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Abstract. A lacunary sequence is an increasing sequence 6=(k,.) of positive integers
such that ko=0 and k,—k,_1—o0c as r—oo. A sequence z=(z) is called ¢g—lacunary almost
statistical convergent to ¢ provided that for each >0, lim,(k,—k._1)~*{ the number of
k1 <k<kr:q(tpm (z)—€)>e}=0. The purpose of this paper is to introduce the concept
of ¢— lacunary strongly almost convergence with respect to an Orlicz function and
g— lacunary almost statistical convergence, and examine some properties of these se-
quence spaces. We establish some connections between g—lacunary strongly almost
convergence and g—lacunary almost statistical convergence. It is also shown that if a
sequence is g—lacunary strongly almost convergent with respect to an Orlicz function
then it is ¢— lacunary almost statistical convergent.
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1. Introduction

Let w denote the set of all real sequences = (x,). By ¢ and ¢, we denote
the Banach spaces of bounded and convergent sequences = (z,) normed by
||z|| = sup,, |7n|, respectively. A linear functional £ on £ is said to be a Banach
limit [1] if it has the properties:
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i) L(z) 20if z > 0 (i.e. x, = 0 for all n),
ii) L(e) =1, where e = (1,1,...),
iii) £(Dx) = L(z),
where D is the shift operator defined by (Dz,,) = (2p41).

Let B be the set of all Banach limits on £,. A sequence z is said to be almost
convergent to a number ¢ if L(x) = £ for all £ €B. Lorentz [12] has shown that
x is almost convergent to & if and only if

Tm + Tm41+ oo+ Ttk
k+1

tem = tkm(x) = — & as k — oo, uniformly in m.
Let f denote the set of all almost convergent sequences. We write f —lima = &
if x is almost convergent to £&. Maddox [13] and (independently) Freedman et al.
[7] have defined = to be strongly almost convergent to a number & if
1k
il ; |Zitm — & — 0 as k — oo, uniformly in m.

Let [f] denote the set of all strongly almost convergent sequences. If x is
strongly almost convergent to £, we write [f] — lima = £. It is easy to see that
[f] C f C £x. Das and Sahoo [4] defined the sequence space

1 n
wp) ={zecw: ) ; [tem () — &|P* — 0 as n — oo, uniformly in m}

and investigated some of its properties.

The definition of statistical convergence was introduced by Fast [6] in a short
note. Schoenberg [20] studied statistical convergence as a summability method
and listed some of the elementary properties of statistical convergence. Recently,
statistical convergence has been studied by various authors (cf. [3, 8, 9, 14, 17,
18)).

The statistical convergence depends on the density of the subsets of N, the
set of natural numbers. A subset E of N is said to have density §(E) if

1n
§5(E) = lim — k) exist
(E) nggon;xfs() exists,

where xg is the characteristic function of F.

A sequence (z,,) is said to be statistically convergent to ¢ if for every ¢ >
0, 6({k € N: |z, — &| = e}) = 0. In this case we write stat-limazy, = €.

Let 6 = (k) be the sequence of positive integers such that kg =0, 0 < k, <
kr41 and h, =k, — k.—_1 — 00 as r — o0o. Then @ is called a lacunary sequence.
The intervals determined by 6 will be denoted by I, = (k,—1, k-] and the ratio
kr/k.—1 will be denoted by ;.

Lacunary sequences have been studied in [2, 5, 7, 9, 19].

An Orlicz function is a function M : [0,00) — [0,00), which is continuous,
non-decreasing and convex with M (0) = 0, M(x) > 0 for > 0 and M (z) — oo
as T — oo.
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Lindenstrauss and Tzafriri [11] used the idea of Orlicz function to construct
the sequence space

(o)
KM{:EEw:ZM(%) < oo for some p>0}.
k=1

The space £3; with the norm
2| = in {p >0 ZM(W') < 1}
k=1 P

becomes a Banach space, called an Orlicz sequence space. The space ¢;; is closely
related to the space ¢, which is an Orlicz sequence space with M (z) = |z|P for
1<p<oo.

Recently Orlicz sequence spaces have been studied by Mursaleen et al. [15],
Bhardwaj and Singh [2], Savag and Rhoades [19] and many others.

A sequence space F is said to be solid (or normal) if (apxzy) € E whenever
(xr) € E for all sequences (ay) of scalars with |ax| < 1 for all k € N.

A sequence space F is said to be monotone if it contains the canonical preim-
ages of its step spaces [10].

Remark. Two Orlicz functions M7 and Ms are said to be equivalent if there are
positive constants o and 3, and zg such that M;(az) < Ma(z) < My(Bz) for
all z with 0 < = < x¢ [10].

It is well known that if M is a convex function and M (0) = 0, then M (Az) <
AM (z) for all A with 0 < A < 1.

2. Main Results

Let M be an Orlicz function, p = (pr) be a sequence of positive real numbers
and X be a seminormed space over the field C of complex numbers with the
seminorm ¢. w(X) denotes the space of all sequences x = (z1), where z € X .
We define the following sequence spaces:

(W,0,M,p,q) = {:U € w(X) :1i7JEni Z [M(q(tkm(”@%))]m —0,
" kel,

uniformly in m for some £ and for some p > 0},
t m(
(VV,H,M,]),(])O:{QL'G’UJ hm_ Z u ))]pk :Oa
o kel
uniformly in m for some p > O},
t
(W,0,M,p,0) = {1 € w(X) s 500 5~ kz ) 1o < o,

for some p > 0}.
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We get the following sequence spaces from the above sequence spaces on
giving particular values to 8, M and p.
i) If pr = 1 for all £ € N, then we shall denote (W, 0, M, p,q), (W,0, M,p,q)o and
(W,0,M,p,q)e0 by (W,0,M,q), (W,0,M,q)o and (W, 0, M, q)o, respectively.
If x € (W,0, M, q) we say that x is ¢— lacunary strongly almost convergent
with respect to the Orlicz function M.
ii) Taking pr = 1 for all k € N and M (z) = z, we denote the above sequence
spaces by (W,0,q), (W, 0,q)o and (W, 0, q), respectively.
iii) In the case § = (2") we shall denote the above sequence spaces by (W, M, p, q),
(W, M, p,q)o and (W, M, p, q)eo, respectively.

Theorem 2.1. Let M be an Orlicz function. Then (W,0, M, p, q)o C (W, 0, M, p, q)
C (W0, M,p,q)

Proof. Let x € (W, 0, M,p,q). Then we have

w2 ()] < 2 X (o)) e e ()]

kel,

< 25 [ (a ")+ Do {100 [ (1)),

kel,

where sup,, pr, = G, H = max(1,G) and D = max(1,2971).
Thus we get © € (W, 0, M, p, q)oo. The inclusion (W, 0, M, p,q)o C (W, 0, M,p,q)
is obvious.

Theorem 2.2. Let the sequence (py) be bounded, then (W, 6, M, p,q)o, (W,0,
M,p,q) and (W,0, M,p,q)s are linear spaces over the set of complex numbers.

Proof. Omitted.

Theorem 2.3. The spaces (W,0, M, p,q)o, (W,0,M,p,q) and (W,0, M,p,q)oc
are paranormed spaces (not totally paranormed), paranormed by

tem (x)
p

z) = inf  pPr/H sup M ( q <1, p>0, uniformly in m ¢,
9(z) {p ! ( ( )) p y }
Proof. Clearly g(z) = g(—=x), and q(t’“"(e)) = ¢q(f) = 0 where @ is the zero

sequence. Nothing that M (0) = 0, from the above one gets, g(f) = 0. Next let
(z), (yx) € (W, 0, M, p,q)o. Let p1 > 0 and pa > 0 be such that

tem . .
supM(q(k—(:E))) <1, uniformly in m (1)
k P1
and
Lem . .
supM(q(k—(y))) <1, uniformly in m. (2)
k p2

Let p = p1 + p2. Then we have
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st (o(=0) < () e ((252))

P1

t
( P2 ) supM(q( km(y))) < 1, uniformly in m
p1+p2/ g P2

by (1) and (2). Hence g(z + y) < g(z) + g(y).
The continuity of scalar multiplication follows from the following equality:
tiem (A
g(A\x) = inf {ppT/H : supM(q(M>> <1, p>0, uniformly in m}
k P

tkm (l‘)
p

inf {(|)\|s)pr/H : supM(q( )) <1, p>0, uniformly in m},
k

where s = I_&\
Theorem 2.4. Let My and Mo be Orlicz functions. Then we have
1) (Wa 9; Mlapa Q)O N (I/Va 97 MQapa Q)O C (Wa 9; Ml + M2apa Q)Oa
11) (Wa 9) M17pa q) N (Wa 9) M27pa q) C (VV7 97 Ml + M2;p7 q))
111) (Wa 9; Mlapa Q)oo N (Wa 9; M27pa Q)oo C (Wa 9; Ml + M2apa Q)oo

Proof. 1t is straightforward and hence omitted.

Theorem 2.5. Let 0 < pi <t and (;ik) be bounded. Then (W,0,M,t,q) C
(W595M5p7q)'

Proof. If we take wy y, = [M (q(@))}tk for all k,m and use the same tech-
nique of Theorem 2 of Nanda [16], the theorem is easily to be proved.

Theorem 2.6. The sequence spaces (W,0,M,p,q)o and (W,0,M,p,q)s are
neither solid nor monotone.

Proof. We give the proof only for (W, 0, M, p,q)o. For this let py, = 1, for k € N,
0 = (2") M(z) = 2 and q(z) = |z|. Consider two sequences ), = (—1)* and ay, =
(—1)F for all kK € N. Then (z3) € (W,0, M,p,q)o but (axxi) & (W,0, M,p,q)o-
Hence (W, 0, M, p,q)o is not solid.

Consider the J— stepspace [(W, 8, M, p,q)o]s of (W, 0, M,p,q)o. Given a se-
quence z = (zx) € (W,0, M, p,q)o let us define y = (yx) € [(W,0, M, p,q)o]s as
yr = xp for odd k and y, = 0, otherwise. Then (yi) ¢ (W, 0, M, p,q)o. Hence
(W, 0, M,p,q)o is not monotone.

The other cases can be proved on considering similar examples.

The following theorem can be proved using the same techniques of Theorem
2.5 and Theorem 2.6 of Savas and Rhoades [19], therefore we give without proof.

Theorem 2.7. Let 8 = (k) be a lacunary sequence with 1 < liminf, n, <
limsup, 7, < oo. Then for any Orlicz function M, we have (W, M,p,q) =
(W595M5p7q)'
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Corollary 2.8. (W,0,M,p,q)o and (W,0, M, p,q) are nowhere dense subsets of
(W,0,M,p,q)co-

Proof. Proof follows from Theorem 2.1.

Theorem 2.9. Let My and Ms be two Orlicz functions. If My and My are
equivalent then

i) (W,0,My,p,q)o = (W,0, Ma,p,q)o,

i) (W,0,M,p,q) = (W,0, Ma,p,q),

111) (WaeaMlapaQ)oo = (W,Q,Mz,p, Q)oo

Proof. Proof follows from the equivalence of M; and Mos.

3. ¢— Lacunary Almost Statistical Convergence

In this section we define g— lacunary almost statistical convergence and give
some relations between g—lacunary almost statistical convergence and ¢— lacu-
nary strongly almost convergence with respect to an Orlicz function.

Definition 3.1. Let 6 be a lacunary sequence, then the sequence x = (xy) is
said to be gq—lacunary almost statistically convergent to the number £ provided
that for every e > 0,

1
lim h—|{k €L q(tim(z) — &) =€} =0, uniformly in m.
T Ny

In this case we write [Splq —limxz = & or x — £([Selq) and we define
[Solq = {z € w(X) : [Splq — lima =&, for some £}.
In the case 8 = (27), we shall write [S], instead of [Selq.

Definition 3.2. Let 0 be a lacunary sequence and 0 < p < oco. Then the
sequence x = (xy) is said to be g—lacunary strongly almost convergent to the
number & provided that

1
lim — Z (q(trm(x) —&))P =0, uniformly in m.
e keI,

In this case we write [wgly —limx = £ or xx — &([wely) and we define

[wolq = {z € wW(X) : [wylg —limz =&,  for some &}

Theorem 3.3. Let 0 be a lacunary sequence.

i) If a sequence (x1) is q—lacunary strongly almost convergent to &, then it is
q—lacunary almost statistically convergent to &.

i) If a g—bounded sequence x (that is x € £s(q)) is qg—lacunary almost statis-
tically convergent to &, then it is qg—lacunary strongly almost convergent to
£.

iii) Lo (Q) n [59](1 =l (Q) N [w9]qa
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where, {oo(q) = {x € w(X) : supy q(z) < oo}.

Proof.
(i) Let € > 0 and xy, — &([welq). Then we can write

D (@ltem@) =P = Y (qltem (@) =€) = |{k € I : q(tgm () =€) > e}].

kel,. kel,
[tgm (z)—&l>e

Hence x — £([Solq)-
ii) Suppose that x, — £([Selq) and let « € £(g). Let € > 0 be given and select
N, such that

&

for all m and r > N, and set Ly, = {k € I, : ¢(tpm(z) — &) > (%)%}, where
K = supy, ,, (q(txm () — §))P. Now for all m and r > N. we have

Y altin(@) — € =1 3 () =+ 1 D altn(a)

3 =

€

{k €1 q(tim(@) — €) = (5)

_c
2KP

D

kEI k€l, kel
kELrm k¢ Lrm
1/ hye €
< = p =c.
<7 (afs K™ + e =
Thus (zx) € [we]q. This completes the proof.
The proof of (iii) follows from (i) and (ii). ]

Theorem 3.4. For any lacunary sequence 6, if liminfn, > 1, then [S], C [Se]q-
T—00

Proof. If hm 1nf N > 1, then there exists a § > 0 such that 1 + 0 < 7, for

sufficiently large r. Since h, = k, — k,_1, we have ZT < lg‘s. Let z, — £([Solq)-

Then for every € > 0 and for all m we have

1 1
k< ke altim(@) —6) 2 <} > k—\kel q(tem(z) — &) > e}
J 1

Hence [S]4 C [Solq-

Theorem 3.5. For any lacunary sequence 0, if limsup, g- < oo, then [Sp]q C

[Sq-

Proof. Suppose that limsup, ¢, < oco. Then there exists a § > 0 such that
Ny < B for all . Let z — £([So]q), and for each m > 1 set E,,,, = [{k € I, :
q(tem(z) — &) > €}|. Then there exists an rg € N such that Z== < ¢ for all 7 > rg
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and for each m > 1. Let K = max{E,,, : 1 <r < ro} and choose n such that
kr—1 <n < k;, then for each m > 1 we have

1

dltin(@) — €) > <]

N

A {Elm +E2m++Erom+E(70+1)m++Erm}
r—1

K 1 E Erm
To + { ot 4t hr}
kr—l hr

kT‘—l h’!‘[)—‘rl
>{h7“0+1 + e+ hr}

N

K ro + (sup Erm
0 -

k'r‘—l k'r—l T>70 h'r'

ky — ky,

krfl rote krfl

N

N

/A

o+ €
kr—l 0 qr

<

o ro + €0.

This completes the proof. n

Theorem 3.6. Let M be an Orlicz function. Then (W,0,M,p,q) C [Selq-

Proof. Let x € (W 0, M,p,q). Then there exists a number p > 0 such that
)]
—_— — 0, as r — o0.
w2 [(o(*5

Then given £ > 0 we have

w2 (=) e 2 ()

kel, p T kel p
(g (2)—§)2e

1
> — Z [M(£1)]P*, where e/p =¢;

he kel
At () —€) e
me{ 1nfpk [M(El)]G}
> h_\{k €1 q(tim(a > e} min { [M(e1)] ™", [M(21)]9 ).

Hence x € [Selq-

Theorem 3.7. [Sgl, N ls(q) = (W, 0, M, q) N s (q).
Proof. By Theorem 3.6, we need only show that
[Solq N loc(q) € (W, 0, M, q) Nl (q).
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For each m > 1, let yxm = (tem(z) — &) — 0(Sp). Since (z) € €oo(q), for each
m > 1 there exists K > 0 such that

o) < x

for all ygm,. Then given € > 0 and for each m € N, we have

w5 = X M 3w

p kel kel
At (2)—L)2e q(tgm (£)—L)<e

K 9
< =k € I alyem) > ep}] M),

Hence x € (W, 0, M, q) N {x(q).
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