Vietnam Journal of Mathematics 27:4 (1999) 369-372 Vietnam Journal

of
MATHEMATICS

© Springer-Verlag 1999

Short Communication

On Stability of Systems of
Linear Differential Equations on £,,-Space

Tran Thi Loan

Department of Mathematics, Training Teachers College of Hanoi
Cau Giay, Hanoi, Vietnam

Received May 30, 1998
Revised August 15, 1999

Stability problem of countable systems of differential equations has received much
attention recently. Many interesting results were obtained in [1, 2]. In this paper we study
stability of systems of linear differential equations on the space of bounded sequences
of real numbers:

loo = {x = (x1, X2, ...) : lIx]| = sup |x;| < o0}.
ieN

1. Consider the system of linear differential equations on the £~ space:

%—: = A(D)x, O

X1 ann(t) anp@) ...
x=|*|; A(t)=[a21(t) an(t) :|

where

For the system (1) we assume the following conditions:

@) the functions a;; : [a, +00) - R are continuous (i, j € IN);
(ii) there exists a continuous positive function a(t) on [a, +00) such that

Y laij@)] < a@) G €N, 1€ [a, ).

j=1
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It is well-known that, under the above conditions, system (1) has a unique solution

x1(2)
x(t) = | ¥2()
in which x(¢), x2(¢), . .. are equi-continuous on [a, +00) (see [1, p. 25]).

In [2, p. 116] it was shown that system (1) has the fundamental matrix
X(t) = [xi; ()]

with
X (ty) = Idg (the identity matrix).

In fact, the set of columns of the fundamental matrix X (¢):

x15(2)
X;@) = | *2i(®)

(j =1,2,...) is the fundamental system of solutions of (1) .
Denote by K (¢, 7) the resolvent operator (Cauchy operator) of (1). Clearly, K (¢, t) =
5.5 (e % 1
Now, the solution x(¢) = x(; to, xo) of (1) with the initial condition x(#p) = x¢ can
be written as follows:
x(t) = K (¢, to)xo.

For each ¢t € [a, 00), the matrix X (¢) defines the linear operator:

X(@): Loo = oo
xo = x(@) = X(t)xg.

It is easy to see that

IX @)l =sup ) lxi; @),

ieN =]

where || X (¢){| denotes the norm of the operator X (¢), i.e.,

IX@I = "SIMIEIIIX(t)xII .

Moreover, the trivial solution x = 0 of (1) is (Lyapunov) stable if and only if the
resolvent operator K (¢, fp) is bounded, i.e., foreach #p € [a, 00), there exists M = M (%)
such that

1K@ )l <M.t >1.
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Definition 1.
(a) A continuous linear operator

L(t): oo = Lo

Sy o

is said to be a generalized Lyapunov transformation if it is invertible, L(t) , L~ (¢)
are differentiable and x[L(t)] = x[L™'(2)] = 0, where

— 1
(L@ := m ~In L)

(b) A system of linear differential equations

‘% = A(t)x o)

is said to be regular if there is a generalized Lyapunov transformation
L(t) : x — L(t)x

transforming (2) to a system of linear differential equations with a constant matrix B

D _p 3
T Ry 3)

Theorem 1. Suppose (2) is regular and all characteristic exponents (see [3]) of its
solutions are not greater than certain number o € R, then for any ¢ > 0 and ty > 0,
there exists a positive number C such that

1K@, 1)l < Ce@+—Dgr
forallt > T > 1.

Theorem 2. Suppose (2) is regular and all characteristic exponents of its solutions are
less than or equal to —a < 0. Let F (¢, x) be a function belonging to C;x(R X £s,) and
satisfying the condition

IF@E )l <@,

where Y (t) is a function with x[¥(¢)] < 0.
Then the trivial solution y = 0 of the following system:

dy

— = A(t F(t,
o ®y+ F(@,y)
is stable.

2. In this section we shall study J-stability of systems of linear differential equations
on £. Vu Tuan and Dang Dinh Chau [4] have introduced J-stability, which is recalled
below.
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For eachm € N, we set
'e&={x=(xl5x25-" 7XMa0;-u) E‘eoo}.

It is easy to see that £ is a closed subspace of £, with the norm induced from the
norm on £o.
Consider the linear operator

Py i loo = Lo
(s 2 )R8 T e i RO R Ly )i
Clearly, P, is a projection from £, onto £2, , Py (£eo) = £7.
For each fixed ¢, we may consider the fundamental matrix X (¢) of system (2) as the
linear operator:
X(@): €2 = Lo
P,x+— X(@)Pyux.
It is not hard to see that

m
IX@llm := sup X (@) Ppx|| =supy_ |xi; ()]
| Paxll=1 ieN ;]
Let J = {n1, n2, ...,nj...} be a strictly increasing subsequence of the sequence of
positive integer numbers N.

Definition 2. [4]

(a) The trivial x = 0 of system (2) is called J-stable if, for any ¢ > 0, ty > 0 and any
m € J, there exists 8 > O such that

lx(; to, Pnxo)ll < &

forallt > tyand xp € Lo : || Puxoll < 8 (where x(t; to, Pyxo) is the solution of
(2) with initial condition x(ty; to, Pnxo) = Pmxo).

(b) The trivial solution x = O of system (2) is called J-uniformly stable if, for each
& > 0and each ty > 0, there exists § = 8(¢, ty) > O such that

llx(; to, Pnxo)ll < &

forallt > ty,m € J and xq € £oo : || Pmxo| < 6.

Theorem 3. The trivial solution x = 0 of (2) is Lyapunov stable if and only if it is
J-uniformly stable.
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