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S.hort Communication

THE PROPERTTES (fr,,A,) AND THE TENSOR

PRODUCT

DINH HUY HOANG

Let E be a -Frechet-space with an increasing fundamental system
of semi-nc 

(" 
" )-trms 

{l l  
. l l r}o=r. For each subset B of E define a general

semi-norm ll.lll * Et , the dual space of .8, by

l l " l l ;  : sup {1 " { " ) l '  r e  B } .

write 
i l i l ;  : i l . i l ; ,

fo r  B  -  Ue:  { "  e  n ,  l l " l l o  S  t } .
We say that E has the properties

( f r )  i r vp1qZ  p ,  d  >  0v f t  >_q=c  t  o , l l . l l ; ' * o  <  c l l . l l ; l l . l l ; r ,
and

(H") if every entire function on E is factorized holomorphically
through a Banach space.

The properties (fr), (H,) and other properties were introduced and
investigated by Meise and vogt [3] in particular, by vogt (see [s], [o],...).
It is known [s] that (fr) * (.F/") in the class of nuclear Frechet spaces
and obviously the property (fr) is closed for the Descarte and tensor
product operations. The question is of wherther this statement is true
for the property (H"). In [z] N. M. Ha and N. v. Khue have proved
that if E'€ (o) is nuclear Frechet and F € (H") is Frechet-schwartz,
t h e n . E x F e ( I / " ) .

The aim of the present note is to prove a similar result for the
tensor product with additional conditions.
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Theorem, Let E and F be nuclear Frechct spaces such that either E

or F has o Schauder basis, Let E € (fr) and F €(H'), then EdnF €

(H") '

Proof, Given f e H@a,rF), the space of holomorphic functions on

E6*F.We have to find balanced convex neighbourhoods U and,V of.

0 in E and F respectively such that / is factorized the canonical map

wluav) : EdnF -- Eu$nFy, where Eu and. Fy are Banach spaces

associated to U and V, respectively.

(i) Let {ei} be a Schauder basis of F with the coefficient functionals

ej e-F*, the-dual space of F. consider the Taylor expansion of / at

0 € E6,F
f (r) : I r"I@) ,

n ) 0

where
1  f  r t , l . l t r lP"f(,)=* J f f iar,

l ) l = P

for rz 2 0 and w e E6nF.

Put

s(/)(r,r) :  D t
n}o j t ," ' , j .  )  I

for u € E, a € F, wher 
" 

fri are symmetric rz-linear forms associated

to P"I.

First we check that (1) defines S(/) e H(E x F). Let K e B(E)

and.L e B(F), where B(E) and 8(F) denote the families of compact

balanced convex subsets of E and F, respectively. Since F is nuclear,

we can frnd p(I) € B(F) such that L 9 B@) and

6 = t l l ' ; l l ; l l ' , l lB1,y s i '
i > r

where llrrllptrl denotes the norm of ei in the Banach space FBe,)

spanned bV 0@\.
We have

P " l  ( u B  € r r ,  . .  . , r ! , 8  e i , )  x

x  e j ,  ( u )  . . . e j * (a ) (1 )
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l ls t f l l l ** ,  :_ sup { tstn(, , , ) l  :  u € K,,  e t }

S I  t  r " p { l t f  ( " 8€ r , ,  . . . , 11 ,8e i ^ )e , \ , ( r )  . . , " } . ( o )1 , ,
z ) O j 1  , . . . r i o ) L

u € K , a e L \

s D ',,'n tl*(" * mlk-; s. . .,u. Irrt;) I.
" ll4 ll, ll'i, llpot.. . ll.; ll, ll'i" llBr"r , " e x\

n ) O j 1
t

, . . . , io

slltr l l lxepr.,t ' ,I-{. l

Hence s(/) € 4@ " 
F) and moreover, (r) defines a continuous

linear map S : H(86"F) ..+ H(E x ^F').
By [z] we can find balanced convex neighbourhoods u and y of 0

in -E and F, respectively, such that s(/) e Hu(Eu x Fv), the Frechet
space of holomorphic functions which are bounded on every bounded
set in Ev x.Ey. Since

H(E x F) = H(E,H(F))  = n @)6*H@),

without loss of generality we may assume that ,S(/) e Hb(Eu)A*Ho(Fv).
(ii) Let a e H6(Eu) and 0 e Hu(Fv). For each z ) 0, define the

z-linebr form ̂ F,.(a,g) on (nu gFrr)" by

F n ( o , B ) ( D  u i , 8  a i , , . . . , I  u i * 8 r r . )  :
j r  ) l  i n> t

_ t  f i1"1 , , . . . ,u i_) f ip(o i , , . . . ,a i - ) .  (2)
i r , . . . r i o ) |

Let P"ag Pnp denotes the z-homogeneous polynomial on Eu{nFv
induced Ay P^@,p).

We have
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D 11""" e P"0ll"."v(ruosv)
n)0

: D dzo sup {ltt"" s P*il(I ^r", * ,r) | '
n ) o  i > l

,E'^r l  
-< r,  q elu,, ,  . Ir \

:  D 62 'sup {  f  l } i ,1 . . .  l } i , l  l (p , "  I  P^B)x
n)O j r  ' . . . ' i oZ l

x  ( r r ,  Bu r r ,  . . . , u i na r i ^ ) l ' t l r i l  S  L ,  u i  e  I r , o r .  i u )

:  t  62 'sup  {  f  l } i ,1  . .  .  1 } i ^  11 f i fu1 , , . . . ,u i - ) l
n)0  j r  , . . . , Jo  )  I

1f ,P1r1 , , . . . ,u i , ) l '  D  l l i l  S  L ,  u i  € ' r , ,  o , .  iu )

s l l ' l l r " l lp l l r , ,  t  W: c(6) l l ' l l ru l lB[1r".
n ) O

Thus the form

( " ,9)  *  I  PnasPnF (3)
n)0

defines a continuous linear map.R: H6(Eu)6*Hu(Fv') + H6(Eu6"Fv).

(iii) It remains to chech that

f : R s(/) .

Indeed, we have from (1), (2) and (3)

(E sX/) ( D "u * ,*) : E(^e(/))( E "- e ur) :
' & > 1  

k > l
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.  (E ux 8 '*)

t I ( " r ,  E  e j ' , ,  .  . . t i l k n E  e i . ) x

:  t  t  fr I  ("r,8 u/,, ,  "  ' ,uko 6 ,o^)
n ) O  i t r , . . . , / c . ) l

:  
E 

P"r( I  "*  e ur) :  / (D,* *,0)

for all

t
& > 1

u * 8 a r e E 6 * F .

The case where E has a Schauder basis is proved similarly.
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