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1. Introduction

Consider the following discrete competitive Lotka - Volterra model

n

ui(n—l—l)zui(n)exp[ai(n)—Zbij(n) Z Hij(n—s)u;(s)], i=1,...d, (1)

Jj=1 s§=—00

where u;(n) is the density of population of species i at n*! time step (year, month,
day), a;(n) represents the intrinsic growth rate of species i at n*® time step, and
bi;j(n) reflects the interspecific or intraspecific competitive intensity of species j
to species i at n'! time step. It is assumed that a;(n) and b;;(n) (i,j =1, ..., d)
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—+o0
are defined and bounded on Z, H;;(n) > 0, > H;;(n) = 1. Many authors (see
n=0

for e.g. [1, 7]) have argued that the discrete time models governed by difference
equations are more appropriate than the continuous ones when the populations
have nonoverlapping generations. Discrete time models can also provide efficient
computational models of continuous models for numerical simulations (see [4] -
[16]). System (1) is a counterpart of continuous Lotka - Volterra model. In [2]
the authors considered the following continuous Lotka - Volterra model

d
U;(t) = Ui(t)[ri(t) +pi(t) - ZQij (t)vj (t)]v =1, .., dv (2)

where ¢;;(t) is continuous and bounded above and below by positive constants,
T

r;(t) is continuous, T-periodic and 7; = & [r;(t)dt > 0, p;(t) is continuous and
0

Ipi(t)] < aje P where ; and 3; are positive constants. In [2], Ahmad has
shown that if for each i = 2, ..., d, there exist numbers \;1, ..., A1 > 0,
i1 + ... + Aii—1 > 0 such that

Ai1Ti1 + oo + Niim1Tiz1 o _Ti
Xitqri(8) + oo+ Nic1gim1(8) T qi(8)’

j=1, i (3)

for t > to, then v;(t) — 0 exponentially for ¢ = 2, ..., d and v1(t) — V*(t) — 0
as t — +oo, where (vi(t), ..., vg(t)) is any solution of (2) with v;(t9) > O,
(it =1, ..., d) and V*(¢) is the unique positive solution of the logistic equation
VI'(t) = V()[r1(t) — 1 (£)V(t)]. In [7] Muroya extended this result to discrete
models of pure-delay nonautonomous Lotka - Volterra type. The purpose of this
paper is to extend the Ahmad’s results in [2] to discrete system with infinite
delay (1). The paper is organized as follows: In section 2 we study the discrete
logistic equation and in section 3, we state and prove our main result on an
extinction of species in discrete model which is expessed by system (1).

2. Discrete logistic equation

Consider the dynamics of the logistic equation on [0, +00):
xz(n+ 1) = z(n) expla(n) — b(n)x(n)], (4)

where a, b:Z — R are bounded and b(n) > 0. Let Z, be the set of nonnegative

intergers and ap; = sup a(n), by = sup b(n). Equation (4) is complete forward,
nez neL
i.e., any solution x(n) of (4) corresponding to initial value x(ng) > 0 is defined

for all n > ng. Moreover, the interval (0, 4+00) is positive invariant with respect
to (4), i.e, any solution z(n) of (4) corresponding to positive initial value x(ng)
remains positive for all n > ng.
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Lemma 2.1. Assume that there exist positive intergers A and w such that

p+A—1
lim inf a(n) >0 (5)
p——+o0o
n=p
and pw—1
lim inf b(n) > 0. (6)
p——+o0 o

Then there exist positive constants m, M such that m < liminf x(n) < limsup z(n)
n—-+4oo n—+o0

< M for any solution x(n) of (4) with initial value x(ng) > 0.

Proof. Let x(n) be a solution of (4) with z(ng) > 0. By (5) and (6), there exist
ny = ng, my; > 0, My > 0 and 6 > 0 such that for all p > n; we have

p+A-1

Y la(n) —b(n)mi] > (7)

n=p

and ptw—1

3" [a(n) - b(n)M] < 3. (8)

n=p

Claim 1. There exists no > nj such that x(n2) < M. Indeed, suppose on the
contrary that z(n) > M; for all n > ny. By (4) and (8), for any positive interger
J we have z(n1 + wj) < x(n1) exp(—0dj5). Therefore .hin x(n1 + wyj) = 0. This
Jj—4oo
contradiction proves our claim.
Let us put My = Mjexp(arr), M = Msexp(apw), we have My < Ma < M.
Claim 2. If there exist p > no and p € Z4 such that My < z(p) < M,

and z(p +14) > My for i = 1, ..,pu, then u < w. To this end, in the way

of contradiction, we assume that p > w. Then by (4) and (8) it follows that
+w—1

My < z(p+w) < z(p) exp{ > Jaln) — b(n)Ml]} < Mzexp(—0) < M. This
n=p

contradiction proves the claim.

Claim 3. x(n) < M for all n > ng. In deed, we assume that there exists nsg > ng
such that z(ns) > M and z(n) < M for n =ng, na+1, ..., ng— 1. Clearly that
if z(q) < M for some q > no, then z(q+ 1) < z(q) exp(an) < Miexplay) =
Ms;. Thus, there exitst p > ng such that My < z(p) < Ms, x(n) > My for
n=p+1, p+2, ..., n3. By Claim 2, n3 —p < w. Thus we obtain the claim from
the following contradiction: M < x(n3) < z(p) exp[(ns — p)am] < Mz exp[(ns —
plan]| < Msexp(wan) = M.

Claim 4. There exists ny > no such that x(ng) > m;. To this end, in the way of
contradiction, we assume that x(n) < m; for all n > ny. By (4) and (7), for any
positive integer j we have x(ng + jA\) = x(n2) exp(jd). Thus ‘ligrn x(na+jA) =

J—T00

+400. This contradiction proves the claim.
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Let us put mao = mqexp(—bp M), m = moexp(—by MA), we have m; >
mo = M.
Claim 5. If there exist p > n4 and v € Z, such that ms < z(p) < my and
x(p+1i) < mg forall i =1, ...,v, then v < A. To prove the claim, by the way
of contradiction we assume that v > A. Then by (4) and (7) we have mg >
z(p+ )= exp{Zf;;_l[a(n) —b(n)m1]} = maexp(d) > meo. This contradiction
proves the claim.
Claim 6. x(n) = m for all n > ny. To prove the claim, we assume that there
exists ny > ny4 such that x(n5) < m and x(n) > m forn = ny, ng+1, ..., n5—1.
Clearly that if z(q) > mq for some g > ng, then z(g+1) > z(q) exp[—bumx(q)] =
my exp[—byr M| = msy. Thus there exists p > ny such that m; > z(p) > ms and
z(n) <mg forn=p+1, p+2, ..., n5. By Claim 5, n5 — p < A. Thus m >
x(ns) = x(p) exp[—by M (ns — p)] > moexp(—Abapy M) = m. This contradiction
proves the claim.

The Lemma follows from Claim 3 and Claim 6. [ ]

Remark. A result similar to Lemma 2.1 is given in [16] when the coefficients of
the equation are bounded above and below by positive constants.

Let B be the set {g:Z — R|0 < iré%g(n) <supg(n) < +oo}.
n nEZ

Lemma 2.2. Let a(n) and b(n) satisfy conditions (5) and (6). If there exist
positive intergers X and & such that

p+A—1
IZ}QEEE nz_:p a(n) >0 9)
ptw—1
and  lim inf Z:p b(n) > 0, (10)

then equation (4) has at least one solution x*(.) € By.

Proof. By (9) and (10) exist n; € Z, m; > 0, M; > 0 and § > 0 such that for
all p < n; we have

p+A—1 B ptw—1
Z [a(n) —b(n)m1] > ¢ and Z [a(n) —b(n)M;] < =6 (11)
Let us put

My = M exp(ans), M = My exp(ay®),
My = my exp(—byr M), m = myexp(—by MN),

then m < o < My < M; < My < M. By the same argument as given in Ehe
proofs of Claims 2, 3, 4, 6 of Lemma 2.1, we can show that if z(no) € (m1, M1)
for some ng < n1, then x(n) € [m, M] for ng < n < nq.
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Let v € (m1, M). For each positive interger k such that —k < nq, let 2%(n)
(n > n1) be the solution of (4) with the initial condition z*(—k) = v. By the
same argument as given in the proofs of Claim 1 and Claim 2 of Lemma 2.1,
we can show that z*(n) € [m, M] for —k < n < n;. Define a function z*(¢) on
(=00, n1] by putting

(1) = M, ift < —k,
| EF(n+1) —2F )|t —n) +2F(n), ift e (n,n+1], (—k<n < n).

It is easy to see that 2% (t) € [m, M] for all t € (—oco,n1] and {Z*(.)} is equicon-
tinuous on (—oo, n1]. By Ascoli’s theorem (see [6]), there exists a subsequence
{z*(.)} of {z*(.)} which converges to some function Z*(¢), uniformly on any
compact subset of (—oo,nq]. Put #*(n) = z*(n) for n € Z N (—oo,n1]. Then
#*(n) is a solution of (4). Moreover, *(n) € [m, M] for all n < n;. Let ¥*(n)
(for n > n1) be the solution of (4) with *(n1) = *(nq1). By Lemma 2.1,

0< inf Z*(t)< sup T(t) < 4oo. Let
nelny,+oo) n€ny,+oo)

“(n) #*(n), ifneZn(—oo,n1],
z*(n) =
z*(n), ifn € Zn(ng,+o0),

then z*(.) € By and z*(.) is a solution of (4). The lemma is proved. ]

Lemma 2.3. Let (5), (6) and (9) hold. If

liminfb(n) >0 (12)

n——oo

and lrllrgftg) a(n) +1In %

then equation (4) has a unique solution x*(.) € By.

<1+In2, (13)

Proof. Clearly, condition (12) implies condition (10) for any positive interger @.
Thus the existence follows from Lemma 2.2. In order to show the uniqueness, we
assume that z7(n) and z3(n) are two distinct solutions of (4) which are defined
on Z and zj(n),z5(n) € [m/,M'] for alln € Z (0 <m' < M’ < +o0). By (12)
there exists ny such that b(n) > 0 for all n < ny. Forn < ny and i =1, 2, in
view of (4), it follows that

b(n)

bn); (n) = bln)a (n=1) expla(n—1)—b(n—1)z} (n)] < 3=

expla(n—1)—1],

where we used maﬂic{x exp(r—hz)} = w for h > 0. Thus, by (12) and (13),
TE
for 0 < p < liminf b(n), there exist « € (0,2) and ny < n; such that
n——oo

inf b(n) > pand 0 < pm’ <b(n)zf(n) <a<2for n<ny, i=1, 2. (14)

3
nLn2
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Let zi(ng) # z5(ns) for some ns € Z, then x5 (n) # x5(n) for all n < ng. Put
ng4 = min{ng, na}. By the mean value theorem of differential calculus, for each
n there exists 6(n) lying between zj(n) and x3(n) such that

nzi(n+1) —Inas(n+ 1) = [Inzi(n) —nwz(n)] - b(n)[z1(n) —z5(n)]

= (1 —=0b(n)0(n))[Inz;(n) —Inzj(n). (15)
Thus for each [ € Z
. . ! Inzf(ng —1)
Inz* (n4) — Inaf(ng) = { H(1 — b(ng — 8)0(ng — s))}m. (16)
It follows from (14) that there exists v € (0,1) such that
|1 —b(ng — s)0(ng — s)| <7, for s > 1. (17)
It reduces from (16) and (17) that
|Inz*(ng) — Inz™ (ng)| <A'|In M’ —Inm/| for i > 1.
Thus Inzj(ng) = Inxi(ng). This contracdiction implies the uniqueness. The
lemma is proved. [ |

Lemma 2.4. Let ¢ : Z — R be a function with lim c¢(n) = 0. Let (5) hold. If

n—-+o0o
lim_ii_nf b(n) >0 (18)
b 1
and  limsup |a(n) + In (n+1) <1+In2, (19)
n—-4o00 b(n)

then 1ir41_1 |x(n) —y(n)| =0 for any two solutions x(n) and y(n) respectively of

equation (4) and
y(n+1) = z(n) expla(n) + ¢(n) — b(n)y(n)], (20)
with initial values x(no) > 0 and y(ng) > 0.

Proof. Clearly, condition (18) implies condition (6) for any positive interger w.
By Lemma 2.1, there exist ny > ng, m, M € (0,+00) (m < M) such that

m<z(n) <M, m<yn) <M, forn>=mn;. (21)

By (18) and (19), for 0 < g < liminf b(n), there exists ny > ny such that

n—-+o0o

inf b(n) > u, supla(n)+1n b{n+1)

<1+1n2,
n>nso n>no b(n ] th
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b(n+1)
and ns;rfl)z [a(n) 4+ ¢(n) +In b0

] <1+1In2. (22)

Since x(n) and y(n) respectively satisfy equations (4) and (20), for n > ny we
have

z(n) = 2(n — 1) expla(n — 1) — b(n — 1)z(n)] < expla(n — 1) — 1]

expla(n — 1) +¢(n — 1) — 1]
b(n —1) ’

y(n) = y(n—1) expla(n—1)+c(n—1)=b(n-1)y(n)|] <
where we used maﬁc{x exp(r —hz)} = %}:71) for h > 0. Thus by (21) and (22),
zE
there exists a € (0,2) such that
0<pm<bn)z(n) <a<2, 0<um<bn)yn) <a<?2, forn>ny. (23)

By the mean value theorem, there exists 6(n) lying between z(n) and y(n)] such
that

Inz(n+1)—Iny(n+1) =lnz(n) —Iny(n) —bn)z(n) —yn)] —cln)
= (1-=0b(n)0(n))[Inz(n) —Iny(n)] — c¢(n) for n = ns.

By (23) there exists v € (0,1) such that 2y
|1 —b(n)0(n)| <=, formn > ns. (25)
(24) and (25) imply that
[Inz(n+1) —Iny(n+1)] < y|Inz(n) — Iny(n)| + |c(n)|
(26)

<" ™ Inz(ng) — Iny(ng)| + Z le(k)[y"~* for n > na.

k:TLQ

€

Let € > 0. Let § > 0 such that 5. Since lirf ¢(n) = 0 there exists

)
— <
ng = ng such that |c(n)| < ¢ for all n > ng. Since v € (0,1) there exists ny > ng
such that

n o ns o n o c S
Sl = 3 le®h Y ek < S <o forn >
k=n2 k=ns k=nz+1 v

Thus lim Y |e(k)[y"~* = 0, and then by (26), lirf |Inz(n)—Iny(n)| =0.

n—-+oo k=ns

Then by (21) we have lirf |z(n) —y(n)| = 0. The lemma is proved. [ ]

Definition 2.5. (see [3])A sequence z : Z — R? is said to be almost periodic if
the e-translation set of z:
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Ele,z} i ={7€Z:|z(k+7)—z2(k)|| <e, foral keZ}

is a relatively dense set in Z for all € > 0, that is, for any given € > 0 there exists
a positive integer I(g) such that each discrete interval of length I(€) contains an
integer 7 = 7(g) € E{e, z} such that ||z(k+ 7) — 2(k)|| < & for all k € Z.

Definition 2.6. (see [3]) Let f : Z x D — R where D is an open set in R%.
The function f(k,z) is said to be almost periodic in k uniformly for z € D, or
uniformly almost periodic for short, if for any € > 0 and any compact set .S in
D, there exists a positive integer [(e,.5) such that any interval of length I(e, S)
contains an integer 7 for which || f(k + 7,2) — f(k,2)|| < € for all k¥ € Z and
z€S.

In [15], Zhang considered the following almost periodic difference system
v(n+1) = f(n,v(n)), (27)

where f : Zx Sp — R%, Sp = {z € R?: ||lz|| < B} and f(n,v) is almost periodic
in n uniformly for v € Sp and is continuous in v. Related to system (27), the
author also considered the following product system

v(n+1) = f(n,v(n)), win+1)= f(n,wn)), (28)
and obtained the following theorem:

Theorem 2.7. (see [15]) Suppose that there exists a Liapunov function V (n, v, w)
which is defined for n € Z4, ||v|]| < B, ||w|| < B and satisfies the following con-
ditions:

(i) g(llv = wl]) < Vi(n,v,w) < h(llv = wl)) for alln € Zy, [jv|| < B, [lw|| < B,
where g, h:[0,400) — [0,400) are continuous, increasing and g(0) = h(0) = 0;

(i) [V(n,v,w) = V(n,v,w)| < L(|lv = 0| + [[w — @) for all n € Z, |v]| <
B, ||lw|| < B, where L is a positive constant;

(iii) AVi2g)(n,v,w) < —aV(n,v,w) for alln € Zy, ||lv|| < B, ||w|| < B, where
a is a positive constant and AV(gg) =V (n + 1, f(n,v), f(n,w)) — V(n,v,w).

If there exists a solution 0(n) of (27) such that ||0(n)|| < B* < B for all
n € Zy, then there exists a unique uniformly asymptotically stable almost pe-
riodic solution v*(n) of system (27) satisfying ||v*(n)|| < B* for alln € Z. In
particular, if f(n,v) is w-periodic in n and continuous in v, then there exists a

unique uniformly asymptotically stable w-periodic solution v*(n) of system (27)
with ||[v*(n)|| < B* for alln=1,...,w.

Applying Theorem 2.7 we can prove the following result on the existence of an
almost periodic solution of equation (4).

Lemma 2.8. Assume that a(n) and b(n) are almost periodic. Let (18) and (19)
hold. If
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| N2
NLHEOO N nz:;) a(n) >0, (29)

then there exists a unique uniformly asymptotically stable almost periodic solu-
tion x*(.) € By of equation (4). In particular, if a(n) and b(n) are w - periodic,
then there exists a unique uniformly asymptotically stable w - periodic positive
solution of equation (4).

Proof. Since b(n) is almost periodic, (18) implies inf, ez b(n) = limJirnf b(n) > 0.

Thus, by (29), there exist positive numbers My, my (M7 > m;1), ¢ and a positive
interger A such that

p+A-1 p+A—1
Z [a(n) — b(n)m4] > 6, Z [a(n) — b(n)M;] < —0, for all p € Z. (30)
n=p =p
Let us put

My = My exp(an), M = Mayexp(ap)),
me = mq exp(—by M), m = mgexp(—byr MN),

then m < mg < my < My < My < M. Let #(n) be a solution of equation (4)
with #(0) € (my, My). By the same argument as given in the proofs of Claims
2, 3, 5 and 6 of Lemma 2.1, we get Z(n) € [m, M] for all n € Zy. By the change
of variables y(n) = Inx(n) equation (4) is transformed into

y(n+1) = y(n) + a(n) = b(n) expy(n). (31)

Clearly, (31) has a bounded solution §(n) = In&(n) € [Inm,In M| for alln € Z..
Put B = max{|lnm|,|In M|}. Consider the product system of equation (31)

y(n+1) = y(n)+a(n)=b(n) expy(n), z(n+1) = z(n)+a(n)=b(n)expz(n). (32)
Define a Liapunov function V' (n,y, 2) on Z4 x [-B, B x [-B, Bl by V(n,y, 2) =

|y — z|. Clearly V satisfies conditions (i) and (ii) in Theorem 2.7. By the mean
value theorem there exists 6(n) lying between y(n) and z(n) such that

AVizz) (n) = [[y(n) — 2(n)] — b(n)[expy(n) — exp z(n)]| — [y(n) — z(n)]

33
= (1 =b(n)expb(n)| —1)V(n), n € Zy. (33)
Since a(n), b(n) are almost periodic, it follows from (18) and (19) that
b(n+1 . b(n+1
= —-1+1 =1 —-1+1 In2. (34
o ilgé [a(n) +1In bn) } :Lrgilg) [a(n) +1In bn) } <In2. (34)
Put v = iIébe(n), v = vexp(—B), € = exp [“+—21r‘2] Clearly, 0 < € < 2. Since

y(n) satisfies equation (31) for n > 1 we have
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7 < b(n)expy(n) = b(n) exply(n —1) +a(n —1) —b(n — 1) expy(n —1)]
< b(n) max explz +a(n —1) —b(n — 1) exp ] (35)
= 7{)(2(?)1) expla(n —1) —1] <e < 2.
Similarly,
v <b(n)expz(n) <e, forn>1 (36)

Since 6(n) lies between y(n) and z(n), it follows from (35) and (36) that
0<vy<bn)expb(n) <e <2 forn>1. (37)

This implies that there exists a € (0,1) such that |1 — b(n)expf(n)] — 1 <
—a for n > 1. Thus it follows from (33) that AV(3p)V (n) < —aV(n) forn > 1.
By Theorem 2.7 there exists a unique uniformly asymptotically stable almost
periodic solution y*(n) of equation (31) with —B < y*(n) < B. By Lemma
2.3 equation (4) has a unique uniformly asymptotically stable almost periodic
solution z*(.) = expy*(.) € B4. Similarly, if a(n) and b(n) are w - periodic,
then there exists a unique uniformly asymptotically stable w - periodic positive
solution of equation (4). The lemma is valid. ]

3. Extinction of species in discrete models of Lotka-Volterra type
with infinite delay

In this section we consider the following Lotka-Volterra model

n) Y Hij(n—s)hi(s)u;(s)|,

S=—00

Fgg

ui(n+ 1) = ui(n) exp [ )+ ci(n

<.
|
—_

i=1, .., d,
(38)
where a;, ¢; : Z — R, bj; : Z — (0,+00) and H;j : Z; — [0,+00) are bounded,
h; 1 Z — R is bounded above and below by positive constants.

We assume that for each ¢ = 1, ..., d there exist a; > 0 and §; > 0 such that
lci(n)] < a; exp[—pBin] for all large n. (39)

In addition, we assume that for i, =1, ..., d
a;jp = limJirnf a;(n) >0, by = limJirnf bii(n) >0 forneZ (40)
and > Hyj(n) =1, Hy;(0) > 0. (41)

Fori,j=1, ..., dlet us put
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hjm =sup hj(n), hjp = inf hj(n), ajy, = limsupa;(n), biju = supbi;(n).
nez nez n—-+o00 ne”Z
(42)

Let ]Ri = {u= (u1,...,uq) : u; =0, i =1,...,d}. Denote by int]Ri the interior
of ]Ri.

From the point of view of biology, in the sequel, we assume that
ui(s) = ¢i(s) 20, ¢;(0)>0,i=1, ..., d, s=...,—n,—n+1,...,—1,0. (43)

Clearly, problem (38) and (43) has a unique solution (u1(n), ..., uq(n)). Moreover,
this solution is defined for all n > 0 and u;(n) > 0foralln > 0andi=1, ..., d.

Lemma 3.1. (see [4]) Let x : Z — R be nonnegative and bounded, H : Z; — R
—+o00

be nonnegative such that >, H(n) = 1. Then
n=0

liminf z(n) < lim inf H(n—s)x(s)

n—-+oo n—-+oo

< limsup Z H(n — s)x(s)
n—-+oo S——o0

< limsup z(n).

n—-+oo

Theorem 3.2. Let (39), (40) and (41) hold. Then

(i) There exist positive constants My, Ma, ..., My such that for any solution
u(n) = (ur(n), ...,uqg(n)) of (38) with the initial condition (43) there existsny > 0
such that u;(n) < M; for alln >ny andi=1, ..., d.

(ii) There exists v > 0 such that for any solution u(n) = (u1(n),...,uq(n)) of

d

(38) with the initial condition (43) there exists ny > 0 such that Y u;(n) > v
i=1

for allm > ny.

Proof. Let u(n) = (u1(n), ..., uq(n)) be a solution of (38) with the initial condition
(43). There exists p > 0 such that fori=1, ..., d,

bx. *
supla;(n) + ci(n)] < 2aly, inf bi(n) > 4L inf [a;(n) + ¢;(n)] = i (44)
n>p n=p 2 n=p 2

(i) For n > p we have

by Hyi (0)hspuy 2af, —1] .
ui(n+1) < wi(n) exp |2a},,— 2L (Og Lt (n)} < Qpr[;f%)hL], i=1, .. 4d.
iir i (V)1

Here we used maﬁ{({x exp(r — hz)} = %}:71) for h > 0. Therefore u;(n) < M;
TE

exp[2afy; — 1]

foralli=1, ..., dand n > p+ 1, where M; = 2m
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(ii) There exists € > 0 such that

% d
a,; ;
TL—;Qbijklth5>0’ =1, ..., d. (45)
Claim 1. .
aiQiL — 2binrhing M; < 0 for i = 1, .., d. (46)

To prove the claim, we first consider the case of afy, > 1/2. Since 0 < H;;(0) < 1,

exp[2ajy, — 1] _ ajy _3 biint hinajps

< 0.
biihir 2 b hir <

—agL —2bjinhing M; < %_%MMMM

If a},; < 1/2 then, since 0 < H;(0) < 1,

exp[2ajy — 1] ajip  4bivhim

—agL — 2biinrhine M; < agL — dbjinhing

briLhiL 2 eb;‘LhiL
a’?‘,L
< 22 -1<0.
2
Thus the claim is proved.
Let us put
al d
'yizsexp[ ;L — QbijjuthMj y i=1, ey d. (47)
=1
d
By (46) it follows that 7; < € for i = 1, ..., d. Put A; = [][0,v], A2 =
i=1

d d d

[100,e]\ Ay and Az = [][0,M;] \ T][0,¢]. Let us consider n > p + 1. Since
i=1 i=1 i=1
wi(n) < M;foralli =1, ..., dand n > p+1, it follows that u(n) € 41 UA2UA;3
foralln >p+1.

Claim 2. There exists ¢ > p + 1 such that u(q) € Ay U .As. To this end, in the

way of contradiction, we assume that u(n) € A; for all n > p+ 1. Thus, by (38),
(41) and (45), for all n > p + 1 we have

u;(n+1) a; d
l7>exp {LL— 2bthM€:| > 1.
u;(n) 2 ;::1 I

This implies that u(n) is unbounded, which is impossible and thus the claim is
proved.

Claim 3. If u(n) € As for some n > p+ 1, then u(n+1) € Ay U As. To this end,
we know that u;(n) < e foralli =1, ..., d and there exists ig € {1, ..., d}
such that u;,(n) > 7;,. Thus, by (38), (41) and (45) we have
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*

a?
iy (n+ 1) > iy (n) exp [ =25 Zzbwhgm]mm( ) > Yio,
j=1

hence u(n + 1) € Ay U Az, since u;(n+ 1) < M; for alli =1, ..., d. The claim
is proved.

Claim 4. If u(n) € As for some n > p+ 1, then u(n+1) € Ay U As. To this end,
we can see that u;(n) < M; for i =1, ..., d and there exists ig € {1, ..., d}
such that u;,(n) > e. Therefore, by (38), (41)and (47) we have

*

a
uig(n +1) > eexp[ ol Z2bzothjMM} = Yig»
Jj=1

hence u(n +1) € Ay U As, since u;(n+1) < M; for alli =1, ..., d. The claim
is proved.

By Claims 2, 3 and 4, it follows that there exists ¢ > ng such that u(n) €
As U A3 for all n > ¢

The theorem is proved. [ ]

Theorem 3.3. Let (39), (40) and (41) hold. If for each i = 2,...,d, there exist
i—1

Aits - Aii—1 20, Do Ai; >0, ny € Zy and 6 > 0 such that for all s < n and
=1

n=ny

bij(n)H;;j(n—s) Z)\lkakL zMZ)\zkbkj n)Hy;(n—s)+0&;(n—s), j=1,..,14,

(48)
where &;j(n) = max {Hk;j(n)}, then u;(n) tends to zero exponentially for i =

seees?

2,...,d as n — o0, where (u1(n),...,uq(n)) is any solution of (38) with the
initial condition (43). If, in addition, H11(0) =1 and

bn(n + 1)h1 (n + 1)
hi(n)

then lim [ui(n) —U*(n)] = 0, where U*(.) € By is the unique solution of the

limsup |a1(n) + In <1l+1In2, (49)

n—-+oo b11 (TL)

n—-+o0o
equation
U(n+1)=U(n)explai(n) — bi1(n)hi(n)U(n)]. (50)
Proof. By (48), we can choose positive numbers d,;, < af; and a;p > afy, (1 =
1, ..., d) such that forn > ny, s<nandi=2, ..., d
— ) 6i(n—s) . .
bij(n)Hij(n—s)Zx\ikaM a7]y12/\7kbkj ij n— 8)—|—%,j =1,...,1.

(51)
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Since lim ¢;(n) = 0, there exists no > ny such that

n—-+4oo
i;lf [ai(n) + ¢;(n)] = air, sup [a;(n) +ci(n)] < aim, i=1, ..., d.
nzn2 n>nso

(i) First, we prove that ug(n) — 0 exponentially as n — 4o00. Let us put

d—1

ay; = Z)"“%L’ bgi(n,s) Z/\dz i -s),j=1,...,d. (52)

=1

For i = d, condition (51) can now be written as
« S J .
agbij(n)Hij(n — s) — aanmby;(n, s) > §§j(n —s),j=1,...,d, n>ng, s<n.

(53)
System (38) can be written for i =1, ..., d, as

by(m) 3 Hij(n — 5)hy(s)us(s):

M&

Inu;(n+1) —Inu;(n) = a;(n) + ¢;(n

Jj=1 S=—00
(54:)
Multiplying (54;) by Ag; for i =1, ...,d — 1 and summing over 1 < ¢ < d — 1,
we obtain
d—1 d n
Z[lnu)‘d’ (n+1)—Inu}* (n Z)‘dl ai(n)4ci(n Z Z b (1, s)hj(s)u;(s).
i=1 j=1s=—o00
(55)
ug®(n) .
For n 2 na, put A(n) = In -——"———— Multiplying (544) by aj and (55) by
I )% (n)
i=1
adqm, and subtracting them, we obtain
Aln+1) — A(n) = [ajaq(n) — dan Z Aaiai(n)] + [aheqa(n) — danr Z Adici(n

n

d
- Z Z [agbaj(n)Haj(n — s) — aarrbg;(n, s)hj(s)u;(s) for all n > ns.

j=1s=—
(56)
For n > na we have
agaq(n) — Gam Z Adiai(n Z Adilairaqa(n) — a;(n)aqn] < 0. (57)

y (39) there exist ng > ng, > 0 and v > 0 such that
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d—1
ajeq(n) — aanr Z )\dici(n)‘ < pexp[—vn] for all n > ng. (58)
i=1
Let L = min{hiz, ..., ham} and £(0) = min{&1(0), ...,&4(0)}. Clearly, L >0

and £(0) > 0. From (53), (56), (57) and (58) we obtain

L5¢(0)

An+1)—A(n) < - >

d
Zuj(n) + pexp[—vn] foralln >ns.  (59)
j=1

By the part (ii) of Theorem 3.2, there exist ngy > m3 and v > 0 such that
d
> uj(n) =« for all n > ny. Thus (59) implies that

j=1
Aln+1)—A(n) < — Lég(o)'y + pexp[—vn] for all n > ny. (60)
Therefore, for n > ny we have
LS€(0 n—1
Am) < (- ) 22500 4 S explvk] + Ana)
k:n4

and thus, for n > ny
ag a1 Adi@anr
g (na) T] ui® ™ (n)

ugz(n) <S—3 izlh {exp l,u Z exp(—yk)] }
TT e () = o)

Lo
X exp [—ﬁy(n - m)} .
By the part (i) of Theorem 3.2, there exist ns > ng and My, ..., My > 0 such
that u;(n) < M; (i =1, ..., d) for all n > ns. Thus (61) implies that for n > ns
1
ag =t AdiGdm K
uy?(n M4
d ( 4) 7;1;[1 ¢ uexp[—yn4]
wa(n) < —— exp | AP
I1 praidanm (n4) ad(l — exp[—1])
i=1
_ L3E(O)
X exp [72*@ — n4)1 .
g

Since £(0) > 0, ug(n) — 0 exponentially as n — +oo0.

(ii) Next, we will show that u;(n) — 0 exponentially as n — 400 for i =

2, ..., d—1. To this end, we rewrite the system (38) for u;, 1 <i<d—1 as

g e
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d—1
ui(n+1) = wi(n) explay(n)+¢f (n) =Y _biz(n) Y Hij(n—s)h;(s)u;(s)], (62)

j=1 sS=—00

where ¢f(n) = ¢;(n) — bia(n) Zn: H;i(n — 8)ha(s)uq(s). By Lemma 3.1,

S§=—00

lim sup |bsq(n Z Hiq(n — s)ha(s)ua(s)| < limsup bigarhan Z Hig(n — s)uq(s)

n—-+0oo n—-—+0o0o
+ S§=—00 + §=—00

< lim sup bignrhanrua(n).
n—-+oo

Thus it follows that for each i =1, ..., d—1, ¢/ (n) satisfies the hypothesis (39),
since ¢;(n) and ug(n) both tend to zero exponentially as n — +oo. We note that
the inequalities in (48) are independent of d in the sense that by dropping
the d'™" case, the coefficients of the smaller system (62) still satisfy inequalities
(48). Thus, applying the same argument as above, we obtain that ug_1(n) — 0
exponentially as n — +oo. By induction we get u;(n) — 0 exponentially as
n—+oofori=2, ..., d—2.

(ili) We now show that lim [u;(n) —U*(n)] = 0, where U*(-) € B4. To this

n—-+oo

end, we know that

ui(n + 1) = ur(n) explar(n) + é1(n) — bir(n)hi(n)ui(n)],

where é1(n) = c¢1(n) — iblj(n) :Zri: Hij(n — s)h;(s)u;(s). Since ¢1(n) and

uj(n) — 0 exponentially ;s n — 4oo for j =2, ..., d, Lemma 3.1 implies that
hm ¢1(n) — 0. By Lemma 2.4, 1irJ£1 [ui(n) — U*(n)] = 0. The theorem is

n—-+4o0o

proved. [ |

Example 3.4. Consider the system

up(n+1) :ul(n)exp[ ) —bii(n Z Hii1(n — s)ui(s) — bia(n)
X Z ng(n—s)uz(s)},
us(n+1) = uz(n)exp{ ) — ba1(n Z Ho1(n — s)ui(s) — baa(n)
X Z Hgg(n—s)uz(s)},
_n[+1 o onf+1 B nl +1 B
where a1(n) = 10 o(n) = EUE bi1(n) = o SR bia(n) =
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2n2 + 1 4v/2n? + b _4n4—|—1 I 2
2z ) = WH ) = g M) = g

H =
92’ 21(71)
H12( )_ 5n+17 H22( )

prEsE yrESE We have a}; = aj,, =1 (i = 1,2). By

letting Ao; = 1, 0 = 1/3, it is easy to see that condition (48) in Theorem 3.3
holds. Thus species us in the system is extinct.

Remark. In [7] Muroya considered discrete models of nonautonomous Lotka -
Volterra type with finite delays. Theorem 3.3 is an extention of Muroya’s result
n [7] to discrete Lotka - Volterra models with infinite delay.

Theorem 3.5. Assume that for each i = 1, ..., d, a;(n) is almost periodic
w—1
with a; = lir_irrl L% ai(n) > 0 and ¢;(n) satisfies (39), and lim}_nf bij(n) >
w—1+00 n=0 n—-—+0oo

0 fori,j = 1,...,d. If for each i = 2,...,d, there exist N\j1,...,A\ji—1 = 0,
Ait + -+ XNii—1 >0, ny € Zy and § > 0 such that for all s <n and n > ng

bij(n)Hij(n—s)Z)\ikdk aZZ)\zkbkj n)Hy;j(n—s)+d(n—s), j=1,....1,

(63)
where &;;(n) = max {Hy;j(n)}, then u;(n) — 0 exponentially fori =2, ..., d
as n — 400, whe}e,(ul(n), ..y ug(n)) is any solution of (38) with the ini-

tial condition (43). If, in addition, H11(0) = 1 and (49) is satisfied, then
1ir_|rrl [u1(n) —U*(n)] = 0 where U*(.) is the unique solution of equation (50) in

B,

Proof. There exists € > 0 such that fori=2,...,d, j=1,....,i,n>n1,s<n
we have
i—1

bij(n)Hij(n—5) > Xig(ar—2€) > (@i +22) Y Ninbrj(n)Hyj(n—s)+ W

) ! (64)
Since a;(n) is almost periodic, for ¢ = 1, ..., d there exists a trigonometric
polynomial A;(n) such that sup,,c; |ai(n) — A;(n)| < e. Then :i:[Al(k) - A}
is bounded and |a; — A;| < &, where A; = wErJrrloo 1 WZ;:; A;(n). By the change of
variables

ui(n) = exp{

I M |
H/—/
~
|
\'b—‘
S

(38) leads to the following system (z =1,... d):

d n
vi(n+1) = v;(n) exp[ n)+c;(n Zb Z H;;(n—s) iL i(8) j(s)}, (65)
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where @;(n) = a;(n) — Ai(n) + Ay, hj(s) = hj(s) exp { ;Z:::[Al(k) - A)]} Since

s—1 _ ~
> [4;(k) — 4] is bounded, it follows that h;(.) € By. It is easy to see that
k=0

ai;, = limJirnfai(n) > a; — 2e, afy; = limsupa;(n) < a +2fori=1, ..., d
n—-+o00 n—-+4oo

Thus (64) implies that system (65) satisfies condition (48) in Theorem 3.3. By

Theorem 3.3 v;(n) — 0 exponentially for i = 2, ..., d as n — +oo. Thus

u;(n) — 0 exponentially for i =2, ..., d as n — +oo.

If, in addition, (49) holds then

Bll(n + 1)]31 (n + 1)

O <1+In2. (66)

lim sup [&1(71) +¢i(n) +In

n—-+4oo

By Theorem 3.3 lirf_l [vi(n) — V*(n)] = 0, where V*(n) is the unique solution

of the logistic equation V (n + 1) = V(n) exp[ai(n) — bi1 (n)hi(n)V (n)], which is
defined on Z and bouded above and below by positive constants. This implies
that lir_irrl [ui(n) — U*(n)] = 0. The theorem is proved. ]

Remark. If H;;(n) = 0 for all ¢ # j, n € Z; and H;;(0) = 1, i.e., there is no
delay in system (38), then condition (63) becomes condition (3) given by Admad
in [2].

Example 3.6. Consider the system

ur(n +1) = () exp [an(m) ~ £(n) S Hur(n— s)u(s) ~ 22

S=—00

X Z His(n — s)ug(s)},

§=—00

us(n + 1) = ua(n) exp |:CL2(7’Z) — 5f2(n) Z Hai(n — s)ui(s) — g(n)

8§=—00

Z Has(n — s)ug(s)},

§=—00

where a1(n) = 3 +sinn, ax(n) = 3 +sinv2n, f(n) = 14 Lcosv3n, g(n) =
1+ 2 cosVbn, Hii(n) = 52+, Hoi(n) = 52, Hi2(n) = =4+, Hoo(n) = 22+
We have a; = a2 = % By letting Aoy = 1 and § = 1—16, it is easy to see that
condition (63) in Theorem 3.5 holds. Therefore, by Theorem 3.5 we obtain that

species ug in the system are extinct.
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