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Abstract. In this paper we prove some stability estimates of Hrilder type for the solu-
tion (and all of its derivatives) of an ill-posed Cauchy problem for the three-dimensional
Laplace equation and propose a marching difference scheme for solving the problem in
a stable way.

1. fntroduction

The Cauchy problems for the Laplace equation is well-known to be ill-posed: not
for every Cauchy data there is a solution and if there is a solution, it may not
depend continuously on the data (see, e.g. 13] and the references therein). The
instability of the solution makes numerical methods for it difficult, since a small
perturbation in the data may cause a very large error in the solution. There have
been several methods for solving the Cauchy problem for the Laplace equation
in a stable way (see, e.g. l3l and the references therein) and the most popular
method is Tikhonov regularization. However, in order to solve the problem
numerically one has to discretize the regularized problem somehow. It led to
the idea that to discretize the problem directly and it was Chudov (la]) who is
the first to use the finite difference method for the Cauchy problem for the two-
dimensional Laplace equation. The idea of Chudov has been developed further
by himself and his collaborators (see, e.g. [5,10] and the references therein).
Bakushinkii in [1,2] has used also the finite difference method for solving ill-posed
abstract Cauchy problems, Bukhgeim ([3]) has used the Carleman estimates
technique to prove some stability estimates for finite difference schemes for ill-
posed problems as well as developed a convergence theory. Meanwhile, Samarskii
and Vabishschevich ([9]) considered the finite difference method for solving ill-
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posed problems with Tikhonov regularization from a quite different point of
view. However, no marching difi'erence scheme has been considered in these
works. We note that marching difference schemes are very easy-to-implement
and cheap, especially in multi-dimensional problems.
In this paper we consider the following Cauchy problem for the three-dimensional
Laplace equation

' L t ' 6  l u a a l u a a : 0 , 0 < r < 1 ,  ( z , y )  e  J R 2 ,

u ( r , u , 0 ) :  p ( * , y ) ,  ( r , y )  e  I R 2 ,

u t (n ,a ,0 )  :  O,  (z ,E)  e  IR2

and suggest a stable marching difference scheme for it. We note that the non-
homogeneous problem can be transformed to (1.1)-(1.3) via an appropriate well-
posed boundary value problem. In the next section we shall give stability esti-
mates for all derivatives of z in .L2-norm. We note that such a kind of stability
estimates for the solution of the Cauchy problem for elliptic equations has never
appeared in the literature. In section 3 we shall use the mollification method
of [6] for solving (1.1)-(1.3) in a stable way, we give also error estimates of
Holder type between the exact solution and its mollified solutions, as well as
those of all their derivatives. Finally, in the last section we shall describe our
easy-to-implement stable marching difference scheme for ( 1. 1)-( 1.3).

1. Stability Estimates

As we consider our problem in .L2-space, 'ffe assume

P  €  , 2 ( R : ) .

F\rrthermore, we suppose that the solution :xists up to t : 1 and

u ( . , . , 1 )  €  , 2 ( l R 2 ) .

For  s impl ic i ty ,  we denote l l  . l l l r tmr l :  l l  ' i l .

Theorem 2. t .  Suppose that  l lp l l  <  l l r ( . ,  . , I ) l l .  Then for  t  €  (0,1) ,  we haue

( 1 . 1 )

( r .2)
(1 .3 )

( i )

( i i)

?

l l " ( , . , 1 ) l l  <  ; l l p l l ' - ' l l " ( . , . ,  
1 ) l l ' ,

f o r  m  :  0 , I , 2 , . . . ,  I  :  0 , t , 2 , . . .  s u c h  t h a t  2 m  +  |  > _  l ,

=#('"("JJ4,--f))'^*n^

(2 .1 )

o2*+ tu( ' , ' , t )
0n^0y^}tt

/  t  r 2 m r l \ 2 m + r \
( " *  z  (T ) "  

-  
) l e l ' - , 1 " ( , , 1 ) l ' .  

( 2 . 2 )

Proof. For a function g € ,2(lR2) we denote its Fourier transform by

1 *r*r
0({r, 1z) : *a I I g@,y) s-i(r€t+a€2) drdy.

z ^ J J
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Taking the Fourier transform with respect to r and y in the both sides of (1.1)
(1.3)  we have

t ' t t( i l ,  €z,t) - G? + €i la@, tz,t) :  0o 0 < t < 7,
i"(tr,  tz,0) : P(€r, (z),
t  r(tr,  €z, o) : 0.

It follows that

tt($, €z,f ) : cosh tt lE * eZl,!t($, €z).
T h u s ,  f o r  m : 0 , 1 , 2 , .  .  . ,  |  : 0 , I , 2 , .  .  . ,  f o r m a l l y  w e  h a v e

q:@e,q _ at az"iiQy,t)
0r^0y^0tt A# 0r^0y^

: ffi(f-aer)*(-i€z)*cosh(r1f,? + e; )o{e,,e,))
: eieL) ei€2) "o"np1[er, + t|)p(€r, €r).

Noting that

Q(h,€z) -= t t($, tz,r)
coshy@ -t  pr '

cosh(t ) < 
"'JE+P, 

and cosn(/6f + til > !st/4",+("

we have, for some L > 0,

11 02*+t u(. , . , t1 112 11 Az*fri@, a , t) ll2
l1;;ao6g ll : ll-6*575/-ll

Vrtl' . €|)p(€r, 6z) l' o€'or,

:-*tr * tt
J J  J J

€?+4<L t?+€l>L
I I  I

l l l?t'€')-(-t'€r)^
I I  I "orn1t1f,? * {r' ),?(tr,€il1'a6ra6

t ?+ t?<L

f f I
+ I I l?rtr)*(-t€r)*

J J  I

€?+eZ>L

' 
#H a,(tt, €2, 9l' aq,aq,

t?+t?<L

+ t t E.,lz^ltrlz^(€? + €"')rl 
cosr'(tr€lR) 

f . w|.r.tz,t)l2a€ftqz
I  I  

r \ r r  r \ z r  \ \ I  '  \ z '  I  cosh  t t rTB I  r - \s r ! \z '  r " l

t?+ t?> L

t ?+ t3

t 2 t t 2
s 1 r \ 2

t 2 t c 2
\ 1  r s 2
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f  f  L ^ a,2m-rt  ^ .  /^

e?+€3sL

+ 1 t t ]_rcf + t|}r*+t "ra_D\,R+p"V,(il,€z,L)lrd€rd€,'  
4  J J  2 2 m \ \ t  

' \ z /

€?+€Z>L
1 ^

s fi,fi^*t""frllpll'
* 1 * sup (G? * rz1zm+t"z{t-r) ) l l ,r(.,., r)l l ' .'  

4  22*  .qq j>z \ ' - -  
-A ,  -  

)  i l * \  '  '

To estimate the second term in the last expression we need the following result.

L e m m a  2 . 2 .  L e t c ) 0 , p ) 0  a n d q > 1 .  W b h a u e
(i) if plc < 7, then

wp(e-cuOn1 S e-cnrn

( i i )  i ' f  p lc) r '  then 
sup(e-cvvp) < (?)o 

"-"r ' 'y>n

The proof of this lemma is triial and we omit it.

Now, if m : l,: 0, then

sup e2(t-L) - e2(t-L)^/2.
€?+eZ>z

Thus

l l r ( . , ' ,  t ) l l  < " ' f r l lpl l  +rr"a-:)^tzl l , r( . ,  . ,  1) l l .

Since l lgl l  < l lr(. , . ,1)l l ,  we can take

J i : rn

and with this Z we arrive at (2.7).

If 2m -t (. > 7, then for L ) 1 we have

sup ((e? * qzlzm+t 
"z{t-r)\,4F8) 

s eT 
* 

\2(2*+t) Lz^*(.e2(t-L),/z .
€ ? + € Z > L '  

"  / - \ t - t )

Thus, for any L ) I,

l l 02*+h( . , ' , r ) l l  t  ,  - .2m11
l l  0x^0y^0 t r  l l<  *u  4 - " " ' ' x

( 
",fr1r1 * ! (T *!)'-*') 

"a-trL11u1., 
., 1) ll.

\ "  
r Y r ' 2 \ 1 _ t )  

) "  
i l *
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z l l " / ' ' ' '  1) l l ) r>  r l  we arr ive at  \2 .2) .Tak ing  t / L : l n  ( " * , , r , ,  / . -

3. Mollification Method

Suppose that instead of the exact p we have only its approximation g' e Iz(R')

such that

l l p  -  p ' l l  <  u .  (3  1 )

It is desired to solve (1.1)-(1.3) with the approximate data g' in a stable way'
In doing so we mollify ge by t'he Dirichlet kernel

I *r*r -.s" ( r ,a ) :nJJv ' r " ,a l  " " iY ;n 'o ron  (32 )

for some positive ,, 
";;;;"ad 

of considering (1.1)-(1.3) with rp' we look for

its mollified versiou

uli" + uz' i  + u'ot :0, (*,y) e JR2, i  e (0,1), (3'3)

u ' ' " ( r , y ,O) :g ' ' " ( r , a ) ,  ( r , g r )  e  lR2 ,  (3 .4 )

u7 ' " ( r , y ,0 )  : 0  ( r ,Y )  e lR ' .  ( 3 ' 5 )

Theorem 3.1. For anA u > 0, the problern (3.3)-(3.5) i 's soluable and its solut' ion
is stable

l lu**^": : : ' : \ ' , , ' ,Dl l  S (r t ) t  r*+n+t" t , / iv11rul l  y*,n, t  :0,r ,2, .  . .  (3.6)
l l 0x*0y^0tt l l  

- t '  - '  -

Furthermore, suppose that

l l r ( . , . ,1 ) l l  <  E .  (3 .7 )

Then for e small enough, w'ith

t t  :  t )+ :  L^ lnE- (3.g)
\/2 €

we haue,  for  0 1t  < l ,

l l , r ( . , . ,  t )  -  v " . ( ' , . , t ) l l  <  r r - tg t  + r r#  E-*81-h  (3  9 )

and

l### _a:#^as##ll = # (,,1)'**nu7-,6,
*  1  ,  12m+ 

(12^* t  ( I nE_ \ r ^ -n  r#  E_  E r_ i .'  
) 2 m L t / 2 + 1  \  L - t  /  \  e /  ( 3 . 1 0 )
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Proof. As in the proof of Theorem 2.1 we have

O*+n+lu(r ,y , t )
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0r*?an7tr
: (-i€)* (-ier)- ,l@ + (B' *

"o,r,1r1f,? * €3) .G>G,,€,).

Since supp @> c[-r ,r ]x l-u,z]  (see, e.g. [8,  p.  316-313]),  we obtain (3.6).

; < 1. we have 
)Y*ott onmog

The second term in the right-hand side can be estimated as follows

l l  A2^+tuo," (.,.,t) 62m*tue,v 1.,., r) l l_l l A2*+6i(.,.,t) A2*+G4.,.,t) l l
ll-n"*AnW- 

- -A@ 
ll- ll a,*6o5e- - -E*676e- 

ll

: t//t ?i€r) (-it)*1fr*(,'"o,n(t )

x Xt-,,,)(€t)xr-",,',t(tz)l@(€r, €z) - (€r, (z)] l" ot ob)t''
+v +v

: ( I I lt-or,l t-;'sz1* r[Ei a a3 *'h (t\^? + €3)
-v -v 

x (O((r, €r) -@(€r,€r))l 'atra€r)'/ '

+v +v

=(!,!,*^G?+t:,) '*(t2,+g|)tet{-e'+ezl@(€,,€,)-@G'.,t)l 'aga4,)'/ '

< fi{rr')*+t/z"t'^/211, 
- p"ll < fi{rr')**t/2"t"/2 r.

To estimate the first term we note that
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l l02^+tu( . ,  . , t )  Az*+tuo,"  ( . ,  ' , t )  l l
ll-a"*a*a*- 

- - 
ar^ay"Fll

85

f@ - fN

I I
l€ '  l>"  l€"  l>

!

cosn (r

xQ(i l , {z)  -  ( - i ( r )  *  { - t1r1* 11@ 1 4"

x cosh (, lE * e'r) Xr v, vt (€t) x7,,,1 Gz),? Gt, b)l' a4, aqr)' 
/'

lr-,ei"lr-,e ;*1[-e" * ti

x tr ({r, €2, t1l' aqalr)'/'

= ( | hCf +11)2^+(!"za-t1 l i l(€,,t2,t11'alraqr)'/ '
e?+q3>v2

If m: /: 0, then the last is bounded by

1

! "{ t -r) '  
" .

Thus

l l r ( ' , . ,  t )  -  r ' , '  ( . , . ,  t ) l l  <  
" tvJ25 

- , ,  !u { ' - ' t '  g .

(3 e).
If 2m -f !. ) L, then applying Lemma 2.2 for z ) 1 we get

-":9t " ((el * t')^+n/'"('-') ) =(T+)'**'""-')',Zmtt.
€?+€3>"2 '

Thus, in this case

l l02^+!u( ' ,  . , t )  A2^+!u ' ' "  ( . ,  . , t )  l l
ll-a"*anAP 

- 
ar^ao{ll

q J-12,121*+! /2/ , \ /2F* - ] - :  12m-+ 
(12^+I  

" { t - t ) , rz^+e 
B.: 2 m \ ' "  " ' 2 m + t \  1 _ t  /  "

Again, with the assumption e is small enough we can take u : u*

such that u* ) | and arrive at (3.10).

p.

l r l  -

€

6i+$)
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4. Stable Marching Difference Scheme

Here

Pham Mi.nh Hi,en

In order to solve our problem (1.1)-(1.3) numerically in an effective way we shall
use a stable marching difference scheme for it based on our mollification method.
In doing so we first mollify the Cauchy data g€ with the mollification parameter
z according to Theorem 3.1, then we get a stable problem and we have error
estimates (3.9) and (3.10). For simplicity, set

U i :1r, ' ' ' ,  W t :  u7'" ,  'V : :  g ' ' ' . (4 .1 )

With the notation LU : LL,* -f Ltoo we have a Cauchy problem for a system'of
first-order differential equations for U andW

( I t :W, t  e (0, 1),  (o,  gr)  e 1R2,

Wt : -Lf/, , € (0, 1), (r, g) e IR2,

U(r,a,0) :  i [ ( r ,g),  (r ,gr)  e IR.2,

W(r ,A ,0)  :  0 ,  ( r ,  y )  e  IR2.

We introduce a uniform grid on IR2 x [0, 1] plane

{ * ^  
:  m h ,  A n  :  n h ,  t k  :  k r l m , n ' :  0 , + L , + 2 , . . . ,  k  : 0 ,  1 , . . . , " ,  

"  
:  

# } .

For a function f (r,gr, t) defined on lR2 x [0, 1] set

lh ,^ :  f  ( r * ,an, tn) '

we  d i sc re t i ze  (a \ -@, )  as  to ,T :  

0 ,  1 , . . . ,N  -  1 ,  rn ,n  :0 ,+1 , . . .

(4.2)

(4.3)

(4.4)

(4.5)

w*,*; - wh,
:  - A n U h , n ,  k  :  0 , 1 , . . . , N  -  I ,  n 1 , , n :  0 , * 1 , . . .

Ufn,n :  V * ,n,  n 'Lrn :  0r t1, .  .  .

W * . ,  :  0 ,  f f i , n  :  0 , * 1 , . . . .

n-  r r k  -  Uk* r , * -2Uk , . *Uk - t , . ,  uk * * ,
a n v n , n - - - 1 -

h 2

- 2Uk,. *Uh,_,
h

The system (4.6)-(4.9) is a marching difference scheme:

Ul - , -  :  V * ,n ,  * ,n  :  0 ,+1 , . . .

Wh , - :0 ,  r r l  j n  : 0 ,  +1 ,  .  .  .

wh* - \  :wh , *+  rL ,6u f l , n ,  k :0 ,1 , . .  . ,  N  -  1 ,

uk*,l : u!-,. + rwh*:, k : 0,1,. . ., N - 1.

(4.6)

\ . i . ,  /

(4.8)

(4.e)

(4.10)

(4 .11)

(4.r2)

(4.13)
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Theorem 4.1. The dr,fference scherne (4.6) (4.9) approuirrlates the problem

(4.2)-(4.5) with a truncat'ion error wh'ich behaues li'ke O(h2 * r2). Furtherrnore

i,f h Snlu (u has been chosen'in Theorem3.l), then'it, is unconditi,onally stable.

Proof. The first assertion is clear. We prove only the stability of the scheme.

In doing so we need the notion of the discrete Fourier transform: for a function

/  def ined on the net  { (mh,nh) ,m,n:0,+1, .  . . }  we def ine i ts  d iscrete Four ier

transform by

?rr , r l : *  i  f  , ^^" - ' (ur^* \en\ ,  - I ' , , r '

and its .$-normby

7T

h '

l l r l l , ,  :

It is well-known that
A

l l  /11 , ,  :  l l  f  l l  " , (e  t , i l x  ( -  E ,?)

and i f  /  e  -L2(R2) ,  .npp l ( r ,  r )  c  l -u ,u lx l -u ,v l ,  u  I  r f  h ,
A

then /(4.,,4) :

i@,ri (see, e.g. [7, Appendix A]).
Now taking the discrete Fourier transform in the both sides of (a.12) and (a.13)
w e  g e t  f o r  k : 0 ,  1 , .  . . ,  N  -  1

A . . 4 ,
W + r - W + r . 4

a .  -  a .  4 , , "
( f + t - o * + r w * ' .

since r :|IN =r,,T;r_:?"::::L,
t(sin2 

\ + 
" in' i)  tn' < u2 + q2

into account, we get

*u* {lrfu*'1, l&*'t} < tr + r + r(w2 + n\)*u* {ltful, r&r} <

< (1 + r + r(wz + rf))k+'101 < 
"r+"+"1f i1.

Since h l nf u,we have 0:.i,. It follows that

-a* { l l  wk l l  2,,  l l (Jr l l  t , }  :  *u* { l l  #l  l l  r , , , -  T, fr  ) ,) , l l  & l l  r , , , -  7. ;  t ,  t }
< llet+,2 

+n'z,?(", ri) ll
<  

"1+2 , ' l l v l l .

. , a h  c T h
sm- 

t 
+ sln-

@ F

h2 \- \-'" 
/J /r

m : - 6 n : - &
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Thus, our scheme is stable.
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