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Abstract. We prove common fixed point theorems for a pair of condensing (respec-
tively compact) commuting self-mappings on metric spaces. Examples and applications
are also discussed.

1. Introduction

In [1] we established common fixed point theorems for a pair of commuting self-
mappings f r, fz on a complete metric space (X, d) which satisfy the so-called
g-quasi-contractive condition for a function g : IR+ - lR+ with the following
properties:

@t) g is a non-decreasing function;

b2) 9 is right-continuous;
( g 3 )  V t > 0  g ( t ) < t ;

kq  I  l im  s ( t ) l t < t ;
and also a metric condition of Fisher-Sessa type or Fisher-Iseki type. A natural
question arising here is to what extent one can relax the conditions above for
the function g, say, if g satisfies only property (g3) for all n,y € X such that

fp * fzA? In this case for the existence of a common fi.xed point it is desirable
to impose conditions of topological nature to the mappings, or to the total space,
such as compact or condensing properties.

The aim of the note is to give some results on common fixed points for
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compact and condensing mappings which generalize the case of one mapping
extensively studied by Janos, Leader, Shih-Yeh, Liu and others (cf. [Z-5]).

2. Results

Before stating our main theorems we need the following defi.nitions.

Definition 2.L. A self-mappi,ng f of a metric space (X,d) i,s said to be compact
i,f there erists a compact subset K of X suchthat f (X) C K.

Denote bV .y@) the Kuratowski rneasure of non-compactness of a subset A
of a bounded metric space (X, d).

Definition 2.2. A mapping f : X --+ X i,s saidto be cond,ensi,ng i,f f is cont'inuous
and for anA non-enlpty non-totally bounded subset A of X, we haue.y(f (A)) <

1@) .

Throughout the note we use the following notations: f1, f2 are commuting
self-mappings of X, A c X a subset of X;

O y , @ ) : :  { f i r :  n : 0 , L , 2 , . . . } , ' i : I , 2 ;

0 1 ( A ) : :  { f i r :  n : 0 , 7 , 2 , . . . ,  V r  e  A } ,  i : 1 , 2 ;

O ( r , a ) : :  { f ? f t " ,  r n , n  :  0 , 7 , 2 , . . . }

Theorem 2.3. Let (X,d) be a bounded complete metric space; f,;, i, : 1,2
commuting self-mappings of X sati,sfying the following condit'ions:

(r) Yn,y uith fp # fzy

d(fp,fzy) < 6(Oh6u6rm)

where 6(A) :: sup{d(.r, y) : r,E e A} for a subset A c X.
(i,x) f1, f2 are condensinE.

Then there erists a unique conlrnon fixed point i,n X for f1, f2.

Proof.  Let 0(r ,o) , :  { fTftu i  rn)n: 0,1,2,. . . }  be the orbi t  def ined as
above; r a point of X. Since

t (o n@D : max {t @), t (o nU'"))} : t (fr1o ̂1")11

and /1 is condensing one concludes that On@) is precompact. Similarly for
0 ( r , x )

t ( )  @,-) )  :  ma* {1 (O y,@)) ,  1  (0 y"@ r ,@))) }  .

in view of the commutativity of h, fz and the above. Therefore (zi) implies that
O(r,x) is totally bounded, hence precompact (because of the completeness of

( 1 )
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Now putting Do : 66,e), so that Ds is compact' Clearly ft'(Do)
i, : I.2. Next let us consider the following sets

x).
Do,

D1 : :

D 2 : :

fT(Do),

1;@i

n
@

n

that  o € D2 and fz(o)  :  Z.  Thus f " (Dr)  :  Dz,  i  :1 ,2 '

Now we claim that Dz is a singleton, say {z}, and hence z is a common

fixed point in X for f1, f2. If not' then d(D2) > 0' Since Dz is compact,

there exist a + b € Dz such that d(D2) : d(a,b). Flom the above clearly

a: f r(a), b: fz(br) for certain points a1,b1 € D2' Hence

o;6J u6;6J cD2 : P,

and by (2.4)

0 < d(D2) : d(fpt, fzb) < 6(OrftJoO;@D < 6(D,)

which is a contradiction. The uniqueness is obvious'

Corollary 2.5. Let fi, i : 7,2, be commuting self-mapp'ings of a bounded

complete metric space (x,d,). suppose that fi,f2 are cond,ensing and sati,sfy

d(ftr,  fzi l  < 6({*,Y, fP, fza}) Q)

for au r,g w,ith hr I fza. Then f1, f2 haue a un'ique colnn'Lon fired, point i,n x.

Remark l. In the above theorem for the condensing property and metric condi-

tion (1) it is sufficient to require for some iterates of h, fz'

Theorem 2.6. Let ft, , i :1,2, be commuting self-mappi.ngs of a metric space

(X, d,) sati'sfying the followi'ng cond'itnons:

(i) Vz, y with fp * fzA one has (l),

(ii) /r, i : I,2, are compact and cont'inuous mapp'ings'
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Then fr, f2 haue a un'ique common fired point i,n X.

Proof. fuom (ii) there exist compact subsets Kt, Kz C X such that fi(X) c
Ki ,  i :1 ,2.  Put t ing K :  Kr  U 1(2 one has

X ) Kr > h{'i') > h6) ) f?(x) ) fl(K) I . . . I fi6) ) fi6) ) . . .

SO

D ; : fr@)

is a noh-empty compact subset by the finite intersection property. Clearly D1
is fi- invariant, ' i :1,2. In fact it can be shown also that h@t): Dr. Thus
putting

D 2 : : ft@')

one can see that D2 is a non-empty compact subset and fi(D2) : Dz, , i:7,2.

As in the proof of Theorem 2.3 Dz is a singleton, say {z}. Hence z is a unique
common fixed point for f1, f2.

Corollary 2,7. Let f* ' i :I,2, be commuting continuous self-mapp,ings of a
metric space (X,d). Suppose that f1, f2 are conxpact and, sati,sfy condi,ti,on (2)

for all r,y with fp I fzU. Then f1,f2 haue a un'ique conlrnon fi,red point i,n
X ,

Remark 2. 1) h should be noted that (cf. Remark 1) the same conclusions hold
true if one replaces f t, 'i : I,2, by their iterates in the formulation of Theorem
2.6 for the compactness property of mappings and metric condition (1).

2) As a special case if ft : fz one obtains well-known results previously
due to Janos, Leader, Shih-Yeh, Liu and others [2-5].

3. Examples

3.1-. The following example shows that the condensing condition in 2.3, 2.5
is essential. Let X : N be the set of positive integers which is complete with
m e t r i c  d ( n , n ) : 0 ,  d ( n , m ) :  d ( m , n ) :  a + 7 1 ( n  +  1 )  i f  h  1 f f i ,  w h e r e  o  i s  a
fixed positive number. Consider fl") : fz(") : n -l l, which have no fixed
points in X. One checks easily that fi, f2 satisfy conditions of 2.3,2.5, except
the condensing property, since.y(X): ?(X\{1}) : o. One can show also that
the compactness of h, f z in 2.6 - 2.7 can not be omitted, for a counter-example,
le t  X:  f1 ,+oo) wi th usual  metr ic  and fa(r ) :  e int  where a. ;  > I ,  i :7 ,2.

3.2. The motiva,tion of this part seems going back to Euler. We work over
non-negative real numbers. Let a ) 0, a1 ) 1/a, 0 I az < ,/". Consider
the following two self-functions of R+ which are obviously commuting: fi@)::

n
n:o

n
n:0
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For instance, numerical illustration with l[ : 2 exhibits all the solutions of

the well-known Pellian equation 12 -2a2: t1' A similar assertion holds true

for  . l [  :  3 ,5,  8,  10,  '  .  .  .

A s f o r a n o t h e r n u m e r i c a l i l l u t r a t i o n o n e t a k e s l { : 1 6 3 ' n o : Q : 7 2
then the S-th iterate gives the answer accurate to ten decimal places: \n63:

12.767t453348...

It should be noted that extending to the whole IR one can consider also the

iteration for negative powers of /. The result of the process then converges to

-1ft. Anotherlnteresting application is to investigate the complex behaviour

of the iterated process, i.e., lf one takes the initial value rs from the complex

plane.
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