
Vrctxru JouRxel or Mernpr,rATrcs
Volume 24, Number l, 1996

SPLINE COLLOCATION METIIODS FOR NEUMAN}I

PROBLEM FOR ELLIPTIC EQUATIONS

NGUYEN VAN TUAN

Abstract. In thh pper lut dhct mctW arc, prcptd,lor '',-ng lincar
eydtitu oriting ulun orlhogowl alldion wif, piacwire Hennii'r- bicubicc is
cmployd' lor tlu apporimdc aoltdion ol Netrmawr prcblcmd lor clliptic e@iotu
in a nctanq[c

Tlu tuw metM, vhich an nttui, fuonpdtion algoritr',u involaing fc,,t
Fouier ttawforms, rqri. o(Nr Nz rqclvr N2) arihrutic op,dioru on an N1x
N2 prttion-

1. THE PROBLEM

Many authors [1], [2], [g], [4] have been interested in approximate-
ly solving partial diferential equations which can be reduced to the
following form

( A 9 B + B a  A ) d = f - ,  ( t . l )

where A, B are N x.l[ matrices (N a natural number), d, i arecolumn
vectors of N2 coordinates

i :  [ u t , t r .  . .  ,  U l , J V r  . . ,  , l L N , L r . . . u t t , X ] ?  ,

i  :  I f r , r , . . . ,  l L , N  r . . . , . f r , r , . . . , . f r y , r l r ,

and I denotes the tensor product.

In [a], W. Sun and N. G. Zamani have established an algorithm to
solve (1.1). They have proved that the eigenvalues of matrix B-LA
are different and real. This follows that there exists a non degenerate
matrix Q such that B-rA : QLQ-L (A is a diagonal matrix).

The purpose of this paper is to establish a more effective algorithm
than Zamani's one to solve a-system of the form

( , 4 t  o  Bz*Br * t z )d :  i  ( 1 .2 )
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arising in the study of the following problem by orthogonal spline
collocation

02u

A"?
-  p @ z ) # r .  q ( a 2 ) # - r ( r 2 ) u :  f  ( r r ,  n z ) ,

( r r ,  , r )  €  O :  (o t ,  b t )  x  (a2,  b2) (1.3)

0u
i  :  0 ,  ( ' t ,  ' r )  €  6n ,
on

where p, e, rt / are continuous functi 
0u 'ons, 
- 

is an outer normal deriva-

tive.

Moreover, our algorithms allows us to obtain smooth solutions in
the whole domain due to which we get more informations than difference
methods about the exact solutions. the operations for finding the values
of approximative solutions and its derivatives on computers are simple
as well. With a new algorithm we can use the fast Fourier transform.

2. SPLINE COLLOCATION EIGENVALUE PROBLEMS

Let {c1}fl:o be an uniform partition of [o, b], rx : a * kh, le :

0 , . . . , N w i t h h  - o - 4 .
N

Let Hs be the space of cubic splines on the segment [a, 6] defined
as follows

H s  -  
{ a  e  C L l a ,  b l  :  u l p * , r * * , 1 €  P s ,  k  :  O , . . . , N  -  1 } ,

where Ps denotes the set of polynomials of degree at most 3. We set

i I " :  {a e He: a'(a) -  u'(b) -  o}.  (2.L)

Lemma 1.

(i) I/s is a real lineor space of dimensions 2N *2.
o

(ii) I/s is o2N-dimensional subspace of Hs.

Proof. (i) See [7] page 59.

(ii) It is easy to prove ̂ &, i, a subspace of I/s.

N o w  w e  t a k e  t h e  s y s t e m  B :  { 6 i o ,  i : 0 , . . . , N ,  d n ,  i : 0 , . . . , N }
for a basic of Hs (see[7] page 59).

Take an arbitrary u(r), a(n) e ir. Then u(c) e IJ3, hence
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w i v
u(Q -  

Io"  6^o(r ' )+  I  bo6, , {a)  t  @nt  bo e R.
n=0 n=O

Since u'(al :bs.  u ' (b) :  brv and v(x) e.&s, weget Ds:6rv :0.  So i f
we set

6"(r)  :  6no,(x) ,  n :  o, . . . ,  N,

6 x + o ( t )  -  d n r ( a ) ,  n :  ! , . . . , f f  -  1 ,

then the system {6"("1y'2;r is a basic of is. This system for /c :
0,...,N, has the following properties:

6" (a r )  =  6 , . ,k ,  6 ' " ( "x ) :0  w i th  n . :0 , . . . , i l ,  (2 .2a)

6 x + " ( a p ) : o ,  6 ' x + n @ d :  h - L 6 n , h  w i t h  n : 1 , . . . , N -  I  ,  ( z . z b )

(here 6,.,1 is the Kronecker delta).
Let us denote bv {c-}3j!, the set of Gauss points of [c, b] defined

by

f z r + r  - r ( k + r t z t  h  
+ 2 : r $ + t 1 2 1  * - ! '

c+t/z) - 
ffi, 

lzr+z - ,$+t121 + 
ffi, 

(2.8)

where r!+r/2) - a* I fr*+t t- - ti- ; = ,  k : 0 , . . .  , N  -  f  .
Let us consider the following eigenfunction problem.
Find U € I/s so that:

U " ( h )  - . \ U ( f , , , )  t  r n : 1 , . . . , 2 N ,  ( 2 . + a )
U ' ( o ) : I l ' ( b ) : 0 .  ( 2 . 4 b )

Lemma 2.

( i )  I n t h e  s p a c e  i t " t t " r u l e  ( u , a l : h T  u k d o ( f - ) ,  , ,  ,  e  i l s
m : l

is on inner product.

( i i )  We haae: (u",  u)  :  (u,  u") ,  u, ,  e i ls .

Proof . (i) It is sufficient show that from (u, u) : 0 it follows that u : 0.
Indeed
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2N

( r , o ) = h t r 2 ( f , ' , )  : 0 ,
m : l

hence  u (C* )  :  O ,  rn :  1 , . . . , 2N .
o  2 N - l  2 N - l

Since u € Hswe have u(n) :  D x;  6;(a),hence D r ;  6;(h) :
d=0 i :O

O, f t7  :  l r , , . rzN o t  Bz :  0 ,  where

, : lro,...,rz1 -tlr, B = (b^,^)il i.T:l ,b^,n : 6^(h) .

Because B is non degenerate (Theorem 2.2), we obtain t : O, that is
u  : 0 .

(ii) Clearly that if f e Ca[a, D] then

I, '*r*' f(n)dx -- t ut, t*+r) + I(czn+z)l * W,

where 0* e Inx, rk+r] (see [7] page 310).

For arbitr ary u, , e iI a,assume that on !rx, ,x+r1,ft : 0, ..., N * 1
w e g e t  

s  g

u(a) :Dor , r r '  ,  , ( r ) :  I  bk , ia i  .
r=0 d=0

Denote by (r, u) the inner product in L2la, b]. We have

1b ry:l f zr+t
(u", a) : I u,ta dr: f I dta d,x

Ja 7=o J"r

2 N . l  J V - l  _  ,:E Lrnu"lg^1'(e*) + 
EW

Hence

(u,,, ,) : f;\u,,, q * #f o*,ru*,, .
k=O

Similarly we obtain

(r,,, u) : t {r,,, q * #pj r*,ra*,, .
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From (u", r) :  (u, at ')  f t  fol lows that (u", ul :  (u, utt),

Theorem 1. The eigenfunction problern (2.1) has 2N diferent non-
negatiue eigenualues defined by

l i *  :  rr lY#*l f  o-r,  i  :  r , . . . ,N - 1,
,  1 _ T i  r

) o  : 0 ,  ) N  :  t h - 2  ,

where nj : ro"J{
i , r , :  { 4 3 * 4 o r t 1  

- z n ; '2

With respect to r € lr*, ar+tl, k :0,,..., N - L, the eigenfunctions
are d,efi,ned, by

uf @):  . r*{ [ -  ( r  + n)( le -  r t i  +2u) + 6(1 -  n)(2 + ni  + p)p*(x)

+ 36(1 - n?)p?(r)+ 8(1 - ni)@ + sr11 + p)pl,(4 ] . . ,  T

* yf, 4 lrg - 4i T 2rti + G(2 * ni + tr)pt (r)

- 36(1 - ni)pzn@)+ 8(4 a hei t p)p?,(r)] sin + ) ,I  I  
( 2 . 5 )

Uo(")  :  co,  (JN(")  :  ( - t )0"*pn(r) l+p2o@) -  3]  ,

uhere cs,  cf  t  cN are non zero constants,  Pt(r) : ' -  " :O* ' ' "  
.

Proof. If .\: 0 then it is sufficient to choose Uo("): .o (.0 + O).
Obviously that U6(u) satisfies (2.4).

Assume that ,\ I 0 is a real eigenvalue and U(c) a corresponding
e igenfunc t ion  o f  (2 .4 ) ,  w i th  c  €1"* ,  o r+r ] ,  k :0 , . . . ,N  -  1 .

Let
( r  -  r&+t /z)1s

where dk, gk, 1k, 6k are constants. Putting (2.6) in (Z.aa)
lating dk, pk through th, 6k we obtain

/ L  h 2 r  ^  / 1  h 2 t -
d k : - ( , l +  

u ) t r ,  [ , k :  - ( . l * E ) 6 0 .

6 (2.6j

and calcu-

(2.7)

By the continuity of U(r) and t/'(c) from (2.6) and (2.7) with
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7 r z  L  h r h 2  1 r  2 r h 2  l r' :  n -  i '  " :  ; ( * -  i ) ' ' :  ; ( ; - i ) '  ( 2 ' 8 )
we get r1*+t - s611r : r1k * s61,

1k+L - t6n+t : -1k - t6x. 
(2'9)

s i n c e  
L r h a  2 h 2  4 r  L 1 r t h 2 . 2 \ 2  8 tr t - s :  ; L *  *  e )  +  ) r l  :  m ln (a * ; /  +  r ^z l  >o '

form (2.9) it follows that

l r r + t
|  6*+t

:*l*;" ,1";"1 l;; | (zro)
Using (2.4b), we get

h h 2
U ' ( " ) : g o - t o r + 6 o ? : 0 ,

U'(b) : gn-t - 
in'r*-r+ |a't"-r 

: o (2.11)

or t6s = ' Io, t6rv-r :  - 'YN-t .

To find eigenvalues of ) we first suppose that

r s f  (  0 . (2.r2)

By rst ( 0 we get lrt * 
"l 

< lrt - sl. It follows that there exists an
angle 0 so that

(2.13)^  r t { . scosd:  f r ,  0 € (o,  r )  .

By (2.10), (z.ts1 we obtain

1k :1ocos(&0) + 6o+sin(/cd) ,
1/ -rst

6r  :  6ocos( , t0)  -  
#s in( f rd) ,  

Ic  =0, . . . ,N -  1 .  (2 .L4)

The use of (z.rr), (2.13), (2.L4) gives us

co tg (N  - r )o=- f f i : - cosd .

ir jr
Hence t :  

#,  i  :1, . . , ,N -  1.  Sett ing 4i  = cos 
, ,u 

and using (z. ta)

we obtain
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r t * s
n i : r t  -  s '

Putting r, s,t from (z.a) into qi we get a second degree equation

(T - q)(^hr),  -  z4(s + n)(^hz) + $z(r _ 4) :  o. (2.1b)

Solving (2.15) we obtain )r+'s as defined in the theorem. Now we show
that all just found.\+'s saiisfy (z.tz).

Since )r* ut" solution of (2.15) we get

^f,h, a * 4i x rf +t t 4o4i - 2q,
t2

Consider the function y+

It is obvious that y+
Consequently

7  _ r i

8*zar /a3t ,ag; :E
,  - l x  1 1 .

I  - r
-) is increasing (decreasing) on (-1, r) .

y+(-1)  < u+(r )  <  y+( t )  ,  y - ( t )  <  v- (n)  <  y- (_1)  .

It follows that

l 2 h - 2 . l r t  < 3 6 h - 2  0 < U  < g h - 2 .

From (2.8) and (2.16) we immediately see rst ( 0.
Set t ing t :0  we obta in ) r  :  gh-z.  Replac ing t  :0  in

8et 'yo : 'yt- l  :0. Using (2.9) we have

? r  :  0 ,  6 k  : ( _ f ) * O o ,  l e  : 0 , . . . , N _  l .

The eigenfunction corresponding to lry is

un(r) :  gn(, - r(k+r/z\ + o* 
(s - r?+t/z))e 

.

Using (2.7) and (z.t7) we get

Uw(") :  ( - t ) f tcrv or,(x) [+p2r1")  _ 3] .

For calculating the eigenfunctions corresponding to lr* *" apply
formulas (2.6), (2.7),2.L4) and then by reducing we will obt.i' uf Alas stated in Theorem l.

on@

(2.16)

(2.1r)  we

(2.r7)
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Corollary L. Letuf (n), Uo(r), Urv(") be the eigenlunctions of (2.1)

d,efined bu (2. " If we choose

+  3 f  B  ' *  r  I  1 i  3 1  3  1 *,f :;ttTi6l " of , co: l4b _ ")l 
- , ',v : ;lNAl- ,

w;th 0f  :127(r+4r)(8 +ni+ p) ' *  ( r  -ar ' ) ( r r  17ni++p)?l-*  ,  then
the system t,t : {Uf , i :1,..., N - I, Us(a), Uw(r)} is orthonormol
with respect to the inner product \ , ).

Proof . For arbitrary U;(r), Ui@) e M, i f X we have

u'; 'kJ * ) ;u;(e-) :  o ,  uj ' (e) *  \1u1$) :0,  rn:  L," ' ,2N'

It implies

(U"'  + \ ;Ui,  Ui) :  0, (Ul '  + \ iUi,U;) :  O'

Taking into account that (Ui,Ui) : (Ul', U;) and \; * \i, we get
(U;, tlil : 0. Orthonormalizing the system M we obtain the coefficients

mentioned in Corollary 1.

Corollary 2. Let M be on orthonormal system with coefficients men-
t i oned  i n  Coro l l a ry  7 .  Fo r  j : 1 , . . . , JV -  L ,  k :0 , . ; . ,N  we  have

auf @r): 1 p f h  , i r , $ ,

where

'Y : -5f 
#A]u , of = (5 + 4t7i + ,,J,lf , Pf

ondv 'oq  
uo@x) :  - { r t *  ux( r * ) :  ( - t )o* t ] ,

dYo( r r )  _n  d 'UN(x* )  _n- T : u '  
d , ,  

: u '

Proof. For /c : Or...rN - 1 by substituting pr,(rn) : -; in (Z.s)

and reducing, we obtain immediately the results. For & : N we have

uf (ril : 1,,f ,orff , d,r

- -r80f i" f
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I
ptr-r("r) : 

i. 
Then by substituting and reducingwe get the desired

formula. Similarly the other formulas are proved.

Now let {0,}'I; 'be a basic or .&, and U(c) : 
'bt 

"n6.(r).n:0
Then the eigenfunction problem (2.4) becomes the general eigenfunction
one

(2.18)

where

Theorem 2.  Let  ̂ f  ,  i :1 , . . . ,N-  l ,  )0 ,  ) rv  be e igenualues of  (e . l )
giuen by Theorem 7 and, uf , uo, (Jy are corresponding orthonorrnal
eigenlunctions given by Corollary 7. Let

zN-L  2N- r
uf (n):  |  " ! , ,d,(r) ,  Us(r) :  D "n,o6,,(r) ,n:0 n=0

2 N  - l

( Ip(x) :  D "n,*6"(")  
.

n=O

Set

L - diog(\ i ,  . . . , I rv_r, )6, I f  ,  . . . ,  l i l_r,  I iv) ,  (z.zoa)

z :h*12r, . . . , i *_r ,  io ,  Z{ , . . . ,2*_r ,  i *1,  (z .zoa)

E +  r +  +t i  :  l z { , i t . . . t z lx - t , i f '  ,  io :  I zo ,o , . . . , zzN- r ,o fT  ,

Z*  :  l "o , * r . , , rzz t t -  t ,u lT  .

Then
AZ :  BZTL, Z,  B,  BZ :  I ,

(I is the unit matric ol rank 2N ).

Proof. Using directly Theorem 1, we can prove the first equality. By
Corollary 1 we can show the second relation.

AZ: \  :  ) ,8 / ,

i : [zo, ..., zztt -rlT ,

A: (o^,nl',{:?I=t , am,n - -6'l(ci ,
B = (b^,) *if;t , b^,n: d^(ei .

(2.1e)
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Now we try to find an explicit form of the matrix z by o,,eans of a

special basic of f/s. choosing the basic system (z.z) of rr3 we get the
representation, say:

N  N _ l

uf ("): t ,f,,0*1r'1+ D ,I+*,16*+^(r).
n:o n : l

By Corollary 2 we obtain

z f , r+ r , i : 1 t f r i 'S ,  k :  L , . . . ,N  -  1 ,

"t,i : 
'yor+ .o. ff, *: o, ..., il ,

.,1
z k , o :  - f f i ,  l c : 0 r . . . , f f ,  z N + k , o  = 0 ,

zk ,N :  ( - r ; * * t  
l ,  

f  :0 ,  . . . ,  f f  ,  zN+k,N

Set

Ao :  d iag(a ! , . . . ,d rv - r ) ,  A I :  d iag( -  
# ,a f , . . . ,oF- r ,  

- | l  ,

Lt : diag(Prt, ..., f*-r)

s : (,rH)1,=',, i : (.* #):j;:,, c :(.* Tu);:..
Then we get z:-r(*)*tffi]

# : o ' ( " ' " ) € a n '

k = 1 r . . . , N - 1 ,

: 0 ,  l c : 1 r . . . r N - 1 .

(2.21)

(oz, bz), (a.ra)

(3 .1b)

(O- is a column vector zero of dimension iV - 1).

3. AIGORITHMS FOR SOLVING ORTHOGONAL SPLINE
cotLocATIoN EQUATION

3.1. Consider the problem

-Au * cu : f  (a1, xz), (sr, n2 € { l  = (or, 6r) x
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where c, ait b;, i : I,2 areconstants. 
# 

^ an outer normal deriva-
tive, Aois Laplace operator, / is continuous on o. Moreover we assume
that (S.f) has an unique solution. Let N;, i : I,2 be positive integers

{"[t ]il:. an uniform of la;, b;1, h; : 
+, 

.&[t) spaces of piecewise
cubic splines on [a;, b;] defined as in (Z.f).

L"t {d[i)]ii:;t be a basic or r?fl as in (2.2) with c;,, h, N replaced
respectively by ,f;), hr, Nr. Then we have the orthogonal collocation
approximation

u(rr ,  r r )  : ' t i * t  
' t i * t  

un, ,o2o[ l ) ( " r )  6Lr)pry.  (g,2)
[ t = 0  t u Z = O

The problem (f .1) will be solved by solving the following sygfiom
-au(e#l , eX) + cu(s#), c#)) : /(rt'J, *)), (3.3)

where rni :  I , . . . ,2N;,  {e*]} i i l ,  is  a set  of  Gauss points pt [a; ,b; ]

defined by (2.3) with zr, h, N replaced respectively Uv 
"[t), 

lri, N;. Set:

d  :  [ uo ,o ,  . , . r l l o ,2Nz - l  r  . . . r  I t rZN1-L ,o r . . . r l t r 2N t -1 ,2N2- r l f  ,

i  :  [ . f r , r . . . ,  f r , zNr r . . . ,  f zNr ,1 r . . . r  f z r r , rw" lT ,

f tn1,rn2: / (#]  ,  Eg))  .

Then (3.3) can be written in the form of a linear system of pquatiorls

( , 4 t  e  B z * B r  I  A 2 * c 8 1 6  B z ) d :  i , (q.4)

where the matrices .A;, B; arc defined as in (2.1g) with 6n, l*, N
replaced respectively by O[i), e*], lr,.

Let A;, Z; be defined as in (Z.ZO) and (2.2I) with [o, 6], ff and h
replaced respectively by [a;, 6;], N; and h;. By Theorem 2 q,nd by using
some properties of tensor products it follows that the equation (s.a) is
equivalent to

( i '  e  Iz*  r t6az)(zr 's  z ; ' ) i l :  (z l  a f ,  e  z l  a{ )  i ,  (B.s)

where i, : A, * cI1. Form (s.S) we obtain the following algorithm to
solve (3.4).



Algorithm I

1. calculat" d - @{ BT s z{ B{) i.
2. Solve the system (it e Iz I It 6 Az) i: d.
3. Calculate t7 : (Zt e Zr) d.
From the work [6] (page 132) we see that the operation number to

calculate the sums

N - l  ,  N - l

f1k): t c{n)ro"ff, Iz(re'1: t cz@)rirff,
n:0  n=O

f t : 0 , . . . , N - 1 .

(wi th Cr(n) ,  Cz(n),  ,o" f f ,  
" inf f  

g iven,  N :2n) is  O(NlogN).
By the expansion of the product (ZtA Zz) u- - g- we can assert that

the operation number for this product depends on the calculation of
four following sequences of the form

- l

,  Ci,n(trn,I  ,
o
- 1

-o f  k, Ibi ,k ,

w h e r e  f  :  0 , . . . ,  N r  -  L r  l :  0 , . . . ,  N z  -  l ,

Nguyen Van T\tan

(trnrl : b i , k :

For calculating /,,r wu need O(Nr Nz logNz) operations. For h1,; we
need O(N1 N2logNl) operations. So the needed operation number is
O(Nt Nz logNrNz). We have

d : @[ nT e zl BT) i: @f e zl)(BI e B{) i.

Since the lines of Bl and, B{ have four non zero elements at most
therefore the operation number for calculating (BT eB{) /i. O1.nftlfr1.
By the use of this result for calculating d we see that the operation
number for the product (ZT a Z{)(BT s BT) iir o(,art.arrloeru2).
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The second step is to solve a diagonal system of equations of rank
4 NrN2 so the operation number for this step is o(NrNz). consequent-
ly the operation number of the algorithm / is O(N1 Nz iogNrN2i.

3.2. consider the Neumann problem for elliptic equations
(r .3)

0 2 u  ,  , 0 2 u  , 0 u- 
aq 

- plt2) 
a7, + q(nz) 

ar, + r(x2)u : f (rt, rz), (x1, ',2) e tt

= (or,  6r) x (oz, bz) ,
0u
a n : o '  ( " r ' r z ) € o Q '

where p, gt rt / are continuous functi 
0u '

tive. 

e con[lnuous lunctlonr, 
An 

rs an outer normal deriva_

Assume that (r.s) has an unique solution. Then the collocation
solution (3.2) of (1.8) can be obtained by solving the following linear
system:

( . 4 t e B z ] - B r * l z ) d : i ,

Az : (tg),")'I:;il:;' ,

"[3)* : pkP)l- or, (#))] + qkg)6ft" k#t) +,k{?)oft k#tl .
The matrig.es /r, Br, Bzare defined as in (2.t0). ReplacinE 6n, f,n, lf
bv 6[i), e#), lr, and by using Theorem 2 we can get

(A ,  o  Bz*  r t6Az) (z l ,  a r ; r )d : ( z {  nT  sD i .  (3 .7 )

From (a.7) we get the following algorithm to solve (3.6).

Algorithm II
1. Calculat" s- - (Z[ BT s Iz) i.
2. Solve the system (4, e 82 i- 116 .az) d : d.
3. Calculate d : (.Zr A Ir) d.
The first and third steps are similar to the ones,of algorithm I.

Choosing the basis system of f[z) u.

,ho : df,') , ,lrt : dl') , ,,1r: dt') , thzr,tr-, : dff) ,

(3.6)
where
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r h z x + t :  d L ? r ,  k : 2 . . . , N 2  - 2 ,  $ z n : 6 , i ; ) * 0 ,  k :  r , . . . , N 2  -  1 .

The second step is reduced to solve 2N1 systems of linear equations of
rank 2 The coefficients of these 2.0f1 systems take the form Az *
\tBz (the lines and columns of this matrix have got at most four non
zero elements). These matrices are of four diagonal type. Using the
Gauss substitution we see that the operation number of the'second step
is O(N1N2). Consequently the algorithm II needs O(Nt N2logN1N2)
operations.

Finally the author would like to express his deep gratitude to Pro-
fessor Doctor Nguyen Minh Chuong for suggesting the problem and
drawing attention to the results.
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