7,(t) > —1 for every ¢ € [to+ k™', T], repeating the arguments
already used in Case 1 yields a formula for Z,(¢) on [to + k~', T]. With the
numbers p;(k) := a '[1 + Z1(to + k)] and pa(k) := a1 — T, (to + k1)), for
every k € IN we see that the function Z,(¢) on [ty + k£~!, 7] must belong to
one of the following four categories, which correspond to the four forms of
the function Z,(¢) in Case 1.

(C1) Z4(t) is given by
T(t) =T (to+ k") —alt —ty— k™), telto+k ', T,

provided that p < pi(k) and T — ty — k=' < p or that p > pi(k) and
T — to - k'_l < pl(k)

(C2) Z1(t) is given by

B Ti(to+ k) +alt —to— k), tefto+ k1,1
Ti(to+ k) —alt+to+ k1 —2t), te(tT),

provided that max{p;2p — p1(k)} < T —to — k™t < p+ pa(k).
(C3) Z1(t) is given by

£ (t) = Ti(to+ k) +alt —to— k™Y, te[to+k 1]
C)1-at-0), te (T

provided that p < T —ty — k™' = p+ py(k) and p < 2a7.
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(C4) z,(t) is given by

i’l(to —|— k_l) + a(t — to — k'_l), t - [to —|— k_l, t() —|— pg(k)]
Ti(t) = { 1, t € (to + pa(k), 1]
1—a(t—1), te(tT)

provided that p+ po(k) <T —ty — k™' and p < 2a™*.

By the Dirichlet principle, there exist an infinite number of indexes k with
k=t € (0,&) such that the formula for z,(t) is given in the category C1 (resp.,
C2, C3 or C4). By considering a subsequence if necessary, we may assume
that this happens for all k with k~! € (0, &).

If the first situation occurs, then Z,(t) = —1 — a(t — t) for all t € [ty, T
by letting k — oo. This is impossible since the requirement z;(¢) > —1 for
all t € (ty,T] is violated.

If the second situation occurs, then by letting & — oo we have

. —].—l—a,(t—t()), t e [to,ﬂ
xl(t) = _
—l—a(t+t—2t), te(tT]
provided that max{p;2p — p1} < T —ty < p+ py. Since z;(t) > —1 for all
t € (to, T], one must have z,(T) > —1; hence 2p < T — t,. Since xy = —1,
by (4.30) one has p; = 0 and p, = 2a~'. Thus, this situation happens when
20 <T —ty < p+2a'.
If the third situation occurs, then Z,(t) is given by

_ —1+a(t—to), tE [to,ﬂ
I’l(t) = _
1_a(t_£)7 tE(t,T],
provided that T'—t, = p+2a™', and p < 2a7".

If the fourth situation occurs, then z;(t) is given by

jl(t()) + CL(t — to), t e [to, to + 20,71]
T(t) =<1, t € (to+2a~ 1]
1 —a(t—1), t e (¢, 7],
provided that p+2a™' < T —t; and p < 2a7'.
Case 3: 71(T) = —1 and z,(t) > —1 for all t € [t,, T).
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Subcase 3a: T; = (). Then Z,(t) € (—1,1) forallt € [ty, T) and Z,(T) = —1.
By some arguments similar to those of the proof of Lemma 4.1}, one can show
that formula for z,(.) on [ty, T is one of the following two types:

Fi(t) = 2o — alt —t), € [to, T); (4.35)

) {xo Falt—to), € [tot]

(4.36)
~1—a(t—T), te (t,T]

with ¢t € (¢, 7).

If z,(.) is given by (4.35)), then z,(T") = —1 if and only if T'— ¢, = p;. Since
xg € (—1,1], the latter yields 0 < T —ty = p; < 2a™ 1.

If Z,(.) is of the form (4.36]), then t, = 27 [T +t,—p1] as 7,(T) = —1. Since
t¢ > ty, one must have T' — ¢, > p;. Meanwhile, by and our standing
assumption in this subcase, Z,(t;) < 1. So, T —ty < p1 + 2ps = a (3 — xy).
Combining this and the inequality T'—t, > p; yields p; < T—ty < a™*(3—x).
Our results in this subcase can be summarized as follows:

e 7,(.) is given by (4.35)), provided that T' — ¢, = p;.

e 7,(.) is given by (4.30)), provided that p; < T —ty < a (3 — xy).

Subcase 3b: T; # (. Then we have t, < a; < ap, < T. It follows from
assertion S2 of Lemma [{.1]that T — o, = 247! and Z,(t) = 1 — a(t — ay) for
all t € [, T]. Thus, we have ap =T —2a ' and Zy(t) =1 —a(t — T + 2a™)
for all t € [T —2a1,T].

If oy < v, then Zy(t) = 1 for all ¢t € [a,as]. Indeed, suppose on the
contrary that there exists t € (ay, ay) satisfying z;(f) < 1. Set

a; = max{t € [ay,t] : T;(t) =1} and &, =min{t € [t,ay] : Z,(t) = 1}.

Clearly, [@y, @s] C [aq, ] C [to,T) and Z,(t) < 1 for all t € (ay,@,). This
and the condition z;(t) > —1 for all t € [tg, T) imply that z,(¢) € (—1,1) for
all t € (ay,@s). So, by assertion S4 of Lemma , we obtain a contradiction.
Our claim has been proved.

If ty < ay, then Z(t) € (—1,1) for all ¢ € [ty, ;) and Z;(a;) = 1. Thus,
repeating the arguments in the proof of assertion S1 of Lemma [4.1, we find
that z,(t) = zo+a(t—ty) for all t € [ty, ay]. As Z1(a)=1, we have a; = to+ps.
Consequently, the inequality as T — ty > (aq — ty) + (T — ) implies that
T—ty > pat+2a = a1 (3—xg). Our results in this subcase can be summarized
as follows:
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e 7(.) is given by
B o+ alt —ty), tE€ty, T —2a"]
Ti(t) =
—1—at-T), te(T—-2a"T],
provided that T — t, = a=1(3 — x¢).

e 7,(.) is given by

x0+a(t—t0), t - [to,to"‘ﬂg]
Lfl(t) - 1, t e (to + P2, T — 2@71]
—1—a(t-T), te(T—-2a"T],

provided that T'—t; > a1(3 — xy).

Case 4: 7,(tg) = 7,(T) = —1 and Z,(t) > —1 for all t € (t,,T).
Subcase 4a: T; = (0. Then, Z,(t) € (—1,1) for all t € (ty,,T). Thus, by
assertion S3 of Lemma one has T'— ty < 4a~! and

£1(8) = —14a(t—ty)), t€[te,2 (ty+T)]
T i —at—T),  te (2 Mty +T),T.

Subcase 4b: T, # 0. Then, the numbers a; and a, exist and we have
ty < ap < ay < T. It follows from statements S1 and S2 of Lemma that

ap —tg =T —ay = 2a7 1, Zy(t) = —1 4 a(t — t;) on the segment [ty, o],
and T,(t) = 1 — a(t — ay) on the segment [ay, T]. Thus, a; = ty + 2a™*,
ay = T —2a™t, T,1(t) = —1 + a(t — ty) for every t € [tg,to + 2a7'], and

T(t) =1—a(t—T+2a ") for all t € [T —2a"', T]. Note that one must have
T —to > 4a™ ! in this subcase as T — ty > (a; — to) + (T — as).

If T —ty > 4a™!, ie., oy < ay, then by the result given in Subcase 3b we
have z,(t) = 1 for all t € [ty + 2a™', T — 2a™1].

Our results in this case can be summarized as follows:

e 7,(.) is given by

o —1+alt—ty), t€][to,2 " (ty+T)]
U i —at =), te 2ty + 1), 7],

provided that T — t, < 4a™ .
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e 7(.) is given by

—l+alt—ty),  tE [toto+2a"]
z(t) =<1, te(ty+2a",T — 2a"]
—1—a(t-T), te(T—-2a"T],
provided that T — ¢, > 4a™ .

Now we turn our attention back to the original problem (FP;). In Sec-
tion [4.2] it was observed that (F'P;) has a global solution. So, the set of
the local solutions of (F'P;) is nonempty. Consequently, given the param-
eters tube (), a,xg,ty,T), if we can show that for any local solution (Z,u)
of (FPs),  is described by a unique formula, then we can assert that the
pair (Z,u) is a unique local solution of (F'P3), which is also a unique global
solution of the problem.

Using the given constants a, A with a > A\ > 0, we define

1 _
p=—In © 50 and t=T—p.

A a— A
The number p is a characteristic constant of (F'P;). From the analysis given
in the present section we can obtain a complete synthesis of optimal processes.
Due to the complexity of the possible trajectories, we prefer to present our

results in six separate theorems. The first one deals with the situation where

p > 2a~', while the other five treat the situation where p < 2a™'.

Based on the results obtained in Cases 1-4, we will provide a complete
synthesis of the global solutions of (F'P;). Recall that z,(¢) in (F Ps,) plays
the role of Z(t) in (F'P).

Theorem 4.1 If p > 2a™', then problem (FP3) has a unique local solution
(z,w), which is a unique global solution, where u(t) = —a'Z(t) for almost
every t € [to, T| and Z(t) can be described as follows:

(@) If T —to < a (1 + xg), then
f(t) :xg—a(t—to), t e [tO,T]
(b) Ifa ' (1+x9) <T —ty < a ' (3—x), then
(t) - i + Cl(t — t()), t e [to, tc]
—1—a(t-T), te(t,T]
with te == 27T +ty —a (1 + )]
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(¢) If T —ty > a ' (3 —x), then

xo—l—a(t—to), (S [t07t0+a71(1 —xo)]
z(t) =< 1, te(ty+a (1 —x),T—2a""]
—1—a(t-T), te(T—-2a"T].

Proof. Suppose that p > 2a™'. Let py, ps be defined as in (4.30). Then,
one has p > p1, 20— p1 > p+pa, p+p2 > 207 + po, 2p > p+2a7!, and
p+2a~!' > 4a~'. Thus, the above Case 2 and the situations in Subcase 1b,
Subcase 1c, Subcase 1d of Case 1 cannot happen. The situation in Subcase 1a
happens when T' — t; < p;. Combining this with the results formulated in
Case 3 and Case 4, we obtain the assertions of the theorem. O

If p < 2a™!, then the locally optimal processes of (F'Ps) depend greatly on
the relative position of x in the segment [—1, 1]. In the forthcoming theorems,
we distinguish five alternatives (one instance must occur, and any instance
excludes others):

(i) zo = —1;

(i) 2o > —1 and a (1 4 xy) < p;

(ill) g > =1, p<a (1 +x), and a (1 + 20) < p+a (1 — xp);
(iv) zg > —1, p<a ' (1 + ), and a (1 + x9) = p+ a (1 — xp);
(v) x> —1, p<a*(1+ ), and p+a (1 —zp) < a (1 + ).

It is worthy to stress that to describe the possibilities (i)—(v) we have
used just the parameters a, A, and xy. In each one of the situations (i)—(v),
the synthesis of the trajectories suspected for local minimizers of (F'P;) is
obtained by considering the position of the number T'—ty, > 0 on the half-line
[0, +00), which is divided into sections by the values p, 2p, p + 2a™', 4a™*,
and other constants appeared in (i)—(v).

Theorem 4.2 If p < 2a™' and xy = —1, then any local solution of problem
(FP3) must have the form (z,u), where u(t) = —a'z(t) for a.e. t € [to, T]
and Z(t) is described as follows:

(a) If T' —ty < 2p, then

(4.37)

—1+a(t —t), t € [to, 27 (tg + T)]
—1—a(t-T), te@2'(te+T),T].
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In this situation, (Z,u) is a unique local solution of (F'P3), which is also

a unique global solution of the problem.
(b) If 2p < T —ty < p+2a~', then T(t) is given by either
(t) = —1+a(t —to), t € [to, 1]
—1—a(t+ty—2t), te(t,T]
or (4.37)).
() If T —ty=p+2a", then T(t) is given by either
(t)_ _1+a(t_t0)7 t e [t()?ﬂ
1 —a(t—1), te(t,T)
or (4.37)).
(d) If p+2at <T —ty < 4a™!, then Z(t) is given by either
—1+a(t—t0), t e [to,t0+2a_1]
z(t) =1 1, t € (to+2a"',1]
1 —a(t—1), te(t,T)

or ({4.37).
(e) If T —ty > 4a™', then Z(t) is given by either (4.40) or

—1+a(t —ty), t € [to, to + 2a7"]

T(t) =41, t € (to+2a 1T —2a7]

—1—a(t-T), te(T-2a"T].

(4.38)

(4.39)

(4.40)

In situations (b)—(e), the unique global solution of the problem (F'P3) is given
correspondingly by (4.38), (4.39)), (4.40), and (4.40), where the last switching

time of the optimal control function u(-) is t.

Proof. Suppose that p < 2a™!

and xo = —1. Since the above Case 1 and

Case 3 are excluded, to obtain the assertions (a)—(e) we just need to combine

the results formulated in Case 2 and Case 4. Here we have

2p < p+2at <4da .

In what follows, we will consider the position of the number T" — ¢, on the

half-line [0, +00) marked by the values 2p, p + 2a™', and 4a™'.
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First, consider situation (a), where T'— ¢, < 2p. Since all the three possi-
bilities depicted in the conclusion part of Case 2 are excluded, Case 4 must
occur. Since T —ty < 2p < 4a™!, from the results in Case 4 it follows that T

is described by (4.37)). Thus, assertion (a) of the theorem is proved.

Now, consider situations (b)—(e). Here we have T — ¢, > 2p. So, our
assertions follow from the results formulated in Case 2 and Case 4.

The fact that (F'P;) has a global solution has been observed before. To
prove the last assertion of the theorem about the uniqueness of the global
solution of (F'P3) in situations (b)—(e), we suppose on the contrary that the set
of the global optimal processes of (F P) is not a singleton. In each situation,
by assertions (b)—(e) we know that the set of the local optimal processes
contains no more than two elements. Hence, our supposition means that both
distinctly feasible processes depicted therein in each situation are global ones.
Observe that, in situations (b)—(c), 27'(ty + T) < t because T — t, > 2p and
t = T — p. Moreover, the formulas given in each situation show that the state
trajectories of the two global processes coincide on [ty, 27 (t; + T')]. Consider
the problem denoted by (F'P)|j-1(ty+1),r1, Which is obtained from (F'P;) by
replacing the initial time ¢, and the bilateral state constraints —1 < x(¢) <1
respectively by 27!(ty + T') and the unilateral state constraints x(¢) < 1. As
27t + T) < t, it follows from Theorem that (F'Ps)|jp-1(tp+7)1] has a
unique global process, in which the switching time of the optimal control is ¢.
Consequently, (F'P3) has a unique global process, in which the switching time
of the optimal control function is ¢, a contradiction. Similarly, observing that
27 (tg+T) < ty+2a~' <t in situation (d) (resp., T — 2a~' < t in situation
(e)) and using the previous arguments, we will arrive at a contradiction. O

Theorem 4.3 If p < 2a™', g > —1, and a*(1 + xy) < p, then any local
solution of problem (FPs) must have the form (T, @), where u(t) = —a 'z (t)
for almost everywhere t € [ty, T] and Z(t) can be described as follows:

(@) If T —ty < a Y1+ xp), then Z(t) is given by

In this situation, (Z,u) is a unique local solution of (F P3), which is also
a unique global solution of the problem.
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(b) If a™ (1 +mx9) <T —ty < 2p—a (14 x), then T(t) is given by

“){%+a@%L £ € [to, 1 2
1 —a(t—T), te (t,T]

with t; == 27T +to—a ' (14xy)]. In this situation, (z,u) is a unique local
solution of (F'P3), which is also a unique global solution of the problem.

() If2p—at(14xy) <T—ty < p+a (1 —ux), then T(t) is given by either

Falt —ty), t € [ty
xo—a(t+t0—2£), te(t,T]
or (4.42)).
(d) If T —ty=p+a (1 —x), then T(t) is given by either
Talt—t)), tEtyl
#(t) =4 alt =) fo, (4.44)
1 —a(t—1), te(t,T]
or (4.42).

() If p+a (1 —xy) <T —ty<a'(3—um), then Z(t) is given by either

ZUO—I—CL(t—to), t e [to,to—l—ail(l —xo))

T(t) = {1, tefto+at(l—mz),0) (4.45)
1 —a(t—1), tet,T]
or (4.42)).
() If T — ty = a (3 — x0), then Z(t) is given by either (4.45) or
+a(t —to), telty, T —2a!
z(t) = 4 o Halt =) fo a] (4.46)
—1—a(t-T), te(T—2a"T).

() If T —ty > a (3 — xy), then Z(t) is given by either (4.45)) or

$0+a(t—t0), t e [to,t0+a_1(1 —1'0)]
z(t) =41, te(to+a (1l —ax), T —2a""]
—1—a(t-T), te(T—-2a"T].

In situations (c)—(g), the unique global solution of the problem (F P) is the
one in which the last switching time of the optimal control function u(-) is t.
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Proof. Suppose that p < 2a™', zy > —1, a (1 + xy) < p, and let p1, py be
given by (4.30). Then, it is easy to verify that max{p,2p—p;} = 2p—p; and

pr<2p—p1 < ptpr<a(3— ).

The above Case 2 and Case 4 are excluded by the condition zy > —1. So,
to obtain the desired assertions (a)—(g), it suffices to combine the results
formulated in Case 1 and Case 3 with an observation on the position of the
number T — t, on the half-line [0, +00), which is marked by the values p,
20 — p1, p+ po, and a (3 — xp).

Recall that (F'P;) has a global solution. To prove the last assertion of the
theorem about the uniqueness of the global solution of (F'P3) in situations (c¢)—
(g), we suppose on the contrary that the set of the global optimal processes of
(F'Ps) is not a singleton. In each situation, by assertions(c)—(g) we know that
the set of the local optimal processes contains no more than two elements.
Hence, our supposition means that both distinctly feasible processes depicted
in each situation are global ones. In situations (¢)—(g), as T —ty > 2p—p; > p
and t = T — p, we have t, < t. Thus, by Theorem [3.4] the problem (FP,)
obtained from (F'P3) by replacing the constraint —1 < z(t) < 1 by z(t) < 1
has a unique global solution, which is the one where the last switching time
of the optimal control function u(-) is . Consequently, (F'P3) has a unique
global solution, in which the switching time of the optimal control function
is t, a contradiction. O

Theorem 4.4 If p < 2a™', 2y > —1, p < a (1 4+ ), and
a (14 x0) < p+a (1 —x), (4.47)

then any local solution of problem (F'Ps) must have the form (T, u), where
u(t) = —a'z(t) for a.e. t € [to, T] and T(t) is described as follows:

(a) If T —ty < p, then Z(t) is given by (4.41)). In this situation, (T,u) is a
unique local solution of (FPs), which is also a unique global solution of
the problem.

(b) If p < T—ty < a *(14xy), then Z(t) is given by (4.43). In this situation,
(Z,u) is a unique local solution of (F'P3), which is also a unique global
solution of the problem.

() If T —ty=a (14 xy), then T(t) is given by either (4.43) or (4.41)).
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(d) If a ' (14 z0) < T —ty < p+a (1 —uxgy), then Z(t) is given by either
A3) or ([342).

() If T —to=p+a (1 —x), then Z(t) is given by either (4.44) or (4.42).

(f) If pta '(1—xy) < T—ty < a ' (3—mxy), then T(t) is given by either (4.45))
or (4.42).

(g) If T —ty = a (3 — xy), then Z(t) is given by either (4.45) or (4.46)).
(h) If T —to > a (3 — xy), then T(t) is given by either (4.45) or (4.3)).

In situations (c)—(h), the unique global solution of (F'Ps) is the one in which

the last switching time of the optimal control function u(-) is t.

Proof. Suppose that p < 2a7!, o > —1, p < a (1 + xy), and the inequal-

ity holds. Let py, p» be defined as in (4.30). By the assumptions made,
max{p,2p —pi} = pand p < p; < p+ py < a (3 — ). Due to the condi-
tion xy > —1, the above Case 2 and Case 4 are excluded. So, to obtain the
assertions in (a)—(h), it suffices to combine the results formulated in Case 1
and Case 3 and observe the position of the number T — ¢, on the half-line
[0, +00), which is marked by the values p, p1, p + po, and a (3 — z¢).

The last assertion of the theorem about the uniqueness of the global solu-
tion of (F'Ps) in situations (c¢)—(h) is proved similarly as in the second part
of the proof of Theorem {4.3| O

Theorem 4.5 If p < 2a™', 2y > —1, p < a (1 4+ xy), and
a ' (14+x) = p+a (1 —z), (4.48)

then any local solution of problem (F'P;) must have the form (T, u), where
u(t) = —a 'z(t) for a.e. t € [ty,T] and T(t) is described as follows:

(a) If T —ty < p, then Z(t) is given by (4.41). In this situation, (T,u) is a
unique local solution of (F P3), which is also a unique global solution of
the problem.

(b) If p < T —tg < a ' (14xy), then T(t) is given by (4.43)). In this situation,
(Z,u) is a unique local solution of (F'P3), which is also a unique global
solution of the problem.

() If T —ty=a (14 xy), then T(t) is given by either (4.44) or (4.41)).
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(d) Ifa ' (14 x0) <T —ty < a (3 —1xp), then Z(t) is given by either (4.45)
or (4.42).

() If T —ty = a (3 — ), then T(t) is given by either (4.45) or (4.46)
(f) If T —to > a (3 — xy), then T(t) is given by either (4.45)) or (4.3).

In situations (c)—(f), the unique global solution of the problem (F P3) is the
one in which the last switching time of the optimal control function u(-) is t.

Proof. Suppose that p < 2a™', 2y > —1, p < a (1 4 xy), and (4.48)) holds.
Let pi, ps be as in (4.30). Then, we have max{p,2p — p;} = p and

p<pr=p+p<a(3—mz).

Since xy > —1, the above Case 2 and Case 4 are excluded. Hence, the desired
assertions (a)—(g) follow from combining the results formulated in Case 1
and Case 3 with an observation on the position of the number 7' — ¢, on the
half-line [0, +00), which is marked by the values p, p1, and a1 (3 — ).

The assertion on the uniqueness of the global solution of (F' P3) in situations

(¢)—(g) is proved similarly as in the second part of the proof of Theorem {4.3|
U

Finally, consider the situation where p < 2a™', 1y > —1, p < a (1 + xy),
and p+a (1 —x) < a (1 +x). As o < 1, we have p < p+a (1 — xy).
Combining the latter with the inequality p+a (1 —x¢) < a ' (1 + ) yields
p < a (14 xy). So, the last inequality can be omitted in the formulation of
the following theorem.

Theorem 4.6 If p < 2a™', xy > —1, and p+ a (1 — ) < a (1 + xy),
then any local solution of problem (F'Ps) must have the form (T, u), where
u(t) = —a'z(t) for a.e. t € [to, T] and T(t) is described as follows:

(a) If T —ty < p, then Z(t) is given by (4.41)).

M) If p<T —ty<p+a (1l —uay), then (t) is given by (4.43).

() If T —to=p+a (1 —x), then Z(t) is given by (4.44).

(d) Ifp+a (1 =) <T —ty <a (14 ), then Z(t) is given by (4.45).
(

e) If T —ty = a (1 + xy), then Z(t) is given by either (4.45)) or (4.41]).
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() If a ' (1+ ) <T —ty < a*(3—xp), then T(t) is given by either (4.45))
or (4.42).

(h) If T —ty = a (3 —xy), then T(t) is given by either (4.45) or (4.46).

(g) If T —ty > a (3 — xy), then T(t) is given by (4.45) or (4.3).

In situations (a)—(d), (Z,u) is a unique local solution of (F'P3), which is
also a unique global solution of the problem. In situations (e)—(g), the unique
global solution of (FPs) is the one in which the last switching time of the
optimal control function u(-) is t.

Proof. Suppose that p < 2a™!, 2o > —1, and p+a (1 — zp) < a (1 + o).
With py, p, being defined (4.30]), one has max{p,2p — p;} = p and

p<ptpr<p<a (3 m).

Since zy > —1, to obtain the desired assertions (a)—(g) we just need to
combine the results formulated in Case 1 and Case 3 with an observation on
the position of the number 7" — ¢, on the half-line [0, +00), which is marked
by the values p, p + pa, p1, and a (3 — x).

The uniqueness of the global solution of (F'P;) in situations (a)—(d) is
obvious. The uniqueness of the global solution of (F'F;) in situations (e)—(g)
can be proved similarly as in the final part of the proof of Theorem [.3] O

An anonymous referee of the paper [38] noticed that we may face with
the degeneracy phenomenon of the maximum principle in our analysis of the
optimal control problems with state constraints in question. Although we
have overcome the phenomenon by employing the special structure of the
problem and several technical arguments, the next section is devoted to a
discussion on the degeneracy phenomenon of the maximum principle, which
sheds new lights on the synthesis of the optimal processes given in this and
previous chapter as well as to highlight the tools one may use to deal with
the degeneracy phenomenon.
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4.6 On the Degeneracy Phenomenon of the Maximum

Principle

Regarding maximum principles for optimal control problems with state
constraints, there is a so-called degeneracy phenomenon, which has been
widely discussed in the literature (see, e.g., the books [5,82], the papers
[6,27-29,|46], and the references therein). In our notations, when the left
endpoint %, is fixed and the initial state z; lies in the boundary of the state
constraint, i.e., h(ty, xo) = 0, then standard variants of Pontryagin’s maxi-
mum principle may be degenerate. This means that such maximum principles
are satisfied by trivial multipliers (see [6,27] and the following paragraph for
details); hence no useful information is obtained. For problem (F'P,), the
analysis given after Lemma may face with the degeneracy phenomenon
in Case 2 and Case 4. We have overcome the phenomenon by employing the
special structure of (F'Pj,) and several technical arguments (consider the re-
strictions of the trajectories in question on a sequence of a strict subintervals
of [ty,T] and classify their shapes into four categories, apply the Dirichlet
principle, and use the valuable observation in Lemma for a trajectory
which remains in the interior of the domain [—1,1] for all ¢ from an open
interval (71, 7) of the time axis and touches the boundary of the domain at
the moments 7, and 7).

As shown in [6, p. 932 and Section 5] and [5, Chapter 2J|, the degeneracy
phenomenon can be dealt with by new versions of the maximum principle. It
can be also effectively studied by using the concept of hybrid subdifferential.
Namely, as mentioned in [82, Remark (b), pp. 330-331], regarding a W' local
minimizer (Z, u) for M, the maximum principle formulated in Theorem 3.1|for
the problem M is of interest only when the state constraint is nondegenerate,
in the sense that 0 ¢ 0>h(t,z(t)) for every t satisfying h(t,z(t)) = 0. The
reason is that the necessary conditions (i)—(iv) automatically hold if

0€dh(t,7(t) and h(t,Z({t)) =0

for some time ¢, with the choice of multipliers y = dyn (the unit measure
concentrated on {t'}), p(t) = 0, v : [t,,T] — IR" is a Borel measurable
function with the property that v(t) = 0, and v = 0. (It is worthy to

3See also Theorem 10.6.1 and Corollary 10.6.2 in the book by Vinter [82]|, which are based on the preceding works of
A. V. Arutyunov, S. M. Aseev, and V. I. Blagodat.skikh on extra conditions to eliminate degeneracy.
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stress that our problem (FPs,) is nondegenerate. Indeed, applied to any
feasible process (Z,u) of (FPs,), formula shows that 0 ¢ O~ h(t,z(t))
for every t satistying h(t¢,Z(t)) = 0. Furthermore, if the state constraint of
M is nondegenerate w.r.t. a W'! local minimizer (Z, ), then one can apply
some regularity conditions to assure that v > 0 (in that case, not only the
necessary conditions (i)—(iv) are meaningful, but the objective function g is
taken into full account in condition (iii)). The reader is referred to [27-29]
for further information in this direction. As concerning our analysis in Cases
1-4 above, we have not used these regularity conditions.

4.7 Conclusions

We have analyzed a maximum principle for finite horizon optimal control
problems with state constraints via one parametric example, which resembles
the optimal economic growth problems in macroeconomics. This example is
an optimal control problem with bilateral state constraints of the Lagrange
type and has five parameters. We have proved that the optimal control prob-
lem can have at most two local optimal processes. Moreover, we have obtained
explicit descriptions of the unique global optimal process with respect to all
possible configurations of the five parameters.

123



Chapter 5

Finite Horizon Optimal Economic

Growth Problems

Written on the basis of the papers [39,/40], this chapter establishes sev-
eral theorems on solution existence for optimal economic growth problems
in general forms as well as in some typical ones and a synthesis of optimal
processes for one of such typical problems. Some open questions and conjec-
tures about the uniqueness and regularity of the global solutions of optimal
economic growth problems are formulated herein.

5.1 Optimal Economic Growth Models

Following Takayama [79, Sections C and D in Chapter 5], we consider
the problem of optimal growth of an aggregative economy. Suppose that the
economy can be characterized by one sector, which produces the national
product Y (t) at time ¢t. Suppose that Y (¢) depends on two factors, the labor
L(t) and the capital K(t), and the dependence is described by a production
function I'. Namely, one has

Y(t) = F(K(t),L(t)), V> 0.

It is assumed that F': ]Ri — IR, is a function defined on the nonnegative or-
thant ]Ri of IR” having nonnegative real values, and that it exhibits constant
returns to scale, i.e.,

F(aK,aL)=aF(K,L) (5.1)
for any (K, L) € R% and a > 0.
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For every t > 0, by C(t) and I(t), respectively, we denote the consumption
amount and the investment amount of the economy. The equiltbrium relation
in the output market is depicted by

Y(t) = C(t) + I(t), V> 0. (5.2)

The relationship between the capital K (¢) and the investment amount I(t)
is given by the differential equation

Kt)=1(t), Vt>0, (5.3)

where K(t) = 0

t (see, e.g., [19, pp. 465-466]). If the investment function I(-) is continuous,

denotes the Fréchet derivative of K(-) at time instance

then one can compute the capital stock K(¢) at time ¢ by the formula

/1

where the integral is Riemannian and K (0) signifies the initial capital stock.
In particular, the rate of increase of the capital stock K(t) at every time
moment ¢ exists and it is finite.

If the initial labor amount is Ly > 0 and the rate of labor force is a constant

o >0 (i.e., L(t) = o L(t) for all t > 0), then the labor amount at time moment
t1s

L(t) = Lee”, Vt > 0. (5.4)

For any ¢t > 0, as L(t) > 0, from (b.1)) we have

Y(t) K(t)
— =F(—=,1 vt > 0.
L(t) <L(t)’ ) -
: . . . K(t) ,
By introducing the capital-to-labor ratio k(t) := 0 and the function

(k) == F(k,1) for k > 0, from the last equality we have

o(k(t)) = % — (5.5)

Due to (5.5)), one calls ¢(k(t)) the output per capita at time ¢ and ¢(-) the
per capita production function. Since F' has nonnegative values, so does
¢. Combining the continuous differentiability of K(-) and L(-), which is
guaranteed by and (5.4), with the equality defining the capital-to-labor
ratio, one can assert that k(-) is continuously differentiable. Thus, from the
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relation K (t) = k(t)L(t) one obtains
K(t) = k(t)L(t) + k(t)L(t), Vt>0.

Dividing both sides of the above equality by L(t) and invoking L(t) = o L(t),
we get .

K(t)

——= = k(t k(t vVt > 0. 5.6

T = b+ kD), Ve (5:6)
Similarly, dividing both sides of the equality in (5.3)) by L(¢) and using (5.2)),

we have

L) L@) L)  ~
o . | C(t)
So, by considering the per capita consumption c(t) := m of the economy
at time t and invoking (5.5]), one obtains
K(1)
—= =0¢(k(t)) —c(t vt > 0.
T = Ok0) —e(t), Vi

Combining this with yields
k(t) = o(k(t)) — ok(t) — c(t), ¥t>0. (5.7)
The amount of consumption at time ¢ is
C(t) = (1 — s(t))Y (), ¥t>0, (5.8)

with s(t) € [0, 1] being the propensity to save at time ¢ (thus, 1 — s() is the
propensity to consume at time t). Then, by dividing both sides of (5.8)) by
L(t) and referring to ([5.5)), one gets

c(t) = (1—s(t)o(k(t)), Vt=>D0. (5.9)
Thanks to (5.9)), one can rewrite ([5.7)) equivalently as
k(t) = s(t)o(k(t)) — ok(t), Vt>0. (5.10)

In the special case where s(-) is a constant function, i.e., s(t) = s > 0 for
all ¢ > 0, relation (5.10) is the fundamental equation of the neo-classical
aggregate growth model of Solow [77].

One major concern of the planners is to choose a pair of functions (k, c¢) (or
(k,s)) defined on a planning interval [¢y, T'| C [0, +o0], that satisfies (5.7]) (or
(5.10)) and the initial condition k(t;) = ko, to maximize a certain target of
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consumption. Here ky > 0 is a given value. As the target function one may
T

choose is / c(t)dt, which is the total amount of per capita consumption
to

on the time period [ty, T]. A more general kind of the target function is

T
/ w(c(t))e Mdt, where w : IR — R is a utility function associated with the
to

representative individual consumption ¢(¢) in the society and e

" is the time
discount factor. The number A > 0 is called the real interest rate. Clearly,
the former target function is a particular case of the latter one with w(c) = ¢
being a linear utility function and the real interest rate A = 0. For more
discussions about the length of the planning interval, the choice the utility
function w(-) (it must be linear, or it can be nonlinear?), as well the choice
of the real interest rate (one must have A\ = 0, or one can have A > 07), we
refer the reader to [79, pp. 445-447].

The just mentioned planning task is a state constrained optimal control
problem. Interpreting k(t) as the state trajectory and s(¢) as the control
function, we can formulate the problem as follows.

Let there be given a production function F': ]Ri — IR, satisfying for
any (K, L) from IR} and o > 0. Define the function ¢(k) on IR, by setting
¢(k) = F(k,1). Assume that a finite time interval [ty, T] with T > ¢, > 0, a
utility function w : IR, — IR, and a real interest rate A > 0 are given. Since
c(t) = (1—s(t))p(k(t)) by (5.9), the target function can be expressed via k(t)
and s(t) as

/ w(e(t))e Ndt = / W[(1 = s()b(k(t))]e Mt

to to
So, the problem of finding an optimal growth process for an aggregative
economy is the following one:

Maximize I(k,s) := /Tw[(1—s(t))qs(k(t))]e—”dt (5.11)

to

over k € Wh([to, T],IR) and measurable functions s : [t;, T] — IR satisfying

k(t) = s(t)p(k(t) — ok(t),  ae. t € [ty,T]

) Flto) = hy (5.12)
s(t) € [0,1], a.e. t € [ty,T]

Lk(t) >0, Vt € [to, T).
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This problem has five parameters: ¢y, T, A > 0, 0 > 0, and k, > 0.

The optimal control problem in (5.11))—(5.12)) will be denoted by (GP).
According to [18], (GP) is a finite horizon optimal control problem of the

Lagrange type. In addition, due to the requirement that k(t) > 0 for all
t € [ty, T], this is an optimal control problem with state constraints.

To make (GP) competent with the given modeling presentation, one has
to explain why the state trajectory can be sought in Wh([t,, T],IR) and the
control function is just required to be measurable. If one assumes that the
investment function /() is continuous on [ty, T'], then implies that K(+)
is continuously differentiable; hence so is k(-). However, in practice, the in-
vestment function I(-) can be discontinuous at some points ¢ € [ty, T] (say,
the policy has a great change, and the government decides to allocate a large
amount of money into the production field, or to cancel a large amount of
money from it). Thus, the requirement that k(-) is differentiable at these
points may not be fulfilled. To deal with this situation, it is reasonable to
assume that the state trajectory k(-) belongs to the space of continuous,
piecewise continuously differentiable functions on [tq, 7], which is endowed

with the norm ||k| = max |k(t)|. Since the latter space is incomplete one
te|to,

embeds it into the space W ([ty, T],IR), which possesses many good proper-
ties (see [49]). In that way, tools from the Lebesgue integration theory and
results from the conventional optimal control theory can be used for (GP).
Now, concerning the control function s(-), one has the following observation.
Since the derivative k(t) exists almost everywhere on [to, T] and k(-) is a mea-
surable function, for the fulfillment of the relation k(t) = s(t)p(k(t)) — ok(t)
almost everywhere on [ty, T], it suffices to assume that s(-) is a measurable
function. Recall that a function ¢ : [ty,T] — IR is said to be measurable if
for any o € IR the set {t € [ty,T] : ¢ € (—o0,a)} is Lebesgue measurable.
This is equivalent to saying that the inverse ¢ '(B) :={t € [to,T] : ¢ € B}
of any Borel set B in IR via ¢ is Lebesgue measurable.

5.2 Auxiliary Concepts and Results

To recall a solution existence theorem for finite horizon optimal control
problems with state constraints of the Bolza type, we will use the notations
and concepts given in the monograph of Cesari |18, Sections 9.2, 9.3, and
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9.5]. Let A be a subset of IR x IR" and U : A = IR™ be a set-valued map
defined on A. Let

M :={(t,z,u) e RxR"xR" : (t,z) € A, ue U(t,x)},

fo(t,z,u) and f(t,x,u) = (fi, fo,-- ., fn) be functions defined on M. Let B
be a given subset of IR x IR" x IR x IR" and ¢g(t, z1, s, x9) be a real valued
function defined on B. Let there be given an interval [ty, 7] C IR. Consider
the problem of the Bolza type

Minimize I(x,u):= g(to, z(to), T, z(T)) + /tT fo(t,z(t),u(t))dt  (5.13)

over pairs of functions (x, u) with x(-) € Wt ([te, T],IR"), u(:) : [te, T] — R™
being measurable, fo(.,z(-),u(:)) : [to, 7] — IR being Lebesgue integrable
on [ty, T, and satisfying

(i(t) = f(t,z(t),u(?)), ae. t€ty,T]

(t,xz(t)) € A, Vt € [to, T (5.14)
(to, x(ty), T,z(T)) € B

Lu(t) € U(t,x()), a.e. t € [ty,T].

Such a pair (z,u) is called a feasible process. The problem ([5.13))—(5.14]) will
be denoted by B.

If (z,u) is a feasible process for B, then x is said to be a feasible trajectory,
and u a feasible control. The set of all the feasible processes for B is denoted
by Q. A feasible process (Z,u) is said to be a global minimizer for B if one
has I(Z,u) < I(z,u) for any feasible process (x,u).

Let Ay be the projection of A on the t-axis, i.e.,
Ag={t : Jx e R" s.t. (t,x) € A}.
Set A(t) = {x € R" : (t,z) € A} for every ¢t € A, and
@(t,x) ={(z"2) € R"™ : 2° > fo(t, 2, u), z = f(t, 2, u) for someu € Ul(t,z)}
for every (¢,z) € A.

The forthcoming statement is known as Filippov’s Existence Theorem for
Bolza problems. It is an analogue of Theorem addressing the solution ex-
istence for Mayer problems, which has been used repeatedly in the preceding
two chapters.
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Theorem 5.1 (See [18, Theorem 9.3.i, p. 317, and Section 9.5]) It is sup-
posed that €2 is nonempty, B is closed, g is lower semicontinuous on B, f
and f is continuous on M and, for almost every t € [to, T], the sets CNQ(t, ),
x € A(t), are convex. Moreover, assume either that A and M are compact
or that A is not compact but closed and contained in a slab [t,,ts] x IR™ with
t1 and ty being finite, and the following conditions are fulfilled:

(a) For any € > 0, the set M. :={(t,x,u) € M : ||z|| < e} is compact;

(b) There is a compact subset P of A such that every feasible trajectory x of
B passes through at least one point of P,

(¢) There exists a constant ¢ > 0 such that {x, f(t,z,u)) < c(||z]|> + 1) for
all (t,z,u) € M.

Then, B has a global minimizer.

Clearly, condition (b) is satisfied if the initial point (¢y,z(ty)) or the end
point (T, z(T)) is fixed. As shown in [18, p. 317], the following condition
implies (c):

(co) There exists ¢ > 0 such that || f(t, z,u)|| < c(||z]|+1) for all (t,z,u) € M.

In the next two sections, several results on the solution existence of optimal
economic growth problems will be derived from Theorem [5.1]

5.3 Existence Theorems for General Problems

Our first result on the solution existence of the finite horizon optimal eco-

nomic growth problem (GP) in (5.11)—(5.12) is stated as follows.

Theorem 5.2 For the problem (GP), suppose that w(-) and ¢(-) are contin-
uous on IR,. If, in addition, w(-) is concave on IR, and the function ¢(-)
satisfies the condition

(c1) There exists ¢ > 0 such that ¢(k) < (c — o)k + ¢ for all k € Ry,

then (GP) has a global solution.

Proof. To apply Theorem , we have to interpret (GP) in the form of B.
For doing so, we let the variable k (resp., the variable s) play the role of the
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phase variable z in B (resp., the control variable w in B). Then, (GP) has
the form of B with n = m = 1, A = [t,,T] x Ry, U(t, k) = [0,1] for all
(t,k) € A, B = {to} x {ko} x {T} xR, M = [t,,T] x Ry x [0,1], g =0
on B, fo(t,k,s) = —w((1 —s)p(k))e ™, and f(t,k,s) = s¢(k) — ok for all
(t,k,s) € M.

Setting s(t) = 0 and k(t) = koe "% for all t € [ty,T], one can easily
verify that the pair (k(-),s(:)) is a feasible process for (GP). Thus, the set
) of the feasible processes is nonempty. It is clear that B is closed, g is
continuous on B and, by the assumed continuity of w(-) and ¢(-), f, and f
are continuous on M. Besides, the formula for A implies that A, = [to, T
and A(t) = IR, for all ¢ € Ay. In addition, by the formulas for f, f and U,
one has for any (¢, k) € A the following:

Qt,k) = {(2°,2) e R”: 2° > fult, k,s), == f(t k,s) for some s € U(t, k)}
={(2%2) €eR*: Is € [0,1] s.t. 22> —w((1 —s)gp(k))e ™,
z=s¢(k) — ok}.

= IR., the set @(t,k) is

Let us show that, for any ¢t € [ty,T] and k € A(t)
t,k) and p € [0, 1], one can

convex. Indeed, given any (20,2, (22, 2) € Q(t,
find sy, s € [0, 1] such that

20> —w((1—s)ok))e™, z =s0(k)— ok,
29 > —w((1 —sy)p(k))e™, 2z = s,0(k) — ok.
Therefore, it holds that

pe + (1= p)zy > —pw((1—s1)é(k))e ™ — (1= plw((1 —s2)¢(k))e ™ (5.15)

and

pa+ (1= p)ze = plsig(k) — ok] + (1 — p)[s20(k) — okl. (5.16)

Setting s, = us; + (1 — u)sq, one has s, € [0,1] and it follows from ({5.16)
that

w4 (1— )z = 5,0(k) — ok. (5.17)
Clearly, the concavity of w(-) on IR, yields
—pw((1 = s1)o(k)) — (1 — p)w((1 — s2)¢(k))
> —w[p(l = s1)o(k) + (1 — ) (1 — s2) (k)]
= —w((1—s,)p(k)).
131



Hence, by (5.15) we obtain
pat + (1= )z > —w[(1 = s,)o(k)le™,

which together with implies that p(20, z1) + (1 — 1)(29, z2) € Q(t, k).

Now, although A = [ts, T] x IR, is noncompact, the fact that A is closed
and contained in a slab [ti, ;] x IR with ¢; and ¢, being finite is clear. It
remains to check the conditions (a)—(c) in Theorem [.1]

For any € > 0, the set M, is compact because

M. ={(t,k,s) € [to,T] x R, x[0,1] : |k| <&}
= [to, T] x [0,¢] x [0, 1].
So, condition (a) is satisfied. As P := {(to, ko) } is a compact subset of A,
and every feasible trajectory of (GP) passes through (t, k), condition (b)
is fulfilled. Applied to the case of (GP), where f(t,k,s) = s¢(k) — ok and
M = [ty,T] x R, x [0,1] as explained above, condition (c¢) in Theorem

can be rewritten as

(¢") There exists ¢ > 0 such that ské(k) < (¢ + o)k* + ¢ for all (k,s) in
R, x [0,1].

By the comment given after Theorem [5.1] (¢) is valid if (cy) holds. As
f(t,k,s) = sp(k) — ok and M = [ty, T] x IR x [0, 1], the latter can be stated
as

(cy) There exists ¢ > 0 such that |s¢(k) — ok| < c¢(k + 1) for all (k,s) in
R, x [0,1].

To prove (cj), observe that the estimates
1sp(k) — ok| < so(k) + ok < ¢(k) + ok (5.18)

hold for any (k, s) € R, x [0, 1]. Furthermore, thanks to the assumption (c;),
we can find a constant ¢ > 0 such that ¢(k) < (¢ — o)k + ¢ for all k € R,.
Since the last inequality can be rewritten as ¢(k)+ok < c(k+1), from (/5.18))
we get (cp).

Since our problem (G'P) in the interpretation given above satisfies all the
assumptions of Theorem [5.1], we conclude that it has a global solution. O

In Theorem [5.2] it is not required that ¢(-) is concave on R,. It turns
out that if the concavity of ¢(-) is available, then there is no need to check
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(c1). Since the assumption saying that the per capita production function
o(k) := F(k,1) is concave on IR, is reasonable in practice, the next theorem
seems to be interesting.

Theorem 5.3 If both functions w(-) and ¢(-) are continuous and concave on
IR, then (GP) has a global solution.

Proof. Set v = —¢ and put (k) = +oo for every k € (—00,0). Then,
Y : IR — R U {+o0} is a proper convex function and the effective domain
dom ) of ¢ is R.. Select any k > 0. Since k belongs to the interior of dom 1,
by [72, Theorem 23.4] we know that the subdifferential (see, e.g., [72, p. 215])
(k) of ¥ at k is nonempty. Thus, taking an element a € 9¢(k), one has

Y(k) = (k) > alk — k), k=0,

or, equivalently,
(k) < —ak + ak + ¢(k), Vk>0. (5.19)

For ¢ := max{0, 0 — a, ¢(k) + ak}, one has ¢ > 0 and
—ak +ak + ¢(k) < (c—0o)k+ec, Vk>0. (5.20)

Combining and (5.20), one can assert that condition (¢;) in Theo-
rem is fulfilled. Thus, the assumed continuity of w(-) and ¢(-) together
with the concavity of w(-) allows us to apply Theorem to conclude that
(GP) has a global solution. O

The next proposition reveals the nature of condition (c;), which is essential
for the validity of Theorem [5.2]

Proposition 5.1 Condition (c;) and the conditions (') and (c}), which were
formulated in the proof of Theorem [5.9, are equivalent. Moreover, each of
these conditions 1s equivalent to the condition

lim sup ok) < 400 (5.21)
k——+o00 k

on the asymptotic behavior of ¢.

Proof. The implications (¢;) = (c) and (cj) = (c¢’) were obtained in the
proof of Theorem [5.2] So, the proposition will be proved if we can show that

(¢') implies (5.21]) and ([5.21]) implies (c;).
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To get the implication (¢’) = (5.21)), suppose that (c¢’) holds. Then, there
exists ¢ > 0 satisfying sk¢(k) < (c+ o)k? + ¢ for all (k,s) € IRy x [0,1].
Thus, choosing s = 1, one has

(k) c
—~ < ctot+ g Vk € (0, +00).
By taking the limsup on both sides of the last inequality when k tends to

infinity, one gets ([5.21]).

Now, to obtain the implication (5.21) = (¢’), suppose that (5.21)) holds.
k
Then, there exist v > 0 and g > 0 such that i

< v, for every k > pu.

Thanks to the continuity of ¢ at k& = 0, one can find v > 0 and ¢ € (0, p)
such that ¢(k) < v, for all k € [0,e). Moreover, by the continuity of the
function k& — ¢(k)/k on the compact interval [e, 1], the number

Y3 1= max{@ ke [5,u]}

is well defined. Thus, for any ¢ > max{7y, + 7, 7, 73 + o}, it holds that
ok) <y <c<(c—o)k+c VEke]|0,¢e),
B(k) <35k < (c— oY+ Wk € 54,
and
o(k) <mk<(c—o)k+c VYke (u,+00).
Thus, one has ¢(k) < (¢ — o)k + ¢ for every k > 0, which justifies (¢;). O
Remark 5.1 There are many continuous functions ¢ : IR, — IR, that are

nonconcave on IR but satisfy condition (c;) in Theorem[5.2] Indeed, suppose
that the values k > 0, ¢y > 0, and a > 0 are given arbitrarily. Setting

S {m _ it ke 0K
a(k — k) + ¢o, if k€ (k,+00),

one has a function ¢, that is continuous and nonconcave on IR,. But, since
the coercivity condition ([5.21)) is fulfilled, this ¢ satisfies (c¢;). More generally,
the continuous function

S {¢1<k>, ifke[R
alk — k)" + ¢1(k), if ke (k,+00),

where o € (0,1] is a constant and ¢ : [0,k] — IR, is a continuous function,
also satisfies (c;) because (5.21)) is fulfilled. Clearly, there are many ways to
choose ¢(k) such that this function ¢ in nonconcave on IR,.
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Economic growth problems with utility functions w(-) and production func-
tions F(+) of two typical types will be the subject of our consideration in the
next section.

5.4 Solution Existence for Typical Problems

As observed by Takayama [79, p. 450], the production function given by
1
F(K,L) = 5[{, V(K,L) € R?, (5.22)

where a > 0 is a constant representing the capital-to-output ratio, is of a great
importance. This function is in the form of the AK function (see, e.g., [11,
Subsection 1.3.2]) with the diminishing returns to capital being absent, which
is a key property of endogenous growth models. The function in is
also referred to in connection with the Harrod-Domar model of which a main
assumption is that the labor factor is not explicitly involved in the production
function (see, e.g., [79, Footnote 5, p. 464]). In the notations of Section [5.1]

by (5.22)) one has
1
o(k) = -k, Yk >0.
a

So, the differential equation in (5.12)) becomes

() = %s(t)k(t) _ok(t), ae t €[ty T].

Another popular type of the production function F' is the Cobb-Douglas
function (see, e.g., [11, p. 29]), which is given by

F(K,L)=AK“L'™, V(K,L)e R’ (5.23)

with A > 0 and « € (0,1) being constants. In the terminology of eco-
nomics, the exponent « (resp., 1 — «) refers to the output elasticity of capital
(resp., the output elasticity of labor), which represents the share of the con-
tribution of the capital (resp., of the labor) to the total product F(K, L).
Meanwhile, the coefficient A expresses the total factor productivityfl| (TFP).
This measure of economic efficiency is calculated by dividing output by the
weighted average of labour and capital input. TFP represents the increase
in total production which is in excess of the increase that results from in-
crease in inputs and depends on some intangible factors such as technological

ISee, e.g., https://en.wikipedia.org/wiki/Total _factor_productivity.
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change, education, research and development, etc. As o € (0,1), F' exhibits
diminishing returns to capital and labor (see, e.g., [79, p. 433]). The latter
means that the marginal products of both capital and labor are diminishing
(see, e.g., |1, p. 29]). The presence of diminishing returns to capital, which
plays a very important role in many results of the basic growth model (see,
e.g., [1, p. 29]), distinguishes the production given by with the one in
(5.22)). The per capita production function corresponding to ([5.23) is

o(k) = Ak®, Yk > 0. (5.24)
5 3 I /
LLZ 15 //'/
1 1 //

0 0.5 1 15 2 25 3 35 4 4.5 5
k

0
10 20

Figure 5.1: Cobb-Douglas production function Figure 5.2: Cobb-Douglas per capita function
Therefore, ((5.12)) collapses to
k(t) = As(t)k“(t) — ok(t), a.e. t € [ty, T]. (5.25)

Since ((5.22)) can be written in the form of with a := 1 and A :=1/a,
one can combine the above two types of production functions in a general one
by considering with A > 0 and a € (0, 1]. This means that one has deal
with the model (5.24)—(5.25]), where A > 0 and « € (0, 1] are given constants.

In the same manner, concerning the utility function w(+), the formula
we)=¢c’ VYe>0 (5.26)

with 5 € (0, 1] can be considered. For § = 1, w(-) is a linear function. For
B € (0,1), it is a Cobb-Douglas function.

In the rest of this section, for the problem (G P), we assume that ¢(-) and

w(+) are given respectively by ((5.24)) and ((5.26)). Then, the target function of
(GP) is

I(k,s) = /t 1= SOV k()e Nt = A° / 1 SV (e V.

to
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Thus, we have to solve the following equivalent problem:

Maximize /T[l — 5(1))P kP (t)e Mdt (5.27)

to

over k € W ([to, T],IR) and measurable functions s : [ty, 7] — IR satisfying

(i(t) = Ak°(t)s(t) — ok(t),  ace. t € [ty,T]

J o) = Ko (5.28)
s(t) € [0, 1], a.e. t € [to,T]

Lk(t) >0, Vitelty,T)

with T >t >0, A >0, A> 0,0 >0, and ky > 0 being given parameters.
We denote the problem ([5.27)—(5.28)) by (GP).

The forthcoming result is a consequence of Theorem [5.3]

Theorem 5.4 For any constants o € (0,1] and § € (0,1], the optimal eco-
nomic growth problem (GP;) possesses a global solution.

Proof. By the assumptions A > 0, a € (0,1], and 5 € (0, 1], the functions
o(k) = Ak* and w(c) = ¢’ are continuous on IR, . The concavity of ¢(-) on
(0, +00) follows from the fact that ¢"(k) = Aa(a — 1)k* 2 < 0 for all k > 0
(see, e.g., [72, Theorem 4.4]). As ¢(-) is continuous at 0, we can assert that
¢(-) is concave on IR, . The concavity of ¢(-) on IR, is verified similarly. Since
both w(-) and ¢(-) are continuous and concave on IR, Theorem assures

the solution existence for the problem ((5.27)—(5.28)).

Remark 5.2 Depending on the displacement of o and 8 on (0, 1], we have

four types of the model (5.27)—(5.28):

(T1) “Linear-linear”: ¢(k) = Ak and w(c) = ¢ (both the per capita produc-
tion function and the utility function are linear);

(T2) “Linear-nonlinear”: ¢(k) = Ak and w(c) = ¢® with 8 € (0,1) (the per
capita production function is linear, but the utility function is nonlin-
ear);

(T3) “Nonlinear-linear”: ¢(k) = Ak* and w(c) = ¢ with a € (0,1) (the
per capita production function is nonlinear, but the utility function is
linear);
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(T4) “Nonlinear-nonlinear”: ¢(k) = Ak and w(c) = ¢ with o € (0,1)
and € (0,1) (both the per capita production function and the utility
function are nonlinear).

Although the problem in question of each type has a global solution by The-
orem [5.4] the above classification arranges the difficulties of solving (5.27)—
(5-28), say, by the Maximum Principle given in [82, Theorem 9.3.1]. Obvi-
ously, problems of the first type (T1) are the easiest ones, while those of the
fourth type (T4) are the most difficult ones.

In the next section, we will discuss some assumptions used for getting
Theorems 5.2l and (.3]

5.5 The Asymptotic Behavior of ¢ and Its Concavity

The results in Section .3 were obtained under certain assumptions on the

per capita production function ¢, which is defined via the production function
F(K, L) by the formula

F(K,L)

Qb(k) = F(kv 1) - I

(5.29)

K
with k£ := — signifying the capital-to-labor ratio. We want to know: How

the assumptions made on ¢ can be traced back to F'?¢

Proposition 5.2 The per capita production function ¢ : R, — IR, satisfies
condition (c1) if and only if the production function F : ]Ri — IR, has the
following property:

(c}) There exists ¢ > 0 such that F(K,L) < (c—o)K +cL for all K > 0 and
L > 0.

Proof. Suppose that (c¢;) is satisfied, i.e., there exists ¢ > 0 such that
o(k) < (c— o)k +cforall Kk € R,. Then, given any K > 0 and L > 0, by

K
substituting k = T into the last inequality and using (5.29), one gets

F(K.L) _ K



This justifies (¢}). Conversely, suppose that F(K, L) < (¢ — o)K + ¢L holds
for all K > 0 and L > 0, where ¢ > 0 is a constant. Then, letting L = 1 and
K =k, where k£ > 0 is given arbitrarily, one gets the inequality

o(k) < (c—o)k +c.
Thus, (¢;) is fulfilled.

Proposition 5.3 The function ¢ satisfies (5.21)) if and only if F' fulfills the
following inequality:

F(K, L
lim sup Pk, L) < +o0. (5.30)
Kt K
L

Proof. By (5.29), for any K > 0 and L > 0, one has
FKL) LF(KL)  o(k)

K 'Kk

K
with k = T Thus, the equivalence between (5.21]) and ((5.30)) is straightfor-

ward.

Propositions and show that the assumption made on ¢ in Theo-
rem and its equivalent representations given in Proposition can be
checked directly on the original function F'.

Proposition 5.4 The per capita production function ¢ : R, — IR, s con-
cave on IR, if and only if the production function F : ]Ri — IR, is concave
on IR, x (0, +00).

Proof. Firstly, suppose that F' is concave on IR, x (0, +00). Let ki, ks € IR,
and A € [0, 1] be given arbitrarily. The concavity of F' and ([5.29)) yield

F(A(ky, 1)+ (1=A)(k2, 1)) = AF(ky, 1)+ (1=A) F(ky, 1) = Ad(k1)+(1—=A) 9 (k2).

Since F'(A(ky, 1)+ (1 —=X)(ko, 1)) = F(Aky + (1 — A)ko, 1), combining this with
(5.29), one obtains ¢(Ak; + (1 — N)ka) > Ap(ky) + (1 — N)@(k2). This justifies
the concavity of ¢.

Now, suppose that ¢ is concave on IR,. If F' is not concave on IR, X
(0,4+00), then there exist (K, L,), (K3, Ly) in IR, x (0,+00) and X\ € (0,1)
such that

FOK 4+ (1 =MNKy, AL+ (1 = M) Ly) < AF(Ky, L) + (1 = N F(Ky, Ly).
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By (5.29), it holds that F(K, L) = Lgb(%) for any (K, L) € IR, x (0,400).
Therefore, we have

MK+ (1= VK, K
Aoyt (1— N L L
Dividing both sides of this inequality by AL; 4+ (1 — X)L, gives
¢<)\K1 (1 - VK,

)+ (- A)ngb(&).

ALy + (1 — A)LQ]Cb( T,

) < >\L1¢(

AL,y K, (1 — )\)Lz K,
>\L1+(1—)\)L2> = AL1+(1—A)L2¢<_>+ $( 1)

L) AL+ (1—=NLy \L,
(5.31)
. ALy (1 - ALy
t = has 1 — p = 1
Setting 1 )\L1+(1_>\)L2,one as v )\L1+(1_)\)L2,u6(0, ),
and
K K K 1 - MK
p gy MU VR
L1 L2 )\Ll + (1 - >\)L2
Thus, (5.31)) means that
K1 K2 Kl K2
— 4+ (1l—p)—) < — 1— —
O(np+ (= p) <uo(7) + 1 =me(7),
a contradiction to the assumed concavity of ¢. The proof is complete. O

We have seen that the assumption on the concavity of ¢ used in Theo-
rem [5.3] can be verified directly on F.

Now, we will look deeper into Theorems[5.2]and [5.3]and the typical optimal
economic growth problems in Section by raising some open questions and
conjectures about the uniqueness and the reqularity of the global solutions

of (GP).

5.6 Regularity of Optimal Processes

Solution regularity is an important concept which helps one to look deeper
into the structure of the problem in question. One may have deal with Lip-
schitz continuity, Holder continuity, and degree of differentiability of the ob-
tained solutions. We refer to [82, Chapter 11] for a solution regularity theory
in optimal control and to [48, Theorem 9.2, p. 140] for a result on the solution
regularity for variational inequalities.

The results of Sections 5.3 and assure that, if some mild assumptions
on the per capital function and the utility function are satisfied, then (GP)
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has a global solution (k,5) with k(-) being absolutely continuous on [t,, T
and 5(-) being measurable. Since the saving policy 5(-) on the time segment
[to, T'| cannot be implemented if it has an infinite number of discontinuities,
the following concept of regularity of the solutions of the optimal economic
growth problem (G P) appears in a natural way.

Definition 5.1 A global solution (k,5) of (GP) is said to be regular if the
propensity to save function 5(-) only has finitely many discontinuities of first
type on [ty, T]. This means that there is a positive integer m such that the
segment [ty, 7] can be divided into m subsegments [7;, 7;41], 7 =0,...,m — 1,
with 70 = to, 7, = T, 7 < 741 for all 4, 5() is continuous on each open

interval (7;, 7;+1), and the one-sided limit lim §(¢) (resp., lim 5()) exists for
t—T; t—1

each i € {0,1,...m — 1} (resp., for each i € {1,...m}).

In Definition .1} as 5(t) € [0, 1] for every ¢ € [ty, T], the one-sided limit
lim 3(¢) (resp., lim §(¢)) must be finite for each i € {0,1,...m — 1} (resp.,
t—1;

t—1; T

for each i € {1,...m}).

Proposition 5.5 Suppose that the function ¢ is continuous on [ty,T]. If
(k, 3) is a regular global solution of (GP), then the capital-to-labor ratio k(t)
1S a continuous, piecewise continuously differentiable function on the segment
to, T]. In particular, the function k(-) is Lipschitz on [t,, T).

Proof. Since (k,3) is a regular global solution of (GP), there is a positive
integer m such that the segment [t,, 7] can be divided into m subsegments
(75, 7i11], © = 0,...,m — 1, and all the requirements stated in Definition
are fulfilled. Then, for each i € {0,...,m — 1}, from the first relation in

(5.12)) we have

lzz(t) =5(t)p(k(t)) — ok(t), ae.t€ (1, Tip1). (5.32)
Hence, by the continuity of ¢ on [ty, 7] and the continuity of 5(-) on (7, 7341),
we can assert that the derivative k(t) exists for every ¢t € (7;, Tip1). Indeed,

fixing any point ¢ € (7;, 7;41) and using the Lebesgue Theorem [49, Theorem 6,
p. 340] for the absolutely continuous function k(-), we have

R(t) = /t h(r)dr. Vi€ (), (5.33)

where integral on the right-hand-side of the equality is understood in the the
Lebesgue sense. Since the Lebesgue integral does not change if one modifies
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the integrand on a set of zero measure, thanks to ([5.32)) we have

R(t) = /t ()6 (r) — ok(r)]dr (5.34)

As the integrand of the last integral is a continuous function on (7;, 7;11), the
integration in the Lebesgue sense coincides with that in the Riemanian sense,
proves our claim that the derivative k(t) exists for every t € (7;, Tiz1).
Moreover, taking derivative of both sides of the equality yields

k(t) = 5(t)p(k(t)) — ok(t), Vit € (7, Tir1)- (5.35)

So, the function k(-) is continuously differentiable of (7;,7;,;). In addition,
the relation (5.35) and the existence of the finite one-sided limit lim 5(t)

t—)Ti+

(resp., lim §(t)) for each i € {0,1,...m — 1} (resp., for each i € {1,...m})
tsT—

Ti

implies that the one-sided limit lim lZ:(t) (resp., tl_iff_lf E(t)) is finite for each

t—T;
i€ {0,1,...m — 1} (resp., for each i € {1,...m}. Thus, the restriction of
k(-) on each segment [7;, 7;.4],7 = 0,...,m—1, is a continuously differentiable

function. We have shown that the capital-to-labor ratio k(t) is a continuous,
piecewise continuously differentiable function on the segment [t,, 7.

We omit the proof of the Lipschitz property of on [ty, T] of k(-), which
follows easily from the continuity and piecewise continuously differentiablity
of the function by using the classical mean value theorem. O

We conclude this section by two open questions and three independent
conjectures, whose solutions or partial solutions will reveal more the beauty
of the optimal economic growth model (GP).

Open question 1: The assumptions of Theorem are not enough to
guarantee that (GP) has a regular global solution?

Open question 2: The assumptions of Theorem are enough to gquar-
antee that every global solution of (GP) is a regqular one?

Conjectures: The assumptions of Theorem guarantee that

(a) (GP) has a unique global solution;

(b) Any global solution of (GP) is a reqular one;

(c¢) If (k, 5) is a reqular global solution of (GP), then the optimal propensity
to save function §(-) can have at most one discontinuity on the time segment
[to, T1.
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5.7 Optimal Processes for a Typical Problem

To apply Theorem for finding optimal processes for (GP;), we have to

interpret (GP;) in the form of the Mayer problem M in Section 3.2 For
doing so, we set x(t) = (x,(t), z2(t)), where z1(t) plays the role of k() in

B2 (:28) and

t
To(t) = — / 1 — (7?22 (r)e > dr (5.36)
to
for all ¢ € [0, T]. Thus, (GF,) is equivalent to the following problem:
Minimize x4(7") (5.37)

over x = (x1,1,) € WH([te, T],IR?) and measurable functions s : [t, 7] — IR
satisfying

1(t) = Az (t)s(t) — o (1), a.e. t € [to,T]
iy(t) = —[1 — s())Pz3 (e ™™,  ae. t € [ty, T]

3 (@(t),#(T)) € {(ko, )} x IR? (5.38)
s(t) € [0, 1], a.e. t € [to,T]

| z1(t) >0, Vit € [to, T'.

The optimal control problem in ([5.37)—(5.38) is denoted by (GP,).

To see (GPy,) in the form of M, we choose n = m = 1, C = {(ko,0)} x R?,
U(t) = [0,1] for all t € [t,,T], g(x,y) = y, for all x = (x1,2,) € R” and
y = (yi,y2) € R®, h(t,x) = —x, for every (t,z) € [t,,T] x IR>. When
it comes to the function f, for any (¢,z,s) € [to,T] x IR* x IR, one lets
ft,z,s) = (Axys — oxy, —(1 — 5)PxPe ™) if 2, > 0 and s € [0,1], and
defines f(t¢,x,s) in a suitable way if z; ¢ R, or s ¢ [0, 1].

Let (Z,5) be a W*! local minimizer for (GP,,). To satisfy the assumption
(H1) in Theorem [3.1} for any s € [0, 1], the function f(¢,-,s) must be locally
Lipschitz around z(t) for almost every t € [ty,T]. This requirement cannot
be satisfied if a € (0,1) and the set of t € [ty, T] when the curve () hits the
lower bound z; = 0 of the state constraint z;(¢) > 0 has a positive measure.
To overcome this situation, we may use one of the following two additional
assumptions:

(Al) a =1
(A2) o € (0,1) and the set {t € [ty,T] : z:1(t) = O} has the Lebesgue
measure 0, i.e., Z;(t) > 0 for almost every t € [to, T].
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Regarding the exponent 5 € (0, 1] in the formula of w(-), we distinguish
two cases:

(B1) 8 =1;
(B2) § € (0,1).

From now on, we will consider problem (GP,,) under the condi-
tions (Al) and (B1). Thanks to these assumptions, we have

ft,z,s) = (Axls — oxy, —(1 — s)ﬂxf‘ﬁe_M) = ((As — 0)xy, (s — D)ze™™)

if z; € R, and s € [0, 1]. Clearly, the most natural extension of the function
f from the domain [ty, 7] x R, x IR x [0, 1] to [ty, T] x IR* x IR, which is the
domain of variables required by Theorem [3.1], is as follows:

f(t,x,s) = (As— o)y, (s — Daye™), V(t,z,s) € [ty, T] x R* xIR. (5.39)
In accordance with (3.9) and (5.39)), the Hamiltonian of (GP,) is given by
H(t,x,p,s) = (As — )z 1py + (s — 1)wie My (5.40)
for every (t,z,p,s) € [to, T] x IR* x IR* x IR. Since the function in (5.40) is
continuously differentiable in x, we have
O, H(t,x,p,u) = {((As — o)ps + (s — 1)e V'py,0)} (5.41)
for all (t,x,p,s) € [t,,T] x R* x IR* x IR. By ({3.10)), the partial hybrid
subdifferential of h at (t,z) € [ty, T] x IR? is given by

O h(t )= 40 £z >0 (5.42)

The relationships between a control function s(-) and the corresponding
trajectory z(-) of (5.38) can be described as follows.

Lemma 5.1 For each measurable function s : [ty,T] — IR with s(t) € [0, 1],
there exists a unique trajectory v = (1, x,) € W' ([to, T], IR?) such that (z, s)
is a feasible process of (5.38). Moreover, for every T € [ty, T|, one has

21(t) = 2, (7)el A=) g e g ). (5.43)
In particular, x,(t) > 0 for all t € [ty, T).

Proof. Given a function s satisfying the assumptions of the proposition,
we suppose that © = (z1,2,) € W ([ty, T],IR?) such that (x,s) is a feasible
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process of (5.38). Then, the condition ov = 1 implies that

{j;l(t) — [As(t) — olz1(t), ace. t € [to, T _

xl(to) = ko.
As s() is measurable and bounded on [ty, T], so is the function ¢ — As(t) —o.
In particular, the latter is Lebesgue integrable on [y, T']. Hence, by the lemma
in [2, pp. 121-122] on the solution existence and uniqueness of the Cauchy
problem for linear differential equations, one knows that (5.44]) has a unique
solution. Thus, x(-) is defined uniquely via s(-). This and the equality
t
To(t) = —/ [1 — s(7)]a(7)e *dr, which follows from (5.36]) together with

to
the conditions & = 1 and § = 1, imply the uniqueness of z,(-). To prove the

second assertion, put
Qt,7) = ef:(AS(Z)_”)dZ, Vi, T € [to, T). (5.45)

By the Lebesgue integrability of the function ¢ — As(t) — o on [ty, T], Q(t, T)
is well defined on [ty, T] X [ty, T], and by [49, Theorem 8, p. 324] one has

d

y ( / (As(2) — a)dz) — As(t) — o, ac. t€ [t T). (5.46)

Therefore, from ((5.45) and (5.46)) it follows that §2(-, 7) is the solution of the
Cauchy problem

d
{Eg(tﬁ) = (As(t) — o)Qt, 7), a.e t € [ty,T]

Q(r,7)=1.

In other words, the real-valued function €2(¢,7) of the variables ¢t and 7 is
the principal matriz solution (see |2, p. 123]) specialized to the homogeneous
differential equation in . Hence, by the theorem in [2, p. 123] on the
solution of linear differential equations, we obtain . As xy(ty) = ko > 0,
applying for 7 = t, implies that x,(¢t) > 0 for all ¢ € [t,, T]. O

The next two remarks are aimed at clarifying the tool used to solve (GPy,).

Remark 5.3 By Lemma [5.1, any process satisfying the first four condi-
tions in ([5.38)) automatically satisfies the state constraint z;(¢) > 0 for all
t € [to,T]. Thus, the latter can be omitted in the problem formulation.
This means that, for the case a = 1, instead of the maximum principle in
Theorem for problems with state constraints one can apply the one in
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Proposition [3.1] for problems without state constraints. Note that both The-
orem [3.1] and Proposition [3.1] yield the same necessary optimality conditions
in such a situation (see Section [3.4).

Remark 5.4 For the case a € (0,1), one cannot claim that any process
satisfying the first four conditions in ((5.38) automatically satisfies the state
constraint x,(t) > 0 for all ¢t € [ty, T]. Thus, if we consider problem (GP,)
under the conditions (A2) and (B1), or (A2) and (B2), then we have to rely
on Theorem [3.1] Referring to the classification of optimal economic growth
models given in Remark [5.2], we can say that models of the types “Nonlinear-
linear” and “Nonlinear-nonlinear” may require the use of Theorem [3.1} For
this reason, we prefer to present the latter in this paper to prepare a suitable
framework for dealing with (GP,) under different sets of assumptions.

Recall that (z,3) is a W local minimizer for (GPy,). Tt is easy to show
that, for any 6 > 0, there are constants M; > 0 and M, > 0 such that
k(t,x) := M, + Mye ' satisfies the conditions described in the hypothesis
(H1) of Theorem [3.1] The fulfillment of the hypotheses (H2)-(H4) is ob-
vious. Applying Theorem , we can find p € W ([t,, T];R?), v > 0,
p € C%(ty,T), and a Borel measurable function v : [ty,T] — IR” such that

(P p,7) # (0,0,0), and for q(¢) := p(t) +n(t) with
n(t) = / W(P)du(r),  t € [to,T) (5.47)
[to,t)
and
D(T) = [ ) (5.48)
conditions (i)—(iv) in Theorem [3.1| hold true.

Let us expose the meanings of the conditions (i)—(iv) in Theorem [3.1]

Condition (i): Note that
pft € to, T = vt ) 9? 0y h(t, z(t))}
= pft € [to, T] = O7h(t, 2(t)) = O}

+u{t € [t ] (9> h(t, z(t)) # 0, v(t) & 97 h(t, 2(1))}
Since Z,(t) > 0 for every ¢, combining this with gives
pit € [to, T] = w(t) & 97 h(t, z(t))}
= uf{t € [to, T] = T1(t) > 0} + p{t € [to,T] : T1(t) =0, v(t) # (—1,0)}.
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So, from (i) it follows that
p{t € [to, T] : z1(t) >0} =0 (5.49)
and p{t € [to, T] : z:1(t) =0, v(t) # (—1,0)} = 0.
Condition (ii): By (5.41), (ii) implies that
—p(t) = ((A5(t) — o)qu(t) + (5(t) — 1)e Mgu(1),0), a.e. t € [ty, T).
Hence, py(t) is a constant for all ¢ € [t,, T] and

pi(t) = —(A5(t) — o)qu(t) + (1 — 5(t))e Mgo(t), ae. t € [ty, T).

Condition (iii): Using the formulas for ¢ and C, we can show that
09((to), #(T)) = {(0,0,0,1)} and N((z(to),Z(T)); C) = R* x {(0,0)}. So,
(iii) yields

(p(to), —a(T)) € {(0,0,0,7)} +R* x {(0,0)},
which means that ¢;(T) = 0 and ¢,(T) = —~.

Condition (iv): By (5.40), from (iv) one gets

(A5(t) — o) T (t)qu(t) + (5(t) — D)z (t)e Mao(t)

= max {(4s — ) (N (1) + (s = Daa(t)e " aa(t)}

for almost every t € [ty, T]. Equivalently, we have
(Aq(t)+e Mqu(t))Z1(1)5(t) = max {(Aq(t) + e Mga(t))Z1(t)s}, a.e.t € [ty, T).
Since Z;(t) > 0 for all ¢ € [ty, T, it follows that

(Aq(t) + e Mga(t))s(t) = mex {(Aqi(t) + e Mq(t))s}, ae. t € [to, T).
(5.50)

To prove that the optimal control problem in question has a unique optimal
solution under a mild condition imposed on the data tube (A, o, A), we have
to deepen the above analysis of the conditions (i)—(iv). As Z;(t) > 0 for
all t € [ty,T] by Lemma [5.1] the equality implies that u([ty, T]) = 0,
i.e., 4 = 0. Combining this with and (5.48)), one gets n(t) = 0 for all
t € [to,T]. Thus, the relation ¢(t) = p(t) + n(t) allows us to have ¢(t) = p(t)
for every t € [tg, T]. Therefore, the properties of p(¢) and ¢(t) established in
the above analysis of the conditions (ii) and (iii) imply that py(t) = —v for
every t € [to, T], p1(T) = 0, and

pi(t) = —(A5(t) — o)pi(t) +v(5(t) — Ve ™, a.e. t € [ty, T). (5.51)
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Now, by substituting ¢,(t) = pi(t) and ¢(t) = — into (5.50)), we have
(Api(t) — ve ) 5(t) = max { (Api(t) —ve M)s}, ae. t € [ty,T]. (5.52)

s€[0,1]
Describing the adjoint trajectory p corresponding to (z,3) in (5.51)), the

next lemma is an analogue of Lemma [5.1]

Lemma 5.2 The Cauchy problem defined by the differential equation (5.51))
and the condition p,(T) = 0 possesses a unique solution pi(+) : [to, T] — IR,

i) = — /t )0tz e [10.T). (5.53)
where Q(t, T) is defined by for s(t) = s(t), i.e.,
Qt, 1) = ef:(Ag(z)_")dz, t, 7 € [to, T1, (5.54)
and
c(t) :=~(5(t) — e ™, t € [ty, T). (5.55)

In addition, for any fized value T € [ty,T], one has
() = pr(F)Ur £) — / o)z 0)dz, Vi€ [t T).  (5.56)
t

Proof. Since 5(-) is measurable and bounded, the function t — ¢(t) defined
by is also measurable and bounded on [ty, T]. Moreover, the function
t — A5(t) — o is also measurable and bounded on [ty, T]. In particular, both
functions ¢(-) and As(-) — o are Lebesgue integrable on [ty,T]. Hence, by
the lemma in [2, pp. 121-122] we can assert that, for any 7 € [ty, 7] and
n € R, the Cauchy problem defined by the linear differential equation ((5.51])
and the initial condition p;(7) = n has a unique solution p;(-) : [to, 7] — IR.
As shown in the proof of Lemma , Q(t,7) given in (5.54) is the principal
solution of the homogeneous equation

T(t) = (A5(t) — o)z, (t), a.e. t € [ty, T).

Besides, by the form of ((5.51]) and by the theorem in [2, p. 123], the solution

of (5.51]) is given by (5.56). Especially, applying this formula for the case
7 =T and note that p,(7T") = 0, we obtain (5.53]). O

In Theorem [3.1], the objective function g plays a role in condition (iii) only
if v > 0. In such a situation, the maximum principle is said to be normal.
Investigations on the normality of maximum principles for optimal control
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problems are available in [27-29]. For the problem (GP,,), by using (5.53))—
(5.55)) and the property (p, u,v) # (0,0,0), we now show that the situation
~ = 0 cannot happen.

Lemma 5.3 One must have v > 0.

Proof. Suppose on the contrary that v = 0. Then, ¢(t) = 0 by (5.55).
Hence, from it follows that p;(f) = 0. Combining this with the facts
that py(t) = —y = 0 for all t € [ty,T] and p = 0, we get a contradiction to
the requirement (p, p1,7y) # (0,0, 0) in Theorem [3.1] O

In accordance with (5.52)), to define the control value §(t), it is important
to know the sign of the real-valued function

Y(t) == Apa(t) — ye™ (5.57)

for each t € [ty, T]. Namely, one has 5(t) = 1 whenever ¢(t) > 0 and §(¢) = 0
whenever ¢(t) < 0. Hence 5(+) is a constant function on each segment where
¥() has a fixed sign. The forthcoming lemma gives formulas for z;(-) and
p1(+) on such a segment.

Lemma 5.4 Let [t1, 1] C [to, 1] and T € [t1,t5] be given arbitrarily.
(a) If 5(t) =1 for a.e. t € [t,ts], then
i’l(t) = Lfl(T)@(A_U)(t_T), vVt € [tl, tQ] (558)

and
D1 (t) = D1 (T)e_(A_U)(t_T), vVt € [tl, tQ] (559)

(b) If 5(t) = 0 for a.e. t € [ty,1s], then
Ty(t) = Z,(1)e "Vt € [ty 1) (5.60)

and

pi(t) = pi(1)e’) + T ot [e7 @V — eIt € [t 1), (5.61)

o+ A
Proof. If 5(t) = 1 for a.e. t € [t;,t,], then (5.58) is obtained from ([5.43)
with z;(-) = Z;(-) and s(-) = 5(-). Besides, as 5(-) = 1 a.e. on [t,,], the
function c¢(t) defined in equals 0 a.e. on [t1,ty], which implies that the
integral in vanishes. In addition, substituting the formulas for 5(-) and
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Z1(-) on [t1, ts] to (5.54), we get Q(r,t) = e~ A= for all t € [t,,t,]. Thus,
(5.59) follows from ([5.56)).

If 5(t) = 0 for a.e. t € [ty,ts], then we get by applying with
z1(-) = z1(-) and s(-) = 5(-). To prove (5.61)), we use and the formulas
for 5(-) and Z,(-) on [ty, t5]. Namely, we have Q(7,t) = "7 Q(z,t) = 72,
and ¢(z) = —vye ™ for all t, 2z € [t1,t,]. Substituting these formulas to (5.56)
yields

p0) = (e = [ (e )iz

= py(1)e’) 4 'ye‘”/ e (tNzd,
t

_ pl(T)ea(t—T) - 1 Aeat [6—(U+A)T _ 6—(U+)\)t]
for all ¢t € [ty,t,]. This shows that (5.61)) is valid. O

For any t € [ty, T, if ¢¥(t) = 0, then (5.52)) holds automatically no matter
what 5(¢) is. Thus, by (5.52)) we can assert nothing about the control function
5(-) at this t. Motivated by this observation, we consider the set

I'={te[ty,T]: () =0}.

As the functions p;(+) is absolutely continuous on [ty, T, so is ¢(+). It follows
that [' is a compact set. Besides, since p;(7') = 0 and v > 0, the equality
Y(T) = Apy(T) — ve " implies that ¢(T) < 0. Thus, T ¢ T\

First, consider the situation where I' = (). Then we have ¢ (t) < 0 on the
whole segment [tg, T]. Indeed, otherwise we would find a point 7 € [ty,T)
such that ¥ (7) > 0. Since ¥(7)y¥(T") < 0, by the continuity of ¢(-) on [ty, T']
we can assert that I' N (7,7) # (). This contradicts our assumption that
[' = 0. Now, as ¢(t) < 0 for all ¢t € [ty,T], from we have 5(t) = 0 for
a.e. t € [ty, T]. Applying Lemma for t; = ty, to =T, and 7 = t,, we get
T1(t) = koe o0 for all t € [t,, T).

Now, consider the situation where I" # (). Let
a;:=min{t : t €'} and ay:=max{t :teTl}. (5.62)

Since ¥ (T') < 0, we see that ¢y < oy < ay < T. Moreover, by the continuity
of 1(-), and the fact that ¢(T) < 0, we have 1(t) < 0 for every t € (an, T].
This and (5.52) imply that §(¢) = 0 for almost every ¢t € [y, T]. Invoking
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Lemma for t; =y, ty = T, and T = ay, we obtain Z(t) = Z;(ay)e o2
for all ¢ € [ay, T). If ty < a4, then to find 5(-) and Z;(+) on [ty, o], we will use
the following observation.

Lemma 5.5 Suppose that t, < oy. If P(ty) < 0, then 5(t) = 0 for a.e.
t € [to, ] and T,(t) = kee %) for all t € [ty,aq]. If ¥(ty) > 0, then
5(t) =1 for a.e. t € [ty, 1] and T, (t) = ko0 for all t € [ty, ay].

Proof. As t; < «y, one has ¥(t5)w(t) > 0 for every t € [ty, ). Indeed,
otherwise there is some 7 € (ty, 1) satisfying 1 ()1 (7) < 0, which together
with the continuity of ¢(-) implies that there is some ¢ € T" with ¢ < ay. This
contradicts the definition of ay. If ¥ () < 0, then ¢(t) < 0 for all ¢ € [ty, aq).
Hence, by (5.52)), 5(t) = 0 for a.e. t € [ty, ay]. If ¥(ty) > 0, then ¢(¢) > 0 for
all t € [ty, a1). In this situation, by we have 5(t) = 1 for a.e. t € [ty, ay].
Thus, in both situations, applying Lemma [5.4] for ¢, = ty, to = ;, and T = t,
we obtain the desired formulas for z;(-) on [ty, a]. O

If a; # ay, then we must have a complete understanding of the behavior
of the function 1 (t) on the whole interval o, ay]. Towards that aim, we are
going to establish three lemmas.

Lemma 5.6 There does not ezist any subinterval [ty,ts] of [to, T with t; < ty
such that ¥ (t;) = ¥ (t2) = 0, and Y(t) > 0 for every t € (ty,ts).

Proof. On the contrary, suppose that there is a subinterval [t;,t5] of [to, T
with ¢; < t; such that ¢(t) > 0 for all t € (¢1,t3) and ¥(t;) = () = 0.
Then, by we have 5(f) = 1 almost everywhere on [ti,%;]. So, using
claim (a) in Lemma (5.4 with 7 = t;, we have p,(t) = py(t;)e" A2 for
all t € [t,t,]. The condition 1 (t;) = 0 implies that p,(t;) = %e‘”l. Thus,

pi(t) = %e”le“‘”)(t“) for all t € [t1, ;). As~ye ™ > 0forall ¢ € [ty, T], the
(1)

function ;(t) = "
=

is well defined on [t,?,]. By the definition of (-),

the above formulas for z;(-) and p;(-) on [t,t,], we have

—At1 ,—(A—0)(t—
bty = 2l _yehe ) i)
ye A et

for all t € [ty,t5]. If 0 + X — A # 0, then it is easy to see that the equation
¥1(t) = 0 has a unique solution ¢; on [t,%,]. Hence ¥(ty) # 0, and we have
arrived at a contradiction. If c4+A—A = 0, then ¢, (¢) = 0 for every t € (t1,12).
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This implies that ¢ (t) = 0 for every t € (t;,t;). The latter contradicts our
assumption on ().

The proof is complete. O

Lemma 5.7 There does not exist a subinterval [ty,ts] of [to, T] with t; < t,
such that ¥(t,) = ¥(t2) =0 and ¥(t) < 0 for all t € (t,t5).

Proof. To argue by contradiction, suppose that there is a subinterval [t t,]
of [to, T] with t; < ty, ¥(t) < 0 for all t € (t1,t3), and ¥(t;) = ¥(ty) = 0.
Then, by we have §(t) = 0 almost everywhere on [t,t,]. Therefore,
using claim (b) in Lemma 5.4 with 7 = #;, we obtain

p(t) = pu(ty)entt) 4 7 e TN — emTHN] gt € [ty 1),

o+ 2
The assumption () = 0 yields p,(t;) = %e‘”l. Thus,
pl (t) — lefktled(tftl) _|_ fy eo’t |:€7(0'+/\)t . 67(0+)\)t1:|, vt e [t]_, t?]

A o+ A
By the definition of 1 (-) and the formulas for z;(-) and p;(-) on [t,t,], we
have

A
D(t) = ye Meolt=t) | ﬁeat [e—(a+A)t _ e*(a+>\)t1} e ™V [t ).
o

t
Consider the function 1, (t) := Kz, which is well defined for every t € [t, ).
e

Then, by an elementary calculation one has

vall) = ((7 f A

— 1) [e7 TV o= NI] vt € [t 1), (5.63)

A

If e 1 =0, then ¢y(t) = 0 for all ¢ € [¢,t5]. This yields ¥ (t) = 0 for all
o
t € [t1, o], a contradiction to our assumption that ¢ (t) < 0 for all t € (1, t,).
A
If TN 1 # 0, then by (5.63)) one can assert that ,(t) = 0 if and only if
o

t = t;. Equivalently, ¥ (¢) = 0 if and only if ¢ = ¢;. The latter contradicts the
conditions 1 (t;) = 0 and t, # t;. O

Lemma 5.8 If the condition
A#oc+ )\ (5.64)

is fulfilled, then we cannot have ¥(t) = 0 for all t from an open subinterval
(tl, tQ) Of [to, T] with tl < t2.
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Proof. Suppose that (5.64)) is valid. If the claim is false, then we would find
tl,tg ~ [to,T] with tl < tg such that 'Qb(t) =0forte (tl,tg). SO, from 557
it follows that

pl(t):%e”, Vit € (t, 1), (5.65)
A
Therefore, one has p;(t) = —%e‘” for almost every t € (t;,t5). This
and (5.51]) imply that
A
C(A5(t) — (1) + A (5(t) — 1)e ™ = —%e—ﬁ, ae.t € (t,ts).

Combining this with ((5.65]) yields

—(As(t) — a)le”t +9(5(t) — e ™ = —ﬁe_M, a.e.t € (t1,ty).

A A
for almost every t € (t1,t;). Since v > 0, simplifying the last equality yields
A = o+ A\. This contradicts a ((5.64]). O

Under a mild condition, the constants oy and ay defined by (5.62)) coincide.
Namely, the following statement holds true.

Lemma 5.9 If (5.64)) is fulfilled, then the situation oy # ay cannot occur.

Proof. Suppose on the contrary that ((5.64)) is satisfied, but oy # . Then,
we cannot have ¢(t) = 0 for all ¢ € (o4, az) by Lemma 5.8, This means that
there exists ¢ € (g, as) such that ¢(t) # 0. Put

a; = max{t € [ay,t] : ¥(t) =0} and @, =min{t € [t,an] : ¥(t) = 0}.

It is not hard to see that ¢¥(a;) = ¥(ay) = 0 and ¥(t)1(t) > 0 for all
t € (@, ay). This is impossible by either Lemma when ¢(t) > 0 or
Lemma 5.7 when () < 0. O

We are now in a position to formulate and prove the main result of this
section.

Theorem 5.5 Suppose that the assumptions (A1) and (B1) are satisfied. If
A<o+ (5.66)

then (GPy,) has a unique W' local minimizer (Z,3), which is a global min-
imizer, where 5(t) = 0 for a.e. t € [ty,T] and T,(t) = koe 7" for all
t € [to, T]. This means that the problem (GP,) has a unique solution (k,3),
where 5(t) = 0 for a.e. t € [to, T] and k(t) = kee ") for all t € [ty, T).
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Figure 5.3: The optimal process (k,35) of (GP;) corresponding to parameters o = 1, 3 = 1, A = 0.045,
o =0.015 A=0.034, ko =1, t, =0, and T = 6

Proof. Suppose that (A1), (B1), and the condition (5.66|) are satisfied.
According to Theorem [5.4] (GP;) has a global solution. Hence (GP,) also
has a global solution.

Let (Z,5) be a W'! local minimizer of (GPy,). As it has already been ex-

plained in this section, applying Theorem 3.1} we can find p € Wh([t, T1; IRQ),
v >0, u € C%ty,T), and a Borel measurable function v : [t,,7] — IR
such that (p,u,7y) # (0,0,0) and conditions (i)—(iv) in Theorem hold
true for ¢(t) := p(t) + n(t) with n(t) (resp., n(T")) being given by for
t € [to,T) (resp., by (5.48)). In the above notations, we consider the set
I'={te[ty,T]: () =0}

In the case I' = (), we have shown that 5(t) = 0 for a.e. ¢t € [t,,T] and
7y (t) = koe 1) for all t € [ty, T] (see the arguments given after Lemma5.4)).

In the case I" # (), we define the numbers a; and «, by . Thanks to
the condition (5.66), which implies (5.64)), by Lemma we have ay = ;.
Then, as it was shown before Lemma [5.5, we must have 5(t) = 0 for a.e.
t € [y, T] and Z,(t) = Z1(ay)e 7t for all t € [ay, T]. If ty = oy, then we
obtain the desired formulas for 5(-) and z,(-).

Suppose that ¢y < ay. If ¥(ty) < 0, then we can get the desired formulas
for 5(-) and Z;(-) on [ty,T] from the formulas for s(-) and Z;(:) on [ty, o] in
Lemma and the just mentioned formulas for 5(-) and z,(-) on [ay, T]. If
Y(ty) > 0, by Lemma [5.5 one has 5(t) = 1 for a.e. ¢ € [t, a;]. Then we have

1, ae. tE€lty,a koetA—o)t=to) t € [ty,
5(t) = o, ] and T,(t) = 0 [fo, ]
O7 a.c. t e (al, T] fl(()fl)@_a(t_al), t e (CMl, T]
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To proceed furthermore, fix an arbitrary number ¢ € (0,«; — t,] and put
t. = a; — . Consider the control function s°(t) defined by setting s.(t) = 1
for all t € [to,t.] and s°(t) = 0 for all t € (t.,7]. Denote the trajectory
corresponding to s°(+) by z°(+). Then one has

(= tO t € [to,ts]
.CE
il w5 (t)e 1), te (£, 7).

Note that
T
5(T) = — / 1 — 8(r)|zy(r)e Vdr
to
T
= —/ T (r)e Mdr
T
= — | Z(ay)e " e My
_ T1(ay)e’™ [6—(U+A)T _ e—(am)al]
o+ A
Since Z,(a) = koA~ @=t) it follows that
k
T (T) _ - —ﬁ )\6(0—14)150614041 [e—(0+/\)T . 6—(0+)\)a1] )
Similarly, one gets
k
.CU;(T) _ - _E )\6( )toeAta [6—(J+)\)T . 6_(U+>\)t8} ]
Therefore, one gets
To(T) — 23(T) = o n X {GA 1[6 (@+NT _ g=(o+A) 1]
At [om(@+NT _ o~(oA)te] }
kael@=Ato
_ 0;3 - % {e—(a-i—)\)T [eAal . eAtg]

4 [e(A—J—A)tE . e(A—J—A)al] }

Since t. € [ty, 1), we have e — e > 0. In addition, as A —o — A < 0
by (5.66), we get eA=7- Vi —eA=o=Nar > () Combining these inequalities with
the above expression for Z,(7T) — x5(7T), we conclude that 25(7T) < Zo(T). By
using (3.1)), it is not difficult to show that the norm ||z — 2°||y1. tends to
0 as € goes to 0. So, the inequality z5(T) < Z»(T"), which holds for every
e € (0, a; —tg], implies that the process (7, §) under our consideration cannot
be a W' local minimizer of (GPy,) (see Definition [3.1)).
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Summing up the above analysis and taking into account the fact that
(GPy,) has a global minimizer, we can conclude that (GP;,) has a unique
Wt local minimizer (Z,3), which is a global minimizer, where 5(¢t) = 0 for
a.e. t € [tg, T] and Z(t) = ke =) for all t € [ty, T]. O

5.8 Some Economic Interpretations

Needless to say that investigations on the solution existence of any opti-
mization problem, including finite horizon optimal economic growth prob-
lems, are important. However, it is worthy to state clearly some economic
interpretation of Theorem [5.5]

Recall that o and A\ are the rate of labor force and the real interest rate,
respectively (see Section and that A is the total factor productivity (see
Section [p.4). Therefore, the result in Theorem can be interpreted as
follows: If the total factor productivity A is smaller than the sum of the rate
of labor force o and the real interest rate A\, then optimal strategy is to keep
the saving equal to 0. In other words, if the total factor productivity A s
relatively small, then an expansion of the production facility does not lead to
a higher total consumption satisfaction of the society.

Remark 5.5 The rate of labor force o is around 1.5%. The real interest
rate \ is in general 3.4%. Hence o + A = 0.049. Thus, roughly speaking,
the assumption A < ¢ + A in Theorem means that A < 0.05. Since
weak and very weak economies do exist, the latter assumption is acceptable.
Theorem is meaningful as here the barrier A = o + A for the total factor
productivity appears for the first time. Due to Theorem [5.5, the notions of
weak economy (with A < ¢ 4+ \) and strong economy (with A > o + \) can
have exact meanings. Moreover, the behaviors of a weak economy and of a
strong economy might be very different.

Remark 5.6 By Theorem [5.5 we have solved the problem (G F;) in the situa-
tion where A < 0+ A. A natural question arises: What happens if A > o+ \?
The latter condition means that if the total factor productivity A is relatively
large. In this situation, it is likely that the optimal strategy requires to make
the maximum saving until a special time ¢ € (ty,T), which depends on the
data tube (A, o, A), then switch the saving to minimum. Further investiga-
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tions in this direction are going on.

5.9 Conclusions

We have studied the solution existence of finite horizon optimal economic
growth problems. Several existence theorems have been obtained not only
for general problems but also for typical ones with the production function
and the utility function being either the AK function or the Cobb—Douglas
one. Besides, we have raised some open questions and conjectures about the
regularity of the global solutions of finite horizon optimal economic growth
problems. Moreover, we have solved one of the above-mentioned typical
problems and stated the economic interpretation for this obtained results.
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General Conclusions

In this dissertation, we have applied different tools from set-valued analysis,
variational analysis, optimization theory, and optimal control theory to study
qualitative properties (solution existence, optimality conditions, stability, and
sensitivity) of some optimization problems arisen in consumption economics,
production economics, optimal economic growths and their prototypes in the
form of parametric optimal control problems.

The main results of the dissertation include:

1) Sufficient conditions for: the upper continuity, the lower continuity, and
the continuity of the budget map, the indirect utility function, and the
demand map; the Robinson stability and the Lipschitz-like property of
the budget map; the Lipschitz property of the indirect utility function;
the Lipschitz-Holder property of the demand map.

2) Formulas for computing the Fréchet/limitting coderivatives of the budget
map; the Fréchet/limitting subdifferentials of the infimal nuisance func-
tion, upper and lower estimates for the upper and the lower Dini directional
derivatives of the indirect utility function.

3) The syntheses of finitely many processes suspected for being local mini-
mizers for parametric optimal control problems without/with state con-

straints.

4) Three theorems on solution existence for optimal economic growth prob-
lems in general forms as well as in some typical ones, and the synthesis of
optimal processes for one of such typical problems.

5) Interpretations of the economic meanings for most of the obtained results.
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