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Abstract. The oscillation, convergence and boundedness of the solutions of some
nonlinear difference equations with multiple delay of the form

LTn+1 = G(xn; Tn—mys--- ;xn—'rnT)a n=0,1,...

are investigated, where m; € Ng,Vi = 1,...,7 and G is a function mapping R™*!
to R.
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1. Introduction

It is well-known that the difference equation
Tn+1l = G(xn; Tn—myy--- ;xn—'rm-)

includes difference equations

r
Tn+1 = )\nxn + Z (673 (n)F(xn—'mq,)a (1)
1=1
and
Tp+1 = G(xn; Tp—1y--- ;xn—'m)- (2)

*This paper was partly supported by CTTQG 08.09.
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In [2, 5], the oscillation of solutions of the difference equation (1) was discussed.
In addition, the convergence and the boundedness of solutions of (1) were also
investigated in [5]. The authors in [1, 4] studied the global attractivity, the local
stability and the existence of positive periodic solutions of some equations, which
are special cases of (2).

Equation (2) includes many discrete versions of the most celebrated de-
lay differential equation for single species. For example, the Mackey-Glass
hematopoiesis model, the Lasota-Wazewska red blood model, and the Nichol-
son’s blowflies model.

Studying the population dynamics has attracted much attention from both
mathematicians and mathematical biologists recently. Many authors have inves-
tigated the extinction, persistence, global stability and the existence of positive
periodic solutions for several population models; see for example [3, 6-9] and
the references therein.

Motivated by the work above, in the present paper, we aim to study the
oscillation as well as nonoscillation of (1) and investigating the convergence,
boundedness of (2).

2. The Oscillation

Consider the difference equation (1), for n € N;n > a for some a € N, where
rym; > 1, 1 <4 < r are fixed positive integers ;{\, }n, {a;(n)}, are sequences of
numbers and the function F' is defined on R. Recall that, the solution {zy,}n>q
of (1) is called oscillatory if for any n; > a there exists ny > n; such that
ZTnyZny+1 < 0. The difference equation (1) is said to be oscillatory if all its
solutions are oscillatory. The solution {z,}n>e of (1) is called nonoscillatory
if it is eventually positive or negative, i.e. there exists a m; > a such that
TpZpy1 > 0 forall n > ng.

Theorem 1. Assume that A\, = 1, Vn € N; a;(n) > 0,n € N;1 < i < r;
—F
xF(z) <0, V& #0; sup (z) = M > 0. Then, (1) has a nonoscillatory

x#0 X
solution if the following holds

m*

T
m*
b D i) S 37 T
i=1

where m, = min{my, ma, ..., m;}, m* = max{my, ma,... ,my}.

Proof. Setting v,, = and dividing (1) by z,, we obtain

Tn+1

_—1-1-[2041 Fzn- m7 an e} n €N,

Tn—m;

_1—1—Zozz [ (@ T }an ¢, meN. (3)

Tn—m;

or
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We shall prove that the equation (3) has a positive solution. Indeed, we
define

my + 1
V-1 =0V_2 = = V_m*x =
Ty
We have , .
Fl—m) 1717 -1
S
i=1 k £=1
Since
0< ia (O)[—F(x_m“)}ﬁv < Mia (O)ﬁv
X . % T — X . % —L
i=1 ¢ (=1 i=1 (=1
T
My + 1\ 7
_ MZai(O)( - )
i=1
. my +1\™
S an()
Zaz(O) -
i=1
. L oome (m*+1)m*
h M (m. + )™ 1\ m,
= ! <1
ms + 1 ’
F(z_m,)] 13
we obtain 1 >1—3>"7_, o;(0) [—7_%} Hv_g > 0 and therefore vy > 1. We
L—m
i =1

«+1
M . So, by (3) we have

can check that vy <

*

S e

T1—m;

My +

1
and now by induction 1 < v, < for all n = 2,3,... so that {v,} is a

My
positive solution of (3). Next, we define

«+ 1 . x -
xi—m*:(m+ ) ’ Oglgma xn:xnl n:152a )
TNy Un—-1
it follows that {z,} is a nonoscillatory solution of (1). ™
Ezample 1. Consider the difference equation
mm

It is clear that this equation is a particular case of (1), where A, = 1, a;(n) =
1 mm

r( +1)m+1,VnEN,1 <i<r,m=m, 1 <i<rand F(z) = —2. It is
r(m
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easy to check that the assumptions of the Theorem 1 are satisfied. If we put

m™ imm ) . .
Tim = (m) B, 1<i<m, [+#0,the solution of (4) is

m

Ty = ((mj_nm)nﬁ, n €N,

which is nonoscillatory.

Theorem 2. Assume that A, = 1, VYn € N; a;(n) > 0,n € N;1 < ¢ <
r; xF(z) < 0, —=F(z) > x,Vx # 0. Then, (1) is oscillatory if the following
inequality holds

n—1 m*m*
mint 25 > am 0> oy
l=n—m*
where m* = max{my, ma,...,m;}.

Proof. The proof of the Theorem 2 can be obtained similarly as the proof of
Theorem 3, in [2], so we omit it here. [

Theorem 3. Assume that A, = XA > 1,Vn € N; a;(n) 2 0,n e N;1 <4 < r;
xF(z) <0, Va # 0 and there exists ig € {1,2,...,r} such that

> Jraalt) = co. (5)

£eN

Suppose further that, if |u| = c then |F(u)| = ¢1 where ¢ and ¢y are positive
constants. Then, every solution {x,}n of (1) is either oscillatory or

lim 2% — 0.

Proof. Let {x,}n be a nonoscillatory solution of (1). Suppose that {x,}, is
an eventually positive solution. Then there is n; € N such that x,, > 0 and
Tp—m,; >0foralln >ny; andi=1,2,...,r. Since

Tn+1 X 1
)\Z+1 - )\_Z - W(x"“ — ) S0, Vn >,

we have {)\_n}">"1 is nonincreasing for all n > nj. Therefore, there exists

T
lim ==. Putting 3 = lim
n—oo \" n—oo
exists no > ny such that

f\—z, we shall show 3 = 0. Suppose 3 > 0, then there

Tn = A", Vn = ny.
Putting n3 = na + my,, where ig € {1,2,...r}, we get

Tpom,, = PN = B, Yn = ng



On Oscillation, Convergence and Boundedness of Solutions... 155

and by hypotheses, there exists a positive constant 3; such that
|F'(@n—m; )| = —F(Tn-m,;,) = 51, Vn=>na.
This implies
e (W) F ) < =B 5y o)
On the other hand, from (1) we have

Tp41 x 1
)\Zﬂ )\Z 3ot Qo (W EF (Zn—m, )-

Hence

or

But, in view of (5) this leads to a contradiction to our assumption that x,, > 0
eventually. The case x,, < 0 eventually can be considered similarly. n

Theorem 4. If the given hypothesis on the parameter X in Theorem 3 is replaced
by 0 < X\ < 1, then every solution {x,}n of (1) is either oscillatory or

lim 2 = 0.

n—oo n
Proof. Let {x,}, be a nonoscillatory solution of (1). Suppose that {z,}, is an
eventually positive solution. We have

Intl - Tn
A+l T oyn?

Vn > ni.

This yields
Tnt1 < f\—Z)\"‘H = Az, < T, because A € (0,1)

and
Tn41 Tn L

n+1 n+1

Hence, {%Lﬂ}n is nonincreasing for all n > ny and therefore lim — =
=

n—oo N
exists. We can prove § = 0 similarly as in the proof of Theorem 3. Thus
Theorem 4 is proved. [ ]

Theorem 5. Assume that A\, = A > 1, Vn € N; a;(n) 2 0,n € N1 <@ < r;
xF(x) <0, Vz #0 and there exist iop € {1,2,...,r} and L > 0 such that

1

|F(u)] > L, Yu€R and Laio(n)m

>1, VneNlN.
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Then (1) is oscillatory.

x
Proof. Let {x,}, be as in Theorem 3 so that {)\_Z}">"1 is nonincreasing for all

n > ny. Thus, for all n > ny; we have

—m;
Tn—my, > AT o

and
T
Tntl = A\Tp + Z a;(n)F(xn—m,)
i=1
< ATy + @i (n) F(Tn—m,, ),
< Az, — @ig(n) Ly —m,,
< Ay — g (n)La, A~ ™o
= Mzp[l — gy (n) LA™ ™0 1]
1
= Az,[l — Laio(n)m] <0.
This contradicts our assumption. [ ]
3. Convergence and Boundedness
Consider the difference equation (2), where n € N, 2, i1, ... , To are pos-
itive initial values and the function
G(20,21, -+, 2m) : RT x ... x RY = RT.

We give conditions under which every solution of this equation is convergent
or bounded. First of all we have

Lemma 1. If A\g+ X1 + Ao+ - -+ Xy, < 1 then there exists a number s > 1 such
that
Aos + )\152 + )\253 oot )\msm-i-l < 1.

Lemma 2. Let {8,}n be a sequence which satisfies the following relations:
Bo=P-1=-=P_m=1,

ﬁn—i—l - )\Oﬁn + )\lﬁn—l +---+ )\mﬁn—m-
IfP:=Xg+XM+ A+ -+ A >1 where \; >0, then B, > 1, Vn € Ny and 3,

is monotone increasing for n € Ng.

Theorem 6. Assume that G(zp,21,... ,2m) < DoiegXizi and Y ivg Xy < 1.
Then every solution of (2) converges to zero.
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Proof. Since G(z0,21,- .. ,2m) < Z?lo iz, for a positive number a > 1 we get
a%r+l = G/G(l'nv“'vl'nfm) < ar0Tn g MTn—1  AmTn—m

Put y, = a®. Clearly

Yot < [l 1™ - ]

and y, > 1. Hence, n = max{y—m,Y—m+1,--- Y0} > 1. Using Lemma 1, we
can prove the following estimations by induction

Y1 <7°°, meN, (6)
where s was given in Lemma 1. For n = 0, we have
.—0
Y1 S [yo]A“, [y_l]Al . [y_m])‘m Lprothattrm ol — ™0

Assume that (6) holds for the steps 1,2, ..., n, we estimate the solution at step
n + 1 as follows

A A Am
Yn+1 < [Yn]™ - [Un—1]™ - [Yn—m]
g ns*(ﬂrfl).)\O.ns*(n*%.)\l B .ns*(n*m+1) Am
— nsfn.()\gs—i-)\ls2+)\gs3+...+)\msm+1)
<n®

This implies lim g, < n° = 1. Since y, > 1 for all n, we have lim y, = 1,
n—oo n—oo

hence lim z, = 0. The proof is complete. [ |
n—oo

Assume that equation (2) has a unique positive equilibrium Z. We have a
sufficient condition for convergence to .

Corollary 1. If G(zo, 21, - - - , 2m) satisfies Lipschitz condition in every variable
z; with Lipschitz factors L; which satisfy Y v, L; < 1, then every solution of

(2) is convergent to the positive equilibrium T.

Proof. We have

|Tnt1 — T = |G (@0, Tn-1,. -, Tn—m) — G(T, T, ... ,T)|
< |G(@ny Tty e s Tnem) — G(T, Tp—1,. -+ , Tn—m)|
+|G(Z, -1y yTn—m) — G(T, Ty T2y« o s T

+|G(Z,Z,... , T tn-m) — G(T,Z,...,T)|
< Lo|lxn —Z| + Li|@n-1 —T|+ ... + Lin|@pn—m — E|.
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Putting y, = |z, — T, we have

Ynt1 < Loyn + L1yn—1+ .-+ LinYn—m-
By Theorem 6, the proof is complete. [ |

Remark 1. In the case of
m
G(Tn, -1y, Tn—m) = Ann + Zai(n)F(Jcn_i),
i=1

where a;(n) > 0,37, a;j(n) =1,Yn € Nand F : [0,00) — [0, 00) is a continu-
ous function, applying Theorem 6 to equation (2), we obtain some convergence
results presented in [5, 6].

Under converse conditions, the following theorem gives a sufficient condition
for the non-convergence to zero of the solutions of (2).

Theorem 7. Assume that G(zo,21,...,2m) > Z?lo Aiz; and Z?lo A > 1.
Then, every solution {x,} of (2) satisfies

liminfx, > 0.
n—oo

Proof. As in the proof of Theorem 6, we put 3, = a*». Then we have

A Am

Yn+t1 = [yn])\o .- [yn—l] o [yn—m]

and 6 = min{yo,y_1,...,y—m} > 1. We prove y,, > 6° by induction.

Clearly, y1 > [yo]*[y_1] ... [y—m]*m > GrotrFretetdn — ghi
Assuming that y,, > % for the steps 1,2,...,n, we have

Ynt1 = [yn])\o-[yn—l])\l e [yn—Tn])\m
Z 9)\0671,.9)\16%—1 . G)Wnﬁn—m
— 9)\0671,"1')\16%—1+~~~+)\m6n—m

= @Pn+1,

By Lemma 2, we get yp+1 > @Pnt1 > 98 = 9P ¥n € Ny. This yields xp 41 =
P.log, 6 > 0. Hence, liminfz,, > P.log, 6 > 0. n

n—00

Definition 1. A solution {x,}n of (2) is called persistent if

0 < liminfx, <limsupx, < oco.
n—0o0 n—00

The following theorem gives a sufficient condition for the persistence of (2).
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Theorem 8. Assume that
G(x0, 1y« Zm) = H(Z0, Z1y .oy T3 0y L1y -+ 5 Tyn)

where
H(xo,.fl, s Tms Yo, Y, - - - )yﬂ’L) : [05 00)2(m+1) - [0’ OO)

is a continuous function, increasing in x; and decreasing in y; and
H(20,T15 -+ Tm3 Y0, Y1y - -+ s Ym) > 0

if x;,y; > 0. Suppose further that

li H($0,$1,... y Tmy Yo, Y1, - - - ayﬂ’L) 1

im sup )
T4,Yi—00 To+x1+...+2Tm, m+1
P H(anxla"'axm;yoayla"')yM) 1
lim inf .

z4,y; —0T o+ 21+ ...+, m—+1

Then every solution {x,}5_,,, of (2) is persistent.

Proof. The proof of this theorem can be obtained similarly as the proof of
Theorem 2 in [6]. [

4. Conclusion

New results for oscillation or nonoscillation of the difference equation (1) and the
extensive results for convergence and boundedness of a class of general difference
equations (2) are given in this paper. Note that, some results in [5, 6] are
particular cases of Theorem 6 and Theorem 8.
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