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Abstract. Let A.6 be a cd-homogeneous C*-algebra over f]" 52 x fl" 51 x 'lft+2 of

which no non-trivial matrix algebra can be factored out. The spherical non-commutative

torus Sld is defined by twisting C* (T'+z x Z^-2) in A.4 I C. (Z -21 
by a totally

skew multiplier p on 1'r+- v V'*-2. It is shown that Sld I Mp* is isomorphic to

C(n' S'x fl" St) I C.(fD X Z 
-2, p) a M.6(C) I Mp* if and only if the set

of prime factors of cd is a subset of the set of prime factors of p'

1. Introduction

Given a locally compact abelian group G and a multiplier c,., on G, one can

associate to them the twisted group C*-algebra C-(G,r,,,), which is the univer-

sal object for unitary cu-representations of G. C*(Z*,r,.') is said to be a non-
commutat'iue torus of rank m and denoted by Ar. The multiplier u,' determines
a subgroup S. of G, called its symmetry group, and the multiplier a.l is called
totally skew if the symmetry group S, is trivial. And A- is called completely

irrat'ional if c,.' is totally skew. See 11,8,11]. It was shown in [1] that if G is

a locally compact abelian group and uu is a totally skew multiplier on G, then

C*(G,c., ') is a simple C*-algebra.

An important problem, in the bundle theory of geometry, is to compute the

set IM,BPU(cd)] of homotopy classes of continuous maps of a compact CW-

complex M into the classifying space BPU(cd) of the Lie group Ptl(cd). The set

lM, B Pu (cd)] is in bijective correspondence with the set of equivalence classes of
principal PU(cd)-bundles over M, wlnich is in bijective correspondence with the

set of cd-homogeneous C*-algebras over M. That is, each cd-homogeneous C*-

algebra A over M is isomorphic to the C*-algebra f(4) of sections of a locally

trivial C*-algebra bundle 4 with base space M' fibres M.a(C), and structure
group Aut(M.a(A)) = PU(cd). See 110] for details. So each cd-homogeneous
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C*-algebra over ffe S' t fl" 51 x T'r+2 is realized as the C*-algebra f (() of
sections of a locally trivial C*-algebra bundle ( over lI' S' , f]" St 

" 
1f'+2 with

fibres M"i(C). Thus the spherical non-commutative torus S!d, defined in Section
2, is realized as the C*-algebra of sections of a locally trivial C*-algebra bundle
over f[" S' ^ fl" ,91 with fibres Pf a M"(C), where P! is defined in Section 2.

We are going to show that S!'O lWo- is isomorphic to C(fl'52 x fl" 51)

sC.(fa) x Z*-2, p) I M.d(C.) I Mp* if and only if the set of prime factors of
cdis a subset of the set of prime factors of p. And it is shown that 'oo SOru
is isomorphic to C(ll" S' r fl" 51) o Ao e M"6(C) & Ozu if and onl if cd and
2u - | are relatively prime, and that S;d E (r- is not isomorphic to C (lf" 52 x

fl"^9t) 8 Ap & M.a(C) E o* 1f cd > l, where ou and (?- denote the Cuntz
algebra and the generalized Cuntz algebra, respectively.

2. Homogeneous C*-Algebras Over fl" S' * 11s+r+2 5r

LS2,BPu(cd)l : l^gt, Pu(cd)l - 2.d., which is a cyclic group. So each group
has a generator, and there is a unitary ll(z) e Pu(cd) such that the generating
cd-homogeneous C*-algebra over 52 can be realized as the C*-algebra of sections
of a locally trivial C*-algebra bundle over 52 with fibres M"a(C) characterized
by the unitary U(z) e PU(cd) over,S1. If \cd,k): p (p > 1), then consider the
cd-homogeneous C*-algebra over ,92 corresponding to each k € 2"7 as the tensor
product of Mr(C) with a f;-homogeneous C*-algebra over 52, which is given by

u(z)k/n € PU(+). consider U(z)k astJ(z)k/n Erp € PU(cd), where 1o denotes
the p x p identity matrix. Then each cd-homogeneous C*-algebra 8p1.6 over
32 can be realized as the C*-algebra of sections of a locally trivial C*-algebra
bundle over ,92 with fibres M.a(C) characterized by the unitary U (z)k e PU (cd)
over ,91 for some k € Z"a.

Krauss and Lawson [10] proved that each cd-homogeneous C*-algebra over
52 is isomorphic to one of the C*-subalgebras Bn/"a: Cn*G'*If e2-, M"d(C)),
k €2"a, given as follows: if f e Bp1"a, then the following condition is satisfied

f+ ( r )  :  u  ( z )K  f  - ( z )U  ( z ) - .

for all z e Sr, where U(z) e PU(cd):Inn(M"a(C)) is the unitary given above,
and e\ (resp. e1) is the 2-dimensional northern (resp. southern) hemisphere.

Since there is a map of degree 1 from ^92 to 5l x ^91, there are cd-homogeneous
C*-algebras over ,S1 x ,91 induced from cd-homogeneous C*-algebras over ,92.
So every cd-homogeneous C*-algebra over ,91 x ^91 is isomorphic to one of the
C*-subalgebras Ap1.4, k e 2.4, of C(51 x 10,1], M.a(C)), given as follows: if

f € A*,/.a, then the following condition_is satisfied

f  ( "  ,  r )  :  U (z)*  f  (z  ,0)U (z) - .

for all z € Sr, where I/(z) e PU(cd) is the unitary given above. See [3].

Lemma 2.1. Let B1r1"a be a cd-homogeneous C*-algebra ouer 52 of whi,ch no
non-triuial matrir algebra can be factored out. Then lluo,"ol e Kg(Bk1.i = 22
r,s prirn'itiue.
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Proof. Itwas shown in 13, Lemma 3.1] that Bp1'ais stably isomorphic to C(^92)8
M.a(C). So Ks(Bk1.i - 1(0(C(S')) =ZaZ. Since

ls2,BPU(cd)l = l^gt, Pu(cd,)l ^, lsl x sr,BPU(cd)l=2.0,

the class llctnrl] of the unit 1c'112; maps to the class [14nr.o] of the unit lnn,"o'

(see [9]). In the commutative diagram

/{o(c(s')) KoQ62))

(identity).I 
Jet=)

r(o(c(st)) Ko(Bx/"i,

p(llcrs,l]) - 
Q* o (identity). o tlt;L(1166,>l) : l la*r""]. So [1snr"o] is the image

of the primitive element llcrs,l] e Ko(C62)) under the isomorphism p. Hence

lTtnr.o] e K6(8p1.) is rimitive.

Therefore, ll"*t"o] Ko(Bn/.i e 22 is primitive. r

The proof given in Lemma 2.1 implies that the canonical embedding of C(Sl)

into 8p1.6 induces an isomorphism of KoQ62)) into Ks(Bk1"a) such that the

class [15r1sry] of the unit 16'1sz; maps to the class l lno,"o] of the unit Ipn/"o.

If s * r is odd, one can make the integer even by tensoring with C(Sl). So

one can assume that s t r is even.
In [3, Theorem 2.5], the authors construct cd-homogeneous C*-subalgebras

nt:,:.:..,1ir""*,*r)/2(ar, . .l ,o",b:,. . . ,b("+,+z)12 Z) over n' S' x fl"+'+2 Sl of
/  e  (s ) - r *2 ) /2

c (nf"T:"1)"'"- li-" 
-(S1x 

[0, r]), u"a(c)) , and constructed all cd-homogene-

ous C*-algebras over lI' S' ^ 11s+r+2 51.

Theorem 2j,. Let A"6 be a cd,-homogeneous C* -algebra ouer fl" ^92 x fl"+"*2 SL ,
of whi,ch any non-triu'ial matrir algebra cannot be factored. Then Ks(A.a) o

K{A.a) = 2,2"+"+'+7 , and, lIa.o] € Kn(A"a) 'is primit'iue.

Proof. It was shown in [3, Lemma 3.1] that ,4,.a is stably isomorphic to C(fl" 52

x fls+r+z 51) a M"a(C). By Kiinneth's theorem [2, Theorem 23.1.3]
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e s+r+2

Ko(A.a) = rro(c(fls2 x lI s'))

= n(c(ll s')) s K,(c( ii s')) e x,fc(Ils')) I rr'1c1"lJ's';;
o 22" g7f+r+r e {0} S Z,f+?+r }! V2"*"r'+t .

Similarly, one obtains that K1(A"a) = v'z'*"*"*' .
It is enough to show that [la.o] e Ks(A.6) is primitive. First of all, we show

that [lp",r,,...,,[[,*.*,r,"] e Ks(Eil,' ; ,:,;;"*.*,,,") is primitive. Bv the same reasoning

as in the proof given in Lemma 2.I, the canonical embedding / of C(f[" 51 x

y1G+r+z)/z ̂ 91) into nti,'..'.'li["*,*,,r, induces an isomorphism p of Ks(C(lf 52 x

Ils+r+251)) into Xo(E"ui,:.. ,;t<'"*,*,r,"). The unit 1c(fl"sr*f1("+"+z)i2",; maps

to the unit lc(fl" sz,.JI,+,+, s,; under the canonical embedding $ of C(ll' Sr x

y3+r+z)/z Sr) into C(n S, x l[s+r+zgt;.

s (s-lr1-2)/2

[ lct l l"  slxl l(s+r+2)/, s,)] € ,n6(C(f[ sl x II  st))

maPs to 
e s*rr2

[1crl l 's2xlls+r+2 ,,rJ < xolc(l l st 
" f l st)),

primitive in Ks(C(fl" 52 x lls+r+2 51)) (see lS]). In the commutative diagram

(s+r+2)/2 e s+r+2

[| s')) Ks(c(lls2 x ll s'))

Je(=)
(s'tri2) /2

i l s'))

P([1ctll' 
",, 11'+'+' s,; J )

: S* o (identity). o ,,/. t( l lcfl le 
s2xlls+r+2 s,;l) 

: l1r;,, i [["*,*,,,"].

So [1"t',, iir""*,*,r,"] 
is the image of the primitive element

e s+r+2

llcrll" s2xils+r+2 ,,1e Ko(C(fI s' 
" fI s'))

under the isomorphism p. Hence llli,,. ,l{t"*,*,r,,) . Xo@t},| ,li["*,*,r,,)
primitive.

Chun-Gi,I Park

l(o(C(ll sl x

(identitv). 
J

I(o(C(ll sl x
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Next, assumethat A.6 = Cr A CzE...8Cn, where Ci are of the type above.
Then

Ko(A.a)  = Ko(Ct)  I  Ko(C2) A .  .  .  A Ko(Cq) O . . .

and fla.o] is the image of the primitive element l1c,l A l1c,] I . .. I [1c"] e
Ko(Cr) 8 Ko(C2) a ...8 Ko(Cq) under the isomorphism. So 11a",] e Ko(A"d)
is primitive.

Now assume that A.a is a general cd-homogeneous C*-algebra over fl" S' t

11s+r+251 . The proof given above implies that the canonical embedding of

each factor C(St) of C(ll'Sr x Ils+r+2 51) into A,a induces an isomorphism of
e  s+ r+z

No(C (flS', i l  .91)) into Ko(A.a)such that the class l lctf l" sz"f1,+,+,sr;l
of the unit 1",J1"s2xfls+r+2",) *upt to the class [la"o] of the unit la"o. By

the same reasoning as in the proof given above, the canonical embedding @ of
each factor C(St) of C(f[" 51 x lls+r+'51; into A,4 induces an isomorphism p
of 

e srrr2
no(c(f[s'?x lI s')) -- Ks(A"a).

The unit lctf l,srxfls+r+2sr; maps to the unit 1",g.s2xfls+.+2"r, under the

canonical embedding $ of C(f" St * I-I '*"+2 si) into C(n" S'x fl"+'+2 5r;.

e  s+ r+z

l lcrl l .slxfls+'+2",,J e /(o(c(l ls" f l s'))

maPs to 
e s+r+2

llcrll. s2xfls+'+2 
",1 

e lro(C(fI s' 
" fl st)),

primitive in I(s(C(ll" S' r fl"*'*'St)). In the commutative diagram

e s+r+2
I{o(C(ll s1 x ll s')) N\(C[IS'* "*fi*'St))

I
(identitv)" 

J
e s l r *2  /oe+s+r+2/ \

K6(C( l lS1 x  n t t ) )  ' -  * ' . '
Jare)

Ko(A.a),

P( [1ctl l '  s, xll"+"+'? sl)])

: (6e+s+r+24). o (identity)* o ,,/.-t([ lctl l . 
s2xfls+,+2 

",yl) 

: [ la"o],

i.e., p must be the canonical extension of (identity)* :

e s*r I2 e s+r+2

no(c(fls1 x ll s')) -- r<o(c(f[sl x fI s')).

So fla.r] is the image of the primitive element

e s* r l2

[1cr l l "s2xl l ,+ '+2", ,J e Ko(C(f Is 'x f l  s ' ) )
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under the isomorphism p. Hence 17e"") e Ko(A"a) is primitive.

Therefore, Ko(A"a) o Kt(A"a) - Z2e+E+r+', and l1a.o] € Ks(A"a)
tive.

The proof given in Theorem 2.2 implies that the canonical embedding of
each factor C(St) of C(fl" 51 

" 
11s+r+2 ̂ 91) into ,4.a induces an isomorphism of

Ko(C(lf 52 ry1s+r+2 S1)) into Ko(A"a) such that t lctl l" s2xn+.+2s,;l *ap.

to l1a", l .

3. Spherical Non-Commutative Tori

The non-commutative torus ,4. of rank m is obtained by an iteration of m - I
crossed products by actions of Z, the first action on C(111) (see [6]). When A. is
not simple, by a change of basis, A, is obtained by an iteration of m- 2 crossed
products by actions of Z, the first action on a rational rotation algebra A11a.
Since the fibre Ma(C) of A71a is a factor of the fibre of A., A. can be obtained
by an iteration of m - 2 crossed products by actions of Z, the first action on
A116,where the actions of Z on the fibre Ma(Q of A11a are trivial. So one can
assume that A, is given by twisting C. (dZ x dZ x Z^-2) \n A11a I C. (Z^-21

by the restriction of the multiplier u,, to d,Z x dZ x Z*-2, where fu, ^ fu i" th"
primitive ideal space of A11a and C*(dZ x dZ,res of u,') : C.(dZ x dZ).

Definition 3.1 [3, Definition 1.71. Let A.a be a cd-homogeneous C* -algebra ouer

fl" St t fl" St >< 'lf" x 'lf2 whose cd-hornogeneous C" -subolgebra restricted to the
subspace 'lf" x 1f2 of n" 52 x fl" 51 x lf" x T2 is real'ized as C(T'')&At/agM"(C)

for A11a a rational rotat'ion algebra. The C"-algebra which'is g'iaen by twi,sting

q(f; , fr t Z*-2) in A"68C*(Z*-z', by a totally skew rnult ' ipl ' ier p onfr x

T2 x Zm-z 'is sai.d to be a spherical non-commutatiue torus of rank e * s I r I m,
and, d,enoted, by Sio , where C* (fu , of p) : C. (ffi) and, T2 i,s the primitiue ,ideal

space of A11a.

Then the fibre of Sf, denoted by Pl,can be obtained by an iteration of
r + m - 2 crossed products by actions ai of Z, the first action on the rational
rotation algebra A716,where the actions al on the fibre Ma(C) of A11a are trivial.

Ap :  C.  ( f i  t  @ t  Z^ ' ,  p)  = C" (dZ x dZ) x  o"  / ,  X aa .  .  .  x  o,* -  Z.

Thus the spherical non-commutative torus Sld is realized as the C*-algebra of
sections of a locally trivial C*-algebra bundle over fl'S' t fl" ,91 with fibres
P ;8  M . (C ) .

We are going to show that l1s.d] € 1{o(S;') is primitive.

Theorem 3.2. LetSid be a spherical non-commutatiue torus of rank e-fslrlm
defined aboue. Assume that no non-triu'ial matrir algebra can be factored out of
A.a. Then 1{r(S;') = lr1(S!d) ryZzers,r^-', and l ls.d] € I{o(S;,) , is prim,it iue.

rs prrml-

I
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Proof. It was shown in [3, Theorem 3.4] that the spherical non-commutative

torus Sld is stably isomorphic to C(f["S'* f l"51)e Ao I M"a(C), where Ao

is a non-commutative torus of rank r * rn. But by Kiinneth's theorem and by

Elliott's theorem [5, Theorem 2.2), and Theorem 2.2

e s

xo(c ( [s ' ' l l s ' )  eao)

= Ko(c(fIr '  " i l t ' )) I  Ko(Ap)e r(1(c(lI t '* f [ t ' )) e Kt(Ap)
= V2e+s-t  gZr ,*^- t  @V,r"*" - '  gZr ' *^- t  = 2,2"+"+ '+*-r

Similarly, one obtains that K{!(lI'"'"* il" 51) e Ar) - Z?e+s+r+n-'' Hu"""

r{o(s;') = Ko(C ( l s' ' lI s') a A) o vTeis*r+n-'l ,

r<1(s!d) - K.(c(lIt '" fru') e10) o z?e+s+r+m-,

So it is enough to show that [15"a] e fo(Si') is primitive. The proof is by

induction on rn. Assume that m : 2. By the Elliott theorem [6, Theorem 2.2],

the canonical embedding of each factor C(1f1) of C(1f' x 1f2) into Ao induces an

isomorphism of Ks(C(T'xT'2)) into Ko(Ap) such that the class [161p'1,1] of the

unit 161,p.r12) maps to the class [l,ao] of the unit lar. By the^same reasoning as

the prool given in Theorem 2.2, t]ne banonical embedding @ of each factor C(Sl)

or C1n't; orCl;1",St 
" 

f l"51 x'lf" x 112) into Sld induces an isomorphism p of

KrQ(Ilt '* 1I,91 x'l l 'x r ' ')) -- I{o(S;d)'

The unit 1ctfl. ^s'xfl, sl x1r.x1r2) maps to the unit tc(l^l szyfl" sryl'"'n'z; under

the canonicalembeddine $ of C(ll ' St *fl",S1xlf'x112) into C(n" S' xfl" 51x
11" x 112).

l l c t l l "s , " f l  s r ,1 .y1z ; l  e  Ko(c ( l l t t  t  l l t t  "  
1 l ' x  T2) )

maps to

e s

l lcrfl"szxfl 'o,,1,""1,;nl e xo(c([ls' ,. f lst ,. 1f'x T2)),

primitive in lrs(c(ll" s, * fl" s1 x 'lf" x T'2)). In the commutative diagram

l(o(c(s)) {* ,

(identity.l. I+
(  z "+"+ ,+2  o) *l(o(c(s)) '" )

No(c( fLt '^ | | " t  , .  1 l 'x  T2))

Jrr=)
1{o(S;r),
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where ̂ 9 : Ile 51 x fl"^9t x 'll" x '1f2.

P([ lct l l '  s,  xf I"  5, '1" "1,;1)
:  (6eis*r+2d).  o ( ident i ty)* o ,b- ' ( Ic<l I  srr f l "  s,r1.*1,, ;1) :  l1s;r ] ,

i.e., p must be the canonical extension of (identity)* :

e a e s

xo(c( Is'" f ls '  * 1r" x r2)) -, Ko(c( Is'" f ls '  ' r ' '  x r2)).

So 115-l is the image of the primitive element

l lctl l" s, "f l sr "1'v1z;l 
e xs(c (lI t"

under the isomorphism p. Hence [15"r] e Ko(S;") is primitive.
Next, assume that the result is true for all spherical non-commutative tori

w i t h  rn  : i , - L  Wr i t e  Sa :  C* (S , - r , z ; ) ,  whe re  S r :  C - (S id ,1 t3 , . . . , u4 ) ,  whe re

Sid is the case above, m:2. Then the inductive hypothesis applies to Sa-1.
Also, we can think of Sa as the crossed product of Sa-1 by an action a of Z, where
the generator  of  Z covespondsto ua,  which acts on C*(or , . . .  ,ur tu | ,u4,1t rJ t . . .  t
zr-r) by conjugation (sending ui to uiuiu-L - 

"2ri 'qi;ui, j 
* 1,2, sending uf

to u iu lunl  -  e2nid 'q i ;ud" , j  :  I ,2 ,  and sending u i  to  u iu iuoL :  
"2ni0 inr1) ,  

and

which acts trivially on C(ll" S' t fl" SL)atW.4(C). Here C-(fr r @, r", of p) =
C* (rt,'u2t . . . t u,, udr,u{) . Xote that this action is homotopic to the trivial action,
since we can homotope 0i; and lit to 0. Hence Z acts trivially on the /(-theory
of Si-1. The Pimsner-Voiculescu exact sequence for a crossed product gives an
exact sequence

and similarly for K1, where the map (D is induced by inclusion. Since a* : 1.
and since the K-groups of Si-1 are free abelian, this reduces a split short exact
sequence

{0} - Ko(Sr-r) I r<o(so) --- Kr(Sz-r) -, {0}

and similarly for K1. So 1(o(Sl) and 1{1 (Sa) are free abelian of rank 2.2e*srrri-2
:2e+s+r+i-l. F\rrthermore, since the inclusion Sz-r - 56 sends 15 , to 150,

l1s,] is the image of llsu ,], which is primitive in Ks(56-1) by inductive hypothe-
sis. Hence the image is primitive, since the Pimsner-Voiculescu exact sequence
is a split short exact sequence of torsion-free groups.

Therefore, 1{o(S;') . '  Kl(S;d) =ZP"+"t'r^-', and l1s"d] € i{.(S;') is primi-
tive.

Corollary 3.3, Let q be a positiue 'integer, andS'f; a spherical non-commutat'iae
torus g'iuen aboue. Assume that no non-tria'ial matrir algebra can be factored out

lI s' x lf" x T2))
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of A.a. Then Sid I Mq(A.) 'is not isomorphi'.c to A I Meq(C) for ang C* -algebra

A and, any integer p gi"oi", thanI. In particular, no non-triuial matrir algebra

can be factored' out of Sio,P;o and Ao'

Prool. Assume that S;d S Mq(A) is isomorphic to A e Meq(C)' Then the unit

1s.a I In maps to the unit 1a E ,Ion' So

[ 1 5 " a 8 l q ) : l L A S l o n ] '

Thus there is a projection e € Sld such that q[15'a] : (pq)|"]' But K6(S;d) is

torsion-free, so [ls"a] : ple]. This contradicts Theorem 3'2 1f p > 1"

Therefore, S;d I Mq(A) is not isomorphic to A I Mon(C)' r

4. Tensor Products of spherical Non-commutative Tori with UHF-

Algebras and Cuntz Algebras

In this section, we are going to assume that no non-trivial matrix algebra can

be factored. out of A"4. Using the fact that [15.a] € K.(S;d) is primitive, we are

going to show that the tensor product of the Spherical non-commutative torus

K;Ji'ittt a UHF-algebra Mo* of tr-ng p- is isomorphic to C(n' S' x f[" 51) e

io a tvt.6(c) g mr* if and only if the set of prime factors of cd is a subset of

the set of prime factors of P'

Theorem 4.L. Let Sid be a sphe,ical non-commutat'iue torus d'efi'ned as before.

Then Sid 8 Mp* 'is 'isomorph'ic to C(ll' .52 
x fl" st) E Ap & M"a(C) I Me* if

and onfy i,f the set of prime factors of cd is a subset of the set of pri'me factors

of p.

Prool. Assume that the set of prime factors of cd is a subset of the set of prime

factors of p. To show that S;d A tt'lo* is isomorphic to C(ll''9"t fl" ^91) e-40 e

M".(C)AMr-, it is enough [o sho* that S!dBM1._r)-^i. isomorphic to C(fl" ^92 x

there exist the C*-algebra homomorphisms

t  M6a1,(C) C(n' S'* f l" '9') A Ap&
x fi" 51) e -module maps C(fl" ^92 x

t ) 'g  ( \ - / :

sio - c(ll s' r II st) I Ap I M"a(c)'--' s;' e M"d(c)

.- ,  c(I Ir '  ' l I ,s11e Ao I M1"ay(c)+ " '

The inductive limit of the odd terms

. . -* S;' I Mpay(C) t Sid & Mpaln+'(C) - " '

is Sld a Mpal*, and the inductive limit of the even terms

e s e s

-* c(fls'"fI sl)aAoaM(ca;e (c) -' c(lls'"fl sr!aAoatr'q.a;'+'(c) '-
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is C(ff'S'* fl" Sr)AAr8M6ay. Thus bythe Elliott theorem [7, Theorem
2.11, S;d E Mpay* is isomorphic to C(fl" S' t fl' SL) a Ao & M6ay.

Conversely, assume that

si' e uo- = c(ll s' " fI sr) a Ap I M"a(c) E Me*.

Then the unit 1s"a cl^lmo* maps to the unit lctf l"s,xfl ' ,sr)*Ap &7u,* &1"a.

So
[1s.a I lnr,*l: [ lc(fl '  sz xfl '  ,s1)8Ap E lv,- @ I.a]

[15.a I  1nr ,* l :  [1s;o]  S 111a"- ]

[ lctJ1' s, xfl" sl)&Ap & lm,- & I.a]

:  cd( lL"1y1^s" f I "  s ' ;eaol  e l t t " - ] ) '

Under the assumption that the unit 15.a I 11zo- maps to the unit

lctf l '  sz x fl" ,er)6Ap E 77ao* @ 1.4,

if there is a prime factor q of cd such that q ! p, then lLu,*l * qle*l for e- a
projection in Mo*. Sothereis aprojection e € Sld suchthat [ ls"a] : qle]. This
contradicts Theorem 3.2. Thus the set of prime factors of cd is a subset of the
set of prime factors of p.

Therefore, S;'&Mo- is isomorphic to C(l[" ,S'* il" SL)EAr9M.a(C)aA,to*
if and only if the set of prime factors of cd is a subset of the set of prime factors
o f p .  r

In particular, Sld I Mo* lnas the trivial bundle structure if the set of prime
factors of cd is a subset of the set of prime factors of p.

Let us study the tensor products of spherical non-commutative tori with
(even) Cuntz algebras.

The Cuntz algebra Ou,2 I u 1 @, is the universal C*-algebra generated
by u isometr ies s1,  . . . tsu,  i .e . ,  s ls i :  1  for  a l l  j ,  wi th the re lat ion s ls l  *  " ' *
s,si - 1. Cuntz [4,5] proved lhal Ou is simple and the /{-theory of Ou is
Ko(0") : Zl(u - L)Z and Kt (O") : 0. He proved that Ks(O") is generated by
the class of the unit.

Proposition 4.2. Let Sid be a spherical non-cornmutat'iue torus w'ith fibres
Pl 8 M"@) for cd a pos'it'iue 'integer greater than l'. Let u be a pos'it'iue integer

such that cd and, u_ | are not relat'iuely prime. Then OuASid is not'isomorphic
to ou 8 c(II" s' 

" fl"^9t) I Ap 8 M"a(c).

Proof. Letp be a prime such that plcd andplu- 1. Suppose that (J,8S is
isomorphic lo Ou & C(lf S' * fl" St) I Ap I M.a(C) Then the unit le. "^d
maps to the unit lo.aclyl srrfl" s1)8Ap 81"a. So

[1n-os; ' ]  :  [ lcr .oc(f l "s2xf l"s1)oAp I  I"d] :  cdl lo.ac<lf  .s2xff  s,)oao] '
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Hence there is a projection e in Ou E Sld such that [1e.6sio] : cdle]. But

f ln.es;,1 : lTcc*\e l ls., l and [1e.] is a generator of. Kg'(O") = Zl(u - l)Z (see

f5]). But p I u - 1. l lo.l * pl""]for e* a projection in Ou. So [15.a] : pletl for

e/ a projection in Sfd. This contradicts Theorem 3'2' Hence cd and u - L are

relatively prime.
Therefore, (r, I S;d is not isomorphic to O 

"A 
C (n" S' 

" fl" 
Sr ) I A pA M.d(C)

if cd and u - L are not relatively prime. I

The following result is useful to understand the bundle structure of (?,@Sid.

Proposition 4.3 lI2, Theorem 7.2]. Let A and' B be un'ital s'imple induct'iue
li,mi,ts of euen Cuntz algebras. If a : Ks(A) * l(o(B) 'is an'isomorphi,sm of

abelian groups satisfyi,ng a(lta]) : [1s], then there'is an'isomorphi'sm S : A --+ B

whi,ch induces a.

Corollary 4.4.
(7) Let p be an odd 'integer such that p and 2u - 7 are relat'iuely prime. Then

Ozu 'is 'isornorphic to Opu-t)p+t I Mo*. That 'is, O2u is isomorphic to
Ozu I  Mp* .

(2) Oz" 'is 'isomorphic to Ozu I Med*.

Theorem 4.5. Let Sld be a spherical non-commutat'iue torus wi,th fi'bres P! I

M.(C) . Then O zu I Sf,d i,s i,s omorphr,c to O zu I C (n" S' x fl" St ) a A p a M.6(C)
if and, only i,f cd and 2u - 7 are relat'iuely prtnxe.

Prool. Assume that cd and 2u - | are relatively prime. Let cd,: p2u for some
odd integer p. Then p and 2u - 1 are relatively prime. Then by Corollary 4.4
O2u is isomorphic to O2u E Mp*, and O2u is isomorphic to O2u I Mprl* =

OzuS Mpq* I Mp"y = OzuS Mp"y. So Ozu is isomorphicto 02u8_ Mo* 6
Mp"1* o Ozu I Mpay. Thus by Theorem 4-l Ozu e Sld is isomorphic to

Ozu& Mpa)* 8S!d, which in turn is isomorphicto OzuE Mpay* C(ll '52 x

fl",St) & ApE M.a(C). Th:us Oz, e Sld is isomorphic to O2u C(fl" 32 x

f l " ,s t )8ApB M.a(C).
The converse was proved in Proposition 4.2.
Therefore, Oz,&Sod is isomorphic to Ozu&C(fl" ,S' x f l" ,91)e,4 p& M.a(C)

if and only if cd and 2u - 7 are relatively prime. r

Cuntz [5] computed the I{-theory of the generalized Cuntz algebra O*, gen-
erated by a sequence of isometries with mutually orthogonal ranges, Ko(O*) :

Z and K{O*) : 0. He proved that Ko(O*) is generated by the class of the
unit.

Proposition 4.6. Let Sid be a spherical non-commutat'iue torus w'ith fi,bres
Pl 8 M"(q. Then O- I S;d ' is not isomorph'ic to O* I C(lf S'x l l",S1) e
Ap E M.d(C.) i.f cd > l.

Proof . Stppose (?-BS!d is isomorphicto O*gC(II" S'*fl" ^91)o,4oa M"a(C).
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The unit l62-esio maps to the unit 1n_ec1g" s,rl l , s1)8Ap 8^1"a. By the same

trick as in the proof of Proposition 4.2, one can show that l1n-es;r] : cdlel for

a projection e e O* I S;'. [ lcr-es;r] : lLo*] I 11s",] and [1e-] is a primitive

element of Ks(O*) = Z (see [f]). So [1s:r] : cdle') for a projection e' e S!d.

This contradicts Theorem 3.2.
Therefore, 0* I Sld is not isomorphic to O* I C(ll" S' t fl" 51) o Ao e

M.a(C).
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