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LetPp:F2fxt , . . . ,x t lbethepolynomiala lgebraonkgenerators.x l , . . . ,x / . ,eachof
dimension 1. Here, F2 denotes the field of two elements. Let the general linear group
GLt - GL(k,F) and the mod 2 Steenrod algebra "4 act on Pr in the usual way.

The Dickson algebra of k variables, Dp, is the algebra of invariants

D1,  :=F2fx1,  .  , . ,  xk]GLo

As the action of "4 and that of GLt on Pft cofirmute with each other, D7. is an algebra
over.4. We are interested in the Lannes-Zaruti homomorphism

91, :nxtf+i (Fz,rz) -+ (Fz 8o DDi ,

which is compatible with the Hurewicz one

11 : nj(So) = o*(0oSo) -+ I1*(0oSo),

(see [9, 10, p.46]). Here and throughout the paper, the coefficient ring for homology and
cohomology is always Fz. The definition of pr will be recalled later.

The classical conjecture on spherical classes reads as follows.

Conjecture 1. (Conjecture on Spherical Classes) There are no spherical classes in

QsSo except the elements of Hopf invariant one and those of Kervaire invariant one.

(See [4, 16,I7l for a discussion.)
The Hopf invariant one and the Kervaire invariant one elements are respectively

representedbycertainpermanentcyclesinExtl*(F2, F)andDx&;*(Fz,Fz),onwhich
gt wd e2 are non-zero (see [1, 3, 10].)

Conjecture 1 is a consequence of the following:
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Conjecture 2. gn : 0 in any positive stem i for k > 2.

(See [6-8] for a discussion.)
To state our main result, we need to summarize Singer's invariant-theoretic description

of the Lambda algebra [14]. According to Dickson [5], one has

Dr  =  Fz lQr , k - l ,  .  .  . ,  Qn ,o l ,

where gr,i denotes the Dickson invariant of dimension 2k - 2i . Singer sets fp :
OilQr,j:1, the localizationof D* given by inverting Qr,o, anddefines ff to be a certain
"not too large" submodule of f1. He also equips f" : @rff with a differential
0 : ff r fflr and a coproduct. Then he shows that the differential coalgebra f^

is dual to the Lambda algebra of [2]. Thus, Flr(f ") 
= Torf (F2,F).

The main result of this paper is the following theorem, which has been conjectured in
our paper [7, Conjecture 5.3].

Theorem l. The inclusion Dt C f I is a chain-level representation of the Lannes-
Zarati dual homomorphi sm

qi : (Fz gDol, 
--+ Torf.1,*i(Fz. Fz).

An immediate consequence of this theorem is the equivalence between Conjecture 2
and the following:

Conjecture 3. If q e DI, then [q] : 0 tnTo((Fz,F) for k > 2.

This has been established for k : 3 in Theorem 4.8 in [7], while Conjecture 2 has
been proved for ft : 3 in Corollary 3.5 in [6]. From the viewpoint of this conjecture,
it seems that Singer's model'of the dual of the Lambda algebra, f ^, is somehow more
natural than the Lambda algebra itself.

Now, we recall the definition of 9[ after ll0].
Let P1 - Fz[x] with lxl : 1. Let F cF2lx,x-rlbe the submodule spannedby all

powers x' with i > -1. The canonical "4-action on P1 is extended to an " 
-action on

F2fx , x-rl. Then F is an ,4,-submodule of Fzlx , x-rl. One has a short-exact sequence
of " 

-modules

o - + P r  3 F 3  x - 1 F 2 - + 0 ,

where r is the inclusion and z is given by n(xi): 0 if i  I - l and 1T(x-1) : l.Let er
be the corresponding element in ext|(X 

-1F2, 
Pt).

Definition 1. [15]

G t  e1 ,  -  
l r  8 . . .  I  e r  e  Ex t ! { I - kF1 .  f a ) .

/r times

(11)  et (M):ek8u ezx${E-oM, Pr8 M), for  M alef tA-module.Here,  M also
means the identity map of M.

Following [10], the destabilizationof M is defined by DM : MIEM,wherc
EM :: Span{S4rxli > degx, x e M}. They show that the functor associating M
toDM is a right exact functor. Then they defineDp to be the kth left derived functor of
D. That means Dp(M) : HI(DF*(M)), where F*(M) is an ,4,-free (or 

"4-projective)
resolution of M.
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The cap-product with ep(M) gives rise to the homomorphism

e*(M) : D1,(E-k U7 --> Ds(Pk e M) : Pr & M

er(M)(z) : en(M) I ' z .
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Theorem 2. t10l Let Dp C h, be the Dickson algebra of k variables. Then up ::
e*(F) : Dr(EL-kF) --> EDt is an isomorphism of internal degree O.

This theorem will explicitly be formulated in Proposition 2 below.
By definition of the functor D, one has a natural homomorphism : D(M) --> F2 @ M .

Then it induces a homomorphism 17. : FzSD r(M) -+ forf (Fz, M), I SlZl r-+ l A Zl .

The following definition uses this homomorphism for M : Er-kFztogether with the
suspension X and the desuspension X-I.

Definition 2.ll0l

gf, :: E-ri1,(1 I ot1)t :Fz I D* --> To((F2, t-ftF2) .
A A

Remnrk. In Theorem 1, we also denote by gf the composite of the above 9f with the

suspension isomorphism >ft : torf, (F 2, E-kF) rorf o*,(Fz,F).

We now prepare some materials for proving Theorem 1.
Let Z1 bethe Sylow 2-subgroup of GZ7. consisting of alluppertriangularft xk-matrices

with 1 on the main diagonal. The Zr-invariant ring, Mt : Pto , is called the Mili algebra.

Inll2l,Mii shows that P[' :FzlVt,..., V7.], where

V '  :  f l  ( l r x r  *  . . .  * ) , r - f i r - l  + r r ) .
)1eF2

Then the Dickson invariant, Qk,r, caninductively be defined by Qt ,i : Q21,-1,;-1 + V1, .

Q*t1, where, by convention, Qr,n: I and Qr,i :0 for i < 0. In [14], Singer sets
ut : VL, v* : Vt/Vt ' '  'Vr-t & > 2), so that

vo : r?o-'r3o-' " 'uk-tuk (k > 2).

As D7. C Fz[ur,. ..,uk],everyelementq e Dp hasauniqueexpansion

q :  I  , t ' " ' r t ,
( i t , . , i t )

where 71, ..., jn are non-negative. We associate with 4 e D7, Ihe following element:

Definition 3.

q  -  
I  Sqh+rA" 'A  Sq t *+ t8 t l - f t 1  e  B t - r (E r - kF ) ,

U t ' . ' j )

where B*(M) denotes the bar resolution of M over "4, for M a left A-module.

Let 3* : Dn(Er-kF) :: H1,(DB*()1-ftFz)) 3, nr,t@tr*()1-ftFz)) be the
connecting isomorphism associated to the short exact sequence

0 -+ EB*(EL-kF) --+ B*1xl-ftF) --> DB*(Er-frF2; + 0.
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Proposition l. If q € Dp, then Q is a cycle in E Bur(Et-kn)). Furthermore,

a*[1 I  4] :  ld l .

The next proposition deals with the isomorphism op treated in The orcm2.It is actually
an exposition of the Adem relations.

Proposition 2. If q e Dp, then
u l ' lQ l :  Eq '

Theorem 1 is proved by means of the above two propositions. To this end, using
Singer's isomorphism ff = A;, we need an explicit homotopy equivalence between
the dual of the Lambda algebra and the bar resolution B"(F). This is given by Priddy
[13] as follows:

Ai * BilFz)

e " i r . . . 1 . , ; ) *  r + 1 6 1  5 4 j r + 1  g . . . a g 4 . r u + 1  6 1 .

The canonical , -action on D7. is extended to an "A-action oir tf . ttris action commutes
with 0* (see [14]), so it determines an .A-action on Ker 07., the submodule of all cycles
in ff,. We also prove

Theorerg 3, gf, factors throughF2 Kerln as shown in the commutative diagram:

' \  7 F F

F2@Ker lp ,

where i is induced by the inclusion Dp C Kerfu, andfi is an epimorphism induced by
the canonicalprojection pr :Ker0p -+ I1p(f^) = To#(F2, F2).

In [7], we have stated the following conjecture: OI c A+ . Ker07, for k > 2.
Obviously, this is stronger than Conjectures 2 and 3 and equivalent to the following:

Conjecture 4. The homomorphism i : F z8 Dn -+ F2 @Ker 0 p, induced by the inclusion

i : Dp --> KerEr, is trivialfor k > 2.
Based on the above discussion, we believe that the problem of determining

F2 @ Ker 0p is something of interest.

The results of this note will be published in detail elsewhere.
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