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Absfract. The notion of approximately continuous functions in a measure space is intro-
duced by using the concept of density topology. Some theorems on properties of such a
function are proved.

L. Introduction

Approximately continuous functions are a major source of formulating the con-

cept of density topology, a subject of current interest to many mathematicians.

Some basic properties of approximately continuous functions may be seen in [5],

[6], [12]. A few generalizations with the domain (sometimes the range also) being

abstract spaces may be seen in [7], [ll].
The definition of approximately continuous functions basically depends on the

structufe of open sets in the space. If we consider an arbitrary measure space, then

as such, it has no open set. But Martin [8] showed that by using the concept of the

density of a set in such a space, one can define in it a topology, known as the

density topology. Here, our purpose is to prove some basic theorems on approx-

imately continuous functions in a measure space.

2. Preliminaries

Let (X,S,m)be a complete measure space in whichm(X): l.If E c X, then the

outer measure m* (E) of -E is defined by

m- (E) : inf {m(F) : E c tr' e S}.

Let /{ be a collection [8] of sequences {f,} of sets from S such that, for each

x e X, there is at least one sequence {K"} e ff such that
(i) x e K" for all n and
(11) m(K,) --+ 0 as n---+ @.
Any sequence of sets satisfying (i) and (ii) is said to converge to x. The collection

of all sequences in ff which converge to rc is denoted by tr(x).
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Assuming the details on the concept of density of sets in X [8], we note that if

ry : {E : E c X and D*(X - E,x): 0 for all x e E}

then aL is a topology, which is known as the density topology or d-topology on X
and the sets .E are known as d-open sets [8].

A (weak) density theorem is said to hold for /{ if almost all the points of every
(measurable) set is a point of the outer density (point of density) of the set. Martin
[8] observed that a weak density theorem holds if and only if a density theorem
holdsfor /{.

A class B c S is said to cover indefinitely a set Y e X if, for each y e Y,there
is a sequence A, e 0 such that ! e Anfor all n and, m(Ar) ---+ 0 as n ---+ @.

A family 4 = S is called m-tegdar [1], [3] if
/ \

(i) m.l U .a | . *;
\4e. i l  /

(ii) the set p(A) of points outside A and indefinitely covered by subsets AI joint to
I has measute zero:
(iii) there exist numbers aandb (b > a> l) such that, for every A e.il,

m"{o(A)} < bm(A),

where

O(A) :  {OA" A'  e i l ,  A n At :  A, m(A')  < am(A)} .

Since z(X) : l, condition (i) holds automatically.
The following theorem, to which we refer here as the Vitali theorem, was

proved in [3]; see also [1].

Vitali theorem. Let A e S be a set indefinitely couered by the regular family ,il.
Then there exists q sequence {A,} of disjoint sets in .il such that

^ ld -o^( f l r , ) l  :o  ( r )
L  \ z : 1  / J

Also, for euery e > 0, there is a sequence {A"} of disjoint sets in ,il such that

f co I
* l  U A" l  < m(A) + e.  (2)

Ln:l I

We obtain the following corollary as an application of the Vitali theorem
which will be needed here.

corollary A. Let e > 0 be arbitrary. under the conditions of the vitali theorem,
there is a positiue integer k depending on e such that

l k t
* l A - U t , l  . ' .

L r : 1  I
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Proof. Since the sets {A,} are disjoint, D*(A,) < oo. So, corresponding to e > 0,

there is a positive integer k such that r:r

i m(A,) < e.
r:k+I

Now,

A - p,n, : (o- g r,) ' [, ̂  (,y-, r')]
/ @ \ / \

- l A -  U , l , ) ^ (  l )  A , ) .
\ r:l ,/ \ r:k+l /

So

l k ' l  f , o , ' l  T c o ' l
mlA -  U  A , l  <^ lA  -  U .A , I  +  * lA  -  V  .o , l

L t : r l L r : t l L r : k + l l

: i m(A,), using (t)
r:kfl

< s .  I

As in [8], we will assume throughout that a density theorem holds fot tr.

3. Approximately Continuous Functions

Let (Y, f) be a topological space. By mappings, we shall always mean mappings
(functions) from X into I, unless otherwise stated. Further, we shall assume the

definition of measurability of functions as in [4].

Definition l. A mappins f is.said to be approximately continuous at ueX if,

for euery Ge{ with f(a)eG, there is a set EeS with D(E,u): l  such that

f(E) c G.

If / is approximately continuous at each a e X, then f is called an approx-

imately continuous functiorl.

Definition 2. (cf .l2l, [9], [10]) A mapping f is said to be continuous with respect to

the density topology at x e X if, for eoery G e { with f(x) e G, there is a d-open set

E w i t h x e E a n d f ( E ) c G .

If / is continuous with respect to the density topology at each x e X, then/ is

continuous with respect to the density topology'
In the real number case, the statement of Theorem I is taken as the definition

of approximately continuous function [6], but here we need to establish the equi-

valence because in Definition 1, a need not be a member of E.
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Theorem 1. A mapping f is approximately continuous if and only if it is continuous
with respect to the density topology.

Proof. we suppose that f is approximately continuous. Let x e x be arbitrary
and Ge7 be such that f (r)e G. There is a set EcS with D(E,x):  l  and
f (E) - G. lf T : E a{x}, then we observe that T is a measurable set
D(T,x) : I and f (T ) - G. By Lemma 4.8 [8],

f {d - Int(r)}  :_f{y e T :  D(T,y) :  1} c f(T) c G.

Thus, fI: d -rnt(T) is a d-open set containing x such thatf(H) c G.Hence, fis continuous with respect to the density topology at x e X.
conversely,let f be continuous with respect to the density topology. Let x e x

be arbitrary and G e { be such that /( x) e G. There is a d-opei set E containing
x such that f (E) c G. By corollary 4.4 and, Theorem 4.5 lgl and then the density
theorem, E c ,S and, D(E,x) : l.So / is approximately continuous at x. I

Corollary. Any approximately continuous function f : X -, y hqs the property of
Baire.

Note 1. We observe that in the present
continuity of f : X ---+ I coincide.

Note 2. It follows from Theorem I that if/ is approximately continuous, then it is
measurable because if G e {, then f 

-1(G) is d-open and so by corollary 4.4 lgl,
f 

-'(G) e S. However, a stronger result is proved ln the following theorem.

Theorem 2. If "f is approximately continuous at almost ail points of x, then f is
measurable.

Proof.  Let Ge{ and E:f- t(G). I f  m.(E):0, then because z is complete,
9 

- s. Suppose m- (E) > 0. Let y e E be a point of approximate continuity. th"tt
there is a measurable set .86 having y as a point of density such that

f (Es) c. G, i.e., Es c E .

By Lemma 3.4 [8], D(X - E,y) :0 and so by Lemma 3.2 in [8],

D . ( x  - ' E , y )  <  D ( x  -  E o , y ) : 0 .

This is true for almost all points of E. So, by Theorem 4.3 in [g], x - E e s and so
E e S. Hence, / is measurable. t

Theorem 3. If f is measurable and (Y, {) is second countabre, then f is approx-
imately continuous at almost all points of X.

Proof.  Let {Ur,Uz,Ut, . . . }  be a countable basis for I .Then M,:f-r(U,) e S
f o r a l l  n : 1 , 2 , 3 , . . .  .  F o r e a c h  n ,  l e t A r :  { x e  M r :  D ( M r , x )  :  l } . n y i h e ' d e n _
sitytheorem and completeness of ra, Tr: Mn- An€ S and,m,(f):0. If y e An,
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then by Lemma 3.4 in [8],

D(A",!)  :  D(M" -  Tn, l)  :  D(Mn,!)  -  D(T,,Y) :  l .

@

Let T : U f". Then Ze S and m(T) :0. Let X e X - T and' U e.T be such
n: l

that f(x) e U. Then there is a positive integer k such that f(x)eUpc. U. So,
xeMp. Since x 47, x e,47.. Also, f(At) - U7.. Thus, Ap is a measurable set
having x as a point of density such that

f ( A r ) - U p e U .

So, / is approximately continuous at x. I

Combining Theorems 2 and 3 we obtain the following.

Theorem 4. If (Y,{) is second countable, then a mapping f is measurable if and
only if it is approximately continuous at almost all points of X.

Note 3. Theorem 4 is a generalization of the corresponding classical result when
X : Y: R, the real number space [2, p.l32l. The method of proof needed here
has no connection with the classical case.

In the following theorem, we observe that the range of an approximately con-
tinuous function has some special property under certain conditions (cf. t6l).

Theorem 5. Let (Y, {) be a metric space with metric p and f : X --+ Y be approx-
imately continuous. Then f(X) is a separable subspace of Y, prouided that

l) Y(*) is m-regular.
x e X

Proof. Let a e X ande > 0 be arbitrary. Then there is a set Ee S with D(E, a) : I
and p(f(x), f(")) < e if x e E.

Let f[4 e tr@). There is a positive integer N such that

m l n a f l q l > r - e  i r n > N .
. *lx)''l

Thus, for all large n, p(.f (x), f (")) < e for a set of points x in Kl") whose relative

measure with respect to K)") is less than e.
Such a sequence exists.for each a e X. Hence, by Corollary A, there exists a

finite disjoint sequence {K;:"} i:1,2,...,k such that

^l* -,Q "Jl',] . ,
The set Kr("') nu, the property that, for all y in K[!') , exceptfor a set whose relative
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measure with respect to KX') is less than s, we have

p(f  (x i) ,  f  (y))  < t .

Let Br: {f (*r), f (*z),..., f (xr)}.So, except for a set of measure less than

r . - / w . \ r  . t , t y - t \  ,  
'  k  , - ' lem{K}i,)} t emltt ;,--, 1 + . . . + t*txlir)} + mlx - l) xl? l
L r :1

k

<'f  m{KP) + e < lm(x) -r  r l  :  2 '
r:1

for all points q in X, f (q) is at a distance less than e from -8,.
Let {e"} be a sequence such that en ) 0, ey11 < en and lim en : 0 and

€  t + @

a: U 8.". Then -B is an enumerable subset of f (X) and dense in f (X - M)
v:1

where M is a subset of measure zero.Let ( e M and d > 0 be arbitrary. From the
approximate continuity at (, we obtain that there is a (1 e X - M such that
pUG) , f ( ( ) )  <612 .5o ,  t he re  i s  a4eB  such tha t  p ( fG) ,d  <612  andhence ,
p( f  ( ( ) ,q)  < 6.5o,  -B is  dense in / (X) .  I
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