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MEROMORPHIC FUNCTIONS AND THE

TOPOLOGICAL LINEAB INVARIANTS DN AND N

TRAN HUU NAM

1. Main results. Let E and F be locally convex spacea and D an
open subset of E. A holomorphic function / deflned on a dense open
subset Ds of D with valueo in F is called meromorphic on ? if for every
z € D there exists a neighbourhood U of z in D and two holomorphic
f u n c t i o n s  h : U  - F a n d  o : U  + C s u c h t h a t

f l  : L lt  tur \Do at l tnDo 
wi th  o I  o '

For each meromorphic function /, we put

P(l) :  {r e D: / is not holomorphic at r}.

P(/) is called the set of poles of /. BV [S] either P(il : 0, or if
P(f) # 0 then P(/) is an analytic subset of codimension 1 in D.

Given I , E --+ F a m€romorphic function. We say that / is
of uniform type if there exists a continuous semi-norm p on E and a
meromorphic function g: E, + F such that

f = g o Q p ,

where -8, denotes the Banach space associated to p and w, : E -- Eo
is the canonical map.

The uniformity of holomorphic functions between locally convex
spaces is defined similarly. In 1982, Colombeau-Mujica [2] established
the uniformity of Frechet-valued holomorphic functions defined on dual
spaces of Frechet-Montel spaces. Late Meise-Vogt [6] have obtained
an important result on the connection between the uniformity of scalar
holomorphic functions defined on Frechet nuclear spaces and linear
topological invariants on these spaces.
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The linear topological intariants which we use in this note have

been introduced and investigated by Vogt [10], [11].
For the uniforrrtity of meromorphic functions, recently in [a] it has

been shown that the equality

M ( E * ,  F * )  :  M " ( 8 . ,  F * ) , (1 )

where M(8., F*) denotes the set of meromorphic functions from -E*
to F* and ,[4r,(E*, F*) the set of meromorphic functions of uniform

type from E* to F*, is carried out if .E is a Schwartz - Frechet space
with an absolutely Schauder basis, E € (DN) and F is a Frechet space,

r € (fr).
Using the method of [S] and by improving estimating inequali-

ties, in the first part of this note we prove that (1) holds if -E is a

Schwartz-Frechet space with an absolutely Schauder basis, E € (DN)

and F e (O). Note that we always have the implicatio" (R) --' (O).

However, there exist spaces .F € (O) but F # (fr). Next we investigate
the problem on extending meromorphic functions in the mean of Silva
through a hypersurface on dual of a reflexive Frechet space.

For the formulation of the main result of this note, fi.rst we recall
some definitions of linear topological invariants.

Let E be a Frechet space having an increasing fundamental system
of semi-normF {ll . llr}. Fot each subset B of -E, we define

l l  . l lb , E* -- [0, +m)

b Y  l l " l l b : s u p { l u ( c ) l :  z e  B } ,

where-E* denotesthetopologica ldualof  E.  Insteadof  l l  l lL ,  * "wr i te

l l  l l ; 'where
u o : { a € E : l l " l l o < t } .

We say that E has the linear topological invariants

( D N )  l p v q = k v d > 0 : c ) 0 :  l l  l l ; * ' s c l l  l l r ,  l l  l l l ,
( o )  v p l q v k s d ) 0 ,  c ) 0  :  l l  l l ; ' * o < c l l  l l ;  l l  l l ; 0 .

Now we formulate the main results of the note.
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Theorem l. Let E, F be Frechet spaces.
hauing an absolutely Schauder basis and E e

is a Schwartz space

) , F e ( Q ) , t h e n

M u ( E . ,  F * )  :  M ( E - ,  F * )  .

Theorem 2. Let F be a refleaiue Frechet space. Then F has a contin-
uous norm if and only if euery holomorphic function I on D\H, where
D is an open set in F" and, H is a hypersurlace in D, which con be
ertend,ed, meromorphieally in the meon of Silua to H, is rneromorphic
on  D .

2. Proof of main results. In order to prove Theorem I we need the
following lemma which is proved by a suitable improvement of the case
(DN, fr1 i" 1s1.
Lemma 1. Let E be a Schwartz-Frechet'space having an absolutely
Schaud,er basis and the lineor topologicol inuariant (DN) and, F be a
Frechet spoce withthe linear totologicol invariant (fi). Then euery F* -
valued, holomorphic function on an open set D in E" is locally bounded,.

Since this lemma, by an argument analogous to that used for the
proof of the Lemma 2.2 in [3], we have

Lemma 2. Let f : D --+ F* be d merolrlorphic function, where D
is an open subset of a DFs-space E* with E e (DN) and E has an
absolutely Schauder basis and, F is a Frechet space hauing the linear
topological inuariant ({l). Then there exists a continuous semi-norrn
p on E* and a tnerornorphic t'unction g i Dp * F* where D, is a
neighbourhood of ,p(D) in F) such that

f  -  g o u p .

Now Theorem 1 can be proved as follows.

Proof ol Theorem l. Given f : E* -- F* ameromorphic function, where
.E and F are as in Theorem 1. By Lemma 2 there exist a continuous
semi-norm p on E* and meromorphic function 0 : Dp --+ F*, where Do
is a neighbourhood of. E.fkerp:n EI such that I :  g ouro. Consider
the domain of existenc" Dtr of g over Ei.

Since E| is a separable Banach space, bV [g] Df, is pseudoconvex.
Hence, the function p(r) : -logd(z,ADtr) is plurisubharmonic on Df,.

I I E
(TN
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BV [g] there exist a continuous semi norm pt ] p on E* and a
plurisubharmonic function r! on Ei, such that gu p : ,hw p, . It suffices
to show that Imwp,p e Df, where uprp i Ei, - E) is the canonical
map.

In the converse case we can find z e E), such that , o, p(") e A DT .
Take a sequence {r") c E* fkerpl which converges to z. Then

*oo : )yyv(we,oQ)): ,,lgg ,h(r") ( m.

It is impossible. Hence Imworo C Df and, Qwo, - / where 0 z Df, --+

.t'* is naturally meromorphic extension of g.

Theorem I is proved.

In the remaining of this note we shall prove Theorem 2.

Proof of Theorem 2. Assume that F has a continuous norm p. Then
it is easy to see thaf F| is dense in F*. We prove that / is extended
meromorphically on D.

Take z6 € R(H), the regular locus of H. We can assume zo:O.
There exists a neighbourhood of ze of the form

W : U  x A e ,  e € F *  s u c h t h a t  H n W : U x 0 .

Since / is holomorphic on U x Ae, we can consider the Laurent expan-
s ion of  f  a l  z6:  (0 ,  0) :

*oo

f  (2, \)  :  t  a1Q) \ i  ,  V(",  ))  e U x A*e,
J : - A

I  f  f ( \ , " ) , \where a;(z) : --- t :ff dA arc holomorphic on U.r \ , ,no 
r^!r:, 

,\r+r

By the hypothesis , f can be extended meromorphically in the mean
of Silva l"o H, and it follows that /1r.,"; ir meromorphic. Hence, we

c a n f i n d  n o € Z  s u c h t h a t  a i @ ) : 0 f o r V 1  < - r l o t  z € U a F ; . S i n c e
a1@) are holomorphic on U, U nF; is dense in U and a1@) :916,
V j  1 n o ,  z € U n F ; , w e h a v e  a i Q ) : 0 f o r V 1  < - r l o ,  z € U .  H e n c e

f ( 2 ,  \ ) : a 1 @ )  \ 1 ,  V ( " , . \ )  e  U  x  A * e .

It means that / is meromorphic at zs € R(H). Thus, / is meromor-
phic on D \ S(H), where S(If) denotes the singular locus of H. Since
codimS(fI) > 2 it follows that / is extended meromorphically to D.

t
j ) n o



Meromorphic functions and bhe topological linear invariants DN and O 453

Conversely, assume that F does not have a continuous norm. By
Bessaga- Pelczynski [1] .t' contains a subspace, which is isomorphic to
the space of all number sequences k . Then we can define a holomorphic
f u n c t i o n  I : F .  \ ( O x c ^ , * )  * C b y

f  ( " r ' r r " ' ,  zn ) :D r3
j : l

Obviouslg for each n ) 1 / is meromorphic on Fj, where

tr' : hpProjF,n.

However / is not meromorphic on F*. Theorem 2 is proved.

Acknourledgement. The author is grateful to Dr. L. M. Hai for his
valuable helps during the preparation of this paper.

REFERENCES

l. C. Bessaga and A. Pelczynski, On a class ol Bo - sqce4 Bull. Acad. Polon. Sci,
5  (1957 ) ,  375 -377 .

2. J. F. Colombeau and J. Mujica, Holomorphic and differc,ntiable mapgings ol unilorm
type, In:. Functional Analysis, Holomorphy and Approximation Theory, J. A.
Barroso (ed) ,  North-Hol land Math.  Stud. ,7 l  (1982),  179-200.

3. L. M. Hai, Mercmorpldc lunctiorw of unilomr typ and linear toplogical inuaionts,
Vietnam J.  of  Math. ,  23,  Specia l  Issue (1995),  145-  161.

4. M. Harita, Corttiruntion ol mercmorplic function in leally conaea spoce, Mem. Fac.
Sci .  Kyushu Univ. ,  ser .  A,  41(2)  (1987),  115-  132.

5. N. V. Khue, On rnercrnorphic lunctioru uith values in lcr,ally conoer sryceq Studia.
Math. ,  73 (1982),  2OL-z l t .

6. R. Meise and D. Yogt, Holomorphic lunctioru of unitornly boundd type on nuclear
Frechet cryccct Studia Math. T. LXXXIII (1986).

7. J. Mujica, Doncin of holomorphy in DFC - spce, Functiond anfusis, Holomafiiy and
apprcdmationtheory, Ed. S. Machado, Springer-Verlag, Lecture Notes in Math.,
843  (1980 ) ,  500 -533 .

8. T. H. Nam et B. D. Tac, Pseudem,aeritd des domaines d'eristence des fonctiorc miro
morphes daaleurs uectorielles, Acta Math. Vietnamica, 2f (l) (1996), 95- 1lO.

9.  B.D.TacandN.T.Nga,  TheOka-Wei l theorc,minnuclearFrechetspceond,p lur isub-
harmonic lunctions of unilormtype, Acta Math. Vietnamica, 2 (1991), IBB- l4S.



6ilr O bcrs frE rJuiurrni rssail lsri3oloqol srll bns anoitrrffi*r$mfr**"

lo[gD.@q M fCIbogEgeg*cryA@rrroffic
ot Si&soEffid4{f,d*ffieC{Bdffs enisJnos t II] iilanycele{ -sgsam8

1 rrir{grqqd@.eiffi{S @tds ftosraga sdi
.id 3 "- (*'",, x 0) / "A r \ noibnul

n 
Reae'i+d Mo;g 25, lW

&eruent *ndatrurna$ 3 : (,'s ..'.,rs,s)\
Pedagqgicsl lad*itut€ I Ead t=i

ffarci, Vieta*rn.
sredw , ia no rirlqromorsm ai \ I S rr drss ro1 ,'lleuoivdO

't lo 9rni l  :  L

.benorq ei S rngrosrlT . -'{ no :idqromoreln Jon ai \ r*vwoH

air{ rol isH .M "J .r{I oJ lr}elsrg ei roriJss srfT .tco*nrag$atrcnicA
.Teq6q aidJ lo noiJsisqsrq sCl gnirub 4lor{ sfdsffls/

'aseyrgffgqsfl

,ie2 
'.ndo{ 

.boA .'lIsB ,r!lup- o8 \n aurh n d3 "idenlrrli9 .A ba* qd .3
.tfE-elE ,ffE€r) E

mro\ino \o qniq$Inl rirk dnrr$ bm i*Crtardolil ,eeiir${ .L 5*r* $*tdstd*C .t .t
.A "[. ,gtradT noiJcmixoqgA bas qdq:anrrioH ,zie1funA fsnei$rrrd lS. ,sqgt

' 
.00Srgll .(S8eI) IT ,.bu}? ., l isld bnslioH-dtrelf ,,@i o*err*€l

,rlreinami hoqploqot rorrril bro rqgt rnro\rm \o *nidrr{ rilkrrs*'rrr}i ,is-r! .!l .J
.IaI -dll ,(e9€'t) rurd hiraqZ ,Eg , dr*M 1o .L msnlciV

.:sT .mdr{ ,!ulr rrxrsros g$sel fii naBr*rr{ r$qrornnrm \r ncdurrt$n$ r#.*
.St I  -e{ I  , (Te€t !  { t } f  }  ,A , rsa, .v i r i { f  *_ugH . is?

.eibstA l!*qp a*nei gltsfil nt *sufott Altrrt urortrnu\ eidk$Eiltuw flO ,ssd;{ V H
. I  tS -  I r l f  .  i l8 t l t )  S l  , . r i i5M

rDbirr'a "' y tan.sot ry* H-r,Til**TT%j*s*i :ff :','*,fi
h* g$rornotoll *ui*$rn+ b$ui*vrfl .rary -li"{€ xr 1fu*aesoh*b al'+rofi ,e :i[ul{ .[
,.db*f; ni reioH errus:sJ ,gelrsV-lagnirg8 .obsr{*M .e .bg ,p*sr$-mibmlnfr*

' 'rflcr -00e '(oEelt S

srlm unbrneilr$ txrrhsrnb rrniweah r$'rlhxmxtu:,c'i .litI' .fi .g tt dF"H .'l''
.OtI -ee ,{AQSI} (l} ff ,srifirtnJciV .d*eH *hA ,arllrhoirx aqrdr*$ttfuc.t'

6nnrfuban $orqr |r*rrrftra*|lorrnirrnrredtbr'ff -$*C) ]rn ,'egH .T.H E6t sdT .il .A
.ElI -Sff ,{l€tl I ,srirnec**iV .di.Gtd r.trA .rqtt nno\unr\o *Srctr{ xir,n}cnrod

. I

o

. t

"*

.e

.gl


