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Abstract. As a generalization of the concept of quasi-ideals of semigroups to ordered

semigroup theory, the concept of quasiideals of ordered semigroups is introduced.

Regular ordered semigroups are characterized by their quasi-ideals and the fact that for

any regular ordered semigroup ̂ 9, the set Qg of all quasi-ideals of ̂ 9, with multiplication
defined by' Qr oQz: (QrQrl,YQt,Qz € Qs, is a regular semigroup is obtained.

Sor,re special classes of regular ordered semigroups, in which the regular semigroups
(Qs,o) are bands, left regular bands and semilattices, respectively, are considered.

1. Introduction and Preliminaries

An ordered sern'igroup (po-semigroup) (,S, ', () is a poset (S, () at the same
time a semigroup (,9,') such that: for any o'b,x € S, a < b implies ra 1rb

a n d a r  ( b r .  F o r  A , B g S , l e t A B i : { a b l a e A a n d b e  B } .  L e t ? b e a

subsemigroup of ,S and let H be a nonempty subset of ?. As in [5], we denote

( H l y : :  { r  e T  |  ( 3 h  €  H )  r  <  h } .

If.T : ^9, then (I{17 is denoted simply bv (I1l (see [2]). We have H I (Hlr c (Hl
and .4 C B --; (Alr I (B]7, for any nonempty subsets A,B of ?' As in [2, 3],
^9 is said tobe regular (intra-regular) if a e (oSal (o e (Sa2S]), Va € ,S. In this
paper, S stands for an arbitrary ordered semigroup'

Let ,[ be a nonempty subset of ,9. / is called a left (righ) ideal of. S if: (i)
SI 9 I (/S g .I) and, (ii) (/l I I. I is called an (two-sideQ ideal of ^9 if it is
both a left and a right ideal of 9. See [1]. Let X be a nonempty subset of .9.
We denote the least left (right) ideal of ,S containing X by L(X) (n(X)). It is
evident L(X):  (SXuXl :  (SrXl (R(X) :  (xuXSl :  (XStl) .  I f  X: {a},
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g e S, we denote rfu\) (n({o})) by L(a) (n(o)) and, .L(a) : (,9a u ol : (^9ral
(R(a) : (o U a^9] : (a^91]). In this paper, we denote

n=ff,':rf;Hi"!,f "''
Rs : U? | R is a right ideal of ^9),

15 : {1 | 1 is a two.sided ideal of S},

and define a multiplication "o" on Ps by

( V X , Y e P s ) X " Y : ( X Y l .

For ,4,  B e Ps,  denote AoB:  {Ao B I  Ae A,  B e B} .

Lemma L.l. Let S be an ordered semigroup. Then
(i) (Ps,o,!) is an ordered sem'igrlup.

(ii) (rs, o, C), (fts, o,!) and (/s, o, e ) are subsernigroups of (Ps, o, G).

Proof. (i) It is obvious that the multiplicatiop "o" is well-defined. Let A,B,C e.
Ps. By AB e (ABl we have ((AB)C] g ((ABlCl. F\rther, from

(A o B) " 
g : (AB) o C : ((ABlCl g ((AB)C] : (ABCI,

we obtain (Ao B) o C : (ABC]. Similarly, we can prove .A o (B o C) : (ABCI,
so ( .4o B) o C :  Ao (BoC). Thus (Ps,o) is a semigroup. Let .4 e B. Then
Ao C : (ACl g (BCl : B oC and C o A : (CA) g (CBl : C o B. Hence
(Ps, o, C) is an ordered semigroup.

(ii) It is evident that -Ls, r?s.and Is are nonempty subsets of Ps. Let
J,K € Ls.It is obvious that (/ o K): ((JK)l: (JKI. F\rrther, by

s(J o K) : S(JKls (s(Jl(ll s ((sJ)I{l I (JKl : J o K,

we conclude that J o K is a left ideal of ,S, i.e., J o K e .Ls. Thus (trs, o, e ) is
a subsemigroup of (Ps, o, C).

Dually, lrye can show that (Es,o,C) is a subsemigroup of (Ps,o,C). By
Is : Ls fl Rs it follows that (.Is, o, e ) is a subsemigroup of (Ps, o, e ). r

Definition I.2. Let S be an ordered semigroup. A nonempty subset Q of S is
called a quasi-i,deal of.S 2f (i) (ASl n (SQl e Q and, (i,il (el e e. Denote

Qs : {Q I Q is a quasi-ideal of S}.

It is clear that .Ls URs e Qs e Ps, i.e., every one-sided ideal of an ordered
semigroup S is a quasi-ideal of S.

Ih [4], regular semigroups (without order) is characterized by quasi-ideals.
Quasi-ideals defined in Definition 1.2 is a generalization of the concept of quasi-
ideals of semigroups (without order) to ordered semigroup theory. In this paper,
we first consider the elementary properties of quasi-ideals of ordered semigroups.
Then we characterize regular ordered semigroups by its quasi-ideals, left and
right ideals and, prove that: an ordered semigroup ,5 is regular if and only if
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(Qs,") is a regular subsemigroup of (Ps,o). Finally, we characterize ordered
semigroups.9 in which (Qs,") are bands, lefb regular bands and semilattices
respectively

2. Elementary Properties of Quasi-ideals of Ordered Semigroups

Lernrna 2.L. Each quasi-ideal Q of an ordered sernigroup S is a subsemigroup
of s.

r n f a c t ,  Q 2 g Q S n ^ g Q c ( Q s l n ( S q g A .  I

Lemrna 2.2. For euery right ideal R and left ideal L of an ordered semigroup
g ,?n L'is a quasi-ideal of S.

Proof. Since l?.L g SL g tr and RL g RS e R, we have R.L e ftf-l.L, so
Rn L + a.  By (Rnr l  g  (Rl  n  ( r l  g  Rn,L and

((Rnr)sl n (s(nnr)l q (Rsl n (srl s (nl n (rl e Rn L,
it follows that R O tr is a quasi-ideal of S. r

Lemma 2.3. For euery quasi-ideal Q of S, we haae Q : L(Q) n R(8) :
( s Q u  q n @  u Q s l .

Proof. The inclusion Q I (SQ U 8l n (Qu QSI is evident.
Conversely let o € (SQ u Qln(QU QS]. Then a 1 q, or a 1 ru and a I uy

for some q,u,u e Q and r,y € S. Since Q is a quasi-ideal of ^9, the first case
implies ae (Q) e Q and the second case implies ae (SQln(QSl C Q. Hence
(sQ u  Q\n  (Q nQSl :  Q.  r

Let X be a nonempty subset of an ordered semigroup ,S. We denote the Ieast
quasi-ideal of ̂ 9 containing X by Q6). If X : {a}, we denote 8({o}) bV Q(a).

Corollary 2.4. Let S be an ord,ered semigroup. Then
( i )  For  eaery  ae  S,  Q@):  L (a)  n -R(o) :  ( ,Saua ln  (oUoSl .
( i i )  For  eueryA+ X g  S,  Q(X)  :  L (X)nn(X)  :  ( ^9XuXln(XuXSl .

Proof.
(i) Let a € S. By Lemrna 2.2,we see that L(a)nr?(a) is a quasi-ideal of

,9 containing o, so Q@) e L@) n R(a). On the other hand, by Lemma 2.3 it
follows that

L(a) n R(a) : (Sa U al n (a u a^91

s (sQ(a)u Q(o) ln (Q(a)u Q(o)sl
:  Q@).

Thus Q(a) : L(a) n R(o).
(ii) It can be proved similarly as (i). r
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By a bi-ideal B of. an ordered semigroup ^9 we shall mean a subsemigroup r?
of ,5 such that BSB C B and (Bl g B.

Lemrna 2.5. Let J be a two-s,ided ideal of an ordered semigroup S and, e a
quasi-ideal of J, then Q i,s a bi-ideal of S.

Proof. Since Q is a quasi-ideal of .I and Q g J, we have

QSQe QSJ :Q6r )e  Qr  s (Qr )s  ( s r l  _c  ( J l s t ,

QSQ g JQS:  (JS)Q C JQ g  QQ]9  (JS]  g  (J ]g  J ,

and

r e ( Q l  F q e Q g J )  r l q + r e ( J l :  J  & , 0  €  ( 8 1

+ r , e J n ( Q l : ( Q l , t e Q ,

whence

QSQ s Q n (JQDn (J n (QJ)) : (JQlt n (QJlt s Q
and (Q] e 8. These facts and Lemma 2.1 imply that Q is a bi-ideal of S.

I

In view of Lemma 2.5, we see that quasi-ideals are special cases of bi-ideals
of ordered semigroups.

3. Characterizations of Regular Ordered Semigroups by Quasi-fdeals

Lemma 3,L. For any ordered sem,igroup S, the subsemi.group of (Ps,o) gener-
ated, bg (trs, o) and (Rs,o) is giuen by

(rs U Rs) : trs U.Rs U (,Rs o trs).

Proof. It is clear that

( I s U r 1 s )  :  { X r  o . . . o X n l X i e  L s  o r  X ; €  f t s ,  i : 7 , . . . , f l ,  n e Z + } .

Let X6,4+r e Zs UEs. Then we have the following cases: (i) Xi,Xial € Ls.
In this case, X; o Xt+t € Ls by Lemma 1.1. (ii) Xt,Xt+t € Rs. In this case,
Xa o X;a1 € rRs by Lemma 1.1. (iii) X; € Ls and X;..,,1 € fts. In this case,
X; o Xi11 : (XtX+rl is an ideal of ^9, so Xi o Xial € -Is - Ls fi Rs. (i")
Xte Rs and X;11 €.Ls.  In th is  case,  XioXia l  € Bso.Ls in  (Ps,o) .  Thus for
any X1 ,  . . . ,Xn € t rs  URs wi th ne Z+,  by ( i ) - ( iv) ,  there are three cases:

a )  I f  X1  €  t r s ,  t hen  X t  o . ' . o  Xn  e  Ls .
p )  f f  X .  €  f t s ,  t hen  X t  o . . . o  Xn  e  Rs .

7 )  I f  X 1  €  r R s  a n d  X n € L s  w i t h n  2  2 ,  t h e n  X t o . . . o X n € R s o L s .
As stated above, we see that the assertion holds. r

Theorem 3,2. The follotuing condi,t'ions on an ordered semigroup S are equiu-
alent:
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(i) S is regular;
(ii) For eaery right ideal R and Ieft ideal L of S,

(RL l :  Ro L i

(iii) For euery riglrt ideal R and Ieft ideal L of S,
(a) (R2l :4,
(b )  (Lz l :  7 ,
(c) (Rfl is a quasi-ideal of S;

(iv) (,Ls, o) and, (Rs,") are banils (idempotent semigroups) and (Q7,o) is the' 
subsemigroup of (Ps, o) generated bU (Ls,o) and (Rs, o);

(") (Qs, o) is a regular subsernigroup of the semigroup (P;,o);
(vi) Euery quasi,-ideal Q of S has the fonn Q: (QSQ];

(vii) (q5, o,9) is a regular subsem'igroup of the ordered sem'igroup (P5, o, C)'

Proof. (i)+ (ii) Let R and ,L be right and left ideals of s, respectively, then

@ L l 9  R n  L

always holds. Assume that ^9 is regular, we have to show only that RnL c (RLI.

Let o € RnL. Since,g is regular, we have a l ara for some r e S, whence

o € R and ra€ L,soana€ RL. Thus a € ( .Rr] ,  so that RnLC (RLl '

(ii) + (iii) The assumption (ii) and Lemma 2.2 imply that (rRI] is a quasi-

ideaiof ,S.'Since the two.sided ideal of S generated by R is (RU,SR], from the

assumption (ii), it follows that

R:  Rn (Ru SRI  :  (R(Ru SRl l ,

so (R2] g ( .R(nusn] l :8.  Conversely, let  r  € (n(nusn]] .  Thenr l r lzfor

,o*" r, € E and z e (RU SRl. FYom z € (RUSR], we obtain z I t!,where
'uJ: 12 € R or u): srz for some s € .9 and ry € R. Hence

s 1 r1w : rrr2 €. R2 or t 1 r1w: rr(sre) : (r1s)r3 € R2,

so r € (R21. Thus Rg (R21, so that (Rzl:  R.
The statement (L2l: L can be proved dually'

(ii i)+(iv) ByLemma 3.1, the conditions (a) and (b) in (ii i) implies (trs,o)

and (Rs,o) is a band, resPectivelY.
In view of (ii i) (c), we have Rs o Ls I Qs' so (rs U.Rs) C Qs in (Ps,o)'

conversely, Iet Q e Q5. Then (8 U SQ] is the left ideal of ,9 generated by Q.
By condition (iii) (b), we have

Q e @u ̂ sQl : ((Q u sQl'?l I (Q'u sQ2 u QSQU (S8)',1 -c (S81.

Dually we can show Q q (8S]. These relations and Lemma 2'3 imply

Q s $Qln (Qsl s (sQ u 8l n (Q u gs1: g,

that is.
(vQ e  Qs)  Q:6Qln  (8s1 .

Ftom the assumption (iii) (c) and from (1), it follows that

(1 )

(vR e Rs)(vL e Ls) (RLl: (s(nrlln ((ftrlsl. (2)
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F\rrthermore, by condition (iii) (b) we have g: (^921 and

(sQl : ((sQlrl : ((sQl(sQll: ((s8l((^srlQll
s (sQssQl s (s(Qsl(sQll g (s((asl(sQlll,
s 6(QS2Q)] _c (sgl,

so (SQl : (,9((QSl(sQlll. Dualls we have (Qsl : (((A^sl(sAll,Sl. Flom these
relations, bV (t) and (2) it follows that

Q: (QSln (sQl : (((Qsl(sQllsln (s((osxsQlll : ((Q^sl(sQll
: (QSl 

" 
(S8l € Rs o Is G (Is u.Rs) (s)

by Lemma 3.1. Hence Qs I (Ls iJ.Rs). Therefore, Qs : (Ls U Rs) in (Ps,o).
(iv) =+ (iii) It follows immediately from Lemma 3.L.
(ii i) + (") Bv proving (ii i) + (iv), we see that (2) and (3) hold. Let Q1,Q2

be two quasi-ideals of ^9. Then (S(QrQrlu (QGzl) is the least left ideal of ^9
containing (QQzl.By condition (iii) (b), we have

(QQzl e 6(QQzlu (QQzl l :  ( (s(QQzlu (QrQrl lz l
9 (s(QQzll : ((s' l(Q' Qzll9 (s(s(erezll l.

Dually we can show (Q1Q2l I ((QQzlv (QrQrJSl g (((SrQzlSlSl. These
relations and (2) imply

(QQzl e 6(QQzlu (Q@zlln ((QQzlu (QQzls)
s (s(s(QrOzll l n (((SrQzlslsl
: (((QQzlsl(s(QrQzll l q ((Qr (Qzss)grlgzl c (QQzl.

Thus (Q1Q2l : (s(QtQzlu (QQzlln ((QQzlu (QQzlsl is a quasi-ideal of
,S by Corollary 2.4 (ii), so QroQz € Qs. Hence (Qs,o) is asubsemigroup of
(Ps,o). For every Q e Qs, bV (3) we have

I : ((Qsl(sql e @s2q c @sQl s Q,
whence Q:  (QSQI :  Q o .9oQ wi th ,S  e  Qs.  Thus  (Qs,o)  i s  a  regu la r
subsemigroup of (Ps, o).

(v)+ (vi) Let Q be a quasi-ideal of ̂ 9. By the assumption (iv), there exists
a quasi-ideal X of S such that

Q :  Q o x o Q :  (QXQI I  (QSQlq (SAl n (gsl

e $ Q u 8 l n ( Q u g s l : q

by Lemma 2.3, and hence Q : (QSQI.
(vi) =+ (vii) Obvious.
(vii) + (i). For every o € S, by Corollary 2.4 (i), R(o)nr(@) is a quasi-ideal
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of .9 containing a. Flom the assumption (vii), there exists Q e Qs such that

a e R(a) n L(a) g (R(a) n I(a)) o Q o (r?(a) n I(a))

: ((ft(o) n L(a))Q@(a) n.r(a))l ! (.R(o)sr(a)l
:  ((aUo,Sl,9(.9aUoll c (a^9o1.

Thus ,9 is a regular ordered semigroup' I

Lemma 3.3. Euery two-sided ideal J of a regular ordered semigroup S is a

regular subsemigroup of S.

Proof. Let a Q. J. Since S is regular, there exists z € ^9 such that

a" 1 ara 1 araxa: a(rar)a.

Since cac € .SJ^g C J, we see that a e (ala)1 . I

Corollary 3.4. Let S be a regular ordered semigroup. Then the following as-

sertions hold:
(i) euery quasi-ideal Q of S can be written in the forrn

Q : R n b : ( R L I ,

where R (L) is the right (left) ideal of S g-enerated by Q;
(ii) if Q is a qu,asi-id'eal of S, then (Q2l: (83];
(iii) euery bi-ideal of S is a quasi-ideal of S;
(iv) euery bi-ideal of ang two-si'ded ideal of S is a quasi-ideal of S;
(v) for euery L1,L2 € Ls and Rr,Rz e Rs, we haue

Ltr Lz I  (hLzl ,  and RvA Rz I  (hBzl.

Prool. Since ,S is a regular ordered semigroup, then by Lemma 2.3 and Theorem
3.2, the assertion (i) holds.

Since (Q3] g (A\ always holds, we have to prove (Q2] q (Q3]' Bv Theorem
3.2, (Q'l is also a quasi-ideal of .9, furthermore

(Qr l :  (QrsQrl :  @@sqQl g (g '1.

Let ? be a bi-ideal of .9. Then (S"] is a left ideal and (",9] is a right ideal

of ,S. By Theorem 3.2, we have

(s"l n ("^sl : (("sl(s"ll s ("s"1 e g) I r.
Hence ? is a quasi-ideal of .9.

Let J be a two-sided ideal of ,5 and let K be a bi-ideal of J. By Lemnia
3.3 and the property (iii), K is a quasi-ideal of J, thus by Lemma 2.5, K is
a bi-ideal of .9. Again from the property (iii), it follows that K is a quasi-ideal
of S.

Finally, let trr, Lz e Ls. Since .9 is regular and .L1 i L2 is a quasi-ideal of ,9,
by Theorem 3.2 it follows that
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Lr fi Lz : ((Lt n Lz)S (Lt n Lz)l g (h(S L2)l E (LrLzl.

Dually, we have Rr i Rz I (ftrEz] for all R1, R2 €. Rs. I

4. Some Special Classes of Regular Ordered Semigroups

In this section, we shall consider ordered semigroups ^9 in which the regular
subsemigroup (Qs,o) of (Ps,o) are bands, left regular bands (idempotent semi-
groups satisfying identity relation ef e : e/) and semilattices (commutative
idempotent semigroups), respectively.

Lemma 4,1. The follotuing cond,itions are equiualent on qn ordered semigroup
,9;

(i) S is intra-regular;
(ii) For euery right ideal R and left ideal L of S,

R n L  I  ( L R I ;

(iii) For euery quasi-ideal Q of S, Q I6Q2Sl.

Proof. (i) + (ii) Let a € Rf1tr. Since ,S is intra-regular, we have

a e (sazsl: ((sa)(as)l g ((srxnfll q (rRl.

ThusRnLE(LR|
(ii) + (iii) Let (ii) hold and let Q be a quasi-ideal of ,9. In view of Lemma

2.3, we have

Q : L(Q)n n(Q) I (L(QlR(ql : ((s'Ql(Qs'l l
: (slgO^911 q (ste(stQQstlsll : (^9rQ^gr88,st^stl
g (srCsr(s' QQst)Qs'sll : ((srQ,sr.91)Q2(,9rQstst)l

s (sQrsl.

(iii) + (i) Let (iii) hold and let a € S. By Corollary 2.a (\ we have Q@) :

L(a) n.R(a), whence

a e Q@) e (sQ@)Q(o)sl e (sr(a)n(a)sl
: (^9(,Sral(a,91lSl : ((SS1)o'?(^9rS)l
g (,5a2,s], r

Theorem 4.2, The followi,ng conditions are equ'iualent on an ordered semigroup
,9.'

(i) S ds regular and intra-regular;
(ii) For euery right ideal R and left ideal L of S,

(Rrl : nnL I (LRh (4)

(iii) (Qe, o) is a band,;
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(iv) For euery quasi-ideal Q of S, (Q2): g.

Proof. (i) <+ (ii) It follows immediately from Theorem 3.2 and Lemma 4.1.

(ii) + (iii) By Theorem 3.2,.the first part of Condition (4) implies that (Q5, o)

is a regular semigroup, so we have to show only that every quaslideal Q of s is
idempotent ir (Qs,o). It is evident that (Q2] g (A] E Q by Lemma 2.1. Again
by Theorem 3.2 and Lemma 4.1, the first and the Iast parts of condition (4)
implies Q: (QSQI and Q g 6Q2Si respectively, whence

Q: (QSq: (QS(QSQ\I s (QsSsQl -c (Qs(sQ2slsQl
c (QS2q(QS',ql s (QSq(asQ)l s @'|

So Q :  (Q' l :  Q "  Q.  Thus (Qs,  o)  is  a band.

The implication (iii)+ (iv) is evident.

(iv) + (ii) Let R and ,L be right and left ideals of S, respectively. By Lemma

2.2, Ro,L is a quasi-ideal of ^9' So assumption (iv) implies

Rr\ L : ((Rn L)2]l :  ((R n L)(Rn I) l  g (,Rrl '

RnL:  ( (Rnr ) (nn r ) l  q  ( rR l .

Since (RI] C R n .L always holds, we get (RI] : R n .L, so that the relation (4)

holds. r

An ordered semigroup ,s is said tobe Ieft (right) duo if every left (right) ideal

of ,s is a right (left) ideal of ,9; and ^9 is said to be duo if ,9 is both left and right

duo.

Lernma 4.3. An ordered semigroup S is left duo i,f and onlg if euery quas'i-ideal

of S is a right ideal of S.

Proof. +) Let Q be a quasi-ideal ^9. By Lemma 2.3, there exist right ideal R

and left ideal .L of S such that Q Rn L. Since S is left duo, ,L is a right ideal

of ,S, so that Q is a right ideal of ,S.

e) The assertion follows immediately from the fact that every Ieft ideal of

^9 is a quasi-ideal of S. r

corollary 4.4. An ordered sernigroup s is duo i.f and only if euery quas'i-'ideal

of S i,s a two-sided i,deal of S.

Theorem 4.5, Let s be an ordered sem,igroup. Then the following eondit'ions

are equ'iualent:
(i) S is a regular left duo ordered semigroup;

(ii) (Qs,o) is o left regular band;
(iii) For euery right ideal R and left ideal L, L1, L2 of S,

( R L l :  ( . R n r l  a n d  ( L 1 L 2 l :  L r i L z ;
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(iv) (trs, o) is a sern'ilo.ttice, (Rs,o) is a band and (Qs,o) is the subsemigroup
of the semigroup (Ps,o) generated bU (Ls,o) and (Es,o).

Proof. (i) =+ (ii) Let Q,T be quasi-ideals of ,S. Since ,S is left duo, Q,? are right
ideals of ,9 by Lemma 4.3. Since ̂ 9 is regular, by Theorem 3.2 and Lemma 2.1
we have

Q : (QSQI: ((Qs)81 s @q e (Ql c Q,
which impliesQ"Q: (Q2l: Q. Thus (Qs,o) is a band. Since ? is also a right
ideal of ,S, we have

@rQl: @(rQ\ _c (g("s)l e @r|
By Theorem 3.2, (QTl is a quasi-ideal of ^9 and hence

(Qr): (@r)s(Qr)l : (g("s)(Q")l s (Qrq.
Thus (Q"] : (QTQI, that is, QoT 

- 
QoToQ for all Q, T e (Qs,o). Therefore,

(Qs, o) is a left regular band.
(ii) + (iii) The first formula in (iii) follows immediately from Theorem 3.2

since a left regular band is a regular semigroup. Let L1, L2 be left ideals of ,S.
Then (L1L219 (SLz) 9 L2 and by the condition (ii) we have

(L rLz l :  (L1L2L1\ :  ( (L rL2)Lr l  !  (Sr r l  g  (L t )  g  r r

so (L1L2l e trr fl L2, from this by Corollary 3.4 (v) it follows that (L1L2l :
Lr f i  Lz.

(iii) + (iv) It follows immediately from Theorem 3.2 and the assumption (iii).
(iv) =+ (i). BV Theorem 3.2 it follows that ,9 is a regular ordered semigroup.

For every Ieft ideal L of. S, since (.L5,o) is a semilattice and S €.Ls, we have

L S  I  ( L S l :  L o  S  :  S  o  L  :  ( S L l  g  L ,

which shows that .L is a right ideal of ^9. Thus ,S is left duo. r

Theorem 4.6. The follouing conditions are equiualent on an ordered semigroup
^g:

(i) ^9 fs a regular duo ordered sem'igroup;
(ii) (Qs, o) is a semilattice;

(iii) For ang left'ideals L1,L2 and right i.deals R1,R2 of S,

(LtLzl : Lt (1 L2 and (hRzl : Rr f\ Rzi

(iv) (Is, o) and, (Rs,") are semilatt'ices and (Qs,o) is the subsem'igroup of
(Ps,o) generated bU (Ls,o) and (Es,o);

(v) For ang quas'i-ideals Q1,Qz of S,

( Q r Q z l :  Q t  i  Q z ;

(vi) For euery quas'i-ideal Q of S,

((,R(Q))' l : L(Q) KL(q)' l: n(Q);
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(vii) For euery Ieft ideal L and right ideal R of S,

7  n  p :  (LR l .

Proof. (i) + (ii) By Theorem 4.5 and its dual, the condition (i) implies that

(Qs,o) is both a left and a right band' Hence (Qs'o) is a semilattice.

(ii) + (iii) In view of the hypothesis, (Qs, o) is a band, from this by Theorem

4.2 it follows that S is regular. Since a semilattice is both a left and a right

regular band, the assertion (iii) follows immediately from Theorem 4.5 and its

dual.
(iii) + (i) Let L and.R be left and right ideals of ,9, respectively. By S e Lg

and (iii) we have

L S g ( L S l : L i S : L ,

which shows that L is a right ideal of s. symmetrically, the assumption implies

that R is a left ideal of ^9. so tr and R are two-sided ideals of ,s. Hence ^9 is

duo, and

s(Rrl s (s(Rrll s ((sR)rl e (RLl, (Rrls s (n(rs)l s (RLI,
which shows that (RI] is a two-sided ideal of ^9. Again the condition (iii) implies

(Lrl : L and (R ) : R. So ^9 satisfies the condition (iii) in Theorem 3.2. Thus

^9 is regular by Theorem 3.2.

(i) <+ (iv) It follows immediately from Theorem 4'5 and its dual.

(D + (") Let Q1,Qz be quasi-ideals of ,5' Since S is duo, by Corollary 4'4

we see that Q1, Q2 are ideals of S, whence (QQzl I Qrn Q2. Since QtnQz is

a two-sided ideal of ^9 and ,S is regular, by Theorem 3.2 it follows that

Q t n Qz = ((QQi s (Q Qz)l 9 (Q$Qzl e (QQzl'

Hence (QQzl :  Qt t \Qz.
(v) =+ (vi) Let Q be an arbitrary quasi-ideal of ̂ 9. Then condition (v) implies

( Q " l : Q , Q S  g  ( Q S l  : Q n S : Q  a n d  S Q q  ( S Q l  :  S n Q :  Q .  T h u s  Q  i s  a

two.sided ideal of S. So I(Q) : ft(Q) - 
Q, whence

( (R(Q)) ' l  :  (Q2l :  Q:  ( r (8)1,  ( ( r (Q)) ' l  :  (Q2l :  Q:  R(Q).

(vi) =+ (i) Let L be a Ieft ideal of ,9. Then the assumption (vi) implies

LS g (L u rsl : ((Lu SLl2l e @',1I Ql e L,

that is, -L is also a right ideal of ^9. Dually we can prove that every right ideal

of ^9 is also a left ideal of S. So ,9 is a duo ordered semigroup.

For any right ideal E and left ideal L of. S, since S is duo, R, L are two-sided

ideals of ^9. Thus (,RI] is a two-sided ideal of s and condition (vi) implies that
(.L21: Z and (R'l: ft. By Theorem 3.2, we conclude that S is regular.

As stated above, we have proved that (i)-(vi) are equivalent.

The implication (v)+(vii) is evident'

(vii) + (i) It can be proved similarly as that of proving (iii) + (D. r
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