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MOSCO CONVERGENCE OF MULTIVALUED SLLN

EZZAKI FATIMA

Abetract. Mocco convergence lor strong law ol large numh,r lor conaet, we&ly
compt oalud mnrtingales and closed conaeu oahd marting&, difrercnce in a
p-cm.ath sepmble Banu,h EWc ane ptovidd. At applicdion, we przaent a new
prool ol Mosco conaetgence of strong laat ol larye numhrs tor independent conoex
ue&ly comp,t aalwd mndom sets in p-smoth nptdle Banach spce.

INTRODUCTION

strong law of large numbers (sLLN) for multivalued martingales
are interesting because they are closely connected with both geometric
and probabilistic point of view. There are two main types of strong
law of large numbers for random variables. The first one deals with
independent identically distributed random variables, and the second
is concerned with independent random variables with the same mean
and some .LP-norm conditions. The first type of sLLN is generally valid
for Banach space valued random variables (cf. [f ], [g,10,11], [rS, ta],
[ta, to]). on the other hand, the second type of SLLN for Banach rpu."
valued random variables is valid under some geometric conditions (cf.
[t0]' [zo]' lzl,fzll, [ts], [ta]). In the present paper, we discuss several
versions of second type of SLLN for martingales in separable Banach
space.

In Section I we present a Mosco convergence result of sLLN for
convex weakly compact valued supermartingales in separable p-smooth
Banach space (in Pisie's sense [20]).

In section 2 we give a new proof of Mosco convergence result of
SLLN for independent convex weakly compact valued random sets in
a p-smooth separable Banach space via the techniques of supermartin-
gales introduced in section 1.

In section 3 we introduce the notion of multivalued martingales
difference and we show the existence of martingales difference selectors
for this class of multifunctions. As application we present a new result'
of Mosco convergence of SLLN for multivalued martingales difference
whose valued may be unbounded.
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1. PRELIMINARIES. LAW OF LARGE NUMBERS
FOR SUPERMARTINGALES

Notation and definitions

Throughout this paper, let (O, 7, P) be a probability space, -E a

separable Banach space, cc(E) the family of all nonempty closed convex

subsets of E, cwk(E) the family of nonempty convex weakly compact

subsets of E and C the Effros tribe on cc(E). Set ,R : {C € cc(E) :

C aB(o, r) e cwk(E), V" t 0) where B(0, r) denotes the closed ball

of radius r, centered at 0.

In the present paper, we shall use a notion of convergence, for

sequences of subsets, which has been introduced by Mosco [tA, fO] and
which is related to the one of Kuratovski. Let t be a topology on E

and (Kn)*>1 a seQuence in 
"(E). 

We put

;-tiKn : {r € E, r, : t- lim rn I rn € Kn, Vn ) 1}

t-lsKn : {r € E, r, : l- lim lDk : frk € Kn@), V/c > 1}

where (K*@))r>r is a subsequence of (K"). The subsets t-liK" and

t-IsKn are the lower lirnit andthe upper lirniton (K"), relative to the

topology t. We obviously have t-l;K* C t-lsKn. A sequence (K")

converges to K*, in the sense of Kuratovski, relatively to the topology
t, if the two following equalities are satisfied:

t- l ;K"- t- lsKn- Koo

In this case, we shall write ,-ltp Ko: Koo; this is true if and only if

the two inclusion hold:

t - l s K n C K * r - t - l ; K n .

Let us denote by s (resp. u) the strong (resp. weakly) topology on
E. A subset Koo is said to be the Mosco limit of (K").>t denoted by
M-lry Kn : K;, if

K* :  s- l iKn:  w- lsKn

which is true if and only if

w - l s K n C K * c s - l i K n .
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The corresponding definitions, for a sequence (X") of multifunctions
on O, are clear. In fact, in the previous definitions, if suffices to replace
K" by X"(r) for all cu € O (or for almost all ar).

Concerning Mosco's convergence, we refer to Mosco [Mo], Wets

[We], and Attouch [A]. In the present paper, N* will be denoted the
set of strictly positive integers, R (resp. R+) the set of real numbers
(resp. positive real numbers).

A closed convex valued multifunction X, i.e., an application from
O to cc(E), is said to be measurable if the application X is (7,C)-mea-
surable. A measurable multifunction is also called a random set. A
function / from O to E is said to be a selection of X if, for any a.r in O,
I(r) e X(r). A Castaing representation of X is a sequence (.f,),>r of
measurable selections of X such that for all w, X(w) : clUn(o) : rz 2
1). It is known see ([5], Theorem III.9) that a closed valued multifunc-
tion F is measurable if and only if it has a Castaing representation, or
if and only if the real function d(x, X(.)) is measurable for any n, in E.

Let Lr ({1, 7 , P, E) : -Ll(O, ,E) denote the Banach space of (equiv-
alence classes of) measurable function / from O to .E such that

l l / ( , ) l le@w)

is finite. For any ./-measurable random set X we put

StrV): {/ € ,t(n, E) : f  (w) e X(c,. l) o.s.},

which is a closed set of ,t(n, E) and is nonempty if and only if the
real function d(0, X(.)) is in -Lr(O, R). In this case, we shall say that
a random set X is integrable. On the other hand, a random set X
is said to be strongly integrable or integrably bounded if the function

lX ( . . . ) l  i s  i n .L l  where  lX ( . . . ) l  i s  de f i ned  fo r  a l l  o  i n  O  by  l x (a r ) l  :
sup{llrll : n e X(w)}. Given a sub-o-field I or 7, and a .Z-measurable
integrable random set X, Hiai and Umegaki ([fS]) showed the existence
of a B-measurable random set G such that

sA(B) :  ct{EB (f) ,  f  € s+(7)},

the closure being taken in ^Cl(O, E). G is the multivalued conditional
expectation of X relative to I and is denoted by EB X.

401

l l / l l ,  :  Ell f l l :  
In
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F o r  K  €  c w k ( E )  a n d  c *  €  E * , l e t  P ( z * , K ) :  { r  €  K :  ( r * , r )
:  6*(z* , I ( ) ) .  Then F(r* ,  K)  be longs to  cwk(-E)  where 6-( ' , . I ( )  is
thesuppor t funct ionof  subset  K of  E.  Let .Cl*118y( / )  b" thesetof  a l l

./-measurable integrably bounded multifunctions X from O to cwk(E),
by an easy argument, we show that, for every x* € E*, F(r*, X(.))
belongs to Xl*k1sy(/) too.

Let (7")">1 be an increasing sequence of sub o-algebras of .7. A se-
quence (X.\^>, in , l*r.1a; (/) is (7^)o>_r adapted if  Xn e L:*k@)(f^)

for every n. An adapted sequence (Xn, Tn)n>_r in ,Ll*u1 e1V) is a su-

permartingale if E7* Xn+r(r) c X"(r) for all n ) 1and all t.,r € O. See

[9] for details.

The following result is a particular case of a result due to Hess ([9],
Proposit ion 3.7).

Proposit ion 1.1. Let (Xn, Tn)n>_t be a supermartingale in t l*u1q(7).

Then there erists an adapted sequence (f  ̂ ,  7.),>_1 in LrB(7) such that
( " )  ( f " ,1n)n/ r  is  a  mart ingale,
(b) for all n) r, fn € Str*V).

Let us recall the following notion of psmooth Banach space given
by Pisier [20].

Definition 1.2. Let E be a Banach space and p € [1, 2]. We say that
E is a psmooth space or the norm of E is psmooth, if the modulus of
smoothness, p6: defined as

p1( t ) -  sup { } t t t "+ ty l l  +  l l " -  t y l l  - z )  :  l l r l l  :  l l y l l  :  r }

satisfies the following condition: there exists a constant ft such that
po(t) 3 ktP for each t €lo, oo[.

Example. Hilbert space, super reflexive space, the Lp, space with
p in [1,2] and E psmooth space; are psmooth spaces. We refer to
Hoffmann-Jorgensen [16], Woyczynski [Za] and Pisier [20] for details
concerning psmooth Banach spaces.

Before stating the main result, let us present first a useful lemma.

Lemma 1.3. Let E be a separable p-smooth Banach space. Let (cn)n>1
be a decreasing sequence in R+ such that _l im_cn: O and, (gn, Tn)n>r

a martingale in LbV) such that
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(a) ,l im ,lDls|o : o,
,c+oo

(6) i t"i - "f,*r)Elerlp < m.
k :1

. Then,nl$ 
"rrgr" 

: 0 o.s.

Proof. Recall first the Chow inequality for positive integrable sub-
martingales, see ([0], p.107). If (hn, 7n)n>1 is a positive submartingale,
then for every e ) 0 and every m ) L, we have

pl  . ryry  cph1,  )  e ]  S E(h i*  f  cpE( t t .1 ,  -  hx- i  .' l < k < m  r  -  
k : 2

Since
eePIma,>c rnlgnl ) e] : tof [?9I "o*lsxlp 

> to]

and (lg1lo, 7*)r>, is a submartingale, by the preceding inequality, we
get

epPIq1ar 
"Llgxlp 

> ro] Sro.Elg , lp + i  " f , i l ( lgdo 
- lgr-r lo) .' k > n  r r '

ft:n* I

' So we have to prove that

oo

*\",^nlnnlo * t cpkt(lsklp - lsr,-rlp) : o .
l c=n*1

since 
*lyycflElgnlP 

:0 bv (a), it is enough to check that .i cl,E(lsklp -
k:2

lgr-t lo) < oo. But for all integer m ) l, we have

oo m-L

"o,Elsrlo + t ",r41snl, 
- lsn-rlo) : t  kor,- rf, ,+r)Elgnl, + cp*Els,. lp .

k:2 r t : l

Then bV (") and (b) we get

Theorem L.4. Let E be a p-srnooth Banach Epace with strongly separa-
ble dual E*, ("n) as in Lemrna 7.9 and (X;);21 a seQuence of cwk(E)-
ualued rand,om uariables. If the following two cond,itions are satisfied,
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(i) (S," : i X;.ln)n>r is a supermartingale,
i : l

( i i )  i  cfnlx; ln (oo,
r : 1

thenO € s-l icnS*(w) a.s.

Proof . By Valadier lZZl note that E7*.Snqintr"*1-1q(7"). Since

(Sn, 7n)n>1 is a supermartingale, then for all n ) 1and for all c* € E* ,
we have by integrating

f  -  f  . ,
I  t .  (r .  ,  E7'sn+r(w\r@w) ! |  6* (r* ,  s"(u))P(dw) .

J a  J A

Equivalently by Strassen's theorem, ([5], Theorem V.14), we get

6*(r* ,  [  , ' 'So,r1P(d'w))  < 6- (r . ,  I  S*P(tw)) .' 
"/n "rn

Consequently

f f ,
6* (r*  ,  I  S"(w)P(du))  + 6- (r . ,  I  Xn+t(w)P(d,w))

J n  J O

( 6*(z* , I t*@)(ar)) .
J O

Then 6*(r*, InXn*r@)P(d,w)) 
( 0 which implies that /nX"+t(r)

P(d,w) : {0}. By Lemma 5.7 in [ta], there exists In+t € I!(/) such
that Xn,,lt(r) : U"+t(tr)) a.s. Then Vrz ) 1,

s " ( r )  -  Xr ( r )  +  f r ( " )  + . . .+  f " (w)  a .s .

Since (Sn, 7n)o>1 is a supermartingale in LLp(f), by Proposition 1.1
there exists an adapted sequence (gn,Tn),-1t in Ll(f) such that
(gn,7n)n>1 is a martingale and for all n ) l, Qn e S,1.. So there
exists hi in S|, such that Vn 2 1

s.  - -  hT - t  fz  *  . . .  I  f " .

Since (gnr fn)n>1 is a martingale, then we have E7'gn+r: gn, hence

hl : hi*' + E7* fn+r. Therefore gn*r - gn : fn+r - E7* fn+t Set
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dr : S1 and di+r : g;+t - g;. By applying the Pisier's martingale
inequality [ZO] to (gn,7n)n>1, there exists a constant B > 0 such that

Els,lo = 
" I 

Eld;|, : B(Elgr, ' * 
I 

Elf, - E7'-, ft lo).

By H6lder inequality, we get

Elg* lo S2PBf 
" t r , t .  

(1)
i : 1

Now we must show that 
,!5 

cngn:0 a.s. By Lemma l.B, i t  is enough

to show that the following properties hold:

(') m" c!,Elgkln : s,
oo

(b) Dkoo- "f ,*r)ElgrlP 
< m.

& : 1
k

Indeed bv (t)  we have 
" l ,ElsklP 

<zpBcl,D Elf ; lo. B,t t
d : l

i"irlr,l' s i cr,nlxiln < m
d = l  i = l

k
then bv Kronecker's lemma ([tz], p.238) we 6ave 

*!lL "1, D Elftlp : o.
f : l

I t  fol lows that , l im ,onElgxlo:0. This prover (u). While (b) fol lows
,c+ oo

from the inequalities

l\c'n - 
"o*+r) 

Els klp < 2e B Dkek 
- 

"or* r) D "l 
t,lo

l c : l  l c : l  i : L

: zp Bi rtot' i,.l - ,1,+,)
i = l  k = i

:2pBi" i r l r , lo  <  * .
r : 1

Then 
)*g_r"O"(r )  

:  0  o.s .  S ince O.@) € S"(u. ' )  a .s . ,  so O € s- l icnS.(w)  a.s .



406 Ezzaki Fatima

Corollary L.5. Let E be a p-srnooth Bonoch spoce with strongly sepa-

rable dual E*. Let (X;);>r be a sequence of cwk(E)-ualued random sets

as in Lemma 7.9. If the lollowing two cond,itions are satisfied
fL

( i) (S" : D X;,7,-)n2r is a martingale,
i = L

oo
( i i )  t c lE lX , lP  <oo .

i : 1

rnen M-)*cnSn : {o} a.s.'

Proof. Since (Sn,7n)n21 is a martingale .rra i cfElx,lp ( oo, by
i : l

Theorem 1.4 it follows that 0 € s-,,c"s"(o) o.s. Now we show that

w- l scnsn ( r )  :  {O}  o . s .  Le t  r *  €  E* , then  (6 * (o * ,5 , , )  , 1n )n> r  i s  a rea l

valued martingale and 6*(".,  S,,) :  i6*("*, Xi). By Lemma 1.3 i t
r : l

is enough to show that the two following conditions are satisfied

(a) l im cPoEl6* (r- ,  Sr) lo :  o .
,c+oo

(b)  i  t r i  -  
" ' r+)El6*(r* ,  

sr) lo (  oo.
k = l

By Burkholder's inequality for a real martingales [a], there exists a

constant A such that Vz € N*, we have

El6. (x., s,")lo < AD Ell* (r* ,x,) lo .

Then for all k > lwe have 

i:l

k

cpn4l6*("*, s,t)lo < A"!,I ulr-("-, x;)lo.
r : 1

Since oo oo

lclEl6.("., s;)lo S t la.lcq,nlx;lo < *
r : 1  r :  I

by Kronecker's lemma ([tz], p.238), i t  fol lows that

k

. l im cf I  r lo.  (r .  ,  x;) lP :  o.
k+oo 

*  H
r : 1



Mosco convergence of multivalued SLLN 4Oz

So
fu 

"onnlo*("* ,  
s t ) lP :  o '

We have

o o o o k

Dt.i  -  
"f ,+r)El6*(r*, sr) lp < A t(4 - ' l+,) f  r l r-  (r.  ,  x;) lo

l c : l  
'  

f t : l  r= l

: / i  El6* (r.,x,)lo it. l  - 
"f,+r)

i=  I  k= i
oo

:  A f  cPrn la . ( " - , 'X ; ) lo  <  * .

Whence (b) is proved. By Lemma ,.;:" conclude that

,!Ig 6- (r* , cnsn(')) : o o's'

Let D : {si, i > 1} be a countabie dense subset of E*. Then for all i )
1, 

, l$ 
6. (ni, c"S"(w)): 0 o.s. so there exists a negligible set N € ./

such that Vcr e (O \ N) and Vi > l, 
,l$ 

6- (ri, cnso(r)) : 0 a.s. Let
or € (O \ N) and r € w-lscnS"(r). Then there exists rnk € cn*Snp(w),
Vft > 1, such that

Vi > 1, (ri, ,): Jfl("i , rnk)

t  
,B 6. ( ' i ,  c"S"(w)) :  o o's '

Whence w-lscnsn(w) : {O}. Finally M- 
*lBcnS^(w): {O} a.s.

2. APPLICATION: LAW OF LARGE NUMBERS FOR
INDEPENDENT cwk(E)-VAtUED RANDOM VARIABLES

Before stating the main application, let us mention the following
lemma.

Lemma 2.1. Let E be a separable Banach Epace, fr, 7, P) a probabil-
ity space and, (X;);21 a seQuence of independ,ent randorn uariables in
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'LbV). 
Let 7o: o(Xr,..., XJ be the sub o-field of 7 generated, by

(*)r<,. Then for alt i > n, E7'X; : E(X;).

Proof. Let C : { h 4, A; € 
"(X,)}. 

Then 7n : o(C). In fact
d : l  

n

we known that, Tn - 
"( U "(X,)) 

and for all A € o(X;), A € C,
r = 1

, 7 n
so U "(X,) 

c C, then 
"( U "@;)) 

c o(C). Now let A e C then
r =  I  r : 1

n ft'

A - i l, with A; € o(x;). so .4; € "( U o(x;)) for all i 1 n,
i : 1

then f l  A; -- A. "( 0 o6;D. This implies that C . 
"( 0 o(X;)).

r : 1  r : 1  i : l

whence  o (C)  c " (  0  " (& ) ) .i : l

Now we show that for all A e. 7n, r* €. E* and i ) n, 14 and
(r*, X;) are independent. From ([tZ], Property 9-1, p.77) it sufficient

to show this for all A e C. Let A € C, then .,4. : 
,!r,4; 

with A; € o(X;)

so there exists Dr, . . . ,  DninB(E) such that A :  h Xr ' (D;) .  Let  .B1
i : l

and, 82 in 8(R.) we claim that

P ILA€  B t ,  ( t * ,  X ; )  e  Bz ) :  P l lA€  B l lP [ ( t . ,  X ; )  e  82 ] .

Set ff1 : {w : la(a,') 6 Br} and H2 : {w : ("*, X,(r)) 6 Bz}.

Then

i f  HL:  O we have P[ .F/1 n Hzl :  P[ .F/ r ]  .P lHr | ,
i f  I /r - 0 we have PIH - L. H2l: 0 : PlHLl.PlH2],
i f  f f l  :  .A, we have If1 : {r^.r :  Xr(r) € Dt,.. . ,  X"(r) € D"}.
S ince  ( " * , . )  i s  (8 (E ) ,8 (R) -measurab le ,  t hen  D  :  n * - r (B r )  e

B(E), and H2 : Xr t (D). Then

PlHt  n  nz l :  P lw:  X1(o)  €  Dt , . . . ,  x" ( r )  €  Dn,  x ; ( r )  €  Dl .

Since X; is independent of X1,... ,  X,r, so
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PlH, n nzl : Plw : X1(ar) € Dt,... ,  X"(r) e D"l.Plw : x;(w) e Dl
: PlHtl.PlHzl

If Hr - A", similarly we show that la and (z*, X;) are independent.
Now for all c* € E*, A e 7" and i ) z we have

f - f -
@-, I E7^X;(w)lP(dw): I (?.,n7^x;(w1)P(dw)

re t f  
_= 

lo"" 
("., X;(r))P(d.w)

f

Jnr"@., 
X;(w)lP(du).

Froni ([7], Theorem 3.3.3, p.51) it follows that

f f
I to(r*, x;(w)lP(d.w) : P(A) I @. , x;(w))P(d,w)

J A  J N

:  P(A)\n", I xr{r)P(d,w))
J A

: (c*, P@) [ x;@)P(d,w)) .
J f i

Put /n X;(w\P(du): X. Then

(r* , I  n'^xr(w)p(d,w)): (r*, p@ [ x;@)p(d,w))'  ' J , c  ' \  '  \  ' t  \  '  
J n

(x. ,  P(A)X)

b., I xp@,w)) .
J A

T h e n  E 7 ^ X ; : X : E ( X ; \ .

Corollary 2.2. Let E be a separable Banach space, (fr, 7, P) a proba-
bility spoce ond (X;)r>t o sequence ol independent random uariables in

Lb(7). Put 7n: o(Xr,..., Xn) and, Sn= i Xr. If E(X;) : o for all
i : 1

i  )  t ,  then (Sn, Tn\n>_r is o rnart ingale in L'r(f).
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Proof . By construction S," is 7rr-measurable and, 87" Sn+t : E7^ Sn *
E7^Xn+t By Lemma2.l, i t  fol lows thal E7*Xn+t: E(Xna1). Since

E(Xo+t :0 then E7*So+t :  E7n,S, ' ,  so (Snr  7n)n>1 is  a mart ingale '

Now we have the following application

Corollary 2.3. Let E be a p-srnooth Banach space with strongly sep-

arable d,ual E* and (X;)i>1 a seQuence of ind,epend,ent random sets in

l l*o(r) (7) such that

(i) f l  ")y(oo,'-' 
Et iP

(ii) /n X,(r) P(d,w) : C lor att i > L.

Then M- lim s',!') : C a.s.
tl,+oo fL

Proof. Let us prove first the following inclusion, C c s-Us**') o.r.

In fact C : IaX;(w)P(dw) is convex weakly compact, see Cas-
taing-Valadier [5], Theorem V.14). Then bv ([8],p.106), C is the closed

convex hull of its strongly exposed points. Since s-lis'l') is closed
and convex, it suffices to show that any exposed point of C is con-

tained in s-lr{C for a.s. t.r € O. Lel r be any exposed point of
C, then there is s* € .E* with F(r*, C) : {z}. Let A2s, be the o-

field generated by X;. Then it is easy to check that, for all f ) 1,

F(r* ,X, ( . ) )  is  in  l l *1p1(Ax,) .  Let  /  €  Si ( " - , rS(Ax,) ,  then /  e

s!,(Ax,) and InI@)p(dw) e fnx;@)n@'w) : c. But (c-, /(o)) :
6*( " * ,  X , ( " ) )  o .s . ,  then

f f
b.,  I  f@)P(d'w))  :6-(r . ,  I  x ; (w))P(d 'u)  :6*(r . ,c)

J n  J n

This implies that

Whence for all z, we get

f  (w)P(dw) € F(x. ,  C) :  {x}  .L
f

I  f @ ) P @ , ) : , .
J N

LF(r*, X;(w))P(d,t, ' )  :  {c} .
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From Hiai ([18,1a]) there exists f; e Sl(Ax,) such that

4 1 1

F( * * ,  X ; ( r ) ) :  { f i ( t , ' ) }  o . s .

Consequently, we have /n f;@)P(d,w) : , for all i > 1. Set g; -

f i - ,  a n d  7 o :  o ( g t , . . . , g o )  a n d .  h n :  9 1  +  . . . l g n .  s i n c e  ( X ; ) ; > r
is independent, by Hess ([10]) it follows that (9;);y1 is independenJ.
By Lemma 2.1 and Corollary 2r2, we conclude that (hn, /,n),">1 is a
martingale. Moreover, we have

I " P : o a ' s '
Then l im i  hr!- ' :  0 o.s..  So n € ,- trs. j")  o.s. Then

n-co f=l

c . r - t ; s " ( ' )  C c a . s .
n

Now we show that w-lsep o.s.. Let D : {ri, j > 1} be a countable
dense subset of E*. Then for every j > l, (6. ("i , xn))n>r is a sequence
of independent integrable random variables sulh that for all n ) L,

f f
|  ̂ 0 . ( " ; ,  X"(w))P(dw) :  t . ( " i ,  |  ̂ x " ( r ) )P(dw) :  6-  (n i ,  C)
J a  J n

and that

iEl6.r";, 
x); 6- (,r;, ry S 2p_tl6_("i , c)loi #

d : l  i : l

2o- t  i  
El6.  ( r i ,  x ; ) lP 

< oo .
2 P

l : l

i 4gr < zP-tS rll'lP + l"lP
2 p L i o

i : l  i : l

: ! P - r l 4 r  j *

< zp-\ "lr 
j 

;
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By ([16]) it follows that

-,gLDt-!i:g)
i : 1

Then there exists a negligible set N € /

a n d l ) l w e h a v e :

Ezzaki Fatima

:  6 .  ( r l ,  C)  .

such that for all u € (O \ N)

,r55t 
t:g+9:6.(r, 'c)'

i : L

Let ar e 1n\ru) and c € w-ls&p, then there exists nnk €
1, such that

@i, d: /${"; , nnk) S rig;;no . (' i, *) 
: 6* (' i, c),

then c € C, so w-h{4 C C a.s. and finally we get

c  / , , \
M-  l im 

un \w l  
:c  a .s .

f z + @ n

3. EXISTENCE OF MARTINGALE DIFFERENCE SELECTORS

OF MULTIVALUED MARTINGALE DIFFERENCE.

APPLICATION TO MULTIVALUED SLLN

In this section we aim to prove the existence of martingales dif-

ference selectors for multivalued martingale difference which help us

to state a new result of Mosco convergence of SLLN for unbounded

multivalued martingales difference.

We begin by recalling some notations and definitions.

Let E be a Banach space. Let O, 7, P) be a probability space and

(7.)n-, an increasing sequence of sub o-algebra of 7. Let (f 
", 

7")">t

be an adapted sequence LLs, i.e., Vn ) 1, fn is fin-measurable and

integrable . (fn, 7n)n>t is a martingale dif lerence if  Yn 2 L, E7'In+t :

0 a.s.. This suggests the following definition.



Mosco convetgence of multivzlued SLIN 4rc

Definition 3.1. Let (X;);11 be a sequence of integrable multifunc-
tions with nonempty closed convex valued and such that Vz ) l, Xn
is /rr-measurable. we say that (Xr, 7o)n2t is a multivalued, rnartin-
gale difference if, Vn ) l, 0 € Srsr^)(.*r(7n). An adapted sequence
(fn, 7^)n>1 is a martingale difference selector of multivalued martin-
gale difference (Xrr, I,-)n>r, if (fn,7o)n2r is a martingale difference
and Vz ) l, fn e Str_(7").

Before stating the Mosco convergence for sLLN of bounded multi-
valued martingales difference, let us first mention the following theorem
of existence of martingale difference selectors of multivalued martingale
difference.

Theorem 3.2. Let (xn, 7n)o>1 be a rnartingale difference with ualued
in R such that

V n )  l , lET* f ldp < oo .t sup
J O . f € S ; * * ,  ( 7 . + t )

Then there eaists a martingale diference selector ol (X^, fn)n>r .

Proof .  S ince o € S[ t*21_*, (7n) :  c l {E7. I l l  e  s1,* , ( fn+i } ,  then
there exists a sequence (87" fi,+r);>1 with fi.+, € si,*, (4+r) s,rch
ttt"t  

rLT" 
E7"flr+r:0 for the norm of LrB. For al l  c..r € o, set

rn+r(w) : d(0, Xn+L(r)) + suprlDh f i*, (r) l  .

Then r,r11 is ./211-measurable and integrable. For all a., € O. set

Yn+r(r) :  Xntt (r) n B(0, r"11(c,.,))

Y'"+r is Tnlvmeasurable (see Hess [t1], Proposition 3.3.3) and we have
r f

J nlr^*rl(u)P 
(du) S 

I nr'*r(o)P(do) 
< m

Then Yr"+r is .F211-measurable integrably bounded multifunction, with
values. in cwk(E). By James-Pryce's theorem [zt], it follows that
S+-*, (7.+r) is convex and o(Lr", (LD') compact. 'Then Cn : {87^ f :
I  e Str^*,(f",)\  is o(Lfi ,  (LD') compact and convex. We claim that

9a "". 
I t  is obvious that for al l  i  )  L, 87" f l ,+, € Cn.A. 

,LrL 
E7^ f l+,

: 0 for the norm in Lb, then 0 € cn. Hence there exists
9.n*r  _€.Si -* ,  

(7 .+t )  such that  E7^gn*1 :0 .  Let  gr  € ,S| , ( / r ) ,  t tur t
(gn, 7n)n>_1 is a martingale difference selector of (Xn, f,-)n2t.
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APPLICATION: L{ULTIVALUED SLLN FOR
MARTINGALE DIFFERENCE

Theorem 3.3. Let E be a Banach space with separable dual and. such
that the norm ol E is equiualent to a p-smooth norm. Let (Xn, 7n)''2t
be an integrable martingale diference with ualues in R such that

(i) Vz 2 1, .[o , sup lE'" f ldP < a,
" f €S i *+ ,  

( / ^+ t )

(ii) i 4#v < oo.
i : 1

fL

Then0 € s-lrj I X;(ar) a.s.
r : 1

Proof . By Theorem 3.2, there exists a selection martingale difference
( fn,7n)^>1 of  (X, , ,  / " ) ">r .  Set

o * : f f ;
d : l

then (g,n, 7n)n>r is a martingale. By a Pisier's result in [20] there exists
a positive constant B, such that

vn |L ,  E ls , l ,  S  t i  E l f , l o .
i = 1

By assumption (ii), it follows that

T g4r ( oo.
3 i p

We'claim that ,nl!g * : O o.s. We have

t )#=3i  EtrrP.  (z)
lcp - ko ,,=,

Since i E# < oo by (ii), then by Kronecker's lemma ([r7], p.ua)
d : 1

and (2), it follows that

n k

. [m  f l I r l f r lP :0 .ft-sP ftP u
r : l
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Moreover we have
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and
3 r t oo

d : 1

<  o o .

l .

3 .

7.

8 .

9.

10.

1 1 .

& : 1
t (} - ir+*)'tnrto < Bt

(k  + t ) r

Then by Lemma 1.3 it follows that 
,"1]3. 

^ :0 a.s. Since g*(u) €
n n

D X,(") o.s. then o e s-l i | | X;(w) a.s.
i = l  

' -  
r = 1

Remark. corollary 2.2 and rheorem 3.3 are actually valid when we
replace (*) lV any (c,r) where (c,) is a positive decreasing sequence
w i th  l im  cn :  O .
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