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Abstract. Let M be a Riemannian manifold. The tangent bundle TM has naturally an
induced metric. This paper is devoted to properties of the horizontal lifts of calibrations and
omanifolds on TM. We then describe some minimal surfaces on it.

1. Introduction

The method of calibrations is one of the effective methods to show some surface to
be homologically minimal in a Riemannian manifold. This method based on the
principle of calibrations which has been presented by Dao Trong Thi tll and later
by Harvey and Lawson [7]. By using the method of calibrations, several authors
obtained interesting results on minimal surfaces in Grassman manifolds, complex
manifolds (see for example, [4, 7, 9]) and in homogenous spaces, Lie groups (see
[ 1 , 8 ] ) .

For a Riemannian manifold M, we denote by TM the tangent bundle of M. It
is well known that TM can also be considered as a Riemannian manifold. A
problem in which several authors are interested is stated as follows (see [4]). Given
M, find the unit vector field on M having least volume, that is, find a section Z on
M such that v has least volume. In particular, the problem of determination of
optimal vector fields on spheres is of interest and has attracted much attention in
recent years. The answer in .the case of ^S3 is given by Gluck, Ziller [5].In the
general case, the problem is still open.

In this paper, by using the method of calibrations and horizontal lift, we dis-
cover minimal surfaces in the tangent bundle TM.The main results are Theorems
2,3 and 4.

We need the following theorem which is called the principle of calibrations
(see [1, 7]).

Theorem l. Let v be an oriented compact connected k-surface in the Riemannian
manifold M. Let a be a closed k-form on M such that

( , ) (o<1 ( 1 )
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for euery unit simple k-uector (, and

a(h ) :  |  ( 2 )

for almost euery x e M, where h ts the oriented tangent space of V at x. Then V is
homologically minimal (i.e., V has least uolume in its class of homology).

The form o satisfying conditions (l) and (2) is called a calibration and V is
called an ro-manifold.

One can show that a calibration is a form of comass one and an ro-manifold is
a submanifold whose tansent directions are maximal directions of co.

2. Vertical and Horizontal Spaces on TM

Let M be a differential manifold of dimension n, Y alinear connection, and K the
map of connection. Let fI: TM --+ M be the natural projection. For each u e TM,
the tangent space T,TM is the direct sum of 11, and Vu, where fI, is the horizontal
subspace defined by

Hu: {a e T"TM; K(a) :0},

and V, is the vertical subspace defined by

V, : {a e T,TM; II1,(a) : Q}.

For a Riemannian manifold M, one can construct different metrics on TM.
However, we are interested only in the following metric (see, for example, [3]).
Denote by e(TM) the set of differentiable vector fields on TM, andby 9(TM)
the set of differentiable functions. Let g be a Riemannian metric of M.

Consider the map

A: e(TM) xe(TM)--+ F(TM)

given by

g(A, B) : g(fIaA,II*.8) + g(KA, KB), (3)

where K is the map of Levi-Civita connection.
It is easy to check that f is a metric on TM and TM becomes a Reimannian

manifold.
Let us consider TM with the above indicated metric. For each u e TM, Hu is

perpendicular to Vr. Actually, for a e Hu, b e Vu, we have

S@, b) - Q(ll*a, n.-b) + g(Ka, Kb). (4)

Since f l*b :0,  Ka:0,

g(fI*a, fl*b) : g(Ka, Kb) : 0.

Thus, a is perpendicular to b.
From now, assume TM is equipped with the metric as indicated above.
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Definition l. Let a e T,M. A uector d e T'TM is sqid to be the horizontal ffi of a if
fl(z) : x, K(d) :0, andfl*u(d) : a. Denote d: qH. A uector at e T,TM is said to
be the uertical hft of a if n(u) : x, fI*u(a') : 0, and K(a') : a. Denote at : qv.

Proposition l. Let fl(u) : x. The map H: T,M - nTM defined by H(a) : aH is
a linear isomorphism.

Proof.  Let c:)"a*pb, where a,beTrM, / . ,peR. Assume d:H(a) and
b : H (b) . Then Ad + ph is horizontal and

I[*"(AA+ ph):  Aa* pb.

Thus, ,tZ + ptr is the horizontal lift of )"a -t pb. Hence, HQ.a * pb) : IH(a)+
p"H(b) and,Il is linear.

Now assume aeT,M and H(a):0. Then I I .*(0) :a:0. So f I  is mono-
morphic. It is easy to check that H is epimorphic.

Thus, fI is linearly isomorphic and the proof is complete.

Definition 2. Let H, be the horizontal subspace at u e M. A subspace V of H, is
called the horizontal ffi of subspace V c. TxM if H(V): tr.

3. Lifts of K-form and Their Properties

Let fI: TM --+ M be the natural projection. Then fI induces the map f[*:
TTM --+ TM. Denote by Ek M the space of differential /c-forms on M. The map
also induces the map fI* : Ek M --. Ek TM defined by the formula

f I *a (X1, ' . . ,Xr ) :  o ( f l * (Xr ) , ' . . , f1* (Xr ) )  (5 )

for a; e EkM, where Xr,. . .,X* e e(TM).
Because the operator fI* commutes with the operator d,fI*a is closed (resp.,

exact) if ar is closed (resp., exact).

Definition 3. Let N be a connected submanifold of M. A connected submanifuld
frI c. TM is called a horizontal W of N if n(N) : N and rtu is the horizontal ffi of
Nn(r).

Proposition 2. Let rt be a horizontal hft of a connected oriented k-surface N. Then
N is an oriented k-surface.

Proof. Because N is oriented, there exists a k-form at on N such that @, * 0
everywhere. Note that (II*r)l* is a ft-form on,f. Actually, by definition,

(lI* a) u(X1, . . . ' XD : rrrn1,; (fI* X1, . . .,fI* Xt)

f o t  X 1 , . . . , X k e T , T M .
On the other hand, fI* is isomorphic from Hu to T1g1M. Therefore, (n*ar)liv

is a k-form on -&. Denote (n*ar)LV : (o.It is easy to see 6, I 0 everywhere. Thui,
fr is oriented and the proof is complete. I

r09
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For a k-form @ on M, fl*ro is called the horizontal lift of crr. Denote by llrll*
the comass of cr; (see [2]). We have the following.

Theorem 2. For an arbitrary k-form a on M, the following formulas hold:
(a) l ln*col l*  :  l l r l l * ,
(b) c(( Ir*ar),) :  {( ' ;  (  e G(ros1,1)},
where G(ary,) is the set of maximal directions of a at ll(u).

Proof. By definition, we have

ll(n*r),ll* : sup{(fl*o)"G); E e t\pTuTM,{ is simple, lgl < 1}. (5)

Express  4 :T^  n  " 'n6r  suchtha t t ;eT ,TM, lD; l  <  I '  Then

ll(rl*co)'ll* 
I ilffidl'*'.,,,f,?o'r,o'r,'.'{{r'ri,,==\ (6)

Put u;:  f lxDi.  Let i i  ee(TM) such that * i , :a, .Then 10;12 :  g1xi l" ,  * i ) :
g(il*,Lj, tr*,*j) + s6*j, KX:,) > g(fr*uii, fr*ut) : g(ui, u).

It follows that litil2 > lr,l' .The equality holds if and only if D; is horizontal.
Put ( :ut  n. . ' , .uk. I f  the system {ut, . . . ,u7,}  is l inearly dependent,  then

( : 0, and it follows that

(n*r) ,( t )  :  @n@)(O : o < l l rnt , l l l * .

Assume the system {rt, . . . , u6} is linearly independent. From (6), we have

l l ( i l * ' ) , l l *  :  sup{rr ;n1u; (ur, ' " ,u*);  ui  : f r*u6i}

< sup{4ry1,y(4); 4 is simple, lryl < 1}

: l lornr,l l l*.
Thus.

l l(n*r),l l* < llrnr,l l l* (7)

On the other hand, because of the compactness of the set {( e 1\p(\1g1M); ( is
simple, l(l < l), there exists a simple k-vector (seA,kTttu1M,l(ol < I such that
@nr,l((o) : l lrnt,l l l*.

Ey the previous remark, (o ban be expressed in the form (o: ul n '' ' n uop,
where u! eT:11,1M,lr9l < I and{uf, ...,uok} islinearlyindependent.

Denote by D?,. . . , i00 the horizontal  l i f ts^of u1,. . . ,u! .  then the system

{t?, .  .  . ,  u[ ]  is l inearly independent and Lt9l  :  l r l l  11, i :  1, . .  . ,k.
put {o : D? n "' 

" 
i,?,. We can see l(sl < 1. Therefore,

l l (n*r) , l l *  > ( I I*r) , ((o) :  ont, l ( (o) :  l l r . t t , l l l * .

Thus,

l lr.,r, l l l* < l l(f l*r), l l* (8)
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From (7) and (8), it follows that

l lrnr,t l l*: l l(I l*ar),l l*. (9)
Ilence, the first conclusion ofthe theorem is proved.
To obtain the conclusion (b) we first show that, for every ( e G(a11u), the

horizontal lift ( of ( belongs to G(lI*a)u. The simple k-vector ( can be exfressed
by ( : ur A -.' A ukt where {o1, ...,uk} is linearly independent and u; is perpen-
dicular to q, lui l :  l .

Denote by D; the horizontal lift of ui. Then the system {Di} is linearly indepen-
dent and D; is perpendicular to D;. Moreover, lD,) : 1..,

Let ( :h A . . '  n 6r. I t  is easy to see that t :  ("  and l( l  :  1.  Hence,

[ f  , ) , (4 :  @t@)(O:  l l rn r , l l l * .

Thus, i e G((fl*co),).
Conversely, for each EeG((lI*a),), we shall show that iis ttre horizontal lift

of some k-vector ( e G(aau). Actually, I : fit n ... n fiip, where {fir,...,r17.} is
an orthonormal system. Let wi:fI*u(fi).Then lw;l <lr,l:1. Moreover, if
{fir,..., rlTr} is linearly dependent, then ( : Itl n ". A wk: 0. [t implies

(n*r) ,(O :  arn(,)(O :0,

a contradiction. Thus, {w;} must be linearly independent. From lrrl < 1, we have
l(l < 1. From (a) of the theorem, it follows that

llrnt,l ll* : ll(fl*co),ll* : (n*co),(t) : ah(,)(O.

Definition 4. Let TM be the tangent bundle, Vu the uertical space at u e TM, and K
the map of connection. A couector rp in T"TM is called the uertical hft of a coDector
rp in ToM if Q@) : q(K(u)) for euery u_e V". A dffirential l-form ( on TM is called
the uertical ltft of a I-form ( on M f t" is the uertical lft of (ru"t.

Lemma l. On a parallelizable Riemannian manifold M of dimension n, there exist
dffirential l-forms tt ,. . . , (" such that {$,. . . ,q} is linearly independent for
euery p e M.

Proof. Let {Xr,. .., Xn} be a parallelization of M. For each i - 1, . . .,n, define a
l-form t' as follows

C;G i )p )  :  6 i i ,  i  :  l , ' . . , n -

We shall show that the functions (',
X e e(M), X is expressed by

x :f fixi, fi e F(M).
,T: I

l l l

(10)

( 1 1 )



n2 Tran Viet Dmg and Truong Chi Trung

Then
Gi(x))p : ti6) : q(D fr@)(xj)p) : fi(p). (rz)

lt follows that ('(X) : fi is differentiable.
It remains to prove that, for p e M, the system {(i} is linearly independent.

Indeed, if DkC'":0 for AieR, then, for every u eToM, l(l;(lr)(u):a.
Therefore, t:l ^ i:l

I t''1;1u1 : o. (13 )

In (13), if u : Xj, then ).i : 0. This holds for every j - 1,.. .,n. Thus, the proof is
complete. I

Lemma 2. Let ('r, . . . , t| be linearty independent on TM. Then uertical ffis of them
are linearly inddpendeni.

Proof. Denoteby (t,...,( thevertical lifts of covectors <'0,...,(i. Assume

f ^'E' : o'
i : l

It follows that | ),i<'(KD): 0 for u e TTM. Since K is epimorphi 
", f 

),,1' :

0. ,The ingependence of {( i }  impl ies l i :0 for i :1, . . . ,n.  Thus, th 'e: 'system
{(' , . . ., ("} is linearly independent. The proof of the lemma is complete. I

Now, let us construct some calibrations on TM.Thts is based on the following
theorem and some properties in [6].

Theorem 3. Let M be a parallelizable Riemanninn manifold and a a k-form on M.
Then there exists an (n * k)-form dL on TM such that

{2u:ef, ;  n(f l*co)u, ueTM. (14)

Moreouer,

l lo l l * :  l lo , l l * ,  (15)
where efr" is the unit simple n-couector associated with Vr.

Proof. .By Lemma 1, there is a system of linearly independent l-forms {(t , . . . , ("} .
Denote by (" the vertical lift of (' for each i : 1, .. . , n. Then

O r : ( t  ̂ . . . ^ E "

is an n-form on TM. We can identify l.Or with efi, where L is some real value.
Consider an (n -l k)-form Q defined by

Cl:  ( , lClr)  n ( I I*o).  (16)

For

u e TM, {2r: elt n (fl*ar),, (17)
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we shdl prove that

l lo, l l*  :  I l (n*r), l l* .

l l 3

( 1 8 )

Since (17), by [2], we have

l lct, l l*: l lela n @*a),l l* < l l"Lll". l l(I l*r), l l*. (19)

The comass of ela is equal to I because ela is a unit simple n-covector. It
follows that

l lo,ll* < ll(n*a)),ll* (20)

Let 4 o1 A '.. A up be a unit simple p-vector on nTM such that
(Il*ro),(ry) ll(Il*ar),ll*, where u1, . . .,1)p are linearly independent in T,TM. We
can choose ur, . . . ,u, in the horizontal space Hu. Then e4 n 4 is simple. Hence,

llO,ll* > Clu@4 n d : kla n (Il*co),)(ev, ^ 4)

: (f l* a)u@) : l l (n*co), l l*.

Thus,

l lo, l l*  > l l (n*r), l l* (2r)

From (20) and (21), we have

l lo, l l* :  l l (n*r), l l* .
This shows that llO,ll* : llH*arll* and the proof of the theorem is complete. I

A direct corollary of this theorem can be stated as follows. If ar is of comass
one, then O is of comass one. This helps us to find some (n f ft)-surfaces which are
C) submanifolds in TM and therefore, will be homologically minimal.

Theorem 4. Let o be a calibration of an oriented connected compqct k-surface N
of the Riemannian manifold M. If the horizontal W N is compact, thenfl*a is a
calibration of fr and fr is homologically minimal.

Proof. By Proposition 2, fr is oriented. Because ar is a calibration, crr is closed and
of comass one. By Theorem 2, fI* a is also closed and its comass is equal to one.
For z e 14 II(z) - p € N1N, is the horizontal lift of Ne.

Let {e1, . . . , e*} be an orthonormal basis of Nr. Then the set of horizontal lifts
Er,. . .,ai forms an orthonormal basis of ,fru. Hence, lL i, the horizontal lift of Np.
We have op(frp): I for every p e.N. It follows tfrat N, eG(ar). According to
Theorem 2, wi obtain N, e G((II*ar),). Thus, fl*o is a calibration of f and
therefore, ,f is homologically minimal. This completes the proof. I
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