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Abstract. As a generalization of the concept of quasi-ideals of semigroups to ordered
semigroup theory, the concept of quasi-ideals of ordered semigroups is introduced.
Regular ordered semigroups are characterized by their quasi-ideals and the fact that for
any regular ordered semigroup S, the set Qs of all quasi-ideals of S, with multiplication
defined by: Q1 0 Q2 = (Q1Q2], VQ1,Q2 € (s, is a regular semigroup is obtained.
Sounie special classes of regular ordered semigroups, in which the regular semigroups
(Qs,0) are bands, left regular bands and semilattices, respectively, are considered.

1. Introduction and Preliminaries

An ordered semigroup (po-semigroup) (S, -, <) is a poset (S,<) at the same
time a semigroup (S,-) such that: for any a,b,z € S, a < b implies za < zb
and az < br. For A,B C S,let AB:={ab|a€ Aand b€ B}. Let T be a
subsemigroup of S and let H be a nonempty subset of T. As in [5], we denote

(Hlr :={zeT|(3h € H)z < h}.

If T = S, then (H]|r is denoted simply by (H] (see [2]). We have H C (H|r C (H]
and A C B = (A]r C (B]r, for any nonempty subsets A4, B of T'. As in [2, 3],
S is said to be regular (intra-regular) if: a € (aSa] (a € (Sa29)), Va € S. In this
paper, S stands for an arbitrary ordered semigroup.

Let I be a nonempty subset of S. I is called a left (righ) ideal of S if: (i)
SIC I (IS CI) and, (ii) (I] C I. I is called an (two-sided) ideal of S if it is
both a left and a right ideal of S. See [1]. Let X be a nonempty subset of S.
We denote the least left (right) ideal of S containing X by L(X) (R(X)). It is
evident L(X) = (SX U X] = (S*X] (R(X) = (XU XS] = (XS)). If X = {a},
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a € S, we denote L({a}) (R({a})) by L(a) (R(a)) and, L(a) = (SaUa] = (S'q]
(R(a) = (aU aS] = (aS')). In this paper, we denote
Ps={X|0#XC Sand (X]C X},
Ls ={L| L is a left ideal of S},
Rs = {R| R is a right ideal of S},
Is = {I| I is a two-sided ideal of S},

and define a multiplication “o” on Pg by

(VX,Y € Ps) X oY = (XY].
For A,B C Ps, denote AcB={AoB| A€ A, BeB}.

Lemma 1.1. Let S be an ordered semigroup. Then
(i) (Ps,0,C) is an ordered semigroup.
(i) (Ls,o,C), (Rs,0,C) and (Is,o,C) are subsemigroups of (Ps,0,C).

Proof. (i) It is obvious that the multiplication “o” is well-defined. Let A, B,C €
Ps. By AB € (AB] we have ((AB)C] C ((AB]C]. Further, from

(Ao B)oC = (AB]o C = ((AB|C] C ((AB)C] = (ABC],

we obtain (4 o B) o C = (ABC]. Similarly, we can prove Ao (B o C) = (ABC],
so (AoB)oC = Ao (BoC). Thus (Ps,o) is a semigroup. Let A C B. Then
AoC = (AC] C (BCl=BoCand CoA = (CA] C (CB] = CoB. Hence
(Ps,0,C) is an ordered semigroup.

(ii) It is evident that Lg, Rg -and Is are nonempty subsets of Pg. Let
J,K € Lgs. It is obvious that (J o K] = ((JK]] = (JK]. Further, by

S(J oK) = S(JK]| C (S(JK]} C (ST)K] C (JK] = J o K,

we conclude that J o K is a left ideal of S, i.e., Jo K € Lg. Thus (Lg,0,C) is
a subsemigroup of (Ps,0,C).

Dually, we can show that (Rg,o,C) is a subsemigroup of (Ps,0,C). By
Is = Ls N Ry it follows that (Ig,0,C) is a subsemigroup of (Ps,0,C). n

Definition 1.2. Let S be an ordered semigroup. A nonempty subset Q of S is
called a quasi-ideal of S if (i) (QS]|N (SQ] C Q and, (i) (Q) C Q. Denote

Qs ={Q | Q is a quasi-ideal of S}.

It is clear that Ls URs C Qg C Ps, i.e., every one-sided ideal of an ordered
semigroup S is a quasi-ideal of S.

In [4], regular semigroups (without order) is characterized by quasi-ideals.
Quasi-ideals defined in Definition 1.2 is a generalization of the concept of quasi-
ideals of semigroups (without order) to ordered semigroup theory. In this paper,
we first consider the elementary properties of quasi-ideals of ordered semigroups.
Then we characterize regular ordered semigroups by its quasi-ideals, left and
right ideals and, prove that: an ordered semigroup S is regular if and only if
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(@s,0) is a regular subsemigroup of (Ps,o). Finally, we characterize ordered
semigroups § in which (Qg,o) are bands, left regular bands and semilattices
respectively.

2. Elementary Properties of Quasi-ideals of Ordered Semigroups

Lemma 2.1. Each quasi-ideal @ of an ordered semigroup S is a subsemigroup

of S.
In fact, @ C QSN SQ C (RSN (SQ] € Q. =

Lemma 2.2. For every right ideal R and left ideal L of an ordered semigroup
S, RN L is a quasi-ideal of S.

Proof. Since RL C SL C L and RL C RS C R, we have RL C RN L, so
RNL#Q. By (RNL)C(RIN(L] S RNL and

(RNL)S)N(S(RN L) € (RS)N(SL] C (RIN(L]C RNL,
it follows that RN L is a quasi-ideal of S. n

Lemma 2.3. For every quasi-ideal Q of S, we have Q = L(Q) N R(Q) =
(SQUEIN(QUAS]. '
Proof. The inclusion Q@ C (SQ U Q] N (Q U Q8] is evident.

Conversely, let a € (SQUQIN(QUQS]. Thena < g,ora < zu and a < vy
for some q,u,v € @ and z,y € S. Since @ is a quasi-ideal of S, the first case
implies a € (Q] € @ and the second case implies a € (SQ] N (QS] € Q. Hence
(SRQUEAIN(QNQS] =Q. u

Let X be a nonempty subset of an ordered semigroup S. We denote the least
quasi-ideal of S containing X by Q(X). If X = {a}, we denote Q({a}) by Q(a).

Corollary 2.4. Let S be an ordered semigroup. Then
(i) For everya € S, Q(a) = L(a) N R(a) = (SaUa]N (aUaS].
(i) Forevery@# X C S, Q(X)=L(X)NR(X) = (SXUX]Nn(XUXS].

Proof.
(i) Let a € S. By Lemma 2.2, we see that L(a) N R(a) is a quasi-ideal of
S containing a, so Q(a) € L(a) N R(a). On the other hand, by Lemma 2.3 it
follows that
L(a)N R(a) = (SaUa]N (aUaS]
< (SQ(a) U Q(a)] N (Q(a) U Q(a)S]
= Q(a).

Thus Q(a) = L(a) N R(a).
(ii) It can be proved similarly as (i). m
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By a bi-ideal B of an ordered semigroup S we shall mean a subsemigroup 3
of § such that BSB C B and (B} C B.

Lemma 2.5. Let J be a two-sided ideal of an ordered semigroup S and Q «
quasi-ideal of J, then Q is a bi-ideal of S.

Proof. Since @ is a quasi-ideal of J and @ C J, we have

QRQSQCRSI=Q(SN)SQJC(QJ)C (SJ]C (J]CJ,

QRSQCJQS=(JSRQCIQC (JQIC (JS]C(J]CJ,
and
t€e(@Q=(HeQlN)zg=ze(J|=J&ze(Q
= zeJNQ]=(@QlsCQ,

whence
RSQC (NUANNIN(QJI)=QNWQJI,CQ

and (Q] € Q. These facts and Lemma 2.1 imply that Q is a bi-ideal of S.
u

In view of Lemma 2.5, we see that quasi-ideals are special cases of bi-ideals
of ordered semigroups.

3. Characterizations of Regular Ordered Semigroups by Quasi-Ideals

Lemma 3.1. For any ordered semigroup S, the subsemigroup of (Ps,0) gener-
ated by (Lg,0) and (Rg, o) is given by

<LS URs)=LsURsU (Rs o Ls).

Proof. 1t is clear that
(LsURg) ={Xy0---0X,|X;€Lsor X;€ERs, i=1,...,n, nezZ*}.

Let X;, Xi;+1 € Ls U Rs. Then we have the following cases: (i) X;, Xi41 € Ls.
In this case, X; o X;;; € Lg by Lemma 1.1. (ii) X;, X;;; € Rs. In this case,
X;0X;11 € Rg by Lemma 1.1. (iii) X; € Lg and X;,1 € Rg. In this case,
XioXit1 = (XiXiq1] is an ideal of S, so X; 0 X;4; € Is = Ls N Rg. (iv)
X; € Rs and X;4; € Ls. In this case, X; 0 X;,1 € Rso Lg in (Pg,0). Thus for
any X1,...,X, € Ls URg with n € Z*, by (i)—(iv), there are three cases:

Oz) If X, € Lg,then X;0---0X, € Lg.

ﬂ) If X,, € Rg, then X;0---0X,, € Rg.

v) If X; € Rs and X,, € Ls withn > 2, then X;0---0X,, € Rgo Lg.

As stated above, we see that the assertion holds. ™

Theorem 3.2. The following conditions on an ordered semigroup S are equiv-
alent:
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(i) S is regular;
(ii) For every right ideal R and left ideal L of S,

(RL}=RNL;
(iii) For every right ideal R and left ideal L of S,
(a) (R?] = R,
(b) (L?] = L,

(c) (RL] is a quasi-ideal of S; .
(iv) (Ls,o) and (Rs,o) are bands (idempotent semigroups) and (Qs,0) is the
subsemigroup of (Ps,o0) generated by (Ls,o) and (Rs, o);
(v) (Qs,0) is a regular subsemigroup of the semigroup (Ps,0);
(vi) Every quasi-ideal Q of § has the form Q = (QSQ)];
(vii) (Qs,0,C) is a regular subsemigroup of the ordered semigroup (Ps,0,C).

Proof. (i)=> (ii) Let R and L be right and left ideals of S, respectively, then
(RLJC RNL

always holds. Assume that S is regular, we have to show only that RNL C (RL).
Let @« € RN L. Since § is regular, we have a < aza for some x € S, whence
a € Rand za € L, so aza € RL. Thus a € (RL], so that RN L C (RL].

(ii) = (iii) The assumption (i) and Lemma 2.2 imply that (RL] is a quasi-
ideal of S. Since the two-sided ideal of S generated by R is (RU SR], from the
assumption (ii), it follows that ”

R=RN(RUSR] = (R(RUSR]),

so (R?] C (R(RU SR)]| = R. Conversely, let z € (R(RUSR]}. Then £ <712 for
some r; € R and z € (RU SR). From z € (RU SR], we obtain z < w, where
w =19 € R or w = sr3 for some s € S and r3 € R. Hence

z<rw=riry € R? or £ <mw=r1(sr3) = (r18)r3s € R?,

so z € (R%). Thus R C (R?], so that (R?] = R.

The statement (L?] = L can be proved dually.

(iii) = (iv) By Lemma 3.1, the conditions (a) and (b) in (iii) implies (Ls,0)
and (Rg,0) is a band, respectively.

In view of (iii) (c), we have Rg o Ls € Qs, so (Ls U Rs) C Qs in (Ps,0).
Conversely, let Q € Qs. Then (Q U SQ)] is the left ideal of S generated by Q.
By condition (iii) (b), we have

QC(QUSQI=((QUSQPIS (Q®USQR?UQRSQU(SQ)] < (SQI.

Dually we can show Q C (QS)]. These relations and Lemma 2.3 imply
QC (SQIN(QRS] S (SQURIN(QUES]=Q,

that is,
(VQ € Qs) Q = (SQIN(QS]. (1)

From the assumption (iii) (c) and from (1), it follows that
(VR € Rs)(VL € Lg) (RL] = (S(RL]| N ((RL]S]. (2)
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Furthermore, by condition (iii) (b) we have § = (5?] and

(SQI = ((SQI?] = ((SQI(SQN) = ((SQN(S?Q]]
C (5Q55Q] € (S(QS)(SQ]) < (S(QSI(SQI,
C (5(Q5°Q)} € (5Q],

so (SQ] = (S((QS}(SQ]]]- Dually, we have (QS] = (((@S](SQ])S]. From these
relations, by (1) and (2) it follows that

Q = (@S]N (SQ] = ((QS)(SQNS] N (S(QS)(SQI = ((QS)(SQ]]
= (QS]o(SQ] € RsoLs C (Ls U Rs) 3)

by Lemma 3.1. Hence Qs C (Ls U Rg). Therefore, Qs = (Ls U Rs) in (Ps,0).
(iv) = (iii) It follows immediately from Lemma 3.1.
(iif) = (v) By proving (iii) = (iv), we see that (2) and (3) hold. Let Q;, Q-
be two quasi-ideals of S. Then (S(Q1Q2] U (Q1Q2]] is the least left ideal of S
containing (Q1Q2]. By condition (iii) (b), we have

(@1Q2] € (S(Q1Q2] U (@1Q2]] = ((S(Q1Q2] U (@1Q2))?]
C (S(Q1Q2]) = ((S*)(@1Q2]] € (S(S(@1Q2]])-

Dually we can show (Q1Q2] € ((Q1Q2) U (@1Q2]S] € (((Q1Q2)5]S].- These
relations and (2) imply

(@1Q2] C (S(@1Q2] U (@1Q2)] N ((Q1Q2] U (Q1Q2]95]
C (S(S(@1Q2]ll N (((@1Q2]S]S]
= ((@1Q2S1(S(Q1Q2]]] € ((Q1(Q255)Q1)Q2] € (Q1Q2).

Thus (Q1Q2] = (S(Q1Q2] U (Q1Q2]] N ((Q1Q2] U (Q1Q2]S] is a quasi-ideal of
S by Corollary 2.4 (ii), so @1 0 Q2 € Qs. Hence (@s,0) is a subsemigroup of
(Ps,0). For every Q € Qg, by (3) we have

Q = ((QS)(SQ]) € (Q5*Q) € (Q5Q] € Q,
whence Q = (QSQ] = Qo ScQ with § € Qs. Thus (Qg,0) is a regular
subsemigroup of (Ps, o).

(v) = (vi) Let @ be a quasi-ideal of S. By the assumption (iv), there exists
a quasi-ideal X of § such that

Q=QoXoQ=(QXQ]C(Q5Q] S (SQIN(QS]
C(SQuURIN(QURSI=Q

by Lemma 2.3, and hence @ = (QSQ}.
(vi) = (vii) Obvious.
(vii) = (i). For every a € S, by Corollary 24 (i), R(a) N L(a) is a quasi-ideal
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of S containing a. From the assumption (vii), there exists Q € Qs such that

a € R(a) N L(a) € (R(a) N L(a)) 0 Q o (R(a) N L(a))
= ((R(a) N L(a))Q(R(a) N L(a))] < (R(a)SL(a)]
= ((aU aS]S(SaUa]] C (aSal.

Thus S is a regular ordered semigroup. n

Lemma 3.3. Every two-sided ideal J of a regular ordered semigroup S is a
reqular subsemigroup of S.

Proof. Let a € J. Since S is regular, there exists z € S such that
a < aza < azaza = a(zaz)a.

Since zaz € SJS C J, we see that a € (aJa];. -

Corollary 3.4. Let S be a regular ordered semigroup. Then the following as-
sertions hold:
(i) every quasi-ideal Q of S can be written in the form

Q=RnNL=(RL,

where R (L) is the right (left})-ideal of S generated by Q;
(i) #f Q is a quasi-ideal of S, then QY = (Q%;
(iii) every bi-ideal of S is a quasi-ideal of S;
(iv) every bi-ideal of any two-sided ideal of S is a quasi-ideal of S;
(v) for every Ly, L, € Ls and Ry, Rz € Rg, we have

LiNLy C (L1L2], and RiN Ry C (R1R2]

Proof. Since S is a regular ordered semigroup, then by Lemma 2.3 and Theorem
3.2, the assertion (i) holds.

Since (Q3] C (Q?] always holds, we have to prove (@?) C (Q®]. By Theorem
3.2, (Q? is also a quasi-ideal of S, furthermore

(@7 = (@*SQ% = (QQSQQI € (°)

Let T be a bi-ideal of S. Then (ST is a left ideal and (T'S] is a right ideal
of S. By Theorem 3.2, we have

(ST| N (TS] = (TS)(ST)) € (TST) C (T) C T.

Hence T is a quasi-ideal of S.

Let J be a two-sided ideal of S and let K be a bi-ideal of J. By Lemma
3.3 and the property (iii), K is a quasi-ideal of J, thus by Lemma 2.5, K is
a bi-ideal of S. Again from the property (iii), it follows that K is a quasi-ideal
of S.

Finally, let Ly, L, € Lg. Since S is regular and Li N Ly is a quasi-ideal of S,
by Theorem 3.2 it follows that
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LinLy = ((L1 N Lz)S(Ll N Lz)] @ (Ll (SLz)] C (L1L2].
Dually, we have Ry N Ry C (R1Ry] for all Ry, Ry € Rg. N

4. Some Special Classes of Regular Ordered Semigroups

In this section, we shall consider ordered semigroups S in which the regular
subsemigroup (Qg,0) of (Ps, o) are bands, left regular bands (idempotent semi-
groups satisfying identity relation efe = ef) and semilattices (commutative
idempotent semigroups), respectively.

Lemma 4.1. The following conditions are equivalent on an ordered semigroup
S.(i) S is intra-regular;
(ii) For every right ideal R and left ideal L of S,
RN LC (LR];
(iii) For every quasi-ideal Q of S, @ C (SQ*S].
Proof. (i) = (ii) Let a € RN L. Since S is intra-regular, we have
a € (Sa%5] = ((Sa)(a$)] € ((SL)(RS)] C (LR].

Thus RN L C (LR].

(ii) = (iii) Let (ii) hold and let Q be a quasi-ideal of S. In view of Lemma
2.3, we have

Q = L(Q) NR(Q) € (L(QR(Q)] = ((5*Q)(@S™]]

(5'QQSY C (S*Q(S'QQSYSY = (5'QS'QQS" Y]
(S1QS (S'QQSNQS'SY = ((S'QS'S")Q*(S'QS'SY)]
(SQ?3].

IN ANl

(iif) = (i) Let (iii) hold and let a € S. By Corollary 2.4 (i) we have Q(a) =
L{a) N R(a), whence

a € Q(a) € (SQ(a)Q(a)S] C (SL(a)R(a)S]
= (5(Sa](aS"1S] = ((§8")a(S' )]
C (Sa%8], -

Theorem 4.2. The following conditions are equivalent on an ordered semigroup
S:

(i) S is reqular and intra-regular;

(ii) For every right ideal R and left ideal L of S,

(RL}=RNLC (LRJ; (4)
(iii) (Qs,°) is a band;
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(iv) For every quasi-ideal Q of S, (Q% = Q.

Proof. (i)« (ii) It follows immediately from Theorem 3.2 and Lemma 4.1.

(ii) = (iii) By Theorem 3.2, the first part of Condition (4) implies that (Qs, ©)
is a regular semigroup, so we have to show only that every quasi-ideal Qof Sis
idempotent in (Qs,o). It is evident that (Q%] C (Q] € Q by Lemma 2.1. Again
by Theorem 3.2 and Lemma 4.1, the first and the last parts of Condition (4)
implies Q = (QSQ] and Q C (SQ%S] respectively, whence

Q = (Q5Q] = (QS(QSQ] € (QSQSQ] € (Q5(SQ*S)SQ)
C ((RS*Q)(QS*Q)] € ((RQ5Q)(QSQ)] € (Q)-

So Q@ = (Q% = Qo Q. Thus (Qs,0) is a band.

The implication (iii) = (iv) is evident.

(iv) = (ii) Let R and L be right and left ideals of S, respectively. By Lemma
2.2, RN L is a quasi-ideal of S. So assumption (iv) implies

RNL=((RNL)* =(RNL)RNL)]C (RL],

RNL=((RNL)RNL) C(LR].

Since (RL] C RN L always holds, we get (RL] = RN L, so that the relation (4)
holds. |

An ordered semigroup S is said to be left (right) duo if every left (right) ideal
of S is a right (left) ideal of S; and S is said to be duo if S is both left and right
duo.

Lemma 4.3. An ordered semigroup S is left duo if and only if every quasi-ideal
of 8 is a right ideal of S.

Proof. =) Let Q be a quasi-ideal of S. By Lemma 2.3, there exist right ideal R
and left ideal L of S such that Q = RN L. Since S is left duo, L is a right ideal
of S, so that Q is a right ideal of S.

<) The assertion follows immediately from the fact that every left ideal of
S is a quasi-ideal of S. |

Corollary 4.4. An ordered semigroup S is duo if and only if every quasi-ideal
of S is a two-sided ideal of S. ‘

Theorem 4.5. Let S be an ordered semigroup. Then the following conditions
are equivalent:

(i) S is a regular left duo ordered semigroup;

(i) (Qs,0) is a left reqular band;

(iii) For every right ideal R and left ideal L, L1, L2 of S,

(RL) = (RN L] and (LyL2] = L1 N Ly;
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(iv) (Ls,o) is a semilattice, (Rs,0) is a band and (Qs,0) is the subsemigroup
of the semigroup (Ps,0) generated by (Lg,o) and (Rs, o).

Proof. (i) = (ii) Let Q, T be quasi-ideals of S. Since S is left duo, Q, T are right
ideals of S by Lemma 4.3. Since S is regular, by Theorem 3.2 and Lemma 2.1
we have

Q=(Q5QI=(QS)QI QR c @ cQ,
which implies Q o Q@ = (Q?] = Q. Thus (Qs, ) is a band. Since T is also a right
ideal of S, we have
(QTQ] = (QTQ)] € (Q(T'S)] € (QT).
By Theorem 3.2, (QT] is a quasi-ideal of S and hence

(QT] = ((QT)S(QT)] = (QTSHQT)] € (QTQ).
Thus (QT] = (QTQ)], that is, QoT = QoToQ for all @, T € (Qs, o). Therefore,
(Qs,0) is a left regular band.

(ii) = (iii) The first formula in (iii) follows immediately from Theorem 3.2
since a left regular band is a regular semigroup. Let L;, Ly be left ideals of S.
Then (L1 L) C (SLo] C Ly and by the condition (ii) we have

(L1Lg) = (L1LaLq] = ((L1L2) L] € (SLy] € (L1) € Ly,

so (L1Lz] € Ly N Ly, from this by Corollary 3.4 (v) it follows that (L;Ls] =
Lyn L,
(iii) = (iv) It follows immediately from Theorem 3.2 and the assumption (jii).

(iv) = (i). By Theorem 3.2 it follows that S is a regular ordered semigroup.
For every left ideal L of S, since (Lg, o) is a semilattice and S € Lg, we have

LS C(LS]=LoS=SoL=(SL|CL,
which shows that L is a right ideal of S. Thus S is left duo. n
Theorem 4.6. The following conditions are equivalent on an ordered semigroup
S:
(i) S is a regular duo ordered semigroup;

(i) (Qs,0) is a semilattice;
(iii) For any left ideals Ly, Ly and right ideals Ry, Ry of S,

(L1L2] =LiNLy and (R1R2] = R; N Ry;

(iv) (Ls,o) and (Rg,o0) are semilattices and (Qs,o) is the subsemigroup of
(Ps,0) generated by (Ls,o) and (Rs,0);
(v) For any quasi-ideals Q1,Q2 of S,

(Q1Q2] = Q1N Qx;
(vi) For every quasi-ideal Q of S,

(R =L@ ((L(Q)* = R(Q);
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(vii) For every left ideal L and right ideal R of S,
LNnR=(LR].

Proof. (i)=-(ii) By Theorem 4.5 and its dual, the condition (i) implies that
(Qs,0) is both a left and a right band. Hence (Qs, ) is a semilattice.

(ii) = (iii) In view of the hypothesis, (@s,0) is a band, from this by Theorem
4.2 it follows that S is regular. Since a semilattice is both a left and a right
regular band, the assertion (iii) follows immediately from Theorem 4.5 and its
dual.

(iii) = (i) Let L and R be left and right ideals of S, respectively. By S € Ls
and (iii) we have

LSC(LS]=LNnS=1L,

which shows that L is a right ideal of S. Symmetrically, the assumption implies
that R is a left ideal of S. So L and R are two-sided ideals of S. Hence S is
duo, and
S(RL) C (S(RL]| € ((SR)L) C (RL), (RL]S C (R(LS)] € (RL],

which shows that (RL] is a two-sided ideal of S. Again the condition (iii) implies
(L?] = L and (R?] = R. So S satisfies the condition (iii) in Theorem 3.2. Thus
S is regular by Theorem 3.2.

(i) & (iv) It follows immediately from Theorem 4.5 and its dual.

(i) = (v) Let Q1,Q2 be quasi-ideals of S. Since S is duo, by Corollary 4.4
we see that Q1, Qs are ideals of S, whence (Q1Q2] € @1 N Q2. Since Q1 N Q2 is
a two-sided ideal of S and S is regular, by Theorem 3.2 it follows that

Q1N Q2= ((Q1Q2)S(Q1Q2)] € (Q15Q2] € (Q1Q2].

Hence (Q:1Q2] = @1 N Q2.

(v) = (vi) Let Q be an arbitrary quasi-ideal of S. Then Condition (v) implies
(@]=Q,Q5C(QS]=QNS=Qand SQC (SQ|=5SNQ=Q. Thus Qisa
two-sided ideal of S. So L(Q) = R(Q) = Q, whence

(R@Q)Y = (@1 =Q= (@), (LQ))"]=(Q]=Q=RQ).
(vi) = (i) Let L be a left ideal of S. Then the assumption (vi) implies
LS C(LULS)=((LUSLP| C (L’] C (L] C L,

that is, L is also a right ideal of S. Dually we can prove that every right ideal
of S is also a left ideal of S. So S is a duo ordered semigroup.

For any right ideal R and left ideal L of S, since S is duo, R, L are two-sided
ideals of S. Thus (RL] is a two-sided ideal of S and Condition (vi) implies that
(L?] = L and (R?] = R. By Theorem 3.2, we conclude that S is regular.

As stated above, we have proved that (i)—(vi) are equivalent.

The implication (v)=>(vii) is evident.

(vii) = (i) It can be proved similarly as that of proving (iii) = (i). ]
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