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The associative calibration is a well-known 3-calibration on R? = ImO, defined to
depend on the octonionic structure.

Suppose ¢ is a 3-vector and {e;, €2, ... , e7} is the canonical orthonormal basis on
R’. Usually, ¢ is given by an expression in terms of axis 3-planes

* *
Q= Z aijke; A e; Aeg.
i<j<k

We are interested in the following question: How does one know whether or not the
calibration is associative?

The associative calibration is always determined and recognized by its canonical form.
So the question is to find a suitable orthonormal basis, where ¢ can be expressed in the
simplest form. From this, we will know whether ¢ is the associative calibration or not.

This note gives an answer to this question based on the investigation of the C-algebra
(L, [., .]) associated with ¢ (see [7]).
@ is the associative calibration if and only if (L, {., .]) satisfies the following condition:

ad? = ~|w|*Id,. Ywel, *)

ie.,

[w, [w, x]] = —|w|*x Vx € wt.

Our main results are the following.
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Theorem 1. Let (L,[.,.]) be a non-commutative C-algebra, J the Jacobiator on L,
and x, v, z € L orthogonal vectors. If adf, = —|w|?Id,. VYw € L, then

(1) ad,, ad, are anti-commutative on (x, y)J‘, i.e, ady(ady(z)) = —ady(ady(2)) for
all z € L, where (x, y)* is the subspace of L containing all vectors, which are
orthogonal to x and y ;

2 [x Iy, x11 = =[x, [z, Y]] = =y, [x, 2]l = [y, [z, x]] = —[z, [y. x]] = [z, [x, ¥]];

3) Jx,y, 2 =Ix, [y zll;

@ |lx, 1l = Ixl Iyl = Ix Ayl

(5) Span(x A y A z) is a 3-dimensional C-subalgebra if and only if J(x, y,z) = 0.

The following theorem gives a criterion to verify whether a C-algebra satisfies the
condition () or not.

Theorem 2. Let L be a non-commutative C-algebra, and {e1, e, ... ,e,} an or-
thonomal basis of L. Ifadezi = —'Ideil foralli = 1,2,...,n and ad,,, adej are

anti-commutative on (e;, ej)lfor alli # j, then adeZ = —|w®Idy,:. Yw € L.

Let L be a C-algebra satisfying the condition (*). We have
Theorem 3.

x a1y, D =lxAyAz® Vx,y,zeL.

By Theorem 3, we obtain

Conclusion 4.

(1) The form ¢(x, y, z) = (x, [y, z]) is a calibration, i.e., it has comass 1.
@) G)UG(—p) =Go(J) ={x[y.2lAyAz|ly Az e G2, L)}

(3) Golp) =GW).

(4) ¢ is a maximal calibration.

We also prove that R @ L with the operation defined by
(a,b).(b,y) = (ab — (x,y),ay + bx + [x, y]),

is a normed algebra, and hence, L must be of dimension three or seven.

A direct computation shows that the C-algebras associated with ¢ = e] A €5 A €3 and
the associative calibration satisfy the condition ().

Conversly, if ¢ is the 3-vector associated with a 7-dimensional C-algebra, which
satisfies (%), then, by Conclusion 4, we can choose a 3-covector £ = a; Aax Aas € G(p)
(a1, az, as are orthonormal vectors). Let as_Laj, az, a3 and set

[a), as]l = —as; laz, as]l = —ae; las, a4] = —a7.

Then, by the condition (*), we can prove that {a1, a2, a3, a4, as, as, a7} is an orthonormal
basis of R. This is the required basis so that ¢ can be recognized as the associative
calibration.

In other words, by Theorem 2, we know whether ¢ is the associative calibration or
not, and if it is, then we can choose a suitable orthonormal basis so that ¢ is in the
simplest form (the canonical form). The coassociative and Cayley calibrations can also
be investigated in this way.
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The results of this note will be published in detail elsewhere.
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