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ON MARKOV NETWORKS

COLETTE ANDRIEU(r) 
"rd 

BUI TRONG LIEU(2)

Abetract. The aim ol this ppr is to ptopce an apprwch fued on statiaticc
lor shdying some Markou netuorks. Ac an apphation, we quote an ernrnple
rcld,ed to distibded compfiing

1. MARKOV NETWORKS AND OPTIMAL SOLUTIONS

The stochastic models where optimization intervenes are usual (cf.
for example, [r] and [a]) but their use is more interesting when ihe
stochastic dependence is simple. Hence, the interest of Markov depen-
dence.

Let (&Xr)r€rryr & e {f, ...,u), be z homogeneous Markov chains
with discrete time (.IN denoting the set of positive integers), defined
on a probability space (fr, A, P), the state space of the /cth chain being
(ox,oB).we suppos" ihrt all ihese Markov chains verify the Doeblin
condition (cf. [s]), and every one of them has only a single ergodic set
without..cyclically moving subsets. Let k p be the transition probrbility
of the /cth chain and let *r, u. the tth step transition probabilitg given
recursively by

Vs € kx,

k P1(n, B)

v B  e k

t- 
Jr,

B

r P(r, da)r pr-r(y, B) , t ) 2

and let kr be the stationary absolute probability given by

,LlL 
oPr(", B) : k"(B) .

Recall that VB € k B,

k"@) hr (d , r ) kP(n ,  B ) , (1)
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and that the ftth chain is said to be in permanent regime if kzr is taken
as initial absolute probability.

Suppose now that V/c € {1, ...,u), eP depends on a parameter dr €
&o. The Markov v chains are said to constitute a network if there
exists a finite number of relations R{01,...,0r), h e H, between the
0 r r . . - r 0 r .

The problem we have to examine consists of two stages:
According to the context, to choose a real function / of the 0tr...,0,

to be optimized; and to fin "solution (r)" (0, ,...,0r) satisfying th6 re-
la t ions Pn(0r , . . . ,0 , ) ,  h  € H,  which opt imize the funct ion f  (0 t , . . . ,0 , ) .

We propose a way for choosing the suitable function /:

. Let {r Br, ; e k t} be a finite &g-m"asurable partition of &X and let
kC bu the o-algebra generated by {oBr, ; eht}.

Consider now (eX1(ar))te [o, n]nrrv a fragment of the trajectory of
the /cth chain (the sample) corresponding to the point cu € O.

For (ftC rC') e (kc)z, we denote by n(kC x kC,; o) the number
of direct transitions from ftC to kC', and by n(kc x kC) the corre-
sponding random variable. we know (cf. [e]) that the mathematical
expectation E[n(hC x ec')] is n !*skr(d,x, 0p)kp(n, kC,; fr) and that
1

i*"(" 
x *C') is an almost surely consistent estimator (as n -* oo) of

[ *gkn(da,  lp)k  P(a,  kc ' ;  f r \ .

As all useful information contained in the sample relatively to the
part i t ion {k Bi, ;  e ft f} is given by n(kC x hC,; w), (kC, rC,) e (C), ,

. f  may be chosen as a function of Lnb(c *rC,)1, (oC, rC,) € (C)r.

More preciselg according to tfe context of the problem, in order to
take advantage of information, we propose to choose a set of characteris-
t i c  pa i r s  ( rC ,  rC ' )  e  (C ) ' , name ly  rg  :  { ( rC r , kc , r ) , . . . , ( rC , , , kC , , ) ) .

We then define / as function of the parameters d1 ,...r012

/ being chosen, we have to f ind the z-uples (dr, . . . ,0r) € Rn(|t, . . .r0r),
h € H, which optimize /, or in the absence of such optimal solutions,
to find solutions which make / as close as possible to its optimal value.
For the convenience of the formulation, we can express the optimization
in the form of a maximization.

f  (0r , . . . ,0 , )  :  f (  
I r "kr (d , r ,  

01, )h  p( r ,  kc , ;  0x)  ,

( r c ,  r c ' )  €  o  g ,  &  e  { t ,  . . . , u } ) .
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2. APPLICATION TO A DISTRIBUTED
COMPUTING PROBLEM

Consider the following network of u homogeneous finite Markov
chains. Its /cth Markov chain has &r states, &X : {1, . . .rrr}rkr1,, k12, hrs

being integers ) 0 such that kr1 +krz * k"a <kr. Let us denote
o  B ,  :  { 1 ,  . . . ,  

* " ,  
} ,

r  B,  :  { * r ,  +  1,  . . . ,  &r ,  +  krz} ,

r  B" :  *r,  + rr,  + 1, . . . ,  &tr + krz + ers),

r  Bo : *t ,  + or,  + *t ,  + L, . . .rkr\ ,

The entries of the transition matrix kp = (kpr) are described as
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follows

V i e k B '  D  r p r i : 1
iEE B,

lo, rh

tions:

V( i ,  r ' )  e h Bt x k*L Bz,

- ot and D 
OPri : og, where o1 €

i €kBz

:  1  for  lc  e  {1,  , . . rv  -  L}  (2 \

Vi ekBz, D npri = 1-b1 and D *Pri = bp, where bt elO, th
iek Bz i€k Ba

Vi €kBs, D 
kpr i :1-c; .  and D 

oOri  :  cr ,  where ct  g l0,  f  h
iek Bs ie* Be

V i  e k B a ,  D  r p r i : 1 .
i€h Br

For the other (i, j), rr4 = g.

The u chains are connected into a network by the following rela-

D
ier B"

hP;i + I 
k*Lp;,i

i €e+ r  B3

a n d  V ( i ,  i t )  e " B 1 x L B z ,

t  " P ; i +  t  
L p i , i : r .

i?"  Bz iQt  Bs

Proposition 1. With the portition {r Br, k Br, k 8", r Bo) ol ky, the
kth Morkou choin is lumpoble. The lumped chain is cn homogeneous
Markou chain with four stateq its transition matriakM : (km"u) is
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the  fo l l ow ing :  
kmy  -  1 -  ak ,  k rnL2 :  ak t  km22 :  |  -  bx ,  r * r " :  bk ,

r * " " :  |  -  e k ,  k m z 4 :  c k t  k * t a :  L .

e other k^"r, are equal to zero.

The u lumped chains ore connected, into o network by the relations

the porometers being 0p : (ap, bp).

Indeed, it is easy to complete the description of the Fatrix 
*P by

writ ing: Vi ekB1, D 
kp;i :  O, D 

r4ri :0, and so on. We then
iek Bs iek Bo

see that for  every pair  (&.B",  rBu),  s,  u € {L,2,3,4},  D 
rprr ,  i  e

iek B.
kB' depends uniquely on s (but does not depend on i individually).
The com-rron value of the sums D 

kp;i, i q k B 
", 

is the knr"u of the
iek B-

transition matrix of the ftth lumped Markov chain (cf. [O]). Because of
(Z), the lumped chains are connected by relations (3).

We rediscover then the network of the dining philosophers problem
studied in [z].

Proposition 2. For euery /c e {1, ...,v) the initial kth Markou choin
satisfies the conditions of $7. With the portition {r Br, r Br, r 8", r Ba)
and in wrmanent regime, we haue

Eln(kBy x  & .a l ) l  - n(L - ap)bpcp

Eln(k 82 y k Bz)l - 
nan(L - br)cr 

.
D * '

Eln(k Bsx ftre)l - @xLr - cx) 
.D r '

Eln(k  81 x  k  n) l :  EIn(kBz x  &Br) ]  :

E ln(k  Bs x  k  B i l :  E ln(kB+ x &Br) l  : napbpcp

D x '

where Dr : anbr t bxc* + cra* * apbpp. The other Eln(k B" x kBr)l

ore equol to zero,
In particular,



Eln(hB"  x  ka , ) l  : "  
r?u" , . [ ,  

hor . rp r i
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E[n(k81*  *x) ]  : "u#: ,  E ln(kB2* *x) l  =nW,

Eln(kBsx ex)l : 
"# , Eln(hBa* *x)l : 

"?# .

Indeed, with the indicated partition of kX, the kth lumped chain
has only one ergodic set without cyclically moving subsets and satisfies
the condit ions of $1. Let us denote by kp: (kpt,r lrr,r l t",rt"o) i t"
absolute stationary probability. Solving (1), i.e. rtt.rM : rp, wehave

k, ,  -  b*cx k . .  _  akck h. .  _  axbx h. .  apbpcp' - l t r :  
D r ,  

' - P z :  
D r  ,  

' - l t g :  
D r  ,  " l L 4 :  

E

Then,

: '  D  
r n r ' D  r o u

d€eB. d€&8.

- 
" D 

ror.r^ru (because of the lumpability)
i ekB"

-  nh  P,  . r  l r "u  .

In particular, Vs e {1r 2,3, 4}
4

E l n ( k B "  
"  

* x ) l  -  
" f  

r r u . r * " u : n h p , .

u : l

Let us examine now the problem of choosing a suitable and workable
function / following our method indicated in $1. Let us recall that,
becauae of its context (exposed in [Z]), one "privileges" the access to
state 3 of the /cth lumped chain, i.e. to the set k Bs of the lcth initial
chain. Thus, we take

r g :  
{ o n "  "  

* x } .

For every ft, we suggest maximizing !nln( n"x kx)], viz. minimizing
n l

w,sothat,global ly,underconstrains(a),weminimize

i =--.+-------'-: i -Dr .
f '_ ,  Efn(kBs x kx) l  

?__rort r '
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This leads to the same result as [2], found by another approach. Let the
c;'s be fixed, and consider the |p's (0p: (a*r Dr)) * tuning parameters.

/, as indicated in $1, is here the concave function

fl(or,6r),..., (o,, b,)l: - f,[{r + "o) . * * ff],;r 
t @k

The Lagrange multipliers method used bV [Z] for lumped chains
proves that there exists only one optimal solution, which is

( (o t ,  b r ) ,  . . . , ( o * ,  b r ) , . . . ,  ( o " ,  b " ) )

_ t  L  p ,  \  /  1  p k - l  \  |  |  p v - r  \-  \ l + , , '  l + p r ) ' " ' ' \ l + p r '  l + p f r _ l  1 , " ' ,  \ 1 + p r '  L + p r _ t ) ,

where eh: lT, for rt € {1, .. . ,v - 1} and p": tF*.
We then infer the following result:'

Suppose that the eplj, (r, r) € [frBg x (ftB, u eBn)]u (tBo xkBt),
be fixed, and consequently, so are the c1's and suppose that the rp;r.,

( r ,  r )  e [*Br,  (kBrukBr)]u[ f rB,  x(kBruhBs]] ,  b" tuning parameters.
Then

Proposition E. Thc initiol Markou netuork.hw the folloaing optimal
solutions:

* For the firet ehain,
the rp;5, (r, r) e [tBt * (lBt u LBzll, are sueh that

Vr€ra ,1 .  
I_  

tp , i=  
h" * .E  

'o r i :# '
i€r Bt iGr Bt

the rp;;, (i, fl e [182 x (tBr u lBs)], are eueh thet

vi etBz' 
rF", 

'Pti:*p, o'o 
,.Du"tP'1 

= 
h

* For the kth choin, k e {zr...rv},
the hp;i,  (r,  r) e [tBt * (tBr u'Br)1, ore each that
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Va e eB1, f kn.. : Pk ond, I 
ro,

i?*" '  
' ' t r  1* Pn iekB'

the kp;1,  ( r ,  r )  e l rBr,  ( rBru eBg)] ,  are such

Yi  ekB2,  D 
kp ; i  :  ;  ;L ,  and D 

roq

i e * t B , ' t r  
l * P * - t  

i e , , B "
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l *  p r

that

_ Pk-r
L * px-r

Among these optimal solutions is the following particular one:

For the first chain

v(d, j) € (tB, x eBr), ,Pri :

V(r ,  j )  € ( f tB,  xhBz),  'pr i :

v(d,  j )  e (rB, xkBz),  'Pr i  :

v(d,  j )  e (kB, x kBe),  tPr i  :

P t
r r r ( 1  +  p r )  ,

I
r r z ( t +  p ) i

1
r r 2 ( l  *  o , ) i

Pv
r rs( t  +  p , ) '

o For the lcth chain, k e {2,...,u},

, v(i, r ') e (&.B, x tBr), ki Pk
Pi i :  EL(r  + p; i i

V(r, i) € (*^B, xhBz), ki I
P i i -EzO+p ; i i

V(r, i) e (k B, x h B2), rori : 
41I, #t '

V(r, J') e (k B, x k B"), kp, Pn-t
it : EAl + pk_r) .

1.

2 .

3 .
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