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Abstract. The following question has been studied: Under what conditions is every (DFN)-valued
meromorphic function on the dual space E* of a nuclear Frechet space E of uniform type? Some

sufficient conditions are given in terms of the invariants (O), (DN).

Let E, F be locally convex spaces and D an open subset of E. A holomorphic function
f : Do --> F on a dense open subset Ds of D with values in F is called meromorphic
on D if, for every z e D, there exists a neighborhood U of z and holomorphic functions
h : U  - - - - - >  F , o : U  - - +  C w i t h o  l 0 s u c h t h a t

f  l ron,  
:  

l ronr '
By M(D, F), we denote the space of F-valued meromorphic functions on D. Write

M(D) for F : C. A function f e M(8, F) is said to be of unifurm type if / can be
meromorphically factorized through a Banach space. This also means that there exists
a continuous semi-norm p on E and a meromorphic function g from Eo,the canonical
Banach space associated to p, into F such that f - goo,where op i E ----+ E, is the
canonical map.

Pu,t M"(E, F) : {f € M(E, F') | / is of uniform type}.
The uniformity of holomorphic functions between locally convex spaces is defined

similarly as formeromorphic functions.InI9S2,Colombeau andMujica [1] haveproved
that every Frechet-valued holomorphic function on dual spaces qf Frechet-Montel spaces
(DFM-spaces for short) is of uniform type.Later, Meise and Vogt [9] have obtained an
important result of this type for scalar holomorphic functions on nuclear Frechet spaces
in an inter-relation with linear topological invariants. Let us note that a counterexample
for this problem was given by Narchbin [10]. Recently, Ha [3] has extended the above
results of Meise andVogt forFrechet-valued holomorphic functionson Frechet-schwartz
spaces having absolutely Schauder basis.
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Recently, the uniformity of meromorphic functions was considered by Hai [4] for
the dual Frechet-Schwartz case with an absolute basis in an inter-relation with linear
topological invariants. The aim ofthis paper is to consider this problem in the dual nuclear
Frechet case. To formulate the main result, we recall the definitions of such invariants,
which were introduced and investigated by Vogt 19,12,l3l.

Let E be aFrechet space with an increasing fundamental system of semi-norms {ll . llr}.
For each subset B of E,we define a general semi-norm ll . ll| on E*, the dual space of
E,by l lu l l \ :  sup{ l (x ,  u) l :  x  e  B} .

We write

l l  ' l l ; :  l l  ' l l } ,  w h e r e  U n : { x  e  E l l l x l l n  <  1 } .

Note that E has the property

( O )  i f  y p l q y k , d > 0 = c  > 0 :  l l  . l ; t + a  < c l l  . l l ; l l  . l l ; d .

(DN) i f  lpYqJk,d,C > 0 :  l l  .  l l ro+d .  Cl l  l f l l  '119.

Theorem. lret E and F be nuclear Frechet spaces. Then

M,(E*,  F*)  :  M(E*,  F*)  i f  F e (A)  and T(E*)  € (2D.

The proof of the theorem is given in Sec.2. Some propositions, which are necessary for
this proof, are presented in Sec. 1. Finally, in Sec. 3, we give some examples about spaces
having (DN)-property.

1. Some Propositions

Proposition l.l. Let E be a nuclear Frechet space and F a Frechet space. Then every
holomorphic function on E with values in F can be factorized holomorphically through
a Banach space if

E e ( O ) a n d F e ( D N ) .

Proof. Given f : E ----+ F, a holomorphic function. {ll . llr}is a fundamental system of
semi-norms of E.

'Choose p > 1 such that @N) holds. Let cv > I such that

sup {l l , f(z)l lp : z e uol < x.

Consider the space E lter11. 1;o equipped with the quotient topology. By the Taylor
expansion of f at O e E, it follows that f can be considered as aholomorphic function
from E/ks1;; . llo into F. Thus, without loss of generality, we can assume ll . ll" is a norn

on E. Since E e (Q), by |21, there exists a bounded balanced convex set B in E and
B > I such that E(B) is a Hilbert space, E(B) is dense in E and

Y d > T r C a > o ' l l  . l l l t * d  S C a l l . l l b l l  . l l ; d .  ( * )

Letoto: E -----> Eo,af : E -----> Ep,andaBu i EB + Eo bethecanonicalmaps.
Moreover, from the nuclearity of E, we may assume Eo is a Hilbert space for every cv.
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Put A : @olnz\, then A is injective and of type s, because E is nuclear and ll . ll" is
a norm on E.

By the spectral mapping theorem [11], there exist a complete orthonormal system

[y;L.N in E(B), an orthonormal system {z;}.N in Eo and a decreasing sequence
)' : (l;);eN e s (with l; = 0 Vi > 1) such that

,  \ - .  ,A x :  L L j \ x , y j ) E @ \ z j .
j : l

We define Xk e EX given by n k) : k,2iln", z e Eot, and obtain

lXrl l tr :  sup l(2, zi ln"l :1 Vft > 1.
l lz l ls l

Then

l lA. nl lb -  sup lx*A(x) l  -  sup l \A(x),zt) l :  sup p.p(x,yp) l-  )"p
l l x l l< l  l l : l l<1  l l x l l< l

(by the Bessel inequality l(r, yr) | < llr ll).
Let us now Put gt : v* Xk e Efi with v : @pd. By (*), we have

(1)

(2)

(3)

Hence,

Yd>O lCa>O, l lw l lh r *d
: llr* n llhr+d . callA* xrllb lln llY

< CaLt (by (2) and (3)).

I

llv*ll.p s (caxn)-' vk > 1. (4)

Put I7 : U" n E(B). Choose 6 e (0, 1) such that, for p : (pj := 6/j)j,t, the set

{u  e  n@)l r : i ! r ,  *u  t€ i l  =  t t i  v i  z  1}

is contained in W.
Without loss of generality, we may assume

snp{ l l tor f  (u) l l lu  eW} < I

(too f is locally bounded, where ao : F -----> {o is the canonical map). We put

M : {m : (m) € NN I mi # Oonly for finitely many j e N}.

For  each m :  (mL,r / t2 ,  . . . ,mr,0,0, , . )  €  M, we def ine

/ 1 \ '  f  f  f  ' r f ( # Y + f i t z + " ' + * Y ' ) ,
u m : l : - : t  |  ,  I  

- u P ;
\ z n t , /  J  I  J  , m + t

lprl:u lml:pz lp"l:rt"
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where p^+l i- pmt*l Omz+l

l la*l lr ,  <
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...ptr"+r , dp :: dp1 dp2...dpr.Then

l- 1*n"r" rL^ i: pT'pT'...t4^).
p^

Moreover,

d a :

4 m :  @ P

we have

lr'-LY
) 'm \2ni / I I

lol l :r1 lor l :7,
I

l0" l :r ,

a, f (9ttr I 9zyz I .. . I 0"y")
0m+l

de

\ n  f  f  f

I  I  I  . . -  I/ r )

l01l : r1 l02l :y2 l0) : r ,

We have

We also obtain

f o r m e M , q >

meM

meM

1 ,  /  >  0 ,  lm l :1 ry  and
.l

j : l  meM

meM

b^eF

l lb*l lp : l lao(b.) l lr , :  l la^l lro 3

N(
|b - | .  <  

"q '  

t )

Lm pmt tm l

(s)

(6)

N(q,t) - rup {l l , f  
(r) l lq lr :  Df;y; and l€i l  < tt t i  vj  :  t  }.

lj : r

By the property (DN) of F,

Y q > r  = k > r  = c , d > o  '  l l  ' l l l * 7 s  c l l  . l 1 , l l ' y f ; .  ( 7 )

Now,for d : 67,v : =)^ (0 < 6 < l),wehave
2 ( r + d ) '

. r :: | ,t*tllu-llnfi,llvill.d' . | ,t-tllb,lln fr Go^,)h tuv (4))
; - l

< | rt*t{cil,)2mv llb^lln : D ,t*11),*llb-llq)v (c|x)*,llb*lltr-v

= c,i )- ,r'r (*!!i:1,)' G\x)*'lv^llP llu-ll;' (by (6) and (7))
frt  \  Pmltn

= cE E'^'(m)' G3x)^' Gffihl= (h)rf Gy (s))

=c,fr N(q,t)v N1rc,t1# y (-:r=\'^t^-l-!) fr::, ,
k* \ t *a  /  , *Q*3* :#) '
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By choosing

we haYe

2 '-, - / , 1t^t 1y-fi clrv
r < c , a N @ . t ) y N ( k . t t #  I { _ _ _ _ _ r " |  | . -  

- ,  
)

.-., \/*fi / \ tt I

P u t a :  y  - # d  >  0 f o r 0  <  d  <  j . s i n c e ) , :  ( i . 7 )  € , r , w e  n u u " ( f f )  e i l

Hence, for R : L\:L we obtain 2R > R r-+ v7. This implies
; k t

Li C3, 1
0 < * < -  V - / .

2RtLi  2

I
u : v * - - l : > 0 .  t : ' J T R ,'  

l + d
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r . c# N(q,"Jznr)' Np ,'Jznr|# 
n(#Y

l - y

:  c *  N(q,Uznr)
t - ' @  

I, N(t ,,JIn4n n -;;rr < oo vr > o.
1:t  |  _ 

\ ;r t)

This proves that the series I U* fi eT'(x) defines a holomorphic function h on EB
m e M  i : I

suchthat  f ln<U -  h o rop1n6y.  Since E(B) isdensein E,  wehave f  :  h  o atp.  r

Remark. The proposition for the 1CI, ON;-case was independently proved by Hai t5l.

Proposition 1.2, Let E be a Frechet-Montel space and F a nuclear Frechet space.
Then every holomorphic function on E* with values in F* is factorized holomorphically
through a Banach space if

r e (O) and H(E") e (DN).

Proof. Given f : E* ---> F* a holomorphic function where F e (C2) and H(E*) e
(DN)..Consider the continuous linear map "f : H(F*) ----> ll(E*) induced by / and

given by ik)f| : qU@D for g e 11(F*) and u e E*. Since F e 1C2; and is
contained in71(F*) as a subspace andH(E*) e (DN), by Proposition 1.1, we can find
a zero neighborhood V in F such that /(y) is bounded. Then, for every bounded set B
in E*, we have

sup{171a ;1y ) l  :  u  e  B ,  y  ev }  :  r op { t i f y l f r l t  :  u  e  B ,y  e  V }  <  oo .

Thus, / : E* -----> Ffi, where Fy is the Banach space associated with V, is bounded and
Gateaux holomorphic. Hence, f : E* -- Fi is holomorphic. By [1], / is factorized
holomorphically through a Banach space.
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2. ProofoftheTheorem
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Given / i E* -----> F*, a meromorphic function. By 06- Qesp. Ms.),we denote the
sheaf of germs of holomorphic (resp. meromorphic) functions on E*.

Let
0b. : {o e Os- : o is inverse}

Mb. : Mr. \ {0} and Ds. : Mb.lOr.

Then we have the two exact sequences on E*:

o -----> Z -----> Os. 3 tl;. ----. o

0 ------> Oi- ----- Mp.. -\ Pr. -----2 g

where exp(o) : s2nio and 4 is the canonical map. By l2l, Hr (E* , O c) : 0. On the
other hand, since Hz(E*,2) : 0, the exact cohomology sequences associated to the
above exact sheaf sequences give that, for every divisor d € Ho(E*, D6-), there exists
a meromorphic function r e Ho(E*, Mf-) such thatq(r) - d.

By the meromorphicity of /, for every z € E*, we can choose a neighborhood
V1 of z and holomorphic functions h : Vt -----> F*, o : Vt -----> C, o # 0 such that

f lv,: .Write o : of' otr '...otr ' inaneighborhoodV2of zin Vr suchthatthegerms
otz, o2z, ..., dp7 &t z are irreducible [6]. Without loss of generality, we may assume lr.
cannot be divisible by ok,622,..., oo.. This yields a neighborhood U of z in V2 such

that  f  111 :  !  andcodimZ(h,6)  > 2 in U (where Z(h,o) :  h-1(0)  no-110;1.Thus,
we can find an open cover {Ui} of E* and holomorphic functions h1 : U1 -----> F*,

o1 : U1 --+ C such that f lu, : andcodimZ(h1,o1) > 2for j 7_l.
Now, we need the following lemma.

Lemma. Let B and o be holomorphic functions on an open set D in a locally coftvex
space, and g a holomorphic function with values in a locally cont)ex space. Assume ff
is holomorphic on D and codimZ(g, o) > 2. Then ! is holomorphic on D.

Proof. Given ,o € D.Since the local ring Oro of germs of holomorphic functions
at z0 is factorial [6], we can write o : of'otr"...o|. in a neighborhood U of
z0 such that o1ro,o/7n,...,dp7n Ta irreducible. By the hypothesis and the equality

# 
: # "('-t 

...o!' ,it follows that ff Ir ttoto-o.phic at zo. On the other hand, from the

hypothesis codimZ(g,o) > 2andZ(o): ( Z6,T,itfollows thatcodimZ(B,o) > 2
i : l

for i : I,..., p. Hence, by the irreducibility of o1xo, we infer that Z(o1)ro c Z(fl)r".
This again implies p - B1o1 at zs. o

Continuing the process we infer that f, is holomorphic at 26. I
We continue the proof of the theorem.

Since f : L on (I; i Ui for all i, j > l, the above lemma implies that the form

zr-> (o)rOi-,r"forz e Uy definesadivisor donE*.Thus,thereexistsameromorphic

function B on E* such that fl * 0 and'i . Oh-,rfor z e E*. These relations imply that

B is holomorphic on E* and hence h : flf is holomorphic on E*. From Proposition
1.2, we infer that h, B are of uniform type, and hence, so is /. The theorem is proved.r
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3. Examples

Proposition 3.1. Let E be a nuclear Frechet space and F a Banach space. Then'l1n(p6on\ 
€ @D if E e @S and E has a Schauder basis. Here, it@d,n*)

denotes the Frechet space of holomorphic function on F 6, E* which are bounded on
every bounded set in FArE*.

Proof. LetlellbeaSchauderbasisofEand{ej}thedualbasisofE*.WritetheTaylor

expansion of each f e11.u@6nE*) at} e F$rE* as

f (a):Dr,f (r), where pnf Q4 : : t f!!',) o^.
n>o 2ni J )rn*,

Itrl:r>0

Given p > I. Choose4 > p suchthat

M :Dlleil l f i l lei l lp < m.
j > l

With B - {u e F : llull < 1}, itfollows that

p"14f fur 8 ei,, ...,u, a el)l l le1,l lo... l le1^llr:

l l l , , . , , l l n e B , n > 0 ]

- suP I,,,oP,..,P"lr ' r ( ' t * ff i '  " " ttn. &)l
x 1lej, l$ l l , i , l l  p... l lej, l l [ l l  e 1^11 o i u t, ..., u n e 8,, : o ]l

< l l , f  l l "onu, lrsvoor sup 
{#*" 

' ,  z 0} :  C(p,M,r) l l f  l l "onvr(B'vf) t

.where

C(p, M,r) = sup 
tT#: 

r? Z 0l < oo for r > 0 sufficiently large.

Thus, for each p > 1, the formula

lll,f l l lp : ,up 
{p' D lF, f @r I ei,, . . . , t4n & ei,)l l le1,llp...llei,llo :

j r , . . . , J ^> l

u t , . . . , u n  e  8 , ,  Z  0 l

defines a continuous seminorm lll . lllp on 7{b(F6oE*).

I
i r ,  j z , . ' . , i "> r



298 Nguyen Dinh Lan

On the other hand, since

1
l l . f l lconv,(rovn0) : sup l lf (, D^oun* *)l : u1, e B, ur eV!, I t^ot s tI

"  t  f t > r  k > l  )

. r , rn IDo"  I  l r r , l . . . l r * ,1  D  lF , f@* ,8 r i , , . . . , un ,8e ; , ) l
n>O h , . . . , k ,> l j r ' . . . ,  j " > l

x l le i , l lp  . . .  l le i^ l l ,  I  w e Bl

=I(1) ' *o{  I  t r r , t .  t r r . l
n > o  

' Y  
h . . . . , k , > l

, .  r on {  t  q " lFn f@r , ,@e i , , . . . , un "@e j , ) l
j r , .  . ,  j "> r

x  l l e i J l q . . . l l e i ^ l l q  :  u1 ,  . . . , un .  B l  |  |  t r o t  s  r |
k > L

s ilt.f ilt" r (4)"
f f i ' q  '

for / e 7tb(F6o E"), we infer that the topology of '11u(F6o 
E*) can be defined by

{ l l  '  t t lo} .
Choosep > l suchthat

Jpyq l k ,d ,C  >0  :  l l e i l l r n+d  S l l e i l h l l e i l l f ; ,  V , r  t  I

and qr+a . kpd. We have

l l l f l l rp+d : rup 
{p' I  lF,f@t @ ei,, ' . ' ,rn I ei,) l l le1,l lq... l le1,l ln :

j t '  " ' i ' > I

u l , . . . , u n e B , n r O I '
a ^ l

"op fk' 
p"d I lF,f @t & ej,, ..., iln & ei,)l llei,ll;-: ll"i"llT

j t . ' . ' , j , Z t  

d  d

x l l r i , l l i "  . . . l l e i , l t # "  l u , . . . , u n e  B ,  n  >  0 )

.  rop 
[k '  I  lF , f  @rI" j , , . . . ,un8 e i ) l l le1, l ln . . . l le i^ lh , :

j t , ' . . '  j " > I

l l l , . . . , U r e B , r = O l

" 
,,rp 

[p' D lF,f @, & ej,,  . .  .  ,un I ei") l l lel, l lp . .  . l lei^l lo :
j t ' . . . ' i " > r

u I . . . . , u n e B , , a O I O

: lll,f ll;o lllf llllo forax f eTtu(F6oE*).
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Hence, Hr(F6ns*) € (DN). r

Let A(A) be a nuclear Frechet-Kdther space and B a Banach space with the unit ball
V .Foreacha:  (a1)  €  A(A) ,  a  >  O( i .e . ,a1  ZO fo ra l l  j  >  1 ) ,wedef ineanopen
polydisc n| in ̂ a6,2\'(A) by

Dy : fr:D*i s €iej : (x;) c v, (t). o,l,
j > l

where Do : {(6;) € A/(A) : sup lfyla; < 1}.

By H;(DX), we denote the Frechet space of holomorphic functions on Dj which are
bounded on the subsets W(r, K) of D| given by

w(r ,K) : f r= I ' r *g ; r i  , l y? l l x ; l l  s  r ,  (g )eK l ,
'  

l>1 "/z l

w h e r e K  D o a n d 0 < r < 1 .

Proposition 3.2. If L(A)has(DN), thenTtt(D)X hasalso ).

Proof. Itisk,aown in lglthatll(D) e (D$.Thus, we can find an increasing exhaustion
sequence of compact sets (Ka) in Do such that (DN) holds on '11(D") for the system of
sup-seminorms on Kn. It is easy to check that the topology of 116(D[) can be defined
by the system of semi-normr {lll . llltr,nt}o.r.t.nr1 wift

a
l l l . f  l l l t , ,qr : ropt , ' l r , t ( l - ,e f r r l )1 , , " , , .  v ,  (€)  e  Kn,  n>01.

i > 1

Given 4 > 1. Choose k, d, C > 0 such that (DN) holds on 11(Dr). We have

illf lllllfr: rop {,'(r+o'lr,t(D', * €ref)lt+a : (.r;) c v, (€i) e Kn, n >01

:sup{ r , ( r+ r , rup { l * r ( i  * ,  a t , , i ) l ' * ' ' , r , ,  .  . n } ,  @; )  cv , ,  =  o }' l  ^  
, r ,

.  sup {,,( '+i lcl ln,r(I*, * ) l l_ l l"r(I,,  * ) l l1, u,, c v. n >01^ l  

"  , r ,  
" \ ?  -  

/ l l p

< Clll f lll<,,q> lll f lllt,il for all / e U|(DX).

Consequently, ?lu (DI) € (DI$.
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