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ON THE STABILITY OF SOME NON.LINEAR

DIFFERENTIAL EQUATIONS

VU TUAN

Abetract. In this pper the e-stobility ([4, [8]) ol the tiuial colut;on ol non-
linear differcntial eqtatiora depending on a small ptnmeter 

"t # 
- f U, ,)

+R(t, r), /(t, 0) = O, where l(t, z), R(t, r) arc Kamke luitioru ([O]) ;s
prcued.

Co,nsider nonlinear differential equations of the form
d, _ ,, ,
d t  

:  l l t ,  r )  +  R( t ,  x)  ,  
(1)

/ ( f , 0 )  : 0 ,

where R(t, a) describes the permanent perturbations. The functions
f (t, r), R(t, z) are defined and continuous in the set

o : { ( t , c )  : l l z l l  < H ; t  > 0 } ,  ( 0 < I I ( - )  ,
and satisfy conditions of the uniqueness of solutions of the cauchy
problem in O.

Differential equations with perturbations are considered by many
mathematicians (see [1], p.232-263). Results of I .  G. Malkin ([3]), S.I.
Gorsin ([4], [5], [6]), G.N. Doubosin ([Z]) are fundamental for this prob-
lem. Lyapunov function method is principal and very effective in study-
ing the stability of equations of the form (1).

. In this paper, we study the stability of the differential equations
(with permanent perturbations) depending on a small parameter e:

i :  f  ( t ,  n )  +  e  R( t ,  r )  ,  ( 2 )

where /, R satisfy the conditions of the existence and uniqueness of
solution of the Cauchy problem in the set G : R* x Bh, where

R + : { t e  n : t > 0 } i  B n :  { c e  R " : l l z l l  < h } .
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Definition I ([7,8]). The system (2) is called e-stable iff for every
a > 0 there ex is ts 'y  : 'Y(d)  )  0  and €o :  €o(" )  > 0 such that  the
solution of the systems (2) satisfies the condition c(t, e) e B, for all

t  ) ts whenever r(ts, e) € B" and e e (0, e6].

We will consider, in connection with (Z), the equation

y  :  f  ( t ,  y ) ;  / ( t ,  0 )  :  0 . (3)

We assume that there exists a Lypuanov function u(t, y), satisfying
in the set G the following inequalities

"  ( l ly l l )  s u ( t ,  a) < b ( l ly l l )  ,
0u 0u  ^ , .  ,  (4 )

* + f i t { t , y ) < 0 ,
where ab are functions of the K-class (i.e. the class of continuous,
strictly increasing functions h(r) in R+ and h(0) : 0. Then the solution
y = O of the system (2) is uniformly stable in the sense of Lypuanov.

Denote

z  : R *  x 2 L  - - F - n ,  ( t ,  o )  t *  z ( t ,  a )

(ZL i s  an  open  se t  i n  R ' ,  and  o :  (o r , . . . , an )  €2L ,  and  ca l l  M  the
family of all functions z.

Definition Z ([a]). The famiiy ,lr4 is called approximate with respect
to the solution y(t,to, c6) of the system (3) with exact degree X as

ll"oll -* 0 ifffor any ts € R+ and any rs € Bh (h > 0) there is a vector

as €2L such that fot z: z(t, as) the following conditions hold

L .  z ( t s ,  o o )  :  c o ;

2. There exists ? > 0 such that for all t6 € R+ the inequality

l ly(t,to, "o) 
- z(t, as)l l  < X(l l 'ol l)N

hold for all t e [to, ,o + f], where N depends only on ?.

Denote such a function by z(t, to, zo)

Definition S ([O]). Function

F : R + X 8 6 + f t n ,

where Eu : {z € R' t ll"ll S 6} is called a Kamke function if there
exists a scalar continuous, positive function

o : R + x [ o , O ]  - ' R + ;  w ( t , o )  : o
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such that

1) For each (t,  sr), (t ,nz) e R+ x 86,

llr(t, 'r) - F(t, x2)ll S , (t, ll", - ,rll)

2) The unique solution u: u(t) of the differential equation

u,  :  w( t ,  u)

on any interval (to,to * e] satisfying

u ( t )  - o  a n d  - 9 ^ - + o  a s  t  - + t o * o'  t - t o

is u(t) :  0.

Remark. Functions of the form

w(t ,  u)  :  s( t )  h(u)  ,

where g(t) > 0 is continu.Tj" any ts < t S a and

f
I  g( t )  d f  < +oo,

J
rf

tr.(z) is continuous if u > 0, h(0) : O, h(u) ) 0 as u ) 0 and
+oo
f d'u

I rd,,; : +-
0 +

are Kamke function. If r*T
f

I sU) dt : L(r)

we say that function g(t) ,i*rrfi", condition (E).
We consider now e-stability of the system (2). Denoting

0a
e(t ,  n)  -  

; ( t ,  
n)  R(t ,  x,)  ,

we have the following theorem:

Theorem 1. Assume that in the set G the following cond,itions are
satisfied:

l) There exists o differential lunction satisfying the inequal;ty (l).

(5)
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2) IQ, n), R(t, r), p(t, x) are Kamke functions of the form (5) cor-
respond,ing to functionr gt (t) hr(u), gz(t)hz("), gr(t) h"(") respectiue-
ly, where functions Or(t), gr(t), Os(t) satisfy the cond,ition (E) with
Lr(T), Lz(T), L"(T) and h2(u) is bounded.

3) For euery q > O there edsts T : T(n) > O such that for lor all
6  €  K ,

wheneuer ll"oll > q and ts ) 0.
 ) The family M is approrirnate with respect to the solution y(t; ts, rs)

ol the system (9) w;th exact degree x as llzsll ---+ o. Moreouer, O 1

l'+&#P t ""*L'
Then the system (e) ;s e-stable.

Proof. By the second assumption there exists a unique solution of the
Cauchy problem for the equation (2) (see [O]). Let be given a ] 0 and
a1  €  (0 ,  a ) .  Deno t ingw:  @(a r )  S  b (a r )wehave  4 :b - r (o (o r ) )  S  o t
and

B n  C O s  :  { c  €  8 1  :  a ( t ,  r )  <  w }  C  B o , ,

11 :  {c  € 86:  a( t ,  n)  -  w}  is  the bounded of  O1 .

Let us consider a trajectory n(t) starting from the neighbourhood
B, (i.e. u(t6, c(te)) e Br). we will prove that the trajectory z(l)
remains in Bo if e : r(o) > 0 is sufficiently small. Indeed assume that
there exists a moment r ) 0 such that r(r) e I", that is u(r, r(r)) : s
and the trajectory leaves the set Os as t > r. Then we have

6( t ,  r ) l (z )  :  i ( t ,  r ) l t r l  +  ep( t ,  
" ( t ) )  <  ep( t ,  x ) .

Hence

l p ( t r ,  z ( t r ) )  -  p ( t r ,  y ( t r ) ) )d t ;

e( t1 ,  y ( t1 ) )  d t1

to*T
1 f
;  I  e(t ;  z(t ,  ts,  rs)) dt < -6( l l"ol l )  < o
t J

to

u(t, x(t)) <, + , l , '

*' Ir'
where a(t) : y(t; r, r(r))
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We have

l l  l, 'vt'r, c('r)) - p(tr, v(t,))lat,l l

= 1. '  l lelr ,  c(tr)) -  p(tt ,  y(tr)) l lat,
1 t

< 
J, 

o"(tr)  rz3(l lc(t1) -  v(t1) l l )dt1

Moreover, the following equality holds

i ( t )  -  i ( t)  :  f  ( t ,  r( t))  -  f  ( t ,  y(r))  -  e R(t,  
"( t)) .

Therefore,

for every t €lr, r +Tl.
Since hr(") 1c2 and, I:* ' oz(t)dtr: Lz(T), it follows that

l l"(t) - y(t) l l  < ec2L2(r) + [ '  s| iht ( l l"(r,) - y(t) l l)at,
J r

By the Bihari lemma ([1]), one has

385

(6)

f t

l l " ( t )  -y ( t ) l l  <  |  oQ)h1( l l z ( r1 )  -y ( t ) l l )d t1
J r

f T + T
+' I sz(t) h2(l lx(t) l l)dt1

J r

l l " ( t )  -y( t ) l l  s  o- ' \ {c(a)*  [ ' * '
J r

where G(u) :  I  #6 t  a:  ec2L2(T).

Therefore

s(tr)dt1),

l l"(t) - y(r) l l  S o-L{c1a\ + hg)} - r (const)

By substituting this in (6) we have

t t  f t .  r l
t l l  I  lp(tr ,  , ' (rr))  -p(t t ,y(t1)) ldt l  

l l  
< ecsrs--+ 0, as e---+ 0

I  J r

On the other hand. we have
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1 r * T

I  l ,p( t t  y( t r ) )  -  p( t t ,  z( t1)) ldt1
J ,

1r*T

= J, l le\ ', e(rl)) - p(tr, z(t1))l ldt1

r r*T

= 
J, 

s'(t ') tzs(l lv(tr) - z(t) l l)dt1 (6)

where z(t) :  z(t,  r(r)).

This leads to the inequalitY

t  r l T
f f

,  
J  

eQ' ,  v( t ) )dt1 S'  I  
eQr,  z( t ' ) )dt ,

T

r I T

*e I  n"Ur)n"( l ly ( t , )  -z ( r r ) l l )
T

< '( -  
"6(l l r(r) l l )  

+ n^r, ' (r)n'(x( l l (r) l lN)) < o'

the last inequality being immediate form the condition 4) Theorem 1.

Thus, for a and e sufficiently small a(t tT, x(t + r)) ( ur is true,

i.e. r(f) return into the set CI after a moment less than ?, since all the

above estimates hold uniformly w.r.t. r. The theorem is proved.

Remark. If the function is differentiable with respect to c the following

theorem is true.

Theorem 2. Let p(t, n) be differentiable with respect to a and ll9,(t' ")ll 
<

rp(l l" l l )  bh e K).
Assume aII conditions of Theorem 7 are satisfied,, moreouer the

function y mentioned in cond,ition l) satisfies the inequality

t**]f :o

Then the system (2) ;s e'stable.
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