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Abstract. Let Ω be an elastic body represented by a bounded domain in the (x, y)-
plane, the outer boundary of which contains an open straight line segment Γ0 parallel

to the x-axis. Assuming plane stress with no body forces involved, and given the

normal stress, shear, and displacements on Γ0, and with the additional hypothesis

that the domain of solutions can be extended so as to contain Γ0 in its interior, the

authors develop a method for constructing the solution in the whole of Ω.

Let Ω be an elastic body represented by a bounded plane domain. We propose
to determine the stress field in Ω from displacements and surface stresses given
on an open portion Γ0 of the outer boundary of Ω. It is assumed that Γ0 is a
straight line segment parallel to the x-axis (see Fig. 1). Cauchy like problems in
plane elasticity are treated by the method of quasireversibility in [2] where the
geometries and the boundary conditions are more general than those considered
below but the results obtained are less specific.

Assume plane stress. We shall follow the notations in Timoshenko and Good-
ier [5]. Denote the displacements in the x - and y -directions respectively by u
and v and the stress components by σx, σy and τxy (cf [5] loc.cit.).

Assume that no body forces are involved. Then we have the equations of
equilibrium
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∂σx

∂x
+

∂τxy

∂y
= 0, (1)

∂σy

∂y
+

∂τxy

∂x
= 0. (2)

Eqs. (1)–(2) are subject to the boundary conditions on Γ0

�σx + mτxy = p(x), (3)
mσy + �τxy = q(x), (4)

u = u(x), (5)
v = v(x), (6)

where (�, m) is the outer unit normal �n to the boundary portion Γ0 with � = x
- component, m = y - component of �n. Note that the given data (3)-(6) are
sufficient to ensure uniqueness of the stress field in Ω (cf. [1]). We finally assume
that the domain of the solutions can be extended so as to contain Γ0 in its
interior.

Fig. 1

Define

εx =
∂u

∂x
, εy =

∂v

∂y
, γxy =

∂u

∂y
+

∂v

∂x
. (7)

Recalling that plane stress is assumed, we have

εx =
1
E

(σx − vσy), (8)

εy =
1
E

(σy − vσx), (9)

γxy =
1
G

τxy =
2(1 + v)

E
, (10)

and
Δ(σx + σy) = 0. (11)
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The next steps will be

Step 1. Determination of σx + σy .

Step 2. Calculation of the Airy stress function φ to be defined later.

Step 1. Note first that σx +σy is a harmonic function on Ω. We shall show that
σx + σy is solution of a Cauchy problem with Cauchy data prescribed on Γ0.
From (3) we have

τxy = p(x) on Γ0 (12)

or equivalently
∂u

∂y
+

∂v

∂x
=

2(1 + v)
E

p(x). (13)

Since ∂v
∂x is known on Γ0, it follows that on Γ0

∂u

∂y
=

2(1 + v)
E

p(x) − ∂v

∂x
≡ α(x) (known on Γ0). (14)

By (5),
σy = q(x)(known on Γ0). (15)

Since τxy is known on Γ0, it follows from (2) that
∂σy

∂y
= −∂τxy

∂x
= −p (x). (16)

Thus

σy and
∂σy

∂y
are known on Γ0. (17)

Similarly, it can be shown that

σx and
∂σx

∂y
are known on Γ0. (18)

Thus σx + σy is seen as solution of a Cauchy problem on Ω. As is well-known,
the problem admits at most one solution. It is also known that the problem is
ill-posed. Since by (11), σx + σy is harmonic on Ω, it is analytic on Γ0. Then if
zn = (xn, k), n = 1, 2, ... is a sequence of points of Γ0 with xi �= xj for i �= j and
accumulating at a point interior to Γ0, then σx + σy is uniquely determined by
its values on (zn). Hence the Cauchy problem for the Laplace equation can be
formulated as a moment problem, it has been regularized by various methods
(cf, e.g., [3, Chapt. 6], and [4]).

Step 2. We introduce the Airy stress function satisfying

Δφ = σx + σy = f (19)

where σx + σy was constructed as the solution of a Cauchy problem for the
Laplace equation as in step 1.

We define
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σx =
∂2φ

∂y2
, σy =

∂2φ

∂x2
, τxy = − ∂2φ

∂x∂y
. (20)

Then σx, σy and τxy satisfy the equations of equilibrium (1)–(2) and the com-
patibility equation (11). Hence σx = σx, σy = σy , and τxy = τxy. Note that
from (19)

φ =
1
4π

+∞∫
−∞

+∞∫
−∞

f(ξ, η)�n
[
(x − ξ)2 + (y − η)2

]
dξη (21)

where f(ξ, η) is taken to be 0 in the complement of Ω.
To conclude, it should be noted that the approach we followed in the “con-

truction” of the stress field satisfying (1) - (6), involves a series of ill-posed prob-
lems, namely, differentiation and solution of a Cauchy problem for the Laplace
equation, and hence requires regularization at various steps. The actual calcu-
lations which are rather involved will be published elsewhere.
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