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Abstract. We considerthe n-dimensional, non-autonomous Lotka-Volterracompetition equations.
Conditions for the existence and uniqueness of a solution defined on (-oo, *oo) whose
components are bounded above and below by positive constants are given.

L. Introduction

Consider the Lotka-Volterra equations for n-competing species

r A r
u i : u i L b , ( t l - \ a i 1 ( t ) u 1 1 ,  l < i < n ,  ( 1 . 1 )

J : I

whercn > 2andbi: R -+ R,a;i : R -+ R.', R :: (-oo, *oo), R-. :: (0, +oo), are
continuous and bounded. The case that h, aij are continuous and bounded above and
below by positive constants was also considered in [1-6]. [t was shown in [7] that if

(i) bi, a;1 : R -+ R+ (1 < i, j < n) are continuous, bounded above and below by
positive constants;

(ii) there exists a positive number e1 such that

b i Q ) Z D " t i @ u ! 1 i l + e t ,  1 < i <  n ,  t  e R ,  ( 1 . 2 )
j eJ i

w h e r e  {  :  { 1 , .  . . ,  i  - I ,  i  + 1 , . . . , n ! a n a U ! @  i s t h e u n i q u e  s o l u t i o n t o t h e
logistic equation

ry : ul\G) - a1l7)ul (1.3j)
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which is defined on (-oo, *oo) and is bounded above and below by positive
constants;

(iii) there are positive numbers t2, otl, d2, . . ., an such that

a ; a i i Q ) l _ l a 1 i i r ) a i i e 2 ,  l  <  i  < n ,  t  e R ,  ( L 4 )
j €J,

hold;

then the system (1.1) has a unique solution u01t1 : fu\Q),...,u2@) defined on
(-oo, +m), whose components are bounded above and below by positive constants,
and moreover, utQ) - ul@ -+ 0 as / --+ +oo (1 < t < n) for any solution
u( t )  :  (ur( t ) , . . . ,u"( t ) )  o f  (1.1)  wi th u i ( td  > 0 for  some r0 e R and for  a l l
i : 7 < i < n .

In this paper, we prove a result which is more general than the one above. Our main
result is as follows:

Theorem l. Suppose

(i) l iminfl* +* biQ) > 0, l iminfi* +* aijQ) > 0 (l < i, j  < n);
f -  - .  - - n  . l( i i )  l iminf i r+oo 
lb i ( r )  

-  L1. t ,a i1( t )Ui ( t ) ]> O (1 < i  < zr) .

where UIQ) (1 < ,l < n) is the unique solution to (1.3) defined on
which is bounded above and below by positive constants;

(i11) there are 2n positive constants 
"f 

, 
"f 

, ..., af such that

l iminf la !  a i i t t ) -  Io i i ( r ) " i l  =  0 (1 < I  < n)
t _ + ' , r ,  . .  

E  
I

hold.

Then the system (I.I) has a unique solution uo1t7 : fu?G),...,u2@) defined on
(-oo, *oo), whose components are bounded above and below by positive constants,
a n d m o r e o v e r u i Q ) - r ! { t )  - - +  0 a s /  -  + o o  ( 1  <  t  <  n ) f o r a n y s o l u t i o n
u(t) : (u r(t), ..., u"(t)) to ( L l ) with ui(ts) > 0, 1 < i < n for some ts e R.

The ecological significance of such a system is discussed in [4, 5].

2. Preliminaries

It is easy to see that the Cauchy problem for (1.1) with the initial conditionu(tfi -
( u r c , . . . , un0 )  €  R \  : :  { ( q , . . . , un )  e  R"  i  u i  >  0 ,  1  <  i  <  n ) , t s  eR ,has  aun ique
solution. Moreover, Rf and int (Rf ) are positively invariant.

Lemma I. Let + a, b : R
liminfi-+- a(t) > 0, lirninfr* +* b(t) > O, and b(t) > 0 for all t e R. Then the
logistic equation

i : x f a ( t ) - b ( t ) x l (2.r)
has a unique solution xo 1t| defined on (- x , +6) , which is bounded above and below
by positive constants. Moreover, liml-aso lx(t) - x01t;1 : 0for any solution x(t) to
(2.1)with r(/o) > 0for some /6 € R.

(1.s)

(1 .6 )

(-oo, +oo)

(r .7)
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Proof. Existence. II is an easy matter to show that there exist positive numbers T , 6, L
suchthata(r )  > O,b( t )  > 0,  and 6 < a( t ) /b( t )  < A for  Vl  >_7,  Foreach k:1,2,  . . . ,
let xz,(t) be the solution to (2.1) with xr(-ft - T) : A. Let up(t) : L and up(t) : 3
fo ra l l - f r  -T  <  r  <  -7 .Then

upQ)laQ) - b(t)up@f : Lla(t) - b(/)A] < 0,

and

u p ( t ) l a Q ) - b ( t ) u p ( t ) l : s l a ( t )  - b ( D s l  >  0  f o r  - k - T  < t  <  - 7 .

By the Comparison Lemma (see, for example, [6, p. 135]) we have that

6  :  wQ)  <  xk1 )  <  w ( t ) :  A  f o r  -  k  -T  <  t  <  -7 .

By passing to a subsequence if necessary, we can assume xkeT) --> q e [6, A] as
/c -+ oo.

Let xo(t) be the solution to (2.1) with xo(-f ) - 11. It follows that x*(t) -+ x01r;
uniformly with respect to / on any compact subinterval of (-oo, -Z]. Therefore, x01/;
isdefinedon (-oo, -71 andd < xu(l) < A for -oo < t < -T.Let

( a f t \ l
A : rntrx 

t i:? ,(r) 
+ t' Al'

t h e n 0 < [ . + * .
By the same argument given before and by the Comparison Lemma, it is clear that

x01l; is defined on [-I, *m) and "vO(r) < A for -I < / < +oo. Since (0, *oo) is
positively invariant with respect to (2.1), it follows that x0(r) > 0 for-Z < r T.
Therefore, 6 :: mintrl.r xj7) > 0. Let 3': min{6, 51. ttren x,Q) > Ffor all t T.

Hence, 3'. 
"o(r) 

= I for all l  e R.

(Jniqueness. Suppose xllr; is another solution to (2.1) defined on (-oo, *oo) such
that 0 < inf,.pxl(r) < SupreR xt!) < *oo. Let /6 e (-oo,*m) be such that
x0Gd+xr( td.Without lossofgeneral i ty ,wesupposexr(ro)  <r0( /0) .Since(2.1) isa
scalar equation, we can assume, by the uniqueness of solutions of Cauchy problems for
Eq. (2.1), that

O .  y t : :  in f  xr ( t )  .  * r ( t )  <.x0( / )  S suprOg) : i  T2 < +oo ( /  €  R).

We have

I J J

* ^# : u1)lxo 1t)- *' (r)1.

Then, for any M > 0,

" [ -
u(t) lxo(t) - xt1t1)at :^* -6lJ-!) 32hU

xu(M) xu(-M) 
-  

y l
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Hence, fff b Q)lxl (t) - xr 1tlla t < + oo. consequently, liml- 4- fxj 1t7 -xr 1t1l = o,
and this leads to

r + o o  ,  . 1 .  , .  f ,  x l ( M )  ,  x t e M ) 1

J _* uolxu(tt - x' 1t1fat : rrTL ["ffi 
- t"ffi.] : o.

Thus, ro(t) : xr(t),t < R, andinparticular, x0(rs) : .r1(/0).This contradiction
implies the uniqueness.

Asymptoticity. Let x(t) be a solution to (2.1) with r(/6) > 0, /o e R. It can be shown
that

x ( t )  
I  a ( t )  ' l< max 
I ::F '(t) '  

x\t$ 
| 

:" a1 ' t > to '

Let /1 satisfy tl > max{/g, Z}. By the Comparison Lemma, we have

x( t )  >cy2 : :  min { " ( ro l .  min x(r ) ,  i "L9}  = o.  t  > to.
I 

'  - '  tn<t<r1 ' '  tzr b(t) |

Sinoe (2.1) is scalar, it follows that either

(a) r(r) > .do(/), t > ts or
( b )  x ( r )  < x o | ) ,  t > t o .

If (a) holds, from

( tn ^!!L : ugllxo(t1-;(r)],
d t  xu ( r )  

'  - L

it can be shown that

o.  [ ' -b ( i l1x ' ( t ) -x ( i l fd t : t19 l l  -6 !91  1=2u. ! !  ro rany  M>to .
Ju 

' ,L  
xr( ro)  xr (M) 

-  q2

Thus,J+- -b(t)lxj@-x(t)]dt < *ooandthisleadstolimy--146s [x01r;-x1r;] : O.

Similarly, we prove that liml-1- l*o(r) 
- x(t;l :0 if (b) holds. Therefore, the

lemma is proved. I

Remnrk 1. ItfollowsfromLemmalthat,if(1.5)holds,then(1.3j)hasauniquesolution
I/r0(r) defined on (-oo, *oo) which is bounded above and below by positive constants.

Remnrk 2. It is not hard to see that (1.5)-(1.7) are equivalent to the following:

There exist positive numbers T, e, b;r, aijr (I < i, j < n) such that

b i ( t )  > b iy ,  a;1( t )  > a; i1  for  Vl .  f  ,

b iG)  -L " , iOU! { ) ,  e ,  L  < i  <  n ,  l t l >  T ,
j  eJi

a ,  a ; ; ( t )  - l a / t ) a ,  i _e ,  I  <  i  <n ,  t  <  -7 ,

j  eJi

(2.2)

(2.3)

(2.4',)
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and
+  , '  \ -  r

a i  a ; i Q )  -  
l a l i Q ) a i  Z e ,  |  < i  < n ,  t  >  T .
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(2.4")

Lemma 2. Let (1.5) and (1.6) (or (2.2) and (2.3)) hold. Let u(t) be a solution to (I.r)
with u(ts) e int (Rf), for some /s € R. Then its right maximal interval of existence is
[/0, f oo) and there exist positive numbers h, 4r, ...,4n, Lt, ..., L, (tt > T) such that
n i  < u i ( t )  < L i  ( t  > h,  I  < i  < n) .

Proof. Since inf 1ap a;iQ) > 0 (1 < i < n), it follows that

o < ui(t) < m'x [u,(,0), *p 49 ] ': o, , t ] ts .
t  

- a i i V ) l  .

Let t2 - max{T, /s}. From (2.3), it follows that there exists a y > 0 (for example,

1z = minr.i.  ̂ tr/2l|f:r supr2r atj@f |) such that

b iQ)  -  y  a i i7)  -D" , i@lu l@ + y l ,  0  ( r  <  i  <  n,
ieJ,

Let us denote by Ui(t) the solution to (1.3j) given by U;(t) : ui?2).From(l.1) and
(1.3j), it is easy to see that

u i ( t ) < U i ( t ) ,  t > t z . (2.6)

By Lemma I, U;(t) - U!@ -+ 0 as / + +oo (1 < I < n). Consequently, there is
h > tz such that

r > tz). Q5)

(2.7)

(2.8)

(2.e)

We claimthat

Suppose that it is false. For each i : I, 2,... ,n,let us define giQ) : ni - uie).
Then there exist i and tq > tz such that giQD > 0. Since giQ) < 0, there exists /5 > /3
such that gi(t) > 0 and gi (rs) > 0. It follows that

U i Q )  <  U ? @  + y  ( t  >  h ,  |  <  i  < n ) .

ui( t )  > r7; : :minlu;(h),  y| ,  t  > b, |  < i  < n.

o  <  -b i? )  *  a i i? )u iQ)  + la4Q)u1( t ) .
: -  f

o < -biG) * ai iG) r  i la i lQ) ui?).
I eJi

From (2.6), (2.7), and (2.9), wehave

0 < -bie) t  a i ie)v * la i1Q)luf{ ts l  + v l ,
j  eJi

which contradicts (2.5). The claim is proved. Therefore, the lemma is proved.
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3. Proof of the Main Result

Le Hong Lan andTranVan Nhung

Proof of Theorem l. By Remark 2, we assume (2.2), (2.3), (2.4/) and (2.4t') inslead of
(1.s)-(1.7).

Existence. Let us define, for each | < i, i < n,

b i ( t ) ,  t  <  -7,

b i?T ) ,  t  >  -7 .

< i  < n .

Consider
n

. T - " l
u i  : i i l b i Q )  -  )  a i i ( t ) u i l .

t  -  '  - J (3 .1 )
j : l

Clearly, (3.1) satisfies all conditions in Theorem 2.3 in l7l. Therefore, (3.1) has a
unique solution /1r; aenneO on (-oo, *oo) whose components are all bounded above
and below by positive constants. Let a (r) be the solution to ( 1 . 1) with u(-T) : u0 eT) .
ByLemma2,theightmaximalintervalof existence of u(t) is [-?, *oo). It iseasyto
see that

,o 1t7 ,: l 
r 'to, t -7,

I  u ( t ) ,  t  -T .

is a solution to (1.1). From Lemma Z, u!1t; (l < i < n) is bounded above and below
by positive constants.

(Jniqueness. Suppose ul(t) is a solution to (1.1) defined on (-oo, *oo) whose
components are bounded above and below by positive constants. fet ur (t) be the solution
to(3.1)withtt(-f): u(-T).ByLemma2applyingto(3.1),therightmaximalinterval
of existence of ut (t) is [- Z, *m).

Define
- r . .  I u ' ( t ) '  t  T ,
u - \ t ) : l r , ( r ) ,  

t  T ,

thenil (t) is a solution to (3.1). From Lemma Z,n!@ (l < i < n) is bounded above
and below by positive constants. By Theorem 2.3 in]l applying to (3.1),ir (t) : uo Q),
t e R .

Thus, ul(r) : uo (t), t < -T,and this leads to ur = uo.The uniqueness is proved.

Asymptoticity. Letuk (t) (k : l, 2) be solurions to (1.1) with zk(lo) e int (Rl), /6 € R.
It suffices to show that u! Q) - u7 O -+ 0 as / -+ +oo.

Let us define t1 :: max{T, /6} and

d ; i ( r ) : I  
o " " ) '  t  >  t t '  

6 ; ( t ) :"  
t a i j ( r ) .  t < t t ,

b i ( t ) ,  t  >  t r ,

b i ( t ) ,  t  <  t r ,

Consider
n

i i  : i i l i , a l  - l a t i t o t i l ,  t  <  i  < n .
'  

7 o '  
' J

Clearly, ur 1t7 arrd, u21t1 are solutions to (3.2) for t > t1.

l < i , j < n .

(3.2)
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L 5 I

By Theorem 2.3 inlTl applying to (3.2), we haye 
"){D 

- u?Q) --> 0 as / -+ +oo
(1 < i < n). The theoremis proved. r

Corollary. Let liminft-+* biQ) : bi .0, liminfl*1* aijQ) : oi, > 0. If

, b*,n,
u i t - L o i M f > 0 ,  l < i < n ,  ( 3 . 3 )

j eJ i  " i jL

where aj* - hmsupr-a * aijQ), b** : limsupr-1- b;(t), hold. Thenthe assertion
in Theoiem I is valid.

Proof. It isnothardtoseethatl imsupr++m U:@ Sr**t4r,l < i < n.Thus,(3.3)
implies (1.6).

It is suffices to show that (3.3) implies (1.7). Let B : (bij) be the real n x n malix
defined by

b , , : f o ' ,  .  r  
i :  j '

'  
l a ] 1 a / a f i t . i + j .

I t f o l l ows f rom(3 .3 )  t ha tBB  <  B ,  whe re  f r :  ( bL , . . , , b I ) ' .  Le te  >  0besuch tha t
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p. of 8". Once again, from Perron's theorem, we have Bl o+ + for some vector
cv* > 0, where Bl is the adjoint matrix of Br. Therefore, B* (f. - s) at < a*
which implies

BfSI"I  at iQ) -  a1i@afl> o (r  < i  < n).
-  

J e J ,  

J  J

Similarly, we can prove that there exists a vector a- > 0 such that

fS_'grla, a;;(t) -Lai/L)"i] '  0 (1 < i < n).
I  e J '

Therefore, (3.3) implies (1.7). The corollary is proved.
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