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Abstract. using *-product on co-adjoint orbits (K-orbits) of the MDa- groups we

obtain quantum co-adjoint orbits via Fedosov deformation quantization. FYom this we

obtain the full list of corresponding irreducible unitary representations ofthe exponen-

tial MDa-groups. For groups G+,2,s(E)i G+,2,+; Gt,s4c) and G4,4,1, which are neither

nilpotent nor exponential, we obtain also the explicit formulas.

1. Introduction

In the early 70's Berezin treated the general mathematical definition of quanti-

zation as a kind of functors from the category of classical mechanics to a cer-

tain category of associative algebras. At about the same time, Flato, FYonsdal,

Bayen, Lichnerowicz and Sternheimer considered quantization as a deforming

process of the commutative product of classical observables into a family of non-

commutative *-products which are palameterized by the Planck constant h and

satisfy the coryespondence principle. They systematically developed the notion

of deformation quantization as a theory of *-products and gave an independent

formulation of quantum mechanics based on this notion (see [ ])'
It was proved by Gerstenhaber that a formal deformation quantization exists

on an arbitrary symplectic manifold, see for example [8] for a detailed explana-

tion. It is however formal and quite complicated in general. We would like to

simplify it in some particular cases. Flom the orbit method, it is well-known that

co-adjoint orbits are homogeneous symplectic manifolds with a flat action. A

natural question is to associate in a reasonable way to these orbits some quantum

* This work was supported in part by the Vietnam National Foundation for F\ndamental

Science Research.
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objects, what could be called quantunx co-actio'int orbits.
Let us denote by G a connected and sirnply connected Lie group, its Lie

algebra g : T"G as the tangent space at the neutral element e. To each element
g € G, one associates a map

A ( 9 )  : G * G ,  h r + g h g - I .

The corresponding tangent map is

A (S ) -  t  E :  T "G  - -4  g :  T .G ,

d  , . - -x e g,+ 
fto exv(tX)s-' lt:o e g.

This defines an action, called adjoint action and denoted as usual by Ad, of
group G in its Lie algebra g. We define the co-adjoint action of group G in the
dual vector space g* by the formula

(K (g) F, A) :: \F, Ad(s-l) A)

f o r a l l  F e g * ,  A e g ,  g € G .
Group G acts by symplectomorphisms on f,), where O: Ap: {K(g)Fl

g € G) q g* is the co-adjoint orbit passing through F, and each element A e g
appears as a C--function ,4. on f,): A(F) : (F, A), F e O.

Let {a be the Hamiltonian field defined by

(€al)(r) :  -! I@.exp(t.A))11:s, V"f e C-(CI).'  d t '

A is then the Hamiltonian function associated to Hamiltonian vector field {a,
i .e . :  (a( / )  :  {A,  f } ,  /  €  C-(O).

In 1980 Do Ngoc Diep introduced the notion of the MD-groups, MD-algebras
and then Le Anh Vu gave a complete classification of the MDa-groups (see [5]).
In this paper, applying the procedure of deformation quantization we shall obtain
quantum co-adjoint orbits of all MDa-groups. It is to emphasize here that there
is a general theory for exponential and compact groups. However it is difficult
to calculate explicitly the *-product and the corresponding representations in
concrete cases. Our consideration here concerns not only with these groups but
also with non-exponential and noncompact Lie group G. Our main result gives
explicit *-product formulas and then, all representations of the exponential and
non-exponential groups of the type MDa.

The paper is organized as follows. In Sec. 2 we recall basic definitions,
preliminary results. The full list of irreducible unitary representations of the
real diamond Lie algebra is constructed in Sec. 3, and that of the exponential
MDa-groups is introduced in Sec. 4. Section 5 is devoted to the following non-
exponential groups

G q,z,s( t )  )  G a, ,2,+;  G +,2,q( i l i  G q, ,+, r .

By direct computations and by exponentiating we obtain corresponding repre-
sentations of the MDa-groups.



Quantum Co-Ad,joint Orbits of MDa-Groups 133

2. Basic Definitions and Preliminary Results

2.1. MD4-algebras and MDa-groups

Definition 2.1. [5] We say that a soluable Lie group G belongs to the cIassMD
if and only i,f euery i,ts K-orbi,t has d'imens'ion 0 or is max'imal. A Lie algebra is
of class MD f and only ,if its corresponding Lie group is of the same class.

We also recall the following results for MDa-algebras (i.e. dim g :4).

Theorem 2.2. Assume g is anMDa-algebra with genemtors X,Y,Z,T.

I. If S is decomposable then it is of the formg : R' O fi for n : L,2,3,4 and,
some indecomposable ideal g.

I I .  I f  g is ' indecomposablethengi ,sof  c lassMDai f  andonly i , f  i t i ,sgeneratedby
the generators X,Y,Z,T with only non-triu'ial commutation relation whi,ch
'is one of following relations defi,ned'in each case:

1 . g t : l g , g ]  : P - Z e P . , a n d

1. r .  lT ,X l :  Z
1.2.  lT,  Zl :  Z

2. g' : lg,g] : RY + RZ e Fcz, and
2.L.  lT,Yl :  \Y, lT,Zl :  Z;) ,  e R. :  R\{0}
2 . 2 .  l T , Y l : Y ; l T , Z l : Y  +  Z

I cosg sincp 0\
2.3. adr:  

\ - ' i l r  
* ; r  

3),

24 ad7: (i : s), 'o': (+
3. gt : [g,g] : RX + RY + RZ, and

3 1 adr : (T {, i), 
^,,\2 € R*

32 adr:  ( i  i  i ) ,  \€R*

33 adr: ( i  i  i)
(  cosg sincp 0\

J .4 .  ad7:  |  
-s ing  cosp 0  l , ^  €  R* ,  p  e  (0 ,a ' )  (g+ ,s ,a ( .U)

\  0  0  ^ /

4. g' : [g, g] : RX + Ry + RZ = I1s - the 3-dimensional He'isenberg Lie
algebra and

1 0 \

3 3/ 
(sn'z'+): Lie(Atr(c))

(ga,r , t )

(g+t ,z)

(ga,z,rt.u)
(g+ ,2 ,2 )

(a,z,s<,a)

(gn,s,r  ( . \ , , r r)  )

(sa,s,z1.ly )

(g+,s,e)
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(gn .n , r :  L i e (R  x i  Hs ) )

(gn,n, r :  L ie(R x Hs))

(In this case the group'is called the real d'iamond Lie group, G: R x Hs).

Flom now on we shall denote by g an MDa- algebra with the standard basis
X,Y, Z,? over R. It is isomorphic to Ra as vector space. The coordinates in
this standard basis is denoted by (o,b,c,d). We identify its dual vector space
g* with Ra with the help of the dual basis X*,Y*, Z*,7* and with the local
coo rd ina tes  (o ,p , j , d ) .  Thus ,  f o r  a l l  U  eg  wehave  U :aX+bY+cZ1-dT
and for all F e E*,F : aX* I PY* +.yZ* +d7*. Finally,

Op is the co-adjoint orbit passing through F e 9".

Theorem 2.3. (The picture of co-adjoint orbit) [5]
L . 7 .  C a s e  G : G a , r , t .

i. Each point F with the coordinate 1 : 0 is a l-d'imensional co-adjoint orbi,t

f,)p : f,)1a,B,o,a;.

ii. The subset .y + 0 'is decomposed into a family of 2-d,imens'i,onal a-adjoint
orb'its'

Op:  g$ ' t ) :  { (a+  " td ,0 , . y , -1a+d) } :  { ( " ,  0 ,1 , t ) l r , t  e  R } ,  (1 )
wh'ich are planes.

1 . 2 .  C a s e G : G + , t , 2 .

i. Each point F with the coordinate "y :0 is a I-d'imensional co-adjoint orb'it

f , )p , :  O1a,B,o,a) .

ii. The subset .y + 0 is decomposed into a family of 2-di,mens'iorial co-adjoint
orbits: 

@ th_1

o g ' ' ) :  { o , p , ' y " o , - ? c f  
o  

, - + d }'  (  ?  n t  ' - )

:  { ( o ,  B , z , t ) l z , t  €  R , 1 z  >  o } ,  ( 2 )

wh'ich are half-planes, parameterized bg the coordinates a, B e R.

2 . L .  C a s e  G : G + , 2 , r ( r ; ,  ) € R * .

i. Each po'int on the plane 0 :'y :0 i,s a 0-di,mens'ional co-adjo'int orbit

f,)p : O1a,o,o,a).

ii. The open set P' + l2 I 0 i,s decomposed 'into the union of Z-dimens'ional
cylinders"  Or :  O!? ' t )  :  { (o ,  ge" \ , . te" , t ) ls , i  e  R} .  (3)

2 . 2 .  C a s e G : G + . 2 . 2 .

i. Each po'int on the plane 0 : ^y : 0 is a 0-di,mens'ional co-adjo'int orb'it

0p :  O1c,o,o,o) .
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ii. The open set B' + .,1' I 0 is decomposed into the un'ion of 2-d,imens'ional
cylinders

Or:  Of ; 'z ) :  { (o ,  Be" ,Bse"  t .ye" , t ) ls , t  e  R} . (4)

2.3. Case Q: G+,2,2(v1 wi.th I e (0,r). We identi,fy Ei,z,sfe) wi,thR x C x R
and F :  (a,0,7,6)  wi th (o,0 + i1 ,6) .  Then,

i. Each point (a,0, d) is a }-dimens,ional co-adjo'int orbit

Op, : O1o,o_reo,a).

ii. The open set 0 + i,l * 0 i,s decomposed 'into the un'ion of 2-d,imens,ional
co-adjoint orb,its

Op :  gf ; 'a)  :  { (o,  (B + t7)e"e" , t ) ls , t  e  R},  (b)
wh'ich are also cylinders.

2.4.  Case G: Cq. ,z ,+: ,@-CD

i. Each point (a,0,0, d) ' is a 0-d'imens'ional co-adjoint orbit

f,)p : f,)1a,o,o,a;.

ii. The open set 0' + l' I 0 i,s the s'ingle l-dimensional co-adjo'int orbit

o " : g ( z ' + ) : { ( r ,  a , z , t ) l y z  + " ' l 0 } : R x  ( R 2 ) .  x R .  ( 6 )

3.I. Case G 'is one of the groups Ga,:,r(rr,rr;, Ga,e,z1.x; or Gap,3

i. Each poi,nt F : 5T* on the l'ine ot : A :'y : 0 i,s a 0-d,i,mens,ional co-adjoi,nt
orbit.

ii. The open set a2 + 132 + l' * 0 'is decomposed into a famity of co-adjoint or-
bits, wh'ich ore cylinders, coressponding to the groups G+,:,r1trr,lr;, G+,a,z1r;,
Ga,e,s

CI!9 ' t )  :  { (o"" r ' ,  g"" \ , ,1e" , t ) ls , t  €  R} ,
tagT

f,)! l ' ' l  : {(o""^, ase"tr + ge"\ ,^,/e" ,t)ls, f e R}, (8)

Of  '3)  -  
{ (o"" ) ,  ose"  + Be", f ,crs2e" I  Bse" *  ^1"" , t ) ls ,  t  e  R}.  (g)

3.2. CaseG : Ga,e,a( x,e1 for.r e n], p € (0, tr). We i,d.entify Ei,s,+(x,e\ with
C x R2 and F :  (a,0,7,6)  wi th (a-1 i ,8,1,6) .  Then,

i. Each point of the l'i,ne def,ned by the condition q : 0 : .y : 0 i.s a 0-
d'imensional co - adj oint orb'it

Op :  f , )1o,o,a)  :  { (0 + ?.0,0,  d)} .

ii. The open set la + iBl2 + l2 * 0 'is decomposed, into an union of co-ad,joint
orb'its, wh,ich are cylinders

Op:9$ '+)  :  { ( ( "  * iB)e" ' " * ,1e"^ , t ) l s , t  €  R} . (10)
4.L Case G : G+,a,r : R x7 b:

i. Each poi,nt of the line defined bg the cond'it'ions o : 0 : .y : 0 is a 0-
d'imens'i,onal co - adj oi,nt orbit
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Op :  O1o ,o ,o ,d )  :  { ( 0 ,0 ,0 ,  d ) } '

i i . The set a2 * P'+0,' l:0' is the un'ion of 2-dimensi,onal co-adjoint orbits,
which are rotation cylinders

0$' t ' " ;  :  { (acosI  -  Bsin| ,as in | l  Bcos7,0, t )10, ,  €  R} (  1 1 )

I l t

L e .
Q $ ' t ' " ' :  { ( l r ,  a , 0 , t ) l n 2  * y 2 :  o 2  +  0 2 ;  r , y , t  e  R } .

The open set 1 l0 'is d"ecomposed 'into a union of 2-d'imensi'onal co-adjo'int
orbits

O $ ' t ' a ;  : { ( * , y , j , t ) l r 2 + a 2  - 2 7 t : a 2 + B z  - 2 1 5 ;  n , y , t e  R } ,  ( 1 2 )

wh'ich are rotation paraboloids.

Case G: G+.+.2: R x Hs, the real d,iamond group.

Each point of the line q: 0 : 1 :0 is a j-dimens'ional co-ad'jo'int orbi't

f , )p :  O1o,o,o,o; .

i i . The set a f 0,0 : 'y: 0 is uni,on of 2-dimensional co-adjoint orb'its, wh'ich
are just half-planes

Qf ' ' ' " ,  :  { (e ,0 ,0 ,  t )  |  n , t  €P. ,o r  >  0 } . (13)

iii. The set a : 1 : 0,0 * 0 i's union of 2-d'imensional co-adjoint orb'its, which
are just half-planes

Af 'z '41 :  { (0 ,  A,0, t )  |  A, t  e  R,0y > 0} . (14)

iv. The set aB * 0,1 : 0 is d,ecomposed 'into a family of 2-di'mensional co-
adj o i,nt o rb'its, which are just hyp erbolic-cylinders

Af ' ' ' q  :  {@,y ,0 , t )  l r , y , t €  R& a r )  0 ,  Ay  >  0 ,  ra  :  aP} .  (15 )

v. The open set 1 l0 is decomposed i'nt'o a family of 2-dimensional co-adjo'int
orbits , wh'ich are just hyperbolic-paraboloids

O $ ' z ' 4 1  :  { @ , A , 1 , t )  |  r , y , t €  R  &  r y  -  d . P :  7 ( t  -  d ) } , (16)

Thus, we have 15 families of 2-dimensional co-adjoint orbits and a single

4-dimensional co-adjoint orbit Of;'a) ry C x C*. They are strictly homogeneous

symplectic manifolds with a flat action (see [12]).

2.2. Moyal *-product and quantum co-adjoint orbits

Let us denote by A the 2-tensor associated with the standard form r,.r : dp Adq :

Di:rdni Ad"qi of tine symplectic space R2'. We consider the well-known Moyal

*-product of two smooth functions u,'u € C-(R2'), defined by

'  s -  1 7 1 r t, t L  * , t )  :  u .u  +  \  ; \ " )  
p '  ( u ,u ) ,

where

PL(u,u)  :  {u,u} ;  P ' (u,u)  ' -  lv i t i t  lv iz jz  .  .  .  \v t ' i ' f l ; r r . " . . . t .uA| , i " . . . i ,a ,

with

4 2

I
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0 [ , r , . . . " , , :  
a * " 3  ^ a * - i  

r  : :  ( p , q )  :  ( p r , . . . , P n , Q 7 , . . . , q n ) .

It is well-known that this series converges in the Schwartz distribution spaces

S(R"). F\rrthermore, the following results are known (see e.g. [1]): If t^l,u e
5(R2'), then

o  u x T : T T T ,

.  I (u*o)( { )d{ :  Iuud( ,
o lu : 3(R2') ---+ 5(R"), defined by (..(u) : u*u is continuous in L2 (Fc2n, dq)

and then can be extended to a bounded linear operator (still denotedby l.)
on L2(Fi2*,d,{).

Let now G be an MDa-group, g : LieG. For each 4 e g, the corresponding

Hamiltonian function is I and we can put !.a(u): iAxu, u €L2(Pc2,#)- tt

is then continuated to the whole space L2(R2 ,4#). Let us denote by Fr(f) tirLe
partial Fourier transform of the function / from the variable p to the variable r,
i .e .

Fr( f ) (* ,q)  ' :  |  [  " - 'o ' f  
(P,q)dP

\/ z'|f JR

and by F;t (f) the inverse Fourier transform.

Now we put 2n'= Fp o le 
" ?ir with A e g.

Definition 2.4. Let (lp be the K-orbi,t of the co-adjoint representat'ions of Lie
group G passing through a point F € g* : fi,e(G)". With A runn'ing ouer the

Lie algebrag: LieG, l?r,0o] is called a quantum co-adjoint orbit of Lie group

G .

2.3. Some known results for special classes of groups

We recall some results which will be used frequently in this paper.

Theorem A. (B. Kostant, L. Auslander), (see l l2,p.2aI]) LetG be a connected
and simply connected soluable L'ie group. The followi'ng assert'ions hold.

7. The group G belongs to type I i,f and, only i'f the space O(G) is Ts and all

forms Bs (Ki,rillou forms) are exact.

2. If G i,s of type I, all irreducible representat'ions of G are obta'ined by the
orbit method. To euery orbit Q there corresponds a fami'ly of irreducible
representations, parametrized" by the characters of the group r1(Q).

3. Representations that correspond to di,fferent orb'its or different characters of
the fundamental group of the orbi't are necessarily 'inequ'iualent.

We note that if the group G is exponential then all G-orbits in g* are home-
omorphic to euclidean space. In particular, it follows from the above theorem
that exponential groups are of type I and that for these groups, there is an
one-ro-one correspondence between the sets G and O(G).
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Theorem B. 12,Proposition 2.6] LetG be an erponent'ial connected and s,imply
connected L'ie group. The operator (.a :: Fo o (.4o F;\ , A € g, is the differential

form of the unitary irreducible representat'ion ra of the group G corresponding
to an orbit A e O@) by the Ki,rilloa-Kostant method.

In other words, the unitary irreducible representations of the exponential
Lie group obtained from *-product a.re isomorphic to the unitary irreducible
representations obtained from the Kirillov-Kostant method. It is to emphasize
that if Ln is a representation of the Lie algebra g of a connected and simply
connected Lie group G, then the representation of G (obtained from *-product)
is constructed by the formula

T(exP A) : exP ia,

where exp is the canonical mapping of the Lie algebra into the group.

3. Representations of the Real Diamond Group

First, consider the real diamond group G : R x H3. This group has a lot of non
trivial 2-dimensional co-adjoint orbits, which are the half-planes, the hyperbolic
cylinders and the hyperbolic paraboloids.

3.2. Quantum co-adjoint orbits of the real diamond group

Each element A : aX + bY + cZ -f dT e E+,q,,2: Lie(R x H3) can be considered
as the restriction of the corresponding linear functional I onto co-adjoint orbits
( c  s . ) ,  A@) :  (F ,A ) .we  have

Proposition 3.1. There is a diffeomorphism $ from R2 onto {lp,(p,q) ,+
,b(p,q) such that

l. Hamilton'ian funct'ion A in canonical coord,'inates (p,q) of the orbitQp i,s of
the form

if O", : CIF'l '")

if f)", : A$'t'41

if f)F : Oln't'"1

i f  oF :C)$,t 'a)

2. Inthe canonical coord'inates (p,q) of the orbitdlp, the Kiri,llou forma co'in-
c'ides with the standard form, dp A dq.

Proof. 1. We adapt the diffeomorphism ry' to each of the following cases (for
2-dimensional co-adjoint orbits, only).

o  W i t h  a + 0 , 0 : . y : 0 , s e t

t! : (p, q) e R' ,+ ,lt(p, q) : (ae-e ,0, 0, p) e Qf'2'") .

* bBeq

!. ae-q +b(aB - $)eq t c1
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Element F e g* is of the form -F' : eX* + PY* I "yZ* + 6T*, hence for
A :  a X  + b y  + c z  * d , T  €  g ,  A @ ) :  ( F , A )  :  ( a x "  +  p y *  _ t 1 z *  +
6T*,aX + bY + cZ + dT) : aa I 0b + lc+ 6d.

It follows that .F / : ae-e X* t pif* e Q9'''") ,

A o ,b(p, e) : (F' , A) : aqe-e q-'40. (12)
o  Wi th  a :  1  :0 ,  B  f  0 ,  se t

l.t : (p,d ePc' ,+ t(p,q) : (0, \eq,0,p) € A#'z'b).

A@) :  (F,A) :  aa-t  Bb*ry*6d,.  Flom this,  F'  -  BeeY* tpT* e Qg' ' 'u),

A 
" 

,!@, q) : (F' , A) : b\eq + d,p. (18)
o With ap + 0,7 : 0, set

g :  (p,q) eFt '  ,+ ,h(p,q) :  (ae-q, geo,0,p) 6 g@,2'c) .

A 
" 

,lt(p, e) : aae-s + bBeq + d,p. (19)
o At last, if 1 I 0, we consider the orbit with the fi.rst coordinate r > 0, set

t l , t :  (p,q) eR' ,+ r l t (p,q):  (e-q,(a0 +W - "yl)eq,"y,p) € Af 'z '47.
We have

A" rlt@,Q) : ae-s + b(aB * lp - $)eq I c1 -f d'p
: (d + bl"n)p * ae-'t + b(aB - $)eq + c t. (20)

The case r < 0 is similarly treated: set

(t : (p,q) e R' ,+ ,lt(p,q) : (-e-q, -@0 + lp - jl)eq ,.y,p) e QF'',d) ,
A 

" 
,!@, Q) : -ae-s - b("9 -f lp - $)eq -l c1 -f d,p (21)

: (d - bt"o)p - ae-e - b("0 - 16)eq + c1.

2. We consider only the following case (the rest are similar): set

l t  :  (p,q) e R' ,+ ,b(p,q) :  (e-q,(og + lp -  76)eq,.y,p) e QF' ' 'o) ,
A o rh(p,q) : (d -l bleq)p * ae-q + b(aB - 15)eq + c7.

In canonical Darboux coordinates (p, q),

F' : e-ex* + ("9 * lp - 15)eqY* *.yz* * pT* € e#'z'd) ,
and for A : aX + bY + cZ I dT, B : a' X * btY a ct Z + dtT,we hir,ve

€e(f) : {A, ft : (d + h"\# - | - o"-o + b(aB -r tp - $)"n\T-,' d q  L  )  0 p '

lsU) : {8, f} : (d' + b'y\U - | - o'"-o -r b,(aB r w - $)etl?^f .' d q  L  ' - ' -  ) 0 p
Fiom this, consider two vector fields

ta : (d + ut"\* - | - o"-o + b(aB * w - $)"nl!,'  ' d q  L  \  r 1 p
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a  ^  " ' ^ o€a : (d' + b'Tq);A - l- a' e-s * b' (aB -r tp - $)"t|fr.

On one hand, (see 172]) up, ((e,€s) : (F', lA,Bl) - (e-oX* + ("0 + lp - $)
e T Y "  t 1 2 *  + p T * , ( a d ' - d a ' ) X  + ( d b t  - b d ) Y  + ( a b ' - b a ' ) z ) .

It follows therefore that

wp,(tt,it1 : @d,t - dat)e-a + (dbt - bd')(aB -r tp - $)eq * l(ob' - bat). (22)

On the other hand,

dp Adq({a,€n) : dp(t'q,)ds\a) - dp(€a)dq(te)

: -l-ae-a + b@B * tp - g)eql@' * b'1eq)

t l-a's-a * b'(aB -r tp - $)eql@ + bteo)

: l(ad' - da')e-a + (dbt - d'b)(ap * tp - $)eq t 1@b' - a'b)1.

(23)

Flom (22) and,(23) we conclude that in the canonical coordinates the Kirillov
form is just the standard symplectic form r.r : d'p A dq. I

Definition 3.2. The charttlt-r on(lp, g'iuen in Proposit'ion 3.1, 'is called the
adapted chart onQp.

In the next subsection we shall see that each adapted chart carries the Moyal
*-product from R2 onto Op.

3.2. Irreducible unitary representations of G : R x He

Proposition 3.3. In the aboue ment'ioned canonical Darbou,r coord'inates (p,q)
on the orb'it dlp, the Moyal *-product satisfi,es the relat'ion

iAx tE - lE * r.A : tff i ,vA, B € g : Lie(R x Hs).

Proof. Weprove the proposition for the K-orbit Q, : Qf'''o) , A: Qt+fiet)p-t
ae-q *b("0 -$)eq * c7 (the other cases are proved similarly). Consider the
elements A : aX + bY + cZ I dT, B : a' X -lbtY a c' Z + d'T € g. Then as said
above, the corresponding Hamiltonian functions are

A: (d,-r blet)p * ae-c + b(aB - 16)eq * c1,

E : (d' * btlet)p I at e-s * b' (aB - $)eq * C1.

It is easy then to see that

Po(A,E) :  A .E,
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Pt(A,81:1A,81: aoAaoa -  aoAarE
: (d + 61eo)l-a'e-q + b'(a0 * tp - $)"nl

- (d' + bt1e|)l-ae-q + U(aB * tp - $)eo)
: l("d' - da')e-a + (db' - d'b)(aB -r tp - $)eq + (ab' - ba')11,

p' (A, E) : Lt' Lt2 a2* Aalo E + LL2 LzL 4q Aa],, E + I.JL N2 azno Aaln E

+ LzLL2La?qAa'z*E: -2bb"f e2q,

pt (A, B7 : lvrz lrtz tJ2 alooAalooB + N21t12 t]fr alonAfinoE

1 lvtz Trzr lrtzaln Aal,ooE 1 [zrlrz1r2afuoAaf;noE

1 ,12rr1zrr1rz a3*oAa|*E 1 lvzt lrtz lrzr al,rnAalnrE

a lrtz lrzt lrzL alooAQ,*a a trzr1zt1z'al,nnAafuoE : o.

By induction on k we have PV(A,E) -- O, Vk > 3.

Thus,

tA x tE - tE x iA : filrL 1tA, ib - PL QE,iA)]
: i l(ad'-dat)e-e + (db'-d'b)(aB + 7p-75)ea a (ab'-atb)1f .

On the other hand, as

tA'a1:iT:n;;'.tf :0,:r;':",":,0_'":rX:l
we obt_ain ilA, BI : il(ad' - dat ) e- a + (db' - d' b) (a B + ry - $) eo + (abt - at b)1] :

iA * iB - i,B * i,A. The proposition is hence proved. r

Consequently, to each adapted chart, we associate a G-covariant *-product.
Then there exists a representation r of G in Aut(C-(O, R)[[z]]), such that (see

[9] ,  here u:  i l2)
,G)("*  o)  :  r (s)u *  r (s)u.

Because of the relation in Proposition 3.3, we have

Corollary 3.4.
l1t,el : la o (.8 - ln o le :: l ln,lal. Q4)

This implies that the correspondence

A '+ l.e : iA*

is a representation of the Lie algebra g: Lie(R x H3) on the space C*(OF, R)

tt;]] "f 
formal power series in the parameter u : il2 wifh coefficients in

C - ( O p , R ) .

Lemma 3.5. We haue

L. aeF;r(f) :  t ;r(r. l) ,  '

2. ?r(p.u) : i,a,fo(u),
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3.  For  a l l  k  > 2,  then P*(A,F; I ( f ) )  :

aae-q01...r?.p L (f)

(-t)kuBea an...pf;L (f )

Nguyen Viet Hai

tf A ts defi,ned, by (L7)

tf A ts defined, by (1S)

: { locr"-n + (-t)kuBeolal...of;1ff) i,f A is d,efi,ned, by (r9)

?t1n-t *.reo afo. rF;L U)+
-rlae-o + (-r)kb(dB * tp - 6)eelA!...ofrL(f) tf A ts d,efined, by (20)

Proof. The first two formulas are well-known from the theory of Fourier trans-

forms. We shall prove the third. Remark tl 
( O -1\ '

t " t A :  
( i  i  ) t "  

t h e s t a n d a r d

symplectic Darboux coordinates (p,q) on the orbit Op, we have
o If A: ao,e-Q * dp then

p' (4, r ;' $ )) : L12 tvL2 03o Aal nr ; 
t 
U D + trLz tf r alo Aa2oo r ;, ( f ))

+ L2r LL2 a2qpAafnr;' ff)) + tr2t tt2L af,nAalor;, U))
: aae_qoipfir(f),

P3(4, F;L(l)) : (-1)6ao"-oa\*f;t (f) : aae-qlipp t(/),

P*(A,F;'(f)) :  aae-nof oF;lf f),  vk > 2,

e If A: bgeq * dp then

P*(A,r;rUD : ?tlkuBsoat ,r; 'U), vk > 2.

o If A : aer-Q -t bBee * dp then

+ L2r LLz A2qpAA2eq t(/)) + ^2r Nr A2ooA\irr;' (fD

loc,"-n + (_D2bpeqla;P '(/).

P" (A, F;t (f)) : laae-a + eD3 bpelalof;t (f).

By induction on k we have
pr(A,F;r( f))  :  laae-e + (-L)kbpeslat. . .or; t f f )) ,  vk > 2.

o If A: (d + blen)p I ae-q + b(aB - $)so * c7 then

p'(4, r;t $)) : L'2 IrL2 03eAa'nnr;'UD + tJ2 t:.2L aloAal,or;t ff))
+ L2L LL2 a2 pAalnr;' ff )) + NL IJr a2noAa'*r;t (f D
(-l)2.b1eq0rrf;r ff)

* lae-t + (-r)zb(aB *tp - 16)ecla2ooF;L(f).

P' (4, F;L UD : eDz sb^yeq aqeeF;I U)
-r lae-a + (\3u(aB -r tp - p)eolaf*Forff).
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Flom this we also obtain :

pr  (A,  
" ; t  

( f ) )  :  ( -1)k-1.k .orya a lo. . .oF;L ( f )

ilae-e + e:1)kb(ap * tp - $)"olaf or;lff) Vk > 3.

The lemma is proved. r

We study now the convergence_ of the formal power series. In order to do

this, we look at the *-product' of i'A as tle *-product of symbols and define the

differential operators corresponding to iA.

Theorem 3.6. For each A e Lie(R x Ha) and, for each compactly supporied'

Cn-functi,on / e 4(R') we haue

ie f f ) :

la(Lo, - a,) + 6oo"-@-E)lf xf A i,s defined by (17)

ldGA, - a) + i,b1e1-t)lf d A is defined bs (1s)

laGa, - A; + i(aae-(o-t) + bBe{o-E\]f tf A ts defined, by (rs)

l ( d+hes - t )Gaq-a ; l f
-rilae-(e- i) + b@B - $)eo- i + ctl f tf A is d.efined by (20)

l@ - qea- TGaq - a,)l f
1-il- ae-@-t) -b(ap - 76)ee-E + c.y]f tf A i,s d,efined, by (2r).

Proof. Applying Lemma 3.5 we obtain

l .  f f  A:  aote-Q *  dp then

|eU) : Fe(iA* r,L(f)) : or,(I (*)'i e'1A,r;'U))) :

: tFo{@ae-s + dp)F;LO + f,}taanFi'ff) 
+ acle-qaeq;rU)l

. *(*)' "ae 
q0pp2ri'(/) + * fit l l 'aae-qg .,F;LU)+ . . . )

: i{aae-a 1 + d4oQt.r;'(/)) + f,}vu't t aae-qfr(arF;Lu))]

* +. (+)' "oe- 
q Fp(t2wr ; 

L U)) + + i ( ; )'. aae- q F, (a$,er ; 
L U )) +

* * ( j )"  . ' ""- 'F,(q or;LU)) + . . .  )
:  o(Iu, - u,)r * iaae-ql,  * t .  *G)'  +.. .  + ; .( ;) '  * ] i
: o(iu, - u-)t + iaoe-qei f

: o(*u, - u-) t * iaae-k-il 7.

2. rf A : bleq * dp then AnU) : d(ian - a)f + ibBet-i 7.
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3. It A: o,ote-q -f bBet * dp then

|o(f) : tfo{@.,e-q -r bBeq + d,p)fir(f)

+ jlaorr;'(/) - (-o.,"-n 1- bBe\lrreL U)l

. *.(+)'loo"-o + (-r)2bpesla2oor;11y1+ ...

. i.(*)' loo"-o + (-L)'btecla;...or;'0 * )
: iaote-q.f  +id,Fo(p.F-t( /))  + ibBeqf * |aary

r ,"-oFo(oot; | ;))  -  
f ,uo" 'rr laot;L$))*.,ioo

+ . . . $tll ' aae-q F,(o[.,F;1 ff))

* .i(+)' bBes Fp(a;...pr;L $)) + . . .

:  o ( lu ,  -  u - ) t  * iao te-q lL  + ;+ ' . .  +  l i f  + . . .1y

: o(iu,- u,)t +t'loo"-G-t) 'r6B"o-t]17.

4. For each Ais as in (20), remark that

Po(A,F; ' ( i l )  :  A. r ;LU) ;p ' (A, r ; r1111 :  14, ' ( / ) )
: (d + uleq)\qFer (f) - l-o"-o + b(aB + .tp - 76)eql0ef,pr U).

Applying Lemma 3.5 we obtain

Ie(f) : t{ro{ae * ae-q + b(aB * tp - $)eq r eir;L (il)

* *hr,(la + h"o)aor;'U)
- l- o"-o + b(aB +.yp - j6)eclAeE;L(il)

* (*)' *.r, (- zayn afior;' U)

i lae-e +b@B * tp - 61eela'z*@;t1{ ')

+ . . . + (il' in((L)'-'ravca;...eqt;'U)
+ ( -1) ' [ ( -1) 'o" -o +b(aB * tp-  15)eql0[ . . . r fe ' t l ) )  + . . .  ]
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: i{o"-n I + b(aB - tl)en f + aro@frr (f))

+ bleq F, (pre' (/)) + *i.A + u'yes) aq f

- 
*f 

- ae-qirf +b(aB - g)eqirf +bleqFr(pfet("/))]

. (*)' *.e2b,y 
es ) Fe @2eo F; t $ ))

. (+)' *.lae-q 
(ir)z f + b(aB - g)eq (ir)z f + a',/es r,p(p* r;L 1r2 

,1,)l

+ . .  .  + (#) ' i t - t  ) ' - ' rbleqff  onr; 'U). (*) ' i  lae-q(ir) ' f

+ (-7)'b(aB - 15)eq(in)' f + b'yeqf,p(p(tr) forffD] + )

:  t lo"-o (t .  +;+ + *(;) '  )4
+t la loB -$ ) "o ( t -  

;  + . . .+ ( -1 ) ' i ( ; ) "  ) / ]
+ ictf + i2da,f *|oar\ t ibleq x

: a( ao - u,) t + lro"-G-i) + tu@g - rt1"n-t)f

* ic1f *  e-tbleq|cf  -b 'yese-EA,f

: (, * btec-z) (lu, - a,) f + lto"-G-t) + ib(aB - g)ee-i + 1"tff .

5. At last, if ,4 ir defined by (21) then
r

(a - u1"'- i) (iu, - u,) t * l- rae- k- tt - *@g - g)eo- t + i,c1l y.
theorem is proved. I

t n ( f ) :

The

Remark. Settirig new variables s : q - t,

(aa" + iaae-")fl6,t)

(aa" + nBe")fl6,tt

(da " + ifaae- " + uge"l) f la r)

t : e l f , w e h a v e

if A is defined by (17)

if A is defined by (18)

if ,,4 is defined by (19)

aeff): l  ( t '  -raY")a"
-ri[ae-" + b(aB - $)"" + 

"rl)/[r",,1 
ir I is defined by (20)

(la - u',"\a"

*il-ae-" - b(og - t6)"" + 
"r1)/lt",rl 

if I is defined by (21)



Nguyen Viet Hai

Theorem 3.7.

l. With aboue notations we obtain the operators

which prouide the representat'ions of the Lie algebra g: Lie(R x Hs).

2. For all A, B € g, 
ie o Ln _ ia o 0.a : i6,r1.

We call
. [o$'2'"), Af)l; la#2, 

'o',0Y\ the quantum half-ptanes,

. la$'zrcl,Af)l tn" quantum hyperbolic cylinder,
-  |  ) \  ^ t  ) \  ^ /  ) t \ -

. f0!l/; (X',eX /l the quantum hyperbolic paraboloid,

with respect to the co-adjoint action of real diamond group G.

As G : R x H3 is an exponential, connected, simply connected Lie group,
we obtain all irreducible unitary representations ? of G (see Theorems A, B)
defi.ned by the following formula

?(expA) :: exp(la), YA e S.

More precisely,

if ,4 defined by (17)

if,4 defined by (18)

if A defined by (19)

expQ.a):

-rilae-" + b(aB - l|)e" + crl)lt",tl if ,4 defined by (20)

exp((d - h.")0"

*i,l-ae-" - b("p - "yl)e" + crl)lr,,tl if I defined by (21)

This means that we find out all representations ?(exp A) of the real dia-
mond Lie group R x II3, those could be implicitly obtained using the orbit
method. However, our result here gives more precise analytical formulas than
those obtained by the orbit method.

4. Quantum Co-Adjoint Orbits of the Exponential MD4-Groups

Throughout this section, we denote by G one of the following groups: (with
p * n 1 2 )

exp(dE" I i,aae- " )l 6,11
exp(dE" a i,bBe")16,t1

exp(dd" r ilaae-" + bBe"DlGJ)

exp((d *b1e")0"
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Ga,r,r i  G+J,z;Ga,z,r(r) i  G+,2,2;G+,2,2(,p);G+,s,r(rr , rr) iGa,e,z(r) iGa,s,aiG+,s,a() 'p).

These are exponential groups (see [5]).

4.1. Hamiltonian functions in canonical coordinates of Op

Denote by Or the co-adjoint orbit at F € 9*,9: LieG, A : aX +bY + cZ + dT

e g .

Proposition 4.1. Each nontriaial orbit Or C g* of the co-adioint representa-
tion of G admits a global diffeomorphisrn tl't

lt : (P,q) e R' ,!(P,q) e Qe, such that

(i) Hamiltonian function A : (F' , A), (F' e Or) i,s of the forrn

A "'!@, 
q) : Q(a, g, "1, 6, q)'P + V (o' 0 

"Y' 
6' Q)'

where Q (a, 0, "1, 5,g), iP (o, 0,'1, 6, q) are F -functions on R.

(ii) The Ki,rillou form w is

u: dp Adq. (25)

Proof.
(i) The diffeomorphism t/ will be chosen case by case.

1. Case Ga,r,r and O" : Oll't)' chose the diffeomorphism:

A " 
,!@, q) : d'p * (aq * bg + cY)- (26)

2. Case Ga,1,2 and O" : O$''). Then we take

A" rl,@,q) : d.P t (cleq + aa -l bB). Q7)

3. Case G+,2,r(r) and op - ol?'t).

g : R2 -+ o!?'t); (p,q) '---+ (o,0"0^,'leq,P),

A o rb@,q) : d'p -r (c1eq * aa r bBeoxl' (28)

4. Case Ga,2,2 and Q, : QF'') .

{ t :  R2 ---+ oF' ' ) ;  (p,d --+ (o,g"o,Aqeq +'Yeq,P),

A" 'h@,q) : d'p t cBqeq + (b0 + c1)eq + aa' (29)

5. Case G+,2,2(,p), P I "12 
and f,)p - OF't'

(; : R2 ---+ O!3't); (p,q)'---+ (o,(0 + i1)ete"e ,01,

A " 
'lt(p, q) : il'p + (b + i")(0 + i1)ea'"' + aa' (30)
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6. Case Ga,s,r(.rr,.rr) and Op - Olg't).

tlt : R2 ---+ of't); (p,q) ,---+ (a"nx, ,0"n\,,,teq,p),

A 
" 

rb@,q) : d.p I aaeq\' * bBet^z * egq. (31)

7. Case Ga,s,z(r) and Op - Ol9'').

lt : R2 ---+ oF'') ; (p, q) ,---+ (o"o^ , aqeq^ + geq^ , .,teq , p) ,

A"r l t (p,q):  d.p* (ao + bqa+bB)eq^ I  c 'y.q. (32)

8. Case Ga,3,3 and Op, :gf'e).

t l t :  R,z SLe (p,S) + (aeq,aqeq l  geq,|aq2so * gqeq *. , teq,p),

A o rb@,q) : d.p * (aa -f ba -t bB + 
|"oq' * cBq * cy)eq. (38)

9. Case G+,s,a1.r,e;, g + E and Of'a)

tlt : R2 ---+ Of'n); (p,S) ,---+ ((a * iB)eq"* ,.,teq\,p),

A"rb@,q) :  d, .p* (o* ib)(a+iB)se'" '  + 
" 'y"o^. 

(34)

(ii) We prove for the case G+,2,t1e1,g + t, that the Kirillov form on Op is
dp A ds.

Flom the Hamiltonian function A 
" 

th(p,q) we have

€.q(f) : {A, f} : dH- (b + i")(g + i11eivee"" ajr,

with A : aX *bY + cZ + ilT e ga,,z,z1s1

€B(f) : {8, f} : d'+ - (b' + i"')(B + illeivee'n'U,- o q d p

with B : a'X + b,y +,c'Z + ilT e ga,z,s1e;. Thus,

dp ̂ dq(€e,€n): dp(€e)dq(tn) - dp((a)dcife)

: l(db' - {b) + i(d,c' - d'"\@ } i1)eie so"'?

On the other hand, (see [12])

up,(€.e.,€e) : (F', lA,Bl) : I(db, - d,b) + i(dC - d,"\(F I i1)eivso."
This implies (25).

The other ca.ses can be proved similarly.
The proposition is hence completely proved. I

4.2. Computation of operators la

Since the Hamiltonia,n function is of the form O(a, 0,.1,6,q).p +V(a,0,7,5,q),
one can prove that 

p'(A,B) : o vr ) g, yA, B e g.
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FYom this we have the following proposition.

Proposition 4.2. With A, B e g, the Moyal *-product satisfies the relation

iA*iE - iB *tA: t f f i .  (Bb)

This implies that the correspondence

A t +  ( ' a : i A x .

is a representation of the Lie algebra g on the space C-(OF)lt;l] of formal
power series.

Put t ing A(q)  :  Q(o,0, ' ' t ,6 ,q) ; ! [ (q)  :  V(o,0, 'y ,6,e) ,  we have

Lemma 4.3.

P'(A,r;rUD: (-1)'a;(v)a;r;rU) v/ € A2(R2,dpd,ql2n) Yr ) 2.

Proof: The proof is straightforwa^rd. r

Theorem 4.4. For each A€ g and for each compactly supportedC*-function
/ e Cff(R2), we haue

ie(f) : o(q - ilGao - o,)f + i!r(q - il f.
Setting new uariable,s .e : g - t,t: e t t, then

^ a f ^ a
te,(f) : o(")# + i i[(s)/|r",t1, i.e. le: [o(")i + i l[(s)]11",1). (36)

Proof' po(A,F;L(f)): [o(q).p + v(q)]ro-'(/).
p'(A,F;L(il): ak)7cEi'(/) - lpaoa@) + aqv(dlr;Lu).

P'(A,r;rUD: (-l) 'a;!ra[F;'(f) vr ) 2.
Flom this and Lemmas 3.5 and 4.3, we have:

Aeff) :  Fo o La " F; '(f) :  iFp(A* foL(f))
/ _ / 1 \ r 1  \: ' i ,re( t ( ;  |  )e'1A,r; '(/)) )
\  ; ;  \  zz . /  T ' i  /

( .
: irol [o(q)'P +v(q)]FitU)

. i*(o1q1aor;119 
- lnaafta) + anvlq;1 F;'(f))

+ ... + * (#)'rr- \, 0[va;f; 'tf l) + . .. ]
: .(o - ?(Lu, - u,) t+,;v(c - ? t

The theorem is proved. r

As a direct consequence of the definition of l.a, we have
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Corollary 4.5. For all A, B e g,

0a " ip - 2n " io: 01t,"1.

Flom Theorems 3.7 and.4.4 we obtain the quantum half planes, the quantum
planes, the quantum hyperbolic cylinders, quantum hyperbolic paraboloids ...
of the corresponding groups. At the same time, we have all irreducible unitary
representations of these groups (see Theorems A, B)

?(exp A) : u*p(ze) : 
"*p (ftt"lfr + zv(s)111",,1).

Thus, we obtain the full list of irreducible unitary representations of exponential
MDa-groups.

5. The Case of Groups G4r2r31n1z1, G4r2r4, G4,Br41n1ry, G4r4r1-

'5.1. 
The Iocal diffeomorphisms

99" 
group of affine transformations of the complex straight line Ga,2,a :

Atr(C) in 17], we replaced the global diffeomorphism ry' by a local diffeomorphism
and obtained

Proposition 5.1. l7l Firing the local d,iffeomorphismtltp(k eZ)

r b x : C x H ; - - - + C x C 6

(z ,w )  * - -+  ( r , " - ) ,

where Hp : {w : qr t iqz € Cl - m ( qr ( *oo; 2ktr < qz 1 2,lctr I 2tr), we
haue

1. For ang element,A e atr(C), the correspond,'ing Hamiltonian function A in
Iocal coordinates (z,w) of the orbitQp is of the fonn

Aorl.,1"(2,-1 : lp, * ge- +az +Eedl

2. In local coordinates (z,w) of the orbit dlp, the Kirillou form a i,s of the

form

, : ! @ r A d , w * d z ^ r u ) 1 .

Analogbusly, for the groups Ga,z,t1ey,G+,s,n1e1 with g : r 12, we also replace
the global diffeomorphism t/ by local diffeomorphisms tfu(k e Z).

Let us denote Ip : (2ktr,2r -t 2kn), k e Z.

r  For  G :  Ga,z, t (E) i  Op :  { (o,  (B + i1)e ' " , t ) ls ,  t  e  R},

tbn:R x I7,  r - -+ Op

(p, q) ,---+ (o, (0 + i"y)e"n , p).

Then the corresponding Hamiltonian function is

A 
"'|,*(p,q) 

: d'p + (b + i")(P + i1)eia + aa.

o For G : Ga,,s,+(n/2\; f,)r : {((o + iB)ei",1e^",t)ls,t e R},
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$*,R x I7"  r - - -+ OP

(p,q) ,-+ ((a + iB)eia,1eq^,p).

We have A"r / tn(p,q) :  dp* (o*  ib) (a+iB)eia + c lee^.

At last, for the Lie group Gq,+,r : R xi H3, which is not exponential group,

we have

Proposition 5.2. Ea,ch non-triuial orbitQp (in g* ) of co-adjoint representd'-
tion of G+.qt ad,mits l6cat charts (R x Ip, rlt;t) o, (R+ 

" 
T*,rbt"') such that

7. If AF : rg't '" '  and, A e ga,a,1, then

Ao t*(p,q) : dp+ ] trt" + i0 +b(B - talrleie

. |f"A 
- iP) + b(B + za1le-,a

:  dp t  (aa+bB)cosq*  (ba-aB)s inq  (37)

and the Kirillou fonn then'ts u : dp A dq.
2. If QF: Oll't 'O and A € 54,a1, then

A o,l,n(p,d : fin, *lZk" + "-nn) + fik* - u'\],
.a2 + 02'+ c'y + d'0 - d-21

d ,, 
ho' 

* (ocosq *bsinq)p-r c1-r d6 - d+!- (38)

and we haue the Kirilloa form to be w : (1lfldp n dq.

Proof. I. We consider the following diffeomorphism

r  , { r t  
* " . t 0 ,  

1
(p,q) ,+ ( i(" + ' ip)eie + i t" 

- i ,B)s-te' 
;(P 

- ia)eio , 
, t0 + ia)e-ie;O;p).

With each F' e{lp,

, '  : l l r (o- r iB)e io +Lr f " - f f i )e- io lx .  * l l f |  - ia)e ia ** fB + ia)e- io lY.
lpT*

and A : aX * bY -f cZ + dT e 94,4,1, we have

A1t'1: \F',A):Zl1r,+iB)eic + (o - if ie-te1

* lfto 
- ia)eia + @ + ta)e-iql + dp.

It follows that

{.s(/) :

, a f  ( i ,  ,  ' ;
a 

aq 
-ltro(o + zB) + b(B - ia)leiq + f,'o1o 

- ip) + b(g + t(,)ie-*\u.'  ) d p
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By analogy,

{s (/ ) : d' 
H 

- 
{!rl"' (o + w) + b' ( g - t o)leio + }[a' 

(a - i B) + b' (13 + t a)le-,e] 9! .
Consider two vector fields

.  t 0  ( i ,  ,  r : D \  r  L l D  : ^ t t ^ i o  ,  i ,  ,  
"  

- r - l  d€e : d* - 
\ rl"(" + iB) + b(P - ta)leie + 

rla(a 
- i0 + b(B + ia)le-, j 

6

e ' : o'&- {LV't. + ip) +b'(8. - ia)leie + }[o'(a 
- i0 +b'(0 + t*)]"-,r] 

&.
We have

dP A dq({a''' 
:'ii';::':?,,,,::':;l'i',**' - o,d)(p - i,a)teia

+ l(db'  -  d;b)(a -  iP) + (ad, '  -  a '  d)(B+ za)le- ic).' (3e)

On the other hand, [A, B] : (db' - d'b)X * (adt - a' d)y 1- (abt - a,b) Z implies
(see [12])

up, (€e,€.8) : (F', lA, Bl)

: 
il(z,u' 

- d'b)(a + i0 + @d' - o'd)(0 - i.a)]eio

r |Kau' 
- d;b)(a - ip) + (od' - d'd)(p r ia)]e-io

1 r -
: 

i\L@u' 
- d'b)(a + ip) + (od' - 

"'d)(p 
- ia)leia

F l(db' - dlb)(a - ip) + (od' - o'd)(B + io)]e-,;a).
. (40)

Then, (39) and (a0) imply that the Kirillov form is w : dp A dq.
2. For the case ? I 0 we chose

4h, (R+ x I1 ')  -+ 0p

(p,s),--+ (pcosq,psin s, .y,*@2 r215 - o,  -  0r))

(o, ,hr ' (R- x I7,) ---+ Op).
Then, for all F'€ Or,

F' - pcosqx* + psinqy* t.tZ* + 
fi@, 

+ 276 - az - Bz)7,*
and A : aX + bY + cZ + d:T e g4.4.1, we have

A o rbn(p, q) : ap cos q * fu sin q * c1 r 
*r' 

* 276 - a2 - B2)

- d ^,  ,  l \ (ono t-  e- ie\  *  ! (o '^ '^ ' l  ,oz + 92: 
go' * yrre ' -r e ')-r 

2i\e"t 
- 

"-'r))p 
I c1-f d5 - di- .
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It follows that
r i  1  - t i

€a (/ ) : llo * jU"o + b) ei t + (at - b) e-' e 1 1# 
- 

tl{o,' * u) "nn 
- (a;' - u) e-' elU .

By analogy,

€a(/) :  l* ,  * *(@'o t  b)eia + (a' i  -  b ') .9l [

-'ZlA' o * bt)eit - (o' i - u' )"-n")H.

Flom this, 

,i
dp Ad'q({a,€B): dp(€e)dq(€B) - dp($)dq((a):

: 
{ ' : l(@o' 

- d' a)i + (d,b' - db))eta - ((d,a' - d; a)i - (db' - d!b))e-tef
l z ' y  L '

+ p(aU - o'b) ).t
Thus,

lap nds(€e,€d:
p

: orl,Jr' o - d,' a)i + (db' - d,'b))eic - (@"' - d| a)i - (db' - d'b))e-te)

t1(ab' - a'b). (41)

On the other ha,nd,

wp,(€.q,{s) :  (F' , lA,Bl)  :

: (dbt - dlb)pcosqi (ad' - a'd)psinq+ (db' - dU)1

:'Zl.J*, o - d a)i + (itb' - d'b))eis - (@o' - d| a)i - (d,b' - d b))e-'q)

-r 1(ab' - a'b). (42)

Flom (41) arrd (42) we see that ar is of the form (1lfiilp A d'q. r

5.2. Computation of ope..tor, /f;)

It is easy to prove that

o I f  G :  G 7r then l f , )  :  (o*+ i [ (b + i . )(P + i1)ei"  +oo])1,", , , .
4,2,3(t) \ c's

o If G : G zr then /t, : (o&+ i[(o + ib)(a + iB)ei" +"r""^])[r,,,,.

Fbom this -" ffi:the:(local) representations ?(expA) : u*pif;).
In [7], we prove{ the following result for Ga,z,a.
Let F"(f.) denote the pa.rtial Fourier tra,nsform of the function / from the

variable z : pL * ipz tdthe variable ( : €r * i(2, i.e.

153
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r"U)G,.) : * I l_,e-iRe(tz) f p,w)dsd,p2

a n d l f f- 
f; '(f)(",r): ; J J*,.tn"(€z) 111,w)d,(1d,{2

the inverse Fourier transform. Remind that the subindex in the formula of F:r
indicates that it is the inverse of the Fourier transformation F..

Theorem 5.3. (see [7, Proposition 3.4]) For each A: (? f ) e urlC; ora
\ U  U  /

for each compactly supportedC*-funct'ion / e Cff(C x Hr), we haue

2P tn :: F, o tf,) o f;r(f) :
r  1 1  \  /  . ,  

t -  1

: l"(iu- - %) r + d( aa - ar) t + |(0"--i' ap"'-i') r) (as)
L . e .

i & )  ^ A  1 -  , ! ll ' i '  :  oh,+d 
f f i+  

(0""  1  oe") ;  u :  ' t t )  -  
,€ ;  

'  :  t  - '  
2 , '

Flom this we obtain (directly) all irreducible unitary representations of the

gro,rp ,{Fi-C), the universal covering of Afi(C). Now we consider the group
G+,+, t .

Theorem 5.4. For each A € g+,qJ and for each compactlg supported C--

funct'ion / e C3"(R xIp), the following holds.

L. If A is defi,ned, by (37) then

l? ft l  :  (dA"f + i l(aa* bB)coss * (ba - oB)sinsl/)11",t1.

2. If A is defi,ned, by (38) then
t\r n 

:7 1y,[i:' {u,u,r,,*, /) I r",n,
1 r-, (r,ttr- bi)A(f) * (a * bi)a-i (/)l

r  !a,Ko-u,)o(/)  *  (o *  b i )o-1(/) l )  |
Z"y  

-  " /  t ( r ,q )

w h e r e  
l : c 7 + d 6 - o t # ,

A(/) : "*p [,q *u,((h)i)] : ". Zi#(h)' ,),
o(/) : "*n [,q * u.((h) u,r)]: "* ni#G)' aor)

To prove the theorem, we need the following obvious lemma, which is a
direct consequence of the definition of Fo and F;r .
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Lemma 5.5. For all r > 7

.  d[,(F; '(f)) :  i ' f ; ' (* ' . f) ,

.  fo(n'fo1(/)) :  i 'aI,f f),

.  Fo({ oi,}, f ;r(f)) :  i2'-LoI,(r '-L .f).  r

Proof of Theorem5.4.
The proof for the first case is quite similar to that of Theorem 4.4. we prove

only the second case.
One can write (38) as

d  ^  P , ,  . . \ ; ^  ,  , . \  - ; - 1  , A 2 + 0 2
Aorl,(p,t): f in'+tl io-bi)eia 

* (o * bi)e-to1t c-t r at - aY-'L

andremarkthat /  O a1

, t _ r : l  p  ] l
\ _ ;  0 t

corresponds to the form c,.r : (l lddp A dq. Denoting F.pr (f) : ?, we have

,o : {*o' + tl' 
- bt)ete* (a * bfie-to1 + c'v + d5 - dt#\,,

,' : l# + fik 
- bt)ete* (a + bt)e-"q)fo'u

- 
*1, 

- bi)eit - (o + bt')e-it)ooa,

e' : 
fii {t' l(o - bi)eia + @ + ble-te1P3 fi"u

- zil(a - bi)eie - @ + afle-ielp2 O|no} + 4 a!'r,

pt : !{ (_i)3 [(o _ bt)era _ @ + bt)e'iq)pafi"u-  
2 ' v 3 [ t  

- /

+ 3(-i)2 l1o - ut1"nn * (a + u)e-inln3fi,ou\,

pn : :{ (-t)o l(o 
- bi)eia * (o * bt)e-iqlps dt^u

2'Ya |. '

+ 4(-i)3 l1a 
- Atleio - (a * bi)e-tqlp4ahqa\.

By analogy, for all r ) 4 we have

P' : 
+(t-r)'tto 

-bi)eie + (-1)'(o -rbi)e-ia1r'*'0;,r)

. t#( f t" - bi) eit + ( - r )"-' (o * bi,) e- iclr' 
%, -, oo) .

As I is defined by (38), we obtain
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i\fn : F,QA* F;'(il)i.D,^(*)' ,, (r,(A,r;,0)

: i(4 + dd - otfflr*

* {r,rfir, q * + *F,($n, ad * *(*)' r,($n, aSdf
* \ - l f 1 \ ' 1

, - r ror ! \2 i /  21r

" {{-,;)' l(o - ut1"oo + (-r)'(a + bt)e-itlFo@'*taho)

+ r(-i),-rl@ - bt)Tit + (-1)'-r(a +bt)e-iolfowa[.-,r")]

: t(ct + d6 - offlr * nfit a, * fia-aoy'y
,  i 5 - l / - L \ ' ,
. ;X;\;) (a -bleiefo(&'+'q",1

. ;n*.(*)'," + bt)e-io Foln +, q,,1

. ;+n# ( # )' 
-' 

*o 
- bt)eit Fo(p' 0[<, -'>oa)

. ;+,D^#T (*)' 
-' 

*ta + bi) e- ie F,(n' st. -,1 " o)

: rlct + d6 - rry * ofi{no, * f,o,a,y1y
* ;@ 

- bi,)eio t * (*)' P,+, aI!],(,, .r)
r )0

* ;@-r bi.)e-ieE * (+)' r,+,oi!|,(r, .r)
r )O

* +@ 
- bi)eio; # (*)' 

-' 
u'-' q-],@, -, .an r)

* +@ * bi,)e- ie} 
# (fi)' 

-' 
u' -' a;;-', 1,, -, .an y1

: ol, + d5 - rt# * ofi(,u, * fia-a,)'lt
- |o,l{o - *y"no.I i (+)' 4,@, . !)

+ (a * bi,)e-ie.I i (#)'ab@,.f)
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i - bi\eiq.t -l--: (l)'-ta:;t, (*,-r.oof)* g\" 
- ar)e"". 

\  1, _ ry.\z1t c. .  \  a. ,

* h@ * bi,)e- io .f #Tt (fi)' 
-' 

u;rt' (*' -' .ao ilf

: i l c t + d , i  ' a 2 + 0 2  d  r ' ^  1  r 2 r
- L- , -i + g\i,a, + ga-aq) )f

1  (  r  _ / / r r \ f \ l- 
;u,\(" 

- u) expliq * a*\\ '2., t. '  t J

| (a + bi)"*pf-rq. 
" 

((#) t)] )
i  ( ,  r .  ^ / t r \ ^ " \ l- 

*ru'I@ 
- bi) exPliq + d'(1.t/ 'd'I ))

+ (o + u) expl-4 * u, ((;).r,/)] )

The theorern is completely proved. t

Flom this, we have [Ol.''t'"); i/f,\1 
"r" 

the quantum rotation cylinders;

[Of't'u); tf,)1*" the quantum rotation paraboloids.

At last, ur la,|f),tt) are (global or local) representations of the MDa-
algebras (for all the cases, Moyal *-product is G-covariant), we have operators

expQl;"*p(if;)); 
"ra(Lf;)) 

are representations of the corresponding connected
and simply connected MDa-grouPs.

We say that they are the representations of MDa-groups arising from the
reduction of the procedure of deformation quantization.
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