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Abstract. A graph G = (V, E) is called a split graph if there exists a partition
V = TUK such that the subgraphs G[I] and G[K] of G induced by I and K are empty
and complete graphs, respectively. In 1980, Burkard and Hammer gave a necessary
condition for a split graph G with |I| < |K| to be hamiltonian. We will call a split
graph G with |I| < | K| satisfying this condition a Burkard-Hammer graph. Further,
a split graph G is called a maximal nonhamiltonian split graph if G is nonhamiltonian
but G+uv is hamiltonian for every uv € E whereu € [ and v € K. In an earlier work,
the author and Iamjaroen have asked whether every maximal nonhamiltonian Burkard-
Hammer graph G with the minimum degree 6(G) > |I| — k where k& > 3 possesses
a vertex adjacent to all vertices of G and whether every maximal nonhamiltonian
Burkard-Hammer graph G with §(G) = |I| —k where k > 3 and |I| > k+2 possesses
a vertex with exactly k — 1 neighbors in I. The first question and the second one have
been proved earlier to have a positive answer for K = 3 and k = 4, respectively. In
this paper, we give a negative answer both to the first question for all £ > 4 and to
the second question for all k£ > 5.

2000 Mathematics Subject Classification: 05C45.
Keywords: Split graph, Burkard—-Hammer condition, Burkard—-Hammer graph, hamil-
tonian graph, maximal nonhamiltonian split graph.

1. Introduction

All graphs considered in this paper are finite undirected graphs without loops
or multiple edges. If G is a graph, then V(G) and E(G) (or V and E in short)
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will denote its vertex-set and its edge-set, respectively. For a subset W C V(G),
the set of all neighbors of W is denoted by Ng(W) or N(W) in short. For a
vertex v € V(G), the degree of v, denoted by deg(v), is the number |N(v)|. The
minimum degree of G, denoted by §(G), is the number min{deg(v) | v € V(G)}.
By Ng,w(v) or Ny (v) in short we denote the set W N Ng(v). The subgraph
of G induced by W is denoted by G[W]. Unless otherwise indicated, our graph-
theoretic terminology will follow [1].

A graph G = (V, E) is called a split graph if there exists a partition V = TUK
such that the subgraphs G[I] and G[K] of G induced by I and K are empty
and complete graphs, respectively. We will denote such a graph by S(I(G) U
K(G),E(G)) or S(I UK, E) in short. Further, a split graph G = S(I UK, E) is
called a complete split graph if every u € I is adjacent to every v € K. The notion
of split graphs was introduced in 1977 by Féldes and Hammer [4]. These graphs
are interesting because they are related to many problems in combinatorics (see
[3,5,10]) and in computer science (see [6,7]).

In 1980, Burkard and Hammer gave a necessary condition for a split graph
G = S(JUK, E) with |I| < |K| to be hamiltonian [2] (see Sec. 2 for more detail).
We will call this condition the Burkard—Hammer condition. Also, we will call a
split graph G = S(JUK, E) with |I| < | K|, which satisfies the Burkard-Hammer
condition, a Burkard—Hammer graph.

Thus, by [2] any hamiltonian split graph G = S(I U K, E) with |I| < |K]|
is a Burkard-Hammer graph. In general, the converse is not true. The first
nonhamiltonian Burkard—Hammer graph has been indicated in [2]. Further infi-
nite families of nonhamiltonian Burkard—Hammer graphs have been constructed
recently in [13].

A split graph G = S(I U K, E) is called a mazimal nonhamiltonian split
graph if G is nonhamiltonian but the graph G + wv is hamiltonian for every
uwv ¢ E where w € I and v € K. It is known from a result in [12] that any
nonhamiltonian Burkard-Hammer graph is contained in a maximal nonhamil-
tonian Burkard-Hammer graph. So knowledge about maximal nonhamiltonian
Burkard—Hammer graphs provides us certain information about nonhamiltonian
Burkard—Hammer graphs.

It has been shown in [12] (see Theorem 2 in Sec. 2) that there are no non-
hamiltonian Burkard-Hammer graphs G = S(I U K, E) with 6(G) > |I| — 2 and
no nonhamiltonian Burkard-Hammer graphs G = S(JUK, E) with 6(G) = |I|—3
and |I] > 5. Therefore, without loss of generality we may assume that all con-
sidered in this paper maximal nonhamiltonian Burkard—Hammer graphs G =
S(I UK, E) have 6(G) = |I| — k where |I| > k > 3 and all considered maximal
nonhamiltonian Burkard-Hammer graphs G = S(I U K, E) with §(G) = |I| — k
and |I| > k + 2 have k > 3.

It has been proved recently in [14] that a maximal nonhamiltonian Burkard—
Hammer graph G = S(I U K, E) with 6(G) = |I| — k where |I| > k > 3
must have |I| > k + 2 and no vertices with exactly k+1,...,|I| — 1 neighbors
in I. Moreover, if G = S(I U K, FE) has §(G) = |I| — k where k& > 3 and
|[I| > k + 2, then G also has no vertices with exactly &k neighbors in I. However,
it is shown in [14] that for every integer k > 3 and every integer m > k+ 2 there
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exists a maximal nonhamiltonian Burkard-Hammer graph G = S(I U K, E)
with [I| = m and §(G) = |I| — k which possesses a vertex with exactly k — 1
neighbors in I. Ngo Dac Tan and Iamjaroen have asked in [14] whether all
maximal nonhamiltonian Burkard-Hammer graphs G = S(IUK, F) with §(G) =
|I| — k where k > 3 possess a vertex adjacent to all vertices of G and whether
all maximal nonhamiltonian Burkard-Hammer graphs G = S(I U K, E) with
§(G) = |I| — k where k > 3 and |I| > k + 2 possess a vertex with exactly k — 1
neighbors in I. The first question has been proved in [12] to have a positive
answer for k = 3. Recently, Ngo Dac Tan and Iamjaroen have proved in [14]
that the second question also has a positive answer for £ = 4. In this paper,
however, we will give a negative answer both to the first question for all £ > 4
and to the second question for all £ > 5.

We would like to note that there is an interesting discussion about the
Burkard-Hammer condition in [9]. Concerning the hamiltonian problem for
split graphs, the readers can see also [8] and [11].

2. Preliminaries

Let G = S(I UK, E) be a split graph and I’ C I, K’ C K. Denote by Bg(I' U
K', E’) the graph G[I' UK'] — E(G[K']). Tt is clear that G’ = Bg(I' UK', E’) is
a bipartite graph with the bipartition subsets I’ and K’. So we will call Bg (I’ U
K’ E’) the bipartite subgraph of G induced by I’ and K’'. For a component
G = Bo(I; UK}, E) of G' = Bg(I' U K', E') we define

G| = iG] i |G > K,

ka(GY) = ka(Il, K') =
a(G5) (1), K3) {0 otherwise.

If G = Bg(I' UK',E’) has r components G| = Bg(I} U K{,E}),...,G. =
Be (I UK/, E!) then we define

ka(G) = ka(I', K') =Y " ka(G)).

A component G’ = Bg(I; U K}, E}) of G' = Bg(I' U K', E') is called a
T-component (resp., H-component, L-component) if [I}| > |K’| (vesp., |I}| =
| K|, 15| < |KG]). Let hg(G') = ha(I', K') denote the number of H-components
of G'.

In 1980, Burkard and Hammer proved the following necessary but not suffi-
cient condition for hamiltonian split graphs [2].

Theorem 1. [2] Let G = S(I UK, E) be a split graph with |I| < |K|. If G is
hamiltonian, then

< [Na(I')| - |K'|

I' K
ka(I', K") —l—max{l, %}

holds for all @ # I' C I, K’ C Ng(I') with (ka(I', K'), ha(I', K')) # (0,0).
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We will shortly call the condition in Theorem 1 the Burkard—Hammer con-
dition. We also call a split graph G = S(I U K, E) with |I| < |K|, which
satisfies the Burkard—-Hammer condition, a Burkard—Hammer graph. Thus, by
Theorem 1 any hamiltonian split graph G = S(I U K, E) with |I| < |K| is a
Burkard-Hammer graph. For split graphs G = S(I U K, E) with |I| < |K| and
§(G) > |I| — 2 the converse is true [12]. But it is not true in general. The first
example of a nonhamiltonian Burkard-Hammer graph has been indicated in [2].
Recently, Tan and Hung [12] have classified nonhamiltonian Burkard-Hammer
graphs G = S(I U K, E) with §(G) = |I| — 3. Namely, they have proved the
following result.

Theorem 2. [12] Let G = S(I U K, E) be a split graph with |I| < |K| and the

minimum degree 6(G) > |I| — 3. Then

(i) If|I] # 5 then G has a Hamilton cycle if and only if G satisfies the Burkard—
Hammer condition;

(ii) If |I| = 5 and G satisfies the Burkard—Hammer condition, then G has no
Hamilton cycles if and only if G is isomorphic to one of the graphs H'™,
H?n H3™ or HY™ listed in Table 1.

Table 1. The graphs HY", H?", H>"™ and H*"

The graph The vertex-set The edge-set

G V(G)=TI"UK* E(G)=EfU---UEfUE%.
H'" I :{uy{augaugauzaug}a ET :{u»{UI,u»{US},
(n>5) K* = {v},v5,...,v5}. E3 = {ujvl, ubvi},

E3 = {u§v§,u§v§,u3v§},

By = {ujvi, ujvi, uavg t,

Ef = {uzvs, uzvg },

By ={vivi|i#j;4,j=1,..,n},

H2n V(H2Y) = V(HY) | B(H2Y) = B(HY) U{ujvs)
H3n V(H3") = V(H'™) E(H3") = E(H'"™) U {uzv3}
Ho V(HY) = V(HYY) | B(HY) = B(HY) U {ujos, uvs}

Theorem 2 shows that there are only four nonhamiltonian Burkard—Hammer
graphs G = S(I U K, E) with K = N(I) and 6(G) = |I| — 3, namely, the
graphs H6 H?6 H36 and H*%. In contrast with this result, the number of
nonhamiltonian Burkard-Hammer graphs G = S(J UK, E) with K = N(I) and
§(G) = |I] — 4 is infinite. This is a recent result of Tan and Iamjaroen [13]. We
remind now one of the constructions in this work, which is needed for the next
sections.

Let Gy = S(I; UKy, Ey) and Go = S(Iz U Ka, E5) be split graphs with

V(G1)NV(Gsg) =0
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and v be a vertex of K;. We say that a graph G is an expansion of G1 by G2 at
v if G is the graph obtained from (G; — v) U G2 by adding the set of edges

Eo = {zv; | x; € V(G1) \ {v},v; € Ky and z;v € Eq}.

It is clear that such a graph G is a split graph S(I U K, F) with I = I U I,
K = (K1 \{v})UKj; and is uniquely determined by G1, G2 and v € K;. Because
of this, we will denote this graph G by G1[G2,v]. Further, a graph G is called an
expansion of G1 by G if it is an expansion of G; by G2 at some vertex v € K.
The following results which have been proved in [12-14] are needed later.

Lemma 1. [12] Let G = S(I U K, E) be a Burkard-Hammer graph. Then for
any uv € E where w € I andv € K, the graph G+uv is also a Burkard—Hammer
graph.

Theorem 3. [13] Let G; = S(I, U K1, F4) be a Burkard—Hammer graph and
G2 = S(I2 U Ky, Es) be a complete split graph with |Iz] < |Ka|. Then any
expansion of G1 by Go is a Burkard—Hammer graph.

Theorem 4. [13] Let Gy = S(I1; U K1, E1) be an arbitrary split graph and
G2 = S(I; U Ko, E5) be a split graph with |Ka| = |I2| + 1. Then an expansion of
G1 by G2 is a hamiltonian graph if and only if both G1 and G4 are hamiltonian
graphs.

Let G = S(I UK, E) be a split graph. Set

Bi(G) ={ve K | [N;(v)| = i}.

If the graph G is clear from the context then we also write B; instead of
B;(G).

Theorem 5. [14] Let G; = S(I; U K1, E1) be a complete split graph with
|I| < |Ki| and Gy = S(I2 U Ka, E3) be a mazimal nonhamiltonian Burkard—
Hammer graph with 6(G2) = |Iz2|—k2 such that every vertex u € I has Ng, (u) #
Ky. Then any expansion G = S(I UK, E) = G1[Ga,v1] where v1 € Ky is a
mazimal nonhamiltonian Burkard-Hammer graph with §(G) = §(G2) = |I| —
(k2 + |I1]). Moreover, for any x € K1 \ {v1}, |Ng,1(x)| = |I1]| and for any
y € Ky, [Na.1(y)| = INGo,1. (y)| + [ 1]

3. Formulations of the Main Results and Discussions

By Theorem 2 in the previous section there are no nonhamiltonian Burkard-
Hammer graphs G = S(I U K, E) with 6(G) > |I| — 2 and no nonhamiltonian
Burkard-Hammer graphs G = S(IUK, F) with §(G) = |I|—3 and |I| > 5. There-
fore, in further discussions without loss of generality we may assume that all
considered maximal nonhamiltonian Burkard-Hammer graphs G = S(I UK, E)
with 6(G) = |I| —k have |I| > k > 3 and all considered maximal nonhamiltonian
Burkard-Hammer graphs G = S(I U K, E) with 6(G) = |I| — k and |I| > k+ 2
have k > 3. We start our discussions with the following result proved in [14].
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Theorem 6. [14] Let G = S(I U K, E) be a mazimal nonhamiltonian Burkard—
Hammer graph with the minimum degree §(G) = |I| —k where |I| > k > 3. Then
|I| > k42 and Byy1 = --- = Bjjj—1 = 0. Furthermore, if k >3 and |I| > k+ 2
then By, is also empty.

Two questions raised from Theorem 6 are whether a maximal nonhamiltonian
Burkard-Hammer graph G = S(IUK, E) with §(G) = |I| — k where k > 3 must
have B);) = 0 and whether a maximal nonhamiltonian Burkard-Hammer graph
G = S(IUK, E) with 6(G) = |I| — k where k > 3 and |I| > k+ 2 also must have
Bi—1 = 0. The following results proved in [14] show that both these questions
have negative answers.

Theorem 7. [14]

(a) For every integer k > 3 there exists a maximal nonhamiltonian Burkard—
Hammer graph G = S(I UK, E) with |I| = k+2 and 6(G) = |I| — k, which
has By, # 0 and B # 0.

(b) For every integer k > 3 and every integer m > k+ 2 there exists a maximal
nonhamiltonian Burkard—Hammer graph G = S(I UK, E) with |I| = m and
0(G) = |I| — k, which has B_1(G) # 0 and By # 0.

Two natural questions raised from the results in Theorem 7 are whether every
maximal nonhamiltonian Burkard-Hammer graph G = S(IUK, F) with §(G) =
|I| — k where k > 3 has Bj; # 0 and whether every maximal nonhamiltonian
Burkard-Hammer graph G = S(I U K, E) with 6(G) = |I| — k where k > 3 and
|I| > k 4+ 2 has Bj_1 # (. These questions have been posed in [14]. Theorem
2 shows that the first question has a positive answer for & = 3 and Theorem 8
below proved in [14] shows that the second question has a positive answer for
k = 4. These make the questions more attractive for investigation.

Theorem 8. [14] Let G = S(I U K, E) be a mazimal nonhamiltonian Burkard—
Hammer graph with |I| > 7 and the minimum degree 6(G) = |I| — 4. Then
B4=B5=---=B|[|_1=® but Bs # ().

In this paper, we get complete answers to the above two questions. Namely,
we will prove the following results.

Theorem 9.

(a) For every integer k > 4 there exists a maximal nonhamiltonian Burkard—
Hammer graph G = S(I UK, E) with 6(G) = |I| — k, which has By} = 0.

(a) For every integer k > 5 and every integer m > k+ 2 there exists a maximal
nonhamiltonian Burkard—Hammer graph G = S(IUK, E) with |I| = m and
8(G) = |I|—k, which has By,—1 = () but By_o # 0, By—3 # () and Bi_4 # 0.

Thus, by Theorem 9 both the first question for all £ > 4 and the second
question for all £ > 5 have negative answers, although the former question has
a positive answer for £ = 3 and the latter one has a positive answer for k = 4.
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4. Proof of Theorem 9
First of all we prove the following lemmas.

Lemma 2. Let L = S(I(L)UK(L),E(L)) be the split graph with

I(L) = {ul,us, ... ug},

K(L) = {vj,v3,...,v5},
E(L)=EfUE;U---UE{UE¥,

where

B} = {ujvl, ujvs, ujvs},

E; - {UJ%U;,U%UZ},

E§ - {U§U§au§viau§1}§}a

E} = {ujvr, ujvy, ujvr},

Eg = {ugvg,ugvg,ugv;},

Es = {ugvs, ugvr},

By ={vivj |i#j5i,j€{l,...,7}}

(see Fig. 1). Then L is a maximal nonhamiltonian Burkard-Hammer graph with
Bjrr) =0

Fig. 1. The graph L

Table 2. The Hamilton cycle for L — u}

Graph L — u} Hamilton cycle Cy- for L — u;
L —uj Cur = USVIUZVEVIUGVT UGV VGUVIUS
L —uj Cuz = ujvI UiV UZVEVIVE UZ VT UGV UT
L —u3 Cuz = ujv3u3v UiV VEUE U VT UGV U
L —uj Cur = ujv] VUGV UZVE Vg U3V US VS UT
L —ug Cuz = UV UZVT UGV VEVEUZ VI US VR UT
L — ug Cuz = UV ujvIuzvs v3VEUZVUS VI UT
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Proof. For any vertex u] € I(L), the graph L — u} has a Hamilton cycle Cur
which is shown in Table 2. Therefore, by Theorem 1 the Burkard-Hammer
condition holds for any () # I’ C I(L) and K’ C Np(I') with |[I’| < 5 and
(k(I',K"),h(I',K")) # (0,0). For I’ = I(L) and K’ C Np(I(L)), by direct
computations we can verify that the Burkard-Hammer condition also holds. (It
is tedious to do this, but we don’t know other ways to verify the last assertion.)
Thus, L satisfies the Burkard—-Hammer condition.

Now suppose that L has a Hamilton cycle C. Since deg(u}) = deg(uf) =2, C
must contain the paths viuiv; and viugvs. We consider separately the following
possibilities for C:

(i) viuivi isin C.

In this case C must contain the path vjujviuiviugvs. So both viuf and
vijuj cannot be in C. Therefore, viufv; and vjujvg must be in C' because
deg(u3) = deg(uf) = 3. It follows that both wjv} and wjvi cannot be in C.

Hence, u} is not in C because deg(uj}) = 3, contradicting our assumption that
C' is a Hamilton cycle of L. Thus, this case cannot occur.

(ii) viuivs isin C.
In this case, C' must contain the path viujviusv}. Therefore, vsui cannot

be in C. Since deg(uf) = 3, viuivd must be in C. It follows that viu} cannot
be in C' because viui and viug are already in C. So, viujvi must be in C

ko k) kK *

because deg(u}) = 3. Thus, vjujviusviujvy is a proper subcycle of C, which is
impossible. This means that this case also cannot occur.
(iii) viujvd isin C.

By arguments similar to those of Case (ii), we can get a contradiction for
this case. Hence, this case also cannot occur.

Thus, the assumption that L has a Hamilton cycle is false. So L must be
nonhamiltonian.

Now we prove that L is a maximal nonhamiltonian split graph. Since L is
nonhamiltonian as we have proved above, it remains to prove that L + ujv} is
hamiltonian for any w;v; ¢ F(L) where uf € I(L) and v; € K(L). This is done
in Table 3.

Finally, the fact that B;(z)| = 0 is trivial. The proof of Lemma 2 is complete.

Lemma 3. Let H*S be a graph defined in Table 1 and X = S(I(X)UK(X), E(X))
be the complete split graph with I(X) = {ugz1} and K(X) = {vg1,vz2}. Then
the graph

T=S(T)UK(T),E(T)) = H*°[X, v}] + us 10}

(see Fig. 2) is a mazimal nonhamiltonian Burkard—Hammer graph with B4(T) =

Proof. The following assertions (a) and (b) are true for T.
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Table 3. The Hamilton cycle for L + ujv}

Graph L + ufvj* Hamilton cycle C’u;U; for L + ufvj*
L+ ujv) C“I”Z = UT V] URVT UGV US VG VE UE VS USUSUT
L+ uivi Cuz 5 = UTVTURUIUS VU VT UGV UZ VG UEUT
L 4 ujvg Cu;vg = UTV] URVF USVSUEVE Vs UGUZ U VG U
L+ uijvy Cu;v; = UTVT ULV USVS USVE VEUS VS UGV UT
L+ uvy Cugor = UJVTUSVIUZVI UGV UTVE VS USVFUT
L + u3vs C’ugyg = UTVT UL VI UZVE VE UEVF UGV US VS UT
L+ u3vg C’ugyg = UTVT ULV USVE VEUZVZUGVF UE VS UT
L + u3vg C’ugyg = UTVT ULV UZVI UGUS UEVE VEUS VS UT
L+ usvs C’ugy; = UTUT ULV UV UGV UZVE VE UE VS UT
L 4 uzvy C’ugyf = U V5 USV; ULV U VG VE UE VT UGUSUT
L + u3vs C’ugyg = UTVT ULV UV USVEVEUS VS UGS UT
L 4 uzvi C’ugyg = UTV] UL V; UGV VG Uz VE UE VT UGUSUT
L + uzvsy C’ugy; = UTUT ULV USVS USVE VEUSVF UGS UT
L+ ujvs C’uzyg = UT V] URV5 UGV U VG VE UE VT UGUSUT
L+ ujvs C’uzyg = UTVT UL VZUSVF USVE VEUS VI USVSUT
L 4 uyvi C’uzyg = UTV] U VEUEVS USVS U VG Vs UGUSUT
L + ujvg C’uzyg = UTVT UL VEVE US VS USVR US VI US VS UT
L+ uivy Cuzvr = UTVTUFVZVEUZVFUGUT ULV USVFUT
L+ ugvs Cuzvz = UTVTUFVIUGVIUFVE VG UV USVSUT
L+ uiv) Cuzv; = UTVTUZVTUGUIUSVE VS UV UG VS U
L + uvg Cuzvz = UTVTUZVTUGUIVEUSVEUSVL USVSUT
L + ugvy Cuzvr = UTVTUGUIUZVEVE US VT ULV USVSUT
L 4 ugvs Cuzv; = UTVTUGVIUSVZ VUV USVS UGV U
L + ugvj Cuzv; = UTVTUZVTUSVE VG USVS UGV US VS UT
L 4 ugvg Cuzo: = UTVTULVIUSVIUZVF UGV VG UTVFUT
L + ugvg Cuzoz = UTVTUZVTUGVGVEUSVS UV USVFUT

405
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Fig. 2. The graph T

(a) T is a Burkard-Hammer graph.

In fact, since H* is a Burkard-Hammer graph, by Theorem 3 the graph
H*%[X, vt] is a Burkard-Hammer graph. Therefore, by Lemma 1 the graph T
is a Burkard—-Hammer graph.

(b) T is a mazimal nonhamiltonian split graph.

Since H*% is nonhamiltonian, by Theorem 4 the graph H*°[X, v}] is non-
hamiltonian. Therefore, if T has a Hamilton cycle C' then C must contain the
edge uz 1v5. So C' must contain the path u, 1v5ubvi because Np(us) = {vs, vi}.
It follows that the edges ujvs, u3v3, ufvs are not in C. Hence, C' must contain
the paths vy 1ujv, 2 and viuivguivi because uj,u3 and uf have degree 3 in
T. From these facts we see that both ujv3 and wjv§ cannot be in C. Now if
Ug1Vz,1 18 in C' then ujv, ;1 also cannot be in C because the edges 1, 1v5,1 and
ujv,,1 are already in C. Therefore C = uz 105UV UjV, 2U Uy 1Ug,1 IS & Proper
subcycle of C, a contradiction. Similarly, if us 1052 is in C' then ujv, 2 cannot
be in C' and therefore Cy = ug 1v5u3V U vV, 1U] V22U, 1 1S & proper subcycle of
C, a contradiction again. Thus, 7" must be nonhamiltonian.

To prove Assertion (b) it remains to prove that T + wv is hamiltonian for
every uv ¢ E(T) where u € I(T) and v € K(T).

First suppose that v € I* and v € K*\ {v]}. Then wv also is not an edge
of H*5. Since H*5 is a maximal nonhamiltonian split graph by Theorem 2, the
graph H%% + v is hamiltonian. Therefore, (H*% + uv)[X, v}] is hamiltonian by
Theorem 4 because the graph X trivially has a Hamilton cycle. It is clear that
in this case T +uv = (H*® 4+ uv)[X, v;] + uy 1v5. Hence, T + uv is hamiltonian
ifuelI*and ve K*\ {vi}.

Next suppose that v € I* and v € {vg,1,v52}. Then u is not adjacent to v}
in H*6. Since H*% is a maximal nonhamiltonian split graph, H*°® + uv} has
a Hamilton cycle C' containing the edge uv}. Now it is not difficult to see that
if v =wv,1 (resp., v = vg2) then we can get a Hamilton cycle for T + uv by
replacing the vertex v} in C with the path vy 1ug 1052 (resp., vy 2Uy 1U2,1).

Finally suppose that u = u;,; and v is one of the vertices vi, v}, vi or vg.
Then

_ * * * k ok * * * * *
C3 = Uz, 103 U3V UFV5 Vo UGV U Vg 2UT Vg 1 Ui 1

* k ok sk *

* 3k * ok *
C4 = Uz 105 U5 V5 U3V V5 US Vg Uy Vg 2UT Vg, 1 U, 15
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_ kock ook ok ok ok ok kK *
05 — U;x71'U5'U;5'U6'U;3'U3U2U;2U4U;4vx72ulvx71ux7l

Ce = Uz, 1V U5V U3 U3 V5 UV Uy Vg 2UT Vg 1Ug, 1
are Hamilton cycles of T' 4 uz 103, T+ ug, 105, T+ ug1v5 and T + ug 105, respec-
tively.

Thus, T is a maximal nonhamiltonian split graph.

By Assertions (a) and (b) the graph T' = S(I(T)UK(T), E(T)) = H*[X, v?]
+u, 105 is a maximal nonhamiltonian Burkard-Hammer graph. Furthermore, it
is clear that By(T) = () but Bs(T) # 0, Bo(T) # 0 and By (T) # 0.

The proof of Lemma 12 is complete. [ |

Lemma 4. Let T = S(I(T) U K(T),E(T)) be the mazimal nonhamiltonian
Burkard—-Hammer graph constructed in Lemma 3 andY; = S(I(Y;)UK(Y;), E(Yy))
be a complete split graph with I(Y:) ={uy 1, Uy.2, ..., Uy} and K(Y;) = {vy1,
Uy 2y ooy Uy ty Uy t+1} Where t > 1 is an integer. Then the graph H, = S(I(H;) U
K(H), E(Hy)) = T[Y:, v3] is a maximal nonhamiltonian Burkard—Hammer graph
with |[I(Hy)| = 6 +¢,0(Hy) =t +1 = [I(Hy)| — 5. Moreover, By(Hy) = 0 but
Bg(Ht) 7é (Z), BQ(Ht) 7é (Z) and Bl(Ht) 7é (Z)

Proof. By Lemma 3, graph T is a nonhamiltonian Burkard-Hammer graph.
Therefore, by Theorems 3 and 4, the graph H; is a nonhamiltonian Burkard—
Hammer graph. We prove now that H; +uv is hamiltonian for every uv ¢ E(Hy)
where u € I(H;) and v € K(H;). There are two separate cases to consider.
Case 1: ue I(T),v € K(T)\ {v3}.

In this case, wv ¢ E(T) and Hy + uv = (T + wv)[Y;,v3]. Since T is a
maximal nonhamiltonian Burkard—Hammer graph by Lemma 3, the graph T+uv
is hamiltonian. The graph Y; = S(I(Y;) U K(Y;), E(Y}:)) is also hamiltonian
because it is a complete split graph with |K(Y;)| = |I(Yz)| + 1. By Theorem 4,
the graph (T + wv)[Y, v3] has a Hamilton cycle. Hence, the graph H; + uv is
hamiltonian.

Case 2: uwe I(Yy),v e K(T)\ {v3}.

Since v € K(T) \ {v3}, we have |[Nyp)(v)] < 3. Therefore, there exists a
vertex w € I(T) such that wv ¢ E(T). By Case 1, the graph H; + wv has a
Hamilton cycle C' which must contain the edge wv because Hy is nonhamiltonian.
Let C be the cycle C' with an orientation. By C we denote the cycle C with the
reverse orientation. If x,y € V(C), then xa)y denotes the consecutive vertices of
C from z to y in the direction specified by C'. The same vertices in the reverse
order are given by yﬁx If x € V(C) then z* denotes the successor of 2 on
5), and x~ denotes its predecessor. Without loss of generality, we may assume
that wt = v in C. By the definitions of T and T'[Y;, v3], vertex w is adjacent to
both u* and u~. Therefore, C’ = v Cu~wCuv is a Hamilton cycle in H; + uwv.

Thus, Hy + wov is hamiltonian for every uwv ¢ E(H;) where u € I(H;) and
v € K(H;). Therefore, H; is a maximal nonhamiltonian split graph. Further,

we have
[I(Hy)| = |I(T)| + [1(Y;)| = 6+¢,
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§(Hy) =|K(Y)|=t+1=|I(H)| 5.

It is also clear that B4(H;) = 0 but Bs(H;) # 0, Bo(H;) # 0 and By (H;) # 0.
The proof of Lemma 4 is complete. [ |

Proof of Theorem 9.

(a) Let k = 4. Then the graph L = S(I(L) U K(L), E(L)) of Lemma 2 is a
maximal nonhamiltonian Burkard-Hammer graph with §(L) = 2 = |I(L)| — 4
and Bjj(z) = 0. Thus, Assertion (a) is true for k = 4.

Now suppose that k > 4. Let G; = S(I; U K1, E1) be a complete split graph
with |K1| > |I1] = k—4 and v be a vertex of K. Since the graph L of Lemma 2 is
a maximal nonhamiltonian Burkard-Hammer graph which has Ny, (u) # K(L)
for every w € I(L), by Theorem 6 the graph G = S(I U K, E) = G1[L,v]
is a maximal nonhamiltonian Burkard-Hammer graph with §(G) = §(L) =
|I| — (4+|11|) = |I| — k. Moreover, by Theorem 5 and Lemma 2, Bj;j = (. Thus,
Assertion (a) is also true for k > 4.

(b) Let k =5 and m be an integer with m > 7. Further, let H, = T[Y;, v3] be a
graph constructed from T and Y; with [I(Y:)] =t = m —6 as in Lemma 4. Then
by this lemma, the graph H; is a maximal nonhamiltonian Burkard—Hammer
graph with |I(Hy)| = [I(T)|+|I(Y2)| = 6+ (m—6) = m and 6(H;) = |I(H¢)| —5.
Also by Lemma 4, By(H;) = 0 but B3(H;) # 0, Bo(Ht) # 0 and By (H;) # 0.
Thus, Assertion (b) is true for k = 5 and any integer m > 7.

Now suppose that k and m are integers with k¥ > 6 and m > k + 2. Let
G1 = S(I; U K1, Eq) be a complete split graph with |K1| > |I1] =k — 5 and v
be a vertex of K. Further, let G2 = S(I3 U K3, E3) be the graph H; = T[Y;, v3]
defined in Lemma 4 where [ = m — k — 1. Then by Lemma 4, the graph
G2 is a maximal nonhamiltonian Burkard-Hammer graph with |Iz| = |[I(H;)| =
m—k:—l—5, 5(G2) = 5(Hl) = |I(G2)|—5 and B4(G2) = (Z) but Bg(Gg) 75 (Z), BQ(GQ) 75
0, B1(G2) # (. Moreover, it is clear that for every vertex u € I, Ng,(u) # Ko.
Therefore, by Theorem 6 the graph G = S(I U K, E) = G1[G2,v] is a maximal
nonhamiltonian Burkard-Hammer graph. Further, we have |I| = |I1| + |I2] =
(k—5)+ (m—k+5) =m and by Theorem 5 and Lemma 4

6(G) =0(Ga) = I = (5 + |Ih]) = ] — K,
By_1(G) = Byy1,|(G) = 0,
By —2(G) = Bsy 1, |(G) # 0,
By—2(G) = Bayy1,|(G) # 0 and
By—4(G) = Biy1,|(G) # 0.
Thus, Assertion (b) is also true for any & > 6 and m > k + 2.
The proof of Theorem 10 is complete. [ |
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