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A Short Communication

UNIQUENESS OF GLOBAL QUASI_CLASSICAL

SOLUTIONS OF THE CAUCHY PROBLEM FOR

SOME SYSTEMS OF FIRST_ORDER NONLINEAR

PARTIAL DIFFERENTIAL EQUATIONS 1

TRAN DUC VAN and LE VAN HAP

Let T be a positive number, O? : (0, ?) x .R", V" = (&r"t ,

d.), n ) L; ll . ll" and (',') be the norm and s€alar product in.F,
respectively.

We consider a solution u = (rt,. . . , u-) of the follon'ing system of
first-order nonlinear partial differential equations (PDEs) :

* .  
H i Q , x , u , Y " u r ' )  = o ,  ( t ,  a )  e { l r ,  i  =  l n .  . . , n L ,  ( 1 )

subject to the.Cauchy conditions

u i ( o , n \ : u r 9 ( c )  ,  n € F . _ ,  i  - l n . . . , t u t (2)

where each.F/; is a function of (t,r,p,qi) e (0, 
") 

xfi l  xP xE.
Vectors p :  (p1, . . .  ,p^)  and qr '  :  (q] . , " '  ,81),  I  = 1r. . . '  t t l '  a,re

cor respond ing  to  u :  (u r , . . .  ,u^ )  and V"u1 :  ( *7 , . . . ,  f * ) ,  t *

spectively.

It is well-known that there may not exist a global classkel tdution
for a first-order nonlinear PDE. Therefore, many kindr of generalired
solutions have been introduced and various different methods have been

lThis work was supported in part by the National Basic Reseaf,ch Program in
Natural Sciencee, Vietnam.
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used in the study of first-order nonlinear PDEs. In [4], the first
author proposed a notion of global generalized solutions, namely, global
quasi-classical solutions of cauchy problem for a single PDE. Using
this notion, that author together with N. D. Thai Son, N. Hoang and
R. Gorenflo obtained some new uniqueness and existence results and
gave, in particular, the answer to an open uniqueness problem of S. N.
Kruzhkov for global solutions of evolution PDEs (see, e.g.[3], [4], [S]).

we note that the uniqueness question is always very subtle and
difficult.

The purpose of the present note is to announce some uniqueness
theorems for global quasi-classical solutions of system (l)- (2).

Denote by Lip(oa) the set of all locally Lipschitz continuous func-
tions z defined on O1 and set

L ip( [0 ,  T)  x  R") : :  L ip(Or)  n  c( [0 ,  T)  x  R^)  .

As in [3], let y(Or) be the fol lowing subclass of Lip([O, ?) x R"):

y(Or)  : :  {u :u e L ip( [O,  ?)  x  P) ;  u  is  d i f f ferent iab le

for all r € Rn and for almost all t e (0, 
")) 

.

It is obvious that

c ' (nr )  c  y(n")  c  L ip( [O,  T)  x  R") .

V*( f i r ) : :  I / (Or )  x  . . .  x  Y(Or )  .

m times

Definition. A vector function u € v^({lr) is called a global quasi-
classical solution of (1) - (2) if u satisfies the condition (2) for all r € Rn
and z satisfies the system (1) for all c € .8" and for almost all t € (0, 

").We now formulate some uniqueness results for global quasi-classical
solutions of the problem (1)- (2).

Theorem l .  Suppose that  H1( t , r ,p ,q i ) ,  j  -  1 , . . . , rn ,  sat is ly  the
follouing condition: There erist nonnegatiue functions frr.(.) e ,l(0, ?)
and nonnegatiue functions hiO locally bounded in P such that

Set
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lH i Q, x, p, Qi) - H i Q, n, P', q:i\ l

3 ki(t)[(t + ;1r|1")l lqi - qi l l '"  + hi@)llp - p' l l- ]  ,  (3)

for all n € Rn and. lor olmost all t € (0, T); p, p' € R"; qi, q:i € P.

I f  u :  ( r r , . . . r u ^ )  o n d u :  ( u r r " ' r a ^ ' )  a r e  g l o b o l  q u a s i - c l o s s i c a l

so lut ions of  the problem (1)- (2) ,  thenu:  a inA7,  i .e .  u i :  u i  ;n
Q7 for  each j  -  1 , .  . . ,  r r r .

Theorem 2. Suppose that Hi(t,r,p,qi), i  -  1,. . . ,  tu, satisfy the

following cond,ition: There eaist functions \(') : kix(') and hiO :

\x(.) as in Theorem 7 for every compact K c Rn such that (9) holds

for  a l l  r  €Rn and.  for  a lmost  a l l t  €  (O'  f ) ;  p ,p '  €8" ;  q i ,q i  e  K.

I f  u  :  ( r r , . . .  ,urn)  and u :  ( r r  r " '  ,a^)  are g lobal  quasi -c lass ica l

solutions of Problem (t) - (e) w;th

ess.sup max{ l lV,ur l l " ,  l lV ,ur l l " }  <  @, . t  -  1 , .  . . ,  rn  ,
( t , z ) € O a

t hen  u :  u  i n  d l y .

Proofs of Theorems 1, 2 will be based on the following theorem.

Theorem 3. Let u e V^(nr). If there exist nonnegotive functions
e, (.) e ^Lr(O, T) and nonnegatiue functiont hi(') locally bounded in Rn
such that

lTO," l l  = kr(r) [ ( l  + l l " l l ' )  l lY,u1Q,") l l "  + hi@)l lu( t ,  c) l l - ]  ,
j : l r " ' r t r t '  ( 4 )

for oll r € Rn and for olmost all t € (o, T), then

m34_lu i ( t , " ) l  S exp{M(r \ / ( r ) } '  max max- l " i (0 ,y)1,
i : t , r n  

t t -  r r  \  " \ "  l l v l l * < i v 1 t , t ) i : - l . n

where
N(t, c) ::  (1 + l l" l l")exp(/(t)) - t  ,
M(") ::  sup{lh(y)l ,  l lvl l" < N(?, o)} ,

/c(t) :: m34/c1(t) ,
i = l r m

h(r) : :  m321hi(r)  ,
i : L 'm

p r
l(t) :: m I k(r)d,r .

J o
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We also get from Theorem 3 the following result which describes a
criterion of continuous dependence on initial values for quasi - classical
solutions of the systems (1) - (2).

Theorem 4. Suppose that Hi(t,r,p,qj), j  -  1,. . . ,  f f i ,  satisly the
Condi t ion (9)  in  Theorem 1.  I f  u :  r t r rs . . .  ,  u^)  and u:  (ur  , . . .  ,  a^)
are global quasi-classical solutions ol the Cauchy problern for the equa-
tion (1) with initial conditions:

u i ( o , x ) :  p i @ ) ,  a j ( o , x ) :  t h i @ ) ,  , € R n ,  j  :  t , . . . ,  t u ,

then we haue the following estimate:

max_ lu i ( t ,x)  -  u i  ( t ,  
" ) l1 = r r f f 7

t

mk(r)dr \  x

, h i@) l ,  l l y l l "  <  N ( t , c ) ) .

Let us give a very simple example that distinguishes our uniqueness
theorems.

Taking n : l ,  T : l ,  rn :2 and let J C [0, 1] be the Cantor set,
i. e., the set of all numbers of the form:

.  S t t, : L o ,
t : 1

where e; is either O or 2. We define a continuous function rp(.) on [0, t]
byt

e ( t ) 2 : m i n { l r - e l  ' € € J } ,  r € [ 0 ,  l ]  .

It is clear that p(0) : 0 and that tp(.) is Lipschitz continuous. Set
,h  . -  dP( t )
Y ' -  d t

S exp {rAl l"
x sup{ lp i (y)  -

We consider the following problem:

(5)

-  0 ,

- 0 ,

- t *
2 - ,

: T ,
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where H{ t , r ,Pt l r )  :  ,h( t )s in(g1 -  q2)  and H2( t , r ,p ,qz)  :  ,b( t )qz,

p : (Pt, Pz), q : (qt, qz) € R'.

The functions.F/1, I/2 satisfy the condition of Theorem 1. There-

fore the Problem (5) admits at most one global quasi-classical solution.
I t  i s  c lea r  t ha t  t h i s  un ique  so lu t i on  i s  u1 ( t ,  r ) : 9 ( t ) * t r , u2 ( t , t ) :  v .

Let us note that there exists no classical solution for (5) even in a local
sense.
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