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Abstract. The Araki-Kudo-Dyer-Lashof algebra R, which is an algebra of operations
acting on the homology of infinite loop space, is isomorphic to the algebra of Dickson
coinvariants. In this paper, we give a new basis for the Araki-Kudo-Dyer-Lashof algebra
and discuss its relationship with other known bases.
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1. Introduction and Statement of Results

Let F be the free graded associative algebra with unit over Fo generated by the
symbols Q°,Q',..., Q" ..., where degQ’ = i. For any string of non-negative
integers I = (ix_1,...,140), define Q7 = Q%1 ... Q%. We call that Q (or I) is
admissible if iy < 2i5_1, for 1 < s <k — 1, and define the excess of Q! (or I) to
be

k—2
G(QI) =kp—1 — ZZJ
j=0

The length of Q, £(QT) is the number of integers in I, i.e. £(QT) = ¢(I) =k
if I = (ig_1,...,170). The degree of QT is ip_1 + -+ -+ io.

* This work is partially supported by a grant of VNU.
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Let J be the two-sided ideal of F generated by the elements of one of the
following forms:

() QQ"+ 3, (57)Q Q" a>2b.
(i) QF, with e(Q') < 0.
The quotient algebra R = F/§ is called the Araki-Kudo-Dyer-Lashof algebra.

It was used to describe the mod 2 homology of the infinite loop space QS° ([1],
[3]), namely,

H.(QS% = P[Q'[1]|]I admissible, e(Q") > 0] ® F1[Z],

where [1] € H.(QS°) is the image of the non-base point generator of HyS° =
F, ® Fy under the canonical inclusion S° — QS°.

The relations (i) are usually called Adem relations because of their similarity
with the usual Adem relations in the Steenrod algebra. Together with (ii), it is
well-known that the set of all admissible monomials of non-negative excess forms
an additive basis of R. This basis is called the admissible basis.

Let R[k] be the subspace of R spanned by the elements Q! of length k. In
fact, R[k] is a sub-coalgebra of R.

In this paper, we provide a new additive basis for the Araki-Kudo-Dyer-Lashof
algebra, and discuss the relationship between this basis and the known bases.

The following is one of our main results.

Theorem 1.1. The set of all monomials Q%=1 --- Q7 where j, > 2jn_1, for
1<n<k-—1, and j, is divisible by 2", is an additive basis of R[k].

For example, the set {Q2Q°, Q°Q? Q%Q*} is an additive basis for R[2] in
degree 12.

Let Q! and Q7 be monomials of length k, we call QY < Q7 (resp. Qf <r Q7)
if I < J in the lexicographic ordering from the left (resp. from the right).

Let Aagqm be the admissible basis for R, and let Ac be the basis in Theo-
rem 1.1. We choose the order < for A 44,, and the order <g for Ac. Then, using
Lemma 2.2 and Theorem 1.1, we obtain the following result.

Corollary 1.2. The change of basis matriz between Aagm and Ac is upper tri-
angular with respect to the order chosen for each basis.

In order to find the change of basis matrix we first describe the basis A¢c and
then use Adem relations to convert them to the admissible basis. For example,
in degree 12,

Ao ={Q7Q",Q°Q%, Q°Q"} and Auum ={Q°Q% Q'Q°,Q°Q"}.
On the other hand, by direct inspection, we have

Q¥Q"=Q°Q%Q"Q* =Q'Q° + Q°Q% Q°Q" = Q°Q".
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So the change of basis matrix is

110
010
001

For any linear ordering on the set of monomials in R, a monomial is called
maximal (minimal) with respect to the given ordering if it cannot be expressed
as combination of larger (smaller) monomials. An easy but crucial observation,
which was used in great effect in Arnon’s work on the construction of new bases
for the Steenrod algebra (see [2]), is that the set of maximal (minimal) monomials
with respect to any given linear ordering forms a vector space basis for R.

The following theorem, which claims that our basis is the basis of maximal
monomials with respect to the order <, is the second main result in this paper.

Theorem 1.3. Ac is the basis consisting of all maximal monomials of R[k] with
respect to the order <.

Remark 1.4. It is straightforward to verify that the admissible basis is the
basis consisting of all minimal monomials with respect to the left lexicographic
ordering.

The Araki-Kudo-Dyer-Lashof algebra is closely related to the Dickson-Miui
algebra. To be more precise, define a sequence I;, each of length k, as follows:

o (2F=1=1(20 —1),...,2(20 —1),2 — 1,271 . 2.1),1 < i< k;
FT (26100 2,1), i=k.

It is clear that for each pair k < i, Q'* is an admissible monomial of non-
negative excess. Let & be the dual of Q% in R[k]*. That is, &y is such that
<§ik,Ql’?k> =1 and <§ik,Q1> = 0 for all other admissible sequence I # I;;. In
[6], Madsen computed the dual R[k]* and proved that it is isomorphic to the
polynomial algebra on the generators &;:

RIE]* =2 Fa&iks - - Eril,

where &1, is in degree 2F77(2 —1). This was soon extended to odd primary cases
by May [7]. Later, it was recognized that this dual algebra is exactly the Dickson
algebra of invariant elements of the polynomial rings Py, = Fa[z, ..., 2] under
the usual action of the general linear group G L of k x k invertible matrices over
the field Fs.

To describe our next results, we need to introduce several definitions. Let Ej,
be a k-dimensional vector space over Fq. It is well-known that the cohomology of
BE}, is the polynomial algebra Py, := Fa[z1, ..., 2] where each z; is in degree 1.
The homology of BE}), H.(BE)) = I'(as,...,ak), is the divided power algebra
generated by a1, ..., ak, each of degree 1, where a; is the dual of x; € Hl(BEl).
The general linear group GLx = GL(Ey) acts regularly on Fj and therefore on
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the homology and cohomology of BEj. The Dickson algebra [4], which is the
algebra of all GLg-invariants has the following well-known description:

Dy, := H*(BEg)“"" 2 Fofwy, -, x3) 9" = Fo[Qr0, Qr1, - > Qrk1]s

where Qy.; denotes the Dickson invariant of degree 2% — 2! (see Section 4).

In [10], Mui provided an explicit isomorphism R[k] = Dj as coalgebra over
the Steenrod algebra. We note in passing that a description of the dual of the
Araki-Kudo-Dyer-Lashof algebra was worked out in [7] by May in odd primary
cases, but the situation is much more complicated. Kechagias in [5] provided a
similar correspondence between R[k]* and the invariant rings [H*(BE})]T* -
which was completely identified by Mui [9]. However, R[k]|* is not isomorphic
to the entire invariant ring. In [11], Turner introduced an additive basis for the
dual of the Dickson algebra, which we will call the Turner basis.

Theorem 1.5. ([11]) The set {[a[ltl]a[;(tl+t2)] --'aECQkil(t1+"'+t’“)]]|ti > 0} forms
a basis for the dual D} of the Dickson algebra.

Under Mui’s isomorphism, we automatically obtain a basis for the Araki-Kudo-
Dyer-Lashof R[k], which is also called the Turner basis. Order elements of this
basis lexicographically. The following theorem, which claims that the relation
between the admissible basis and the Turner’s basis is upper triangular, is the
final result in this paper.

Theorem 1.6. The change of basis matriz between the admissible basis and
Turner’s one is triangular with respect to the order chosen for each basis.

Combining Theorem 1.6 and Corollary 1.2, we have the following result.

Corollary 1.7. The change of basis matrixz between our basis and Turner’s basis
s upper triangular with respect to the order chosen for each basis.

2. Proof of Theorem 1.1

For a fixed positive integer k, we define two sets

S={I=(ix_1,...,00):0 <1 < 2i,_1,e(l) >0},
S ={J = (Jk=1,---+J0) * Jn = 2fn—1 = 0,2"|jn}.

Let A: § — &' be a function such that A(ig_1,...,%0) = (jx—1,---,Jjo), where

k—n—2
Jeo1=2""ig, jn = 2"(ik1n — D i) H 0<n < k-2 (1)
s=0

Lemma 2.1. The function A is a bijection.
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Proof. 1t is clear from (1) that j,, is divisible by 2" and
Jo =ik—1 —ig—2 —---—ig=¢€(I) > 0.

By direct inspection, we have j, = 2" Vi, _1_p—2"k_n+2jn_1,¥0 < n < k — 1.
Hence j,, — 2jn—1 = 2™(2ik—1—n — tk—n) > 0. Moreover, jo > 0 and it follows
that j, are also non-negative for all 0 <n < k — 1. Thus, A is well defined.

We now define an inverse of A. Let #: S’ — S be such that
Q(jk_l""7j0): (Z.k:_l""7i0))
where

o Jk=1 . 2Jk1-s + kst ko1
10 = oh—1° lg = h—s

, 0<s<k-—1.
It is straightforward to show that ¢ and A are indeed inverse functions of one
another. [ |

Let Q“Q" be an admissible non-trivial monomial. Thus, we must have
b < a < 2b. The Adem relation shows that

% a—b _ t—=(a=b) =1\ Joto—tt _ Aapb
Q*Q —Z( 5t 2 )Q* Q' =QQ"+> M,
t>b t>b

where for each t > b, M; is admissible and strictly less than Q%QP.

So, we have
Q Q" =Q¥*Q " +> M, (2)
t
where M, is admissible and strictly less than Q®QP. More generally, we have the
following.

Lemma 2.2. Let Q1 = Q%1 ---Q% be an admissible non-trivial monomial.
Then

Q' ="+ 3" M,
t
where M, is admissible and strictly less than Q.
Example 2.3. If I = (22,12,8), then A(I) = (32,8,2). Thus
Q(22’12’8) = Q(32’8’2) + other terms.
In fact, we have
020120% = Q2Q3%Q? + Q*'Q1Q® + Q¥ Q2.

Proof of Lemma 2.2. Clearly, the assertion of the lemma is true for £k = 1.
Suppose Q! is an admissible monomial of non-negative excess. Then Q%1 - .. Q%
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is also admissible, having non-negative excess. By induction, we may write

Qit-1...Q = Q¥ L QikamTi ZPt,
t

where P, are admissible and strictly less than Q%1 ---Q%. It follows that

QI _ QQ’“*Zil ,_,Qik—l—"'—ilQiO + § thio
t
s . o (3)
k—2 —_—— i
:Q2 ll_,,Qlk—l 1Q0+ E Ptl7
t

where P/ is admissible and strictly less than Q. Because I is admissible, i1 —
-++ — iy < 2ig, and by hypothesis, e(Q) = ix_1 —ix—2 — - — i1 —ig > 0.

Applying (2) for Q17 "1 Q% we get
QQk’zil . Qik—l—“‘—ilQiO _ QQ"'*ZU .. .QQ(ik72_“‘_il)Q2i0Qik—l_"'_iO + Z NS,

k-2, . ; ’ . . .
where Ny = Q2" % ... Q2(ik—2—=1) Qus Qs for uy < ij_1 —ip_o—---—is and
'Ll,/9 > 9.

Now apply again the Adem relation for Q2(t—2—""=1) QU we obtain

M= 3O g,
l

where ug < ig—1 — 2(ig—3 + - +i1) < 2(Gk—2 — -+ — 11).
Repeatedly applying Adem relation, finally we have

No=)"Qu - QuQ™,
where a;_1 < ig—1. Thus,
Qz’“*%l » 'Qik,l—m—ilQio _ Qz’“*%l » _QQ(ik,z—~~~—z’1)Q21ngik,1—~~~—io + ZLS7

where L, is admissible and strictly less than Q.

By induction, we have
QQk_zil - Qik—lf"'*hQio _ QQk_liO - Qik—lf---fio + ZNT/”

where N/ is admissible and strictly less than Q.

Thus, (3) can be rewritten as,

Q' =@+ 3" M,
t

where M, is admissible and strictly less than Q. ]
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Proof of Theorem 1.1. Put

Ap = {QI1Q72 - QP ¢ Gy > 251 > 0,2%]55,1 < s <k —1}.

Lemma 2.1 shows that in each degree, the number of elements of Ay is equal
to the dimension of R[k]. Therefore, it suffices to prove that Ay is a generating
set for R[k]. Now we make use of Lemma 2.2. For any admissible monomial Qf,
we can write Q! as a sum of Q2() and some other monomials M; which are also
admissible and strictly less than Q!. By induction on the order of monomials,
we have the assertion. ]

Example 2.4. We have
0P OBQ® = 0201°Q° + Q?'Q12Q° + Q' QMQY,
Q1O QY = Q2.
Thus, from Example 2.3, we obtain
020120° = 020502 + Q2Q1°Q° + 0*°0Q°.

where all monomials on the right hand side are in As.

3. Proof of Theorem 1.3

It is sufficient to prove that if @' is not of the form described in A¢, then it is
not maximal. A monomial Q7 = Q%1 ... Q% is not in A¢ if and only if at least
one of the following is satisfied:

1. js < 2js—1 for some s, or
2. js is not divisible by 2° for some s.

In the first case, if j, < js—1 then Q7 Q’s~* = 0 and Q! = 0 as well. Otherwise,
we can apply the Adem relation:

QI _ ij—l . _Qst—les_js—l . ,Qjo + Z M,
t

where Q7+-1 ... Q¥s-1QisIs—1...QJ0 > QL.

‘We now consider the second case. Let s be such that Q! contains a factor
Qs QIs=1 .- Q79 where j, is divisible by 2" for all 0 <r < s — 1 and j; = 2™,
with m < s — 1 and u odd. Moreover, we can assume that js > 2js_1,Js—1 >
2js—1,-- -5 J1 2 2jo-

We consider two separate cases.

Case 1. If m = 0, then js = u is odd. Since
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stst—l _ Z <t —Js—1— 1>st+js—l_tQt7

sisy, N 2T Us

it follows thatles Q’s—1 # 0 if and only if there exists some ¢, j, < 2t < jo+js_1,
such that (t_zj;_‘jl,_l) is odd. In that case, we have

QP Q-1 = Qs TIs—17tQ! 4 other terms.

Apply relation (2), we have
Q7= QIs—1 = Q%' QIsHIs—172 4 other terms.
Therefore, Q! can be expressed as
QI = Q1. Q% QI HIs172t .. (QJ0 4 other terms,
where 2t > j,, so Q-1 ... Q¥ QI i1 72 ... Qlo > QT

Case 2. If m > 0, the Adem relation for 7 Q7> has the form:

ststq — Q.js/2+j371Q.js/2 + Z <t —]'571._ 1) st+jsf17tQt.
£>ja /2 2t = Js

If there exists t, 37 <t< H’%, such that (t_gg’:;:l) is odd, then we are
back to the Case 1.

If no such t exist, then QJsQJs—1 = QJs/?+i:=1Q7/2, Since j,/2 > 2j,_2, we
can then apply the Adem relation for Q7+/2Q7+—2. Repeat this process at most
m step, we obtain either Q7 --- Q70 = 0, therefore Q7 = 0 or Q7 - -- Q7 can be
expressed as

Qs - QI0 = QIs/PHTsm1 L QIs /2 HIer—tQt QI —r=1 ... (90 4 other terms, (4)

where r < m and js/2" + js_r > 2t > j5/27.
Applying relation (2), we have

st/?rﬂs_r—tQt _ QQtst/T'Hs—r—Qt + other terms.
Then, (4) can be rewritten as
Qs o Q0 = QIs/PHTsm1 L QP QIs /2T HIs—r =2t L (J0 4 other terms.
Note that
2t > s /2" > s /277 4 fsmrr and 2% < /27 4 250 < /27 o,

Applying (2), and repeating this process, finally (4) can be expressed by
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Qs ... Qo = Q¥ Tt QI/FHIe =2t (35 /27Hieor =2t L (0 | other terms.

Hence,
Ql = qQir1 .. -Qyﬂt -+~ @’ 4 other terms,
where QT < Q7r-1-.. Q¥ ... Q.
The proof of Theorem 1.3 is complete.

Using a similar method, we can prove that A 44, is the basis consisting of all
maximal monomials, and A¢ is the basis consisting of all minimal monomials of
R[k] with respect to the right lexicography order <g.

4. Proof of Theorem 1.6

We use the notations for H*(BEy) = Fa[z1,. .., 2] and H.(BEy) = I'(a1,...,ax)
as in the introduction.

Let GLj, and Ty, be the general linear group and the group of upper triangular
matrices with 1’s on the main diagonal. These groups act canonically on Ej, and
therefore on the homology and cohomology of B Ej. The invariant ring of T} and
GLy, are determined by Mui [9] and Dickson [4] as follows:

Folzy, ...,z = Fo[V4, ..., Vi],

Falz1, ..., 26] %" = Fo[Qr.0s - - Qri—1],

where
Vi = H (Alxl + o A1 T + xn),
Ai €Fg

and the generators V; and Q) ; are related by the following recursive formula:
Qkm = QF 1n1+ ViQr-1m, 0<n <k,

By convention, let Q; =0if j <0or j >k, and Qpn,n = 1.

For a string of non-negative integer I = (t1,...,tx), we denote v(I) =
v(ty,...,t;) the dual of Vf‘l e th"' with respect to the additive basis Vlh’1 e th"‘
of Fo[Vi, ..., Vi]. Similarly, let (1) = q(t1,...,tx) be the dual of Q- Q4.

with respect to the additive basis Z,lo . -Q}k",’“k_l of Fo[Qk.0, - - - s Qhk—1]-

In [10], Mui described explicitly an isomorphism as coalgebra over the Steen-
rod algebra between R[k] and the dual of the Dickson algebra Dj:

Q- Q™ = [u(iy — -+ —idgyin — =iy in)]

In this section, we will use this isomorphism to find the relationship between
our new basis and Turner’s basis in [11].
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We order the k-tuples I = (i1,...,1i) lexicographically from the left.
Proof of Theorem 1.6. It is easy to see that for each k-tuple I = (i1,...,1x),

) i i1 .20 2k =1 :
Vi=vi Vi =atad? . 2] " 4 greater monomials.

.. e i 2% ok—1; .. .
Moreover, it is clear that if 125" - -z " occurs as a nontrivial summand in a

V7, then J must be greater than I. Therefore, we can construct a representation
of v(I) as follows.

Put
. . —1. id L L k—1_4¢
9(1) _ a[lll]a[227,2] . a;fk 1lk] + Z /,Lga[lul]a[;UZ] . agf uk]’
=1
where T > (ul, ... ub) > - > (uf, ... ul), S8 2571wl = S8 25714 for all

¢; and py is defined inductively by
[i1] [2i2] (277 V] = [u]] [2u]] 2" 'ul) 1l u
e = a1'1a22...ak k+ZMja11a22...ak k,‘/ll"'vkk .
j=1

It is easy to check that

Vif T =,
<“DJN>:{0ﬁI¢J

Thus, 6(I) is a representation of v(I). So that, under Mui’s isomorphism,

Q" Q™ = [0(j1, .., jn)]

. . k—1 -
= [a[fﬂa[;”] e af j’“]] + smaller terms.
. . k—1 .
Since @' is admissible, [a[ljl]a[f”] --'af 1M] is an element in the Turner
basis. The proof is complete. [ ]

Example 4.1. In degree 12, the admissible basis and Turner’s basis for R[2] are

(Q%Q%,Q°Q7,Q°Q%), and {[a)al], [alal™], [alal ]}

Under the M1ui’s isomorphism and the above analysis, we obtain

Q%Q% + [v(0,8)] = [6(0,8)] = [a}"al®)];

Q°Q" — [v(2,7)] = [0(2,7)] = [a!Zal*];
Q0Q° — [v(4,6)] = [0(4,6)] = [atal?] + [alZal ).
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Thus, the change of basis matrix is

100
011
001

Final remark. We believe that our basis can be used to describe the struc-
ture of the mod 2 homology of QS considered as an F(1)-module, and then
the structure of Extp1)(Fa, H*(QS?)), which is the Ea-term of Adams spectral
sequence converging to ku*(QS°) (see [12]).
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