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Abstract. The primary objective of this paper is to employ the Dubovitskii-Milyutin
approach to give first and second-order optimality conditions for set-valued optimiza-
tion problems with more general set-valued constraints. In the particular case when
some constraints are single-valued, we recover the case of set-valued optimization prob-
lems with many set-valued inequality constraints and many single-valued equality con-
straints. It is known that the classical Dubovitskii-Milyutin approach is not suitable
for optimization problems with multi-equality constraints. The main reason for this
deficiency is the fact that the separation arguments used in the classical Dubovitskii-
Milyutin approach are applicable to an empty intersection of cones in which at most one
cone can be closed. However, a proper formulation of multi-equality constraints leads to
an empty intersection with more than one closed cones. To study optimization prob-
lems with multi-equality constraints, a generalized Dubovitskii-Milyutin theory has
been developed. In this work we present an extension of the generalized Dubovitskii-
Milyutin theory to the set-valued optimization problems. In this process, we also obtain
new applications of this theory to nonsmooth optimization and to more general vector
optimization problems. New second-order asymptotic derivatives of set-valued maps
are introduced and used to give the optimality conditions.
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1. Introduction

Let I :={1,2,...,m} and J := {1,2,...,n} be two index sets. Let X and Y
be normed spaces, where the space Y is partially ordered by a pointed, closed,
and convex cone K with a nonempty interior, let  C X be nonempty, and let
F: X =Y be a given set-valued map. For ¢ € I, let Z; be a normed space, let
C; C Z; be a pointed, closed, and convex cone with nonempty interior, and let
G; : X = Z; be a given set-valued map. Analogously, for j € J, let W, be a
normed space, let D; C W; be a closed and convex set, and let H; : X = W;
be a given set-valued map.

In this work, we focus on the following set-valued optimization problem (P):
minimize F'(x)
subject to

reS:={recQ|Gi(x)N-Ci#0Viel, Hi(x)N—-D; #0V j € J}.

Our objective is to give optimality conditions for a local weak-minimizer.
However, our approach can readily be extended to other kinds of optimality as
well. We recall that a point (Z,7) € X x Y is a local weak-minimizer of (P), if
there is a neighborhood U of Z such that

F(SNU)N({y} —int(K)) =0,
where § € F(Z), the notion int(K) designates the interior of the cone K, and

F(SNU) :=UgesnvF(z).

Since most available results in set-valued optimization deal only with inequal-
ity constraints, we will also focus on the following optimization problem (P;):

minimize F(x)

subject toz € S :={r € Q| Gi(x)N-C; #0V i € I}.

Another important case when there are no explicit constraints is considered
in the following optimization problem (Pg):

minimize F'(z)

subject to x € Q.
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By appropriately adjusting the data and by choosing the maps G; and H;
to be single-valued, from (P) we recover the following set-valued optimization
problem with single-valued constraints:

minimize F'(z)

subject tox € S:={z € Q| Gi(x) >0Viel, Hi(x) =0V € J}.

We remark that the above optimization problem with multi-equality con-
straints can not be tackled by the classical Dubovitskii-Milyutin approach (see
[10]). This is mainly due to the fact that the separation arguments used in the
classical Dubovitskii-Milyutin approach are applicable to an empty intersection
of cones in which at most one cone can be closed. On the other hand, a proper for-
mulation of multi-equality constraints leads to an empty intersection with several
closed cones. To handle optimization problems with multi-equality constraints,
a generalized Dubovitskii-Milyutin theory has been developed (see [19]). This
theory is enriched by the notion of the cones of the same sense and the cones of
the opposite sense introduced by Walczak [28]. Although many interesting con-
tributions have appeared in this direction, the generalized Dubovitskii-Milyutin
theory so far has only been used to study vector optimization problems with
differentiable data. Motivated by this, the primary objective of this paper is to
present an extension of the generalized Dubovitskii-Milyutin theory to the set-
valued optimization problems. In this process, we also obtain new extensions of
this theory to nonsmooth optimization and to more general vector optimization
problems. Some of the recent developments in set-valued optimization can be
found in [1, 3, 8, 9, 12, 17, 18, 27] and the cited references therein.

The contents of this paper are organized into four sections. In Section 2,
we collect some concepts and results to be used in the rest of the paper. In
Section 3, we give first-order optimality conditions for set-valued optimization
problems. Section 4 presents some second-order optimality conditions by using
a new notion of second-order lower Dini asymptotic derivative.

2. Preliminaries

We begin by recalling the notions of some tangent cones. We set P:= {t e R| ¢ >
0}.

Definition 2.1. Let = be a normed space, let Q C = and let z € cl(Q) (the
closure of Q).

(a) The contingent cone T'(Q), Z) of O at Z is the set of all 2 € = such that
there are sequences (A,) C P and (z,) C = with A, } 0 and 2z, — z such
that Z + Az, € Q for every n € N.

(b) The interiorly contingent cone IT((), Z) of () at Z is the set of all z € = such
that for any sequences (A,) C P and (z,) C = with A, | 0 and 2z, — z,
there exists an integer m € N such that zZ + A\, z, € Q for every n > m.
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Remark 2.2. It is known that T'((), 2) is a closed cone possessing the isotony
property, that is, for subsets 1 and Qo such that Q1 C 2, the inclusion
T(0,2) C T(92,2) holds for every z € cl(Q1) N cl(Q2). On the other hand
the interiorly contingent cone IT((), Z) is an isotone open cone. As concern the
relationship between T'(Q, z) and IT(Q, 2), we have IT(Q,2) = E\T(E\ Q, 2).
As a useful implication of this relationship, the cones T'(), ) and IT((), Z) form
an admissible pair, that is, for every pair of sets 1, Q2 C = with Q1 N Qe = 0, we
have T(Q1,2)NIT(Q2,2) = 0 for every zZ € =. Also for arbitrary sets Q1,02 C E
we have IT(Q1 N0, 2) = IT(Q1,2) NIT(Q2,2) for every Z € Q1 N Q2. In gen-
eral, this important property is not shared by the contingent cones. However,
for arbitrary sets Q1,02 C =, we have T(Q1NQ2,2) C T(Q1,2) NT(Qo, 2) for
every Z € Q1 NQOy. For any QO C =, the identities T(Q,2) = T(cl(Q), Z) and
IT(Q,z) = IT(int(Q), z) hold. Moreover, for a convex solid set ), we have
c(IT(Q,2)) =T(Q, 2) and int(T(Q,2)) = IT(Q, 2) (see [2, 11] for details).

Next we collect some notions for set-valued maps. Given the normed spaces
X and Y, let F: X =Y be a set-valued map. The (effective) domain and the
graph of F' are defined by

dom(F) :={z € X| F(x)# 0},
graph(F) := {(z,y) € X xY| ye€ F(x)}.

We shall say that F' is strict if dom(F) = X. Given a convex cone C' C Y,
which induces a partial ordering in Y, the profile map F : X =2 Y is given by:
F,(x):= F(x)+C for every x € dom(F'). Now the epigraph of F' can be defined
as the graph of F, that is, epi(F) = graph(F}). The map F is called convex,
if graph(F') is a convex set and C-convex, if epi(F) is a convex set. Finally, we
define the weak-inverse image F[O]~ of F with respect to a set @ C Y as

Flo]” =={zre X| F(x)neo #0}.

Now, let X* be the dual of X and let L C X be arbitrary. The negative dual
of L, denoted by L°, is a subset of X™* defined by:

L°={le X" : {(x) <0 for every xz € L}.

It is known that if Ly C Ly then L§ C LS. Additionally, L C (L°)® with equality
if and only if L is a closed and convex cone. The positive dual then is the set
defined by L* = —L°. Both the positive dual and the negative dual are closed
and convex cones. Moreover, the properties just mentioned for the negative dual
hold for the positive dual as well.

Given a set-valued map F : X = Y and a point (Z,y) € graph(F'), the
contingent derivative of F' at (z,7) is the set-valued map D.F(z,7) : X = Y
defined by:

D F(z,y)(x) :={y € Y| (,y) € T(graph(F),(z,7))}.
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The contingent derivative and related contingent epiderivative and general-
ized contingent epiderivative are commonly used derivative notions in set-valued
optimization (see [8, 9, 14, 15]).

The derivative for set-valued maps that turns out to be of great importance

in the present approach is the so-called lower Dini derivative introduced by
Penot [24].

We recall that given a set-valued map F' : X = Y and a point (Z,y) €
graph(F), the lower Dini derivative of F' at (Z, 3) is the set-valued map D, F (T, %) :
X =Y defined by:

- o F(z+tz) -y
D F = 1 f ——F
R = A T

Equivalently y € D, F(z,y)(z) if and only if for every (\,) C P and for every
(xn) C X with A\, | 0 and z,, — « there are a sequence (y,) C Y with y,, — y
and an integer m € N such that § + \,y, € F(Z + A\z,) for every n > m.

We also need to recall the following important notion of certain cones:

Definition 2.3. [28] Let = be a normed space, let {K;}*_, be a system of cones
in =, and let B. be a ball with center 0 and radius € > 0 in the space =.

(a) The cones {K;}%_, are of the same sense, if for any ¢ > 0 there exist
€1y...,€ > 0 such that for any z € B. N (K7 + -+ + K}), where ¢ =
21+ -+ with z; € K;, we have z; € B,, N K; fori=1,... k.

(b) The cones {K;}% |, are of the opposite sense, if there exist nontriv-
ial vectors {x;}?, that is (x1,...,2x) # (0,...,0), z; € K;, such that

1 +x2 4+ -+ 2 =0.

Remark 2.4. It follows from the above definitions that the cones of the same
sense and the cones of the opposite sense do not intersect. Furthermore, any
subsystem of a system of the cones of the same sense is of the same sense, and
if a subsystem is of the opposite sense, then the whole system is also of the
opposite sense. Moreover, if cones K; and K5 are subspaces, and if K1 N Ko
contains a nonzero element, then these cones are of the opposite sense.

We also need to formulate the following notion:

Definition 2.5. A system of sets {Q1,Q2,...,Qs} is called optimally posi-
tioned, if for any z € Q1 N Q2N -+ - N Qy,, we have

T NQ2N--NQn,2) =T(Q1,2) NT(Q2,2) N -+ - NT(Qn, 2)- (1)
Conditions ensuring (1) are available in [20] (see also [2]).
Finally, we conclude this section by recalling the following important result.

Theorem 2.6. [19] Let = be a normed space, let {K;}¥_,, be a system of cones
in =. Assume that the following conditions hold:



290 A. A. Khan, C. Tammer

a) The cones K1,...,K, C = are open and convexr with vertices at Q.
P
b) The cones K,11,...,K; C = are closed and convex with vertices at 0.
P+

c) The (positive) dual cones K',,..., K} to Kyt1,..., Ky are either of the
p+1 k P
same sense or the opposite sense.

Then the following two statements are equivalent:

k
(i) ﬂ K;=10.
i=1

(ii) There exist linear, continuous functionals f; € K} fori=1,...,k, not all
simultaneously zero, such that

fut -+ fi =0

3. First-Order generalized Dubovitskii-Milyutin approach

We begin by introducing the following notions.

Definition 3.1. Let X and Y be normed spaces and let R : X = Y be a set-
valued map. The map R is called locally convex at (Z,y) € graph(R), if the
lower Dini derivative D;R(Z,y) of R at (Z,y) is a convex set-valued map. The
map R is called regular at (Z,y) € graph(R), if additionally R is strict and the
weak-inverse image D;R(Z,y) with respect to an open cone is an open cone.

Given A C R and b € R, by the inequality A > b we understand that a > b
for every a € A. With this convention in mind we are ready to give the promised
multiplier rule.

Theorem 3.2. Let (Z,7) € graph(F') be a local weak-minimizer of (P) and let
zZ; € Gi(Z) N (=C;), where i € I :=={1,2,...,m}. Let there exist an open convex
cone L C IT(Q,z). Assume that the sets {H;[—D;]”}}_; are optimally posi-
tioned. Assume that M; := T (H;[—D,],&) for j € J are nontrivial and convex
and {M}}}_; are either of the same sense or the opposite sense. Let I' be regular
at (z,y) and let G; be regular at (Z,Zz;) for ¢ € I. Then there exist functionals
seL* te K*, u; € (T(Cy,—2))", v; € M}, not all zero, such that u;(%;) = 0.
Moreover, the following inequality holds for every x € X:

to DlF(if, g)(x) +uq o0 DlGl(if, 21)($)+ -+ Umo Dle(jv Zm)(x)
> s(z) +vi(z) + -+ oa(z). (2)

We shall divide the proof in several parts. We begin with the following;:

Proposition 3.3. Let (Z,y) € graph(F) be a local weak-minimizer to (P). Then

m n

UM Q) Fly — int(K)]~ ﬂ Gi[—Ci]~ ﬂ H;[-Dj]” =10,

=1 Jj=1
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where U is a neighborhood of T corresponding to the definition of the local weak-
minimality.

Proof. Assume that there exists

e UQFly — int(K)]~ () Gil-Ci]~ () Hj[-Dj]™
i=1 j=1
From the containment
v e Q) Gil-Ci]™ () H;[-Dj]™,
i=1 j=1
we notice that x € @ and for all i € [ and all j € J, we have
Gl(x) N —-C; 75 @,
Hj(z) N —D; # 0,

which ensures that x is a feasible point. Furthermore, from the containment
x e UNF[y—int(K)]™,

we obtain that there exists x € U, neighborhood of Z, such that
F(z)N (g — int(K)) # 0.

This, however, in view of the feasibility of x, contradicts the local weak-
minimality of (7, 7). [

The above result then leads to the following new optimality condition:

Proposition 3.4. Let (Z,y) € graph(F') be a local minimizer to (P). Assume
that the sets H;[—D;]~ for j € J, are optimally positioned. Then

IT(Q,z) (IT(F[y — int(K)]~,z) [ | IT(G:[-Ci] . 7) ﬂ T (H;[-D;]", @) = 0.

=1

Proof. In view of Proposition 3.3 and the properties of the interiorly contingent
cones and the contingent cones stated in Remark 2.2, we obtain

Q. 7)) IT(F[g ~int(K)], a:)ﬁ IT(Gi[-Ci) . 7)) T(ﬁHj[—Dj]—, f))zw.

The assertion then follows by the assumption that the sets H;[—D,]|~ for j € J
are optimally positioned and hence
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T(H;[-Dj;]™, 2).
1

T( i Hj[—Dj]*af) =

J

n

1 J

The following results are based on our previous work (see [12, 16]). However,
due to the important nature of these results and for the sake of completeness we
give shorter proofs here.

Lemma 3.5. [12, 16] Let X and Y be normed spaces, let F : X =Y be a set
valued map and let (Z,7) € graph(F). Let K be a proper, open and convex cone.
Then

D, F(z,g)[—int(K)]” C IT(F[§ — int(K)] ", Z).

Proof. Let € D F(Z,y)[—int(K)]~ be arbitrary. Therefore, there exists y €
DiF(z,y)(x) N —int(K). Let (z,) € X and (A,) C P be arbitrary sequences
such that x, — z and A, | 0. It suffices to show that there exists m € N such
that Z+ A,z € F|g—int(K)]~ for every n > m. By the definition of D; F(Z, 3)(),
there exist (y,) C Y with y,, — y and n; € N such that §+ A,y € F(Z+ Apxy)
for every n > nj. Since y € —int(K) and y,, — y, there exists no € N such that
AnYn € —int(K) for every n > ng. This implies that § + A\pyn € F(T + Anzpn) N
(g — int(K)) for n > m := max{ny,ny}. Hence for the sequences (z,) and ()\,)
we have T + A\, € F[y —int(K)]~ for n > m. This is equivalent to saying that
x € IT(F[y — int(K)]~,Z). The proof is complete. |

Lemma 3.6. [12, 16] Let X and Z be normed spaces, let G : X = Z be a set
valued map and let (Z,z) € graph(G). Let A C Z with int(A) # 0. Then the
following holds:

DiG(z,2)[IT(-A,2)]” CIT(G[-A]",%).

Proof. Let u € D;G(Z, Z)[IT(—A, Z)]~ be arbitrary. Let (u,) C X and (A\,) CP
be arbitrary sequences such that uw, — w and A, | 0. It suffices to show that
there exists m € N such that Z + A\ u, € G[—A]~ for every n > m. Since u €
DGz, z)[IT(—A, 2)]~, there exists v € D|G(Z, Z)(u) N IT(—A, Z). Therefore,
there are a sequence (v,) C Z and an integer nq € N such that v, — v and z +
AnUpn € G(ZT+Ayuy) for every n > nj. Because of the containment v € IT(—A4, z)
there exists ny € N such that Z+ \,v,, € —A for every n > ns. Therefore we have
Z+ Aup € G(T 4 Auy) N (—A) for every n > m := max{ni, na}. Consequently
u € IT(G[-A]", 7). ]

Lemma 3.7. [12, 16] Let X and Y be normed spaces, let D C X be convex and
let A CY be a solid closed convex cone. Let T : D = Y be an A-convex set-
valued map. If T[—int(A)]~ # 0, then for every p € P°® where P := T[—A]™,
there exists t € A* such that

toT(x) > p(x) forevery z € D.
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If T[—int(A)]~ = 0, then there exists t € A*\{Oy~} such that
toT(x) >0 forevery z€D.

Proof. We begin with the case when the set T'[—int(A)]” is nonempty. Then
the (negative) dual P° of P := T[—A]™ is also nonempty. We choose p € P°
arbitrarily and define a set E := {(y,p(z)) € Y xR|y € T(x) + A, = € D}.
In view of the assumptions that D is convex, T is A-convex and p € Y*, we
deduce that E is a convex set. Indeed, let (y1,21), (y2,22) € E be arbitrary.
Then by the definition of E, for ¢ = 1,2, there exists x; € X with z; = p(z;) and
y; € T'(z;) + A. For A € (0,1], we have Az1 + (1 — X)z2 = p(Az1 + (1 — A)z2).
Further, in view of the A-convexity of T, we have A\y; + (1 — N)ya € AT'(x1) +
(1 =XN)T(z2) + A C T(Ax1 + (1 — N)az2) + A. This, in view of the convexity of
the set D, implies that A(y1,21) + (1 — A)(y2, 22) € E.

Next, we claim that EN(—int(A) x P) = 0. In fact, if this is not the case, then
there exists (x,y) € X x Y such that y € (T'(x) + A) N (—int(A4)) and p(z) > 0.
Let w € T'(x) be such that y € w+ A. Thenw € y— A C —int(A)— A = —int(A).
This however contradicts that p € P°. Therefore EN(—int(A)xP) = () and hence
by a separation theorem, we get the existence of (f,g) € Y* x R\{0y-,0} and a
real number o such that we have

f(u)+g(v) > a forevery (u,v) € E, (3)
fle)+g(d) <a forevery (c,d) € —int(A) x P. (4)

Since A is a cone, we can set & = 0 in (3) and (4). By taking d € P arbitrary
close to 0 and ¢ € —int(A) arbitrary close to Oy, we obtain f € A* and g < 0,
respectively. We claim that g < 0. Indeed, if g = 0, we get f(c) < 0 for every
¢ € —int(A) and f(u) > 0 for every u € T(D) + A. This, however is impossible
because we have (T'(D) + A) N (—int(A)) # (. Therefore g < 0. Moreover, from
(3), for every x € D we have fo (T 4+ A)(z) > —(¢-p)(x). By setting t = (—f/
g) € A* and noticing that 0y € A, we finish the proof of the first part.

For the second part, we notice that if T(—int(A4)) = 0, we have T'(D) N
—int(A) = @ and hence by the arguments similar to those given above we can
prove the existence of ¢ € A*\{Oy~} such that toT'(z) > 0 for every z € D. =

The above result and its proof are motivated by a similar observation made by
Rigby [26] for single-valued maps.

Proof of Theorem 3.2. Notice that the equation

m

IT(Q,z) (\IT(F[y — int(K)]~,2) (| IT(G:[-Ci] ™, z) (| T(H;[-D;] ", z) = 0,

i=1 j=1
in view of the inclusions

DyF (%, 3)[—int(K)]~ C IT(F[j — int(K)]~, 7),
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DlGi(if,Z)[IT(—Ci,Zi)]7 - IT(G[—Ci]i,{f),

that follow from Lemma 3.5 and Lemma 3.6 (by choosing A = C; and G = G;)
ensure that

T(Q,i)ﬂDlF(i,gj)[—int([()]_leGi(i,é (—Ci, )] ﬂ -, 7)

j=1

I
=

We define
® = D F(z,9)[-int(K)]",
U, = DlGi(i‘, Zi)[IT(—Ci, 21')]_ (Z S I)
We shall prove the theorem by analyzing the three possibilities, namely:

(i) & =0
(ii) w; = 0 for some i € I;
(i) ® # 0 and ¥; # 0 for every i € I.

We begin with the case (i). Since & = (), we can apply Lemma 3.7 for
T:=DF(Z,5): X=23Y,D:=X, A=K
such that there exists ¢t € K*\{0y~} with
toDiF(Z,y)(x) >0 forevery z € X.

By choosing s = Ox~, u; = Oz for every i € [, and v; = OW; for every j € J,
we obtain the desired result.

For the case (ii), let there exist ¢ € I such that ¥; = (. Then again by invoking
Lemma 3.7 with

T:=DGi(z,z): X=2Z;, D:=X, A:=T(C;,—%), (i el
we obtain u; € (T'(Cy, —%;))*\{0z: } such that
(u; 0 DG4(Z, %)) (x) > 0 for every x € X.

By setting s = Ox=«, v; = Ow~ for every j € J, and u; = OZ* i #jel, we
obtain (2). For u;(C; + z;) > 0, it suffices to notice that in view of the convexity
of C;, we have T(C;,—%;) 2 C; + z; and hence u;(z + Z;) > 0 for every z € C;.

Finally, we consider the case (iii). Since (Z,¥) is a local-minimizer of (P), it
follows from Proposition 3.4 and the imposed conditions that we have

L@ (v ()M =0.

i=1 ' j=1

m
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Since L, &, ¥;, (i € I) and Mj, (j € J) are all nonempty, we can apply
Theorem 2.6 to assure the existence of

te L
lo € (DiF(z,y)[=int(K)] )"
b€ (D1Gi(Z,z)IT(—Ci, 2:)]7)", i€,
bnyj € M7, je€J
such that
A —byg—by—ly— - =Ly — i1 — - — L, = 0. (5)
Now, in the case @ # ) in view of Lemma 3.7 for
T:=DF(z,y): X2Y, D=X, A=K

we get the existence of functionals t € K™ such that for all x € X and —{y €
(D F(Z,5)[—Q]7)° the following inequality holds

(to DiF(z,7))(x) = —Lo(x). (6)
Analogously, in the case ¥ # @) with Lemma 3.7 for
T:=DGi(z,9): X=2;, D:=X, A:=T(Cy,-%), (i€1)

we get the existence of functionals u; € (T(C;, —%;))* such that for all x € X
and —I; € (D,Gi(z,z)[T(—Ci, z)])° the inequality

(U,z' o DlGi(i‘, 21))(33‘) > —&;(33), i1el (7)

holds.
Combining of the above inequalities (6) and (7) with (5) and setting s = ¢
and vj = {15 with j € J yield (2). This completes the proof. [ |

Remark 3.8. It is of interest to obtain optimality conditions that involve deriva-
tives of the set-valued map H; with j € J. In this regard, when H; are suitable
single-valued maps, then some variants of the well-known Lyusternik theorem
can be used. We plan to address this issue in a forthcoming work.

4. Second-Order generalized Dubovitskii-Milyutin approach

We now discuss the second-order analogues of the results obtained in the previous
section. We begin by recalling some second-order tangent cones.
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Definition 4.1. Let = be a normed space, let ) C = be nonempty and let
weE =.

1. The second order asymptotic tangent cone T2((), z, w) of Q at z € ¢l(Q) in
the direction w € () is the set of all z € () such that there are a sequence
(zn) C = with z, — z and a sequence (s, t,) C P x P with (s,, ) | (0,0)
and s, /t, — 0 so that z + s,w + sptnzn, € Q.

2. The second order asymptotic adjacent cone I~(2(Q, zZ,w) of Q at z € cl(Q)
in the direction w € () is the set of all z € ) such that for every sequence
(Sn,tn) C Px P with (sp,t,) 4 (0,0) and sy, /t, — 0 there exists a sequence
(2,) C = with 2, = z and z + spw + Sptnz, € Q.

3. The interior second order adjacent cone T (Q,zZ,w) of Q at zZ € cl(Q) in
the direction w € = is the set of all z € = such that for every sequence
(zn) C = with 2z, — z and for every sequence (s,,t,) C P x P with
($n,tn) 4 (0,0) and s, /t,, — 0 we have Z+s,w+s,t, 2z, € Q, for sufficiently
large n.

Remark 4.2. We notice that fz(S, zZ,w) and IN(Q(S,Z,w) are closed cones,

whereas ﬁ’Q (S, zZ,w) is an open cone. We refer the reader to an interesting and
timely survey by Giorgi, Jimenez, and Novo [11] that contains significant details
of the asymptotic cones mentioned above ( see also [25]). We also remark that
second-order contingent sets and second-order adjacent sets (see [11]) are more
commonly used objects in set-valued and nonsmooth optimization. However,
their asymptotic analogues, being cones, are more suitable for our approach.

In the following definition, we recall the notion of the second-order asymptotic
derivative, and being inspired by the lower Dini derivative and its usefulness in
the preset approach, we also introduce the second-order lower Dini asymptotic
derivative.

Definition 4.3. Let F' : X = Y be set-valued, let (Z,y) € graph(F), and let
(@,7) e X x Y.

(i) The second order asymptotic derivative of F' at (Z,¥) in the direction (@, v)
is the set-valued map D?F(z, 7,4, v) : X = Y defined by

D*F(5,5,5,0)(x) i= {y € Y | (2,9) € T*(graph(F), (7,7), (2,7)) }.

(ii) The second-order lower Dini asymptotic derivative of F' at (Z,¥) in the
direction (@,?) is the set-valued map D?F(z,y,4,v) : X = Y such that
(z,y) € graph(D?F(z,y,u,v)) if and only if for every (z,) C X with
x, — x and for every sequence (sp,t,) € P x P with (s,,t,) — 0, and
Sn/tn — 0, there exist a sequence (y,) C Y with y, — y and an integer
m € N such that §+ $,0+ sptnyn € F(T+ spt+ sptnx,) for every n > m.

We begin with the following necessary optimality condition for Problem (P):
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Theorem 4.4. Let (z,7) € graph(F) be a local weak minimizer of (P). Let
(w,v) € graph(D;F(Z,y)). Then

T°(Q,7,8) (D} F (35,0, 0)IT(~K, )]~ () IT (Gi[-C]~,,7)

N7( ﬁ Hy[-D;]",7,7) = 0. (8)
j=1

Proof. Since (Z, ) is a local weak-minimizer of (P), there exists a neighborhood
U of Z such that
F(SNU)N {7} — int(K)) = 0.

We will show that if (8) fails then the above criteria for the weak-minimality
will be violated.

For the sake of argument, we assume that there exists an € X such that

v e IT°(Q,&a) (| DAF(%, 5, 5, 0)[IT(~K, )]~ N T (Gi[-C), 7, 79)

D)

'T“Q(ﬁHj[—Dj]—,x,u).

In view of the containment x € TQ(ﬂ;'Zl H;[-D;]”,z,u), and the definition of
the second order asymptotic tangent cone, we ensure that there are a sequence
(xn) C X with z, — z and a sequence (sy,,t,) C P x P with (s, t,) | (0,0) and
Sn/tn — 0 so that for every n € N, we have

T+ spu+ Sntnxn S ﬂ Hj[_Dj]_a
j=1
implying that
H;(Z + spti+ sptpxn) N—D; #0 YV jeJ
—~2
Furthermore, due to the containment x € IT (G;[C;]~, Z, @), and the facts that
Tn, = T, (Sn,tn) 4 (0,0) and s, /t, — 0, we ensure the existence of ny € N such

that
T+ Spl + Sptnxn € Gi[—Cy]”  for every n > ny, i €I,

or equivalently
Gi(T + spt + sptpry) N —C; # 0  for every n > nq, 1 € I.

Moreover, since © € D?F(Z,y,u,0)[IT(—K,v)]”, there exists y € IT(—K,v)
such that
(w,y) € graph(D{ F(z, 7,1, ).
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This, in view of the definition of the derivative D? F(Z, §, 4, v) and the sequences
(xn) and (sp,tn), ensure that there are a sequence (y,) C Y and an integer
ng € N such that for n > no

G+ SnU + Sutnyn € F(T + $pU + Sptny).

Since y € IT(—int(K),v), t, | 0 and y, — y, it follows from the definition of
the interior tangent cones that there exists ng € N such that for n > ng, we have

U+ tpyn € —int(K).
Using the fact that s, > 0, we obtain that
G+ SnU+ Sntpyn € ¥ — int(K).

—~2
Finally, from the containment = € IT (Q,Z,u) and the definition of the se-
quences (z,) and (sp,t,), we infer that there exists an integer ny € N such that
for every n > n4, we have

T+ Spt + Sptnxn, € UNQ.
Therefore, we have shown that for every n > max{ni,n2,nz, ns} there are
Up =T + Spl + SptnTn, € QN U,
satisfying the constraints such that
Flun) 0 (7 — int(K)) # 0.

This however contradicts the weak optimality of (Z, 7). The proof is complete.
|

To obtain a variant of the above optimality condition that involves the deriva-
tive of the maps G; for i € I, as well, we need the following:

Theorem 4.5. Let X and Z be normed spaces, let G : X — Z be a set-valued
map, let (Z,z) € graph(G) and let (u,w) € graph(D;G(Z,%)). Let A C Z with
int(A) # 0. Then the following inclusion holds:

—~2 —~2
DG (7,2, a4, w)[IT (—A,z,w)]” C IT (G[-A]",z,4).
~2
Proof. Let x € D}G(Z,z,u,w)[IT (—A,z,w)]~ be arbitrary. Choose arbitrary
sequences (z,) C X with x, — x, and (s,,t,) C P x P with (s,,t,) J (0,0)
and s, /t, — 0. It suffices to show that there exists m € N such that

T+ spt + sptnzy, € G[—A]”

—~ 2
for every n > m. Since x € D?G(Z, 2,4, w)[IT (—A, z,w)]”, there exists
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—~2
z € D}G(%,z,0,w)(z) N IT (—A, z,0).

Therefore, there are a sequence (z,) C Z and an integer nq € N such that z, — z
and
Z+ spW + Splnzn € G(i‘ + spu + Sntnxn)

—~2
for every n > nj. Because of the containment z € IT (—A,z,w) there exists
ng € N such that Z 4+ s, + sptnzn € —A for every n > ns. Therefore we have

Z 4 $pW + Sptnzn € G(T + SpU + Sptpxy) N (—A)
—~2
for every n > m := max{ny,na}. Consequently = € IT (G[-A]~,Z,u). ]

Combining the above two results, we obtain the following optimality condi-
tion:

Theorem 4.6. Let (z,7) € graph(F) be a local weak minimizer of (P). Let
(u,v) € graph(D,F(Z,7)). Let (z, Z;) € graph(G;), letu € N dom(D;G4(Z, z;)),
and let w; € D;G;(Z, z;)(u). Then

i=1

ﬂf?(ﬁ H;[-D;]”,Z,a) = 0.

Remark 4.7. Using the structure of the asymptotic derivatives, the above the-
orem can be combined with the techniques of the previous section to obtain
second-order multiplier rules. A high-order generalization of the Lyusternik the-
orem can be used to include the derivatives of H; for some specific cases (see
[21]). We plan to address this issue in a forthcoming paper.

In view of the proof of Theorem 4.4, it is evident that the arguments used
allow only one closed cone. Therefore, in the absence of the generalized multi-
equality constraints, either a bigger cone T?(Q,Z, ) or a larger second-order
asymptotic derivative can be employed. Therefore, the following two variants
are easy to prove.

Theorem 4.8. Let (Z,y) € graph(F) be a local weak minimizer of (Py). Let
(a,v) € graph(D,F(Z,7)). Let (Z, Z;) € graph(G;), let @ € NI, dom(D;G4(Z, Z;)),
and let w; € D;G;(Z, z;)(@). Then

T*(Q,7,7) (\DiF(z,7.,0)IT(-K,7)]

ﬂ DZZGz(fa Eivavwi)[ﬁQ(_Civ z, 'lZ)i)]7 = (Z)
i=1
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Theorem 4.9. Let (Z,y) € graph(F) be a local weak minimizer of (Py). Let
(w,v) € graph(D,F(Z,7)). Let (z, Z;) € graph(G;), letu € N dom(D;G4(Z, Z;)),
and let w; € D;G;(Z, z;)(u). Then

IT°(Q.7,1) (\D*F (&5, 0)[IT(—K, )]

ﬂ D?Gl(if, Zi, ﬂ,@i)[ﬁQ(—Ci, z, @l)]_ = (.
i=1

Another variant, a sort of compromise between the above two results is the
following result in which Fy represents the restriction of the map F' on the set
constraint Q.

Theorem 4.10. Let (Z,y) € graph(F) be a local weak minimizer of (P1). Let
(@,v) € graph(D,F(Z,7)). Let (Z, Z;) € graph(G;), let @ € NI dom(D;G4(Z, Z;)),
and let w; € D;G;(Z, z;)(a). Then

DQFQ(‘CE’Q’Q,'[_})[IT(—K, 'D)]i m D?Gi(faziaaawi)[ﬁz(_cﬁz?wi)]i = @
i=1

The above result holds in terms of the second-order contingent derivatives or
the second-order contingent epiderivatives (see [13]). Therefore, several known re-
sults either through second-order asymptotic derivatives or through second-order
contingent derivatives or epiderivatives can be recovered as particular cases. In
the following, we collect a few of such results.

The following result which is a generalization [7, Theorem 5.3] can be recov-
ered from Theorem 4.10.

Corollary 4.11. Consider problem (Py) with Y = R and K = Ry = {t €

—~2
R|t > 0}. Set IT (Q,%,u) = X. Let (Z,7y) € graph(F) be a local weak minimizer
of (Py). Then

D F(z,y)(x) SRy for every x € Sp := dom(D F(Z,7)).
Furthermore, for 4 € Sy with 0 € DiF(Z,y)(a), we have
D?F(z,7,4,0)(x) CRy  for every x € dom(D?F(z,7,,0)).
Proof. In this particular case, we have
D?F(z,7,a,0)[IT(-K,0)]” =0,

or

D}F(z,9,,0)(z) N IT(-K,0) =0,

which gives the desired estimate involving the second-order derivative. The in-
clusion involving the first-order derivative then follows by taking u = 0. [ ]
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We recall that if F': X — Y is a single-valued map which is twice continuously
Fréchet differentiable around Z € Q C X (notations: F'(Z) and F' (z)), then
the second order contingent derivative of the restriction Fg of F' to Q at Z in a
direction @ is given by the formula (see [2, p. 215]):

D2F, (a: Hz),a, F’(Js)(a)) (2)=F(z)(z)+ F (z)(u, u) whenever z € T?(K, Z, @).

It is empty when = & T%(Q, 7, u).

Therefore, for the case when the asymptotic derivative coincides with the
second-order contingent derivative, the second-order asymptotic cone T2(Q, Z, i)
coincides with the second-order contingent set T2(Q,z,4) and the map F is
single-valued, we have the following conlusion from Theorem 4.8:

Corollary 4.12. Consider problem (Pg) with Y = R and K = Ry = {t €
Rl ¢t > 0}. Let F : X — Y be a single-valued map being twice continuously
Fréchet differentiable around a point T € Q. (T, F(Z)) is assumed to be a local
weak minimizer of (Po). Then

Fé(f)(x) >0 for every z € T(Q, T).
Furthermore, for every @ € T(Q,Z) such that © := Fy(Z)() we have
FCIQ(:E)(:E) + Fé(f)(ﬂ, u) > —v for every x € T*(Q, 7, 1).
Proof. In this particular case, we have
T*(Q,z,u)( | D}F(z,5,a,0)[IT(—K, 7))~ =0

or

D?F(z,9,u,0)[IT(—K,v)]” =0 for every x € T*(Q, T, ).

Therefore,
D?F(z,9,4,0)(x) NIT(—K,5) =0 for every z € T*(Q, z,).

Under the assumptions, we have

’ "

D?F, (x F(z),a, F’(;z)(a)) (z)=F(z)(x)+ F (z)(a, @) whenever z € T*(K, 7, ).

This immediately gives the desired estimate for the second-order derivative. The
first-order derivative then follows by taking (@, ) = (0,0). [ |

As a further specialization of Theorem 4.8, we recover the following necessary
optimality condition in finite dimensional mathematical programming. This re-
sult is well comparable to the similar results obtained in [4].

Corollary 4.13. Consider problem (Pg) with Y = R™ and K = R} := {z €
R”| z; > 0 forevery i € I := {1,2,...,n}}. Let F : X — Y be a single-
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valued map being twice continuously Fréchet differentiable around a point T € Q.
(Z, F'(Z)) is assumed to be a local weak minimizer of (Po). For simplicity set
Fo = F and define I(z) :={i € I| ®; =0}. Then

F'(z)(z) ¢ —int(R})  for every x € T(Q, 7). (9)

Furthermore, for every @ € T(K,T) such that o := F'(Z)(a) € (—0RY), we have

/

F'(z)(x) + F' (2)(a,q) & —int(RY) — {8} for every x € T*(Q,z,@). (10)

Remark 4.14. Notice that (9) implies that there is no « € T(Q,Z) with

F/(Z)(x) < 0 for every i € I. Moreover, if for every @ € T(Q,Z) such that

Fi(z)(@) < 0 for all i € I and I(7) # 0, we have the incompatibility of the
system

(i) x € T*(K,z,u);
(ii) F,(z)(z) + F, (Z)(@,7) <0 whenever i€ I(7),

K3

then this implies the condition (10).

The following corollary, under the same assumptions as above, also extends
results given in [6], [5] and in [29] for special cases.

Corollary 4.15. Let F': X — R be a single-valued map being twice continuously
Fréchet differentiable around a point T € Q. (T, F(Z)) is assumed to be a local
weak minimizer of (Po). Then

F(’Q(a?)(x) >0 for every x € T(Q,T).
Furthermore, for every a € T(Q,Z) such that Fé (Z)(z) = 0 we have
Fé(:i)(x) + Fé(f)(ﬂ,ﬂ) >0 for every x € T*Q,7,1).
We conclude by giving the following simple illustrating example:

Example 4.16. Consider the following set-valued optimization problem

in F
min ()

with F/: R = R and
F(x):={yeR|y>2*} forallzcR.

Clearly, (z,y) := (0,0) is a local weak minimizer of this problem. For every
x € R, for every u € R, we determine the second-order asymptotic tangent cone

T2(epi(F), (0,0),(@,0)) = {(z,y) ERxR: y > 0}.
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Therefore,
D?*F(0,0,4,0)(x) N —int(R,) =0 for every x € R

which is in compromise with the necessary optimality conditions given above.

5. Concluding Remarks

We have given new optimality conditions for the general set-valued optimiza-
tion problems with multi-equality and multi-inequality constraints. The given
conditions do not include the derivatives of the map defining the equality con-
straints and it is our future goal to deal with deficiency. This generalization seems
necessary to compare our results with more complete results where Dubovitskii-
Milyutin approach has been used to obtain first and second-order optimality
conditions (see [22, 23]). The generalized Dubovitskii-Milyutin approach for the
smooth data was introduced to study control problems with several equations
corresponding to the equality constraints (see [19]). The solution maps in this
setting were assumed to be smooth. Clearly, our results can be used to study
similar control problems without assuming that the solution maps are smooth.
However, we plan to give detailed applications of our results in a forthcoming

paper.
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