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1. Introduction

In this paper, we present our new results on robust stability oflinear retarded sys-
tems described by general linear functional differential equations (briefly, FDE)
of the form

i(t) : Aor(t). 
l:^dfq(o)lrft 

+ fi,

by using the state space approach based on the notion of stability radii. A
formula for the complex stability radius of the system with respect to struc-
tured afrne parameter perturbations is derived. Then, the class of positive
linear retarded systems is studied in details. It is shown that for this class,
real and complex stability radii coincide and can be computed by simple for-
mulae expressed in terms of the system matrices. The results of this paper
extend to general FDE the previous results for linear ordinary differential equa-
tions of the form i(t): Az(t) (see 14,5]) and those for linear retarded systems
i(t) : A6n(t) -f A1r(t - h) (see 16,7]). Throughout the paper, the inequal-
ities between real matrices (vectors) ar.e understood elementwise. The set of
all nonnegative matrices (nonnegative vectors) is denoted fV R?n (lRf , respec-
tively). For P € Crxq, llPll will stand for operator norm of P associated with
a given pair of monotonic uector norn'Ls on Cl and Cq. We call A € lR'x,
a Metzler matrir if all off-diagonal elements of ,4 are nonnegative . We de-
note by NW(l-h,0],C-") the set of all matrix functions a(.) which are of
bounded variation and continuous from the left (c.f.l. for short) on [-h,0] sat-
isfying \(-h) :0. Then NBZ(I-h,}l,Cmxn) being endowed with the norm

llryll : Va.(ri; -h,0) is a Banach space.
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2. Complex Stability Radius

Consider a linear retarded system described by the following general functional
differential equation 

,"

r ( t ) : A s r ( t ) +  l a h @ \ " ( t + o ) ,  t ) 0 ,  r ( t )  e  1 R "
ln (1)

n ( 0 ) : o o @ ) , 0 e 1 - h , 0 : ] ,

where,46 € Rnxn and a(.) € NBV(l-h,0],R"') are given. The definit ion of

4 is assumed to be extended to R by setting q(e) : q(-h) : 0 for all 0 <
-h ,n (O) :  ? (0 )  f o r  a l l  d  >  0 .

It is well-known (see, e.C. l3]) that, for any given do eC ::C(l-h,0],R'),
the system (1) has a unique function r(Qo,.) defined and continuous on l-h, m).
The system (1) is said to be exponentially asymptotically stable or, more simply,
Hurw'itz stable, if there are constants c ) 0,a ) 0 such that for all / E C, the
solution r(Q,.) of (1) satisfies

ll"@,t)ll < 
""-" ll4ll, t > o.

The necessary and suffi.cient condition for the system (1) to be Hurwitz stable
is that the set o(Ao,n) of all roots of its characteristic quasi-polynomial fI(s) is
Iocated in the open left half-plane C- :: {s e C: Res ( 0}, where

H(r) : sI - As - 
lo oeta7r1lt71.

Assume that the retarded system (1) is Hurwitz stable and subjected to affine
parameter perturbations of the type

Hefe D6 E gnxt' , Et e CQ" xn, ,i = 0, I are given matrices determining the struc-
ture of perturbations, A and d(') are unknown disturbances. We shall measure
the size of perturbation A :: lA,dl by th"e norm l lAl l  ' :  l lAl l  + l lal l ,  l ldl l  ' :
Var(d; -h,0). Then the complerretabi,lit! radi.us of the system with respect to
perturbations of the form (3), is defined by

rs : : r (46,a)  : :  in f { l lA l l ;A:  [ ] ,  6 ] ,o(A96,n i leA- ] .  (4)

If the disturbance matrices in (3) are restricted to the real spaces Rlo*qo and
NBV(l-h,0], [ql'x a' ), then we obtain the real stabi,ti,ty railius re. If o(-466 , Til c
C- for all Ae Clotqo,6 e NBV(l-h,0],C,'xa'; th"tt we shall write 16 : +oo.
To derive the formula for the complex stability radius, we define the associated
transfer funct'ions by setting

(2)

G o i G ) :  n f l G ) - 1 D i  € C a " x t '  ,  i ,  j  €  M : :  { 0 , 1 } .
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If the system (1) is Hurwitz stable then Gi7(s) are analytic on the closed half-

plane c+ .: 
{s € c : Re s > 0}. The following theorem can be proved similarly

as in f7] , using the maximum modulus principle for the analytic functions GoiG).

Theorem 2.L. Let the retarded sAstern (1) be Hurw'itz stable and be subjected

to structured perturbat'ions of the form' (3). Then

(  r g 1
tna,xi,i 6 114,. 6m | | Gii (za.') 11 maxi€ M,u €rR llG i" (tw) l l

In part' icular, i ' f  Ds: Dt or Eo: Et, then

1
, L  -

maxi€M,@€R ll Gut (zc-, ') l l

(5 )

(6 )

Furthermore, it can be shown that if Dg :^Dt ot Es :,81 then there always

exists a destabil izing perturbation A € C:lutno x-NBV(l-h,0],C"xs1)which is

e i ther  of  the form [A*,0]  or  [0 ,d. ]  such that  l lA l l  :  l lA. l l  :  l ld . l l  :  rs  a 'nd,

moreover, A* is of rank one and d* is a step function of the following type:

r 0  i f 0  - h
a . (o ) : t l ,  i r e  ( - h .o l .

where A1 is also of rank one.

3. Real Stability Radius of Positive Systems

Consider a linear system described by the functional differential equation of the

form

f0
r ( t ) :  Asr( t )  *  

J_^dlq(0)) ln( t+e) ,  
c  > 0,  r ( t )  e  IR"

r @ ) : o o ( 0 ) ,  0 € l - h , o ) ,

where As € Rnxn and 4 € NBV(l'h,0] ,R'*') are given. The solution of the

system (8) will be denoted by *(do,.). System (8) is called positiue if for ev-

ery nonnegative initial function Qo e c(l-h,O], Ri), the corresponding solution

n(00,.) satisfies r(Oo,t) € 1Ri for every l2 0. We have the following

Lemma 3.L. The system (8) i,s positiue if and only i,f A0 'is a Metzler matrin

and nO 'is an 'increas'ing matrir funct'ion'

In particular, from Lemma 3.1 it follows that the linear retarded system

*( t )  :  Asr( t )  - r  A1r( t  -  h) ,  t  > o

is positive ifi,46 is a Metzler and ,41 > 0 (see [2]).

Let the system (8) be positive and subject to perturbation ofthe form (3),

(7)

(8 )
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where the structure matrices are nonnegative: D" € R?"J", go a n{"'. In this
case, it is easy to prove that the transfer functions Gii defined bV (5) have the
following monotonicity property:

G t i ( t t ) 2 G U ( t z )  ) 0  f o r  t z l t ' 1 ) t t o ,  i , j e  M : : { 0 , 1 } ,  ( 9 )

where ps : :  max{Res;  s  e o(As,q)} .
Define the stability radius of the system (8) subjectedto nonnegat'iue perturba-
t'ions of the form (3) bV setting

r+  :  in f { l lA  :  A :  lA ,6 l  eD* ,o(Aot ,q5) /C- ) , (10)

rMnere

D+ :  {L:  lA,6]  :  A e [Rf 'oo,  6 e NBV( l -h,0] ,Rr"q ' )  and d is  increasing] .

Using the monotonicity property (9) and Perron-Flobenius theorem for Metzler
matrices (see, e.g. l5]), we can prove the following main result of this paper.

Theorem 3.2. Let the linear system (8) be posi,tiue and Hurwitz stable. Assume
As,rl are subjected to parameter ffine perturbation of the form (3) where Dt e

R1 . ' " ,  E ,  € 'R { ' n ,  i  e  M  , :  { 0 ,L } .  I f  Do :  D r  o r  Eo :  E t  t hen ,  we  haue

maxi€M l lctz(0) l l

We illustrate the above result by the following simple example.

Erample. Consider a positive linear time-delay system described by the following
scalar equation

40
i ( t ) : - n ( t ) +  |  e e r ( t + e ) d e  t > 0 ,  r ( t )  e  R .

J _ r
( 1 1 )

The characteristic equation of (11) is given by (s2 +2s)e" +e-r : 0. By Theorem
13.9 in [1], it is easy to verify that all roots ofthis equation have negative real
parts and hence the system (11) is Hurwitz stable. Assume the system (11) is
perturbed as follows

i ( t )  : ( -1+ d)z(t)  + fo p '  + a,(0))r( t  + e)de,
J - r

(r2)

where d € lR is a unknown parameter and A(d) is a unknown integrable function
on f-h,0]. By Theorem 3.2, we conclude that the perturbed system (12) is
Hurv'itz stable for all d e R, A(.) € trl([-1,0],JR.) satisfying

ot+ l_,1^(qlde( rp: tr+.x 
: "-'



Stabitity Radii of Linear Functi'onal Difierential Equat'ions

References

1. R. Bellman a,nd K.L. Cooke, Differential-Difference Equations, Academic Press'

New York, L963.
2. A. Fischer, D. Hinrichsen, and N. K. Son, Stability radii of Metzler operators,

Vietnam J. oJ Math.26 (1998) 147-L63.

3. J. Hale, Theory of Functional Difierential Equations, Acad. Press, New York,

1977.
4. D. Hinrichsen and A. J. Pritcha,rd, Stability radius for structured perturbations

and the algebraic Riccati equation, sgstems €j control Letters 8 (1986) 105-1L3.

b. N. K. Son and D. Hinrichsen, Robust stability of positive continuous-time systems,

Numer. Ftunct. Anal. Optim' 17 (1996) 649-659'

6. N. K. Son and Ph. H. A. Ngoc, Stability radius of linea"r delay systems, In: c'

American Control Conference, San Diego, California, June 1999' 815-817'

7. N. K. Son and Ph. H. A. Ngoc, Robust stability of positive linear time-delay sys-

tems under a,ffine perturbations, Acta Math. Vietnarn. 24 (1999) 353-371'


