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Absfiact. De Rham currents are dual to differential forms with compact support. We con-
struct in this paper the dual to the entire cyclic cohomology of project limit of ideals with
ad-invariant trace and prove its homotopy invariance.

Introduction

Classical homology theory of de Rham currents is just dual to the cohomology of
differential forms with compact support. This means that from the well-known
Stokes theorem, one can consider cycles as functionals over differential forms on
manifolds. If we restrict ourselves to consider the differential forms with compact
support, then currents are the continuous functionals over projective limits of dif-
ferential forms by restrictions to supports. Besides the classical cycles there are
also other currents, which are, for example, in the form of dense flows. Never-
theless, the de Rham current homology was well developed and has many appli-
cations in many problems from geometry, physics, etc. Cohomology of differential
forms on manifolds was well quantized by Connes et al. as cyclic cohomology. In
[3, 4], Khalkhali realized the so-called entire cyclic cohomology HE* as infinite
cyclic cohomology. He proved two main properties of this theory: homotopy
invariance and Morita invariance. We use his results in such a way by restricting
to some non-commutative analogy of differential forms with compact support as
ideals with ad-invariant trace. We then use the inductive and projective topologies
to form non-commutative analogs of de Rham currents. Our main technical point
is to use the Cuntz-Quillen theory [1, 2] of non-cornmutative differential forms
over algebras. We pass this machinery to inductive limits. The main reason, by
what we can construct this homology is the point that, with the trace we can define
a scalar product on each ideal.

Our main results are the construction of the cyclic homology of entire currents
and the proof of its homotopy invariance (Theorem 5.4).

1. Basic Operators

Let A be an involutive Banach algebra, {At} t . r the family of ideals with trace,
i.e., with a map t7: A7 ---+ C, satisfying the following four conditions:
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(1) 11 is a continuous linear map, Il"rll : t,
(2) r;(a"a) > 0 (the map a r+ a*, such that a** : a, for all ), e I),
( 3 )  t / a - a ) : 0 i f  a n d o n l y i f  a : 0 , f o r e v e r y  ) . e 1 ,
(4) z1 is ad;invaiant, i.e., r1(xa) : r1(ax),Vx e A andYa e A7.

For every 1., the map 11 defines, therefore, a scalar product over A7 by the
formula

r ; (a"b)  :  (a,b)"^ ,

for all a, b e A7. Next, we have a family {(At, tt)} with the natural ordering ) < p,
following inclusions At" c Ap.The inclusion map At, + Ap of Hilbert ideals and
restrictions r1:rplt, define a morphism of pairs {(At,tt)}, such that for every
tiple t,p,y e I, ), < p < y, the diagram

:  (Ar , r r )

is commutative.
We have an inverse system {(At , t t)}, and then the projective limit lim AT : p.

Now,.we consider the system {C"(At,r1)} consisting of (n + l)Jinear maps
d,(A,,)'*'---+ C. By definition, lr is the completion oi,l, *ith respect to the
scalar product (a,b),r,: rt(a*b) and the definition of {C,(A7,r1)} is automati-

d @ ) :  q x , z | ) , ^ .

Because 11 : tpla^, we have OId@) : (x,zt),,, for all x e llAr. By virtue of

and then the direct limit limc'(As.,tt): p. Recall that e c (D;e 1C"(A7,r7)
consists of all sequences ((i)^., such that DT@n : Dvuo Df.@n, for all )",p,y e I
sa t is fy ing  7<p<y.

Recall that the standard operators b', b were also considered in [3]. We have
extended them to the corresponding operators, denoted by the same letters

b ' , b :  C ' (Ay r t )  -  C '+1  (A t , t i ,

following formulas

n

b, dI@I,. . ., oi*r) : l{-t)i 0K"2, . . ., oi:oi^*t,. . . oi*r)
j : l

Al , , r l )

i

I
A r , q )

------) (Ao,rp)

I
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and

bdi ,@ru.  .  .  ,o I* t )  : l { - t ) i  Oi@\, . . . ,o i :o i1* ,  , .  .  .  ,o I* r )
j:0

+ (-t)"*'Oi@i*t o9,, . . . ,qI) .

Definition l.l. Let A be an inuolutiue algebra, C6@):limC"(A7,r7). Set
C6@) :0 for n < 0; the aboue defined operators b, bt acting on' this complex are
called the Hochchild boundary operators.

Proposition l.l. The operators b' b, defined on Cn(A1,r1) can be extended, and do,
to the operators, denoted by the same letters b', b onhgtCn(47,r),for allfixed n.

Proof. Let (0i)t,r be a cochain inlimC'([1,r1). For_ev"ry dIeC"(A7,t7),in
view of Riqsz' theorem, there is an element z6i in (At)"*', such that (i(*) :
(x,z6i)rl.Because of the assumptions r1: rpla^, we have di\) : (x,261)"^, for
x in (47)n+t , and

0i,16^y.' : 01.: dil6^1*',
for A < p,y.

Now we have

(bo)I*' e) : f,{-r)t oiii) + ?r)"*1 di@,*t )
"/=0

n

:  D(- t ) , (  x i ,  267),^+ (-  1) '+r 1x, +t,  z6i)"x,
j:0

* :  (a1 , .  .  . ,o1* r ) ,  x i  :  (a \ , .  .  .  ,o i1o i1* t  , .  .  .  ,a l+ r ) ,  xn+r

(bq)i,*t (r) : D ( - I )i (xi, z 67) ", 
+ ( - I )'+ 

I (x, a1, z 6i) t t
t:0

(bq);*t(")  :  D(-r  ) i  (x1,z6i) t ,+ (- l ) '+1(x, +r,z6i)" , ,
j:0

satisfying

DII(bilI*' I : Dvp o Dil@ilT' l.

213

where by definition,
(ol*t  o?,, .  .  .  ,a1) and
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Proposition 1.2. The homomorphism ).: Cn(A;,rt) - Cn(At,r7) can be extended to
the corresponding operators, denoted also by

)": lim C' (A 7, r t) - lim C' (A 7, t ).

The proof is straightforward.
Recall that in [3], the operator ,1 (do not confuse with index ,t) is by defini-

tion a homomorphism between Cn(lt,z1) and C'(At,u1), which corresponds
0i - Qili,

(1il1,@9,,. . ., ai) : (\' {i@1, o9.,. . ., oI-t).
It is_easy to check that )" is a homomorphism between lrgtC'(Ax,c7) and

limCn(47,t7).
By analogy, we have that N : | + l+...+ 1" is a homomorphism between

lry Cn (A 7, t 7) and lim Cn (A 7, r 7).

Proposition 1.3. The operator

S: Cn+t(77,rx) -- .  C"(77,t1)

can be extended to the correspondingi operator

S: lim C'+r ( A r r t) ---+ lim C" (A1, r 7),

,heref is the corresponding algebra with a formalty joined unity element.

We recall the well-known operator S from [3], di* (S/)f with

(Si l I@|, .  .  . ,  o i )  :  Oi* '  (1,  ao, .  .  . ,  aI) .

It is not hard to see that,S is a homomorphism between

limCn+r(i7,t) and limCn(i7,t7).

Proposition 1.4. Q:ligrC"(At",rt) is a closeduector subspace of the direct sum of
Hilbert spqces @ trtCn(At,t1), which is therefore also a Hilbert space.

Proof. lt is easy to see that Q is a vector subspace of @,t.rC"(At,t;). Let
(oT)t., e Q,lim^--aT : at. There is an element z"y in (A7)^+1, such that

a i@) : (x ,a l ) "^ .

We have

jg (r ,  zoT)", , :  (x,zo^)"^,

lim
m + 6

such that

z i l  - z
' a l  -  ' a ) '
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By analogy,

lim (x, z!^)"u : (x, zo7) 
"u,

jg ( t ,  z!^)" , :  (x,zo^)", ,

a;(x):  (x,zo^)"^,

ap(x) :  (x,zo^)"o,

ay(x ) :  (x ,zo^) r r .

Because
apl(i^),*, - al : avl1ir1,*r,

we have (at) t, r e Q : h11;-Cn (Anct).
Next, we see that Q is a vector closed subspace in the direct sum of Hilbert

space @ t.rC"(At,r1), which is therefore also a Hilbert space. I

2. Entire Cyclic Curent Homology

Definition 2.1. Let A be an inuolutiue Banach algebra and Ax an ifual with trace 11.
The space 4(,!: Hom(limC(ArC)) of continuous functionals is called the
space of cyclic currents (with'respect to the direct limit topology).

Letf be an element in QQI), i.e., a continuous functions (with respect to the
direct limit topology). This means that there exists a fixed .1 such that/ is a con-
tinuous linear functional on the Hilbert space Af 

('*t). 
Conn.rsely, every func-

tional of this form can be trivially extended by zero to other orthogonal compo-
nent, to a continuous functional on the direct limit (with respect to the direct limit
topology). Following Riesz' theorem, there exists an element z1 inlimCn(At,ct),
such that f(*):(x,zy)"p for all xelimC"(A1,21). Now, we can define con-
tinuous homomorphisms b'*, b* ,1* , S* and N*, which are just the adjoint ones of
b' , b, A,,S and N with respect to this Hilbert structure. Since D 2 : b'" : 0, we have
b*2  :  b , *2  :0 .

By analogy, we have N-( l  -  ) . -) : ( l  - ,1*)N*:0. I t  is easy to see that
3. : [NS(l ,t)]- : (1 - .i.),S.N*, acting from Q(i) to Q(i), for all n.

Definition 2.2. (The cyclic bicomplex) Let A be an inuolutiae Banach algebra.
Define C({ as the following chain bicomplex in the upper half-plane,

:
I
I
J

*  4@l
-b ' * l

+
* 4U\

l - ) -

215

:
I
I

+

e'@)
I

-b'* |
J

4t'ql

:

I
I
J(_ 4ttl
I

b '*  |
J

(- *ttl
il-

€-

€--
l - l -
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where on the euen columns the dffirentials are b* and on the odd columns the dif-
ferentials are -b'*.

Hence, we have the total complex

Tot(e @0"' :: Tot(C ( A))odd :: @,roQ(11,

of C(A), which is periodic of period two

@,,-oQ1,t1 3 @,roq1n),

where 6 : dr * dz is the total differential.

Definition 2.3. The periodic cyclic current homology of inuolutiue algebra A, denoted
by H\(A), is defined to be the total homology of the cyclic total complex C(A).

There are hence only two groups IH.1,@), Hp|dd/). To each algebra A we
associate an extension by adjoining the formal vnity i : A @ c. lf A:is an ideal
in A, i7: At @ C is subalgebra with unity.

One can associate to i the double (b*,.B*)-complex with

4,.(4 : (q_*(i), dr r dz) : (q_^(i), b* + B*).
By the same arguments as in [3], the operators b and B map reduced cochains

to cochains of the same type. Hence, we also have the same property of b*, B*.
The corresponding reduced subcomplex of the (b*,.8*)-bicomplex is denoted by
B(A)*a.

I-etfn e q@). There is an element zy, e limCn(At",tt), such that

f,(*) : (x,zf^),^

and

l lf"ll: lVr,ll.

Definition 2.4. An euen (or odd) chain (fn)^ro in c0(A) is called entire if the radius
of conuergence of the power series

D,Atr,|,",
n > 0 \ 2 t '

zeCis in fn i te .

It is easy to see that the total dffirential of the cyclic bicomplex sends entire
chains to chains of the same type. Hence, we have a periodic complex of entire
chains

lr.qt + 4Qq),
w h e r e 6 : d t * d z .
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Definition 2.5. The entire cyclic current homology HE-(,4) of a Banach algebra A is
the homology of the aboue complex Q(A) of entire current chains.

Definition 2.6. An euen (resp., odd) chain (fzn),ro (resp., (fzn+r)=o) in fl1i1,"0 is

called entire, if the radius of conuergence of the power series D,ro#llf2,llz' (resp.

D^ros#r ll "fz"+rllz' ) is infinite.

It is easy to check that the operators D *, -B* sends an entire chain to a chain of
the same type.

Thus, we have a periodic complex of entire chains

A

4(A),"0 + 4(i),"0,

where the total differential 0 : b* + B* .In [3], it was shown that the operator @ is
an isomorphism of cochain complexes.

It is easy to see that the operator @ can be extended to an operator, denoted
also by

@: lim TotC(A) -- lgt Tot(A),"1,

between direct limits. Now, we have the operator @*, which is just the adjoint one
of @ and is also an isomorphism of chain complexes.

Clearly, the map @* sends entire chains to chains of the same type. Hence, we
have the intire cyciic current homology of fl141,,0 of an involutive Banach alge-
bra A.

3. Normalized Current Cycles

In this section, we define the notion of a normalized cycle in the cyclic double
complex and in the double (b*,,8*)-complex. We can also prove "the normalized
lemma". This lemma plays an important role in our proof of homotopy invariance
of entire cyclic current homology.

Definition 3,1. Let A be an inuolutiue Banach algebra. A chainf in C(,1) is called
cycl ic i f  ( l  -  ) . )( f  )  :0.

Definition 3.2. Let A be an inuolutiue Banach algebra. An euen (resp., odd) cycle
(f),ro in the cyclic bicomplex is defined to be normalized f fz" (resp-,f2,a1) is a
cyclic chain,for all n.

Proposition 3.1. (Normalization lemma) Let A be an inuolutiue Banach algebra.
For euery entire cycle in the cyclic bicomplex C(d) o7 A, there is a normalized
entire cycle, homologous with it.
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Proof.I,rut (f;,>o be an even entire cycle in C(,4). pose

1
oz-:fz^ - 1;71N.{f*7,

we have N*02-: 0. Recall from [3] the operator N,, which is defined as follows:

i [ ,  :  - 
f iO + 21 + y,2 +... + (n + t)1,),

satisfying the well-known relation

1
( l - l ) N ' + j - N : 1 .

These operators and relations are well extended to the corresponding completions
and we also have the the relations for adjoint operators. Using the formuli

( l - . 1 * ) N ' * *  I ,  j r l ' : 1 .
n I l

we have

(1 -  r , -)N/ ' (02^):02-.

Hence, 6z^:N'*(02*) and therefore, (1 - 1.)6*-02*. Now, we can define
U^)ilro in C (.t) by fonnulas

f/^-t : fz,,t - b'* 6z^; fi- : fz^ - 0z^.
We show that it is a normalized cycle. Really,

(r - 1.)(f,z^): (t _ 1.)(fz*) _ (1 _ A*)0*

: (1 - l.)(fr-) - (l - [-)(fn - 
r*Iu.(fr^)

: (l - ),.)(fz^) - (1 _ ̂ .)un)
1

+ Z** t0 
- ) ' .)N.(f2,")

- 0 .

Let us show that // is homologogs to f . To see this, we define the chain
fu: - (V^)^ro1 ls  fu7yr- r :O,  tz- -02^.We have Qhz- :02- ,  (1 t )z- - t :
-b''tz^, such that f' :f * )rlt,i.e., // is homologous to/.

It is easy to check thatf ' and t! arc entire chains. Indeed, we can use the same
formula as (2.3) in [4]. Since

6an : N'* oz-,
we have

l l0*ll < 2(m-r r)llfz^ll.
It follows that 62,, and hence, r! andf'are entire chains. T



Homotopy Inuariance of Entire Current Cyclic Homology

Definition 3.3. Let A be an inuolutiue Banach algebra. An euen (resp., odd) current
(fzn),ro (resp. (f2,)n>il in fr(i)*a is defined to be normalized if B$(f2n) (resp.,
B6(fz,+r) ) is a cyclic chain, for all n.

It is easy to see that the map @- seyds_ normalized cycles to cycles of the same
type. Thtts, for every entire cycle in il(A),"6, there is a normalized entire homo-
logous cycle.

4. Infinite-Dimensional Differential Forms

Let A be an involutive Banach algebra, we have 4Q4 = llp O,-(li). Thus, to
each (f),roin C0(rl,) corresponds an element (tn),ro in lim On(,41), denoted by

zt, : a\dal . . . dai (see in [2] for the case without projective limits), and then for
the operators b* ,bt* ,,1,*, S* corresponding to the operators b, bt ,1, S, one also has
the same relations as in [2]

b*(o\ , .  .  .  ,o l *1) :  2{ - t ) ' , t  o l , .  . .  ,o i^o i^* t , .  .  .  ,o l * t )
j:0

+ (- l ) ' * t  (oI* '  o9, , .  .  .  on.

Let us recall the definition of differential forms.

Definition 4.1. A non-commutatiue, n-dimensional dffirential form ouer A is an
element, formally written as (Dn : a\^da) . . . dai in lim o,(11), which satisfies the
two conditions that follow:

For euery n-dimensional cycle J rn Hom(Q"(AD,C)

t f

l ro. 
:o and 

)r l ' r , ' r l  
:0,

for euery (D)o)t)g)z inlimQr(41), where d denotes the dffirential operator as usual
( see, for example, l4]).

Proposition 4.1, There is a one-to-one correspondence between n-dimensional dffir'
ential forms and n-cyclic cycles f, in q@)-

Proof. Let 6'nbe an n-dimensional differential form. Using the previous isomor-
phism, we can define the correspondingchainfrin Q('\.

It is easy to see that/, is a cyclic cycle. For every n-dimensional cycle jr, we

219
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have

f f

Jrft 
- T)(r,) :  

Jr0 
- t.)@laa)...d"i)

[ , n: 
J rtoo^ao) 

. . . doi - (r)" aidag,. . . aoi-)

I': 
) r(-D" 

tao\. . . aai-t ai + (r)"-r a\aa) . . . aai

+ aidao^. . . doi-, - da\. . . dai-t ai)

:  [  { - t ) ' - t  a@lnt^.  .  .doi- 'o i )
J 6

+ [  { - r )* '  lo i ,do\ . . .  doi-r ]
J4

- 0 ,

so that (l - ).)(f"): 0. We have to calculate the boundary b* of f,. For every n-
dimensional cycle J and the corresponding cocycle (j, wehave

Iur rr,, 
: wl @2,.. ., a1+t)

a i+ tao^da | . . .do i

: (-r)' 
I Vio",^. . . doi, oi*r]

.  
: 0 .

Definition 4.2. A non-commutatiue euen (resp., odd) infinte-dimensional differential
form ouer an inuolutiae Banach algebra A is by definition an element a in

9,=otE 
(1"44)*4, such that [6lu,ra,zl:(-l1deoa, fida1da2, for all infinite

drmenstonal cycle ), on A, see also [4] for the case withoit projectiue limits.

:  
J  ; r - t l  

io ln) . . .d(ai^a ' ) . . .aoi* ,

+ [ {-t)"*' oi*' olaol . . . doi

: (-t) '  
I  

' r^*1. ..doioi*, * (-t),*t 
J
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Proposition 4.2. Let A be an inuolutiue Bansch algebra andf2n in q,(A)*d (resp-'

fzn+r in Q,*r(i)*) be such that,for euery n'
( l )  b.( fz") :  4( fz^-) ,
(2) B(,(fil is cyclic. -=
Then, there is a dffirential form (azr)n>o in @n>olim (dl2"A7),"7, such that

f f

J.^: 
,1'),(o9,. .. ,oT),

r ^ f

J*: 
.  .  .  dazl :  Boltr2,@:, " . ,  azf),

for reuery 
infinite-dimensional cycle J and the corresponding normalized cocycle

$ltl),ro in @n>oligrc2'(A^,r7| The diffe.rentigl form a : (au)nro is an ff inite-
ii-iifrinot Atfi"rrittot Torm in @,2slim (C)v,Ax),4-

Proof. lt is easy to chec-k that a : (azn)n>o is an infinite-dimensional differential
form in @n=oli4r (dlznAt),"a.

Conversely, given an even (resp., odd) infinite-dimensional differential form

a: (a^)*ro, such that

f l

l . ^  : , l t t ^ ( o \ , . '  . ,  q T ) ,
J

I * l  
.daf  :  no, l , l^(o1, . . . ,af ) ,

one can define chains/.. Proposition 4.1 shows that/ : (fz*)^>o satisfies con-

ditions (1) and (2) of Proposition 4.2.
In the even case, given a normalized even cycle f : (fz,)nro in the (b*,-B*)-

bicomplex, define q: (gzn),ro by the formula

Qzr: Lz'fz''

where ).2n : (l)'(Zn)l .
It is easy to see that I : (Qzn)n>o satisfies (l) and (2) in (.2) if and only

if f :(fzn)nro is a normalized cycle in the (b*,,8*)-bicomplex. We can then

define a bijective correspondence between normalized cycles in R(A),ro and

infinite-dimensional differential forms in lim (OA)*d, where lip (AA;)*a:

6.>o lig (Q^At)*t r

5. Homotopy Invariance

In this section, we prove that any continuous derivation of an involutive Banach

algebra induces the zero homomorphism on entire cyclic current homology
groups. We generalize the notion of Lie derivative and then we prove the homo-

topy invariance of entire cyclic current homology.
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Defnition 5.1. Let A be an inuolutiue Banach algebra. For euery ideal A7 in algebra
A, the continuous linear map 67: A7 ---+ A7 is called a deriuation of a subalgebra Al tf

67(a7b7) : afit(bt) * 67(a7)b7,Va7,b1e A1.

It should think of derivations as infinitesimal homomorphisms, which act on
chains and this action commutes with many of the operators of the theory. More
precisely, given a derivation 6y wa define a continuous homomorphism zi, just as
the adjoint of L5^, from [3].

The map Zi is called the Lie deriuatiue associated to derivation d1.

Theorem 5.1. Let f be a reduced and normalized entire cycre in fl(i),"0, then there
is.a canonicalty defined reduced and entire chain { in fl(i)*a, such that L;^(f ) :
0(!), where 0 is the total boundary operator.

Proof. Let us prove the even case. supposef : (fzn),>o to be a normalized entire
cycle and a-: (cozn)n>o the corresponding form. we can define an even form ai,
in llgr (Oz,,al)

dr,: o\ao). . .6^ajldqj^+1 . . .doT*' .

For every _even infinite-dimensional cycle J, also confer [4], we define a cochain in
li3r C'+r (i ^,u1) by formula

I oo^ao1. . .6t"aI. . . doT*, : furzn+r@g,, . . ., oin*r).
J "

Hence, we have a cochain by

f i , ,*r(og,, .  .  .  ,olo*,):  
'_i ' , - t ,r-  t  

! r i*} .  
. .6pit  .  .  .doT*,

j :r
2n* l  p:  D(-t)^'J.L.

Following the well:Fnown Riesz' theorem for lim Q2,a177, there is an element
a2na1 inll9dt2,rnA6 such that

{ rn*r@):  (x ,ozn+t)" ,

and

*u* r@2, . . . ,o in* ' )  :  f  62 , * t .
J

we want to show that (dv,11)rro is reduced and estimate the norm of its compo-
nents. It is easy to see that

I *1 " ' tu ' , , k :0 ,



Homotopy Inuariance of Entire Current Cyclic Homology 223

if ai: I for some i and for every even infinite-dimensional cycle J. Hence, we

have j aldlaz : I I a ta2dl t ! daldl da2 : 0, where crr1, crlz in @r > o lim {2znA t,
for every even infinite-dimensional cycle, such that a!^ is reduced. We hbve

,!/r,*r(o1",. . ., oT*\ : 
I 

o\ar). . .6pit. . '  da!+|,

using formula d(ab) : adb * dab,

,ly'zn*r(o}t, . . ., oln*') : 
I "i*1 

. . . d(ailt 67ai^) . . . tuT*t

f ^-  
I ' in '^ .  

.  .  d(ai lzaipt)  .  .  .  oo7*t  -  . .  .

f ^- 
I {"lro|)aol . . . ad,at^. . . doT*'

: bOL@|,,. . . ,oiyta'oi^,. . .o'f* ')

- b,OL@],,. .  . ,  ai-zaiyt,61ai1,. .  . ,  oT*\ .  .  .

- 1"2,61^1o\o1,. .  . ,dqi1, .  .  . ,  oT*\.

We conclude that

ll,l/n*r < | t'r,ll i lll Ol^lllld ^ll'

Because lldzn+rll: llrltz,,*rll, we have

otz,+tl l < ltz,l(n + t) (2n+ r ) l l  Ol l l  lp, l l ,
I

wherc Q)r^ is the corresponding cochain of infinite-dimensional cycle J which is a
recuded entire cochain. We see that d2,a1 is a reduced entire cocycle.

We will next calculats B[(d2a1) and show that it is cyclic using the formula
lda,^: dao^ - dla\. For every even infinite-dimensional cycle J, we have

I t * o ^ . . . 6 p i , . 1  
. . . d a l '  :  

I o t o ^ . . . a ^ o i t '  
. . . d o l "  -

:  I  a t  ̂ . . . 6 , . o i ^ '  . . .  d o T .
J

Using (3.1) in [4], it is easy to see that

f  ^  i l

l a n l . . . 6 p i t ' . . . t u T : 0 .
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For every even infinitedimensional cycle J, we have

f
I B6(ar,*r) : Bofiro*r(oo^,. . .,oT),
J

2n+I
:  !  {_r)-, aotL*r@9.,. .  . ,  a1")

j:1

2il+1 r
:  I ( - t ) ' - '  I  aoo^. . .6pi^ t  . . .  dal ' .

7l J

Because

Bofun+t: NBotHIl,
(see [4]), we have

f
I a6(t - tr.)(az,+r): (t - ),)Botzn*r: (1 _ ),)NBol,SiIl:0.
J  " '

Thus, ̂ Bfi(d2,+r) is cyclic.
Let us calculate the Hochschild boundary of dvr"r1. We see that

f _

J 
b. (au*r)  :  bf i**r(oo^,.  .  . ,  a2n*2),

for every even infinite-dimensional cycle J. It is easy to see that

2n#l

bfu n*,@1, . . ., oT*\ : D (_ I )/ | ni . . . 6 p\. . . da2;1"+z
i : r  J  

^  " ^  A

Zn+l e
-  t  I  a laa) . . .d6p!^ . . .doT*r .

7 : J
We have

I 
l**rt ;^(rzn+z) : 1r,*rLu^6f,,*r(o2, . . ., oT*')

: 12,+2Y OL.rAi,. . .,67at1,. . ., oT*')
j=o

: Az,+zl[ I "r*, . . . d6pi. . . do?*,,

for every even infilite--di;nensional cycle J, the corresponding cycle 41. W. a"no"
a cochain inlimC2"+2(At,rt) by the formula

)(2t+2 : 
I 

orr^*r^ . . . dal+r67a!+2).
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We deduce that (Bofiu*t - 7r,*rLu^0f,+z - Xzn+z)(a\, . . . ,a2^'+21 -

brlrr,*1(a\,. . . ,o2{*2) for every even infinite-dimensional cycle J. Hence, we have

I 
u. ("r^* r) : (Bot zn+z - br,*rLu ^dl^+z - xzn+z) (ao^, . . ., o'^'*') .

We define a differential form in lyrd22ni;, following

an+z : d(dao^.' . da2A'6 1a2f+\'

For every even infinite-dimensional cycle J, we have

f

I  
aUt\ .  .  .  da2f6 lal"*t)  :  *h*r(o07, .  .  . ,  oT*') ,

where fu\*, inlimc2'+t (i7, 11). Using Riesz' theorem, there is an odd differential

form a\,*, inlim d22na1A7, such that ,lti"*r(r) : (x, @h+r)", . It is easy to see that

f f

l 
ri,*, : 

l 
ro^*). . . daz^"+t : g,

if ar^ : 1 for some index i > l. This means that a),*, is reduced. For every even
infinite-dimensional cycle J, it is easy to check that JB6(@ln+t):0. Because
llrl,i"*tll : ll.j,*rll, we have llai,+rll<|/2,*rlllra2,+zlllldlll, so that coj,*, is an
entire current cycle.

We also have to calculate the Hochschild boundary of a)^_, from the relation

f

I 
u. (.;,-t) : brlti,-r(o9,,' . ., qT) : (xzn - b,Ln-i)@\,. . ., alo),

for every even infinite-dimensional cycle J. Let

eozn+t : cDzn+t * @L+t t.'rl-Il,

where co?rill inlim ttz,+rit, such that

,t'7x+i6): Q,.*Il),^.
For every even infinite-dimensional cycle J, it is easy to see that

t b* (7o2,+) : b({2,+r + fu),+r + ,LSXIi). J

: Botzn+t - lz,*zLa^d[u*z

and

I 
u. (ar,*r) : Bl^*, : (2n * 4)Botz,*2,

so that

I 
u. @r,*r) : j*t,tt2*r3 - t^*rLu^d[^*r.
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Finally, if we define a chain t : (tzr+)n>o) in @n>o 4,*r(A)*0, such that

,!z,*r@) : l:]*2(x,dzn+z),^, tz,*t(r) : (x,du+r),

we thus have

12,+zb * (* zn+) - rrl4 
lzn+q B* (t zn+t) : - lzo+zLi ̂( fz,+z),

or

b" (rl, zn*) -f B. (* z,+) : - Li^( fz,+z),

which is the required equation. It is easy to check that r! : ({/n+r),>o is an entire
chain. The theorem is proved. I

Theorem 5.2. Let L[. be the Lie deriuatiue qssociated to deriuation 67, then
L;,tHE}.U) --- HE9(2) is the zero homomorphism.

Proof. Letf be an entire cycle, then/ is homologous to a normalized one. Now
recall the isomorphism @.:Totd(i),"a -TorC}(A) which is compatible with
Lie derivatives and sends the normalized cycles to normalized cycles. By the pre-
vious Theorem 5.1, there is a reduced entire chain ry', such that

L i^@*- t ( f ) :0 ,1 r ,

L;^(f ) : A@*{r

and

l l@-, / l l  <  l l@- l l l l / l l .
This means that @*ry' is an entire chain. I

Definition 5.2. (General Lie derivatives) Let A and B be inuolutiue Banach algebras
and g: A -- B a homomorphism. There are the natural extensions g: A7 - B7 for
all )". A continuous linear map 6y. A - B, such that 67: A7 - E7 is called a con-
tinuous deriuation, associated to 9 if 67(a7b): p@7)6ilbil +67(a7)q(b7), for all
a6b7 in A1.

' Given a- continuous_derivative 66 the operator L;;q@) -- {(B), or
Lj ̂ : hpt {2,4 1 - hgt dlnF 7, defined by formula

r i^@|t , .  .  .  ,a i )  : f , { r to\) , .  .  .  ,61ai7, .  .  . ,q(ay)
j:0

is called a Lie deriuatiue along d1. It is easy to check that the Lie derivative Zi
commutes with the differentials; thus, Zi is a morphism of bicomplex.

Definition 5.3. Let A and B be inuolutiue Banach algebras and rp,.. A - 8,0 < I < 1
a one-pqrameter family of homomorphism between them, which are extended to
rp,: A7 ---+ 87, for all ). e I. Such a family will be called smooth, if
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(a) each g,,t e l0,l] is a continuous homomorphism with unifurmly bounded norrns

llq)l < M,
(b) for all a1e A1, the mqp t j-> q,(a;) from l0,l] to B7 is of class Cr for euery

) e I .

Moreover, we have the corresponding family of derivatives 61: A7 ---+ 87, for all
). e I, by formula

c ,  \  r :  Q , n r ( q " ) - P r ( a ) , )ot\at) : i$__7

It is easy to check the relations

6,(a7b x) : 6,(a iq(b ),) + e@)6,(b 7).

This shows that 61is a derivation with respect to p.

Theorem 5.3. Let A and B be inuolutiue Banach algebras, g; A - B a continuous
algebra homomorphism with a family of continuous deriuation 6; A7 ---+ 81 with
respect to e, extendable to g: A^ - B^ and 6; At - Bt. Let f be a normalized,
reduced, entire cycle in C1i)r"0, then there exists a canonical reduced and entire
chain r! tn C(E),,0, such that L;^(f ) : A{t.

Proof. Using Theorem 5.1, it is easy to see that ry' is a reduced entire chain, such
that Li^ff) 0r!.lt is easy to check that the. Lie derivation I[, associated to d1,
induces the ero homomorphism between the entire cyclic current homology

sroups HE|(l) and HE!(a).

Theorem 5.4. (Homotopy invariance) Let A and B be inuolutiae Banach algebras,
g,: A---+ B, tel},ll, a smooth family of homomorphisms,6T: A7---+ B7 the con-
tinuous deriuation with respect to g,. Then cps and 91 induce the same map between
entire cyclic current homology groups.

Proof. By our assumptions, there are constants M and N such that llpll < M and

lldrll < N.Letf : (.f),=o be an entire cycle, we can assume/ to be normalized.
Hence, we have the corresponding infinite-dimensional differential forms c,-r:
(an)nro, such that

d  d  , n ,

fr,v,.@") : ftv,.@oioi.' aoi)

:  f{w,{o'^, .  .  . ,61ar1,. .  .  q,(ai))
j:0

: Li^(t^)'

T
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For every even infinite-dimensional cycle J, we have

t d  , ? \  d , f  , , o

|  *v,.U) 
:  

ihl  (q'(ai ' ' ' ' '  q,(ai))

n l

:  Dol  @,@1), .  .  . ,67ai7,  .  .  . ,  q,(aI))
j:0

f

:  Ld^{ l@1, . .  .  ,o I ) .
By Theorem 5.3, for each t e [0, l], there is a canonical entire chain fu' : (fu')rro,
such that L;^(f ) : A,!'. We have

t t d
ao.( f ) - an(f ) : Jo ir,^u )4,

f r: I Li^ff)dt
J O

f l  f l
: 

)o 
A{ttdt : 0 

)o 
rlr'dt.

It is easy to see that the integral exists and defines an entire chain. Indeed, because
rltt is an entire chain and a' : (.t),ro is the corresponding smooth family of dif-
ferential forms, for the fixed a!, . .. ,aI e 87, fi(a) is a continuous functions of t,
and the integral li a' at exists and hence, the integral li ,lr' at defines the required
chain.

It is easy to see that

| | /' | | < (n + 2) (ll fz,ll + ll fz,*zlDll,p,f"*t 116 tll
< (n * 2)(llfz,ll + llfz,+zlDM2'+1N ,

and there is also the similar formula for lltLll.Weconclude finally ttrat (Jj t'^dt),=o
is an entire chain. The theorem is proved. I
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