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Abstract. In this paper, we study a general boundary value problem for Fredholm-Volterra
integro-differential equations of high order by spline collocation methods. In this general
case, it is not appropriate to use diagonally dominant matrix to solve problems of existence
and uniqueness of approximate solutions as in [3]. Projection methods are used instead. In
many cases, a theorem on the convergence rate of high order of approximants to exact
solution is established and shown to be much better than the result in [3].

1. Consider the equation

m-1

Lx(t) : x@) U) + a^a-,x(*-t-i) 171
./:0

1b  l l
,  ̂ J ,*r(r ,s)x(s)  nt*  

J,K2(r , r )x(s)  
ds: f ( t ) ,  (1)

with m independent boundary conditions

m - l  m - l

\ apx@1a)+ t  p .oxu ' )1 t ) : y i . i : 1 , . . . , f f i ,  ( z )
k:o &:0

w h e r e  a p ( r )  e  C l a , b ] , ( t i k ) P i k 1  7 ; ,  I  e R ,  k : 0 , . . . 1 m -  l , i : 1 , . . . , f f i ,  a  <  t ,  s  1 b ,

QU,t )  e C(A),  d l= la,b)x la,b] ,  j :1 ,2.  Wi thout  loss of  general i ty ,  we can
assnme li:0, i : 1,. . .,m. lndeed' if g(t) e C*la,D], satisfying conditions (2),
and u(t) is a solution of the equation

Lu( t ) : f ( t ) -L (sG) ) ,
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varifying the independent conditions

m - l  m - l  
I

lupu(/41a)+t p*uu')1b1:0,  i :1, . . . , r / t ,  (4)
k:0 k:0

then it is easy to see that x(t) : u(t) + o(t) is the solution of Eq. (1) satisfying
conditions (2). Consequently, from now on we shall consider only Eq. (l) with
conditions (4).

2. Let
r h i a : t s 1 h 1 . ' . < t n : I

be a partition of la,b].
Set

h i :  t r + t  -  t r '  i :  0 , .  . . r f l  -  l ,  h " :  
,  # 2 \ _ r h r .

We always suppose thatf eCla,bl with ll l l l :,T?!ull(r)1, and the sequence

{2,} has the property 
}*h": 

0. We shall use the set

S, :  {Ulh e la,bl , i  :  1, .  .  . ,  Nn, l f"  e N}

for a collocation set in la,bl, where N, is a constant dependent on n.
Denote

S p ( n , , p , e ) :  
{ u Q )  

e  C q l a , b l :  u ( t ) 1 p , , - , t e  Q p , l :  0 , . . . , n  -  t } ,

0
Sp (nn,p,q7 : {u(t) e Sp(nn,p,q) : u(t) satisfying (4)},

wherep, q areintegers satisfying 0 < q<p-l,p > l, and Qoisthe set of poly-
nomials of order <p.

Assume that the problem

( x(z)(1) : 0,
I
I  ^ - t  m- |  /5 \

I  t d re rc (k ) (o )+D p ipx (k ) (b ! :g ,  i : 1 , . . . ,m ,  
\ - /

( k:0 k=0

has only trivial solution and let G(1, s) be its Green function. Then it is well known
that the problem

( x(^)u) i'
I
I  m- l  m- l

I  Io* r (o ) (d+DFpxQ' )1  o ,  i : r , . . . , tn ,
l -

t k:0 k:0

has a unique solution defined by

l o
x(t) : I C(t,s)u(s) ds, (6)

J a
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(see [], p.132). Consider the operator U : Qla,bl 
---+ Cla,b], defined by

1b
,, : 

J "G(t, 
s)u(s) ds.

BV (6) we get

" (o) (4  : r " ryu$)ds,  k :1 , . . . , f f i - t .

Hence, Eq. (1) becomes

r b Y - r  . 7 i G G . s \  ^ ( r r r  - l _u(,) + J,Dot(,)L#Fu(') ^ * ̂ J,L.|, ^(r, ()c((,s)u(l ds)d(

t t l  l b  I
* 

.J, lJ, 
K2(t,()G((,s)u(s) dsl d( : f (t).

By the continuity of K;(l,s), i:1,2 and G(s, (), we have

r t I - ? d  . . a j c ( t . s \  . P,(t) + J "lL 
n{A tr * )" J "h(t, 

()G((,s) d(

+ 
l"xr|,qc|,s)d(] 

,(9 ds : f (t). (7)

If we denote by Z the operator T : Cla,b) --+ Cla,b] with

, , :  [u1T.q6/*r + t,[u x1t,()G((,s)d(
J ' 1 f r " '  o t r  J o

+ I,xr1t,()G((,s) d(fu@ as,

then Eq. (7) can be written in the form

.  
( I ' t T ) u : f ,  ( 8 )

where 1 is the identity operator in Cla,b\.
Therefore, i f  a1O e Cfa,bl ,  j  :0, .  . . ,m - l ,  K;( t ,s) e C(O), i :  1,2 and

Eq. (5) has only trivial solution, then the problem (1), (4) is equivalent to (8).
If we approximate the solution of (8) by an element u, e Sp(nn,p,4) such that

( I  + T)u,(( t)  : . f  ( ( t ) , ( i  e &,

then the element

t b o
x,( t)  :  

J"O(t,s)un(s) 
ds, x"( t)  e Sp (nn,p * m,q + m)
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satisfies the equation

Lx"(O: . f  (h) ,  he 5, .

Consequently, x,(t) is the desired collocation solution. To find the above-
mentioned element we take a continuous linear projection Pn,

Pn:  Cla,b]  -  Sp(n" ,P,q)  c  Cla,b l ,

having the property P"f (h) : f ((,),V(i e &. Then, from (8), we obtain

Pnu lPnTu :Pn f .  ( 9 )

It is obvious that if u, e Sp(n,, p, 4) satisfies (9), then we get

. 0n * PnTun: Pnf , (10)

which means that the desired element u, is found.
We shall make use of the following.

Lemma.  Le t  a1Q)  e  C la ,b ] ,  j  : 0 , . . .  ,m  -  1 ,  K ; ( r , s )  e  C (O) ,  i  :  I , 2 ,

lKr(tr, s) - K2(t2, s)l < Llt l - t2l, Y \, t2 e la, b] ,

(L is a positiue constant), Pn are continuous linear projections,

P , :  C la ,b ]  -  SP(nn ,P ,q ) ,

satisfying

l lP, . f  - f l l  < Ma(f ,h"),  Yf e Cla,bl ,

P,f (0) :f (*), V(r e,S", Yf e Cla,bl, where M is a constant independent of n, and
@(f , h") is the modulus of continuity of function f with respect to h,. Then
(1) The sequence P, conuerges pointwise to the identity operator I in Cla,b].
(11) The sequence P,T conuerges to T inthe space 9(Cla,bl,Cla,bl) (the space of
continuous linear operators in Cla,b]).

Proof. The proof of statement (i) is easy and hence it is omitted. Since
a1Q) e Cla,bl, K;(t,s), G(t,s) e C(O) and K2(t,s) satisfy the Lipschitz condition
with repect to /, the operator I is completely continuous in C[a, b]. Let S(0, p) :

{x(t)e Cla,bl, llxll < p, p ) 0}.By the complete continuity of Z, it follows that
for arbitrary positive e there exists a finite set A : {yr,. . . ,lnl1 such that for every
x1 e S(0, p) there is yi e 98 such that

l lTn-v i l l<e ,

and we get

llTn - P"Tall: ll(1- P,)Tx1ll

< l l (1-  P")(rx1-yr) l l  + l l ( r  -  p")y, l l

< l l(1- P")l le + l l(r - P")y'l l .

Since {P,} is a sequence of continuous linear projections pointwise converging to



spline collocation Methodsfor Fredholm-volterra Integro-Differential Equations 19

I, and Cla,b] is a Banach space, it follows from the Banach Steinhauss theorem
that the sequence {P,} is bounded: there eixists a positive number M1 such that
ll&ll < M1ll,Yn. Taking n sufficiently large we have

l lT * ,  -  P "Tx l l l  <  (1+  M1)e I  e  <  (2+  M1) t , , yx1e  S (0 ,p ) ,

hence llP,Z - Zll * 0 as n --+ co, and the lemma is proved.

T h e o r e m  l .  L e t  a 1 ,  f  e  C l a , b l ,  j : 0 , . . . , f f i - 1 ,  K i ( t , s )  e  C ( O ) ,  i : 1 , 2 ,

lKz(h, s) - K2(t2, s)l < Llt l - t2l, y t1, t2 e la, bf ,

(L is a positfue constant). Assume that Pn are the projections mentioned in the
aboue lemmq and there exists an inuerse operator (f + f )-r of Eq. (8) and Eq. (5)
has only triuial solution. Then
(i) For sufficiently large n(n > lI0), there exists a unique collocation solution x, of

the problem (l), (4) such that x, e Sp (nn,m * p,q I m) on Sn.
(iD The conuergence rate of the approximate solution xn to the exact solution x is
estimated by

l l* - ,)l < pco(x(*),h,),

where B: tutyl lu l l .

Proof. (l) Set,4 : I + T, B : PnT - T.
It is clear that A and B are bounded linear operators in Cla,b]. On the other

hand, by the above lemma, llprf - 7ll --+ 0 as n ---+ oo. Thus, there exists a natu-
ral number .AIs such that for all n > N6 we have

l lp " f  -T l l  <  o ,  0  <  d :cons t?  a l l ( I+ f ) - t l l  <  l .

By using I-emma 15.2 from [2], we can assert that there exists an inverse operator
(A + B)-r  :  (1+ P,T)-t  ,  and

; 11 r+Ar ) - ' l l  <  - y .

So Eq. (10) has a unique solution t)n,t)n : (I + P,T)-t P,f .
Since (5) has only trivial solution, there exists a unique collocation solution

1 b o
x , ( t ) :  I  C ( r , s )u , ( s )ds ,  x " ( t )  e  Sp  (n , , p Im ,Q tm) ,  n )  Ng ,

J a

that proves the statement (i).
(ii) By (9) we have

u I P , T u : P , f l u - P n u ,

u - u, I P"T(u - un): u - P,u,

D - u n : Q + r , r ; r @ - p , u ) .
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X -  Xn:  U(u  -  o " )

: U(I + PnT)-r(x@) - Pn*@)1,

l l r  -  r , l l  <yl lu l lMa(*@),hn)

( 1 1 )

< Ba(x(^),hn),

where p : yllullM. This completes the proof of the theorem.

3" Below, we shall consider some concrete projections which can be used to solve
:pptoximately the problem (1), (4). Note that, with respect to each projection, we
obtain a spline collocation method to solve Eq. (1) with conditions (4).

(a) We take d * I points from the segment [0,1] as follows:

0 : 4 0  1  4 t  1 . . .  1  4 a :  l .

Taking into account the partition

T c n i a : t g 1 t 1

we get

S ,  :  { ( i i  :  t i  I  h ; 4 i , 1  :  0 , .  . .  1 n  -  l , j  :  0 , . . . , d ) .

Define the mapping Pn: Cla,bl --+ Sp(nn,d,O) by setting

(F)f ((,) :.f ((i), v(u e &. (r2)

It is obvious that is a linear projection fuom Cla,b] into Sp(nn,d,O). On each
segment lt,,t,*tl, 0,. . . ,ft - l, Pnf is a polynomial of order <d interpolating
the function/ at If we denote by {[(t)]i:o the basic system of polynomials of
order <d on [t;,r;11] satisfying li\i l:6jr,k -0,...,d (where d7r. is the delta
Kronecker), then for every f e Cfa,bl we get

where

d

llA"f ll < o #11_, ,, St*,., ll, f {e,,1tt1t71,
- ,rrr 

7:0

< lrlil nar. f,v,ay,,  , .  
t i  313 i  t i+ r  

i :0

d . r

t(t): II =f:
k :O,k  *  j>U > lK

d

t i1) :  I I  =: t ; (4) ,
-f,,i*i4i 

- 4r

As in [6, p.5] we have
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a n d d ' d

M2: max )- Ur(r) l  :  -ax )- l l i  h)1.t i 3 t 3 t i + r 7 : o ' " "  '  o < 4 < t 7 _ 4 ' r  \ " '

M2isthe Lebesgue constant independent of I and n. Consequently, llP,ll I M4 so
P, is continuous. Letp* be the best approximation of f by a polynomial of order
d in fti, t;11] (see [4], p.43). Then

d

lp.(t) - P"f ol: lDt,.G,) -f G))tjol
,:u 

d

< ll p. - fll,, S?*,,_, D t+tOl
t:v

< Mzllf - p.l l .

By Jackson's Theorem (see [4], p.43) we obtain

max lp.(t) - F"f @l < Mzsil . f  ,d), f  e Ckla,bl,
t i 3 t 3 t i + r

where

So

l lf - P,f (t)l l < llp- - P"fll + llf - p.ll

< (M, + r)gk(f ,  d). (13)

For k: 0, we have

l l f  -P, . f l l .<6(Mz+r)a(  f ,2 \ ,  v f  ec la ,b l .
\ -  2d /

The projections Pn have thus the properties mentioned in the above lemma.
Therefore, we get the following.

Theorem 2.  Let  a iU) ,  f  e  Cla,b] ,  j  :0 , .  . .  tm -  l ,  K; ( t ,s)  e C(O),  i :  1 ,2,

K2(t1,s)  -  Kz( tz ,s) l  < L l t l  -  t2 l ,  Yt1, t2 e [a,b] ,

(L is a positiue constant). Fn in the projections defined by (12). Assume that there
exists an inuerse operator (I + T)-' and Eq. (5) has only triuial solution. Then
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(1) For sufficiently large n, there exists a unique c,ollocation solution x, of the prob-

lem (l),(4) such that xn e Sp (nn,m * d,m) on 5,.
Q\ fhe conuergence rate of the approximants x, to the exact solution x is giuen as

follows:

1" - ",1 
: {o(?:^-) 

'.:"))' 
^1"'C^la'bl'

l o & h ,  i f  x e  c ^ + k l a , b l , l  < k  <  d  +  l .

Proof. By using Theorem l, we immediately get (i). For the proof of (ii) from
(l I ), (l 3) we see that

l l " - " ,11 <yl lUl l l lx(-)  -  Pnx(^)11

< vl lu l l (Mz + r)s k6@), d).

Hence.

,, ,, ( o1a1x@),n,11, if x e C^la,bl,
l l x - r , l l  : 1

t o ( h I ) ,  i f  x e c - + k l a , b l , l < k < d + 1 .

This completes the proof of Theorem 2. t

Now let nrbe a uniform partition of la,bl,

n n i c t : t g 1 t 1
n

Letk > I  be a natural  number andn> 2k -  l ,  and S, :  { /0, .  . . , t , } .
Consider now the mapping

P, :  Cfa,bl  --+ Sp(n",zk -  l ,2k -  2)

such that

(  (P,f  )( t t )  : . f  ( t , ) ,  i  :  0,  .  .  .  ,n,
I

1 D j (P" f ) (a )  :  D t (Lz* : ,o f  ) (a ) ,  i  :1 , . . . , k  -  l ,  (14)
I
(  ae , f ) (b )  :  D r (Lz t - r , t f ) (b ) ,  i  :  1 , . . . , k -  r ,

where L2p-1,0f , (Lzut,tf ) arc Lagrange interpolation polynomials of function/
at points t0,tl, . . . ,t2k-1, (tr-zt"*t,tn-2kt. . . ,tn), respectively.

It is obvious that P, are continuous linear projections from Cla,b) to
Sp(n, ,zk -  l ,2k -  2)  and

l l f  -P"f l l  < 1a(f  ,h) ,

where 0 is a constant independent of n (see l7l,p.3a\
Clearly, P, also satisfies all properties of the projections mentioned in the

above lemma.
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Theorem 3. Let a1Q), f e Cla,b],Ki(t,s) e C(Q), i : 1,2

lKz(h,  s)  -  K2( t2,  s) ]  < Lp1 -  t2 l ,  Yt1,  t2  e la ,b l ,

(L is a positiue constant), andP, be the 4rojections defined by Q\. Assume that
there exists qn inuerse operator (I + T)-' and Eq. (5) has only triuial solution.
Then
(i) For sfficiently large n, there exists a unique collocation solution xn of the prob-

l em ( l ) , ( 4 )  such  tha t  xne  Sp  (n , ,m*2k  -  L ,m+2k  -Z ) .

(ll) The conuergence rate of the approximants x, is giuen by

l l "  -  
" , l l  

:  O(h'  a(x(^+4, h)) ,

where 0 < r < 2k - l, x e C'+^la,b], r e N.

Proof. The statement (i) is obvious. It remains to prove (ii). From ( I I ) we get

l l r -r , l l  < l lUlhl l r( ' )  -P,"(-)11

< ll Ullrl l"(.) - u - (Pn/^) - p,r)ll,

Y u e S p ( n n , 2 k - 1 , 2 k - 2 )

< l lul l r l l (r  -  n,)(x(-) -  u;11

< l lul ly(t  + l lP, l l ) l lxt ' )  -  r l l ,
Y u e S p ( n n , 2 k - 1 , 2 k - 2 )

< llullv(t + llP,ll) ,.sp6,if_r,zu_rrll*(-) 
- rl l.

By using Theorem I from [7]we obtain

"sor"T[-t2'-z'llx@l 

- ull : o(h'@(x@+') 'h))'

where x e C-+'la,b], 0 < r < 2k - I.
So,

l l "  -  
"" l l  

:  O(h'a(x@+'),  h)) .

The proof of Theorem 3 is complete. I
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