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Abstract. In this paper, our main purpose is to give an exposition of the geometric aspects of
joint work with Michael Harris [15, 16]. They contain new results on the cohomology of the
boundary of a locally symmetric variety.

By definition, a locally symmetric variety, denoted throughout by X, is a complex
algebraic variety given analytically as the quotient of an Hermitian symmetric
space by an arithmetically defined group of isometries. These matters are recalled
in (1.1). Some examples are presented in (1.2). They admit easy, overly explicit
calculations. While such examples can be of great help, the reader is cautioned to
beware of oversimplifying the general theory. The role of parabolic subgroups in
defining compactifications of X is treated in (1.3). Indeed, the choice of compac-
tification defines the very notion of “boundary’ mentioned in the title of this paper.
Two such compactifications, both quite different in character, are the Borel-Serre
compactification X from [7], which is a manifold-with-corners whose definition
does not require the Hermitian structure, and the toroidal compactifications Xs
from [1], some of which are smooth projective varieties, though they are not can-
onically defined. The two do have a well-known common quotient, namely the
Baily-Borel Satake compactification X* from [2], which is a normal projective
variety with “explicit” stratification.

The results in Sec. 2 are independent of Hermitian structure and, as one might
correctly infer, are about X. In (2.1), we recall how differential forms on X are
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describable in terms of Lie-theoretical objects. We then present in (2.2) and (2.3)
known results on the cohomology of the Borel-Serre boundary, which are already
treated in [27].

In Sec. 3, we discuss the new material. The first theme is the attainment of
complex-analytic versions of the results in (2.2). We discuss, in (3.1), real quotients
of torus embeddings. This facilitates a nice formulation in (3.2.12) of the analogue
of (2.2.3), which makes use of equivariant cohomology. After that, we focus on
Hodge-theoretic questions on the boundary cohomology. It is natural to mean
here the boundary of X in Xz. However, it turns out, somewhat surprisingly, that
it can as well be in X (see (3.4.2)). Thus, it makes sense to talk about the mixed
Hodge structures on the cohomology of (deleted neighborhoods of) the closed
faces of the boundary in X,! and these mixed Hodge structures can be identified
(3.5.5). These groups comprise the Ej-term of the nerve spectral sequence, abut-
ting to the cohomology of the Borel-Serre boundary. We see that (3.5.5) can be
used in eliminating the possibility of so-called ghost classes (see (3.3.4) for the
definition) in the cohomology of the boundary. This is worked out in the case of
Siegel modular 3-folds (as mentioned in [16:(5.7)], though we now employ
[16: (5.6)] instead of [20]) in Appendix A. We have included another appendix (B),
with the aim of demystifying the rather fundamental Cayley transform, which lies
behind much of the aforementioned work. Finally, we have added a third appen-
dix concerning the structure of equal-rank groups, i.e., those admitting a compact
Cartan subgroup.

1. Preliminaries

(1.1) Locally Symmetric Varieties. Let G be an algebraic group defined over the
rational field Q. For any extension E of Q, G(E) denotes the group of E-valued
points of G.

There is no canonical notion of G(Z) however, but one does have the follow-
ing. For any almost-faithful representation p : G — GL, defined over Q, put

G(Z), = p~ (GLA(Z)).

One checks that for another such representation p’ of G, I' = G(Z), and
[ = G(Z), are commensurable, i.e. "' N T is of finite index in both I" and I'’. One

“says, more generally, that a group I' = G(Q) is an arithmetic subgroup of G(Q) if
T is commensurable with any, hence all, G(Z),.

It is well known that any arithmetic group I' contains a normal subgroup of
finite index (hence arithmetic) containing no non-trivial elements of finite order.
Indeed, the following stronger assertion holds: I' contains neat normal subgroups
I’ of finite index, i.e., ones for which

mym, = (U0 Hi(Q)/(T' n Hy(Q)) (1.1.1)

1 Said mixed Hodge structures can be deduced from considerations on X™* (see (3.3.12)).
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is torsion-free (and arithmetic) whenever H, = H; is a pair of algebraic Q-
subgroups of G (see [4: Sec. 17]).

Let 2 be a space of type S—Q for G, as defined in [7: 2.3]. For instance, if G is
semi-simple, 2 must be the symmetric space of non-compact type associated to
G(R) (with the Lie group topology). If T" is arithmetic, it is a discrete group acting
(on the left) on 9, and the quotient ¥ = T'\Z is Hausdorff. If " is also torsion-
free, the quotient is a real-analytic manifold; since a space of type S—Q is homeo-
morphic to a Euclidean space (see [7:2.4]), a fortiori is contractible, Y is then an
Eilenberg-MacLane space K (T, 1).

We suppose henceforth that G is semi-simple and let D be the associated sym-
metric space. Then G(R) acts transitively on D, with maximal compact isotropy
subgroups. Thus, there exist G(R)-invariant Riemannian metrics on D (ess. unique
if G is irreducible over R). If I' is torsion-free arithmetic, then X := I'\ D, with the
metric induced from D, is a complete manifold of finite volume.

One says that D (likewise X and G) is Hermitian if D admits a G(R)-invariant
complex structure. The underlying almost-complex structure, determined by the
Lie algebra of the isotropy groups, is automatically integrable and Kihlerian.
Actually, one can say much more about X:

(1.1.2) Theorem. [2] When X is Hermitian, it is a quasi-projective variety over C.

Indeed, X can be embedded in complex projective space by a suitable space of
holomorphic automorphic forms, and its closure is a normal projective variety X*,
which one refers to as the Baily-Borel Satake compactification of X (the underlying
topological space of X* is a Satake compactification in the sense of [30]). In view
of the above theorem, one calls X a locally symmetric variety. The locally sym-
metric varieties are of significance in number theory as the underlying complex
spaces of Shimura varieties, which can be shown to be varieties defined over
number fields (see [22]).

An important notion is the E-rank of G, denoted by r = rkgG. It is the
dimension of a maximal E-split torus T of G, i.e., a subgroup T with T(E) ~
(EX)". For E = C, one recovers the notion of a Cartan subgroup of G(C); for
general E, it displays many of the features of a Cartan subgroup. All maxima) E-
split tori are conjugate under G(E), which gives rise to the E-root system of G
[8:4,5]. One can describe X* as a stratified space in terms of the Q-root system of
G, but we postpone treatment of this till later.

(1.2) Examples. (a) SL,. Consider

SL2={(‘Z Z) :ad—bczl}. (1.2.1)

A model for the symmetric space for SL, is the upper half-plane H < C, on which
SL>(R) acts as Mobius transformations; the invariant metric can be taken to be
the Poincaré metric ds? = y~2(dx? + dy?). If T’ = SL,(Q) is arithmetic, one calls
X =T'\H a modular curve.
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The method for compactifying X was understood a hundred years ago. We first
describe briefly how a point is adjoined to X corresponding to oo on the Riemann
sphere. Let P denote the subgroup of SL; given by the upper-triangular matrices

(g a’ZI ) This is a Q-parabolic subgroup of SL;, with Langlands decomposition

P = UpMpAp, (12.2)

where Up is the unipotent radical defined here by a = 1; Ap is the split component
defined here by a > 0 and b = 0, and Mp (the Levi factor complementary to Ap,
for a basepoint on the y-axis) is just {41} here.

One writes I'p for ' n P, etc. (cf. (1.1.1)). Then I'p = Iy,, a discrete group of
x-translations. The main ingredient is rather easy in this example, and goes under
the name reduction theory:

(1.2.3) Proposition. Let I be an arithmetic subgroup of SL,(Q). Then there exists
L > 0suchthat ifImzy > L, Imz; > L, and z) =y - zy for some y e T, then y € Tp.

(1.2.4) Corollary. If T" and L are as above, the natural surjection of the punctured
unit disc A* onto X:

A A TP\H——T\H=X

is injective on {teA":|t| <e(iL)}; here &(z) = A"'(z) = exp (2miz/m), where
b =m > 0 gives a generator of Ty,.

Thus, one can “fill in”” the origin (¢ = 0). Every proper Q-parabolic subgroup

of SL; is an SL,(Q) conjugate of P above. One compactifies X by adjoining one
point for each I'-conjugacy class of Q-parabolic subgroups, and these are canoni-
cally parametrized by the finite set I'\SL,{Q)/P(Q). One thereby obtains X*,
which is smooth in this case.
(b) The Hilbert modular groups. Let E be a totally-real number field and put
n = [E: Q]. We will recall the definition of G = Rg/gSL;. A fundamental prop-
erty of G = Rg/QSL, is that G(Q) = SLy(E) and G(R) = SL(R)", with the
inclusion G(Q)<— G(R) induced by using all » embeddings of E into R. When
n = 1, this reverts to (a) above. It is an algebraic group over Q, with rko(G) =1
‘and rkr(G) = n. The image of 4(Q) in A(R)" defines a maximal Q-split torus
of G. The C- and R-root systems coincide, and are isomorphic to n4;, while the
Q-root system is simply A4; restriction® is given naturally.

One can describe G = Rg/SL; explicitly. For the sake of simplicity, we restrict
ourselves to the case n = 2, so E = Q(v/N) for some square-free natural number N.
Now, decompose a,b,c,d € E into rational and irrational parts: ¢ = a’ + a’vVN
(d',a" € Q), etc. The equation defining SL; (see (1.2.1)) is equivalent to a pair of

2 Ap is, in fact, the connected component of a maximal Q-split torus, thus, r = 1.
3 For the general notion of restriction, see [8: 6], and also [2: 2.6].
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equations in ', 4", . . ., viz.
a/d/ o blc/ + N(a”d” oy b/lc//) — 1 aldll vl b/c/l + a//dl N bllcl e 0
These are the defining equations of Rg/qSL; over Q.
We return to the general case (i.e., n arbitrary). The symmetric space D being
determined by G(R) is clearly H". An example of an arithmetic group I" coming

from G is not SLy(Z)", but rather SL,(0), where O denotes the ring of integers in
E. Thus, for any ideal &/ < O, the congruence subgroup

(o) = {g e SL2(0) : g = I (mod )}

is likewise arithmetic and is torsion-free if o/ is sufficiently small. One calls
X =T'\D a Hilbert modular variety of dimension n.

One has the Q-parabolic subgroup P = Rg/qP of G. In this example, reduc-
tion theory takes the following form:

(1.2.5) Proposition. Let I" be an arithmetic subgroup of SL,(E). Then there exists
L >0 such that if zy = (zj1,...,2in) € H", [lickcndmzp > L for j=1,2 and
2 =y -2 for someyel, then y e I'p.

We state now without explanation that the Baily-Borel Satake compactifica-
tion X™* is obtained once again by adjoining to X a finite number of points, in one-
to-one correspondence with I'\SL,(E)/P(E), and these are singular points of X*
whenever n > 1.

(c} Spa,. This is the group of 2r x 2r symplectic matrices, which provides the
simplest example of an irreducible group of Q-rank r. It is a second generalization
of (a), as Spy = SL,. The locally symmetric varieties X associated to Spy, are the
moduli spaces of abelian varieties of dimension r with level structure. For a
detailed treatment of this example, we refer the reader to [24].

(1.3) The role of Q-parabolic subgroups. For any compactification X of X, one
puts 6X = X — X and calls the latter the boundary of X in X. The interesting
compactifications of X have boundaries that can be described in terms of the Q-
parabolic subgroups (as in [8: Sec. 4]) of G. The ones we have in mind in the title
of this paper are X* (from 1.1), X (the Borel-Serre compactification [7], a mani-
fold-with-corners, to be described below), and Xs (the toroidal compactifica-
tion [1], a non-singular projective variety, also to be described below, depending
on a suitable combinatorial parameter X). These are related by the diagram
X X
S g
Ny, 7 (13.1)
X*

in which f is continuous (by [30]; see also [32]) and g is regular (from the con-
struction of Xs). It is quite rare (for G of real rank 1 or when X is already com-
pact) that one has a mapping from X to Xy (extending the identity mapping of X);
otherwise, there is no mapping of compactifications from either one to the other
(see [16:(1.5)] and [34: Sec. 8]).
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(a) Rough description of X. For any space 2 of type S—Q for G (terminology and
notation as in (1.1)), and neat arithmetic subgroup I', ¥ = I'\2 admits a com-
pactification Y that is a manifold-with-corners. Actually, one first attaches a
boundary to 2, yielding a manifold-with-corners &, equivariantly for the action of
G(Q), and then puts Y = I'\Z; to see that Y is a manifold-with-corners, one uses
the neatness of I' and reduction theory.

The codimension-one faces of & are naturally parametrized by the set 2(G),,,,
of maximal Q-parabolic subgroups of G, which is composed of r = rkqG G-
conjugacy classes. For P € 2(G),,,,, P(R) acts transitively on & and the corre-
sponding open face e(P) of 2 is canonically isomorphic to Z/A4p, where Ap is as
in the Langlands decomposition (1.2.2) (actually defined for any Q-parabolic
subgroup) and is one-dimensional. Then in ¥, the open face corresponding to P is
e'(P) = Tp\e(P), and P must be taken modulo I'-conjugacy. Since e(P) is of type
S—Q for P (which has Q-rank r — 1), one can also attach a boundary with corners
to it, yielding e(P), which is in fact homeomorphic, in the sense of compactifica-
tions of e(P) (see [16:(1.1)]), to the closure of e(P) in 2. One has similarly
e'(P) = Fp\e(_P). Thus, the boundary is easiest to describe when r = 1. Of course,
to obtain X, one starts with 2 = D in the above.

We should say something about how the space e(P) is adjoined to D. It is
placed as the set of limit points of 4p(R)-orbits in D for an action of 4p(R) on D,
not the standard one (given by restriction of the homogeneous action of G(R)),
but rather the geodesic action [7: Sec. 3]. In the case of P = SL, (1.2(a)), it is easy
to give the two actions explicitly: the standard action of 4p(R) is given by
z=x+ iy a’z = a’x + ia’y; the geodesic action is z = x + iy x + ia’y. The
latter produces a line at infinity, which arises by letting a — oo (parametrized by
x), and therefore, a circle at infinity in the arithmetic quotient. There are finitely
many such circles in X, and by collapsing each of them to a point, one obtains X™*.
The construction of the mapping X — X in general is carried out in [30] (see also
[32]).

The face ¢/(P) can be viewed as an arithmetic quotient associated to
% = UpMp (°P from [7:1.1]), which splits P — P/Ap.° Because Up is normal in P,
one obtains therefrom a fibration

Ty, \Up(R) —— ¢€'(P)

JK (13.2)

* Another feature of 9 is that e(P)) and e(P,) intersect in  if and only if P; ~ P, is para-
bolic. This hints at the role of the non-maximal parabolic subgroups of G in the con-
struction of @ [7:5.3]. Note, though, that what is called u, in [7:5.4 (4), (5)] should be
labelled pf; this would avert the incorrect statement 5.4(9), and the ensuing problems with
Sec. 10.

0P is an intrinsically defined algebraic Q-subgroup of P. After selection of a basepoint for
D, Mp is defined as the intersection of the corresponding Levi subgroup with °P.
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with &'(P) = Iy, \é(P), an arithmetic quotient of the symmetric space é(P) of
Mp.

However, in general, it is false that a °P(R)-orbit in D projects to a nice cross-
section over ¢'(P) to the geodesic orbits of Ap.® To make a cross-section that is
well-defined, and extends to e¢/(P), one has to make a change of variables
([31:(3.19)], or see [15:3.11.3]): the usual mapping

®:P(R) x Ap(R) = D,  ®(p,a) = (pa) - xo (1.3.3)
must be adjusted by a certain mapping g, given as the composite
%P(R) — ¢/(P) % Ap(R) ~ R™,

in which go goes to oo at a prescribed rate at the boundary of ¢'(P); one can
arrange that g is constant on right Up-cosets. This yields

¥ :°P(R) x 4p(R) — D, Y(p,a) = (pg(p)a) - xp. (1.3.4)

By the construction of g, the restriction of (1.3.4) to a sufficiently “elevated” ray in
Ap(R) is just a reparametrization of a deleted collar Op of e/(P) < 0X. One
obtains thereby a surjection

¥ : %P(R) x RT — Op. (1.3.5)
Then for any r e R™,
Yy(°P(R) x {r}) (1.3.6)

is a cross-section of the desired sort. A picture of the above is:

e(P) W-cross-section
/ $-cross -section

— === )

g L o

|__ Ap-orbif

(b) The construction of Xs. This is inextricably related to the structure of X*. We
must begin with the Siegel domain picture of D associated to P € 2#(G),,,. We
assume that G is irreducible over Q. Then the Q-root system of G is of type BC (or
its “degenerate” form C) [2:2.9], so in particular has a linear Dynkin diagram A
with distinguished end.

The trouble is that the image of °P(R)/Kp in D goes outside the known domain of reduc-
tion theory for P. The statement is true, though, over relatively compact subsets of ¢’(P).
See [31:(1.3)).
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The G-conjugacy type of P, by the usual system of indexing parabolic sub-
groups, corresponds to the omission of a single simple Q-root f from A. That
divides A into two pieces: A — {f} = A, U A, with A;, containing the distinguished
end (unless A, = @). This corresponds to the decomposition of Mp as the almost-
direct product of two normal subgroups:

Mp = Gsp-Gyp.” (1.3.7)
For future reference, we also set
Gsp = GypAp Ghp = ApGhp. (1.3.8)

For Asoa # 8, o Ap is trivial. The center of the unipotent radical Up is the
product of the root spaces for those Q-roots involving 28 in its expansion in terms
of A; all other roots occurring in Up have § with coefficient 1. We thus write u? 3
for the said center. One can see that under the adjomt action of Mp on Up, Gy p
acts trivially on UI(, ), in other words, G, pand 1) p commute.

D sits inside the G(C)-homogeneous space D (the compact dual of D) as a
G(R)-invariant subdomain. (In the case of the example (1.2(a)), D = P!(C).) One
defines D(P) to be UP)(C) D < D. 1t should be kept in mind that P(R) acts
transitively on D, so D(P) is a homogeneous space for P(R) - Ul(,z)(C). Via the
(non-)magic of the Cayley transform (see Appendix B), one can make G;p “dis-
appear”, leaving the following favorable situation associated to the group
Gi(R) - Up(R) - U (C).

First, one has a principal U ( )-bundle

D(P) 2 Dy = UP(C)\D(P), (1.3.9.1)
and this can be trivialized. Likewise, the projection
ﬁ] G DA = Dh,p, (1392)

where Dy, p is the symmetric space of Gy, p, can be split. Put 7 = 7, o #,. In terms of
the above, D can be described as a so-called Siegel domain of the third kind in
D(P). For our purposes, we extract from that the following:

(1.3.10) Proposition. There is a G, p(R)-orbit in U},z) (R), that is an open, self-adjoint
cone Cp such that, for all @ € Dy, 7i5'(a) is a “positive” translate of

{ue U;,Z)(C) s Imue Cr},
and the translation depends real-analytically on a.

(1.3.11) Remarks. (i) In fact, Cp is a model for the symmetric space of non-
compact type for the reductive group G,p(R).

"For the purposes of this exposition, we will ignore such subtleties as the distinction
betwoen Mp and the quotient %P/ Up, or whether G, (similarly Gy p) is viewed as a subgroup
of Mp or a quotient, i.e., Mp/G,. These distinctions affect the arithmetic group that we call
T, or Tg,, (recall (1.1.1)), but these are, of course, well-defined up to commensurability.
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(ii) We now write A = {f,,...,[,} (as an ordered set) with f, at the distinguished
end. In the case of G = Spy, (1.2(c)), if P corresponds to the omission of £
(0 < s < r), one has that G(, p = GL;, and Cp is, in a simple way, isomorphic to the
cone of real positive-definite s x s matrices (see [24: p. 144]).

Taking arithmetic quotients in (1.3.9), one obtains the fundamental tower of

varieties associated to P:
%)

X’—»ﬂ'p—»Xp (1.3.12)
In (1.3.12), Xp is the locally symmetric variety associated to Gy p and its arithmetic
group Ig,, (that we henceforth denote I}, p, and similarly for Typ); ofp =
(Thp-Tu,)\Da; Xp = (Thp - Ty,) \D(P ) my is the quotient mapping associated to
the principal action of the torus Jp = \U ( ); the fibers of 7; are abelian
varieties (hence compact). Put z = m; o nz
In actuality, G, p has not completely disappeared for there remains an action of
I';p on (1.3.12), induced by the adjoint action of Mp. The action is free on X},
trivial on Xp, and nontrivial on .o/p (hence awful) unless .o/p = Xp, ie., Up = U 1(,2).
One has

Reduction theory for P is loosely expressed in the following somewhat circular
statement (cf. (1.2.4)), which says, more or less, that one can consider (1.3.13) for
each P separately.

(1.3.14) Proposition. In a deleted neighborhood of the part of the boundary of X that
comes from P, the surjective mapping Tp\D — T'\D is one-to-one.

In describing X* (or similarly, D*), one adjoins a copy of Xp to X}, by adding a
single section of z “at infinity” (as determined by Cp), on which I;p acts trivially.
The comparability and compatibility of these, as P varies, come down to the fol-
lowing elementary observations. Let P be determined f € A. Then as f moves
toward the distinguished end, Gy p gets smaller while G,p and U P) get larger. Of
course, the Baily-Borel Satake compactification of Xp is definable in its own right;
(Xp)" sits inside 6X* as the closure of Xp in X*.

_ Since 7; in (1.3.12) is proper, an available alternative is to add a nice boundary
to the torus Zp. This can be done by the method of torus embeddings,? yielding
Ip < Ip3z,, on which both Jp and I, p act, with the latter acting freely (away
from the vertex). Here, Lp denotes a I'; p-invariant fan of rational simplicial cones
in the closure of Cp. The edges t of the cones produce smooth divisors 7, at
infinity, and the union of these is, by construction, a divisor with normal crossings
in Ips,. Then, p 5, can be sewn in along n,; viz., put

Xps, = Xp x” Tps,, (1.3.15)

8 For the general theory of torus embeddings, see [25].



288 Steven Zucker

on which I p acts. Each edge 7 in 2p determines a smooth divisor Z, = X}, x7 7,
in X} P, The (closed) divisor with normal crossings created by the set of edges
interior to Cp will be denoted Z px, and we put

Zps =T;p\Zps. (1.3.16)

If X denotes a compatible specification of Zp, as P varies (see [1: p. 252]), one

sees that open subsets of the various quotients I;p\ X}y, (cf. (1.3.13)) patch
together to produce a smooth compactification Xy of X, w1th 0Xs = upZpyz a
divisor with normal crossings. One can arrange that Xy is a projective variety.
(c) Real quotients in torus embeddings. Let 7§ denote the maximal compact sub-
group of Jp, i.e., 75 = Jp is isomorphic to (S!)" = (C*)" for some n. Suppose %
is a Jp-invariant subset of 7p 3 and that % is a 5-invariant subset of %. Then the
space obtained by collapsing the 75 -orbits in % to points is Hausdorff. We denote
it by %4, and call it the real quotient of % along %. This determines a subquotient
space of Xp 5 from (1.3.15), namely,

Xp x7? Uy (1.3.17)
it is a quotient of
Up=Xp xTP U S X}5 .

This construction will play an auxiliary role in Sec. 3. It is a fundamental obser-
vation that the homotopy type of (X} zp)(a Xps )n is independent of the choice of Xp
(cf. [16:(1.4.13)]).

2. Results Independent of Hermitian Structure

(2.1) Differential forms. Let D be the symmetric space of non-compact type asso-
ciated to the semi-simple algebraic group G, and let [ be, say, a neat algebraic
subgroup of G(Q). By choosing a basepoint for D, we can write D ~ G(R)/K,
where K is maximal compact in G(R).

Let p: G — GL(V) be a representation of G. This gives rise to a local system
Vr on X = I'\D, whose associated vector bundle is 7§ = I'\(D x V¢).

By the de Rham theorem, the cohomology groups

H*(T,Vc) = Hr({pt}, Ve) = H*(X,Vr) (2.1.1)

may be computed as the cohomology of the complex of Vr-valued C*® differential
forms on X

It is a standard device to express these differential forms as simply vector-valued
Junctions on T'\G(R). This is because the latter space is a principal K-bundle over
X, and the vector bundles involved are isomorphic to equivariant bundles asso-
ciated to representations of K. Specifically, differential forms on X come from
A*(g/k)*, where g and k are the Lie algebras of G(R) and K respectively, with the
adjoint action of K; ¥T from V¢ and p|g. The complex of Vr-valued C* differ-
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ential forms on I'\ G(R) is isomorphic to

C®(T'\GR))® Vc ® A*(g)". (2.1.2)
One identifies the elements in (2.1.2) that come, by pullback, from X ([21: Sec. 4];
see also [28: Sec. 3]):

(2.1.3) Proposition. The complex of Vr-valued C* differential forms on X is iso-
morphic to

[C=(T\G(R)) ® Ve ® ~°(p) 1",

where p is the Cartan complement of k in g. The differential d is the sum of two
operators on the above, d = D + d,, where D induced by differentiating the C*
functions, as one does in taking the exterior derivative of vector-valued forms, and d,,
is defined by using p to make operators on Ve—e.g., for O-forms,

[4(1®@)|(Q) =1 ®p(Q)v

whenever Q € p.

Since X < X is a homotopy equivalence, the local system Vr extends canoni-
cally to X, and we therefore regard Vr as being defined on X. Then, one has the
analogue of (2.1.1):

H*(Tp, Vc) = HE, ({pt}, Ve) = H*(¢/(P),Vr) = H*(Tp\D,Vy,).  (2.14)

It should come as no surprise that one has an assertion analogous to (2.1.3) for
the open faces of X. Noting that

Kp=:KnPR) =Kn°PR) =K~ Mp(R),

one gets:

(2.1.5) Proposition. (i) The complex of Vrp-valued C® differential forms on Ip\D is
isomorphic to

[C*(T»\P(R)) ® Vc ® A*(up @ p, @ap)']™
(i) The complex of Vr-valued® C* differential forms on e'(P) is isomorphic to
[C*(Tp\"P(R) ® Ve ® A(p,, ®up)']™.

Here p,, denotes the intersection of p and the Lie algebra of Mp, up is the Lie
algebra of Up, and ap is the Lie algebra of Ap.

In view of (2.1.3) and (2.1.5), computations with differential forms on arith-
metic quotients can be expressed in terms of vector-valued functions on the real

% equivalently, Vr,-valued.
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points of the group that are invariant under the actions of the arithmetic group
and the (compact) isotropy group. Given f € C*(I'y, \G(R)), one defines a C*
function fp on G(R) by

fr(g) = JN S (ug) dm(u), (2.1.6)

where m is the measure induced by the left Haar measure of Up on the compact
nilmanifold Np = I'y, \ Up, normalized so that m(Np) = 1. One calls (2.1.6) the
constant term of f with respect to P (cf. the constant term of a Fourier series). It
is clear that (2.1.6) makes sense for forms with values in any finite-dimensional
vector space. One sees rather easily:

(2.1.7) Lemma. (i) The function fp is constant on right Up-cosets.
(i) If f is left-invariant under Tp, then so is fp. If f is Kp-invariant, then so is fp.
(i) If df =0, then dfp = 0.

(2.1.8) Remark. One should keep in mind that if Qe g (i.e., Q is a left-invariant
vector field on G(R)), the formula for (Qf)(g) is 4| _, f(gexp (:Q)), and that for
(2.1.7), one is taking Q € p.

It is well known that the cohomology groups in (2.1.1) or (2.1.4) can, in fact,
be computed by means of a subcomplex of (2.1.3) or (2.1.5) respectively, consist-
ing of functions that satisfy a growth condition at infinity.

(2.1.9) Definition. A function f on G(R) is said to be slowly increasing, or have
moderate growth, if for some, hence any, p as in (1.1), there is a natural number N so
that

F(@ < lp@)™.

(2.1.10) Remark (see [3:1,7]). The above is one of the conditions imposed in the
definition of an automorphic form. It is equivalent to a uniform polynomial
growth condition along all orbits of the geodesic action of a maximal R-split torus.

It is not hard to see:

(2.1.11) Lemma. If a function [ has moderate growth, then so does its constant
term fp.

(2.2) The constant term and restriction to the boundary.'® Let f be a cocycle for
(2.1.3), thus giving a cohomology class in H*(X, Vr). Consider the diagram:

'0This section is a reworking of [27: 1.10].
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H*(X,Vr)  H(Tp\D, V1) = H*(Tp\"P(R)/Kp, V1)

} 4 (2.2.1)

H*(X,Vr) Z (e'(P), Vr)

in which all arrows are induced by mappings of spaces.

(2.2.2) Proposition. The diagram (2.2.1) commutes.

Proof. The assertion would be clear if (1.3.3) gave a cross- sectlon to the geodesic
orbits, for we would then have a natural description of ¢ . Since it usually does
not, we will have to circumvent this detail. Note that since e ( ) is the interior of a
manifold-with-corners, it possesses compact deformation retracts Ep. Over Ep,
(1.3.3) does, in fact, stay within a collar of ¢/(P) (as in (1.3.6); see figure at the end
of (1.3(a))), for a sufficiently large. We can therefore deform Ep to the corre-
sponding part of I'>\’P(R)/Kp along geodesic orbits. Since

H*(e'(P),Vr) = H*(Ep, V1),

the assertion follows. [ |

Consider next the cohomology class [rp(f)] € H*(¢'(P), Vr). Using the ana-
logue of (2.2.1) for I'p\D, we see that [rp(f)] is also the restriction of f = Ip(f),
which defines a class

[f] € H*(Tp\D, Vr,).

On the other hand, note that (2.1.7) implies that the constant term of f (or
equivalently, f) also defines a class

[fp] € H*(Tp\D, Vr,).

(2.2.3) Proposition. In H*(Tp\D, Vr,), [f] = [f?].

Proof. We use (2.1.5) to give a cohomological proof of this assertion.'' As I'p\D is
a compact nilmanifold fibration (cf. (1.3.2)), we consider first the Vr,,-valued dif-
ferential forms on the fiber:

V@ A"ub = R*(Ty, \Up(R), V)" = R*(I'y, \Up(R), V1), (2.2.4)

where “R*” denotes C* de Rham complex. It is not hard to write down a cochain
homotopy from R*(I'y,\Up(R),Vr,) to ¥V ® A'up, and likewise on the bundle,
by simply viewing [y, \Up(R) as an iterated circle bundle (see [29:Sec. 4(c)]

! The proof given in [27:1.10] is for automorphic forms f* and uses growth estimates on

S —tp
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and [31:(2.5)]). The associated projection of the form given by f onto the Up-
invariants is just fp.

(2.3) Calculation of up-cohomology. By definition, the cohomology of
C(up, V)=V @ A'ujp, (2.3.1)
is the Lie algebra cohomology H*(up, V). Taking the cohomology in (2.2.4) gives
H*(Ty, \Up(R), Vr,) = H*(up, V). (2.3.2)

One observes that C°(up, V) is a complex of finite-dimensional representations of
the reductive group MpAp. Therefore, H*(up, V) is likewise a representation of
MpAp. By frequently invoked theorems of Kostant, one knows:

(2.3.3) Theorem. [18] (i) There is an ( MpAp)-equivariant embedding of complexes
H*(up, V) — C*{(up, V)

(where the left-hand side is given the zero differential), inducing the identity map-
ping on cohomology.

(ii) Assume that V' is irreducible over C, and let A denote the highest weight of V.
Then

Hi(llp, V) = @ E,,
weW? I(w)=i

where E, is the irreducible representation of MpAp with highest weight
(WA + wd — §).

In the above, W7 is a specified subset of the absolute Weyl group W of G,12 a
positive Weyl chamber has been fixed, and ¢ is the half-sum of the positive roots in
g; for more details, see also [27:(2.4)], [31:(3.4)], etc.

Using (2.3.3(i)) and (2.1.5), one constructs an embedding of complexes

R.(é’(P),ﬁ.(uPa V)FMP) ‘_—)R.(e,(P),VI'PL (234)

One sees quite readily:

(2.3.5) Proposition. (i) The Leray spectral sequence of k in (1.3.2) degenerates at E,;
(i) the inclusion (2.3.4) induces an isomorphism

H*(¢'(P), Vr,) = H*(&'(P),H" (up, V), ),

splitting the Leray filtration of H*(e'(P), Vr,) associated to k.

121t consists of the coset representatives of smallest length for W/Wp, where W, denotes
the Weyl group of P.
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(2.3.6) Remark. Note that the isomorphism in (2.3.5(ii)) is defined over Q. It can
be written

H*(Tp, V) = H*(Ty,, H (up, V).

3. Recent Results in the Hermitian Case

(3.1) The Dolbeault/de Rham isomorphism for real torus embeddings. Let T be (the
C-points of ) a torus and thus isomorphic to (C*)". By a real torus embedding, we
mean the quotient of a torus embedding 7> by the maximal compact subgroup 7°¢
(i.e., real quotient, cf. (1.3(c))); we denote it (T3)g (see also [15:2.1]). The name
has been chosen because one can regard (Tx)p as a subspace of Ts, namely, the
closure of 79 =~ (R)" in Ty, which in turn can be constructed directly from Tg
and X. Note also that (T%)g is always a manifold-with-corners, with interior 7.
Therefore,

(3.1.1) Proposition. For any torus embedding Ts, the associated real torus embed-
ding (Tx)g is contractible.

(3.1.2) Examples. (i) Cr = C/S" =~ R>? = [0, 0).
(ii) The real quotient of P*(C) is the n-simplex.

By construction, every point of T has a neighborhood contained in a maximal
affine torus embedding isomorphic to C". Playing the same role in the real quo-
tient (Tx)g is C"/(S1)" = (Cr)" = (R=")", which is a corner. In other words:

(3.1.3) Lemma. The local structure of the quotient mapping p : Ts — (Tz)g Is that
of C" — (R=O)".

We need to define the de Rham complex of a real torus embedding. Since the
notion of a differential form is local in nature, it is enough, by use of (3.1.3), to
consider the case of (R>°)" as the real quotient of C". Then, we have the n-fold
product of (3.1.2(1)), and one eventually realizes that it will suffice to consider that
case.

If we regard the real quotient as a subspace or even as an abstract manifold-
with-corners, a C*® differential form can be taken to be just a smooth form that is
(locally) extendable across the boundary. As a quotient, it fits into the following
general framework. Let Y be a C* manifold, on which the compact Lie group H
acts. If the action were free so that Y /H were smooth, one would have that the
forms on Y /H pull back injectively to Y, yielding the space of those C* forms on
Y that are both:

(i} invariant under the action of H,
(i) annihilated by interior multiplication with the elements of (3.1.4)
the Lie algebra of H (the latter defining vector fields on ).
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One can define differential forms on Y/H in general by means of the above
description [19].

There is a disparity between the two notions for ¥ = C, H = S, Y/H ~ R>",
coming from the fact that 1 is not the only element of S! "R*. Let (r,0) be the
usual polar coordinates in C. For the subspace, we have § = 0, and at the origin,
0-forms f'(r) and 1-forms g(r) dr for any smooth functions /" and g. For the quo-
tient, the forms cannot involve either 6 or df and must be invariant under rotation
by 0 = =, i.e., multiplication by —1; so the de Rham complex of the quotient is the
subcomplex of the preceding generated by 1 and rdr over the even C* functions.
We always understand the de Rham complex of a real torus embedding to be that
of the quotient.*® The sheaf of forms thus determined on (Tx)g will be denoted
R I\

: V)Ve are now in a position to state the most direct, though not final, form of the
Dolbeault/de Rham isomorphism. The Dolbeault (0-) complex of sheaves on Ty
will be denoted %7, . Keeping in mind that

L] L] TC
‘%(Tz)n S (p*‘@T);) )

we have:

(3.1.5) Proposition. The projection of an i-form onto its (0,i)-component induces an
isomorphism** of complexes of sheaves

. i 0,0\ 7T°
Q(TE)R“’(P*@TJ :

Proof. This is a local assertion on (Tx)r. In view of (3.1.3), it is enough to check it
for C* — (R=%)". Using the product structure, we see that it will suffice to con-
sider the case n =1, at 0 € R=%. There, the left-hand side is generated over the
even C*® functions by 1 and 2rdr = d(zZ), whereas the right-hand side is generated
by 1 and zdz. (Here, z=re? as usual) One checks that dr projects onto
1edz = ] (dr — ird), so 2rdr projects to zdz. It remains to recognize that d proj-
ects to ¢, but this is evident.

(3.1.6) Remark. By making use of simplicial constructions, one obtains the sim-
plicial analogue of (3.1.5), which applies, for example, to the boundary divisor of a
torus embedding.

Since we will need to consider fiber bundles of torus embeddings (recall
(1.3.15)),'3 we need a more flexible version of (3.1.5). So let T be a torus, as above
and Z a space on which T¢ acts, such that nZ : Z — B is a locally-trivial fiber

13 However, both complexes are seen to give the same de Rham cohomology.

'4More than just a quasi-isomorphism!

13We actually must also allow such bundles to degenerate, although we will not treat this
here. See the latter half of [15:2.8].
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bundle. Let
zLzzx LB (3.1.7)

be the factorization of nZ through the real quotient (i.e., the quotient for the
action of 7).

(3.1.8) Proposition. [15:2.8.7] Let & be a locally free sheaf on B and put
F = (n?)"&. Then the canonical inclusion

g ¢ (p.F)"

is an isomorphism.

Proof. Since this is a local question, we can assume B is a polydisc, so &, hence %,
is free. Carrying out the argument with parameters, we reduce to the case where B
is a point. So once again, we see that the crucial case is Z = C. The asserted sur-
jectivity says: an S!-invariant holomorphic function on an S'-invariant planar
domain is constant. This follows from the Cauchy-Riemann equations in polar
coordinates.

(3.1.9) Remark. When B is a point, we have that (3.1.5) is the version of (3.1.8)
obtained from the latter after taking fine resolutions.

We state next a further assertion of the same genre. If the reader wishes, (s)he
may do the proof as an exercise.

(3.1.10) Proposition. [15:2.8.4] In the situation of (3.1.8), R'p.% =0 for all i > 0.
(3.1.11) Corollary. The natural mapping p.# — Rp.% is a quasi-isomorphism.

(3.2) Holomorphic analogue of Proposition (2.2.3). We take, in (3.1.7), B = o/p.
For Z, we have three subsets of X}y in mind:

(1) Z1 = Zp,
(ii) Z,, a Tg- and I p-invariant neighborhood of Z; that is
contained inside the realm of reduction theory for P,
(ili) Z3 = Zy — Z,, a deleted neighborhood of Z;.

(3.2.1)

Here, nZ is just n5|,, where 7, is as in (1.3.12). Of course, we have inclusions:
Zl ‘—>Zz<—’Z3. (3.2.2)

We note the following features:

(3.2.3) Lemma. (i) The spaces Z; in (3.2.1) all have the property that Iy p acts freely
on Zjand on Z; [ T§.
(i1} For Zy, on which Tp acts, (3.1.7) becomes

252155 2,/ Tp = stp.

One can identify the space Z;/T, and see that it has fibers of the homotopy
type of Cp, the quotient of Cp by its cone dilations (see [16: (1.4.12)]), which is, in
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particular, contractible. As a result, we reach a curious conclusion (keep in mind
the discussion of the action of I, on (1.3.12)):

(3.2.4) Proposition. The mapping q : Z,/T§ — ofp is a homotopy equivalence, and
hence is a model for the Borel construction for the action of Iy p on sfp.

(3.2.5) Remark. In fact, the same is true for Z,/T§ and Z3/T5.

Next, let # be the so-called canonical extension, as defined in [23], of an
automorphic vector bundle (holomorphic homogeneous bundle ¥T). From its
construction, one sees that # is determined by the construction of an % 5 on each
Xp3, and F|, = F @ Oz is of the form n3&, as required for (3.1.8).

For all Z; from (3.2.1), we have diagrams compatible with (3.2.2):

HYTp\Zj, || )n,) = HE, (2, Fz) — HE,(Z;/ Th, Rpu# )

Hy, (Z;/Tp, P« #z))
U inv (326)

Y, (stp, &) 5 HY, (Z)/T§,q7'6) = Hy, (Z;/ TS, {p.[# 15} 77)

Hl:/,r (Zj/T}c’aP* [ylzj])T;

With the exception of the vertical arrow labelled “inv”’, every morphism in (3.2.6)

is an isomorphism, as follows from (3.1.8), (3.1.11), (3.2.3), (3.2.4) and (3.2.5). The

former is induced by taking the decomposition of p,[#],] as the direct sum of its

weight spaces for 7§, and then projecting onto a direct factor. However, in the

case of Z, one sees that inv is also an isomorphism for global reasons [15: 3.9].
This leaves us with the following picture:

(3.2.7) Proposition. There is a commutative diagram

H.(ZP,Eag;@(DZp,):) i~ H&P(pr,(g)

T

H*(T;p\Z2, #|z,)

l

H*(I;p\Z3, #|5) = Hi,(o,8)

myv

Hy, (p, &)
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The Dolbeault complex of an automorphic vector bundle on X can be
expressed as vector-valued functions on G(R) in a way completely analogous to
what was done in (2.1) for deRham complexes. As such, we again have the notion
of slowly increasing forms, as given in (2.1.9). (See [15: 3.8] for more on this.)

Let js: X — Xy denote the inclusion. The condition that a form be slowly
increasing (together with its 8-derivative) is actually local on Xz, and hence defines
a complex of sheaves on Xy, viz.

RN F)g < (o), (BY ® jiF). (3.2.8)

It is easy to see that it contains Q?OX;(,?" ).

(3.2.9) Proposition. [14] Let & be the canonical extension of an automorphic vector
bundle on X. Then, the inclusion
RE(F) = BNF);

81

is a quasi-isomorphism. In particular, the cohomology of the Dolbeault complex of
C® forms of moderate growth is the sheaf cohomology of F on X,

(3.2.10) Remark. A weaker version of (3.2.9) is that a d-closed C*® (0, i)-form #
on X with values in (jz)*#, whose associated function f, has moderate growth,
defines a cohomology class in H'(Xz, %).

Now, let 7 be as in (3.2.10). It admits a restriction to all Z;, so induces com-
patible elements of the left-hand sides of the rows in (3.2.7). In partlcular from the
first row, we get the restriction of # to the part of the boundary of X5 associated
to P;

fp[ﬂ] GH.(ZP,ZaJ"-®(DZp,z) ’E’Hﬁp(ﬂp,é"). (3.2.11)

On the other hand, we may again take its constant term 5. This defines a class in
H*(Tp\D, #), which can be restricted to I; p\Z3, thereby producing an element
[1p] € H*(Typ\Z3, 7 | ,).

(3.2.12) Theorem. [15:3.10.3] In Hy,, (stp, &), inv([np]) = Feln).
With (3.2.7) already done, the proof of this is quite easy. As both inv([7]]) and

7pln] of HE (sfp, &) come from a common element of H* (I2p\Z2, Flz,), it is
clear that

inv(7] = Feln]. (3.2.12.1)
[t remains to replace [fj] by [np] (cf. (2.2.3)). First. ]et #'?) denote the form corre-
sponding to the average of f; over U,,, '(R), ie., in (2.1.6) replace Np by I '{ @\

U‘ J(R). T hen (3.2.12.1) holds, of course, with # replan,t,d by #® (and likewise, for
1p)- Since 7'*) = inv(y), we get that

7pln] = inv([@]). (3.2.12.2)
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To finish, one needs to check that averaging 7 over (Up/UZ)(R) does not
change the cohomology class on I';p\Z. For that, see [15:3.5.12].
There is a direct analogue of (2.3.5) that enables one to calculate Hy, (</p, &).

(3.2.13) Proposition. [15:3.7.7] (i) The Leray spectral sequence
E2Y = HE (Xp,RU(m),6) = HE I (slp, 6).

degenerates at Ej.

(ii) RY(m),& is isomorphic to # (v, E), the automorphic vector bundle on Xp
associated to the representation of K, p on H(v™, E).

(i11) There is a canonical splitting

HL (stp, & ,9,#” Xp, #(v", E)).

(3.2.14) Remark. (We refer to [15] for the notation v~ and K} p). The Lie algebra
cohomology H*(v~, E) can again be computed by means of Kostant’s theorem
(2.3.3), whose setting, we recall, is unipotent radicals of parabolic subalgebras of
reductive Lie algebras. See [15: 3.6].

(3.3) Hodge theory at the boundary: a motivation. We motivate the Hodge theo-
retic constructions to come by first considering a very general question. Let X be
any manifold-with-corners, with interior X, V a local system on X (equivalently
X), and let & denote the closed covering of the boundary X by its closed faces of
(real) codimension one. Consider the restriction mappings:

H*(X,V)& H*(X,V) S H*(0X,V) 5 @ H*(B,V). (3.3.1)
Be#

(3.3.2) Definition. The spectre of X in 0X with coefficients in V is the set
imenkerr = H*(0X,V),
and is denoted Spect®(X, V).

(3.3.3) Remark. (i) It is immediate that

Spect*(X,V) = ker {H'(a)?, V) — H*(X,0X;V)® @ H*(B, V)}.
Be%#
(i) Suppose 4 has only two elements, i.e., X = By u B,. Then kerr = imd, where
6:H (B, nB,,V) —» H*(0X,V)

is the connecting homomorphism in the Mayer-Vietoris sequence for X. This is
an instance of a more general statement. Let {S;: j < 0} denote the simplicial
filtration associated to the nerve of 4. Then

kerr = S_1H*(0X,V).
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(3.3.4) Definition. 4 nonzero element of Spect*(X,V) is called a ghost (class).

In general, ¢ and r are quite unrelated, so there is little to be said. But suppose,
in the above, we take X = I'\ D to be a locally symmetric variety and X its Borel-
Serre compactification, as in (1.3(a)), and V = Vr, as in (2.1). Then

B={(P): PecP(G),,.}. (3.3.5)

There is some mild feeling that the following should be true:

(3.3.6) Assertion. If X is the Borel-Serre compactification of a locally symmetric
variety, then Spect*(X,Vr) = 0.

It was once hoped that the statement in (3.3.6) would hold for any arithmetic
quotient of a symmetric space (not necessarily Hermitian; recall (1.1)). The name
“ghost” was given in [5:4.1] in this setting only. I think it was chosen to suggest
that although such things had not been seen, the possibility of their existence still
haunts us.'® It should be added, however, that a non-Hermitian case in which
ghosts have been found is presented in [11: Sec. III] (see also [10: Sec. 7]).

We want to suggest here that Hodge theory may be useful as a technique for
ruling out ghosts in the Hermitian case. It turns out, as we explain below, that the
cohomology groups in (3.3.1) have natural mixed Hodge structures, derived from
the functorial constructions of [26], and that ¢ and r are morphisms of mixed
Hodge structure. It follows that Spect®(X,Vr) gets a mixed Hodge structure;
perhaps more to the point, ime and kerr are both mixed Hodge substructures of
H*(0X, Vr), and if they are “different enough”, their intersection would have to
be trivial.

The main difficulty in effecting this plan is that X is far from being a variety!
On the other hand, a nice toroidal compactification Xz is a smooth projective
variety. We consider the analogous set-up for 6 X5, which has a closed covering

ZF = {Zpyz :Pe F\Q(G)max}. (337)

Let is denote the inclusion 0Xs — Xs. For any subset & of 2(G),,,,, we have
likewise ig, the inclusion Zg 5y = ﬂ pey ZpPx — Xz. One defines the complex of
sheaves

(g&n(Zy,z,Vr) = ;}RJ.Z*VF. (338)
Since our space is reasonable and Zg 5 is compact, the latter has a fundamental

system of open neighborhoods N s such that the hypercohomology of (3.3.8),
H} (Zy5,Vr), satisfies

H3\(Zy5,Vr) = H*(Ngz — 90Xz, Vr). (3.3.9)

!¢ If an automorphic form could produce such a class, it would have to be by means of some
hitherto unknown construction. Another interpretation: a ghost class is there, but if you
look in any particular place, you don’t see it.
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For this reason, (3.3.8) is called the deleted neighborhood complex of Zy 5 with
coefficients in Vr, and the left-hand side of (3.3.9) is called deleted nezghborhood
cohomology, whence the subscript “dr”. Similarly, one has Hdn(an,Vr) as the
cohomology of IER]);*VF The latter can be reconstituted by a simplicial con-
struction from (3.3.8). ]

It is well known by now that the local system Vi on X underlies a (polarized)
variation of Hodge structure [9:1.1].'7 According to [26], the deleted neighbor-
hood complexes (3.3.8) then underlie mixed Hodge modules, imparting canonical
mixed Hodge structures to (3.3.9).

Of course, in actuality, we are interested in

H;n( N e’(P),Vr> = H'( N e’(P),Vr>, (3.3.10)

Pes Pe¥

where Hj, is defined by the formulas analogous to (3.3.8) and (3.3.9); the iso-
morphism holds because we are on a manifold-with-corners. Concerning the
intersection in (3.3.10), the situation prior to taking arithmetic quotients is easily
described. One has, by iteration of [7: 7.4], for & < 2(G)

max?

() e(P)=e(Qs) if Qz = () P is parabolic, (3.3.11)

Pe¥ Pe¥

(and is empty otherwise). Here, ¢(Q) denotes the face of codimension |#| in D
associated to Qg. One sees that after the quotient by T is taken, e'(Qg) is one
connected component of (), . ¢'(P) (and the others are of a similar nature),
whenever & is as in (3.3.11) and represents . (See [16: App. to (3.5)].)

Although we know that it is rarely true, suppose for the moment that there was
a mapping (necessarily surjective) 7: X — Xy, such that 7| x 1s the identity map-
ping of X and t(e’(P)) = Zps. The respective fundamental neighborhoods Np
and Np 3 may be chosen so that Np = 7 !Npz and Np5s = t(Np). Then

NP—aX%Np,z —51\7:,

and likewise for intersections. Thus, the deleted neighborhood cohomololgy would
be the same in both X3 and X, and we could simply transport the mixed Hodge
structures from one to the other. However, since 7 seldom exists, one has to do
something more serious (see also the recent article [33]).

(3.3.12) Remark. Looijenga has pointed out that the existence of these mixed
Hodge structures follows from the interpretation of (3.3.10) as iterated deleted
neighborhood cohomology on X*, via the mapping f in (1.3.1). However, this

'7If V is real. In any case, it is a direct factor of one, which is sufficient for our purposes.
There is no canonical determination of the weight, however, given that we began with G a
semi-simple group in (1.1); one is chosen ad hoc in [28]. For this reason, when a Shimura
variety is defined, as in [9], one needs a central torus to determine weights. However, the
variation of Hodge structure is easily seen to be uniquely defined modulo Tate twists.
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observation does not help in calculating them, for the latter seems to require
(3.4.2) and (3.5.5).

(3.4) Hodge theory at the boundary: a battle of nerves. We came to suspect that the
nerves of the coverings of deleted neighborhoods associated to # (for 0X)and &
(for 0X3) are homotopy-equivalent. More precisely, it was an issue of proving:

(3.4.1) Proposition. [16:(2.7.8)} There is a system of compatible homotopy equiv-
alences of a fundamental system of deleted neighborhoods

]Vp—af and Np; -—522,
as P ranges over T\?(G)

max*®

The proof of this turns out to imply the same for intersections. In particular, we
obtain the following.

(3.4.2) Corollary. [16:(3.5.5)] The spectral sequences associated to the simplicial
filtration S:

E'= @ H"( N e >,Vr> = H"™(0X, Vr)
|‘Sﬂ:p+] Ped
and

E{J,q = | l(—D ngn(Zywz, Vr) = Hp+q(ail);,‘~’r)
&|=p+

are isomorphic.

In other words, we can now proceed as though a continuous mapping 7 : X — Xs,
as at the end of (3.3), existed.

The key idea in the proof of (3.4.1) was to understand the structure of the
simplicial complexes £p = (Zp — {0})/R*. Similarly, let Cp be the quotient of Cp
by its cone dilations. First, we have an observation, whose proof is not very dif-
ficult.

(3:4.3) Proposition. [16:(2.1.1)] I p \):“.p is a triangulation of the Satake compactifi-
cation I; p\Cy of T;p\Cp that is associated to {f,}.

Before proceeding, we recall a feature of the quotient mapping f : X — X*
(from (1.3.1); see [31: (1.6)]).

(3.4.4) Propeosition. The fiber of [ over a point of Xp ( from (1.3.12)) is l};p\é_p.

These facts hint at a role for the quotient mapping

= PN
;p\Cp—I;p\C; (3.4.5)
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from the Borel-Serre compactification of I, p\ép to the Satake compactification in
(3.4.3). This mapping can be regarded as a non-Hermitian analogue of f above,
and it is again a case of the content of [30] (also, cf. [16: (1.3(c))]). The strata in
oIy p\C‘* are parametrized in much the same way as those of X™*, viz., by I} p\
P(Gp) max- The stratum corresponding to Q € I p\P(Grp) max Will be denoted &
and is of the form I} p/\Cp/, where P’ € F\ﬂ( Jmax corresponds to the omission
of the same f € A, as Q. Similarly, if P is given by the omission of f,, then there
are ¢ stratum types S; (1 < j <), whose dimensions increase with j in I} p\):p
They correspond to the chains of length at most  — 1 containing f; and also the
empty chain (recall (1.3.11(ii))).

A question emerges: is it possible to construct I p\CP from I, »\Ep (given that
we know from (3.4.3) that we have I p\CP )? This necessitates finding a boundary
with corners. Towards an answer, let ¢ be any simplex of Cp. We partition the
vertices of o according to the strata type that they lie in. Let o; denote the face
(possibly empty) of o spanned by the vertices of ¢ in S;. Clearly, o is the iterated
join

C=01% %0, (3.4.6)

(where one is taking the convention « x §) = «).

In the case of a single join, i.e., 0 = gy * 02, one has that o is the two-way
mapping cone of the two projections of o1 x o2. Explicitly, o is the quotient of
a1 x [0,1] x g, obtained by collapsing g1 x {0} x 52 onto oy, and likewise,
a1 x {1} x g, onto o;. Define #¢(a), the blow-up of ¢ along o1, to be the poly-
hedron obtained by making only the second identification above. There is the
quotient mapping #%7)(a) — ¢, which can be rewritten as Cone(o() X 62 —
1 * o5. This can be seen as the real quotient of blowing up of P4 = P****! where
Pt2+1 i5 viewed as the linear join of P? and a disjoint P?, with morphism

P? x Pl % Pb s Pa+b+l

(recall (3.1.2(i1))).

By iterating the above ¢ — 1 times (recall (3.4.6)), in the proper order (see
[16:(2.3.7)]), we obtain a polyhedron #¢(c) from o. Since we have used a Iy p-
stable, canonically ordered partition of the vertices, the above procedure produces
a polyhedral complex %7 (fl p) from $p and then a mapping

I p\B2(Ep) — Trp\Sp. (3.4.7)

Our construction gives [0, 1]-variables coming from the join parameters and this
produces a boundary-with-corners, possessing canonical collars in I'; p\%¢ (ﬁ‘.p).18
In this situation, given that (3.4.5) exists, it is automatic that the boundary of
I, p\B¢ (p) has the stratified homotopy type of the Borel-Serre boundary
[16:(2.6.4)]). From here, it is not hard to complete the proof of (3.4.1).

18 For this, we must assume that £p is not too coarse, e.g., that it be a barycentric sub-
division (compare the proof of (2.2.8) in [15]).
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(3.5) Hodge theory at the boundary: determination of the mixed Hodge structure on
the Ei-term. We can now give the formula for the mixed Hodge structure on the
E;-term of the nerve spectral sequence, which is written out in its two isomorphic
forms in (3.4.2).

We begin, though, with the related cohomology of X7, (from (1.3.12)), the so-
called mixed Shimura variety associated to P (P € P,c). We can see easily that X}
has the homotopy type of an Np-fibration over Xp. From (2.3), one has formulas
for this sort of thing. We get

H* (X}, V) = H*(Xp, Hup, V),,) = @ H'(Xp, (B)ys ) [—/(w)].  (35.1)

Here, “[—¢(w)]”” merely indicates a shift and the other notation is as in (2.3.3(ii));
we are identifying Xp with the rational cross-section of z associated to a Levi
subgroup of P.!® Recalling from (3.1.7) that the Levi subgroup decomposes
as G},,p - Gy p, one can write E, as a product: (E,), ® (Ey),. Inserting this into
(3.5.1), we have

H*(Xp,Vr,) = @ H"(Xp, (Eu))p,,) ® (Ev), [-£(w)]. (3.5.2)

(3.5.3) Theorem. [16:(5.4.21)] The isomorphism (3.5.2) is an isomorphism of
mixed Hodge structures (when the two sides are given their natural mixed Hodge
structures).*°

(3.5.4) Remark. Note that (3.5.3) asserts that the mixed Hodge structure on
H*(X},Vr,) decomposes into the direct sum of mixed Hodge structures of lower
dimension, which is much stronger than the statement that H*(X},Vr,) has a
filtration for which the gradation is as given.

We now address the main task of determining the mixed Hodge structures in
the Ej-term in (3.4.2). For this, we will have to use the formulation in terms of
deleted neighborhood cohomology on Xz. There are two observations to be made.
First, as far as the divisor Zp 5 is concerned, we do not need to distinguish X5 and
I p\X 1’)7ZP, as sufficiently small neighborhoods of Zps in both are analytically
isomorphic. Second, the fiber of 7y : X; — .oZp is a torus and the inclusion of nice
deleted neighborhoods of toric boundary stratum in the torus tends to be a homo-
topy equivalence (e.g., A*— C*), implying that the deleted neighborhood coho-
mology is isomorphic to the cohomology of the torus itself; thus is isomorphic in
the sense of mixed Hodge structures, by functoriality. These considerations must
be carried out in the presence of parameters (i.e., .2/p) and the I} p-action.

19 Here, we may have to pass to a finite covering of Xp before said cross-section exists. This
is a minor detail (compare the footnote to (1.3.7)).

20This is discussed before (3.3.10). Of course, for (3.5.3) to be true, the weights on X} and
Xp must be compatibly normalized. This is built into Deligne’s definition of an admissible
Cayley morphism (see [15:1.2.2.1]).
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Let R be a Q-parabolic subgroup of G. We identify R with the set .% of all
maximal parabolic subgroups containing it. Assume R is strictly subordinate to
P e #(G),,,, 1.e., P€ ¥, and P has the largest A, among all maximal parabolic
subgroups in . Put I';» = I';p n R(Q). Then:

(3.5.5) Theorem. [16: (5.6.10)] There is a decomposition of mixed Hodge structures

Hi(Zys,Vr) = @ @ H'*(Xp, (Ew)y)r,,) ® H (9, (Ew),)-
ik £w)=j

Here, H* (I 5, (Ey),) has the Hodge structure of type (0,0).%*

Appendix A: No ghosts for Sp,

We will carry out the calculations that rule out ghosts for G = Sps. In other
words, if X is the quotient of the Siegel upper half-plane of genus two by an
arithmetic group I' = Sp4(Q), then Spect®(X, Vr) = 0 for all local systems arising
from (irreducible) finite-dimensional representations ¥ of Sp4. This will be achieved
by topological considerations followed by a determination of weights.

We remind ourselves that dimc X = 3, so dimg X = 6. The root system for Sp,
over Q, R and C is of type C;, which has simple roots {£;,5,} (as in (1.3.11(ii))),
and corresponding fundamental dominant weights {4;,4,}. There are orthogon-
ality relations

(41, 87) = (A2, B1) = 05 (A1, By) = 1, (%2, B,) = 2. (A.1.1)

The highest weight of V' is then of the form m4; + myA,, where m; and m; are
nonnegative integers, and this determines the weight of the variation of Hodge
structure on Vr up to a Tate twist. There are two standard maximal parabolic
subgroups, Py and P; (labeled according to the omitted simple root), correspond-
ing to boundary components X; = Xp, and X, = Xp, of complex dimensions 1
and 0, resp. We put P = Py n Ps.

In X, the boundary decomposes into three strata types, coming from the con-
jugates of Py, P, and Pi;. The closure of each of these is the disjoint union of
closed faces of the given type. Moreover, each e'(YP);) is contained in exactly one
face of type “1”, viz. e'(9P;),—note the canonical surjection I'\G(Q)/P12(Q) —
I'\G(Q)/P1(Q)—and there is a parallel assertion for P, (see [16: App. to (3.5)]).

Although both é'(P;) =~ X; and é'(P,) are arithmetic quotients for SL,, the
Hermitian nature of the latter is “accidental”; e¢'(P,) is collapsed to the point
X> = &'(Py2) under the quotient mapping f (in (1.3.1)). While the discussion at the
end of (3.5) suggests associating e’(P;), which lies in both ¢/(P;) and €'(P,), to
the latter closed face, one can also view it as going with (the boundary of ) X (see
(A.1.9) below).

21 This is misstated in [16].
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We consider the problem of determining Spect' (X, Vr). Let N7 be a nice
deleted neighborhood of | |e/(9P;), etc. From (3.3.2), (3.3.3(ii)) and (3.4.3), our

task centers around determining weights in
(imé)i = Hivl (N12, Vr)/(Hi_l (N], Vr) @ Hi;l(Nz, V[‘)); (AIZ)

this is finally achieved in (A.1.18), by means of explicit computations involving the
Weyl group of Sp;.

First, we consider the quotient groups in (A.1.2) from a topological point
of view, i.e., without regard to Hodge structure. Note again that, since X is a
manifold-with-corners,

H'(N]z,Vr) = H.(el(Pu),Vr) = H.(ll]z, V)

N . (A.1.3)
~ H*(ui2/u, H* (w1, V) = H* (w12 /u, H* (w2, V'));
H*(Ny,Vr) = H'(e’(Pi),Vr) =~ H*(&'(Py),H* (uy, V) )
=H*'(X\,H*(u, V));
H*(Ny, V) = H*(¢'(P),Vr) = H"(é'(P2),H* (u, V). (A.1.5)
This gives rise to the diagram
H'(Nl,Vr) =~ H.(leﬁ.(ula V))
1 I
H*(Npp,Vr) = He(up/u,H'(w,V)) = H'(up/u,H(uy,V)) (A.1.6)
s T
H*(N,,Vr) = H*(N3,Vr) ~ H*'(&'(Py),H*(uy, V))

(A.1.7) Lemma. Write w=w, -w' with w; € W1 and w' € W'. Then, under the
isomorphism in (A.1.3), the Kostant constituent E,, of H*(u12,V) is the Kostant
constituent of H™) (uys/uy, E,,) corresponding to wi € W .

(Of course, the corresponding assertion holds for W,.) There are two Hodge-
theoretical decompositions of H*(N'2, Vr)). The first is the one given by (3.5.5):

Hk(le,\N’r) jas @ (TW®H0(F/,EW,())
we W2 l(w)=k

® P (Tw®HY(T,E,,)

we W2 I(w)=k—1

(I'; is cyclic for Sps), and the other one comes from iterated deleted neighborhood
cohomology:

HE N2V > @ HL(ULE)® @ HL(Uy,E,).
we W, I(w)=k we W l(w)=k—1

(here, T, is a Tate Hodge structure on the point X>, U, denotes a deleted neigh-
borhood of X; in the closure of X, a punctured disc.) We write the above in terms
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of the Kostant decomposition

HY (N2 Vpy = H W, V)= @D Vu[-I(w)]
weW

@ H @?/u'E,)= P H'W?/u',E,);

wl e W' wlew!

(A.18)

12

note that this also equals the corresponding thing for W?2:

H* (N2 Vr)= @ H*(w'’/u’ E,).

wle W?

We substantiate directly something that is already implied by the naturality of
the construction of the mixed Hodge structures in [26]:

(A.1.9) Proposition. The weights in H*(u2, V') are the same, whether one views it as

HJn(e/(Plz)avF) (a)
or as the iterated deleted neighborhood cohomology
Hj, (X2, 65,(X{, Vr)). (b)

Proof. In the above, it is clearly equivalent to verify the assertion for the absolute
parabolic weights. Let W' denote the Kostant subset of the Weyl group W of G
over C (as in (2.3.3(ii))), associated to P;, etc. Note that W'?> = W and W =
W, - W' where W, is the Weyl group of P;. Note that our notation gives W, to
be generated by the reflection with respect to f,. The Kostant constituents E,, of
H*(u), V) have the highest weights of the form w(4 + ) — 8. For w € W, write it
as w=w - w!, with w; € W, and w' € W'. To get the absolute parabolic weights
(see Question below (A.1.11)), one must respectively:

(a) take the coefficient of B, in w(A + ) — & (written in terms of the simple roots),
for the weight is determined by (E),,

(b) start with u = w' (A +9) — S and restrict it to the line spanned by B,; call the
restriction fi. Then take the coefficient of f, in wi (A + 1) — 61.

If one writes i = u — c4; as A; vanishes on f5,, one sees that
wi{i+61) — 0y = wi(u—cii +61) —
wi(w' (2 +9) —8) — ewi(d1) + wi(61) — 61
({2 +0) — 8] + (6 — 31) — w1 (6 — 81)] — ewi ().

|

The last two terms vanish for w; permutes the roots occurring in #;, and
wi(A1) = Ay, which annihilates f,. Thus, the two determinations of weight agree.
[ ]

The following elementary fact will get applied to X; and é&'(P;), and vastly
simplifies the problem:
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(A.1.10) Lemma. Let S* be a compact, connected orientable real surface, let S be
the complement of a nonempty finite set of points J in S*, and denote the inclusions
by S < §* & J. Let V be a non-trivial irreducible local system on S. Then:
(i) H°(S,V) = H?(S*, V) =0, 3
(ii) The mapping H'(S,V) — H°(S*, RY.V) = @pEJ(RIj*V)p is surjective.

For V trivial, the cohomology group H 0(s, \7) in (1) is one-dimensional, as
is the cokernel in (ii): H°(S*, R} C) — H*(S*,C) = C.

Moreover, for any V, H*(S,V) = 0.

The distinction in (A.1.10), raises the following general question:

(A.1.11) Question. Let V be the representation of G of highest weight A and
w e W¥_ Under what conditions is E, trivial on &'(P)?

One can see that E,, is usually nontrivial. Recall that the fundamental dominant
weights are dual to the simple roots by means of a pairing that is obtained by
rescaling the inner product, viz.,

A,y =2(4,2) /(o 00).

Let P correspond to the omission of the set of roots ® = A¢. One needs to look at
the nonnegative numbers

(W(A+6) —6,0) = (A4, w™ (a) — (6, )

for all o ¢ ®, and determine when all of them are actually zero. This is a system of
linear equations in A. Furthermore, if ® = {a} (P maximal), the quantity
(w(A+6) — 3, A) gives what we will call the absolute parabolic weight of E,, (i
determines (mr)~" of [15:1.2.2.1]); it must be subtracted from the weight of Vr to
give the Hodge-theoretic weight.

We address (A.1.11) in the case of G = Spa.

(A.1.12) Lemma. For G = Spy, |W| =8, |W'| = |W?| = 4, and

G wrow?=w - {wo}, where wy denotes the longest element of W;

(ii) W' nw?={1}.

Using (A.1.1), we have (6,4;) = (J, 22) = 2 in the C, root system, so we obtain:

(A.1.13) Lemma. Let w e W'. Then:
(i) E, has absolute parabolic weight

w = (WA +8) —8,4) = (my + V)(A1,w "41) + (my + 1) (A, w™' 41) — 2.
(i) E, is trivial on X, if and only if
(m1 4+ 1)(A1, w o) + (ma + 1) (Aa, w™lap) = 2.

Similarly, since (3, ;) = 3 and (J, ;) = 1, we have:
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(A.1.14) Lemma. Let w € W?2. Then:
(i) E,, has absolute parabolic weight

w = (my+ D) (A, w ) + (my + 1) (A, w1 4p) — 3.
(ii) E, is trivial on &'(Py) if and only if
(my + 1) (A, w o) 4 (ma + 1) (A, wlay) = 1.
In the G, root system, there are four positive roots:

short: ay, o) + oo; long: oy, 201 + 3.

One can verify the following table of facts about the Weyl group:

Wl
¢ wila) wil(e) w'(h) w'(en)  parab-wt high-wt
0 £1 & A %] my + my my
1 & &1 & 2¢1 my; — 1 m +nmy+1
2 —& &1 —& 2¢; —mp —3 m+nms+ 1
3 —&1 &2 -—2.1 0 —my — my — 4 my
W2
£ wilte) wille) w'l(da) w'(m) parab-wt high-wt
0 &1 . & Ay | o my + 2my m
1 &1 —& o1 & + & mp— 2 my +2my +2
2 & —£1 —a & + & —m; —4 my+2mpy +2
3 —& —&] —22 4] —mi — 2m2 -6 ny

(A.1.15)

This gives the status of (A.1.11) in our example:
(A.1.16) Proposition. In the above, E,, is trivial if and only if:

my=0,we W' ¢(w)=0,3; my=0,we W2 ¢(w) =0,3.
The complement to (A.1.12) is

(A.1.17) Lemma.
) wit w2 =W — {1},
(i) wi W' A waW? = {wo}.

We now look again at (A.1.2), (A.1.6), and (A.1.7). Generically, E is nontrivial
(when my,my > 0), then, (A.1.10) gives that the only contribution to (A.1.2) is
H°(Nyy,Vr), for i = 1. Otherwise, we get some H* as well (as in H'(..., H)),
corresponding to w = wy and A = 0, when the local systems on both X7 and é&'(P;)
are trivial; the latter is for i = 5.
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Behind (3.5.5) is the fact that the deleted neighborhood cohomology of Nis,
being associable to P,, carries trivial Hodge theory. However, there are Tate twists
hidden in H%(X>), the first factor of (3.5.5) corresponding to the weights. Since the
weight of Vi contributes equally to both objects in (3.3.2), we may subtract it from
both. The resulting numbers will be called the adjusted weights.

The adjusted weights in (imd)' are computed with the help of (A.1.15). Keep in
mind that for a point on a curve, the deleted neighborhood cohomology HY, is
carried by the lowest Hodge weight, we must add the highest weight to the para-
bolic weight to get the negative of the adjusted weight.

i=1: —(m+2m) <0 i=5(m=m=20): 6. (A118)

A necessary condition for Spect’(X, Vr) # 0 is that the set of weights (occurring
nontrivially) in (imd)’ have nonempty intersections with that for H'(X, Vr). For
i = 1, there is an isomorphism

IH'(X*,Vr) — H'(X,Vp).

The intersection homology is pure of adjusted weight 1 (see [29:(3.20)]; it is also
implied by the [proven] Zucker conjecture, for which see [31:(3.2)]). The positive
adjusted weight do not match the non-positive weights in (A.1.18). The weight for
i =5 looks plausible, but H>(8X,C) = H%(X,C), so there are no ghost classes
here either. This gives what we wanted to prove.

Appendix B: The Cayley Transform (semi-simple or non-arithmetic version)

Calculating with the inherently simple Cayley transform has caused the author
enough confusion that he wishes to present here an exposition in his own image.

(B.1) SL(2). We start with su(1, 1) as a real form of the Lie algebra s/(2, C), so that
SU(1,1) = SL(2,C) is our corresponding initial real Lie group. The correspond-
ing symmetric space is then seen to be, in the familiar way, the unit disc:

Dy={zeC:|z} < 1} (B.1.1)

(SU(1,1) acts by linear-fractional transformations). As such, it is visibly a
bounded symmetric domain. One chooses 0 € Dy as basepoint. Its stabilizer K in
SU(1,1) is the subset of diagonal matrices, isomorphic to U(1). For future use,
denote by 1 the inclusion K ~ U(1)— SU(1,1). (One sees that (B.1.1) is the
Harish-Chandra realization.)

(B.1.2) Definition. The matrix

is called the Cayley element.

We list some of the more relevant properties of c:
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(B.1.3) Proposition. (i) ¢ takes 0 € Dy to i (a point on the boundary of D), ¢!

takes 0 to —i (also a point on the boundary o[ Dy).

(ii) Ad(c) sets up an isomorphism su(1,1) — sl(2,R), thus, Int(c) defines an iso-
morphism SU(1,1) ~ SL(2,R), and c maps Dy onto the upper half-plane.

(1) (1) , ¢ 1 = ¢ (usual complex conjugation here) and Int(c?)

is an involution of SL(2,C) that preserves both SU(1,1) and SL(2,R), also K.

4

(i) * =1, 2 =i

(B.1.4) Remark. Of course, the factor of 2% in the Cayley element may be dropped

when computing 4Ad(c) or Int(c).

Let k @ a @ u be the Iwasawa decomposition of su(1,1). Then

L1 0 S 01 i1
1(0 _1>ek, l(—l 0)ea, and (1 _i)eu. (B.1.5)

—in/4
The complex structure on p is given by J = Ad ( - 0 e"g/“) and is determined

by the assertion that ((1) 8 e pt. (Keep in mind that complex conjugation on
sl(2,C) with respect to su(1, 1) is given by X — —H'XH, where H = ((1) _?) J)

Of course, Ad(c) takes these things to the corresponding ones for s/(2,R). How-
ever, with the real form fixed as su(1,1), one sees:

(B.1.6) Proposition. (i) Ad(c) maps k to ia, a to ik, and u into p~.
(ii) Ad(c?) switches p* and p~ (and is —1 on k).

We will later see (from (B.2)) that the “nicest”” formulation of (B.1.6) is:
(B.1.7) Corollary. Ad(c)(p™ ® kc) = uc @ ac.

(B.1.8) Weights. We have that

({5 %) ereo)

In the standard representation S; of SL(2), the vectors e; = ( é) and e; = ((1))

are weight vectors with respect to k, with weights o, and —o respectively. One
declares « to be positive. It follows that
é1=c(er) and & = c(e) (B.1.9)

are weight vectors for a. We transport to ac (by Ad(c) : k¢ — ac) the notion of
positivity, and denote the respective weights by o and —a. We can write:

et =6 —iey = ey, e =eée +ie; =e. (B.l.l())

The second symmetric power of S}, denoted by S,, is isomorphic to the adjoint
representation. Under this identification, it has k-weight vectors (e*)’ e p®,
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e*e” ek, and (e”)? e p~. Here, we see that p* is the lowest weight space in s/(2, C)
(convention as in [28] and its predecessors). Note also that

el =iey, ey = iey; e = 8y, c%é; = ié,. (B.1.11)

Let P*, Kc and P~ denote the subgroups of SL(2, C) corresponding to p*, k¢
and p~, resp. Explicitly,
1 0
P+:{(W 1) :weC}, (B.1.12)

ko= {(¢ L)) Fo{(3 1) inec)

The following is well known:

(B.1.13) Proposition. (i) The stabilizer of 0 € Dy = P'(C) in SL(2,C) is P*K¢;, the
stabilizer of oo is KcP~.
(ii) P*Kc P~ contains ¢"SU(1,1) for m = —1,0, 1.

(B.1.14) Remark. One can make (B.1.13, ii) explicit:
(i) That ¢V e P*KcP™ can be argued as follows. Observe that both

1 —i
0 1
s =1
¢! ((I) _]J) e PT K, etc.
(i1) From (B.1.12), one deduces that a matrix (Of ﬁ) e SL(2,C) belongs to

PYKeP~ if and only if « ;-& 0, whereas one of the defining conditions for SU(1,1)
includes the equation |or| — |y|* = 1. One obtains (B.1.13(ii)) therefrom by direct
verification. In fact, the solution of

<»L (1))(8 a91)<(1) '14)=(‘; g) (B.1.14.1)

a=oa, u=o"'f, w=aly. (B.1.14.2)

€ P~ and ¢! take i/ to 0; one uses (B.1.13(i)) to conclude that

In particular, the canonical mapping
Pt x K¢ x P~ — PTKcP™ < SL(2,C) (B.1.14.3)
is injective.
Along these lines, we note that if Uc denotes the exponential of C - (¢;)%, then
Int(c)Uc = P, and ce UcPKc. (B.1.15)
For the latter, it suffices to verify the correqunding assertion for Int(c)SU(1,1) =

SL(2,R), but then we observe that ( (1) _ll)c fixes 0 (cf. (B.1.14.1)), and we
appeal to (B.1.13(i)).
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At this point, it is convenient to mention the canonical automorphy factor
F:PtKcP~ x C— K¢ ~C7, (B.1.16)

which is characterized by the properties:

F#(g,2) is, for fixed g, holomorphic in z, (B.1.16.1)
F(gh,z) = #(g9,hz) #(h,z) (Whenever this makes sense), (B.1.16.2)
F(p+ke)xc is the pullback of the canonical projection P K¢ — K¢ (B.1.16.3)
(so is a homomorphism, independent of z € C). e
From (B.14.1.2), one sees that ¢ is determined by its values at z = 0:
F(g,h-0) = #(gh,0)2(h,0)"; (B.1.16.4)
it then follows that
F#(g,0) is the Kc-component of g (recall (B.1.14.2)). (B.1.16.5)

(B.2) General groups of Hermitian type. Let D be an irreducible Hermitian sym-
metric space of non-compact type, G its connected isometry group (a real Lie
group), and g the Lie algebra of G. Fix a basepoint z € D, whose stabilizer is a
maximal compact subgroup Kg.

There is a fundamental structure homomorphism (Harish-Chandra; see

[1:p. 178)):
®: U(1)x SU(1,1) > G, (B.2.1)

where r is the R-rank of G. (To do this and the sequel over Q, which is what one
really wants, one must group the SU(1, 1) factors into bunches, and then map in
SU(1,1)’s multidiagonally. We will not carry this out here (see [2:2.9] or
[1:p.193]).) To describe the features of ®, let m; : SU(1,1)" — SU(1,1) denote
projection onto the jth factor for 1 < j <r, and let A, : SU(1,1) — SU(1,1)" be
the sth partial diagonal (0 < s <), i.e., m; 0 A is the identity mapping for j < s
and the trivial homomorphism for j>s. Then ® = ®| {1x U1y is a finite

immersion and the image of A", where 4 denotes exp a, under ® is a maximal R-
split torus A of G. Moreover, ®y = ® o (1 x A, 01) maps U(1) onto the center
of XK.

One takes the composite of the adjoint representation of G with ®, yielding a
representation of U(1) x SU(1,1)". Its irreducible constituents (as a real repre-
sentation) are tensor products of an irreducible real representation of U(1) and r
irreducible representations of SU(1,1). On the other hand, under ®y, g decom-
poses as the Cartan decomposition g = kg @ p; as a representation of U(1), in
which kg is trivial and pg; is the direct sum of copies of the two-dimensional rep-
resentation R; of lowest possible nonzero weight. It follows that Adg o @ decom-
poses into rather small pieces. Indeed, the only possible irreducible constituents
are listed below:
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(a) 1® S2());

() 1@ (S:0) @ Si(k)), j <k

(c) R ®S1());

(d) Trivial.
Here, S;(j) denotes the representation of SL(2)" that is trivial except on the jth
factor, where it is given by .S}, etc. There are precisely r summands in g of type (a),
spanning the image of su(1,1)". All factors of type (d) lie in kg. From (B.2.2), it is
not hard to determine that the R-root system of G must be of classification type
BC (or its “degenerate” form C).

Next, we need to describe the standard maximal R-parabolic subalgebras g,

(Al < s <r) of g associated to 4¢. Let Ag, denote the one-dimensional subtorus
®(A(4)) and ag, its Lie algebra, with positivity induced from a < su(1,1).
Then

(B.2.2)

q; = Us SEAS s, (B23)
where:
u; is the weight space for —24, (B.2.3.1)
v, 1s the weight space for —4&, (B.2.3.2)
g, is the weight space for 0. (B.2.3.3)

Then w, = u; @ v, is the nilpotent radical of g,, u; the center of w; g, is a Levi
subalgebra, with ag its R-split component. Bases for these are easily identified in
terms of (B.1.9) and (B.2.2):

(él) eusif s> j, g, iff s < j; 1® (é1€2) € g, (all cases); (B.2.4)
® (&) eg,if s <j;
@@ ®e)evsifk>s>j,9,ifs< j,usif s>k,
@ ®eé)evifk>s>j,9,ifs<j,g,if s>k,
1®(e2®e1)eg31fs<],gs1fs>k
1® (& ®é) g, if s < J;
(c) e, r e evsif s> j, g, if s < J.

Moreover, there is a decomposition

gs = gs,{ ® gs,h: (B25)

such that (B.2.5) induces a direct sum decomposition of Lie algebras:

gs/aG,s = (gs,(/aGyS) @ 9s.h>

which can be most directly described as being determined by a partition of the
basis vectors listed in (B.2.4), viz.,

(B.2.5.1) g, is spanned by the vectors 1 ® (¢; @ &2) and 1 @ (€2 ® 1), from
representations of type (b) with s > k, together with their Lie brackets;
it contains the vectors 1 ® (€;é;) from representations of type (a) with
s> J.
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(B.2.6) Definitions. For 0 < s <, X
(i) The sth Cayley element of G¢ associated to @ is ¢, = (D o Ag)(c).
(i) Int(cs) (resp. Ad(cy)) is the sth (partial) Cayley transform of G (resp. of g).

Let P{ and Pg; denote the subgroups of G¢ corresponding to p& and pg,
respectively. We wish to view the partial Cayley transforms in terms of their effect
on PE(Kg)c (the stabilizer of zp in Gc) or p§; @ (k¢)c (cf. (B.1.7)). To that end,
recall the discussion of weights in representations of SL(2) from (B.1.8). In the
representation Ry of U(1), let r™ be a positive weight vector, and r~ = r+. We
have that p has negative k-weight and pg; positive. In terms of (B.1.10) and
(B.2.2):

(a) 1® (et)? ept, 1®ete ek, 1® (e7)? €Pg; (B.2.7)
(b) 1© (" ®e) eph, 1@ (eF®e), 18 (e @) eke,

I® (e ®e ) epg;
) r*®etept, rM@e,r et e(ke)e, r Ve €pg.

It is easy now to decompose the action of ¢, according to (B.2.2): on every
trivial or R factor, ¢, acts as the identity; on S(m) or S>(m), ¢, acts in the usual
way (i.e., as in (B.1.2) or (B.1.3(ii))) if s > m, and as the identity if s < m. Let
ksp =kc gy, ks = ki 0 g, and define p;, analogously. One can verify with-
out difficulty:

(B.2.8) Proposition. (i) The maximal ®(SU(1, 1) )-invariant subspace of g on

which Ad(cs) is the identity is g, .

(i) The differential of ® o As: SU(1,1) — G takes u to ug, p* to p&, k to kg, and
P~ to pg.

(i) Ad(cs) takes us into pg, g, into (kg)c, and ks, into itself.

(iv) Ad(c,)(pE ® (ko)c) = W)e ® (8,,)c ® (Py)e ® (ken)e)

(v) Ad(c?) is an involution of g that preserves (kg)c.

(B.2.9) Remark. The formula “opposite” to (B.2.8, iv) gives that

Ad(c;") (k) @ P) 2 (Gsr)e @ ((ksp)e ® (Pen)c)-

Let ny = w; @ g, , and N; = W;G;, the corresponding Lie group.
The canonical automorphy factor for G is defined as for G = SU(1,1) in
(B.1.16):

Fo ' P6(Ke)cPg x D — (Ka)c, (B.2.10)
and is similarly characterized; we write that here in the form
Zs(g,z) is holomorphic in z, (B.2.10.1)
F#(g,20) is the (Kg)c-component of g, (B.2.10.2)
Folgh, 2) = (9, hz) I6(h, 2). (B.2.10.3)

It follows from (B.2.10.2) that #; is hereditary for subgroups. Also, the expression

Fo(gh, 20) Fs(h,z0) ™" (B.2.10.4)
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is invariant under A+ hk (k € K¢), which shows that #; is completely determined
by its values at z = zy. We have, moreover, the following:

(B.2.10.5) Lemma. If g € P*(Kg)¢ and g € P*(Kg)cPg, then
F5(499,20) = F5(4, 20) #6(9, 20)-

(B.2.11) Lemma. (i) g € P&(Kg) PG is in P§(Ke)c if and only if #5(g,z) is inde-
pendent of z.
(i) For all s, ¢™ is contained in PE(Kg)cPg for m= —1,0,1 (¢f. (B.1.13, (ii))).

One writes "G for Int(h)G = hGh~'. There is an easy formula:

Fo(Int(h)g, hz) = Int(h)(F5(g,2)) (B.2.12)
(with Az( as basepoint for the left-hand side).

(B.2.13) To conclude, we recall the canonical automorphy factor #; p of the pair
(G,P,) (where P is the subgroup of G corresponding to ¢,), with domain
G(R)O x D, treated in [13:(5.2)] (see also [15:(1.8.7)]). It has the basic properties
(cf. (B.2.10)):

F6.p,(,z) takes values in K¢, and is holomorphic in z, (B.2.13.1)
Fep,(k,z20) =kif ke K, (B.2.13.2)
Fo.p,(gh:2) = F6.p,(9,h2) I5 p,(h, 2). (B.2.13.3)

There are also the further properties:
Fc.p,(9,2) is independent of z if g e N, (B.2.13.4)
F6.p,(9,20) = F5,,(9, ¢520) if g € Gy, (B.2.13.5)

plus some finer ones (see [15:(1.8.7.5),(1.8.7.6)]), which contain the specification of
the homomorphism of N; given by (B.2.13.4).
Note that [H1] gives a formula #; p, in terms of #; and the Cayley transform:

Jor,(9,20) = Fo(c;" 20) ™" Ig(cg, 20)- (B.2.14)

Since Int(cs“)Ns < P{(Kg)g (cf. (B.2.8(iv))), we have from (B.2.10.5) that for
g € NS:

Fele g, 20) = Je(Int(c;")g, 20) I6(c; " 20);

hence,
Io.p.(9:20) = Int( Fg(c; ", 20) ™) F(Int(cs) 'g,20) if geN,.  (B.2.14.1)
Moreover, if g € Uy then Int(cs)_1 g € P{, and it follows that

Fer(g,20) =1 if ge U, (B.2.14.2)
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Finally, since c, centralizes Gy, we have

fG,Ps(ga z9) = fG(Cs_lyzO)_lfG(ng_l,ZO)

= Int(Z5(c;" 20) ") Fp(g, ¢ ' 20)  if g € Gy (B.2.14.3)
We can actually rewrite (B.2.14), for arbitrary g € G as:

Fo,p,(9:20) = Int( F5(c;,20) ") Ig(Int(c;) g, ¢; ' z0).

This suggests the formula

Fep,(9,2) = Int( Zg(c;t, 20) ") FoInt(cs) T g, ¢ 2), (B.2.15)

which is actually correct; property (B.2.13.3) follows directly from (B.2.10.3).

Appendix C. Equal-Rank Groups

The material outlined below is, or deserves to be, well known:

(1) Let g be a real Lie algebra whose complexification is simple. There are two
involutions of the Dynkin diagram of the C-root system: 1,, induced by multi-
plication by —1, and thus a feature of g, and 74> induced by complex con-
jugation, which, of course, depends on the real form. According to [6: Sec. 1], ¢
admits a compact Cartan subalgebra (is equal-rank)*? if and only if 1, = y,. It
follows that the Dynkin diagram of the C-root system of a Lie algebra that is
not equal-rank has a nontrivial automorphism. It follows that its classification
type must be one of the following: 4, (r > 1), D, Es.

(2) Asin[17: Sec. 4], Harish-Chandra’s theory of strongly orthogonal roots carries

through in the equal-rank setting, and one obtains a homomorphism of real Lie

algebras: (s/,)®” — g. While there is much less structure than in the Hermitian
case, one can see at once that there is a set of orthogonal real (restricted) roots
that span.?? This rules out 4, (r > 1) and Eg as the real root system.

Note that DI can go either way, depending on the ranks. Indeed, —1 is an

element of the Weyl group of D,, and therefore, 1, = 1 if and only if r is even.

(4) g is of Hermitian type if and only if its Cartan involutions come from inner
derivations.

3
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