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Abstract. This paper studies oscillation and asymptotic behavior of higher-order nonlinear forced
neutral difference equations. We obtain a series of sufficient conditions for the oscillation and the
asymptotic behavior of solutions of higher-order neutral difference equations.

1. Introduction

Recently, there has been some activity concerning the study of the oscillatory and

asymptotic behavior of the solutions of higher-order neuffal delay difference equations
(see, for example, t1-101 and the references cited therein).

In particular, Graef et al. [3] studied the following difference equation:

L*Un-^+r *  Pn-m+rln-m*r-d + 6f  1n,  ) ln - t )  :  0 '

Zafer [10] studied a more general difference equation of the form

a, la( t )L"- t  (*( t )  *  p( t )x( t ( t ) ) ) ]  *  F(t ,x(o(r)))  -  Q, t  e I ,

where / is the discrete set {0, 1,2, ...} and A is the forward difference operator

A , x ( t ) - x ( t * 1 ) - x ( r ) .

In this paper, we are concerned with a more general nonlinear forced difference

equation of the form

L*(xn  -  Pnxn- t rn )  -Dgt@)f i (xn-o ,@))  -  hn '  (1 )

i : l
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Here, m > 2 is even, {p"l is a positive real sequence, { Qi@)l is a non-negative real
sequence, {r(n)} is a given positive sequence of integer with limr--r*(n - r(n)) -

@, {oi@)l are non-negative sequences of integer with limr,-- *(n - r(n)) : oo for
i - t,2, . . . , s. {hn} is a real sequence which is oscillatory. Moreover, there is at least
a n i n t e g e r T ,  |  <  j  <  k , s u c h t h a t o i @ )  >  0 a n d r ( n )  >  0 ,  f i ( u )  €  C ( R , R ) a n d
non-decreasing, uf i@) > 0 for  u + 0and i  :  1,2, .  .  . , , t .

By a solution of (1), we mean arcal sequence {xn} which satisfies Eq. (1) for n > 0.
A solution {xn} of (1) is said to be eventually positive if xn } 0 for all large n, and
eventually negative rf xn < 0 for all large n. It is said to be oscillatory if it is neither
eventually positive nor eventually negative. We will also say that (1) is oscillatory if each
of its solution is oscillatory.

Throughout this paper, we assume that there exists an oscillatory sequence {rr} such
that L-rn : hn for n : 1,2, . .. , and limn-*- rn : 0. Set

Zn : Xn - pnXn-r(n) - rn .

By convention, empty sums will be taken to be zero.

In this paper, we will give some sufficient conditions of oscillatory and asymptotic
behavior of solutions of Eq. (1) by using a method which differs from [3,9].

2. Main Results

Lemma 1. t l l  Lrt {y"} be a sequence of positive real numbers in N - {0, 1,2,...},
and L* yn < 0. Let L* yn be of constant sign with L^ yn not being identically zero on
any subset {no,no I 1, .. . } of N. Then there exists an integerl, 0 < I < m - l, with
m *l oddfor L*yn < 0, andm *I evenfor L*y, > 0 suchthat

I  < m - l i m p l i e s ( - 1 ; / + t L o y n r 0 ,  f o r a l l  n )  N ,  t  < k 1 f f i - I ,

and
I > |  impl ies Loyr,  0,  for  at l  n )  N, |  < k <t  -  l .

Lemma 2. Let 0 < pn < B for n 2 flg and some positive constant B. Assume that there
is at least an integer j, I < j < s, such that D[r, Qi@) : oo. If {*nl is a bounded
solution of Eq. (I) and {x"} is eventually positive (or negative), then limr--- Zn : 0.
Moreover, for att large n, we have (-l1k Lkzn > 0 (or < 0) for k : 1,2, . . ., ff i .

Proof. Let {xnl be an eventually positive bounded solution of Eq. (1) (the proof when

{xr} is eventually negative is similar), and without loss of generality, we may assume
that xn 2 0,  xr- t tu)  )  0 for  i  -  I ,2,  . . . ,  s and n )  kr  > no.Since {x"}  is  bounded
and limn-- oorn : 0, so that, by (2), therc is a n2 Z n1 such that {z"l is bounded for
n 2 nz. By (l) and(2), we have

L*2 , -  I  Q i@) f i (xn-o , ( , ) )  >  0  fo r  n  )  nz .
i : l

(2)

(3)
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Itfollows that Lkz, (k:0, 1,... ,ff i  - 1) are strictlymonotone and areeventually of
constant sign. Since {z"l is bounded, we may set limr--* zn : Z (-oo < Z < m).
First, suppose -oo < L < O.In view of limn--* rn :0, then there exists a constant
c > 0andan3) f tz,suchthatzn 1-c < Oforn > n3.Sincen 2 f l3t f imzn > O,zn < 0
and{zn}  i sbounded,  se t  ln :  -T r .Thenasn }  n3 ,  ln  >  0 ,  L^yr :  -L*zn  <  0
and {yr} is bounded. Observe that rn is even. By Lemma 1, there exist a n4 > n3 and an
i n t e g e r /  e  { 1 , 3 , 5 , . . .  , f f i  -  1 } ,  s u c h t h a t ,  a s n  }  n 4 ,

L o y r >  0  f o r  k  :  0 , 1 , 2 , . . . , 1  -  I ,

and

e l ) k + t L o y n  > 0 f o r k : l , t + 1 , . . . , m - 1 .  ( 4 )

Since {yr} is bounded, we may show that I - 1. Otherwise, lf I > 3, then, by (4), we
haveyn > 0, Ay, > 0and L'yn > 0for n2 fl.4. So Ay, isstrictlyincreasing,hence,
there exist a n5 > n+ anda constant c > 0, such that Lyr, c > 0 for n > n5.By
summing from n5 to n andletting n --> @, we have limr-oo J, - oo, which contradicts
the fact that {y"} is bounded. Hence, I > 3 is impossible. So I - I holds. From (4), we
have, as n > f t4,  ln > 0 and (-gt ."+t  Loy,  > 0 for  k -  I ,2, . . . ,m -  1,  that  is ,  as
n 2 n4, zn < 0 and (- I1k Lk zn > 0 for k - 1,2, . . . , m - 1. In particula\ L*-t zn . 0
for n > n4. Since {xn} is bounded, we setlimr--* inf xn - a (0 < a < m). We wish to
show that a > 0. Otherwise, if a :0, then there is an integer sequence {ni}, such that
lim;--6e tti : @ and limn--- inf xn : a :0.

By (2), we have

xn,+r(n)  :  zni+r(n)  *  Pn,+t(n)xni  *  fn i+r(n) '

So let I + oo, we have lim;--ee inf xn *r(n) - d < 0. This contradicts xn ) 0 for
n ) nr. Hence, a > 0 holds, that is, limr-*- xn : a > O.It follows that there ate a
constantct > 0anda n5 > n4, such thatxn > ct > 0and xn-oi@) > ct > 0 forn > n5.
So, by (3), as n ) fl5, we have

\ *2 ,  z  I  Q i@)f i (c r )  >  bDQr@) r -  bQi@),  (s )
i : l  i : l

where b -  minr= i=s{f i (cr)}  > 0.
By summing (5) from n5 to n and letting n + @, we have limn--* L*-r zn _ oo.

Thiscontradicts L^-rz, < 0for n> n4. Hence,theinequality-oo < L < 0cannot
occur.

I f  0 < L < @,thenthereexistaconstantc > 0anda n3) nz,  suchthat z,  > c > 0
fotn > n3. Since n ) flz, [mZn > 0, and {zr} isbounded, observe thatm is even. By
Lemma 1, thereexists zn.4 2 n3andl :0,  suchthat 1- l )kLkz,  > 0f .orn Znaand
k:0 , I ,2 ,  . . .  ,m -  l . Inpar t i cu la r ,  L* - rzn  <  0 fo r  n  2  f l4 .  Observe  tha tzn  >  c  >  0
forn > n3andlimn-*- rn:O.Hence,thereexistsaconstantct > 0 andn5 ) n4, such
that zn* rn 2 cl > 0 for n ) lls.By (2),we have xn ) z2* r, 2 c1 ) 0 for n ) fl,5.
S o w e m a y t a k e  a n 6 > n 5 ,  s u c h t h a t x n - 6 , 1 f i  2  c 1  >  0 f o r  n >  n 6  a n d i  :  I , 2 , . . .  , , s .
From (3), we obtain

L*2,-  i  Qi(n) f i (cr)  > rLQi(n) z bQi(n),  n )  t t6,
i : l  i : l

(6)
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whereb: minr. isr{ f i (cr)}  > 0.
By summing (6) from n6 to n and letting n + &, we have limn--m 6m-rzn: oo.

Thiscontradicts 6m-rzn < 0for n2 f l .4.Hence,0 < L < oois impossible.  So L -0
holds, that is, limr-** Zn :0.

Since lim,,*- zn :0, it is not difficult to show by contradiction that limn-- * Lk zn
= 0 f o r  k :  I , 2 , . . .  , m -  1 .  S i n c e  L m z n  >  0 f o r  n  2  n 2 a n d m  i s  e v e n , h e n c e , i t i s  e a s y
to see that,  for  suf f ic ient ly large n,  ( - I1kLkz, > 0 for  k:0, I ,2, . . .  ,m. The proof
is complete.

Theorem L. Assume that the following conditions are satisfied:

(c r )  0  1pn <  Bforn)n0andsomepos i t i vecons tan t  ^B,0  <  B < t .
(c2) There exists at least an integer j,I < j < s, such that

i,n^n) - oo.

Then every bounded non-oscillatory solution of Eq. (l) tends to zero as n + @.

Proof. Let {x"l be a bounded non-oscillatory solution of Eq. (1). Without loss of
generality, assume that {x"} is eventually positive (the proof when {x"} is eventually
negative is similar). By Lemma2, we have limr, -->e zn : 0. Since limr-r- rn : 0, so
limr--* (z n * rn) - 0. Observe that {xn } is bounded, hence, we set limr,--oo srrp x, : q,

then0 1 q I oo.We wishto show thata : 0. Otherwise, rf a > 0, thenthereis aninteger
sequence {n 7.}, such that limt-+ oo nk : oo and 1im1--* xnt : limrr--- sup.r,? : a > 0.
Since {xr} is bounded, so {xno-r(nt)} is bounded. Hence, there exists a sequence

{nt,} C {n7.}, such that lim nk, : oo and lim;--m xnp,-t(n1,; exists. By (2), we have

so that

Znn,  *  rnk i  xnk i  Pnp,xn2. - t (n* )  >  xnk i  -  Bxnk i - t (np , ) ,

o : 
,11{zno, 

* rno,) Z 
,\o*"0 

- u,1* xnp,-t(np,)

: a - " , l t l x n p , - r ( n p , ) .

Hence, we have lim;-*m xnp,-t(np,) > a/B > a. This contradicts limn--- srrpxn : q.

Hence, a > 0 is impossible, and So 4 - 0 holds, that is, limr** supxn - a holds.
Observe that xn > 0 eventually, so that limn-** xn :0. The proof is complete. r

Theorem 2. Let (ci, Gil be satisfied. Moreover, assume that the following conditions
hold:
(cs) There exists a positive constant )., such that

(c+)

f, fu\
l i m i n f  r ' \  /  > ) "  f o r  i  - 1 , 2 , . . . , s ,

u-->0 u

n

l im sup I w*-r Q1(w)rr-oi(w) : 6,
n--+@ U):no
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(cs)

rfqi:r  f ,  ,*-t  Q1(w)r.-oi(w) :-oo.
n-'* 

f-_ro

Then every bounded solution of Eq. (I) oscillates.

Proof. Let {x"} be a bounded non-oscillatory solution of Eq. (1). Without loss of
generality, we may assume fhat xn 2 0, xr-r(n) > 0, xn-o,(n) > 0 (i - 1,2, .. ., s) for
n 2 nr > ns (the proof when xn 1Q,n Z nr is similar). By (2) and Lemma 2, there is
A.rr2 2 n 1, Such that

1-t1k Lkzn > 0 for  n Z nz and k -  0,  1,2,  . . .  , f f i .  (7)

By Theorem 1, we have limr--r*x, :0, and so limn*xxn-o;(n) : 0 for i -
1,2, . . .  , , r .  By (c:) ,  there is an3 Z nz,  such that zsf t  )  t t3,

f i (x " - " '@))  >  r  >  0 ,  fo r  i  :  1 ,2 ,  . . .  , . s .  (g )
Xn-o i (n )

From (l), (2), and (8), we have
s f' /,xn-o,h\)

[ ,mzn - f  Q i@)  . xn -o i ( n )
- *n-o i \n )
l : I

= ^ I  Q i (n )xn-o , (n )  Z) ,Q1(n)xn-o1(n) fo rn> n3 .  (9 )
i : l

From (2), we have
Zn * fn - xn pnXn-t(n) 1 Xn .

By (7), we have zn > 0for n > n3. So again,we have xn 2 zn I rn > r, for n 2 fl3.

Hence, we take 1fl4 ) n 3, such that

xn-o i (n ) ) rn -o i (n )  fo tn>n4.  (10)

From (9) and (10), we have

6.m zn > XQi(n)rn-ot@) for n > n4 . (11)

We multiply both sides of (11) by n*-t and then, summing it from n4to n,we obtain

Fn - Fro Z ^ 
F--r^ttt*-r 

Qi(w)r*-o1(w)t Q2)

where
m

Fn - n*-r L*-r zr- Ir- DI (* - l )(m - 2) .  .  .  (m - t  + l)nm-I 6m-r zn .
l :2

By (7), Fn < 0 for n 2 n4. Hence, it follows from (L2) that

$ , , , . - ,  e i (w)rr -o1(w) 1-+,
."--rr*

so that
F

l im sup f,  **- '  Qi(w)rr-o1(w.t 1 -+

"__,; i=r, 

vr\w' - 
) .

This contradicts condition (c+), and the proof is complete. I
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Theorem 3, Let conditions (ci, (ci be satisfied. Assume that thefollowing conditions
hold:

(c) There exists at least an integer j , | < j < s, such that o1@) is non-increasing and
as n ) fly, oj(n) > 0. Moreover'there exists integer sequences {np} and {nl1rl, with
limf--m nk : OO, limt-* *nL : X, such that

l ' r
I  I  Q1(w) r r -o7( ra )<0.
I
I  w:n'o-oj(n'o)

Then every bounded solution of Eq. (I) oscillates.

nk

T
,d-t

:nk-oj

(nn - w)rn-r Qi @) >
(n)

I  Qi(w)r,-o;(u) > 0.
w:nt -o j (n t )

n',-

I (r'r, - u)m-r Qi@) >
w:n'o-oj(n'o)

(m - r) l
1 ' ,

( m  -  I ) l
1 ' ,

(Hr)

(Hz)

Proof. Let {x"l be a bounded non-oscillatory solution of Eq. (1). Without loss of
generality, we may assume that xn 2 0, xn-r(n) > 0, xn-o,(n; > 0 (i - 1,2, . .., s) for
n ) flr > n6 (the proof when xn 10 is similar). Observe that oi(n) is non-increasing,
so thatthere exist a constant o > 0 and a T, no,such that 0 . oj(n) < o for n 2 T,
and so nk - o < nk oi@il 1w l nnfor nk > Z. Hence, we obtain

U:n

By (Hr), we have

(n* -  u)m-t  ei@) < o^-t  i  e i@).
(n i  w :nr -o i (n* )

I  Qi@) >
w:nr -o j (n t )

It follows that
oo

D ot(,) - oo'

As in the proof of Theore ̂ r, *";::" that (7)-(9) hold for n > n3. By (2),we have
xn ) Zn I rn fot n > n3, dfldso we take a n4 > n3, such that

xn-oi@) ) Zn-oi@) * rn-oi@) fOt n > n4.

Combining (9) with the last inequality as n > n4,wehave

fim zn > XQi(n)lzr-o1(ny * rn-o,(r)] : )"Qi@)2"-o1@) a ),Qi(n)rn-oifu). (13)

I
t -oj
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By discrete Taylor's formulas [1], set n4 < w I nk. From (13), we have

229

(14)

L* zw , xeitrlrF 
Li zno--.''(ni (w - o1(w) - nr, * o1@il)u)' H  i l

. t  w-o i (w) -m

I (u,' - o1@) - t - l)tn-tl L^ zil' t u - r ) t .  . L
l :n t -o j (n r )

+ ) 'Qi(w)r . -o i@).

From (7) and (14), and observe that oi (n ) is non-increasing, we obtain

1

A,m zw > :  
nm-r 

o)(nr -  w!(m-r)  Qi@) 1l"Qi(w)r . -o;(*) .  (15)
g - lY'^ 

/ 'nk-oi\n'

By summing (15) from nk - o1@il tonp - 1, we obtain

6m- l  znr  -  L* - r  znr -o i (np)

t  n r - l

> -+ L^-r f (n* - u)m-r ei@)= 
1^ _ l) l^ 

<np-o1\nt) 
, :r?o-,1r01

+) , Q1(w) r . - o1 (w) .

Applying (H1) to the above inequality, we have

6*- l  zno -  L*- l  zrk-oj (nk)  >-  -Lo"-r  Znr, -o j (nt) ,

so that 6m-r znr, > 0 for nk > n4, whichcontradicts (7), and the proof is complete. r

Theorem 4. Izt condition (c) in Theorem I be replaced by

(ci) 1 < 81 . pn < B fornz nowhere 81 andB aretwopositiveconstants.

Then every bounded non-oscillatory solution of Eq. (1) tends to be zero as n + @.

Proof. Let {x"} be a bounded non-oscillatory solution (1). Without loss of generality,
we assume that {*r} is eventually positive (the proof when {x"} is eventually negative
is similar). By Lemma 2, we have limn --+q Zn : 0. Since limr--* rn : 0, therefore,
limr-**[zn * rnl - 0. Observe that {x"} is bounded; we may set limn*m sup xn : ct
(0 < a < oo). We wish to show that a - 0. Otherwise, If a > 0, then there exists an
integer sequence {n 7.} with limr-roo nk : oo, such that lim7.** xnr, : limn*m SUp -rn _
a > 0. Since {xr} is bounded, {xno+r@) } is also bounded. Then there is a {np,l c {nt}
with lim;-* aflki : oo and such that lim;-* * rcnki+t(nr) exists. From (2), we have

znri*r(nr) * fno,+t(n*) s xru,+t(nr) - Blxro,.

Letting i + oo, we have lim; -+x xnp;*r(np,)

limn-*oo suprn : a. Hence, a - 0 holds. Observe that xn > 0 eventually, hence,

limrr-r* xn :0. The proof is complete. I

Using Lemma 2 and Theorem 4, and following the proof of Theorems 2 and 3, we

have

n r - l

D
w:nr -o j (n t )
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Theorem 5. Let condition (c) in Theorem 2 be replaced by (c'r). Then every bounded
solution of Eq. (l) oscillates.

Theorem 6. Let condition (ci inTheorem 3 be replaced by (c'r). Then every bounded
solution of Equation (1) oscillates.

Example. Consider the equation

oo (*' -
f,.,-r) 

- 24xn-2 (16)

Hence, m : 4, pn : I/2, r(n) : l. o(n) - 2, Q(n) - 24, and f (u) - u.lt is easy to
verify that the conditions of Theorem2 are satisfied. Therefore, (16) has an oscillatory
solution. For instance, {xnll - (-l)n is such a solution.
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