Vietnam Journal of Mathematics 29:3 (2001) 281-286 e ey

of
MATHEMATICS
© NCST 2001

Short Communication

On Multipoint Boundary-Value Problems
for Linear Implicit Non-Autonomous
Systems of Difference Equations

Pham Ky Anh and Le Cong Loi

Department of Mathematics, Vietnam National University
834 Nguyen Trai, Hanoi, Vietnam

Received December 12, 2000

1. Introduction

Linear implicit difference equations (LIDEs)
AnTn+1 = BnZn + gn (n € N), (1)

where A,,, B, € R™*™ g, € R™ are given and the matrices A, are singular
for all n, may be regarded as discrete analogues of linear differential-algebraic
equations (DAEs), which have attracted much attention of researchers (see [3—
5]). Recently, some concepts and techniques proposed in [5] for studying DAEs
have been developed in our paper [6] on LIDEs.

The main results of [6] can be summarized as follows:

(i) Using singular-value decompositions (SVDs) of A,, we have introduced the
notion of index-1 LIDEs. It has been shown that the index of LIDEs does not
depend on the choice of SVDs of A,,. The unique solvability of some initial-value
problems (IVPs) for index-1 LIDEs has been proved.

(ii) Under some additional conditions, the solvability of the mentioned above
IVPs for more general cases, where KerA, 1 C Ker4,, or rankA, ; > rankA4,
for all n € N has been established.

(iii) The multipoint boundary-value problem (MPBVP):
Agipi = Bigi+qi (i=0,..,N—1), )

N
Z C;‘.l?f = ¥ (3)

i=0
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when N becomes large, represents a large-scale system of m(N + 1) linear equa-
tions. If LIDE (2) has index-1, a regnlarity condition for MPBVP (2) and (3)
has been introduced. It has been proved that the regularity of MPBVP (2), (3)
is a necessary and sufficient condition for its unique solvability.

In this paper we derive a necessary and sufficient condition for the solvability
of MPBVP (2), (3) when the regularity condition does not hold. Then combin-
ing our results in both regular and irregular cases, we arrive at a Fredholm
alternative for special large-scale systems of linear equations (2), (3).

2. Preliminaries

According to [6], LIDE (2) is said to be of index-1, if:

(i) rankd, =7 (n =0,...,N — 1), where 0 <7 < m.

(ii) The matrices G, := A, + B,V,QV,L, are nonsingular for n =0,..., N-1.
where A, = U,5,VL; is a SVD of 4,, &, := diag(crﬁbl),...,JT(I),O,...,O)
is a diagonal matrix with singular values 07(11) > 07(12) > - 2> a,(f) > 0 on
the main diagonal and U, (V,,) are orthonormal matrices, whose columns
are left (right) singular vectors of 4, (n = 0,..., N — 1) respectively. Finally,
Q = diag(Oy, I,—,) where O and I (k = 1,...,m) stand for the k x k zero
matrices and the k x k identity matrices respectively. For k = m, we simply
denote O := O,, and [ := I,.

In the rest of this paper, we assume that (2) is an index-1 LIDE. Let
P=1-Q;Vo:=1I;Qn:=VoQV,T; P, :=1—-Qp; P := I-Q.VoV, 5 G B,
(0 <n<N-1)

n—1
MD, =[] Gt kBno1k (n=1,...,N)
k=0

and R = diag(P,Qn).

The fundamental solution of equations ApXn+1 = BpX, (n = 0,...,N — 1)
can be determined as X, := Py; Xn = PnM,(:i)l (n = 1,...,N —1) and
Xy = PyM J(\,Ai)l. Further, we define the matrix (D|CnyQy), whose columns

are the columns of the so-called shooting matrix D = ZHNZO CrX, and the
matrix CyQn. Obviously, KerR C Ker(D|CnQn).

3. Main Result

Lemma 1. The dimensions of KerR and Ker(D|CnyQn) are independent on
the choice of SVDs of A, (n = 0,...,N — 1), moreover, dimKerR = m and
dimKer(DICNyQn) =:p > m.

Following [6] we say that MPBVP (2), (3) is regular if
KerR = Ker(D|CnQn). (4)
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As a direct consequence of Lemma 1 we have

Corollary 1. The MPBVP (2), (3) is regular if and only if p = m and its
regularity does not depend on the choice of SVDs of A,.

The following fact has been proved in [6]:

Theorem 1. Suppose that the LIDE (2) is of index-1 then the regularity of
MPBVP (2), (3) is a necessary and sufficient condition for its unique solvability.

Now we turn to the irregular case, where p > m.
Let dimKer(D|CxQn)T =: g. Denote by {wd}™; and {w;}{_; certain bases of
KerR and I\tr(D|CNQN respectively. We extend {w)] "‘l to a basis {w?}7_;

of Ker(D|CnQn)- Let u? € R™ and v € R™ be the first and the second groups

of components of w?, i.e w) = 0", P T (i = 1,...,p). Define the column

matrices
@ = (Xnt s Xnul, s .. Xnul) €R™™ (n=0,..,N - 1)

and

Oy = (XNugn+1 + QNUSL-H XNu9n+2 7 QN'Ugn+2 s XNug + QN'Ug)
€ RM*(P—m),

Further, let us consider a linear operator acting in X' = R™(N+1)  defined by

N
= ((Aozs — Bozo)T, ..., (An—12n — Brv1znv-1)T, (T Cnzn)T)T

n=>0

Lemma 2. Kerl = {((®0a)7,...,(@na)")T :a e RP"™}.

Set
20 = —QVIGy q0; 21 := P1Gg a0 — ViQVy Gilay;
n—2
= Bo(Y MO, G + G7l10-1) = V@V Grlgn (n=2,..., N = 1);
=0
N
ZN :PN(ZMJ(VN)z IG Qz+GN 19N— 1 =0 chzn
=0 =0

Let W be a row matrix whose rows are vectors w] (i =1,..., ¢) of the basis of
Ker(D|CnQn)T.

Now we are able to state the main result of this paper.
Theorem 2. Suppose that the LIDE (2), (3) is of indez-1 and p > m. Then the

MPBVP (2), (3) is solvable if and only if W~* = 0. Moreover a general solution
of (2), (3) can be represented as:
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{ Zn =Xn25+ 2 +®na (n=0,...,N—1),
zn = Xnxj + 28 + QNE* + Pya,

where a € RP™™ s an arbitrary vector; (z3T, &*T)T = (D|CnQn)Tv* and
(D|ICNQnN)T s the generalized inverse in Moore-Penrose’s sense of (D|CyQn).

(5)

Combining Theorem 1 and Theorem 2 we come to the following.

Corollary 2. (Fredholm alternative) Assume that (2) is an index-1 LIDE and

let p := dimKer(D|CnQn). Then:

1/ FEither p = m and the MPBVP (2), (3) is uniquely solvable for any data
gn (n=0,...,N —1) and ~.

2/ Orp>m and the MPBVP (2), (3) is solvable if and only if

Wy* =0 (6)

Moreover, there holds the solution formula (5).

4. Example

Consider MPBVP (2), (3) with the following data:

1 —n n n -1 2n
As=10 1 =1]; Bg=1| 0 1 n :

n 0 0 2n n n-—1
n(l —2n)
an = —n (n=057N_1) (7)
—2n?2 4 n+1
and
md = L0 m
Co=| —n 3n n-1) (n=0,..,N); y= |7 (®)
1 2n n Y3

where v; € R (1 =1,3) and N € N is large enough.
Let A, = UnEnV,;";l (n=0,..,N—1);be a SVD of A,, where 3, =

—b,
2n 72—— 0
diag(o,(ll),a,(f),o); o > >0 and Vot1 =a;} _—3"“ —nv/2 % ,
- an TL\/§ %
where a, = (n* + 10n2 + 1 + (n? + 1)(n* + 1002 + 1)1/2)1/2,
b =n? 41+ (n* 4 10n% + 1)1/2
Since
.0 0 1 2 -1 4n-1
Go={0 1 -1) and Go=2|0 n+3 n-1| (n=1,.,N-1)
=™ =
% _ 2n 2n-1 2n-1
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are nonsingular, the LIDE (2) with data (7), (8) is of index-1.
Further computation gives:

1 —N2-15N-05 0 1 {0 1-N 1-N
D=1]0 2N%2+05 0 ;CNQN=5 0 4N-1 4N -1 ],
1 N2 — 15N 0 0 3N 3N

therefore p := dimKer(D|CnQn) =4 > m := 3.
Since Ker(D|CnQn)T = Span{(—1,-1,1)T} it follows W = (-1 —11).

0 n—1 N-1
Besides, zo = { 0 |; 2n = n (n=1,..,N-1)andzy = [ 0.5(N-1)
1 1 ~0.5(N-1)
Thus,
N
Y=g - Z Chzn
n=0
N2 +1 4N3 —7N -3 4N3 +3N2 — 7N\ T
=(’71— 2 y Y2 — 6 > Y3 — 6 ) .

Condition (6) implies that
Y3=m+72 9)
Thus, relation (9) is a necessary and sufficient condition for the solvability of

MPBVP (2), (3) with data (7), (8).
Now let, for example, v = (0.5,0.5,1)T. From (5) it follows that

| [ ~L(AN*+8N3 — 10N + N +6) + (2N3 + TN?)t

o = (4N—1)t D
AN -1 AN -1
tn=(Mn-1-¢t,n+t, )T (n=1,..,N—-1) and
. @N - 1)(N —1~1)
TN = o $(—4N3 +12N% — 8N +9) + (—2N2 + 2N — 1)t | ,

2(—4N3 ~ 12N2 4+ 22N + 3) — (2N? + 2N)t

where ¢ € R is an arbitrary real number.
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