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1. Introduction

Let / € ,z(R+). Then the integral

l @

P@) = 
Jo "-ot f(t)d,t (1)

exists and is called the Laplace transform of /. The Laplace transform occurs

frequently in the applications of mathematics, especially in those branches in-

volving solutions of differential equations and convolution integral equations' If

the image F is known in the complex plane, the original / can be computed by

the Bromwich contour integral [5]

/( t )  =

However, if the image F is known only on the positive axis IRa, one should use

the Post-Widder formula instead

1 4d f  io

+ l  F ( p ) e P t d p ,  d > 0 .
tTrI J 4-;6

(2)

(3)

Formula (3) itself is an approximation scheme for inverting the Laplace trans-
form when the limit is dropped [1]. Jagerman [3] applied this approximation
scheme to invert the Laplace transform. However, so far the convergence rate
of this approximation scheme has not been studied yet. In this paper we obtain
the convergence rate of the Post-Widder approximate inversion of the Laplace
transform in some function sPaces.

f (t) ="R # (?)".' ",", (?)
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2. Couvergence Rate

Let f@ -
l .G)= Jo 

lf-tf?)dt (4)

be the Mellin transform of function / [ ]. Applying the Parseval formula for the
Mellin convolution [4]

f  6  1  7 r /2+ ia

J, 
k(zy)f (y)d,y -- 

fr lr,r_r* 
,t.(s)/.(1 - s)z-'ds, (b)

valid if lc, / e .02(R..), with k(V) = exp(-g), ,t.(r) - f(s), we have

f 6  1  7L /2 * i a
F(p) = | exp(-pt)f (t)dt =: / r(r)/.(t _ s)p-'ds. (6)

JO 47rL t112-i*

Flom (6), one can prove that

# (?) "*'"'"' (?) = * l,',:,':: H# n" !' (s)t-, ds (7)
Applying the Plancherel theorem for the Mellin transform [4J we obtain

il(-1)"' (?)"*'p,", (l) - 1r,lll
l l  " !  \ r Z  \ r /  " ' l l z , t n * r

=(2t r ) -L | l t f f i " ' - ' ] ' ' ( , ) l l , , . , , , - ioo,1 /2*r ioo) (8)

lr(t)ilt,rc,rt = ,.ugll #r,", otll,z@/r,e)
for all positive ?,.0 < ? ( m.

Lem:rra. Let x, and y be real numbers. Then
r ( : ,+ . rv ) r - i c  

=  1  +  g  (v '  +  t \  
.r ' ( 0 )  \  c  / '

We have

and

(e)

(10)
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as fr tends to 6.

Proof. We have [2] l r ( c + i y ) l  J r ( r ) .

95

Therefore, the inequality (10) should be proved onry for y being sman in abso_lute value in comparison with yfr, say,1( +-y-ry1r1 < Ui. Uffirn" Stirling,sasymptotic formula for the gamma function [2]

r (z)  = t r fnr_zrz_tn (r  +r( ] ) ) ,

valid for large lzl in the domain la.g ,l < zr, we obtain

+#,- iu =e- ic(r .T) t r is-L/2 ( ,  *  o(*))  ( r )
We have

,-" (t . 7)a*is-'/2 (, * o (,r4 )
= exp(-fy + (c + iy - t/2) ln(t + iv/a))(, * of l) )

\  \ o / /

The lemma is thus proved.

Now, let the real part of s be l/2. Remembering that [2]

=,*o(#)
Using relation (13) and equation (g) we have

ll# (?)".','",(;) -roll, -
s I urr':' r-' au,r",r,r).,,',,,i,2+i€).

(r2)

T

(13)

(14)
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If / is twice differentiable, and moreover,t2(&l(t)ldt2) e.L2(lR-.,,), then

,s2. f ' (s)  e Lz( t  12 -  icr . ,L  /2*  im),

and the norm in the right hand-side of inequality (1a) is finite. Since
OGlr/n\ when ls2/nl ( 1, the relation

s z f n :

(15)

is also valid. Hence.

' .o(#)

(?) 
".'t'"' 

(;) - r(,) 11,,,*., = #u, r' 
(s)ltp"1r1z-ioo,1/2*im).l l ( - 1 ) "

ll-;i-
(16 )

Therefore, if we weaken the smooth condition on / (one time less differentiable),
then the convergence rate will be of order O(llrfr) instead of O(l/n,). Thus,
we obtain

Theorem.
(a) Letl € ^t2(R+) be differentiable andt(df (t)ldt) € ,2(R+). Thenl(-L)n lntl

(n I t1"+t pf") (nl t) converges to | (t) in Zz(R+) norm with the rate n-r/2.

rate n-r ,
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