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SYLOW PSUBGROUPS OF FINITE DIMENSIONAL

LOCALLY COMPACT GROUPS WITH A FINITE

NUMBER OF CONNECTED COMPONENTS

LE QUOC HAN

Abstract. Izt G be a finite dimesional lcr,ally comp,ct group with a finite
numbr ol connected compnents. WC prcae thot oll the Sylow p-subgroups of G
art cortiugate, wherc p is a fwed pime numDr,r and we 11iue alco two counter-
ernmples,

INTRODUCTION

Sylow psubgroups are interesting in both the abstract and topo-
logical group-theories. Many interesting results were obtained, see for
examples [1], [2], [3], [4], [ to], [ t t ] ,  [ tz]. One of the most interesting
results is that all Sylow p-subgroups of a finite group are conjugate. It
has many applications in other problerns, say in Brauer theory. One of
questions in which we are interested is: what kind of results are available
also for topological groups? our purpose is to study the classification
of Sylow psubgroups under conjugation.

We prove that in an arbitrary finite dimensional locally compact
groups with a finite number of connected components, all the Sylow p
subgroups are conjugate one-to-another. This means that there is only
one conjugation class of Sylow psubgroup. We show then that if the
conditions are not satisfied there may be counter-examples.

The main part of proofs were verified before for the group case.
We use the presentation of an arbitrary locally compact group as a
projective limit of Lie groups. Our technique therefore is developed in
this context.
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1. SYLOW PSUBGROUPS OF FINITE DIMENSIONAL LOCALLY

COMPACT GROUPS WITH FINITE NUMBER
OF CONNECTED COMPONENTS

All groups we shall concern are supposed to be locally compact and

we shall irot repeat this later.

Lemma l. Let G be a group uith a finite number of connected, compo-

nents and P a p-subgroup of G. Then, the closure P of P is compact.

Proof. The lemma was proved in [7] for Lie group case.

Consider the general case. Following Yamabe's theorem [11], [12]
in G there exists a compact normal subgroup ff such that G/I/ is a

Lie group. Then G I H is a Lie group satisfying the conditions of the

lemma. One deduces that PHIH : P* is a compact subgroup, and

hence P is a compact subgrouP.

Proposition l. Let So be a Sylow p'subgroup of a Lie group G. Then

the connected component (S p)o of ind'entity is a torus.

Proof . Following lemma and the well-known Cartan - Iwasawa- Maltsev

theorem, we can suppose G to be a compact Lie group. If G is a

linear group, then our proposition is derived from a theorem in [9]: in

that case, So t 
". 

a normal Abelian subgroup 11 of finite index. Thus

(3o)o e r/ and (Fr)o is a torus.

In general case , we consider Ad(G) : G lZ, which is a linear Lie

group, following the Lie theory and Ado theorem. Thus sozlz has

a normal Abelian subgroup H* of. finite index. The preimage H :

g-l(H.) of the natural projection p:G + G lZ is a compact solvable

normal subgroup and (SoZlZ)lH. = SrlH is finite.

Therefore, the connected component I/o of indentify e € H is a

compact solvable connected group and hence lfs is Abelian and S of Hs

is finite, because H lHo is finite. One deduces that (So)o C I/o and

(So)o is a torus.

Proposition 2. Suppose G be a compact group, P a p-subgroup of G.

Then P is contained in the normalizer N6(T) in G of some rnaximal

torus T of G.

Remark. To prove the proposition it is enough to suppose that G is

locally compact and G f Gs is compact.
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Proof. The proposition is valid for Lie group case, see [z] . In general
case

G :  l im( {c  B ) ,  {p  p " }  B>  o )  ,

where GB arc Lie groups, see [8].

_Denote Fp the set of all the closures H B of sylow psubgrou p H B
of GB. Recause in Lie groups the sylow psubgroups are conjugate, so
are also their closures.

suppose E B e FB. Then, as said previously, there exists a maximal
torus TB of GB such that HB C NGB(TB).

Denote Tfr the sylow psubgroup of the torus. Then rE c Hp and,
therefore (E ilo 

- To :TPu. Cleaily

FB  :  { spH oo ; ' l gB  e  GB} .

we endow Fp with the natural topology of conjugate subgroups. This
means that a complete system of neighbourhoods of H6 is the set of all
WB: (UBFIplUp is a neighbourhood of Gp)

Thus Fp = GBING.(E d and so FB is compact.
We define FB ) Fo, if B > a., Becaus e in G B the Sylow psubgroup

are conjufiate, the morphism gBo: GB --a Go induces nBo: FB - F..,
i .e  nBa(H p)  -  pp. (H p) .

It is easy to see that rBa are continuous maps, having transitive
property on indices,

i . e . r B o . n " , 1  : T g t  i f  0 > a > 1 .
Thr:s ./  :  ({FB),{rB,}B>*) is a projective system. Let ,S €

l i - ( {FB} ,  {nB* }o> ) ,  t hen  s  :  ( {Ep } , {opo )Br . ' ) .  pose

11  :  l im ( {E  p } , {pB* }B r )  .

From the construction fls is a maximal torus of G.
Suppose Q is a Sylow psubgroup of G, ep:G -- Go the natural

projections. Then

0 :  l im( {QB} , {pB , }B r , )  w i th  QB:  eB@)  .

Denote by Dp the set of elements d,B e eB such thaf dBQpdBt a
Ep. Then Dp is a closed subset of GB. By an analogy, we have a
system

wpo:Dp -- Do , Y0 ) a
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suchthat  wp,(dd:  vB,(dp) ,  dB € DB andD :  ( {DB), { 'B"} {Br . \ )

is a projective system.

Let  d  € l im({DBy, , {wB"}rg > 
" } ) .  

Then a :  ( {dB) , { rB*}pro)

wilh d.p e Gp and d,Qd-L c H. The proposition is proved.

Theorem l. Suppose that G is a finite dimensional locolly compact

group uith a finite number of connected components. Then the sylow

p-subgroups of G ore conjugate one-to-another.

Proof . Following the well-known theorem of Cartan- Iwasawa- Maltsev,

the ma>rimal compact subgroups of G are conjugate, and therefore by

virtue of Lemma 1, we can assume G to be compact.

Following [7], in G the ma:rimal tori are conjugate and following

Proposition 2, we need only to prove that in Nc(T)' the Sylow p-

subgroups are conjugate.

First, we show that there exists in G a normal subgroup I/ in

Nc(?), such that G lH is a Lie group. Really, following [O] there exists

in G a totally disconnected normal subgroup K such that G f K is a

Lie group. Because G lGo is finite, G and Gs are compact, as assumed

, following \gl, GlGo n K) is also a Lie group. The group Goa K

is compact and totally disconnected and therefore is contained in the

center of Go. The maximal torus of G is also contained in G6. Then

H : Gon K I Nc(f) for sqme maximal torus T of G'

Denote p;G - GIH the natural epimorphism. If ? is a maximal

torus of G, then ?' : p(T) is a maximal torus of G I H . Because

H c N6;(T) then p-r(Nc3)(f)) - Nc(f). We have the isomorphic

finite groups

N1F).H lT.H = Nct n(T') lr' = Nc(r) lT .

In Lie group Nc/u(?r) the Sylow psubgroup are conjugate, following

t7l. Therefore, the same fact is valid in Nc(?). But the Sylow p-

subgroups of G are the same of N6("). The theorem is proved.

2.  COUNTER.EXAMPLES

We construct in this section two counter - examples for Theorem 1

to shon' that the conditions of the theorem are really needed. The first

example gives us a totally disconnected compact group G such that
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GlGo is infinite and in G the sylow 2-subgroups are divided into an
infinite number of conjugation classes. The second example will show
an analogous situation when dim G: oo.

Theorem 2 .  Le t  GoB: :  {aoB ,b . ,p }a ,g  :  L ,2 , . . .  be  the  o rd ,e r  2o r2
groupE d,efined by the relation

6 a  +  I

a , o  : b o o p : e ,

ao7bog :  brpo. i .

Then, in the topological direct product

c: f l FB where FB : i lG.,p
9 : l  o = l

there are infinitely many classes of conjugate syrow p-subgroups.

Proof. Les us denote

ooB :  Q1P a?B,  bzBolu,  .  .  . , ,b^pe2,np,  .  .  . )

f o r  p  -  1 ,2 , . . .  , h ;  and  hp :  (b1Barp tbzBa2B, . . . ) .  Wu  in t roduce  some
symbols

g o  :  ( g ? ,  g 9 , . . . , g 3 , . . . )

er  :  (b ! ,  s3, .  .  . ,  g3,  .  .  . )

g ;  :  ( h r , h 2 ,  " ' h ; , g ? + r ,  " ' , 9 3 , . . .  ) .

From the defining relations between generators, we have

g ?  :  ( r ) :  ( 1 , 1 , . .  . ) , V ,  :  O , 1 , 2 , . . .

Remark that gB and hB are not cojugate in FB. In fact

a;[t;rut"pa2,ut*Ba\u : a;[b,Ba*pt,i : b,Bo'*7-2 # bo.a.'B .

Because 
"'J[" + t
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Denote ,s1 the sylow 2-subgroup of G' containing 91. All ,st are

different one-from-another. Indeed, if g*rrTm2 € S*, for sofir€ ??1

and m2 ) rr"t, then

g; lg^,  -  ( '  "  ,h ;Lroo^r '€ 'e  ' " ' )  g  s*  '

But
n ; \ g ? " ,  :  ( a r ^ r  s a 2 m z ' ' ' ' ' a k ^ * ' ' ' ' )

has infinite order. This contradicts the assumption that 'S* is a Sylow

2 - subgroup. We show now, lhat g-Lg^r9 ( S^rYg € G,if  mt * nt 'z '

Suppose g-tg^rg € S^r. Then we have

b o p a! pb o B a2, p a;fi t; 'B : o,ir *' b;'p, o! pb' p o2, p o;I : b, B o,ir *' '

It follows from the first relation that

gg^,g-L g^" : (' ' ' ,o?;! ,""r;10 , ' ' ' ,o1-;:' ' ' ') '

From the second relation we have

g^l"gg,v, l-L :  ( '  '  ' " ' r ;T ,"t ;1r ,  '  '  '  ,ot,"^ ' ,o '  '  '  ' )  '

In every case we have an infinite order element' Thus 17mrg-r ('

s^",Yg e G, if m1 * *2. This means that the sylow 2-subgroups

S:;'r.rrrd S-, are not conjugate if. m1 I m2. The theorem is proved'

Theorem 8. Let GoF : U(2) be the unitary group.gnd'

G- l l  Gos '
a ,F :L

the topologcol direct prd,uct. Then in G there are infinitely many non'

conjugote SYlow ?'subgrouPs.

Proof. we first remark that u(2) contains the infinite diedral group

D , p : ! l o  1 l  f e  o r l  e 2 o = L , e . : r , 2 , . . . ) .
[ L t  o l  ' L o  ' - ' l  )
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we choose g1 in the same way as in the proof of Theorem 2, and use the
some notion st, ffi the sylow 2-subgroup containing fs and the direct
product of goups Dop.

We show now that it g e G, rnr * mz and g^S-, g-r : S_, then
' o o

s e II  Gos,
a ' F : l

the topological direct product of Dop .
Indeed, g : k"B) and upto a scalar factor, either

g . , . =  l h o o  o  I  I  o  h n n= 
L o h;iJ or sas: Lui; \ul .

In the first case

lu"u o,l  I  o, : l  lo; i  o I :  |  "r h?B,f .  c*eI  o  h ; i l  L ' - '  o l  L  o-  h .B l :  Ln; ; " - '  d  ) . , ; ; '
where S*r: (S#!r). From the construction S#8: D.B.
Thus

f  ^ t  n " B , l l  o  " 1  _ f h ? B  o l .
L n ; f r , - ,  6  j L , - ' o j  : [ ; "  h # l e s 1 ! , .

In virtue of the structure of direct product , we have

^ . - l h " B  o . f  . c o Bs . B :  
L  o  h ; i ) . r i l .

By analogy, in the second case we also have

f  o  h ^ 1o"o : 
lnj) 

'"6c 
1e s* .

We have then

g € II Dos.
e , 9 : l

one reduces the proof of theorem to the same assertion for

Gt : II Dos.
a , 9 : l
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The last assertion can be proved in the same way as Theorem 2. The
proof is now complete .
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