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Abstract. In this paper, we investigate explicit viscosity solutions of the Cauchy
problem to Hamilton-Jacobi equations in connection with their Hopf-Lax-Oleinik-type
formulas.

1. Introduction

In this paper we consider the Cauchy problem for the Hamilton-Jacobi equation

us+ H(t,u,Du) =0 in {t>0, z € R"}, (0.1)
u(0,2) =¢(x) on {t=0, x € R"}. (0.2)

If the Hamiltonian H(¢,~,p) denoted by H(p) depending only on p := Du is
strictly convex with its Fenchel conjugate H* = H*(p) and

lim H(p)/|p| = +oo
|p|—+o00

*This research was supported in part by National Council on Natural Science, Vietnam. The
Sec. 3 and 4 of this paper are written by the author in cooperation with Dr. Mai Duc Thanh.
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and if the initial function ¢ = ¢(z) is globally Lipschitz continuous, Hopf in 1965
[21] established the following formula for a global Lipschitz solution of (0.1)-(0.2)

u(t,#) = min{(y) +t- H*((@ —y)/t)}. (0.3)

If the Hamiltonian H = H(p) is continuous and if the initial function ¢ = ¢(x) is
globally Lipschitz continuous and convex with the Fenchel conjugate ¢* = ¢*(p),
Hopf [21] also proved that the second formula

u(t, x) = prgggg{@, z) — ¢*(p) — tH(p)} (0.4)

determines a global Lipschitz solution of the Cauchy problem (0.1)-(0.2).
In the one-dimensional case for the conservation law

us+ Hy(u) =0 in {t>0, x € R"}, (0.5)
u(0,2) =¢(x) on {t=0, z€R"}, (0.6)

Lax [36] and Oleinik [49] had found analogous solutions u(¢, z) by the method of
vanishing viscosity, and under essentially analogous hypotheses: a) H”(p) > 0
for all p, ¢(zx) largely arbitrary, and b) ¢(x) monotone, H(p) arbitrary.

However, as Hopf mentioned in [21], it is unlikely that such restrictions,
either on H(p) or on the initial functions ¢(z), are really vital. A relevant
solution is expected to exist under much wider assumptions. Since that time
many mathematicians have obtained their generalizations of formulas (0.3) and
(0.4) for wider classes of first order nonlinear PDEs. This paper is devoted to
some of these generalizations and we call them Hopf-Laz-Oleinik type formulas.

Since the early 1980s, the concept of viscosity solutions introduced by Cran-
dall and Lions [15] has been used in a large portion of research in a nonclas-
sical theory of first-order nonlinear PDEs as well as in other types of PDEs.
For convex Hamilton-Jacobi equations, the viscosity solution-characterized by a
semiconcave stability condition, was first introduced by Kruzkov [35]. There is
an enormous activity which is based on these studies. The primary virtues of
this theory are that it allows merely nonsmooth functions to be solutions of non-
linear PDEs, it provides very general existence and uniqueness theorems, and it
yields precise formulations of general boundary conditions. Let us mention here
the names: Crandall, Lions, Evans, Ishii, Jensen, Barbu, Bardi, Barles, Barron,
Cappuzzo-Dolcetta, Dupuis, Lenhart, Osher, Perthame, Soravia, Souganidis,
Tataru, Tomita, Yamada, and many others, whose contributions make great
progress in nonlinear PDEs. The concept of viscosity solutions is motivated by
the classical maximum principle which distinguishes it from other definitions of
generalized solutions. For the results in this field the redear is referred to [14,
16-19, 28,..., 35, 38],...

Bardi and Evans [5, 19] and Lions [38] showed that the formulas (0.3) and
(0.4) still give the unique Lipschitz viscosity solution of (0.1)-(0.2) under the
assumptions that H is convex and ¢ is uniformly Lipschitz continuous for (0.3)
and H is continuous and ¢ is convex and Lipschitz continuous for (0.4). Fur-
thermore, Bardi and Faggian [6] proved that the formula (0.3) is still valid for
unique viscosity solution whenever H is convex and ¢ is uniformly continuous.
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Lions and Rochet, [40] studied the multi-time Hamilton-Jacobi equations
and obtained a Hopf-Lax-Oleinik type formula for these equations.
The Hopf-Lax-Oleinik type formulas for the Hamilton-Jacobi equations

ue(t,x) + H(u, Dyu) =0 (0.7)

were found in the papers by Barron, Jensen, and Liu [10-12], where the first
and second conjugates for quasiconvex functions - functions whose level set are
convex - were successfully used.

The paper by Alvarez, Barron, and Ishii [4] is concerned with finding Hopf-
Lax-Oleinik type formulas of the Hamilton-Jacobi equation (0.7), (¢, z) € (0, 00)x
R™ with

u(0,2) = g(z), x € R, (0.8)

when the initial function g is only lower semicontinuous (l.s.c.), and possibly
infinite. If H(7,p) is convex in p and the initial data g is quasiconvex and l.s.c.,
the Hopf-Lax-Oleinik type formula gives the l.s.c. solution of the problem (0.7) -
(0.8). If the assumption of convexity of p — H (v, p) is dropped, it is proved that
u = (g% +tH)# is still characterized as the minimal l.s.c. supersolution (here,
# means the second quasiconvex conjugate, see [9-10]).

If H is a concave-convex function given by a D. C. representation

H(p/,p”) — H1(p/) _ Hg(p//)

and ¢ is uniformly continuous, Bardi and Faggian [6] have found explicit point-
wise upper and lower bounds of Hopf-Lax-Oleinik type for the viscosity solutions.
If the Hamiltonian H (v, p), (7,p) € R x R™, is a D. C. function in p, i.e.,

H(’Yap):Hl(’%p)*HQ(PYap)v (7ap) GRXR";

Barron, Jensen, and Liu [12] have given their Hopf-Lax-Oleinik type estimates
for viscosity solutions to the corresponding Cauchy problem.

Penot and Volle [50] recently show that the Hopf-Lax formulas for solving
(0.1) - (0.2) are valid under very weak continuous assumptions and mild convexity
assumptions on H.

We also want to mention the investigations on explicit solutions of PDEs
based on the Cole-Hopf transformation, which have been discovered by Maslov
and his coworkers [22], Gesztesy and Holden [22], Sachdev [55], Joseph K.T. and
his coworkers [44, 41, 45], Truman and Zhao [62], and many others. The Hopf-
Lax-Oleinik type and explicit formulas have obtained in the recent papers by
Adimurthi and Gowda [1- 3], Barles and Tourin [8], Barles [7], Rockafellar and
Wolenski [53], LeFloch [37], Manfredi and Stroffolini [43], Ngoan [47], Plaskacz
and Quincampoix [51], Thai Son [61], Subbotin [59], Melikyan [46], Rublev [54],
Silin [56], Stromberg [57],...

This paper is a survey of results on Hopf-Lax-Oleinik type and explicit for-
mulas for the solutions of (0.1)-(0.2) obtained by the author, Mai Duc Thanh
and Rudolf Gorenflo in [70, 72, and 69].

The paper consists of 4 sections. Sec. 1 being introduction gives the con-
tents of the present paper and notations that we use in the following sections..
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Sec. 2 is to deal with Hopf-Lax-Oleinik type formulas of viscosity solutions to
Hamilton-Jacobi equations when the Hamiltonian does not depend on the un-
known function, the initial function need not be uniformly continuous. Sec. 3
is to do the same work with the convex Hamiltonian depending also on the un-
known function and its spatial gradient. The Hamiltonian H will be supposed
to satisfy the conditions: H = H(v,p) is nondecreasing in v € R, convex and
positively homogeneous of degree one in p € R™. The initial function will be
assumed to be only continuous. In Sec. 4, the Hamiltonian also contains the
time variable, the unknown function and its spatial gradient. Our assumptions
are: the Hamiltonian H = H(t,~,p) is nondecreasing in v € R, positively ho-
mogeneous of degree one in p € R™ and some additional conditions on the time
variable; the initial data are quasiconvex. In this paper, the following notations
will be used:

U:=(0,T) x R",

thus,

U=1[0,T] xR",

for some given numbers a,b € R, » > 0, N > 0, for some given z € R",

a Vb := max{a, b},
B(z;r) :={yeR": |y —z| < r},
S(w; N):={y e R" : |y —x| = N};

for some given open subset D C R", f:D — R:=RU{—oco} U {400},

Q(f):={zeD: f(z) = —oc},
COL(D) = {v € C(D) : 3k > 0, [o(z) — v(y)| < klz—yl, Va,yeD},
COY(D) :={v € CO¥Y (W), VW open bounded set such that W C D},
W (D) == {v € LS.(D) : Djv € LS(D), Vj=1,2,...m},

loc

where D;v are understood in the sense of distributions;
UC(D) :={ve C(D):v is uniformly continuous in D},
UC(D) :={v € C(D):v is uniformly continuous in D},
BUC(D):={veUC(D):v isbounded on D},
BUC(D) :={veUC(D):v isbounded on D},

UC,(U) := {v € C(U) : v is uniformly continuous on R™ uniformly in ¢ € [0, T]}.

Remark 1. Tt is indicated (see [38] for example) that
COY (D) = Wb (D).

loc

Now we give a definition of viscosity solutions for the Cauchy problem of
Hamilton-Jacobi equations (0.1)-(0.2). Namely, consider the Cauchy problem
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ug + H(t,u, Du) =0in U := (0,00) x R" (0.1)
u(0,2) = g(z) on {t =0} x R".
Here the Hamiltonian H (t,~,p) is continuous in the variables ¢, and p.
Definition 1.1. A bounded, uniformly continuous function u is called a viscosity
solution of (0.1)-(0.2) provided:

(i) u=g on {t =0} x R and
(ii) for each v € C*((0,00) x R"),

if u— v has a local mazimum at a point (to, xo) € (0,00) x R™
then w(to,xo) + H(to,v(to, o), Dv(to, zo)) <0,

(in this case u is called a subsolution) and

{ if w—wv has a local minimum at a point (to,zo) € (0,00) x R"
then wv(to, xo) + H(to,v(to, zo), Dv(to, z0)) > 0,

(in this case u is called a supersolution).

If the solution w is locally Lipschitz continuous in (0,00) X R™, then u is
called a Lipschitz viscosity solution.

2. A Hopf-Lax-Oleinik-type Formula for Viscosity Solutions

Let us consider the Cauchy problem for the Hamilton-Jacobi equation

ou

E—l—H(Dmu):O in U, (1)

u(0,z) = lim wu(t,y) =g(x) in R". 2

(00) = lim u(t,y) = g(c) @)
>0

When g is in BUC(R™) and H is convex and satisfies

im 20 _ o (3)

lpl—o0  |p]
the unique viscosity solution of (1)-(2) is given by the first Hopf-Lax formula

ult,#) = inf sup {9(v) + (z,2 —y) —tH(2)}

at {0+ (272}

yERR

where, H* is the Fenchel conjugate of H. This fact was established in [38].
The formula (4) was also proved to be the unique viscosity solution, uniformly
continuous on R” uniformly in ¢ € [0, 7], of (1)-(2) under the assumptions that

(4)
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¢ is uniformly Lipschitz continuous in R™, H is convex, (see [5]). Furthermore,
Bardi and Faggian [6] recently showed that this result is still valid whenever
g € UC(R™) and H is convex.

In this section we prove

Theorem 2.1. Assume that H is convex and satisfies (3), g is continuous.
Suppose in addition that for every 0 < r < +o00, there exists a number N such
that

o+ () <ot (552),

()
V(t,z) € (0,T) x B(0;7), Y|y| > N.

Then (4) determines a Lipschitz viscosity solution of (1) - (2).

Remark 2. The condition (5) may be considered as a compatible one between the
Hamiltonian and the initial function for the existence of generalized solutions of
Problem (1)-(2).

Proof. Fix an arbitrary » > 0 and let N be the corresponding constant as in (5).
First, we will show that u is in C%1(U). Define

)

R o+ (E2) - g o+ (D))},
(t,z) € (0,T] x R™.

Since H is convex and satisfies (3), H* is finite and is therefore locally Lipschitz.
By continuity, from (5) we can see that h(t,z) # 0 for any (¢,2) € U and

||h(t,l‘)|| = Ssup |y| <N, V(t,l‘) € (OvT) X B(O,T)
yEh(t,z)

Choosing a constant & > 0, it follows that the function
(tayy) = tH (=2, (ba,y) € [6.7) x B(0:r) x B(O: N)

is Lipschitz continuous. Let M be the Lipschitz constant for this function. Then,

(T Y ’oo p—
= —_— <
u(t,z) = g(y) +tH ( ; ) u(t', ') < gly)+t'H ( 7 )
Y(t,z),(t',2") € [6,T] x B(0;r), Yy € h(t,z).
Hence,

/

u(t', @) — ult,z) < t'H*(m t_y) - tH*(I - y) < M(|t—t|+ |z — /).

t
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Interchanging (¢, z) and (¢, 2'), we find u € C%1(U).
Second, let us check the initial condition (2). Clearly,

u(t,z’) < g(a’) +tH*(0), V(t,2') € (0,T] x R".

This yields
li t,z') < ) 7
(A SUp u(t,z') < g(x) (7)

Besides,
/

ult,a') = gly) +tH* () 2 9(y) — tH(0),
V(t,z") € (0,T) x B(0;r),Vy € h(t,z").

We make a claim that

lim y=u=. 9)
yEh(t,x’)
(t,z’)—(0,x)

Otherwise, by passing to a subsequence, we may assume that there are
(ti,l‘i) € (O,T) X B(O;’I’), Y; € h(ti,l‘i), i €N, |l‘1 - y1| >e> 0.

Since
[A(t, )| < N, V(t,x) € (0,T) x B(0;7),

it holds true for i large enough and y; € h(t;, ;) that
+oo>C = lmlax g(x) + T max{0, H*(0)} > g(x;) + t; H*(0) > u(ts, z;),
z|<r

H* (17;?}7) H* (17;?}7)
- N @@ 7 €c—— 7

ZTi—Yi ZTi—Yi
t; t;

u(ts, v;) = g(yi) + — +00

as ¢ — 0o, this is a contradiction. Thus, (9) is verified. From (8) and (9), we
have

li inf u(t,x’) > . 10
it ua) > () (10)

The condition (2) immediately follows from (7) and (10).
Third, we suppose in addition that H is strictly convex. By an argument
similar to the one in Theorem 4.1 of Chapter 4 in [76], one can see that u is a
Lipschitz solution of Problem (1)-(2). Below, u will be shown to be a viscosity

solution of the equation (1) in every open bounded subset of U. To this end, we
intend to use Theorem 11.1 [38]. Let C be a set in R™. As in [ 38, p. 217], define

t
Le(t,x;s,y) = inf{/ H*(j—i)d/\ / € such that £(s) =y, £(t) ==z, £ € C,
dg

JGL (s,1), VAE(s,t)}, t,s €10,T], z,y € C.
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If C is convex, arguing similarly as in [38], we have

LY
Lo(t,z;s,y) = Len(t,x;8,y) = (t —s)H (———),
o Y) R~ ( y) = ( ) (t—s) (11)

Y(t, x),(s,y) €10, T] x C, s <t.
On the other hand, it is seen that for any (¢,z) € (0,T) x B(0,r),

ut,z) = min {g(y)+tH*($;y)}

ly|<N

— inf {u(s,y) F(t— s)H*(”” - y) (s,9) € {0} x B(O,r)}.

t—s

(12)

Without loss of generality, we may suppose that N > r. Put
Q:=(0,T) x B(0; N).

We have left to check the compatibility condition,

U(t,l‘) - U(Sa y) < LB(O;N)(tax; Say) V(t, 1') € (Oa T] X S(O, N)a

¥(s,y) € 80Q = ({0} x B(0; N)) U ([0,T] x S(0; NV)), s <.
(13)
Let z € h(t,z) defined by (6). By convexity,

() e () 2 e (1),
t S t t—s t

Then,
ult, ) — uls,y) < ol (2) - s (L=5)
* x_
<(t—s)H (t— i/) = Lo~ (t, 75 5,9),

i.e., (13) is verified. Set
o(t, ) = inf{u(s,y) (- s)H(%) (s,y) € DQ, s < t}, (t,z) € Q.

From (11), (13) and that u is continuous on @, in view of Theorem 11.1 [38],
we see that v is a viscosity solution of the equation (1) in Q. Moreover, v is
accordingly the maximum element of the set S defined by:

S = {wEC(Q)ﬂVVli’:o, %—1:+H(wa) <0a.e. in@, w<uon GOQ}.

Evidently, u € §. Thus,
v(t,z) > u(t,z) V()€ Q.
On the other hand, from (12), we have
u(t,z) > v(t,z), V(t,z) e (0,T)x B(0;r).
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Consequently,
u(t,z) =v(t,z), V(t,z) € (0,T)x B(0;r).

That means u is a viscosity solution of the equation (1) in (0,7") x B(0;r).
Since r is arbitrary, u is a viscosity solution of the equation (1) in U and therefore
of Problem (1)-(2).

Finally, we turn to the case where H is not necessarily strictly convex. In
this case, one can treat as follows. For each k € N, put

Hy(z) = H(z) + |z*/k.
Then Hy, is strictly convex. It is easy to check that the condition (5) is then
fulfilled with respect to Hy as well. Arguing similarly as above, we see that for
every k € N, the function

. *xiy
un(te) = inf {gl) +tH{(0) ), () €U,

is a viscosity solution of the equation
ou

n + Hy(Dgu) =0 in U.

Besides, let M > 0 be arbitrary selected, by the condition (3), for any |z| < M,
we have (z,2) — H(z) — —o0 as |z| — +o0. Hence,

(z,2) — Hy(z) < (z,2) — H(z) < —H(0) — 1, Y|z| < M, V|z| > m,

for some m > 0. This implies that the sup in the expressions of H}(z) and
H*(z) must be taken over the common ball B(0;m), V|z| < M. Thus, a simple
calculation leads to

H*(z) > H}j(2) > H*(2) —m?/k, V|z| < M, ¥k € N. (14)
For any fixed r > 0, § > 0, from (12) and (14), it follows that
T —

t > t = inf
U( 733) = uk( 733) IyIII%N

(o) + 11 (2} > ut,w) — Tm?fk, (15)

for all (t,z) € [§,T] x B(0;r), provided M chosen is large enough such that
‘xfy cll Ayl o rtN

t - t - 9
The inequalities (15) guarantee that the sequence uy converges uniformly on
compact subsets of (0,7) x R™ to u. In view of Theorem 1.4 [16], u is a viscosity
solution of (1).

In fact, we have already proved that u is a viscosity solution of Problem
(1)-(2), and w is locally Lipschitz continuous in U. ]

< M.

Corollary 2.2. Assume that H is convex and satisfies (3), g is continuous and
satisfies
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lim inf 9(x) > —00. (16)

Then (4) defines a Lipschitz viscosity solution of Problem (1) -(2).

Proof. 'We need only to prove that the condition (5) is fulfilled. Actually, as
seen in the proof of Theorem 2.1, H* is finite and satisfies (3). Hence,

r— H*(2=y
9(?/)+tH*( y) = va—yl( vl _g®) + z(f; )> — 400 as |y| — +oo,
t lz —yl lyl | =2

uniformly in (¢, 2) € (0,T) x B(0;r). Therefore, for any fixed r > 0, there exists
a number N > 0 such that for all |y| > N :

9(y) + tH(g) > max g(2) + tH*(0)

> min {g(z) + tH* (2—2)} V(t,z) € (0,T) x B(0;r),

T 2SN t

i.e., the condition (5) is verified. ]
Let us illustrate the above results by the two following examples.

Ezxample 1.
Oou 1, 0u,
—+=(=) = t R 1
8t+2(8x) 0, t>0, zeR, (17)
u(0,z) = 2%, z €R. (18)

It is easy to see that all the conditions of Corollary 2.2 are fulfilled. Therefore,
a Lipschitz viscosity solution of Problem (17)-(18) is given by
2

t =——— _  t>0 R.
u(t,2) = 75y 120, 2€
Example 2. Given a > 0,
ou ou ou
e sl 1221 =0, t>0 R 19
e8| =0, >0, zeR, (19)
u(0,2) = ar?, x€R. (20)

Clearly, all the conditions of Corollary 2.2 are satisfied. Hence, the formula (4)
yields a viscosity solution of (19)-(20), for every t > 0, = € R,

u(t,z) = a(x — tyo)* + t(|yo| + 1)(log(|yo| +1) — 1),
where 9 is the unique solution of
2a(ty — x) + signy.log(ly| + 1) = 0.

The regularity and uniqueness of solutions are shown in the following.
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Corollary 2.3. If g € UC(R™), H is convex and satisfies (3), then the formula
(4) defines a function u Lipschitz continuous on [e,T] x R™ for any € > 0, and

ue Uc([o,T] x R™)

is the unique viscosity solution in UCy(U).

Proof. Under the hypotheses, Problem (1)-(2) has a unique viscosity solution
in UCL([0,T] x R™), (see Lions and Perthame [39]).

If g is uniformly continuous on R™, then it is easy to see that for any fixed
0 >0,

C = sup —|g(x)—g(y)| < 4o00. (21)

o,yern max{d, [z —y|}
This implies (16) and therefore, by virtue of Corollary 2.2, u is a viscosity solution
of Problem (1)-(2).
Next, we claim that the quantity |z —yl, (t,x) € (¢, T] xR", y € h(t,x) must
be bounded and the limit (9) is uniform with respect to € R™, i.e., for some
positive constant M,

|z —y| <M, V(tz)e (e,T] xR", Yy € h(t, z),
lim y =2, uniformly for z € R" (22)
yEh(t,x’)
(t,a")—(0,2)
Indeed, if it is not the case, there are (t;,x;) € (0,T] x R™, y; € h(t;,z;), |z —
yi| > € > 0,i € N such that

@ — +00, as i — 00.
Then,
g(i) +t:H7(0) = ulti, i) = g(ya) + t:H (——).
Hence, from (21) it follows that,
o> 9@) =9l ) H(0) too, as i oo,

I e 7 R B |zi — vil

a contradiction, i.e., (22) holds true. Since H* is locally Lipschitz, the function
(ta) —~tH" (), (L) € [eT) x B(0;2M),

is Lipschitz. Let L > 0 be the Lipschitz constant for this function. For every
x, ' € R™, t,t' > ¢, let y € h(t,x) and 3y’ € h(t,2’). By (22), |2/ =], |z —y| <
M. So,

/ / / /

u(t', @) — u(t,a') < t’H*(x Y ) —tH*(x ;y ) < Ljt—t,

t/
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and if |z — 2’| < M, then |2/ — y| < |2/ — x| + | — y| < 2M. Hence,

/ J— J—
u(t, ') —u(t,z) <tH* (%) - tH*(I ; y) < Llx —2'|.
Consequently, for |z — /| < M and therefore for every z, 2’ € R", ¢,t' > e,

u(t' 2" —u(t,z) < L(|t' —t| + |2' — x).
Interchanging (¢, 2") and (¢, z), we obtain
lu(t',2") —u(t,z)| < Lt —t| + 2" —z]), V2, (t,z) € [e,T] x R™.
That means u € C%!([¢e, T] x R™).

To prove that u € UC(]0,T] x R™), we need only indicate that the limit (2)
is uniform with respect to x € R", i.e.,

( l)im(o )u(t,x') =g(x) uniformly for x € R™ (23)
t,x’)—(0,x
Actually,
u(t,z’) < g(a') +tH*(0), V(t,2") € (0,T] x R".
Hence,
lim  sup u(t,2’) < g(z), uniformly for z € R". (24)
(t,z’)—(0,x)

On the other hand, since g is uniformly continuous, for every ¢’ > 0, there exists
61 > 0 such that if

te (0,T], z,y €R", t <&y, |z —y| <,

then
g(y) —tH(0) > g(x) — €.

By virtue of (22), for above §; > 0, there exists 0 < § < §; such that if ¢ 4 |2’ —
x| < ¢ then

ly — x| < &1, Yy € h(t,z’).

So, for every t € (0,T], xz,a’ € R", t + |2’ — x| < J, let y € h(t,2’), then

ult.a') = g(y) + 1" (T

) = 9(y) — tH(0) = g(a) — €'

That means

( 1)im(0 )inf u(t,z’) < g(x), uniformly for =z e R". (25)
t,x’)—(0,x
Combining (24) and (25), we obtain (23). ]

Let us illustrate Corollary 2.3 by considering the two following Cauchy prob-
lems.
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Example 3. Given a > 0,

Oou 1 /0u\2
—+-(=—) =0, t>0 R 26
8t+2(6x) ’  TER (26)
u(0,2) = alz|, =zeR. (27)
According to Corollary 2.3, the unique viscosity solution of Problem (26), (27)
is given by
_22t +alz|, |z|>at
u(ta 1') - 2
5 ol < at.
Ezxample 4.
ou ou ou
— 4l | =|=0, t>0 R 28
8t + € |6x| Y i z G Y ( )

u(0,z) = |z|, x€R. (29)

It is easy to check that all the requirements of Corollary 2.3 are fulfilled. An
elementary calculus yields

[ = (e = 1), [a| > (e —1)t,
u(t,r) = { ||
(] + 1) (og(F +1) = 1), |z < (e —1)t,
a viscosity solution of (28)-(29).

3. Viscosity Solutions for Convex Hamiltonians Depending on u, Du

Let us consider the Cauchy problem for Hamilton-Jacobi equations of the form

% + H(u,Dyu)=0 in U, (30)

u(0,2) =g(z) in R". (31)
In this section the following conditions are supposed:

(A1) H(v,p) is continuous in R" 1 H(.,p) is nondecreasing in R for each p €

RTL;
(A2) H(y,.) is convex and positively homogeneous of degree one in R™, for each
v E€R, ie.

H(vy,Ap) = AH(v,p), VA >0, ¥y € R.

Our main result in this section is

Theorem 3.1. Assume that (A1) and (A2) hold, and that the initial data g is
continuous in R™. Then the function

u(t,z) = inf {H#<¥) Vg(y)}, (t,x) €U, (32)
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determines a viscosity solution of Problem (30)-(31).

To prove Theorem 3.1 first, we need
Lemma 3.2. The set Q(H#) := {q € R™ : H#(q) = —oo} is bounded and not
empty.

Proof. Theorem 2.1 and Lemma 2.2 in [10] imply that there exists N > 0 such
that

H#(2) >0, V|z|>N.
This proves the boundedness of Q(H#). Put
h(z) := min { H*(2),0},

of course, h is l.s.c. on R™. If
H#(z) > —o0, Vz, then h is l.s.c. and finite. Hence, by virtue of Theorem
2.1 and Lemma 2.2 in [10],

—00 < min h(z) < inf H#(z)= inf H?(z) = —oc.

|z|<N |z|<N zER™
This contradiction shows that Q(H#) # (. Lemma 3.2 is proved. ]

Proof of Theorem 3.1. Now, we will show that « € C(U). Obviously,
u(t,z) = ieann{H#(z) Vg(z—tz)} V(t,z) € (0,T] x R™ (33)

Define

h(t,z) := Argﬂr@in {H#(y) V g(z — ty)}
= {yo eR™: H#(yo) V g(x — tyo) = ;gkxl{ﬂ#(y) Vg(r — ty)}},
(t,z) € (0,T] x R™.

Let g € R™ and let > 0 be arbitrary. From Lemma 3.2, there exists M > 0
such that

IQUH™)|| := sup{|q| : ¢ € Q(H¥)} < M.
Let ¢* € Q(H?), then

u(t,z) < H# (¢")Vg(z —tq*) = g(x —tq*) < K < +oo, Y(t,x) € (0,T] x B(0;7).
In view of Theorem 2.1 and Lemma 2.2 in [10], we can take a constant N > 0
such that

H#(z) > K, V|z|>N.

Hence, the infimum in (33) has to be taken over the ball B(0; N) for (t,z) €
(0,T) x B(0;r). Thus
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u(t,z) = lzilr%fN{H#(z) Vglx—tz)} NK

= inf {(H#(2)Vg(zx —t2)) ANK}

2]<N
= min {(H*(z) Vg(e — 12)) A K}
u(t,z) = |?|1£11\1{H#(2) Vglx—tz)}, V(tx) e (0,T]x B(0;r),

since the function z — (H#(2)V g(x —t2)) AK, z € B(0; N) is finite (bounded)
and lower semicontinuous on a compact set. That means h(t,z) # ) and
[h(t, 2)|| < N, V(¢ x) € (0,T] x B(0;r). (34)

For any (¢, ), (t,2") € (0,T] x B(0;r), from (34) let us choose £ € h(t, z),
|¢€] < N. Then,

ul ) —u(t2) = WL (VW )~ HHO Vol 1)
< H#(E Vg —t¢) — HH () V gz — 1) < |g(a’ — t'¢) — gz — t&)].

Interchanging (¢, z) and (¢, '), we obtain

ult,z) —u(t',2') < lg(a’ — 1) — gla — t€))]. (36)
From (35) and (36), we have
lim  w(,2') =u(t,z), VY(t,z)e (0,T]x B(0,r).

(', z")—(t,z)
Therefore u € C(U).
Further, we will prove that w(t,z) is actually a viscosity solution of (30).
For convenience, let us show that u(t, z) given by (32) can be expressed for any
z € R" and 0 < s < t as follows

u(t,z) = min {H#<x - y) Vu(s,y)}. (37)

yER™ t—s

Indeed, arguing as in [10, pp. 56-57], it holds true that

u(t,z) < ynel]%r% {H#(j:ij) Vu(s,y)}.

To get (37), it is sufficient to show

u(t,z) > ynel]% {H#C: 7:) \/u(s,y)}. (38)

Let us choose ¢ € R™ such that u(t,2) = H#((z — q)/t) V g(¢). Then

min {H#(f — y) Y% u(s,y)}

ye]Rn J—
— min {H#(”” - y) V min (H#(y —Zyv g(z))}
yER™ t—s 2zER™ S



256 Tran Duc Van

< min {1 (7)) v () v ot}
< o ) v () Vet

< ## () v () V(o) = ult ),

i.e., (38) is verified.
i) u is a subsolution, i.e., if ¢ € C1(U) and u — ¢ attains its local maximum at
(tQ,IQ) € U, then

dp(to, xo)

o+ H(ulto,x0), Dap(to, 0)) < 0.

Assume the contrary, that u is not a subsolution. Then, there exist ¢y >
0, (to,z0) € U, a neighborhood V (tg,xg) of (tg,70) and ¢ € C1(U) so that
u — @ attains its maximum M at (to,xo) on V (to,zo):

u—@ <M, (t,z)€ V(to,x0), ul(to,ro)— p(to,z0) =M,

and
d¢(to, xo)
ot
Therefore, using H = H#* we conclude that there exists § > 0 so that
0(,0(t0, xO)
ot
0(,0(t0, xO)

= + sup <nga(to,xo),q> > €o.
t {¢:H# () <u(to,z0) 8}

+ H(U(to, :L'o), Dmcp(to, :L'o)) > €9 > 0.

+ H (u(to, o) — 0, Dxp(to, T0))

Thus, we can take qo € R, H#(qo) < u(to,z0) — J, such that

dp(to, wo)
ot

Set u =ty —t, * =mxo— puqo in the inequality obtained from (37) to get

+ <DI¥7(thfCO)aQO> > e > 0. (39)

To— T
to—1

u(to, zo) < H#( ) Vu(t,x) = H? (qo) V ulto — p, o — pqo)-

Since H#(qo) < u(to, o) — & < u(to, o), by the continuity of u(t,x) at (t,zo),
there exists a number p’ > 0 so that, for all 0 < pu < ¢/

u(to — p,xo — pgo) — 6/2 > u(to, x0) — 6 > H* (qo).

Let us choose a p’, 0 < p” < p' so that (to — p”’, 0 — p’qo) still belongs to
V(to,xo). Then,
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(to, x0) + M = u(to, m0) < H*(go) V u(to — 11, 70 — p1q0)
u(to — p, o — piqo) < @(to — p, w0 — puqo) + M, Y, 0 < p < .

This implies
p(to — p, w0 — pgo) — ¢(to, z0) >0, Vu,0 < p < p”.

Equivalently,
to — - — ot
¢(to — p1, 2o — pgo) — ¢(to, zo) <0, VY 0<p<
—p
Letting 1 — 0+ in the last above inequality, we have
O0v(t, x
W + <D;c<P(tO;$O);CIO> <0,

which contradicts (39). This proves that u is a subsolution.
ii) u is a supersolution, i.e., if ¢ € CY(U) and u — ¢ attains its local minimum
at (to,xo) € U, then

d¢(to, z0)

ot

Assume the contrary, then there exist ¢g > 0, (to,x0) € U, a neighborhood
V (to, o) of (to, 7o) and ¢ € CY(U) so that u — ¢ attains its minimum m at
(to, :L'o) on V(to, l‘o):

+ H (u(to, o), De@(to, x0)) > 0.

u—@=m, (t,l‘) € V(to,l’o), u(t07x0) - (p(to,l’o) =m

and p
to, T
W + H(U(to, :L'o), Dmcp(to,l‘o)) < —€p < 0.
Thus, there is a § > 0 so that
O0v(ty, x
W + H(u(to, xo) + 9, Dy(to, o)) < —eo.
Then, using H = H#*, we obtain
Op(to, x
W + sup (Dzp(to, x0),q) < —€o-
{a:H# (q)<u(to,z0)+3}
Equivalently, D )
p(to, Zo
—————+ (Dyp(to,x0),q) < —€p < 0,
gr T (Dapllo,20),0) < —<o (40)

Vg € R, H*(q) < u(to,xz0) + 6.
On the other hand, from (37) we can write u(t, ) in the form
u(t,z) = Znel]%n{H#(z) Vau(s,z— (t —s)z)}.
Hence, for every 0 < t < tg, we may select ¢ € R™ such that
ulto, z0) = H* (q) V u(t, zo — (to — t)g) > H”(q).

Take an arbitrary sequence
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(ti)i € (0,t0), ti — to

as ¢ — oo and put
v,=tg—t; >0, 1€N.

For every i € N, we choose a ¢; € R™ such that
ulto, z0) = H* (qi) V ulti, zo — (to — t:)g:)
= H#(q;) V ulto — vi, o — viqi) > H#(q;).

It follows from Theorem 2.1 and Lemma 2.2 in [10] that the sequence (g;); must
be bounded. Without loss of generality, we can suppose that ¢; — qo as i — oc.
Therefore,

(to — vi,xo — v4iqi) — (to, o)

as i — 0o0. By the lower semicontinuity of H# and the continuity of u, we see
that

u(to, xo) < H#(qo) Vu(ty, zg) < lim inf {H#(qi) Vou(to — vi,xo — vigi)}
1— 00

< lim inf u(to,IQ) = u(to,xo).

17— 00

This means
H#(q0) < ulto, o) < u(to, o) + 0. (41)

Since (to — v4, ®o — viq:) — (to, zo) as i — 0o, there exists a number Ny € N such
that (to — v, @0 — viqi) € V (to,x0), for all i > N7. Hence,

o(to, o) + m = u(to,z0) = H? (q;) V u(to — vi, 19 — v3q;)
> u(to — vi, wo — viqi) > p(to — vi, xo — v3¢q;) + m, Vi > Ny.
Consequently,
o(to — Vi, xo — viq;) — (to, xo) <0, Vi > Ny.

Now, it follows from Mean Value Theorem that

o(to — vi, zo — vigi) — @(to, o) = (Dp(to — 0i, 20 — 0:q:), (—vi, —viqi))

0
= -y {a—f(to —0;,x0 — 0;q:) + (Dap(to — 0i, w0 — biq:), Qz>} )

where 0 < 6; < v;, Vi € N. This implies

¢
ot

On the other hand, we have

(to — 0i, w0 — 0;q:) + (Dap(to — 0;, w0 — 0;q:),q:) > 0, Vi > Ny.

|(to — 6:) — to| + (o — 0:iqi) — 0| + |4 — qol
=0; +0il¢;| + |ai — @o| < vi +vilas| + g —qo| = 0 as i — oo,
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i.e., (to — 0;, 20 — 05, q;) — (to, 0, qo) as i — oo. Since ¢ € O it follows that
there exists a number Ny € N such that

0o(to, x
% + (Da(to, z0), q) + €0/2
0
>a—f(t0 — 05,20 — 0iqi) + (Dap(to — 0i, w0 — 05qi), ¢i), Vi > Na.

Putting N = max{Ny, No}, for all i > N, we obtain
9¢(to, xo)
ot
d¢

> E(to —0i,20 — 0:9;) + (Dap(to — 0i, 20 — 0;gi), ¢i) > 0.

Consequently,

+ (Dap(to, z0), q) + €0/2

a(p(to, mO)
ot
From (41) and (42), we have the fact that conflicts with (40). This proves that
u is a supersolution.
Finally, we will check that u(t, z) satisfies the initial data (31)
lim  u(t,z) = g(xo), VrgeR™ (43)

(t,z)—(0,z0)

+ (Dap(to, o), q) > —€o/2. (42)

Indeed, for every zo € R™, using the representation (33), for some ¢* € Q(H?), |¢*|
<M,

u(t,x) < H*(¢") V gl —tq*) = g(x — tg*), V(t,x) € U.
Consequently,

lim  sup u(t,z) < lim o —ta*) = alza). m
(t,2)=(0,z0)  ult, ) (t,z)ﬁ(o,zo)g( q") = g(xo) (44)

Let r > 0, N > 0 be corresponding to (34), then for (t,z) € (0, T]xB(0;7), |£] <
N

u(t,x) = H() V gl — 1€) > gla — t6).

Letting (t,2) — (0, o), we have

lim inf u(t,x) > lim x —1t&) = g(xo). 45

sty T UBE) 2 iy 9L~ 1) = gle0) (45)

A combination of (44) and (45) gives us (43). The proof of Theorem 3.1 is
complete. -

Corollary 3.3. Assume (Al), (A2) and g € BUC(R"). Then u defined by (32)
is the unique viscosity solution of Problem (30) — (31) in the space BUC(U).

Proof. Under the above conditions, the Problem (30)-(31) has the unique vis-
cosity solution u defined by (32), (see, for example, Ishii [23], Lions [38]). We

remain to prove that w € BUC(U). First,
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u(t,r) < g(x —tq") < ||gllze~,
u(t,z) = H# (&) V g(x — &) > g(a — t&) > —||g| L~

That means wu is bounded with ||u||f~ < ||g||L~. Re-examinating the proof
of Theorem 3.1, we see that the constant N in the formula (34) can be chosen
to be independent of (t,z) € U. Concretely,

H*(2) > |lgllz=, V|| > N.
Thus, we obtain the representation (34) for all (¢,2) € U with a fixed constant
N. Since N is common and g is uniformly continuous, the inequalities (35), (36)
imply the uniform continuity of u. [ |

We illustrate our result by the following examples.

Example 5.

Ou aﬂ@*“”:m w(0,2) =z, T>t>0, zeR.  (46)

o loel T2
Of course, the initial data g(x) = |z| is not bounded. Problem (46) has a
viscosity solution derived by the formula (32),

(t,z) € [0,T] x R.

||
U(t,$) = ]_—~|»t7

Example 6.

ou |0u| u+ |ul )
—_— —. = — T t R. 4
ot + 630‘ 2 0, u(0,z)=lz]7, >t>0, z€ (46)
Clearly, g(x) = |z|? is not Lipschitz in R. According to the formula (32), Problem

(47) has an explicit viscosity solution as follows
222
u(t,z) = )
14 2t|x| + /1 + 4t|z|

6. Viscosity Solutions for Hamiltonians Depending on ¢, u, Du with
Quasiconvex Initial Data

(t,z) € [0,T] x R.

4.1. Preliminaries

Given a function f: R™ — R, set

v = inf f(z).

Consider the multifunction L defined by
L: (7, +00) — 28"\ 0
a — Efya,

which will be accordingly called the generated multi (by f).
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Definition 4.1. The function f is said to have L-l.s.c. property if the generated
multi L is € — 0-L.s.c.

Let f satisfy the condition
lim f(z) = +oo, (48)

|| — o0

then E¢, is bounded for any a € R. Therefore, by virtue of Proposition 2.1 in
[77] we obtain

Proposition 4.2. If f is continuous, and satisfies the growth condition (48),
then the multi L is € — §-l.s.c. if and only if L is l.s.c.

The class of functions having L-l.s.c. property is broad enough as seen by
the following.

Theorem 4.3. Let the continuous function f do not attain its local minimum
in any open subset of R™\ Argmin f, and let f satisfy the growth condition (48).
Then, f has L-l.s.c. property.

Proof. In view of Proposition 4.2, it is sufficient to prove that L is l.s.c. To this
end, assume (7;); C (74, 4+00), V is open in R” and v; — v € (7«, +o0), and
L(v) NV # 0. We have to show that L(v;) NV # @ for all large 1.

Actually, since L(y) NV # (0, there exists z € L(y) N'V. By the assumption
that f does not attain its minimum in V, there is ' € V such that

f@') < fz) <.

Since v; — 7, for v — f(z') > 0, there exists N € N such that for all i > N we
have

v =7 <v - f@).

Equivalently,

vi > f(z') forall i> N,
which means 2/ € Ey,, = L(v;) for all ¢ > N. Hence, L(y;) NV # 0 for all
1> N. [ ]

The next corollary is an immediate consequence of Theorem 4, Sec. 2, Chap. 9
in [42], its Remark and Theorem 4.3.

Corollary 4.4. Given a continuous function f satisfying (48). Assume that,
either f is strictly quasiconvez or f is conver. Then, f has L-l.s.c. property.

Lemma 4.5. Assume that f : R™ — R is quasiconvex and has L-l.s.c. property.
The family

(f (7 2)) p=1

is equilower semicontinuous on (v, +00), and f*(v,p) = —00 if ¥ < Ya.
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Proof. Let v0 € (7«,+00) and let € > 0 be arbitrary. By the € — d-lower
semicontinuity of L, there exists 0 < § < 79 — v« such that

L(70) € L(7) + Be(0) on (0 = 6,70 + ).
Hence, it holds for |p| =1,
F (v, p) = sup({p, z), f () < )
sup({p, z),z € L(70))
sup((p, ),z € L(y) + Be(0))
sup(<p >,x =y+2z,y€L(y), z € B(0))
< sup((p,y),y € L(7)) + €[p|
[ (v0,p) < f*(v.p) +€, Yy e (vo— 6,7 +9).
The last inequality implies that (f*(v,p))pj=1 is equilower semicontinuous at

70-
The second statement is obvious. n

<

4.2. The Formula for Quasiconvex Data

We consider the Cauchy problem for some first order nonlinear PDEs, where the
Hamiltonians depend on ¢, u and D,u, namely

aug;’ x) + H(t,u(t, 1’); Dmu(ta Z)) =0, (ta 1') el = (O’T) X Rn’ (49)

u(0,z) = g(x), =z €R"™ (50)

The following conditions will be imposed upon the Hamiltonian and the
initial data.
(B1) The initial function g € C(R™) is quasiconvex, has L-l.s.c. property, and
satisfies the growth condition (48):

g(x) = +o0 as |z| — +o0
(B2) The Hamiltonian H : [0,7] x R x R"” — R is continuous and
(i) H(t,v,Ap) = AH(t,~,p) for all (t,7,p) €[0,T] x R x R", A > 0;
(ii) H(t,7,p) is nondecreasing in v € R for each (¢,p) € [0,T] x R™.
) The Hamiltonian H satisfies one of the two following conditions:
(i) For every fixed tg € (0,T), there exists a function h : [0,7] x R —

i
h(t,~) is positive for almost every ¢t € (0,T), h(.,7) is integrable for any =,
such that

H(t577p) = h(ta’y)H(th’y’p)a v(t577p) € [Oa T] x R x R™.
(i) If0< a; <1, |pi|=1,i=1,...,mand > /", a; =1, then

(B3

m

H(ta%z aipi) = Z aiH(t,v,pi),
i=1

=1

for all (¢,7v) € [0,T] x R.
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The expected viscosity solution is given by

u(t, z) := inf {7 eR: sup (<p,x> —g*(7.p) — /Ot H(T,%p)dr) < 0} ,

pe]Rn

(51)
(t,z) e U.

Remark 3. Observe that the continuity of g and the growth condition (48) yield
that v, := inf {g(z) : x € R™} is finite.

Remark 4. In view of Lemma 4.5, it is easy to see that wu(¢,x) > =y, for all
(t,xz) € [0,T] x R™.

By virtue of Prop. 2.1 and Cor. 2.6 in [9] and the assumption (B2), the
function

p—(p,x)—g*(7,p) — /O H(r,~,p)dr

is positively homogeneous of degree 1. Hence, we may restrict the class of p’s
over which the supremum is taken to the closed ball B(0;1) = {p € R" : |p| < 1},
or to the spherical surface S(0;1) = {p € R™ : |p| = 1}. That is,

u(t, z) = inf {’y €ER: sup (<p,fﬂ> —g"(7,p) - /OtH(T,%p)dT) < 0}
p|<1 (52)

t
= inf {’y €R: sup (<p,x> —9"(7,p) */ H(T,%p)dT) < 0}.
lp|=1 0

The facts for v > 7., g*(y, .) is finite, convex and so conditions, and ¢g*(vy,p) —
+00 as 7 — 400 guarantee that u(t, x) is not equal to +oo and so well-defined.
Let us affirm the continuity of u(¢,z) as in the following lemma.
Lemma 4.6. Let (B2) hold, and let g € C(R") be quasiconvexr and satisfy (48).
Then, the function u(t,z) defined by (51) is continuous and satisfies

0,20) = i t,x) = g**(x9) = :

u(0, o) (t,x)gflmo) u(t,z) = g"" (zo) = g(xo)

Proof. From Prop. 2.1 and Cor. 2.6 in [9], g*(v,p) is upper semicontinuous in
v € R, and nondecreasing. Hence, it follows from Theorem 6, App. C 1 in [42],
that the function

t

7 sup ((p,x> —9"(7,p) */ H(T,%p)dT)
pl=1 0

is nonincreasing and lower semicontinuous, and so continuous from the right.

Using the representation (52), we will show that, for any 79 € R

Euno ={(t,x) € [0,T] x R" : u(t,z) < 70}

= {(t,x):inf{’yER: sup (<p,x> —g*(’y,p)—/H(T,%p)dT) < 0} S’YO}

[p|=1
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=A:= {(t,x) : sup <<p, Y=g (0. p /H T,70, P < O} (53)

lp|=1

Evidently, A C E, ,. The opposite inclusion can be obtained as follows. For
(t,x) € By, if

s (<p7x> — 9" (0 + €0,p) — /H(T, Yo + eo,p)dT) >0,
pl=1

for some €y > 0, then, for all v < vy + €,

sup (<p7x> — 9" (,p) — /OtH(T,%p)dT) >0

lp|=1

That is,
’U/(t,.ﬁ) Z Y0 + €0,

a contradiction. Hence, for all € > 0, we have

S ((p, z) —g* (10 +€p) — /H(T, Yo + 6,p)d7‘> <0.
p|=1
0

By the continuity from the right of the function on the left-hand side mentioned
above, letting € — 0+, we obtain

t
‘S“Llp (<p7 ) — 9" (v0,p /H 7,%,P S 0,
p|l=1

0

ie., (t,x) € A, and thus E, ,, C A. Hence, (53) holds.
If v < 74, then E, ,, = 0, a closed set. Otherwise, by virtue of Theorem 6,
App C1 in [42] and Berge’s Maximum Theorem in [13, p.123], the function

v(t,z) == lilllzpl <<p,$> — 9" (v0,p) — /0 H(r, 707p)d7-)7 (t,z) € [0,T] x R"

is continuous, since vy > .. Hence, from (53), the level set E, , is closed. So,
u is lower semicontinuous as well.
We have left to prove u is upper semicontinuous. Denote

0B, ={r € R" : g(x) = 7},

which is the boundary of the level set E, . Since g(z) — +o00 as |z| — oo and
g is continuous, the level sets E, , and the boundaries OEF, ., are compact sets
in R™ for all v € [y,, +0), and By, = 0 if v < 7,.

To every fixed (tg,x0) € [0,T] x R™, we put v = u(to,x0). Pay attention
to Remark 4 that v9 > 7., so the level sets E, ., # 0 for all v > ~¢. For § > 0,
since Eg ,,0E 5, are compact sets, we have
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d:= d(E OE 5) - inf z—
9,70 Y Lg,70+ 0€E,y g YEOEyyts | Yl

= min |z — yl.
z€Eg vy YEOE G Ag+s

If d = 0, then, there exists £ € By, NOE  +o+5, i.€., g(§) < vo and g(&) = v+,
a contradiction. Hence, d > 0. We will show that
Eg . +B(0,d) C Eg o6 (54)

Actually, if z € E, ,, + B(0,d), then © = y + z, where y € E, ., and |z| < d.
The facts g(y + tz) — +o0 as t — +00, ¢g(y) < 70, and g is continuous imply
that there exists ¢’ > 0 such that

gly+t'z) =~ +9.
This means

y+t'z€0E 5.
Set &’ ==y +t'z to get t'd > t'|z| = d(y,x’) > d, and so t' > 1. Therefore, we
have

T=y+2z€ (Y y+tz) CEgnss,

where (y,y + t'z) denotes the open line segment from y to y +t'z, since Eg v+
is a convex set. Hence, (54) is verified.
Since Eg ~, is a compact set, the supremum in the definition of g*(vo,p) is
attained, i.e., for every p € S(0; 1), there exists ¢ € R™ such that
9" (v0,p) = sup (<p, $> 17 € By )

=max ((p,z) : 2 € Ey,)

=(p.q), 4€ Egp
So, from (54) we have

9" (0 +6,p) = sup ((p,z) : & € Eg5o16)
> sup ((p,z) : & € By, + B(0,d))

> sup(<p,q> + <p,z> z) < d)
> 9" (v0,p) +d, VpeS(0;1).

Hence, by the continuity of the function v mentioned above there exists a neigh-
borhood V of (tg,z), V C [0,T] x R™ such that for all (¢,2) € V,

V

to
0> sup ((p,xo> - 9" (v0,p) — /H(T,’yo,p)dT)
[p|=1 0
t
> sup ((p,x> *g*(%,p)*/H(Tmo,p)dT) —d
[p|=1

0

v

t
sup ((p,x> — 9" (0 +4,p) */ H(r, mp)dT)
[p|=1 0
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> sup (<p, z) =g (v0+6,p) — /0 H(7,70 + &p)dT). (55)

Ip|=1
Now, it follows from (55) that
u(t,z) < y0+ 6 =ulto,zo) +9, V(t,z)eV.

This means that u(t,x) is upper semicontinuous at (tg,zo). Since (tg,xo) is
arbitrarily chosen, u(¢,z) is upper semicontinuous on [0, 7] x R™.
Finally, by Prop. 2.1 and Cor. 2.6 in [9],

u(0,2) = (¢"(7,0))*(z) = g°% (z) = g(x). .
We are now in a position to state the main result of this section.

Theorem 4.7. Let (B1)-(B3) hold. Then, the function u(t,z) defined by (51)
is a viscosity solution of Problem (49) — (50).

Proof. It remains to prove that u(t,z) in (51) satisfies the two inequalities. To
do this, we need some lemmas. Assume that the point (¢g, o) € U is arbitrarily
chosen, we set v9 = u(to, xo). From (53) we have

Eyq = {(t,x) €0, T x R™ :u(t,z) < 70}

t

= {(t,z) : ;lepl (<p,x> - 39" (v0,p) — /H(T, ’yo,p)dT> < 0}
0

=N {(W) Hp,x) —9*(70,19)—/H(T,%,p)drgo}.
[p|=1 )

Now we extend continuously the Hamiltonian H to the whole n + 1-dimensional
space as follows

H(t,v0,p) = H(0,70,p) if t<O0;
H(ta’map) = H(Ta Pyoap) if t>1T.

We therefore consider the set « defined by constraints of the form

t
G(t,z;p) = <p,w>fg*(’yo,p)*/ H(r,70,p)dr <0, p € S(0;1), (t,z) € RxR".
0
Since (to, zo) is an interior point of U, there exists a neighborhood V' of (o, z¢),
V' C U. Hence,
EuyNV =ynV’,

This means that F, , and v have the same tangent cone and so share the same
outer normal cone at (tg,zg). It is clear to check that the function G(t, z;p) of
(t,x) and their gradients D, ;)G (t, z;p) are continuous in (t, ), (t,z) € R x R™
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and p € S(0;1). Let Sy be the set of active indices at (to,x9) € U, that is,
the set of indices p € S(0;1) such that G(tg,zo;p) = 0 (see Appendix in [76]).
Further, we need some results concerning the set Sy.

Lemma 4.8. Sy # 0, whenever . # 7o.

Proof. Evidently, vo = u(to, xo) > 7«. Hence, 79 > 7.. Assume, for the sake of
contradiction, that for some ey > 0

to
sup (<p, z0) — 9" (v0,p) — | H(r, ’yo,p)dT) < —€9 <0, (56)
lpl=1 0
Since H is continuous, H is uniformly continuous on the compact set [0,T] x
[0 — 1,7 + 1] x S(0;1). Therefore the function

to

F(vy,p) = H(r,~,p)dr
0

is uniformly continuous on [y — 1,79 + 1] x S(0;1) and so the family

(F(77p))|p|:1
is equicontinuous in v € [y9 — 1,70 + 1]. Thus, in view of Lemma 4.5, the family
to
(T(v,2)ipi=1, T (7, p) = (P, z0) — 9" (7, p) — /H(T, v, p)dr
0

is equiupper semicontinuous in v € [yo—d’,v0+9’] for some 0 < §’ < min{1, vy —
v« }. It therefore follows from (56) that there exists 0 < § < ¢’ such that
to
<p7x0> _g*(,y,p) - H(Ta,)/ap)d’r
0

to
§<p7 l‘o> - g*(’)’o,p) - / H(T, ’Yoap)dT + 60/2
0

< —€/2<0,Vpe S0,1),Vy:v—0<vy<v+9.

That is,
to
sup ((p,mo> — 9" (7,p) */H(T,%p)dﬂ
[p|=1 2

< —e/2<0, Vy:vw—0<y<v+6o.

In particular,

to
e (r20) =57 (0 =0) = [ 1m0 =3 2)ar) <0

where § > 0. This contradicts the definition of wu(tp,z9) = 0. The proof is
complete. n

Lemma 4.9. (to,x0) is a regular point of v.
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Proof. If Sy = () then
to
sup (<p,=’ﬂo> - 9" (70, D) */ H(r, ’yo,p)dr) < 0.
lp|=1 0

As seen the continuity of the function v in the proof of Lemma 4.5, there exists
a neighborhood V of (to,z¢) such that

t
sup (<p,x> = 9" (70,p) */ H(r, ’yo,p)dT) <0,
pl= 0
whenever (¢,z) € V. Hence,

u(t,z) <o, V(t,z)eV.

Consequently, V C E, ~,. Therefore, (¢9, zo) is an interior point of E,, -, as well
as . This leads to the conclusion.

Otherwise, we have DG(tg,x0;p) = (—H(to,v0,p),p) # 0 for all |p| = 1.
This means that for the vector h = (H (to,70,P0), —Po), for some py € Sp, it
holds

<(7H(t0770ap0)ap0);h> < *|p0|2 =—-1< 0,
i.e., (to,zo) is a normal point of v. In view of Theorem 11.2 in [20], (to, o)

therefore is a regular point of ~. n

From Lemma 4.8, the outer normal cone of v and so of E, , at (to,z0) is
given by

Nitozo) (Buyo) = {ZAz‘DG(thCo;pi) tAi 2 0,pi€Sp,1<i<m<n+ 1}-

i=1

| |
Lemma 4.10. Let

S*={peR":G(to,z0;p) = ﬂlp G(to,r05q)}
ql=1

denote the set where the sup is achieved. Then Sy C S*, and if (a;); is any set
of m numbers with c; > 0 and Zglai =1, we have

Z%‘H(toﬁoapi) < H(toﬁm Z aipi)- (57)
=1

i=1

Proof. Obviously, (57) holds if H satisfies the condition (B3 (ii)). Assume (B3
(1), let

m
p’ = Zaipi-
i=1

Then

/| < S Am.| — S J—
|p | > Zaz|pz| = Zaz =1
i=1 1=1
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Since each p; achieves the supremum, we have for 1 <1¢ < m,
to
0= (piz0) — 9" (o, pi) — H(1,v0,pi)dr

0
to

Z <p/7$0> - g*(,YOap/) _/ H(T7 707p/)d7—'
0

Multiplying by «; and summing on i, we obtain

m to m
<plax0> 720519*(’707271) 7/0 ZaiH(Tavoapi)dT
=1 =1

to

> (p',x0) — 9" (v0,0") — | H(r, 7,0 )dr.
0

Cancel the first line terms and use Jensen’s inequality on g*(vo,p), since this
function is convex in p, to get

tg ™M to to m
- [t npdr =~ [ HEo0 )= [ H 0>
0 =1 0 0 i=1

Therefore, by (B3(i)) we have

tom t()
= [ sk H(to, 0, m)dr = = [ b 20)H o, 50,8
(e 0

Equivalently,

m to
- (Z%H(to,’m’m))/o h(7,v0)dT
=1

to
- H(t07,)/0)pl) h(Ta VO)dT
0

Y

m to
= _H(tm’YOaZaipi)/ h(7,0)dr.
i=1 0

Dividing out by foto h(T,70)dT > 0, we obtain (57). The lemma is completely
proved. [ ]

We now continue to finish the proof of Theorem 4.7. In order to show that u
is a supersolution, let ¢ be a real smooth function on U, so that u — ¢ achieves
a zero minimum at the point (¢g,z¢) € U. We will prove that

dp(to, o)
ot
Since u — ¢ has a zero minimum at (¢o, xo), there exists a neighbourhood V" of
(to,xo) such that

+H(t07u(t07x0)7D:C(p(towxo)) > 0. (58)

Eyry NV"CE,,,nV"
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and so

-M(to,wo)(Etpﬁo) = Af(to,xo)(Etpﬁo nv") c Af(to,xo)(Eu,vo nv") = 'A/(t(),ico)(E’Uu’YO)'
By virtue of [20, Lem. 7.1, Ch. 4], we have for the smooth function ¢
Nito,20)(Eg o) = {ADp(to, 7o), A > 0}.
Consequently,
Dop(to, 20) € Nitg,z0)(Buyo)-
Thus, Dy(to, o) can be expressed in the terms of Ny, o) (Eu,ng)s

0p(to,
De(to, z0) = (% Dy p(to, zo ) ZA H(to,v0,pi)pi),  (59)

where p; € Sp, A; > 0,1 < i <m. Now, we set o; = A;/A’, where
A = iAi.
i=1
Assume A’ > 0, then
12ai20,§:ai:1.
i=1

By the homogeneity of degree 1 of H (¢, 7, .), from (59) we get

9¢(to, o)
(TaD tovﬂfo) Zaz H{(to, 0, A'pi), A'pi).

Hence, D,¢(to, zo) ZZ 1N aip;. Applying Lemma 4.10, we have

8<p(t0,z0
—a, = i t 3 7A i
o ;a 0,70, A'pi)
m
—H (to, 70, ZA/aipi) = —H(to, 70, Dap(to, o))

i=1
After rearranging the terms, we obtain (58).

If A’ =0, then Dp(tg,x9) = 0. Since H(t,7,.) is positively homogeneous,
H(t,7,0) =0 for all (¢t,v) € [0,T] x R. Hence,

Oo(to, zo)

ot + H(to,’tb(to,.ﬁo), D;C(p(to, IQ)) =0+ H(to,’)/o, O) =0.

Lastly, we remain to prove u is a subsolution. Let u— ¢ achieve a zero maximum
at the point (fo, o) with a smooth function ¢. We will show that
d¢(to, xo)
ot

Since u— ¢ has a zero maximum at (¢g, o), by an argument similar to the above,
we have

+H(t07u(t07x0)7D:C(p(towxo)) <0. (60)
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-N.(to,xo)(Euﬁo) C Af(to,mo)(E%Vo)'
If u(to, xo) = 7, then (to,zo) is a global minimum point of . Hence,
(p(to, 1'0) = U(to, 1'0) < u(ta :L') < ga(t,:c), V(t, Z) ew,

for some neighborhood W of (tg, z), i.e., (to, o) is also a local minimum point
of the smooth function ¢ and so Dg(tg,z9) = 0. As seen above, in this case, we
get already the equality in (60).

Otherwise, in view of Lemma 4.9, the outer normal cone

'/V.(toﬂ‘o) (Euﬁo) # {0}

On the other hand, the fact ¢ is a smooth function means that the outer normal
cone consists of at most one ray. This implies that

Mthxo) (EU,’YU) = '/V.(toﬂ‘o) (E%’Yo)

and Dy(tg, o) # 0. Hence, we obtain the expression of D:

Dlto,
Dy(to, o) = (%7Dx@(towo))

- AO(_H(tO7,YOap)7p) = (_H(th’YOa Aop)7A0p)7

for some Ay > 0. Then,

Op(to, x
W = —H (to, Y0, Aop) = —H (to, Y0, Dx(to, 20))-
We therefore obtain (60). The proof of Theorem 4.7 is complete. -

As a consequence of Corollary 4.4 and Theorem 4.7, we have

Corollary 4.11. Let g € C(R™) be strictly quasiconvez, and let g satisfy (48).
Let (B1)-(B2) hold. Then the formula (51) determines a wiscosity solution of
(49) - (50).

Corollary 4.12. Let the finite function g be convex and satisfy (48). Let (B1)-
(B2) hold. Then the formula (51) defines a viscosity solution of (49) — (50).

Example 7. Consider the following Cauchy problem:

ou(t, x)

o~ (Lt HED| Dot )| =0, () € (0,T) x R, (61)

u(0,z) = |z, x€R. (62)
The formula (51) then gives us a viscosity solution of Problem (61)-(62) as

follows, for (¢t,z) € (0,T) x R,
U(t, .17) = "0,

where y9 > 0 is the unique solution of v — fg(l +7)Ydr — |z| = 0.
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