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0.1 Khai quat vé Iy thuyét md truc cam

Khai niém tap md truc cam duge dé xuat bdéi Krassimir Atanassov (1983)

12
16

quan.

], [13] nhu mot mé rong ctia khéi niém tap mo cta Lotfi Zadeh (1965) [2],
], nham tiép can cac dbi tugng ngit nghia ¢6 ban chat khong chinh xac, nhat
e Trong Iy thuyét tap hop co dién, chi c6 hai gia tri dé danh gia do lien thudc

clia mot phan tit vao mot tap: 0 (khong thuoc) va 1 (thudc).

e Nhu mot md rong, Iy thuyét tap mo cho phép danh gia quan heé thuoc clia

mot phan tif vho mot tap theo mot ham thude nhan gia tri trén doan [0,1].

e M4 rong hon nita, 1y thuyét ciia cidc tap mo tryc cAm danh gia cic phan
tit theo hai ham: ham thuoc va ham khong thudc, nhan gia tri trén doan

[0,1] va c6 tong ciing nhan gia tri trén doan [0,1].

Logic Toan hoc déng vai tro rat quan trong trong nhitng suy luan doi thuong
ciing nhu cac suy luan khoa hoc. Song chiéc 4o logic c¢o dién (1ogic ménh dé hay
16gic r6) trd nén qua chat hep déi véi cac bai todn ndy sinh trong thuc té. Sy ra
doi ctia 1y thuyét tap mo va logic md, sau d6 1a 1y thuyét mo truc cdm da mang
lai giai phap hittu hieu cho nhiéu bai toan phiic tap. Cé thé coi la mit tng dung
ctia Iy thuyét tap mo truc cdm, 16gic md triuc cdm - mot phuong phap toédn hoc
c6 to chiic cao hon 16gic mo dude phat trien dé gép phan thuc hién cac lap luan
xap xi tryc cadm (suy dién mo tryc cdm) thay vi 1ap luan chinh xac theo logic co
dién hay lap luan xap xi theo logic ms. Suy dién md truc cdm gan giii véi suy
luan ty nhién ctia con ngudsi.

Mot hé théng (nhiéu bién vao, mot bién ra) c6 chita cac tap mo tryc cdm véi
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co sd tri thide 1a cac luat mo trire cdm va cac co ché suy dién mo tryc cdm dude

goi la mot hé mao trye cam.

0.2 Y nghia va tinh cip thiét cta nghién ciu

Bén canh nhitng két qua dat dugce trong thuce tién va sy tién dén hoan chinh
ctia 1y thuyét mo, 1y thuyét md tryc cdm ngay cang phat trién, dudge cong nhan
rong rai véi tinh ddc biet hieu qua khi xit 1y nhitng van dé lien quan dén dua
ra quyét dinh hay tong hop ¥ kién (ing ho, khong ting ho, luong Ii) ctia nhiéu
chuyén gia, trong y hoc, bau cit, kinh doanh...

Cho dén nay, ly thuyét he mo ma "trai tim" 1a cac suy dién mo [2] dd mang
lai cho thuc tién mot khéi tng dung khong 16. Viéc tién hanh mo hinh héa cac
hé mo tric cdm ma cot 161 14 cac suy dién mo tric cdm rat can thiét, phic tap
hon rat nhiéu so véi cac heé md, gan day da c6 mot so6 nghién citu nhat dinh.
Vi du 0.2.1. Suy dién md truc cdm trong hé md truc cam "stic khoe" (xem

béng 1):

Néu khong nghién thudc 14 va di dinh dudng va cham thé duc
thi 14 phdi tot.
Céc luat Néu hoi nghién thubce 14 va hoi thiéu dinh dudng va cham thé duc
mad trie cAm thi 14 phoi hoi tot.
(tri thiic)

Néu nghién nang thudc 14 va suy dinh dudng va luoi thé duc

thi 1a phdi viém.

Su kién Hodc nghién thudc 14 va thiéu dinh dudng va lwoi thé duc.

Két luan H L4 phoi viéem hodc viem nhe.

Béng 1: Suy dién mo tryc cam trong hé "stc khoe".

Trong vi du 0.2.1, cac cum ngon ngit "nghién thudc 14", "du dinh dudng",
"cham the duc" ... duge 1y thuyét mo truc cdm tiép can bang cac tap md truc
cam. Viéc mo hinh hoéa duge cac lien két tit "va", "khong", "hodc" tic 1a viéc st
dung cac toan ti logic mo truc cAm tuong ing t-chuan mo truc cim, phi dinh
mao truc cam, t-doi chuan mo truc cdm 1a khé hon hin so véi cac toan ti logic

mao va vo cuing quan trong trong qué trinh mo hinh héa hé mo truc cam.
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Bdi st quan trong va da dang clia cac ing dung, 1y thuyét mo tric cdm da
va dang dugce thic day manh mé, thu hit duge rat nhidu sy quan tam clia cac
nha nghién ctu. C6 thé ké dén cac két qua nhu:

- Krassimir T. Atanassov (1983) dé xuét khai niém tap md tryc cam.

- K.T. Atanassov (1986; 1994), De va cong su (2000) da gidi thieu nhiéu phép
toan khac nhau trén tap cac tap mo truc cam.

- Xu (2010; 2007), Xu va Xia (2011), Xu va Yager (2011; 2006), Zhao va cong
su (2010) da dinh nghia khai niém gia tri mo tryc cdm va dua ra ly thuyét so
sanh, cac phép toan co ban trén tap cic gia tri ms tryc cam, xay dung va ing
dung cac phép toan tong hop cac thong tin mo truc cam.

- Glad Deschrijver, Chris Cornelis va Etienne E. Kerre (2004) da gidi thieu
Iy thuyét biéu dién trén mot s6 toan tit logic mo tryc cam.

- E.P. Klement, R. Mesiar va E. Pap (2005) da xuat ban cudn sach "Logical,
Algebraic, Analytic, and Probabilistic Aspects of Triangular Norms" dya trén
cac két qua ctia nhiéu nha nghién cttu, hé théng chi tiét vé 1y thuyét mo va ly
thuyét mo tryc cam.

- Supriya Kumar De Ranjit Biswas (1998), "Intiuitonistic Fuzzy Database",
Second Int. Conf. on IFSs, Sofia.

- Eulalia Szmidt, Janusz Kacprzyk (2001), "Intiuitonistic Fuzzy Sets in Some
Medical Applications", Second Int. Conf. on IFSs, Sofia.

- Buii Cong Cuong da c6 nhiing nghién citu vé 1y thuyét mo, mo tryc cdm va
dwa ra khai niém tap mo bic tranh (picture fuzzy set) (2013), mot mé rong hon
nita ctia khai niém tap md truc cam [3], [4], [6].

Ngoai ra, con rat nhiéu nghién citu ciia cic tac gid khac trén thé gisi va mot
sO cac tac gid trong nudc.

Luan van tap trung trinh bay mot s6 toan ti logic md tryc cadm, gép phan
tim hiéu vé 1y thuyét ms truc cdm, chuan bi cho nhitng nghién citu sau nay ctia

tac gia.



0.3 Khai quat luan van
0.3.1 Dé6i tugng v muc tiéu nghién ciiu

- Tac gia tap trung trinh bay 1y thuyét biéu dién clia mot sé toan ti logic
mo truc cdm, dua ra mot phan 16p méi cho mot sé toan tit md truc cAm dua
trén kién thic logic mo.

- Nam vitng cac kién thic co ban va mot s6 kién thiic phat trién vé tap mo
va logic mo. Nam viing kién thiic co ban vé tap mo tryc cam, cic dinh 1y va
chiing minh cac dinh 1y ctia 1y thuyét biéu dién mot sb6 toan ti logic mo truc
cam.

- Lay vi du cho cac khai niém, tinh chat da nghién ciu va tong quan duge
két qud ciing nhu nam dugc vi tri ciia nghién ciiu.

- Thay dudgc mot so6 van dé ve cac toan tit 1ogic md triec cam va mot sd6 maé

rong can nghién citu trong tuong lai.

0.3.2 CAu trac luan van

Noi dung chinh ctia luan van gom 2 chuong:
Chuong 1: Mot s6 khai niém ctia 1y thuyét md, md truc cam;

Chuong 2: Mot s6 toan tit logic md tryc cam.



Chuong 1

Mot s6 khai niém cta 1y thuyét md,

mad truc cam

Chuong nay gidi thi¢u vé tap mo Zadeh (1965), cac toan tit logic md va tap
md tryc cam Atanassov (1983) - mot mé rong tryc tiép ctia tap mo Zadeh. Day
14 nhitng khai niém co ban nhat, chuan bi cho nhitng nghién ctu sau hon vé ly

thuyét mo va 1y thuyét mo tryc cam.

1.1 Tap mo

Ta da biét khai niem tap hgp co dién hay tap ro (crisp sets). Xét tap X # ¢,
chéng han: X la tap nhitng hoc vién cao hoc K20 Vien Toan hoc. Xét A; 1a tap
nhitng hoc vién nit trong 16p cao hoc K20 Vién Toan hoc, thi A; 1a tap con ro
ciia X. Véi o € X bat ky, xét quan he thuoc clia  vao A; ta ¢c6 x € A; hodc

xr ¢ A, hay ta c6 mot biéu dién thong qua ham dic trung ctia A;:

XAI:X—>{0,1},
1 néux e A,

T = XA (T) = )
{ 0 néux ¢ A.

Ta goi X la khong gian nén (tap nén). Xét tap A la tap nhitng hoc vien
gi6i ngoai ngitt trong 16p cao hoc K20 Vién Toan hoc. Do khong c¢6 dinh nghia
cu thé vé “¢i¢i” nén ton tai x € X ma ta khong xac dinh dude chinh xac van
dé: x c6 thuoc Ay hay khong? Néi cach khac, Ay khong c6 khai niém ro rang ve

ham dac trung nhu A;. Nhitng tap hop nhu tap A, rat pho bién va déng vai tro
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hét stic quan trong trong doi séng, xuat hién ngay trong suy nghi tu nhién ctia
con ngudi: tap mot vai qua cam, tap nhitng chiéc xe mdi... Nham mo ta va gidi
quyét cac bai toan lien quan dén nhiing tap hop nay, Gido su Lotfi A. Zadeh!

da dua ra khai niem tap mo (fuzzy sets) lan dau nam 1965 [16].

Dinh nghia 1.1.1. A la tap mo (FS) trén khong gian nén X néu A dugc xdc
dinh bot ham:
pa X = [0,1],
xr = pua(x),

trong do, pa goi la ham thudc va pa(x) la do thude cia x vao tdp mo A.
Ta c6 the viét A(z) thay cho pa(z), A con c6 thé duge biéu dién nhu sau:
A={(z,pa(x)) : x € X} hoac A = {(pa(z)/x):x € X}.

Vi du 1.1.2. B la tap nhiing ngusi tinh Théi Binh ¢6 thu nhap cao, véi ham
thuoc (hinh 1.1):

0 néu x < 10,
pp(x) =q % néu 10 <z < 20,
1 néu 20 < .
(%) |
) I I
0 10 20 ¥ (triéu déng)

Hinh 1.1: Ham thudc cia tap B.

Khoa Ki thuat dién va Khoa hoc may tinh, trudng Dai hoc California & Berkeley, Hoa K.

11



Tap 16 ¢o dién 1a mot truong hgp riéng ciia tap mo. Ki hiu F(X) 1a tap cac
tap mo trén khong gian nén X, do thuoc pa(z) ciia x vao A € F(X) cho ta biét
mitc do c¢6 tinh chat A ciia phan tit 2 € X.

Dinh nghia 1.1.3. Cho A, B € F(X) vdi cac ham thudc tuong ing pia, pg-

A va B bang nhau: A = B < pa(x) = pp(x),Vr € X;
Ala con B: AC B < ua(x) < pp(z), Vo € X.

Dinh nghia 1.1.4. Cho A, B € F(X) vdi cac ham thudc tuong ung pa, |i5.
Phép hop AU B, phép giao AN B, phan bu A’ (hay A®) cho két qud la cdc tap

mo trén X, vdi cac ham thuoc cho bdi:

pauB(T) = max {MA(I)> IUB(‘T>}7 Vo € X;
anp(z) = min {pa(z), pp(2)}, Ve € X
pa(x) =1—pa(x), Vo e X.
Ta col ¢, X 1a nhiing tap mo v6i ue(z) = 0, ux(x) = 1,Ve € X. Nhiéu tinh
chat clia cac phép toan trén cac tap ro nhu giao hoan, két hop, phan phdi, liy

ding, dong nhat, hap thu... con ding trén F(X) va khong khé dé chiing minh.

1.2 Logic mo

Logic md duge mé rong truc tiép tit 1ogic ¢d dién. Logic md tao co sé toan
hoc vitng chac cho nhitng suy luan gan véi cac hé thong phiic tap trong thuc
té, dac biet 1a cac hé thong tri tué nhan tao, cic hé thong suy luan lién quan
dén ngit nghia, tong hop tri thic clia con ngudi... Phan nay giéi thieu mot s6
cong cu chii chdt clia logic mo - cac lien két logic co ban: phép phit dinh mo,

phép hoi ma, phép tuyén md, phép kéo theo ms [2], [7], [16].

a. Phép pha dinh ma

Dinh nghia 1.2.1. Ham N: [0,1] — [0,1] khong tdang, théa man cdic dieu kién
N(0) =1, N(1) = 0 dugc goi la mot phép phiu dinh mo (fuzzy negation). Phép
phti dinh N la phép phi dinh chdt néu né la ham lién tuc va gidm chat. Phép
phii dinh N la phép phi dinh manh néu né la phép phi dinh chdt va théa man
dieu kién N (N(z)) = x,Vx € [0,1].
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Vi du 1.2.2. Mot s6 phép pht dinh thuong dung (véi moi z € [0, 1])
e Ham pht dinh chuan: N,(z) =1 — .
e Ham phti dinh Zadeh: N(z) =1 — 22

11—
1+ Az
Nhan thay: Ny(z) 1a nhitng phép pht dinh manh, bao gom cd N,(z). Ham

e Ham pht dinh Sugeno: Ny (x) =

, A > —1.

N(x) = 1 — 2? 1a chit nhung khong manh.

b. Phép hoi md (t-chuan)

Dinh nghia 1.2.3. Ham T: [0,1] x [0,1] — [0, 1] la mot t-chudan (t-norm) hay

phép hoi mo néu né théa man cic diéu kién sau:
(i) T(1,2) = x,Y0 < x < 1 (diéu kién bién).
(i) T(z,y) =T(y,z),Y0 < z,y <1 (giao hodn).
(iii) T(z,y) <T(u,v),V0 <z <u<1l,0<y<v<1 (tang).
() T(x,T(y,2)) =T(T(x,y),2),Y0 < x,y,2 <1 (két hop).
Vi du 1.2.4. Mot s6 t-chuan thuong dung (xem hinh 1.2), v6i moi x € [0, 1]
e T-chuan min (Zadeh): T (2, y) = 2 A y.
o T-chuan Lukasiewicz: Trux(z,y) =0V (x + 7y — 1).
e T-chuan dang tich: Torod(T,y) = Y.

rAy mnéuzxVy=1,

.TD(fIf,y){ 2
0 neu x Vy # 1.

Pinh nghia 1.2.5. Mot t-chuan T la Archimedean néu va chi néu T lién tuc

va théa man dieu kien T(a,a) < a,Va € (0,1).

Dinh nghia 1.2.6. Mot t-chuan T la liy linh (nilpotent) néu vdi moi a € (0,1),
ton tai b € (0,1) sao cho T(a,b) = 0. Mot t-chuan T la chat (strict) néu vdi moi
€ (0,1), khong ton tai b € (0,1) sao cho T(a,b) = 0.
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¢. t-chuan Lukasiewicz

b. t-chuan tich

a. t-chuan min

N

Hinh 1.2: D3 thi mot s6 phép t-chuan.

2

ac t-chuan Archimedean, 77, 1ty linh, 7}, chat.

ac

TLuk; Tprod 1

ay:

th

é

D

)

an
Dinh nghia 1.2.7. Ham S: [0,1> — [0,1] la mot t-d

oi chua

en md (t-d

2
~

c. Phép tuy

(t-conorm) hay

01 chuan

eu kién sau:

di

z

2

oa man cac

o th

én mao neu n

2
<

phép tuy

<1 (diéu kién bién).

Yo <z

(Z) S(va) =7z,

S(y,x),Y0 < xz,y <1 (giao hoan).

(i) S(x,y)

<1 (tang).

<1L,0<y<w

Vo<zr<u<l

(1) S(x,y) < S(u,v),

(iv) S(x,S(y,z2)) = S(S(x,y),2),Y0 < z,y,2 <1 (két hop).

Vi du 1.2.8. Mot s6 t-d6i chuan (xem hinh 1.3), véi moi x € [0, 1]

max {z,y}.

)=

Y

Y

X

ax(

Stm

6i chuan max:

d

o T

sum(xa y) =T +Yy—xy.

o S

(z,y) = min{l,x + y}

® Sruk

z

2

o1 chuan S la Archimedean néu va chi néu S lién

Mot t-d
tuc va théa man dieu kién: S(a,a) > a,Va € (0,1).

Dinh nghia 1.2.9.
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a. t-d6i chuan S b. t-d6i chuan Sy, c. t-d6i chudn Sy

Hinh 1.3: D6 thi mot sé phép t-ddi chuan.

Dinh nghia 1.2.10. Mot t-doi chuan S la liy linh néu vdi moia € (0,1), ton tai
b€ (0,1) sao cho S(a,b) = 1. Mot t-déi chuan S la chdt néu vdi moi a € (0,1),
khong ton tai b € (0,1) sao cho S(a,b) = 1.

Dé thay: Sruk, Ssum 18 cac t-déi chuan Archimedean, Sy, liy linh, Sy, chit.

d. B6 ba DeMorgan

Dinh nghia 1.2.11. Cho T la mot t-chudn lién tuc, S la mot t-doi chuan lién
tuc, N la phép phu dinh manh. Ta noi b6 ba (T,S,N) la b6 ba De Morgan

néu théa man mot trong hai dang thic sau:
® S(z,y) = N(T(N(x),N ().
o T(x,y) = N(S(N (@), N ).
Khi dé T va S duoc goi la doi ngau vdi nhau qua N.

e. Phép kéo theo ma

Dinh nghia 1.2.12. Phép kéo theo mo la mot ham s6 1: (0,1 — [0,1] théa

man cdc dieu kién sau:
(i) Neuo<z<z<1thhI(z,y) >1(z,y),Yye0,1].
(1) Neu0<y<u<1thhI(z,y) <I(x,u),Vxel0,1].
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(111) I(0,2) =1,Vz € [0,1].
() I (x,1) =1,V € [0,1].
(v) 1(1,0) =0.

Mot s6 dang kéo theo md quan trong;:
Dang kéo theo thit nhat: Cho S 1a mot t-doi chuan, N 13 mot phiit dinh manh,
dang kéo theo thit nhat Ig: [0,1] x [0,1] — [0, 1] dudc xac dinh nhu sau:

IS(x?y) = S(N(ZC),y), V:U,y € [07 1]'

Dang kéo theo thit hai: Cho 7' 1 mot t-chuan, dang kéo theo thit hai 14 ham
Ir: [0,1] x [0,1] — [0, 1] dudc cho béi biéu thic:

Ip(z,y) =sup{z € [0,1] : T'(x, 2) <y}, Va,y € [0, 1].

Dang kéo theo thw& ba: Cho (7,5, N) la mot bo ba De Morgan, véi N la phép
phtt dinh manh, ham Ip: [0,1] x [0,1] — [0, 1] cho bdi biéu thitc sau la dang kéo
theo thit ba:

]D(xvy) = S(T(J?,’y),N(]I)), \V/ZU,y S [07 1]

1.3 Tap md truc cam

Ly thuyét tap mo da ching té 13 mot cong cu hitu ich dé mo ta tinh hudng
¢6 di lieu khong chinh xac hay map mo thong qua mot ham thudc. Tuy nhién
trong thuc té xuat hien nhiéu déi tuong ma viec mo ta ching bang mot ham
thuoc 1a chua du. Vi du khi dua ra quyét dinh mot van dé, trong y hoc, bau
ctt, kinh doanh... dic biet 1a khi tap hop ¥ kién nhiéu chuyén gia, bén canh
viéc ing ho con c6 sy phan d6i va mot ty lé ludng ly nhat dinh. Nham giai
quyét hiéu qua cac tinh huéng nhu vay, Krassimir Atanassov? da dé xuat khai

niém tap mao tryc cam nam 1983, 14 mot sy mdé rong clia tap ms Zadeh nam 1965.

2Vien Giai phau hoc va K¥ thuat y sinh, Hoc vien Khoa hoc Bungary.
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Dinh nghia 1.3.1. Tdp md truc cdm (intuitionistic fuzzy sets) A trén khong

gian néen X # 0 duoc cho bdi:

A:{<$5MA($)7VA($)>|$€ X}7 (11)

trong dé cac anh za pa: X — [0,1], va: X — [0,1] lan lugt la ham thudc va ham

khong thuoc théa man dieu kién:
0 < pa(x)+rva(z) <1, VrelX, (1.2)

0 dé pa(x),va(z) lan gt la do thuoc va do khong thudc cia x vao A.

Khi do ma(x) =1 — pa(z) —va(x) € 10,1] la do ludng lu cia x vao A.

Vi du 1.3.2. Trong chuan doan y khoa, céc chuyén gia phan tich lam sang cac
trieu ching ctia mot benh nhan. Tat ca ¥ kién cac chuyén gia duge tong hop
lai cho két qua chuan doan dugc biéu thi bing tap md truc cdm A - tap nhing
bénh 1y c6 kha nang cao 13 bénh nhan dang mac phai.

Ki hieu x; la bénh sbt rét, zo 1a bénh tiéu duong, =3 1a benh da day, x4 1
bénh tim mach, x5 1a bénh dai trang. Xét trén khong gian nén U - tap cac bénh

Iy U = {x1, 79,73, 74,75}, tap A c6 biéu dién nhu sau:
A = {(z1,0.6,0.23), (2,0,1), (z3,0.85,0.02), (x4,0.24,0.67), (x5,0.5,0.33)}.

Khi dé, ta c6 thé bicu dién thong tin két qua chuan doan theo bang 1.1:

Bénh z;(i =1,5) | =1 | a2 | x3 | x4 | x5
() 0.6 0 10851024 0.5
va(z) 023 ] 1 |0.02]0.67]0.33
() 017 0 |0.13|0.09 | 0.17

Béng 1.1: Thong tin két quéa chuan doan.

Bénh 1y c6 do thuoc vao A cang cao, do khong thuoc vao A cang thap thi
kha nang bénh nhan dang mac phai bénh do6 cang cao. Theo bang 1.1, kha nang
bénh nhan dang mac bénh da day 1a cao nhat v6i do thuoc pa(zs) = 0.85, do
khong thuoc v4(z3) = 0.02; kha nang bénh nhan dang mac bénh ticu dudng la

thap nhat véi do thudc pa(zs) = 0, do khong thuoc va(xs) = 1.
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Vi du 1.3.3. Tap ¢, X, tap mo A’ trén X 1a nhing tap mo tryc cam.
¢o={(x,0,1)|zre X}, X={(x,1,0)|z € X},

A= {{z, pa(2),1 — pa(x))|r € X}, ma(x)=0,Vr € X,

Ta ki hieu [F'S(X) la tap cac tap mo tryc cam trén X.

Dinh nghia 1.3.4. Cho A,B € IFS(X

) w1 cac ham thuoc tuong ung pa, it
va ham khong thudc tuong ing va, vg.

A =B & pa(z) = pp(r),va(z) = vp(z), Vo € X;
AC B & pa(r) < pp(r),valz) > vp(z), Vo € X.

Dinh nghia 1.3.5. X¢ét cic tap A, Ay, Ay € TFS(
qua cing thuoc IFS(X):

X)), cdc todn ti sau cho két

(i) A= {{z,va(x), pa(2)) |2 € X}.

(”) A1NAy = {<$,min{/iA1<:L’),/LA2(:E)},maX{l/Al( ) VAE }>’LL’ S X}

(Z”) AU Ay = {(x,max{uAl(:E),uAQ(x)},min {VAl( ) VA2 }>|ZL’ S X}

(iv) Ay + Az = {{z, pa, () + pa,(2) — pra, (@) pa, (), va, (2)va,(2))| 2 € X}
(v) A1 Az = {{@, pa, (2) pa, (%), v, (%) + v, (x) — va, ()12, (2)) | 2 € X}
(i) nA = {(z,1 — (1 — pa(@))", (a(x))™| z € X}, Vn € Z+.

(vii) A" = { (z, (pa(@)", 1 — (1 — va(@))")|z € X}, ¥n € Z+.

Nhiéu tinh chat d6i véi cidc phép toan trén IFS(

X)) da dugc nghién ctu va
chiing minh [19].
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Chuong 2
Mot sb6 toan ti logic md truc cam

Trong 1y thuyét tap md, cac phép lien két dong vai tro rat quan trong, ching
dugc st dung dé dinh nghia tong quat phép toan giao, hdp clia cac tap md, tit dé
gép phan xay dung cac luat thanh phan trong mot hé thong suy dién. Chuong
nay trinh bay nhitng khai niéem mé rong va khai quat 1y thuyét biéu dién cla
nhitng phép lien két trong trudong hgp ma trye cam [8], [9].

Dé thuan Igi Xu (2007) goi a = (ay,as) 1a mot gia tri mo tryc cdm (intu-

itionistic fuzzy value) (IFV), ¢ d6
ar, a9 € 0,1] 1 aq +ag < 1. (2.1)

Ta ki hieu L* 1a tap céc gia tri mo truc cdm. Ta c6 thé dong nhat o € L* véi
thong tin ctia x trén tap A € IFS (X) v6i pa(x) = ag,va(x) = as.

Goguen (1967) da dinh nghia mot tap L-md trén X nhu la mot anh xa
X — L, 1a mot tong quat hoa ciia khai niem tap mo [11]. Tap md 1a truong hop
rieng ctia tap L-mdo khi L = [0,1], § day L 1a mot dan day du duge trang bi mot
phép toan théa man nhitng diéu kién nhat dinh.

Deschrijver va Kerre (2003) dinh nghia mot dan day da nhu 1a mot tap sap
thit ty mot phan (L, <p) sao cho moi tap con khac réng ctia L déu c6 mot gia
tri supremum va mot gia tri infimum trong L. Ho da chi ra rdng nhiing tap mo
trie cam A € IFS(X) dude xem nhu 1a nhitng tap L*-md trén X, c¢6 thé viét:
A(z) = (pa(x),va(x)), Ve € X, 6 d6 dan (L*, <p-) dugc dinh nghia nhu sau:

L = {($1,$2)|($1,$2) S [07 1}271.1 +x2 < 1}7

(21, 22)<r1+(Y1,Y2) © ©1 < Y1,T2 > Y2, V(T1, T2), (Y1,Y2) € L*.
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Khi do6, v6i moi tap ¢ # A C L*, ta co:

sup A = (sup{z1|z1 € [0,1], (Fz2 € [0,1 — 21])((x1, 22) € A)},
inf{xs|ze € [0,1], (31 € [0,1 — x2])((x1,22) € A}),
inf A = (inf{x1|x; € [0,1], Bxs € [0,1 — x1])((z1,22) € A)},
sup{xa|za € [0, 1], (z1 € [0,1 — x2])((x1, 22) € A}).

Nhu vay (L*,<p+) (hinh 2.1) 1a mot dan day du [8], [9].

(0.1)

(0,0) X (1,0)

Hinh 2.1: Dan L*, A = {y € L*|ly<p.x}, B ={y € L*|ly>p-x}.
Tu day tré di, ta luon gia st ring x € L* = x = (x1, 22) va ki hieu:
e Cac phan tt trung hoa ctia dan L*: 0p+ = (0,1); 1+ = (1,0).
e Tap D = {z|x € L*, 1 + 29 = 1}.
o pri(x) = xy; pro(x) = 29,V € L*.

+y: x va y khong so sanh dugc theo quan hé <p-.

[ ] Q’,‘|
o {z+y: * va y so sanh dugc theo quan hé <jp-.

Ta xem nhitng tap mo truc cdm A € [FS(X) nhu nhitng tap L*-mo trén X,
khi d6 nhitng tinh chat dung véi cac phép toan trén dan L* thi ciing dang véi
cac phép toan tuong ng dugc xac dinh theo ting diém (pointwise operations)
trén [FS(X) [15].
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2.1 Phép phu dinh m¢& truc cam

Dinh nghia 2.1.1. Mot phi dinh mo truc cim N la moét anh za khong tdang bat
ky N: L* — L* théa man N (0p+) = 15+ va N (1) = 0p«. N duoe goi la cuon
néu N théa man N'(N(x)) = z,Vo € L*.

Vi du 2.1.2. Anh xa Ng dudc cho bdi Ng(z) = (22, 21), V2 € L* 13 mot phi

dinh mo tryc cdm cuon va dude goi 1a phit dinh chuan trén L*.
Meénh dé 2.1.3. Néu N la phii dinh mo truc cam cuén thi N'(0,0) = (0,0).

Chitng minh. Gid st N 1a phi dinh mo tryc cdm cudn va N(0,0) # (0,0), khi
d6 N(0,0) € {(a,0), (0,), (a,b)|a,b > 0}.

Gia st N (0,0) = (a,0),a > 0. Chon y,vy" € L*|y,v'<p+(a,0),y||z-y'. Do N
cudn va gidm nén N (y), N(y')>1+N(a,0) = (0,0). Khi d6 N(y), N(y/) c¢6 dang
(¢,0), ¢ > 0 néen N (y)fr=N(¢/) suy ra yftr+y’, mau thuan véi cach chon y||p-y'.

Do d6 N(0,0) # (a,0),a > 0. Tuong tu ta c6 N(0,0) # (0,b), N(0,0) # (a,b)
v6i a,b > 0. Vay N(0,0) = (0,0). O

Hé qua 2.1.4. Néu N la mot phi dinh mo truc cam cuon, thi
praN (0, a) = 0; priN(a,0) = 0,Va € [0, 1].

Chiing manh. Gia st N 1a phtt dinh mo tryc cdm cuon. Do (0,a)<z-(0,0) va N
1a gidam nén N(0,a)>7-N(0,0) = (0,0). Suy ra proN(0,a) < praN(0,0) = 0.
Do d6 proN(0,a) = 0. Tuong tit ta c6 priN(a,0) = 0,Va € [0,1]. O

Meénh dé 2.1.5. Néu N la mot phi dinh mo truc cam cuon, thi:

proN (z1,1 — x1) = proN(x1,0);
priN (1 — xqy,21) = priN(0,21), Va1 € [0, 1].

Chatng minh. Gia st N 1a pht dinh md& truc cdm cudn. Ménh dé hién nhién
diang véi x1 = 1. Bay gio gia st x1 € [0,1).

Xét x = (x1,1 — 1) vax’ = (21,0) va gid st proN (x) < proN (2'). Tt Heé qua
2.1.4, ta c6 priN(2') = 0, priN(x) > 0 (xem hinh 2.2).

Véi z = (0, proN (x)), 2" = (min(priN (z),1 — proN (z')), proN (') thi z||-2’.
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(0.1)
N()eriy
|
Z Qi Ol X
A (x) |
|
| X
(0.0) x' (1.0) (0,0) (1,0)
Hinh 2.2: Minh hoa ching minh Hinh 2.3: Minh hoa ching minh
Meénh deé 2.1.5. Menh dé 2.1.7.

Ta kiem tra dudc N (2')<r.2<rN(z) v N(2")<p.2'<p.N(z) va do N la
gidm nén priN(z) = priN(2') = 21 suy ra N (2).N(2'), dan dén 2f .2, mau
1+2'. Do vay proN (x) = proN ().

thuan véi cach lay z|

Chiing minh tuong tu ta ¢6 priN (1 — z1,x1) = priN(0,z1),Vx, € [0,1]. O
Hé qua 2.1.6. Néu N la mot phi dinh mo tric cdm cuon, thi:
proN (x) = proN(z1,1 — x1) = proN(x1,0);

priN(x) = priN (1 — x2,12) = priN(0,22), Vo € L*.

Chitng minh. Gia st N 1a pht dinh mo tryc cdm cuon. V6i moi z € L* ta co:
(r1,1 — 21)<pa<p«(x1,0) = N (21,1 — 21)> N (2) >N (21,0)
= proN(z1,1 — 1) < proN(z) < proN(x1,0).
Tu Ménh deé 2.1.5, ta c¢6 proN(z1,1 — x1) = praN (21, 0). Do d6
proN (z) = proN(z1,1 — x1) = proN(z1,0).

Tuong tu, ta c6 priN(z) = priN (1 — x9, x9) = priN (0, z2). O
Meénh dé 2.1.7. Néu N la mot phi dinh mo truc cam cuon, thi N(D) = D.

Chiing manh. Gia st N 1a mot phit dinh mo trifc cAm cudn va ton tai z € D sao
cho N (z) ¢ D. Xét y = (1 — proN (x), proN(z)) € D (xem hinh 2.3).
Ta c6 y>p-N(z) vd do N 1a gidm nén N (y)<p-x, theo He qua 2.1.6 ta c6
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priN(y) = priN(N () = z1 suy ra proN(y) = 1 — 21, N (y) = x va do N 1a
cuon nén N'(z) = y, mau thuan véi gid thiét N (z) ¢ D. Do d6 N(D) C D.
Lai do N 1a cudn, nén N(D) = D. O

Dinh 1y 2.1.8. Gid su N la phi dinh mo truc cam cuon, dinh nghia dnh za
N: 0,1 — [0,1], N(a) = priN(a,1 — a),

thi N la phi dinh cuon trén [0,1] va
N(z) = (N(1—x39),1— N(x1)),z € L". (2.2)

Ngugc lgi, néu N la mot phi dinh mo cuon, thi dnh za N: L* — L*, zdc

dinh bdi (2.2) la mot phi dinh mo truc cam cuon.
Chiing minh. Gia st N 1a mot phtt dinh mo tryc cdm cuon va anh xa
N: 0,1 — [0,1], N(a) = priN(a,1 — a).
Khi d6 N(0) = priN(0,1) = 1, N(1) = priN'(1,0) = 0. Véi a, b € [0, 1] sao cho
a <bthi(a,1—a)<p«(b,1—b) va do N 1a giam nén N(a,1 —a)>r-N(b,1 — D)
suy ra N(a) > N(b). Ta ¢6 proN(a,1—a) = 1— N(a) (do N(D) = D, theo Ménh

d& 2.1.7) nén N(N(a)) = priN(N(a),1 — N(a)) = priN (N (a,1 — a)) = a.
Vay N la mot pht dinh md cuon.

(0.0) (1,0)

Hinh 2.4: Minh hoa chitng minh Dinh 1y 2.1.8.

V6i x € L* bat ky, dit 2/ = (21,1 — x1),2” = (1 — 29, 72) (hinh 2.4). Tt He
qud 2.1.6, Meénh dé 2.1.7 va dinh nghia anh xa N ta c6:
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priN(z) = priN(2") = N(1 — x9);
proN(z) = proN(2') = 1 — priN(2') = 1 — N(x1).

Bay gio gid st N 1a phit dinh md cudn va N duge dinh nghia béi (2.2), ta

chitng minh A 1a mot pht dinh mo tryc cdm cuon, that vay:

o V6iz, 2’ € L*|a'>px, thi (N(1—123),1— N(x1))>1-(N(1—25),1— N(x)))
suy ra N (x)> N (2').

e N(0p«) = (N(1—1),1 = N(0)) = 15+, N (1<) = 0.
o NN (x)) = (N(N(21)),1 = N(N(1 — z3))) = .

Vi du 2.1.9. T Dinh 1y 2.1.8, néu N = Ng, ta thu dugc pht dinh chuan mo

truc cadm N.

2.2 T-chuan va t-déi chuan md truc cam
2.2.1 Cac khai niém

St dung dan (L*, <7-) v mé rong truc tiép t-chuan, t-d6i chuan sang trudng

hgp mo truc cam, ta c6 nhitng dinh nghia sau.

Dinh nghia 2.2.1. Mot t-chuan md truc cim la mot anh va T: (L*)? — L* théa

man nhiing dieu kién sau:
(i) T(x,1) = x,Vx € L* (diéu kién bién).
(i) T(z,y) =Ty, x),Vxr,y € L* (giao hoan).
(iii) T(x, T (y,2)) = T(T(x,y),2),Vo,y,2 € L* (két hop).
(iv) T(@,y)<p-T(@',y),Va, o'y, y' € L |x<p-a’,y<p-y (lang).

Dinh nghia 2.2.2. Mot t-déi chuan md truc cim la mot dnh za S: (L*)? — L*

théa man nhing dieu kién sau:
(i) S(x,0r+) = x,Vx € L* (diéu kién bién).
(i) S(z,y) = Sy, x),Vx,y € L* (giao hodn).
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(iii) S(x,8(y,2)) = S(S(x,y), 2),Vz,y, 2 € L* (két hop).
() S(x,y)<p-S,y), Ve, o' y,y € L*|e<p«a', y<p~y (ting).
Vi du 2.2.3. [8] Mot s6 t-chuan va t-d6i chuan ms trire cdm, véi moi x,y € L*:
o T (z,y) = (min(x1, y1), max(zrz, y2)).
o T(x,y) = (v1y1, T2 + Y2 — TaYo2).
o T(x,y) = (max(0,2; +y; — 1), min(1, z2 + y2)).
e T-chuan mo truc cdm Lukasiewicz:
Tw(z,y) = (max(0,r1 +y; — 1), min(1, 22 + 1 — y1,y2 + 1 — 21)).
e S(z,y) = (max(z1,y1), min(ze, Y2)).
e Sw(z,y) = (min(1,1 —z2 +y1,1 —y2 + 1), 1 —min(1,1 — x2 + 1 — y2)).
Cho T, S lan luot la t-chuan, t-déi chuan mao truc cdm. Phép giao, phép hop
cua hai tap mo truc cam A, B dugc xac dinh theo 7, S nhu sau:
ANFB(u) = T(A(u), B(w)),Yu € U:
AUsB(u) = S(A(u), B(u)), Yu € U.
Bo dé 2.2.4. Gid st T la mot t-chudan mo truc cdm, S la mot t-doi chuan mo
tricc cam, N la mot phi dinh mo truc cam, dinh nghia:
T (z,y) = N(TWN (2), N(y))), Y,y € L*;
S*(z,y) = N(SN(z),N(y))),Vz,y € L*.
Khi do T*,S8* lan lugt la t-déi chudn mo truc cdm, t-chuan mo truc cdm,
tuong wng dugc goi la doi ngau cia T qua N, doi ngau cia S qua N .
Chatng minh. Ta ching minh 7* 14 mot t-d6i chuan mo truc cam. That vay:
e Ta c6 T*(x,0p<) = N(TN(2), N(0r+))) = NN (x)) = .
o TH(z,y) = N(TW(2),N(y)) = N(TWN(y),N(2))) = T*(y, x).
e Do 7 két hop nén ta co:
T (2, T*(y,2)) = N(TN(2), TN (y), N (2))))
N(T(T(N(z),N(y)), N (2)))
N(TWN(T*(2,y)), N(2)) = T(T*(,y), 2).
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o V6i w,2',y,yy € L* sao cho x<p2',y<;~y/, do N gidm va T tang nén
N(@)ZpN (@), N(y)Z-Ny) va TN (2),N(y) > TN ("), N(y')). Do
d6 T*(z,y) = N(TW (@), N(y)) S N(T N (@), N () = T*(",y/).

Vay T* la t-déi chuan mo truc cam. Tuong tu, S* 1a t-chuan mo truc cam. O

Vi du 2.2.5. Mot s6 cip toan tit doi ngau (xem bang 2.1).

T(z,y) S(z,y)

(min(zq,y1), max(zsa, yo)) (max(zq,y1), min(za, yo))
(711, T2 + Y2 — Tays) (1 + 51 — 191, T2y2)
(max(0,x1 +y1 — 1), min(1, z2 + y2)) || (min(1, x; + y1), max(0, z2 + y2 — 1))
Tw(z,y) Sw(z,y)

Béang 2.1: Mot s6 cap toan ti 7 (z,y) va S(x,y) d6i ngdu qua N.

Bo6 dé 2.2.6. Cho T la mot t-chuan, S la mot t-déi chudn, t-chuan déi ngau
S* cia S cho bdi S*(x,y) =1—S(1—x,1—y),Vo,y € [0,1]. Neu T < S*, tic la
T(x,y) < S*(x,y),VYz,y € [0,1], dinh nghia:

T(xay) = (T($1,y1),5($2,y2)),vx,y € L*;
8(.7),@/) = (S<xlay1)7T(x27y2))7vx7y € L*7

thi T, S lan lugt la t-chudn mo truc cdm, t-doi chuan mo truc cdm.
Chitng minh. V6i moi x, vy, z, 2,y € L* ta co:

i T(xlayl) +S<I‘2,y2) < S*<I1,y1) + S(xQJyQ)
=1-5(1—x1,1 —y1) + S(x2,y2)
S 1—5(1—Il,l—y1)+S(1—I1,1—y1)21.

L] T([L‘, 1L*) = (T(l‘l, 1),S($2,0)) = ({L’l,l’z) =x.
o T(x,y) = (T(x1,y1),S(w2,y2)) = (T(y1,71), S(y2, T2)) = T (y, ).

o T(x,T(y,2)) = (T'(x1,T(y1, 21)), S (w2, S(y2, 22)))
= (T(T'(x1,y1), 21), S(S(22,y2), 22)) = T(T (z,y), 2).

o V6i I/ZL*xa ylzL*ya thi T(Ilayl) S T(Illayll)a 5(37273/2) Z S<$/27yé) nen
(T(z1,91), S(x2, y2)) <~ (T(2, 1), S(2%, y5)) hay T(z,y)<p-T (2, y).
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Vay T la t-chuan md truc cdm. Tuong tu, S 1a t-déi chuan mo truc cdm. O

Pinh nghia 2.2.7. Mot t-chuan md truc cam T duge goi la t-biéu dién duoc

néu va chi néu ton tai mot t-chuan T va mot t-déi chuan S trén [0,1] thoa man:
T(x,y) = (T(x1,y1), S(w2,12)), Yo,y € L*. (2.3)

Mot t-déi chuan mo truc cam S duge got la t-bieu dién duge néu va chi néu

ton tai mot t-chuan T va mot t-dbi chuan S trén [0,1] thoa man:
S(z,y) = (S(x1, 1), T(w2,12)), Vo, y € L*. (2.4)

Ta thay ¢ Vi du 2.2.3, Ty khong phai t-biéu dién duge, céac t-chuan va t-déi

chuan con lai 1a t-biéu dién duge.

Dinh 1y 2.2.8. T-d6i chuan mo truc cdm doi ngdu qua mot phi dinh mo truc
cim cuon N trén L* cia mot t-chuan mo truc cam t-biéu dién duoc la t-biéu
dién duge. T-chuan mo truc cdm doi ngdu qua mot phi dinh mo truc cdm cuon

N trén L* ctia mot t-doi chuan mo truc cam t-biéu dién duoe la t-biéu dién dugc.

Chiing minh. Gia st T 1a mot t-chuan md truc cdm t-bicu dién duge, tic la ton

tai mot t-chuan 7' va mot t-d6i chuan S trén [0,1] thoéa man:
vxv Yy € L*7 T(:T, y) = (T(Ih yl)v 5(1'2, yQ))

Tt Dinh 1y 2.1.8 v6i N 1a mot phit dinh md truc cdm cuon bat ky trén L*,
ton tai pht dinh cuon N tren [0,1] sao cho:
N(x) = (N1 — 12),1 — N(z1)).
Ta c6: T*(x,y) = N(TN(2), N()))
= N(T((N(1 =), 1 — N(z1)), (N(1 — y2),1 — N(y1))))
= N(T(N(1 — 12), N(1 = y2)), S(1 — N(21),1 — N(y1)))
= (N1 =51 —=N(z1),1 = N(y1)), 1 = N(T'(N(1 — z2), N(1 — y2))))-
(2.5)
Ta c6 thé chitng minh ring N(1—S(1— N(z1),1— N(y1))) 1a mot t-dbi chuan
va 1 — N(T(N(1 — x3), N(1 — 1)) 1a mot t-chuan. Do vay, 7* la t-biéu dién
duge, phan con lai ctia dinh 1y duge ching minh tuong tu.
S*(z,y) = N(SWN(z),N(y)))

2.6
= (N0 =T = N(21),1 = N(1))), 1 = N(S(N(1 = 22), N(1 = 2))))- 20
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Chii 4 rang: N 1a gidm chat néu va chi néu N 1a gidm chat. O

Dinh nghia 2.2.9. Mot t-chuan mo truc cdm T duge goi la Archimedean néu
va chi néu Ve € L*\{0p+, 11}, T (x, 1) <p-x.

Pinh nghia 2.2.10. Mot t-chuan mo truc cam T duge goi la:
e liy linh néu va chi néu Iz, y € L*\{0p+}, T (x,y) = Op-.
e chat néu va chi néuVr,y € L*\{0r+}, T (z,y) # Or-.

Dinh nghia 2.2.11. Mot t-doi chuan mo truc cam S duogc goi la Archimedean

néu va chi néu Vo € L*\{0p+, 11+ }, S(z, 2)> .

Dinh nghia 2.2.12. Mot t-déi chuan mo truc cim S duoc qoi la:
e [y linh néu va chi néu Iz, y € L*\{11+},S(x,y) = 1.
o chdt néu va chi néuVz,y € L*\{1p+},S(x,y) # 11~

Dinh 1y 2.2.13. Gid st T la mot t-chuan md truc cim t-biéu dién duoc, vdi
moi x,y € L*, T (x,y) = (T(x1,y1), S(x2,y2)) va gia siT, S la Archimdean. Khi

do, T ciung la Archimedean.

Chiing minh. Ta c6: Vo € L*\{0p+, 11+}, T (x,x) = (T'(x1, 1), S(x2, x2)). Do T va
S 1a Archimdean nén 7T'(z1, x1) < x1, S(x2,x2) > x9, kéo theo T (z,z)<p+z. [

Twong tu Dinh 1y 2.2.13, ta c6 dinh ly sau.

Dinh 1y 2.2.14. Gid st S la mot t-doi chuan mo truc cam t-biéu dién dugec:
vJi moi T,y € L*,S(ZE, y) = (S(xbyl)? T(3327y2)) va gZd st T; S la Archimdean.
Khi do, S cung la Archimedean.

2.2.2 Mot sb6 16p t-chuan md truc cam t-biéu dién dudc

Dua vao tinh liy linh, chiit clia cic t-chuan mo va t-déi chuan ma, ta c6 thé

dinh nghia dugc ba 16p t-chuan md tryc cdm t-biéu dién duge nhu sau [5]:
1. L6p t-chuan mé tryc cam t-biéu dién duge chat-chat (A,,).
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Dinh nghia 2.2.15. Mot t-chuan mo truc cam T duoe goi la t-biéu dién duoc
chdt-chdt néu vi chi néu ton tai mot t-chuan chat T va mot t-doi chuan chat S

tréen [07 1] sao cho: T(Iay> = (T<£E1,y1), S(:["Zay?))?vxay S

Vidu 2.2.16. T € Ay, v6i moi z,y € L*:

T(z,y) = (2191, T2 + Y2 — T2Y2).
2. Lép t-chuan md truc cam t-biéu dién dugc liy linh-liy linh (A,,).

Dinh nghia 2.2.17. Mot t-chuan mo truc cam T duoe goi la t-biéu dién duoc
liy linh-ldy linh néu va chi néu ton tai t-chuan liy linh T va t-déi chuan liy

linh S trén [0,1] sao cho: T (x,y) = (T (x1,y1), S(x2,y2)), Y,y € L*.
Vi du 2.2.18. T € A,
T(z,y) = (max(0, 1 + y; — 1), min(1, x2 + y2)), Vo, y € L*.
3. Lép t-chuan md truc cam t-biéu dién dudc liy linh-chit (A,,).

Dinh nghia 2.2.19. Mot t-chuan mo truc cam T duoe goi la t-biéu dién duoc
lay linh-chat néu va chi néu ton tai mot t-chuan lay linh T va mot t-doi chuan

chat S trén [0,1] sao cho: T (x,y) = (T'(x1,y1), S(x2,y2)),Vr,y € L*.
Vi du 2.2.20. Mot s6 T € At

L T(:va) = (maX(Oa 1+ Y1 — 1)7332 + Yo — CL’QyQ),VCE',y S L~
Taco:x1+y1 —14+x2+y2 —2oyo =21 +y1 — (1 — 22)(1 — y2)
<zi+yp— iy =1—(1—z)(1—y) < L

o T(x,y) = (max{%(:l?l +y — 1+ :Ulyl),O} , T + Yo — LL’2y2>, Vr,y € L*.
Ta c6: 3(x1 +y1 — L+ z1y1) + T2 + Y2 — Tayo

s@+y —1+ay) +1— (1 —z2)(1 — )

<tti@t+y—my) =1—31—z1)1—y) <1

T(x1,y1) = max {%(56’1 +y1— 1+ xlyl),o} Vw1, y1 € [0,1] 1a t-chuan liy
linh do 7(0.1,0.2) = 0.

Meénh dé 2.2.21. Khong ton tai t-chuan mo truc cim t-biéu dién duge T sao
cho T (x,y) = (T(x1,y1), S(x2,y2)),Va,y € L* vdi T la t-chuan chat va S la t-doi

chudn lay linh.
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Chitng minh. Gia st T (z,y) = (T(x1,91), S(x2,y2)), Vo, y € L* v6i T la t-chuan
chat va 3z), y5 € (0,1) sao cho S(xh,yh) = 1.

Chon z1 # 0 sao cho z1 + 2y, < 1 va y; # 0sao cho yy +yh < 1, do T
chat nén ta c6 T'(x1,y1) > 0. V6 T = (x1,25), ¥ = (y1,95), ta xét T(T,7) ta co
T(x1,y1) + S(xh,yy) > 1, mau thuan véi T(Z,7y) € L*. O

Meénh dé 2.2.22. Néu T € Ay, hodc T € Ay, thi T la chat.

Chitng minh. Gia st T € Ans, T(x,y) = (T'(x1,y1), S(x2,y2)), VI, y € L* v ton
tai o',y € L*\{0r+} sao cho T (2/,y) = 0p~.

Ta ¢6 T(x),y}) = 0, S(zh,yy) = 1, do S chat nén =), = 1 hoac y) = 1, mau
thuan véi cach chon 2/, 4. Vay 7 1a mot t-chuan mo truc cam chiit.

Tuong tu, 7 € Ay 1 t-chuan mo truc cam chiit. ]
Meénh dé 2.2.23. Néu T € Ay, th T la ldy linh.

Chitng minh. Gid st T € App va T (x,y) = (T(x1,11), S(x2,y2)), Vo, y € L*.
Do T lay linh nén Ju,v # 0 sao cho T'(u,v) = 0 va T khong giadm nén
Vu' < wu, v’ <wv, T(W,v") =0. Do S liy linh nén Ja, b # 1 sao cho S(a,b) = 1.
Chon x = (u/,a) sao cho ' +a < 1vay = (v/,b) sao cho v/ +b < 1 ta ¢

T (z,y) = (T(u',v),S(a,b)) = (0,1) = 0z va T 1a lity linh. O

2.2.3 Mot sb 16p t-dbi chuan md truc cam t-bieu dién dudc

Tuong tu t-chuan md truc cadm t-biéu dién dudc, ta phan biét cac 16p sau:

1. Lép V,, cac t-ddi chuan md truc cam t-biéu dién dugc chit-chat.

Dinh nghia 2.2.24. Mot t-déi chuan mo truc cim S duge goi la t-biéu dién
duoc chdt-chat néu va chi néu ton tai mot t-chuan chat T va mot t-doi chuan

chat S trén [0,1] sao cho: S(x,y) = (S(z1,y1), T (x2,y2)),Vr,y € L*.
Vidu 2.2.25. § € Vg, v6i moi z,y € L*:
S(x,y) = (1 + Y1 — T1Y1, T2Y2)-

2. Lép V,, cac t-ddi chuan md truc cam t-biéu dién dudc liy linh-

lity linh.
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Pinh nghia 2.2.26. Mot t-doi chuan mo truc cim S duge goi la t-biéu dién
duge liy linh-liy linh néu va chi néu ton tai mot t-chuan lay linh T va mot t-doi

chudn liy linh S trén [0,1] sao cho: S(x,y) = (S(x1,11), T(x2,12)), Vo, y € L*.
Vi du 2.2.27. S € V..
S(z,y) = (min(1, 1 + y1), max(0, z9 + yo — 1)), Va,y € L*.
3. L6ép V,, t-dbi chuan md truc cam t-biéu dién dugc chit-lay linh.

Dinh nghia 2.2.28. Mot t-doi chuan mo truc cim S duoc goi la t-biéu dién
duge liy linh-chat néu va chi néu ton tai mot t-chuan liy linh T va mot t-doi

chudn chat S trén [0,1] sao cho: S(x,y) = (S(x1,11), T(x2,92)), Yo,y € L*.
Vi du 2.2.29. Mot s6 S € V,,, v6i moi =,y € L*:

o S(z,y) = (x1 + y1 — 21y1, max(0, 22 + Yo — 1)).

o S(z,y) = (z1+y1 — z1y1, max {5(x2 + y2 — 1 + 2292),0}).

Tuong tu nhu phan 2.2.2, nhitng ménh dé sau duge chitng minh.

Meénh dé 2.2.30. Khong ton tai t-doi chuan mo truc cam t-biéu dién duoc S
sao cho S(x,y) = (S(z1,11), T(x9,y2)), Y,y € L* vdi T la t-chuan chdt va S la

t-doi chuan liy linh.
Ménh dé 2.2.31. Néu S € Vg, hojc S € V., thi S la chit.
Meénh dé 2.2.32. Néu S € V,,,,, thi S la lay linh.

Dinh 1y 2.2.33. Hai ldp trong méi cdp: (Ass, Vss); (Dnn, Van); (Dns, V) doi
ngav vdi nhau, tic la doi ngavw qua mot phi dinh mo truc cam cuodn, gidm chdit
ctia mot phan ti ciua I6p nay thudc vao I6p con lai.

Chiing minh. Gia st T € Apy, T(x,y) = (T(21,11), S(x2,y2)), tit (2.5) ta co:
T, y)=(N(1—=51—=N(@1),1 = N()), 1 = NT(N(1 — 22), N(1 — y2)))).

Do S liiy linh nén ton tai a,b € (0,1) sao cho S(a,b) = 1 kéo theo ton tai
x1,y1 € (0,1)saochoa=1—N(x1),b=1—N(y;) va S(1—N(z1),1—N(yp)) =1
suy ra pri7*(x,y) & mot t-ddi chuan lity linh.
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Do T liy linh nén ton tai ¢,d € (0,1) sao cho T'(c,d) = 0 kéo theo ton tai
o,y € (0,1)dé ¢ = 1= N(22),d = 1—N(y2) v& 1— N(T(N(1—25), N(1—))) = 0
suy ra pro7 *(x,y) 13 mot t-chuan liy linh.

Vay T*(z,y) € Vaun. Tuong tu, néu S € V,,,, thi 8* € A,,,.

Bay gio gia st T € Ay, do S la chat nén v6i moi a,b € (0,1) ta c6 S(a,b) < 1
kéo theo v6i moi z1,y; € (0,1) ta ¢6 S(1 — N(z1),1 — N(y1)) < 1. Do N gidm
chat nén N(1 — S(1 — N(z1),1 — N(y1))) < 1,Vxy,y1 € (0,1) nén pri7T*(z,y) la
t-ddi chuan chat. Tuong ti, pro7 *(x, ) la t-chuan chat.

Vay T*(x,y) € V. Tuong tit, néu S € V,, thi S* € A,,. Chitng minh tuong

tu ta c6 A, Vg, doi ngau véi nhau.

2.3 Ly thuyét biéu dién cac t-chuan, t-déi chuan
mad truc cam
2.3.1 Song anh lién tuc, tang trén L*

Ta can dinh nghia ham khodng cach (metric) d trén L*, tiic 1a mot anh xa

L* x L* — R thoa man cac dieu kién sau:
e d(z,y) >0,Vr,y € L*.
e d(x,y) =0 x=y,Vr,ye L.
o d(x,y)=d(y,x),Va,y € L*.
o d(z,z) <d(z,y)+d(y,z),Vr,y,z € L.

Véi moi v,y € L*, 2 = 1 — 21 — T2, yr = 1 — y; — 3o ta dua ra bon ham
Y Y Y Yy

khoang cach trén L* nhu sau:

e Khoéang cach Euclidean: d¥(z,y) = \/(1;1 — yl)2 + (29 — yg)z.
e Khoang cach Hamming: d” (z,y) = |21 — 1] + |22 — vl

e Khodng cach Euclidean mo tryc cam [8]:

AL (x.y) = [ (or — y0) + (@2 — 90)° + (0 — 9o
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e Khoang cach Hamming md truc cam [8]:
di’(z,y) = o1 — | + |22 — yo| + |27 — yal-
Ta c6 dinh nghia tinh lién tuc trén (L*,d) nhu trén mot khong gian metric
bat ky va dP, df, dE. dH, 1a tuong duong topo tren L* [8].

Dinh nghia 2.3.1. Cho dnh za F : L* — L* tuy 3y va a € L*, khi do
o F dugc goi la lien tuc-trdai mo truc cdm tai a néu va chi néu

Ve > 0,301,090 >0,V € L* a1 — 01 < x1 < ay, as < x9 < as + 09
= d(F(z), F(a)) < e.

o I dugc goi la lien tuc-phdi mo tric cam tai a néu va chi néu

V€>O,351,52>0,V$EL*ZG1 < 1T <CL1+(51, a2—52<x2§a2
= d(F(x), F(a)) < ¢.

o I lién tuc-trdi (tuong 1ing, lién tuc-phdi) mo truc cdm néu va chi néu F la

lién tuc-trdi (twong ing, lien tuc-phdi) md truc cam tai moi diém cia L*.

Bo dé 2.3.2. Néu & la mot song dnh lién tuc, tang trén L* vdi @~ tang, thi
®(0,0) = (0,0).

Chitng manh. Gid st ® 13 mot song anh lién tuc, tang trén L*. Khi d6 ton tai
anh xa &1, gid st ! tang.
Gia st (0,0) # (0,0). Khi d6 (0,0) € {(a,0),(b,0),(a,b) € L*|a,b +# 0}. Ta

lan luct xét cac trudng hop sau:

(i) Xét ®(0,0) = (a,0) v6i a > 0. Gia st z,t <+ (a,0) sao cho z||z-t (chang
han z = (¢,d) € L*;t = (e, f) € L* v6ia > ¢ > e,d > f > 0). Do ® la
toan anh nén ton tai j, k € L* sao cho ®(j) = z,® (k) = t. Do &~ ! tang

vay @(]),@(k’) <L+ (I)(()?O) nen Jak SL* (070) Tu J7k SL* (070) suy ra

pri(j) = pri(k) = 0 hay j,k c6 dang (0,m) dan dén jft;+k va do ® ting
nén () .-®(k), mau thuan véi gia thiét z|

L+t
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(ii) Xét @ (0,0) = (0,b) v6i b > 0. Tuong tu trusng hop (i), chon z,t >« (0,b),
z||p+t. Ton tai j,k € L* sao cho ®(j) = 2,®(k) = t. Do ®~! tiang va
®(j),® (k) >« ®(0,0) nén j, k >p« (0,0) suy ra j, k ¢6 dang (m,0) dan

dén jfrp-k, mau thudn véi cach chon z||p-t.

(iii) Xét @ (0,0) = (a,b) v6ia,b > 0. Tuong tu truong hop (i), chon z,t >« (a, b)
r+t. Tontai j,k € L* saocho ® (j) = z,® (k) =t va j, k >+ (0,0)

sao cho z|

suy ra 7, k ¢6 dang (m,0) dan dén jfp«<k, mau thudn véi cach chon z||p-t.

Trong ca 3 truong hop ta déu nhan dugc mau thudn nén gia thiét ®(0,0) #
(0,0) la sai. Vay ©(0,0) = (0,0). ]
Hé qua 2.3.3. Néu ® la mot song dnh lién tuc, tang trén L* vdi ®~1 tang, th

Va € [0,1] : pro®(a,0) = 0;pr1®(0,a) = 0.
Chitng minh. Gia st a € [0,1], ta c6 (a,0)>71.(0,0). Do ® tang va do B6 dé 2.3.2
ta thu dugc ®(a,0)>r.®(0,0) = (0,0). Do d6 pro®(a,0) = 0.

Tuong tu, ta c6 pri®(0,a) = 0. ]
B6 dé 2.3.4. Néu & la mot song dnh lien tuc, tang trén L* vdi @' tang, th

Vay € [0, 1]: pri®(ar, 1 — a1) = pri®(a1, 0); pro®(1 — a1, a1) = pra®(0, ai).
Chitng minh. Gia st ® 1a mot song anh lién tuc, tang trén L* véi ! tang.

Trude tién, ta ching minh pri®(a;,1 — a;) = pri®(a;,0),Ya; € [0,1], ding
thitc hién nhién ding v6i a; = 1, nén ta gid st a; € [0, 1).

Dit @ (a1,1 —ay) = b. Néu by = 0 thi ®(a;,1 —a;) = (b1,0). Theo Bo dé

2.3.2, ta lai c¢6 ®(0,0) = (0,0). Do (0,0) {7+ (b1,0) nhung (0,0) |
mau thuin véi ! tang. Do do by # 0.

L* (alv - al)v

T Hé qua 2.3.3 ta ¢c6 @ (ay,0) = (m,0) € L*. Ta phai ching minh b; = m.
Tacoé by < m,giasiby < m.Xét z = (21,0) v6i by < z; < m. Do @ la toan anh
va &1 ting nén ton tai t = (¢1,0) € L* sao cho ® (t) = 2. Do (21,0) <z- (m,0)

va ® la song anh, ®~! ting nén t; < a;. Khi d6 #||z- (a1, 1 — a;) nhung 2> .b,
mau thuin véi ! tang. Do d6 b; = m.
Vay pri®(ai, 1 —ay) = pr1®(aq,0),Va; € [0,1]. Chiing minh tuong tu ta dugc

pro®(1 —ay,a1) = pro®(0,a1), Va; € [0, 1]. ]

34



Hé qua 2.3.5. Néu ® la mot song dnh lién tuc, tang trén L* voi ' tdang, thi
pr1®(a) = pri®(ay, 1 — a;) = pr1®(ay,0),
pro®(a) = pre®(1 — ag, az) = pro®(0,as),Va € L*.

Chiing minh. V6i moi a € L* ta co:
(a1,0)>p-a>p-(a1,1 — ay)
= ®(a1,0)>pP(a)>-P(ar, 1 — ay)
= pr1®(ay, 0)>ppri®(a)>ppri®(ai, 1 — ap).
Tt d6, v6i Bo dé 2.3.4, ta c6 pri®(a) = pri®(ar, 1 —a;) = pri®(ar,0). Ching
minh tuong tu ta cé pro®(a) = pro®(1 — ag, az) = pra®(0, ag). ]

B6 dé 2.3.6. Néu & la mot song dnh lien tuc, tang trén L* vdi @~ tang, th
(D) =D.

Chitng minh. Gia st ® 14 mot song anh lién tuc, ting trén L* v6i ! ting va

ton tai x € D sao cho 2/ = ®(x) ¢ D. Theo He qua 2.3.5 va He qua 2.3.3 ta 6

pri®(y) = x| < pri®(yy,0) = pri®(xy,0)

(2.7)
& D(y1,0) = &(21,0) & (y1,0) = (21,0) & y1 = 21, Vy € L™

Do @ 1 toan 4nh nén ton tai z € L* sao cho (z],1—1x}) = ®(2), do (2.7) ta c6
z1 = x1 (xem hinh 2.5). Khi d6 2o <1 — 2 va x<p+z kéo theo 2'<p-(z],1 — z))
do @ tang. Ta lai ¢6 2’ ¢ D suy ra (29,1 — 2})<z«z’ (mau thuan). Vay véi moi
z € D thi ®(z) € D hay &(D) C D.

Bay gio ta chiing minh D C ®(D). That vay, gia st x € D, do ® la toan anh
nén ton tai 2 € L* sao cho v = ® (2). Xét 2/ = (21,1 — 21) € D, tacé ® (') € D
do ®(D) C D. Ta lai ¢6 pri® (2') = pr1® (2) = 1. Do d6 z = ® (/) € & (D).

Vay (D) = D. O

Dinh ly 2.3.7. Néu ® la mot song dnh lien tuc, tang trén L* vdi =1 tdang, thi

ton tai mot song dnh lién tuc, tang ¢ trén [0,1] sao cho:
O(z) = (p(z1),1 — (1 — x2)),x € L". (2.8)

Nguoc lai, vdi song danh lién tuc, tang bat ky ¢ trén [0,1], dnh za dugc xdc

dinh bdi cong thiic (2.8) la mot song dnh lién tuc, tang trén L* véi @1 tang.
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Hinh 2.5: Minh hoa chitng minh B6 Hinh 2.6: Minh hoa ching minh
48 2.3.6. Dinh 1y 2.3.7.

Chaing minh. Gia st ® 13 mot song anh lién tuc, tang trén L* v6i &1 tang va
gid stz € L*, 2/ = (21,1 — 21),2” = (1 — 29, x9) (xem hinh 2.6).

Ta xét ham ¢: [0,1] — [0, 1] cho bdi p(a) = pri®(a,1 — a). Ta cé ¢ la don
anh do v6i moi a,b € [0,1] ta ¢6 p(a) # p(b) < ®(a,1 —a) # ®(b,1 — b) (do
®(D)=D) < a+#b(do ® lasong anh). ¢ 1a toan anh do ®(D) = D. ¢ tang do
® tang. ¢ = pry o ® o (idjy 1], Ns) (ki hieu idjp ) 1a ham dong nhat tréen [0, 1]) lien
tuc (do cdc ham ham hgp thanh la lién tuc).

Vay ¢ la song anh tang, lién tuc trén [0,1]. Hon nta, do ®(D) = D va theo
Hé qua 2.3.5 ta co

pri®(z) = pri®(z’) = (1),
pro®(z) = pro®(2”’) =1 — pri®(2”) =1 — p(1 — x9).

Bay gio, gia st ¢ la song anh lién tuc tang trén [0, 1], ham &: L* — L* xéac
dinh bdi ®(z) = (p(x1),1 — (1 — x3)). Ta c6 ® don anh do véi moi z,y € L* ta
c6 (x) # 0(y) <= (p(21),1 = (1 = 22)) # (p(y1), 1 — w(1 = y2)) & 1 # y1 hodc
19 # y2 (do o 1a don anh) < x # y. Do ¢ la toan anh nén véi moi y € L* ton
tai x1, 29 € [0,1] sao cho y; = ¢(x1),y2 = 1 — (1 — x9), khi d6 v6i x = (21, z9)
ta c6 ®(z) = y nén @ 1 toan anh trén L*. & va &~ ! tang do ¢ ting. ® lién tuc
do ¢ lién tuc.

Vay @ la song anh lién tuc, tang trén L* v6i &~ tang. O
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2.3.2 Nguyén tic residuation cho t-chuan md truc cam

Trudce tién, ta mé rong khai niem phép kéo theo cho trucng hop mas truc cam.

Dinh nghia 2.3.8. Phép kéo theo md truc cam la mot dnh za I: (L*)? — L*

théa man cac diéu kién sau:
o T(0p+,00) = 1z, Z(Ope,112) = 1, T(1p=, 1) = 1z, T(1p+,00+) = Ops.
o Vo, o' € L* v<pa' = I(x,y)>-L(x',y),Vy € L*.
o Vy,y € L*,y<py' = I(v,y)<p-L(x,y'), Vo € L*.

Dinh nghia 2.3.9. Cho t-chuan md truc cim T, phép kéo theo Ir(x,y) =

sup{y € L*|T (x,7)<p-y}, T théa mdn nguyén tac residuation néu va chi néu
Ve,y,z € L : T (x,2)<py < 2<p+Ir(x,y). (2.9)

Dinh nghia 2.3.10. Gid st ¢ # A C L* vaa € L*. Khi dé a = sup A néu va chi
néuVr € A,x<p-a,Vey > 0,32 € Alz1 > a1 — &1,Ve > 0,32 € A|zy < ag + 3.

Diéu nay tuong duong vdi:
a=sup A& Vre A r<ia,e>03z2,2 € Alzy >a; —,2 <ay+e. (2.10)
Dinh nghia 2.3.11. Gid sii ¢ # A C L* vaa € L*. Khi dé a = inf A néu va chi
néuVr € A,x>p-a,Vey > 0,32 € Alz; < ay +¢e1,Vey > 0,32 € Alzg > ag — eo.
Dinh ly 2.3.12. Anh za tang f: L* — L* lién tuc-trdi md truc cam néu
sup f(Z) = f(sup Z),Vo # Z C L". (2.11)
Chiing minh. Gia st f: L* — L* 1a mot anh xa tang thoa man (2.11) va 2* € L*.
Xét Z ={z € L*|z1 < z},29 > 23}, khi d6 z* = sup Z va sup f(z) = f(z*). Theo
z€Z
(2.10), v6i moi z € Z, f(2)<p-f(z*) va e > 0, ton tai 2/, 2" € Z sao cho
prif(Z') > prif(z") — (e/2), praf (") <praf(2*) + (£/2).
Do 2/, 2" € Z nén sup(?/, 2") € Z. Do f tang nén
prif(z7) = prif(sup(2’, 2")) = prif(z") > prif(z") — (e/2);

praf(2%) < praf(sup(z’,2")) < praf (") < praf(27) + (€/2).
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V6i 01 = |2 —max(z], z{)| v& 0y = |z5 — min(2}, 2)| ta c6 v6i moi z € L* thoa
man zj — 0 < z1 < 2§, 25 < 29 < 2 + 09 thi 2>« sup(Z/, 2”). Do f tang kéo
theo f(sup(Z, 2")<p+f(2)<p-f(z*). Do d6

prif (%) = prif(z) > prif(z7) — (¢/2);
praf (2%) < praf(x) <praf (%) + (€/2).
Vay |prif (2)—prif(2%)|+|prof (2)—praf (2%)| < €, f lién tuc-trai mo tryc cam. [
Dinh 1y 2.3.13. [§] Anh za tang f: L* — L* lién tuc-phdi mo tric cdm néu
inff(Z) = f(inf Z),Vop # Z C L*.

Dinh 1y 2.3.14. Gid st f: L* — L* la mot anh za tang bat ky sao cho pryf(x)
doc lap vdi xo va prof(x) doc lap vdi xy. Néu f la lien tuc-trdi mo truc cam thi
sup f(Z) = f(sup 2),%6 £ Z C L*.

Chiing minh. Gia st f: L* — L*, f(x) = (fi(x1), fa(22)) tang va lién tuc-trai mo

true cam. Khi d6 véi Z C L*, z* =sup Z, € > 0 ton tai d;, 62 > 0 sao cho
Vze L*zf —01 < 21 < 2§, 25 < 29 < 25 4 09
= [fi(z1) = fi(z])] + | fa(22) = fa(23)| < e.
T Dinh Iy 2.3.10 ta c6: 32/, 2" € Z|27 > 21 > 27 — 01,25 < 2§ < 25 + da.
Do 2/, 2"<p«z* nén sup(z/, 2")<p+z*. Do d6
2¥ > max(2],2]) > 21 > 2f — 01; 25 < min(2}, 2) < 2 < 25 + da.
Khi d6 | fi(max(2], 21)) — fi(z])] + | fa(min(2y, 25)) — fa(23)| < €.

Do f tang nén fi(max(z], 27)) > fi(z]) — &; fa(min(2h, 28)) < fo(25) + €.
Két hop Dinh 1y 2.3.10, ta c¢6 sup f(2) = f(z*) = f(sup Z). O
z€Z

Dinh 1y 2.3.15. [8] Cho f: L* — L* la dnh xa tang sao cho pryf(x) doc lap vdi
T va prof(x) doc lap vdi xy. Néu f lien tuc-phdi mo truc cam thi

inff(Z)= f(inf Z),Vo # Z C L*.
Dinh 1y 2.3.16. T-chuan mo triyc cim T théa mdan nguyén tic residuation néu

va chi néu vdi x € L* bat ky va tdp con Z khdc rong bat ky cia L* th

sup T (x,2) = T (x,sup z). (2.12)

z€Z 2€Z
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Chatng minh. Véi x € L*, ¢ # Z C L* bat ky. Gia stt 7 thoa man nguyeén tac

residuation, y = sup T (z, 2), 2* =sup Z. Ta c6 Vz € Z,T (z,2)<p-y nén
z2€Z

=VzeZze{ye LT(x, )<yt = Z C{y € LT(x,7)<r-y}
= 2" =sup Z<p-sup{y € L*|T (2,7)<r-y} = I7(2,y).

Do 7 théa man nguyén tac residuation nén 7T (z,sup Z) = T (z,25) <1 y =
sup T (z, z). Hon ntta, do T (z,.) tang nén Vz € Z, T (x, 2)<p+T (z,sup Z). Do do,
iZZnhan duge dang thite (2.12).

Bay gio, gia st 7 théa man (2.12). Néu Zr(z,y)>-2 thi

T (@, 2)<pT (2, Ir(x,y)) = T(x,sup{y|y € L, T(2,7)<r-y})
= sup{T (z,7)|y € L*, T (x,7)<r-y} <r-y.
Néu T (z, 2)<p-y suy ra z € {y € L*, T(x,7)<p+y} nén Zr(z,y)>r+z. Do do6

T thoa man nguyen tac residuation. ]

Dinh 1y 2.3.17. Gid st T la mot t-chuan mo truc cdm t-biéu dién duge. Khi
do cac anh za thanh phan cia T la lién tuc-trdi mo truc cam néu va chi néu T

thoa man nguyén tac residuation.

Chitng minh. Gia st T thda man nguyén tic residuation, khi d6 béi Dinh 1y
2.3.12 va 2.3.16 ta c6 T lién tuc-trai ma truc cam.

Bay gio gia st T (z,.), T(.,y) la lién tuc-trai mo tryc cam. Ta c¢6 Vo € L* :
priT (x,y) = T'(x1,y1) doc 1ap véi yo va proT (z,y) = S(x2, y2) doc lap v6i y;. T
Dinh 1y 2.3.14 ta c¢6 sup T (z,2) = T (z,sup 2),VZ C L*, két hop Dinh 1y 2.3.16,
dan dén T thoa ménzféuyén tac residu;iizon. O

Néi chung, tit tinh lién tuc-trai mo truc cam khong thé suy ra mot t-chuan
md trife cdm théa méan nguyén tic residuation. Ta xét vi du sau:

Vidu 2.3.18. Anhxa T : (L*)? — L* sau la mot t-chuan md trie cam lien tuc

nhung khong théa man nguyén tic residuation.
T(z,y) = (max(0, 21 + y1 — 522y2 — 1), min(1, 22 + yo)), Y,y € L*.
Chitng minh. Ta c6 T (x,1+) = x, T tang, lien tuc. T két hop, that vay:

T(l‘, T<y7 Z)) = (max<07 r1+ max(O, Y1+ 21— %yQZZ - 1) - %$2 min(17 Y2 + ZQ) - 1)7
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min(1, z2 + min(1, Y2 + 22)))
= (maX(O, r1+y +21— %ym —1- %1’2 min(l, Y2 + 22) - 1)7

min(1, z2 + Yo + 22)).

o Néuys+2 > 1lsuyray +2 < 1. Khido x1+y1+zl—2—%y222—%a:2 <0,
va T(z, T (y, z)) = (0,min(1, z2 + y2 + 22)) = T (y, T (2, 2)).

o Néu yo + 22 < 1taco T(x,T(y,2)) va T (y, T (z, z) bang nhau va bang

(maX(O, r1+y +21— %yQZQ —1—- %xgyg — %IQZQ — 1), min(l, To + Yo + 22))

Bay gio ta chi ra 7 khong théa man nguyén tac residuation, that vay:

T(x,y)<pze {o1+y — 52y — 1 < 21, Ta+y2 > 20}

e {y < %$2y2 +z1—x1+ 1, Ys > 20 — a9, y1 +y2 < 1}

Duong thing (d): y; = %l’gyg + 21 — 21 4+ 1 cAt dudng thing y» = 20 — 25 tai
(%9:2(7:2 —T9)+ 21 — a1+ 1,29 — 932), (dy) cat y1+ys = 1 tai (1+(zl—x1)/(1+%x2),
(z1— 21)/(1+ 522)), (d1) cit yo = 0 tai (2 — 21 +1,0). Duong thang y» = 2o — 22
cat y1 +yo =1 tal (1 4+ 29 — 29, 29 — @2).

Do dé c6 4 truong hgp (hinh 2.7):

(i) sup{y € L*|T (2, y)<p-2} = sup{(32a(22 — w2) + 21 — 21 + 1, 2 — a2)
(14 (21 — 1) /(1 + 522), (£1 — 21)/(1 + 372))}
= (max(3xa(22 — o) + 21 — T1 + 1, 1+ (21 — 21) /(1 + 1))
min(zs — T2, 1 + (21 — 21)/(1 + 322)))
= (max(3za(ze — @2) + 21 — 21 + 1, 1+ (21 — 21) /(1 + 322)), 22 — 22).

(ii) sup{y € L*|T (x,y)<p+z} = (1 + xo — 29, 29 — T2).
(iii) sup{y € L*|T (2, y)<p-2} = (max(z1 — 21+ 1,1+ (21 — 21) /(1 + 522)),0).

(iv) sup{y € L*|T (x,y)<p«2} = 1p~.
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Hinh 2.7: B6n trudng hop cho mién {y € L*, T (z,y)<p-2}.

Tt bén truong hop ta c6
Ir(x,z) = (min(1, 1 + x9 — 29, max(%xg max (0, 23 — x2) + 21 — 21 + 1,
1+ (21 — {13'1)/(1 + %:1:2))), maX(O, 2o — Ig))
Véi ¢ = (0.5,0.4), 2z = (0.3,0.5) thi y = Z7(z, 2) = ((5/6),0.1) = (0.833...,0.1)
nhung 7 (z,y) = (0.3133...,0.5)>1-2. Do d6 T 1a mot t-chuan md tryc cam lién

tuc, khong théa man nguyen tac residuation. ]

2.3.3 Biéu dién cta cac t-chuan md truc cam

Ta da dinh nghia tinh Archimedean, tinh liy linh ctia mot t-chuan ma truc
cam. Sau day ta dinh nghia tinh liiy linh md tryc cadm ctia t-chuan ma truc cam.
Pinh nghia 2.3.19. Mot t-chuan mo truc cim T duge goi la liy linh mo truc

cdm néu va chi néu ton tai v,y € L* sao cho x1,y1 #0 va T (x,y) = 0r-.
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B6 dé 2.3.20. T-chuan mo truc cim T théa man nguyén tdic residuation thi
Va,y,z € LT (x,y) =z, W € L*|y'Zpy va T(x,y) = 2,y =Ir(z, 2).

Chatng minh. Gia st T théa man nguyeén tic residuation va z,y,z € L* sao cho
T(x,y) = z, ta ¢ Iy (x, 2)>1+y. V6i v = Ir(x, 2), 1o rang y' >y, do T la tang
nen 7 (z,y)>rT (z,y), tic 1a T (x,y)>r+2. Mat khac, tit v/ = Z7(x, 2) ta ¢
T (z,y")<p+z, theo nguyén tic residuation.

Vay T (x,y)=p-z. ]
Bé dé 2.3.21. Gid st T la mot t-chuin mo truc cdm théa man nguyén tic
residuation, gid st x,y,y' la nhitng phan ti¢ bat ky trong L* va v,y théa man:

T(xy) =2z Ir(x,2) =y T(x,y) =2, Ir(x,2) =y

Khi do 2<p+2" & y<p-v'.

Boé dé 2.3.22. Gid st T la mot t-chuian mo truc cim théa man nguyén tic
residuation. Khi dé, vdi bat ky x,y € L*, priT (z,y) doc lap vdi xo va ys.
Chiing manh. Gia st T théa man nguyeén tac residuation. Gid st y € L*, ta c6
sup{(0,0),y)} = (y1,0). Theo Dinh 1y 2.3.16 ta c6

T(x, (y1,0)) = sup{T (x,(0,0)), T (z, )}
= priT(z, (y1,0)) = max{pri T (z, (0,0)),pr:T (z,y)}.
Do T tang nén T (x, (0,0)<p+T (1z+,(0,0)) = (0,0) suy ra priT (z,(0,0)) = 0.
Vay priT (z, (y1,0)) = max{0,priT(z,y)} = pr1T (x,y), priT(x,y) doc lap véi
y2. Vi T giao hoan, kéo theo priT (x,y) doc lap véi xs. ]

Bo6 dé 2.3.23. Gid st T la t-chuan mo truc cdm lién tuc, Archimedean, liy linh

mo triuc cam, thoa man nguyén tac residuation.

T<x17y1) = pT’lT((Cﬂl,O), (ylao))a vxlayl € [07 1]

Khi d6 T la mot t-chuan lien tuc, Archimedean, liy linh.

Chitng minh. V6i gia thiét ciia b6 dé va theo Bo dé 2.3.22 ta c¢6 pri T (z,y) doc

lap v6i x4 va yo nén v6i moi x1,1y; € [0, 1] ta co:

T(xla yl) = p”an((ﬂfl, x2)7 (ylva))ava S [07 1— xl]vva S [07 1 - yl] (213)
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Do T(x,1p+) = z,Vx € L* nén T(x1,1) = z1,Vx; € [0,1], do T giao hoan,
tang nén T giao hoan, tang va do 7 két hop nén:

T(x1,T(y1,21)) = priT ((x1,0), (pr1T ((y1,0), (21,0)),0))

= pr1T ((x1,0), (pr1T ((y1,0), (21,0)), praT ((41,0), (21,0))))
= pr1T ((x1,0), T((y1,0), (21,0)))

= priT(T((21,0), (1,0)), (21,0))

=T(T(x1,y1), 21)-

Do dé T la t-chuan trén [0, 1].

T T la Archimedean véi moi x = (x1,1 — 1) € L* ta ¢6 T (z,x)<p+x dan
dén priT (z,x) < x1 (néu priT (z,z) = 11, ta phai c6 proT (z, 1) > 19 = 1 — 21,
mau thuan). Do vay T'(x1,x1) < x1,Vzy € [0,1] hay T la Archimedean.

Do 7 liiy linh md tric cAm nén ton tai z,y € L* sao cho x1,y; > 0,7 (z,y) =
Oz« suy ra T'(z1,y1) = 0 hay 7' la liy linh. ]

Dinh 1y 2.3.24. [8] Gid st T la t-chuan md truc cdm lien tuc, Archimedean,
ldy linh mo triuc cam, théa mdan nguyén tdc residuation. Khi dé, ton tai mot

song anh tang ¢ trén [0,1] thoa man:
priT (w,y) = ¢ (max(0,p(z1)+p(y1) — 1)), Vo, y € L. (2.14)

B dé 2.3.25. Gid st t-chuan mo truc cam T théa man nguyén tdc residuation
va Zr(D, D) C D, khi do
proT (x,y) = proT (x, (0,y2)) = proT (x, (1 — ya,y2)), Vo € D,y € L*.
Chiing minh. V6i gia thiét clia bo dé va gia st ,2 € D,y € L*, ta c6
T(x,y)<pz e y<py =Ir(r,z) vay € D.
T 2,y € D tacod T (x,y)<pz < proT (z,y) > 20, y<p+y < y2 > y) nén
praT (z,y) > 22 & Yo > Y.

Véiz € D,y € L* dé praT (x, (0, y2)) = 2o thi yo > yh = proZy(x, (1 — 29, 22)).
TU yo > yy suy ra praT (@, (1 — y2,Y2)) > 22 va do T téng nén

proT (z, (1 —y2,y2)) < proT (z,y) < praT (z,(0,y2)).

Do d6 ta c6 dang thiic can ching minh. O
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Bb dé 2.3.26. Gid si T la mot t-chuan mo truc cdm, théa man nguyén tic

residuation va T ((0,0),(0,0)) = 0z-. Khi do, vdi moi x € L*,ys € [0,1] thi
praT (x,(0,y2)) = proT ((21,0), (0,42)) = proT (21,1 — 1), (0, 42)).

Chitng minh. V6i gid thiét ctia bo dé va gia st & € L*,yp € [0,1] theo Dinh ly
2.3.16 va sup{(0,0), (1,1 — x1)} = (21,0) ta cod

T((xla O)a (07 yZ)) - Sup{T((O, 0)7 (07 92); T((flfl, 1— xl)v (07 y2)}
= praT ((21,0), (0,42)) = min{pra7((0,0), (0, y2), proT ((z1,1 — z1), (0,92)) }-

Do 7((0,0),(0,0)) = 0z« va T tang nén pry7 ((0,0), (0,y2) = 1 dan dén

pr2T ((21,0), (0,92)) = proT ((x1,1 — x1), (0, y2)),
pr?T((ajh 0)7 (07 yQ)) S pTQT(QS, (Oa y2)) S p’)”zT((iEl, - 1’1), (Oa yQ))

Do d6 ta c6 diéu phai chiing minh. O
Dinh 1y 2.3.27. Gid s T la mot t-chuan md truc cam lién tuc, Archimedean,

liy linh mo truc cdm, théa man nguyén tac residuation, T((0,0),(0,0)) = 0z,

Ir(D,D) C D. Khi doé vdi song anh @ trong Dinh ly 2.3.24, Vx,y € L* thi
praT(a,y) = 1 — ¢~ (max(0,p(1)+¢(1 = y2) — 1),0(y1)+p(1 — x) — 1)). (2.15)
Chiing minh. V6i gié thiét ctia dinh 1y, xét anh xa f: [0,1]* — [0, 1] cho béi

f(x1,92) = praT ((71,0), (0, y2)), Vo1, y2 € [0,1].

Tu 7 théa man nguyén téc residuation va sup{(0,v2), (y1, 1 —y1)} = (y1, ¥2),
theo Dinh 1y 2.3.16, cac B6 deé 2.3.25, 2.3.26, v6i moi x,y € L* ta ¢

pT2T<I7 y) = min{pT‘QT(.CU, (07 yg)),pT‘QT(Z‘, (yl, 11— yl))}
= min{ f(z1,y2), proT ((0,72), (y1,1 — 31))}
= min{ f(z1,y2), pr2T ((0, 22), (y1,0))} = min{ f(x1,y2), f(y1,22)}.

Do vay proT (z,y) = min{ f(z1, y2), f (Y1, 22)}, Y,y € L*.
Bay gio gia st € D,y € L*, tit cdc Bo dé 2.3.25, 2.3.26 ta c6

proT (x,y) = praT(,(0,42)) = f(21,42)-
Lai gid st y € D,x € L*, tuong tu ta c6 praT (x,y) = f(y1, x2). Do d6
proT(z,y) = f(z1,1 — 1) = f(y1,1 — 21),Va,y € D.
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Tudo f(xi,y1) = f(1—wy1,1 — 1), Vo, y1 € 0,1] suy ra
f([IIl,O) = f(lv 11— xl) - pT’gT((l,O), (07 - xl)) =1- xhvxl € [07 1]'
Gia st T 1a anh xa trong Bo dé 2.3.23. Do Bo dé 2.3.25 ta c6
T(.T, T(Z7 <07 y2))) = T(I, (07 f(’zlv 3/2))) = (07 f(xla f(’zlv yQ)))
Do T c6 tinh két hop nén véi moi yp € [0,1], 2,2 € L* ta c6
T(.’L’, T(Zv (07 y?))) = T(T(I, Z)a (Oa y2))
=T((T(z1,21),pr2T (z,2)),(0,12))
= (0, f(T'(z1, 21), y2))-
Vivay f(z1, f(21,y2) = [(T(21, 21),Y2), Vo1, 21, 2 € [0, 1].
Bay gio gia st yo = 0, khi d6 v6i moi x4, 21 € [0, 1] ta ¢
J(r1,1 = 2z1) = f(z1, f(21,0)) = f(T(x1,21),0) =1 = T(x1, 21).

Do vay f(r1,21) =1 —=T(x1,1 — 21), V1,21 € [0,1].
Ta lai ¢6 proT (x,y) = min{l — T'(x1,1 —y2),1 — T(y1,1 — x2)}.
Theo Dinh 1y 2.3.24 va do priT (z,y) = T(x1,y1), ta nhan dugc

proT (z,y) = min{1 — ¢~ (max(0,¢(z1)+@(1 — y2) — 1)),
1 — o~ (max(0,0(y1)+@(1 — z2) — 1))}

=1— ¢ Y(max(0,¢(z1)+9(1 — y2) — 1),0(y1)+p(1 — z2) — 1)). O

Dinh 1y 2.3.28. Gia su T la dnh xa (L*)2 — L* va ton tai mot song dnh lién

tuc, tang ® trén L* vdi ! tdng sao cho
T =0"1oTyo(dxad),

vdi Ty la t-chuan mo truc cdm Lukasiewicz. Khi do, T la mot t-chudn mo
truc cam lién tuc, Archimedean, liy linh mo truc cdm, théa man nguyén tdc

residuation, Z7(D, D) C D,T((0,0),(0,0)) = 0p+.
Chiing minh. Gid st T = & Lo Ty o (® x @), véi moi x,y € L* ta co:
Tw(x,y) = (max(0, 21 +y1 — 1), min(l, x2 + 1 — 41,42 + 1 — x1)).

Gia stt @ 1a mot song anh ting, lien tuc tréen L* va do Ty 1a t-chuan mo truc

cam, lién tuc nén dé dang nhan duge T giao hoan, tang, lién tuc va
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Do dé, T 1a mot t-chuan md truc cam lien tuc. Ta ching minh 7y théa man
cac tinh chat da dugc liet ké. Ta c6 Ty Archimedean vi

Tw(z,x) = (max(0,2zy — 1), min(1, 29 + 1 — 21))<p+x,Vax € L*\{0p~, 11+ }.
Chon x € D,0 < 1 < 0.5 thi Ty (z,z) = 0+ nén Ty lay linh mo trygc cam. Ta
c6 Tw((0,0),(0,0)) = 0z« va v6i moi x,y, z € L* thi

Tw@,y)<pze{ri+y — 1<z, o+l -y > 2, 20 +1— 21 > 2}
S {yy <min(zy +1—x1, 29+ 1 — 29), Yo > 20+ 11 — 1}
< {y1 <min(l,21 + 1 — 21,22 + 1 — 29), Yo > max(0, 29 + 1 — 1)}.
Ta c6 a = (min(l,2z1 + 1 — 21,22 + 1 — 23), max(0,22 + 1 — 1)) € L* nén
T, (z,2) = a, Ty man nguyén tic residuation.
Ta ¢6 I, (D,D) C D vi

ITW(:L’,Z) = (min(l, z1+1— xl),maX(O, 1l—24+21 — 1))
= (min(1l,2y + 1 —21),1 —min(l, 21 + 1 — 1)) € D, Vz,z € D.

Bay gio, ta chitng minh 7 thoéa man cic tinh chat da liet ké. Ta c6 T 1a
Archimedean do v6i moi x € L*, ®(x) ¢ {0+, 17+} hay © € L*\{0p-,11+} ta ¢

T(z,2) = &~ (Tw((®(2), 2(2)))) <@ ((2)) = .

Do ® 1a mot song dnh va ®(D) = D (theo bo dé 2.3.6) nén ton tai x € D dé
pri®(x) < 0.5. Cho y = ®(z) ta c6 y; < 0.5,y € D. Khi dé:

T(z,2) = (Tw(y,y)) = 7 '(0r+) = Or-.

Do d6 T la liiy linh mo tric cdm. Do Ty théa man nguyéen tac residuation,

v6i moi z,y,z € L* ta co
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T(r,y)<pz & & (Tw(®(x), (y))<r+2 & Tw(P(x), P(y)<r-®(2)
& O(Y) <Ly (D(x), D(2)) & y<p-®~ ' (I, (B(2), ®(2))).

Do d6 Zr = ® Lo Z7,, o (& x ®) vi T thoa man nguyéen tic residuation.

Bay gio, gia st =,z € D ta c6 ®(z),®(2) € D. Do Ir,(D,D) C D nén
7, (®(x), ®(2)) € D suy ra @ Iz, (®(z), ®(2))) € D (do ®(D) = D), do d6
Z/(D, D) C D.

T Bo dé 2.3.2, ta c6 ®(0,0) = (0,0) nén

7((0,0),(0,0)) = &~ (Tw((0,0), (0,0))) = @~ (0z+) = O~

Vay ta c6 diéu phai chiing minh. O

Dinh ly 2.3.29. Vdi T la dnh za (L*)?> — L*, nhing diéu sau la tuong duong:

(i) T la t-chudan mo truc cam lién tuc, Archimedean, liy linh md truc cdm,

théa man nguyén tdc residuation, Ir(D, D) C D, T((0,0),(0,0)) = Ogx.
(ii) Ton tai mot song dnh tang, lien tuc @ trén [0,1] sao cho Vx,y € L*,

T(x,y) = (¢~ (max(0, p(x1) + ©(y1) — 1)),

(2.16)
1 — o max(0, p(x1) + ©(1 — y2) — 1, (Y1) + p(1 — 2) — 1))).

(iii) Ton tai mot song dnh lién tuc, tang ® trén L* vdi ®~! tang théa man.:

T=0"oTwo(dxo), (2.17)

Chiing minh. Tt cac Dinh 1y 2.3.24, 2.3.27 suy ra: i) kéo theo 4i). Tt Dinh ly
2.3.28 ta c0: 111) kéo theo 7). Bay gio gia sit ta c6 i), ta xét ham
O(x) = (p(1), (N5 0 p o Ng)(r2)) = (p(21),1 — (1 — 22)), Y,y € L*.
Ta 6y = B(z) & 11 = - (), 22 = 1 — o~ (1 — y) suy ra
7 (z) = (¢ Ha1), 1 — 97 (1 — x2)) = (¢~ (21), (Ns 0 97! 0 Ni)(a2)).
Ta co

Tw(z,y) = (max(0, 21 +y1 — 1), min(1, 22 + 1 —y1, 52 + 1 — 1))
= (max(0,z1 +y1 — 1),1 — max(0,y1 — T2, 71 — ¥2)).
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(max(0, p(x1) + p(y1) — 1))

prT (z,y) ="
= (¢~ Lo priTw)(®(x), ®(y)).

praT (z,y) =1 — o~ H(max(0,p(z1)+o(1 = y2) — 1)p(y1)+p(1 — 22) — 1))
= (Ns o' o Ns)(1 — (max(0,p(z1) — (N5 o ¢ o Ns)(y2),
¢(y1) — (Ns o po Ng)(x2)))
= (Nso @™o NgopraTw)((¢(z1), (Ns o p o Ng)(22)),
(p(y1), (Ng o @ o Ng)(yz2)))
= (Nsop~' o NgopryTiw)(®(x), ®(y)).
Vay T(z,y) = (271 o Tyy) o (&(x) x ®(y)),Va,y € L*, ii) kéo theo iii). O

Nhan xét 2.3.30. Tu phan chiing minh ctia Dinh 1y 2.3.28 ta c6
Ir(z,2) = (' o Ig,) o (@(x) X ®(2))
= (@7 o Iy, )((ip(1), 1 — (1 — 22)), (0(21), 1 = (1 = 22)))
= ¢~ (min(L, p(21) + 1 = p(z1), 1 = p(1 = 22) + (1 — 22)),
max(0, p(z1) — (1 — 22)))

= (¢~ (min(1,p(21) +1 = (21), 1 — (1 = 22) + (1 = 2))),
1= (1 — max(0, p(21) — (1 — 22)))).
Anh xa N7: L* — L*, Nz(x) = Z(z,07+), Yo € L* 1a mot pht dinh md truc
cam. Vi N = o=t o Ng o p ta co
Nz () = I7(2,01+) = (7' (1 — (1 = x2)), 1 — ¢~ (1 — p(21)))
= (N(1 —2x3),1 — N(x71)).
Nhan xét 2.3.31. Hai diéu kien Z7(D, D) € D va T((0,0),(0,0)) = 0z~ trong
Dinh Iy 2.3.28 13 doc lap véi nhau va doc lap véi cac diéu kien con lai.
Ta xét hai vi du sau dé kiém chiing Nhan xét 2.3.31.

Vi du 2.3.32. Anh xa T cho duéi day (Vz,y € L*) la mot t-chudn md truc cdm
lien tuc, Archimedean, liiy linh mo trie cAm, thdéa man nguyén tac residuation,

T7((0,0),(0,0)) = 0z nhung khong théa man Zr(D, D) C D.

T(z,y) = (max(0,z1 +y1 — 1), min(L, yo +3(1 — 1), 22 +3(1 —y1), L =21 + 1 —11)).
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Chiing minh. Ta thay ngay T lién tuc, giao hoan, tang, T (1z+,y) = y. Ta c6
pT2T<I7 T(?Ja Z))

= min(l,min(1, 22 +3(1 —y1),y2 +3(1 — 21), 1 —y1 +1 — 21) + 3(1 — 21),
2o+ 3(1 —max(0,y; +21 — 1)), 1 —27 +1 —max(0,y; + 21 — 1))
=min(1,20 +3(1 —y1) +3(1 — x1),y2 + 3(1 — 21) + 3(1 — z1),
To+31—y)+31—2), 1l —x14+1—y1 +1—21).

Do d6 praoT (x, T (y, 2)) 1a doi xing gitta z,y, z va tuong tu priT (z, T (y, 2))
14 ddi xting gitta x,y, 2 dan dén T két hop.
Vay 7 la t-chuan mo truc cam.

Ta ¢6 T la Archimedean do v6i moi x € L*\{0p+, 17~} thi

T (x,z) = (max(0,2x1 — 1), min(1, z9 + 3(1 — 21),2(1 — x1)))<p+x
(Vx € L*\{0z+}|x1 =0 thi T (x,2) = 0p<p-x).

Chon z = (%, 0) ta ¢c6 T(z,x) = 0z« nén 7 la lidy linh mo truc cam.
V6i moi x,y,z € L* ta co
T(@,y)<pze{r1+y — 1<z, y2+3(1 —11) > 29,
To+3(1—y1) > 29,1 =21 +1—y1 > 22}

= {y1 <min(l,z1 +1 —21,1 — %(22 —T9),1 — x1 + 1 — 29),
Yo Z max((), Z9 — 3(1 — 1’1))}

V6i a; = min(1, z21+1—z7, 1—%(22—@), 1—21+1—22), ag = max(0, 20—3(1—x1))
tacoa; <l,ai+2—31—21) <1—21+1—20+20—-31—x1) =22, —1< 1.
Do d6 a = (a1, as) € L* va Zr(z,2) = a, T théa man nguyén tic residuation.

Thay ngay 7((0,0),(0,0)) = 0z+. Bay gio gia st z,z € D, ta c6

Ir(z,z) = (min(1, 1 + 21 — x1, 1 + £(21 — 21)), max(0, 3z — 21 — 2)).

Chon x; = 0.5, 21 = 0.2 ta duge Zr(x, z) = (0.7,0) ¢ D suy ra 7 khong théa

man Zr(D, D) C D. ]

Vi du 2.3.33. Anh xa T cho duéi day (Vz,y € L*) la mot t-chudn md truc cdm
lien tuc, Archimedean, liiy linh mo trie cAm, thdéa man nguyén tac residuation,

Zr(D, D) € D nhung khong théa man 7 ((0,0), (0,0)) = 0r-.
T(x,y) = (max(0,21 +y1 — 1), min(L, z2 + yo + 5,1 — 21 + Y2, 1 — y1 + 22)).
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Chatng minh. Thay ngay T lién tuc, giao hoan, tang, 7 (1.+,y) = y. Ta ¢
pT2T<I7 T(?Ja Z))

:min(l,ajg—i—min(l,yg—i—zg—i—%,1—y1—i—zg,l—zl—i—yg)—o—%,l—xl—i—min
(Liyo+ 22+ 5,1 —y1+ 20,1 — 21 + 42), 1 — max(0,y1 + 21 — 1) + x2)
=min(l, T2+ Y2+ 22+ 2,5 — Y1+ T2+ 22,5 — 21 + T2+ Yo, 3 — T

+yYo + 22,2 =21 — Y1+ 22,2 — T1 — 21 + Y2,2 — Y1 — 21 + T2).

Do d6 proT (z, T (y, 2)) dbi xting gitta x,y, 2, ta ciing c6 priT (z, T (y, z)) do6i
xing gitta z,y, z dan dén T két hgp. Do vay T 1a t-chuan md tric cam.
Ta c¢6 T la Archimedean vi v6i moi x € L*\{0z+, 17~} thi

T (x,x) = (max(0,2x1 — 1), min(1, 229 + %, 1 — 1+ x9))<p-x.

Chon z = (%, %) ta c6 T (z,z) =0z nén 7T la ldy linh md tryuc cam.

Vé6i moi z,y,z € L* ta co

Tay<pze{oi+yp—1<z21,z0+ Y2+ 5 > 20,1 — 21 + 42 > 2,
l—y1+x2> 20}
<:>{y1 < min(1,21+1—3:1,1+332—22),

Yo > maX(O,ZQ — X9 — %,2’2 + T — 1)}
Do d6 T théa man nguyeén tac residuation do Z7(x, z) = a € L* véi
a= (min(l, 21 + 1 — 21,1 4+ T2 — 29), max(0, 290 — x9 — %, 29+ x1 — 1)).
Bay gio gia st x, z € D thi Zr(x, z) = (min(1, 1+ 2, —x1), max(0, 1 —21)) € D.
Ta lai ¢6 T((0,0),(0,0)) = (0, 3) # Or-.
Vay ta c6 diéu phai chitng minh. O
2.3.4 Biéu dién ciia cac t-déi chuan md truc cam

Dinh nghia 2.3.34. Mot phép doi kéo theo (coimplicator) mo tryc cam I¢ la

mot danh za (L*)? — L* théa man cdc dieu kién sau:
® 7°(0p+,0p+) = 0p+, Z°(0p+, 1p+) = 1+, Z°(1p+, 1) = Op, Z¢(1p+, 0px) = Opx.
o V., o' € L* x<p+a' = I x,y)> L2, y), Yy € L*.

o Vy,y € L*, y<p-y = Iz, y)<p-Z%x,y'), Vo € L*.
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Nguyén tac 2.3.35. Mot t-doi chuan mo truc cam S théa man nguyén tic

residuation néu va chi néu
Va,y,z € L*,S(x,y) >z < y>-Is(x, 2), (2.18)

vdi phép doi kéo theo TE(x,z) = inf{v|y € L*,S(z,v)>r+2}.

N6i chung, déi v6i t-chuan ma truc cam, nguyeén tic residuation khong tuong
duong véi tinh lien tuc-phai mo tryc cdm. Tuong tu phan 2.3.2, ta c6 hai dinh
I sau dugc chiing minh.

Dinh 1y 2.3.36. Gid st S la mot t-doi chuan mo truc cam. Khi dé S théa man

nguyén tac residuation neu va chi neu

inf S(z,2) = S(z, inf 2), (2.19)

z2€Z z2€Z
vdi x € L* bat ky va tap con Z khdc rong bat ky ciua L*.

Dinh ly 2.3.37. Gid st S la mot t-doi chudan mo truc cam, t-biéu dién dudc.
Khi dé, cdc danh za thanh phan cia S la lién tuc-phdi mo truc cdm néu va chi

néu S théa man nguyén tdc residuation.
Tuong ti nhu phan 2.3.3, ta c6 dinh nghia va cac bd dé, dinh Iy sau:

Dinh nghia 2.3.38. Mot t-d6i chuan mo truc caim S duoc goi la luy linh mo

triic cdm néu va chi néu ton tai v,y € L* sao cho x9,y, # 0 va S(x,y) = 1p-.

B6 dé 2.3.39. Gid st S la mot t-doi chuan mo truc cdm, théa man nguyén tic
residuation. Khi dé, vdi x,y,z bat ky thuoc L* théa man S(x,y) = z, ton tai

y € L* sao cho y'<p-y va S(z,y) = z, ¥ = I(x, 2).

Bo6 dé 2.3.40. Gid st S la mot t-doi chuan mo truc cam, théa man nguyén tic

residuation, gid st x,y va y' bat ky thuoc L* théa man:
S(z,y) = 2, L5z, 2) = y; S(z,y) = 2, Ig(x, 2) = .
Khi d6 2<-2 & y<p-v'.

B6 dé 2.3.41. Néu t-doi chuan mo truc cim S théa man nguyén tic residuation,

S((0,0)(0,0)) = 1« thi proS(z,y) doc lap vdi x1 va y; vdr moi x,y € L*.
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Bo6 dé 2.3.42. Gid st S la t-doi chuan mo truc cdm lien tuc, Archimedean, liy

linh m& truc cam, théa man nguyeén tic residuation, S((0,0)(0,0)) = 1. Anh

za S duge zdac dinh nhu sau (véi moi xo,ys € [0,1]):

S<x27 y2) =1- prQS((()? 1— $2), (07 1 - y2)) =1- prQS((x% 1— x2)7 (y27 1— yQ))
Khi do, S la mot t-doi chuan lien tuc, Archimedean, liy linh.

Pinh ly 2.3.43. Gid st S la t-doi chuan mo truc cam lién tuc, Archimedean,

liy linh mo tryc cdm, théa man nguyén tac residuation va S((0,0)(0,0)) = 1.

Khi dé, ton tai mot song dnh tang ¢ trén [0,1] théa man:
praS(z,y) =1 — ¢~ (min(Lp(1 — 22)+o(1 — y2))), Va,y € L*. (2.20)

B6 dé 2.3.44. Gid st S la mot t-doéi chuan mo truc cam, théa man nguyén tic

residuation, Zg(D, D) € D. Khi do, vdi mot v € D,ys € [0,1] tha
pris(x, (y1,0)) = priS(z, (y1,1 — y1)).
Bo6 dé 2.3.45. Gid st S la mot t-doi chuan mo truc cam, théa man nguyén tic
residuation va S((0,0)(0,0)) = 1z+«. Khi do, vdi moi y1,x2 € [0,1] thi
priS((0, 22), (41,0)) = priS((1 — @2, 22)(y1, 0)).

Pinh ly 2.3.46. Gid st S la t-doi chuan mo truc cam lién tuc, Archimedean,
liy linh mo truc cdm, théa man nguyén tic residuation S((0,0),(0,0)) = 1px,

15(D,D) C D. Vi ¢ la song anh trong dinh Iy 2.3.48, vdi moi x,y € L* ta cé

priS(z,y) = ¢~ (min(1p(1 — z2)+(y1)),0(1 — y2)+p(z1))). (2.21)

Nhan xét 2.3.47. Néu 7 1a mot t-chuan md truc cadm théa méan nguyén tic
residuation, thi t-d6i chuan mo tryc cdm S ddi ngau ctia T qua Nz, théa man
nguyen tic residuation. Nguogc lai, néu S 14 mot t-déi chuan mo truc cam théa
mén nguyeén tic residuation thi t-chuan ma trige cam 7~ doi ngau clia S qua Nzg
thoa man nguyeén tac residuation, Nz, = Nze.

Vi du 2.3.48. Xét hai toan tit Ty, Sy, v6i moi Vo, y € L*:

Sw(r,y) = (min(1,1 — 22 +y1,1 —y2 +21),1 —min(1,1 — 22 + 1 — y2)),
Tw(z,y) = (max(0, r1 +y; — 1), min(l, 22 + 1 —y1, 42 + 1 — x1)).
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Toén tit Sy doi ngdu Ty qua Ng va Ig = Ns o Zr, o (Ng x Ny), ta 6
Sw (@, 2) = (max(0, 21 + 22 — 1), min(1, 29 + 1 — 29,21 + 1 — 21)).

Dinh 1y 2.3.49. Gid st S la dnh za (L*)* — L*. Gid su ton tai mot song
dnh tang, lién tuc ® trén L* vdi @~ tdang, théa min S = ' o Sy o (& x )
(Sw la todn ti trong Vi du 2.3.48). Khi do, S la t-doi chuan mo truc cam
lien tuc, Archimedean, liy linh mo triuc cdm, théa man nguyén tdc residuation,
Z5(D,D) C D, §((0,0)(0,0)) = 1z~

Dinh 1y 2.3.50. V4i S la dnh za (L*)? — L*, nhitng dieu sau la tuong duong:

(i) S la t-doi chudn mo truc cam lién tuc, Archimedean, liy linh md truc cam,

théa man nguyén tac residuation, Z4(D, D) C D, §((0,0)(0,0)) = 1.
(11) Ton tai mot song dnh tang, lién tuc o trén [0, 1] théa man:

S(z,y) = (¢~ Hmin(L, (1 — z2) + @(y1), (1 — ya) + @(z1))),

(2.22)
1=~ (min(1, p(1 — x) + (1 — y2)))), Vo, y € L*.

(iii) Ton tai mot song dnh tang, lien tuc ® trén L* vdi ®~! tang théa man.:
S=0"'oSyo(dx D). (2.23)

Nhan xét 2.3.51. Ta co:

Zg(w, 2) = (¢~ (max(0, p(21) — @(1 — x2))),
1= (1 —min(1,1 = (1 = 22) + (1 — 22), p(21) + 1 — ¢(21))))
Anh xa Nze: L* — L* cho b6i Nze(z) = Z¢(x, 1z-) (Vo € L*) 1a mot phi dinh
md tryc cdm. V6i N = ¢! o Ngo ) ta c6

Nzg(w) = Tg(r, 10+) = (71 (1 = p(1 = 22)), 1 — o~ (1 — p(21))),
= (N(1 —x9),1 — N(x1)).
Pinh ly 2.3.52. Gid st S la mot t-doi chuan mo truc cdm va gid si ton tai mot
song dnh lién tuc, ting ¢ trén [0,1] sao cho dang thitc (2.22) dugc théa man.
Khi dé, t-chuan mo truc caim T doi ngau cia S qua Nzg théa man (2.16) vdi
cung mot song anh .

Gid st T la mot t-chuan mo truc cam va gid su ton tai mot song dnh lién
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tuc, ting @ trén [0,1] sao cho ddng thitc (2.16) duoc théa man. Khi do, t-doi
chuan mo truc cdm S doi ngau cia T qua Nz, théa man (2.22) vdi cung mot

song anh .

Chiing minh. Gia st S 1a t-d6i chuan md tryc cdm va ton tai mot song anh lien
tuc, ting o trén [0, 1] sao cho dang thic (2.22) duge thdéa man, khi d6
Nzg(@) = (¢ (1 = p(1 — 22)),1 — 7' (1 — p(a1))), Yz € L*.
Ta c6 T théa man (2.16), that vay:
T(z,y)
= Nzg (S(Nzg(x),/\[zg (y)
= (7' (1 = (1 — praS(Nzg(2), Nzg (1)),
1— o 11— p(priSWNzg(x), Nze (1))
= (7' (1 —min(1,1 = p(21) + 1 = (y1))),
1= (1 —min(1,1 — @(@1) + 1= @1 —42),1 = @(y1) + 1 — (1 — 72)))
= (™ (max(0, p(x1) + (y1) — 1)),

1 — o (max (0, p(x1) + (1 — y2) — 1, 0(y1) + (1 — z2) — 1))).
Bay gio, gia st 7 la t-chuan md tryc cdm va ton tai mot song anh lién tuc,

tang ¢ trén [0, 1] sao cho dang thiic (2.16) dugc théa man, khi do
Nz (@) = (0711 = (1 = 22)),1 = ¢~ (1 — (1)), Vo € L*.

Ta c6 S thoa man (2.22), that vay:

S(z,y) = NIT(T(NIT@),NIT(?J))
= (7' (1 = (1 = praT Nz, (2), Nz (1)),
1— ¢ 11— @(pri TNz, (2), Nz, (1))

= (7' (1 = max(0,1 — (1 — x3) — p(¥1), 1 — (1 — y2) — @(1))),
1= (1 — max(0,1 — (1 — x3) — (1 — 12))))
= (o~ (min(1, (1 — 22) + (Y1), p(1 = y2) + (21))),
1 — ¢ (min(1, o(1 — z2) + (1 — y2)))).

Vay ta c6 diéu phai chitng minh. O
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2.4 Mot so tong hop
Cac toan tu mo truc cam duge xay dung trén tap L*, L2

(i) Céc tinh chat co ban ctia toan ti phit dinh mo tryc cdm cuon N: L* — L*

duge minh hoa theo hinh 2.8, ta c6 biéu dién:
N(z) = (N(1 —x3),1— N(x1)), Vo € L*.

v6i phép phu dinh mo N(a) = priN(a,1 — a), Va € [0, 1].

X2
A/(I,O)z(o_]]) \
\_.lfxl,l x)
i xa,xj)
(0,x5) ___h, _____
I \OQ/(I X, x
| | Vi, 1-
/V(,\'],O)-___:h___/_‘l_/_(ff_)" _____ %4 (x;c1 X))

N(0,00=(0,0) (x,0)  A(0,x,) (1,0)=A7(0,1)

Hinh 2.8: Phép phu dinh cudn trén L*.

(ii) Céc toan tit logic t-chuan md trie cdm t-bidu dién duge (t-representable)

dugce phan 16p dua trén tinh liy linh chit ctia t-chuan va t-déi chuan mo.
(iii) Céc tinh chat co ban cud phép bién ddi lien tuc, tang ¢ trén L* v6i & !
tang, dudgc minh hoa theo hinh 2.9, ta cé biéu dién:

O(x) = (p(x1),1 — (1 —x9)), Vo € L*.

v6i song anh ¢(a) =pri1®(a,1 —a), Ya € [0, 1].

Céac toan ti& T thuoc 16p t-chuan mo truc cam lien tuc, Archimedean,
liiy linh mo trie cdm, thdéa méan nguyén tac residuation, Zr(D, D) C D,

7((0,0), (0,0)) = 0z c¢6 biéu dién thong qua song anh tang, lién tuc ¢ trén
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X2,

®0,1)=(0,1)
...Fxl,l —xl)
N
; N T
O g @1 -x)

L

©(0,0)=(0,0) (x,0)  d(x,,0) (1‘,0)=q>(1,0)

T (x,y) = (¢~ (max(0, p(x1) + ©(y1) — 1)),
1— ¢ (max(0, p(x1) + (1 — y2) — 1, 0(y1) + (1 — 22) — 1)),

hay T c6 biéu dién thong qua song anh tang, lien tuc ® trén L* v6i &~}

tang:
T=0"1oTyo(dxd).

Cé6 thé phan 16p cac toan ti t-d6i chuan md truc cam mot cach tuong tu.
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Két luan va kién nghi

Nganh khoa hoc mo duge khai sinh tit nam 1965 dén nay, khong nging dugc
nghién citu va phét trién, da ching té 1a mot cong cu hieu qua dé giai quyét
céc bai toan tit nhu cau thyc tién. Dén nam 1983, nganh khoa hoc md tric cdm
xuat hién da khiac phuc mot s6 han ché ciia khoa hoc md, da va dang duge thic
day nghién cttu nhung con nhiéu van dé can lam sang t6 dé hoan chinh.

Qua qua trinh thyc hién luan van c6 dé tai "Mot sd6 toan ti logic mo
truc cdm" véi st tim hiéu vé 1y thuyét mo, 1y thuyét mo truc cam, tac gia da
trinh bay chat loc:

e Hé thong mot s6 kién thitc co ban ctia 1y thuyét mo va 1y thuyét mo truc

2

calnl.

e Trinh bay mot phan 16p cac toan ti logic t-chuan md truc cam va t-déi
chuan mo truc cadm, xay dung mot phan 16p mdéi clia mot nhom céc toan
ti t-chudn md truc cdm va t-ddi chuan md truc cdm dua trén kién thic

t-chuan md va t-ddi chuan mo.

e Trinh bay Iy thuyét bicu dién ctia mot 16p céc toan tit logic md truc cam:
toan tit phtt dinh md truc cadm, mot 16p toan tit t-chuan ms truc cAm, mot

16p toan tit t-doi chudn mdo truc cam.

Trong luan van, tac gid da sit dung nhiéu két qui dude cong bd trén cac tap
chi, hoi thdo va mot s6 két qua da in trong Preprint-Vien Toan hoc Viet Nam.
Trong qué trinh thyc hién luan vian, ngoai viéc nghién cttu 1y thuyét mo truc
cam, tac gia ciing quan tam tim hiéu, tham gia viét béo cdo cac noi dung gan
v6i 161 dung luén van nhu: tap mo bic tranh (picture fuzzy sets); quan hé mo
biic tranh (picture fuzzy relations) [18]. Trong tuong lai, tac gia tiép tuc nghién

cttu vé Iy thuyét mo triyc cadm, tap trung cho cic 16p toan tit 1ogic mo trijc cdm
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ngoai cac 16p da trinh bay nhu: khong lién tuc, khong Ity linh... Tac gia hi vong
xa hon, c6 thé phat trién nghién citu sang cac toan ti md btc tranh.

Mac dit tac gia rat c6 gang nhung luan van khong tranh khoéi nhitng khiém
khuyét, sai s6t, tac gia rat mong nhan dude sy gép ¥, chi bao clia cac thay co va

cac ban dé luan van nay dugc hoan thien hon. Tac gid xin tran trong cam on.
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