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Abstract' We show that there are open sets of non-uniformly hyperbolic cocycles in
the space of linear cocycles equipped with tr@ topology.

1. Introduction
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mentioned result of Knill [8].
Let (O, .F, F) be a non-atomic probability space and d an ergodic automor-

phism of (O, f, IP) preserving the probability measure F. A measurable mapping
.4 from the probability space (O,f,F) to the topological space Gl(d,R.) (for

short: Gl(d)) of linear non-singular operators of IRd equipped with its Borel o-
algebra is called a random lineor mop. A generates a linear cocycle over the
dynamical system 0 via

A @ n - L u )  o . . ' o . 4 ( 4 . ' ) , n ) 0 ,

iDa(n ,o)  := i d ,  n = 0 ,

1 - t ( Q n a )  o ' . . o A - 1 ( 0 - 1 u , , ) ,  n  (  0 .

Conversely, if we are given a linear cocycle over d, then its time-one map is a
linear random map. Therefore, the correspondence between .4 and O4 is one-
to-one and we are free to choose one from them to work with. We also speak of
a linea,r cocycle .A, meaning the cocycle OA generated by A.

We shall look at linear cocycles as linea.r operators of IRd and identify them
with their matrix representations in the standard Euclidean basis of lRd. We
denote bV Gl(d) the group of non-singular d-dimensional matrices.

Since we deal with discrete-time cocycles we can always neglect sets of null
measure, and we shall identify the random mappings which coincide F-almost
surely.

Denote bV 8(d) the set of all Gl(d)-valued random maps. We define a
metric p on 9(d) such that (9(d),p) can be considered as a version of .t-(F).
For .4, B e 9(d), set

6(A, B) := esssupl l / (c. .r)  -  B(ar) l l  *  esssupl l .4-t(r)  -  B-t(") l l
o € Q o € Q

and

p(A, B),= { i,r'B)(l 
+ 6(.4' B))-r ,rt uoll:il 

I ::
It is known that (9(d),p) is a complete metric space (see [2]).

2. Non-Uniform Hyperbolicity - Exponential Dichotomy

Definitiou 2.L. We say that the linear cocycle Qa(n,u) generated by a linear
random rnap A(.) eahibits an exponential dichotomy if there eaist positiue num-
bers K ) 0, o ) 0 ond a family ol projections P, of Rd depending rneasurably
o n u € Q s u c h t h a t

( i )  l l 0a(n ,ar )P ,611(m,u) l l s^ , ,s^ ,  S  Kexp( -o(n-m))  fo r  a t l  n )  m,u  €
o,

( i i )  l lQa(n,,ur)( id -  P,)O7'(*,r) l le^u,0^o l  Kexp(-o(n -  rn))  lor ol t  n 3
m , u € { 7 .
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we call a linear cocycle unilormly hyperbolic if it exhibits an exponential
lichotomy. If a cocycle does not exhibit an exponential dichotomy but is hyper-
rolic, then we say that it is non-uniformly hyperbolic.

i. An Open Set of Non-Uniformly Hyperbolic Linear Cocycles

n this section we construct an open set of non-uniformly hyperbolic linea.r co-
ycles.
r€rnnro 3.1. Assume that the probability spoce (Q,F) is c non-atomic Lebesgue
oace. Then there erists a measurable set U C dl which can be represented, in the
,nn

o o k

u=  U  Ue tu r ,
/c=0 j=0

here the sets $iUp,, t  = 0, 1,  . . . ,  j  =0,. . . ,  k,  are pairut ise disjoint  and are al l' positiue P-measure.

rool. since (o, F) is a non-atomic Lebesgue space the Rohlin-Halmos Lemma
applicable to it, so that for any 6 > 0 and any n € N, there is V,,n CO such
at
i) Vr," is measurable,
i) the sets 0^Vr,n, rn = 0,. . . ,n - 1, are disjoint,
i) t;=t, P(onv",n) ) 1 - e.

rt

V : = Vr/e,n '

is easily seen that I/ can be represented in the form

V _

ere the sets | i tp,  b = 0, I , . . . ,  i  -  0, . . . , f r ,  are pairwise disjoint ,  and in-
tely many numbers of them, say V1r,Vkr,. .. , are of positive F-measure. Set-

oo

U

r c k

u uetvr,
/c=Q j=Q
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ting U^:= Vr- and
€ h

t/ := l,f U e,ur,
rt=0 j=0

we see that the set [/ satisfies the conclusion of the lemma.
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Proposition 3.2. Assume thot the probability space (Q,lP) is o non-o,tomic
Lebesgu.e space. Then there is an open set Q C Q(I) iuch that any cocycle
A e Q is non-uniformlY hYPerbolic.

Proof. By Lemma 3.1, there is a measurable set U C Q which can be represented
in the form

F h

u = u l)eirrx,
Jc=0 j=0

where the sets 0iUp,k = 0, 1, . . ' ,  i  = 0," '  , f t ,  are pairwise disjoint  and are al l
of positive lP-measure. Clearly we cau choose U such that F(I/) ( 1/4 because
otherwise we can cut off the sets dr[/i'

Construct a cocycle Ao e 9(l) as follows:

( l/3 if cu U,
4 1 , . r ) , = { 3 '  i f  u  o \ u .

Since .A is bouuded it satisfies the integrability condition of the Multiplicative
Ergodic Theorem of Oseledets (see [10]). The Lyapunov exponent of .4 is deter-
mined in this one-dimensional case by the following formula:

f
Ao = 

J nlog 
A(or)dP(c.,r).

Because P(U) < ll4,by the choice of U, we have

) , e > 3 1 4 - t l 4 = t l z > 0 ,

hence, A is hyperbolic. Define an open set Q in 9(1) as follows:

Q :=  {B  €  9 ( l )  :  p (B ,A)  <  1 /13 i .

Now, let B e Q be a.rbitrarY. Then

l l a<  B@) <3112 i f  u  e  U,
3-I l I2 < B(r)  <3+Llrz i f  c.r  e O \  U.

It is easily seen that B has positive Lyapunov exponent )s ) 0, and hence is
hyperbolic. F\rrthermore, since iterates of. B(u) decrease exponentially on U
and U has i:rfinitely long segments of orbits and .\a > 0, B cannot exhibit an
exponential dichotomy. This completes the proof of the proposition. r
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Remark.
(i) One can easily adapt the arguments of the proof of Proposition 3.2 to the

higher dimensional case and get an open set of non-uniforrrly hyperbolic
cocycles in g(d) for any d € N.

(ii) It is natural that randomness of the ergodic dynamical system (O,9) induces
randomness of linear cocycles built over it. This is a reason for non-uniform
property of linear cocycles shown by Proposition 3.2.

(iii) L.-S. Young [2] studied ,Sl(2)-valued cocycles and constructed an open set
of non-uniformly hyperbolic cocycles. Her approach estimates Lyapnov ex-
ponents of Sl(2)-valued cocycles which is different from ours.
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