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The associative calibration is a well-known 3-calibration on R7 = ImO. defined to
depend on the octonionic structure.

Suppose g is a 3-vector and {e1, €2, . . . , ei} is the canonical orthonormal basis on
R7. Usually, g is given by an expression in terms of axis 3-planes

e- D o, tot i  n , i  ^e i .
i < i  < k

We are interested in the following question: How does one know whether or not the
calibration is associative?

The associative calibration is always determined and reco gmzedby its canonical form.
So the question is to find a suitable orthonormal basis, where g canbe expressed in the
simplest form. From this, we will know whether g is the associative calibration or not.

This note gives an answer to this question based on the investigation of the C-algebra
(L,1.,.1) associated with p (see [7]).

g is the associative calibration if and only if (L,1,.,.1) satisfies the following condition:

adl  -  -1w121d6 Yw e L,

1.9. '

l w , l w , x l l :  - l * 1 2 *  Y x  e w - .

Our main results are the following.
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Theorem l. Let (L,1., .l) be a non-commutative C-algebra, J the Jacobiator on L,
and x, !, z e L orthogonal vectors. If 

"4" 
: -lwlzl dr-t Vu.r e L, then

(1) ad*, ad, are anti-commutative on (x, y)-, i.e., adr(adr(z)) - -ady(ad*(z)) for
all z e L, where (x, y)t is the subspace of L containing all vectors, which are
orthogonal to x and y;

(2)  lx , ly ,x l l  =  - lx , fz ,  y l l  :  - l y , Ix ,z l l  - l y , lz , r l l  :  - l z , ly ,x l l :  l z , lx ,y l f ;
(3) J (x, y, z) - lx,ly, zl l ;
(4 )  l l x ,  y l l  -  l x l . l y l  -  l x  n  y l ;
(5) Span (x n y n z) is a 3-dimensional C-subalgebra if and only if J (x, y,z) - 0.

The following theorem gives a criterion to verify whether a C-algebra satisfies the
condition (x) or not.

Theorem 2, Let L be a non-cornmutative C-algebra, and {er, ez, . . . , €n} an or-
thonomal basis of L. tf o4, : -|drf for all i  - 1,2,... ,n and adr,, adr, are

anti-commutative on (ei, ,j)L for all i + j , then adlT : -lwlzI dr' Yw e L.

Let L be a C-algebra satisfying the condition (x). We have

Theorem 3.

( x , l y , z l ) 2  *  l J ( x , y ,  z ) 1 2  -  l x  n  y  A z ?  Y x , y , z  e  L .

By Theorem 3, we obtain

Conclusion 4.

(1) The form g(x, y , z) - (x ,7y, z)l is a calibration, i.e., it has comass 1.
( 2 )  G ( p ) u G ( - q )  -  G o ( " I )  -  { * [ ] ,  z l ^ y  n z l y  A z  e  G ( 2 , L ) ] .
(3)  Go@) -  G("r) .
(4) I is a maximal calibration.

We also prove that R O Z with the operation defined by

( a , b ) . ( b , ) ) :  ( a b  -  ( x , y l , a y  + b x  l l x , y l ) ,

is a normed algebra, and hence, L must be of dimension three or seven.
A direct computation shows that the C-algebras associated with g - el n e) n e\ and

the associative calibration satisfy the condition (x).

Conversly, if g is the 3-vector associated with a 7-dimensional C-algebra, which
satisfies (x), then, by Conclusion 4, we can choose a 3-covector 6 - a1 Aa2 Aa3 € G(q)
(at, a2, a3 are orthonormal vectors).Let a4lat, a2, a3 and set

lat, a+f - -as; laz, a+] - -a6; laz, a+f - -ai.

Then, by the condition (*), wecanprove that{a1, a2, a3, a4, ct5, ct6, ct'1|is an orthonormal
basis of R7. This is the required basis so that g aan be recognized as the associative
calibration.

In other words, by Theorem 2, we know whether g is the associative calibration or
not, and if it is, then we can choose a suitable orthonormal basis so that g is in the
simplest form (the canonical form). The coassociative and Cayley calibrations can also
be investigated in this way.
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The results of this note will be published in detail elsewhere.

275

Acknowledgements. The author would like to thank Professor Dao Trong Thi for many valuable
discussions, and Professor Frank Morgan for materials on calibrated geometries.

References

1. H. Federer, Geometric Measure Theory, Springer-Verlag, Berlin, 1969.
2. R. Harvey, Calibrated geometries, Proc. Int. Cong. Math. Warsaw (1983) 797-808.
3. R. Harvey, Spionors and Calibrations, Academic Press, NewYork, 1990.
4. R. Harvey and H. B. Lawson, Calibrated geometries, Acta Math. I04 (1982) 47-157.
5. R. Harvey and H.B. Lawson, The faces of the Grassmannian of three-planes in R7, Invent.

Math. 83 (1986) I9l-228.
6. R. Harvey and F. Morgan, The comass ball in A3(R6)*, Indiana Math. /. 35 (1986) 145-156.
7. D.T. Hieu, On the comass norm of a 3-covector, Acta Math. Vietnam. 2l(2) (1996) 349-367.
8. D.T.Hieu,Computationof thecomassaft-covector,VietnamJ. Math.26(2) (1998) 181-184.
9. D. T. Hieu, Decomposition of a k-covector with respect to a vector and computing its comass,

Kodai Math. J.2l (1998) 125-137.
10. F. Morgan, The exterior algebra ,r*R" and area minimization, Linear Algebra Appl.66 (1985)

t-28.
11. F. Morgan, Area minimizing surface, faces of Grassmannians, and calibrations, Amer Math.

Monthly 95(9) (1988) 813-822.
12. F. Morgan, Calibrations and the size of Grassmann faces, Aequationes Math.43 (1992) l-13.
13. D.T. Thi, Minimal real currents on compact Riemanian manifolds, Izv. Akad. Nauk SSSR, ,Ser

Math. 4r(4) (1977) 853-867.
14. D.T. Thi, Minimal surfaces in compact Lie groups, Uspekhi Math. Nauk 33 (1978) 163-164.
15. D. T. Thi. Global minimal currents and surfaces in Riemanian manifolds. Acr. Math. Vietnam.

10 (198s) 296-333.


